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Scope: On successful completion of this course the learners gain a clear 

knowledge about the Integration, Outer Measure and Product Measure etc which 

plays an essential role in Operator Theory. 
 
Objectives: To be familiar with the Lebesgue measure, Lebesgue Integral, 
differentiation of monotone function and be exposed with measure spaces & LP 
spaces. 

UNIT I 
Lebesgue Measure: Introduction – Outer measure – Measurable sets and Lebesgue 

Measure – A non measurable set – Measurable set – Measurable functions – 
Litttlewood’s three principles. 

UNIT II 
The Lebesgue Integral: The Riemann integral – The Lebesgue integral of a 

bounded function over a set finite measure – The integral of a non negative 
function – The general Lebesgue integral – Convergence in measure. 

UNIT III 
Differentiation of monotone function, Functions of bounded variation-
differentiation of an integral-Absolute continuity. 

UNIT IV 

Measure spaces-Measurable functions-Integration-General convergence Theorems. 

UNIT V 

Signed measures-The Radon-Nikodym theorem-the LP spaces. 
 
 
SUGGESTED READINGS:  

 

TEXT BOOK 

1.Royden, H. L, (2004). Real Analysis, Third Edition, Prentice – Hall of India 

Pvt.Ltd, New Delhi. 
 
REFERENCES 

1. Keshwa Prasad Gupta, (2005). Measure Theory, Krishna Prakashan Ltd, Meerut. 

2. Donald L. Cohn, (2013). Measure Theory, United States. 
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3. Paul R. Halmos, (2008). Measure Theory, Princeton University Press Dover 

Publications, NewYork . 

4. Rudin W, (2006). Real and Complex Analysis, 3 rd Edition, Mcgraw – Hill, New 

Delhi. 
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KARPAGAM ACADEMY OF HIGHER EDUCATION 

 (Deemed to be University Established Under Section 3 of UGC Act 1956) 

Coimbatore – 641 021.  

 

LECTURE PLAN 

DEPARTMENT OF MATHEMATICS 

 
STAFF NAME: PAVITHRA K 

SUBJECT NAME: MEASURE THEORY                       SUB.CODE:16MMP401 

SEMESTER: IV         CLASS:  II M.Sc (MATHEMATICS)  

 

S.No 

Lecture 

Hours 

(Hr) 

Topics to be covered 

 

Support Materials 

Unit-I 

1 1 Lebesgue Measure:Introduction  

T1: Chapter 3 , Pg.no:54-55 

2 1 Outer Measure T1: Chapter 3 ,Pg.no: 56-57 

3 1 Problems on outer measure T1: Chapter 3 ,Pg.no: 57-58 

4 1 Measurable set- Theorem T1: Chapter 3, Pg.no: 58-59,  

R4: Chapter 6, Pg.no:46-47 

5 1 Theorems on measurable set and 

lebesgue measure 

T1:Chapter 3 , Pg.no:59-61 

6 1 Theorems on measurable set and 

lebesgue measure-continuation 

T1:Chapter 3 , Pg.no:62-63 

R4:Chapter 8, Pg.no:106-120 

7 1 A non measurable set ,Theorems 

on non measurable set 

T1: Chapter 3 ,Pg.no: 64-66 

8 1 Measurable function theorem T1: Chapter 3,Pg.no:  66-68 

9 1 Problems on Measurable function T1: Chapter 3,Pg.no:  69-71 

10 1 Littlewood’s three principle T1: Chapter 3 : 72-73, 

R1:Chapter , Pg.no:132-136 

11 1 Theorems on  Littlewood’s three 

principle 

T1: Chapter 3 : 73-74 

 

12 1 Recapitulation and discussion of 

important questions 

 

Total 12 Hrs   

 

Unit-II 

1 1 Lebesgue integral:Riemann 

Integral  

T1: Chapter 4, , Pg.no 75-76 

2 1 Lebesgue integral of a bounded 

function over a set of finite 

measure 

T1:Chapter 4, Pg.no : 77-78 

3 1 Simple function theorem, Bounded T1: Chapter 4, Pg.no : 78-81 
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function theorem 

4 1 Theorem on bounded function T1: Chapter 4, Pg.no : 82-83 

5 1 Bounded convergence theorem T1: Chapter 4 , Pg.no: 84-85 

6 1 Integral of a non negative function 

theorem 

T1: Chapter 4 , Pg.no: 85-86 

7 1 Fatous lemma, Monotone 

convergence theorem 

T1: Chapter 4, Pg.no : 86-88 

8 1 Problems on Monotone 

convergence  

T1: Chapter 4, Pg.no : 89 

9 1 General Lebesgue integral  T1: Chapter 4 , Pg.no: 89-91 

10 1 Lebesgue convergence theorem T1: Chapter 4 , Pg.no: 91-93 

11 1 Problems on  Lebesgue 

convergence 

T1: Chapter 4 , Pg.no: 93-94 

12 1 Convergence in measure T1: Chapter 4 , Pg.no: 95-96 

 

13 1  Theorems on Convergence in 

measure 

R3: Chapter 4 , Pg.no: 90-94 

 

14 1 Recapitulation and discussion of 

important questions 

 

Total 14 Hrs   

Unit-III 

1 1 Differentiation of monotone 

function 
T1: Chapter 5 , Pg.no:97-99 

2 1 Continuation on Differentiation of 

monotone function 
T1: Chapter 5 , Pg.no:100-101 

3 1 Problems on monotone function T1: Chapter 5 , Pg.no:101-102 

4 1 Functions of bounded variation T1: Chapter 5 , Pg.no:102-104 

5 1 Differentiation of an integral T1: Chapter 5 , Pg.no:105-108 

6 1 Absolute continuity T1: Chapter 5 , Pg.no:108-110 

7 1 Problems on Absolute continuity T1: Chapter 5 , Pg.no:111 

8 1 Problems on Absolute continuity R2: Chapter 5 , Pg.no:131-

135 

9 1 Recapitulation and discussion of 

important questions 

 

Total 9 Hrs   

Unit-IV 

1 1 Measure spaces T1: Chapter 11,Pg.no:253-254 

2 1 Continuation on Measure spaces T1: Chapter 11,Pg.no:255-257 

3 1 Problems  on Measure spaces T1: Chapter 11,Pg.no:258-259 

4 1 Measurable functions T1: Chapter 11,Pg.no:259-260 

5 1 Continuation on Measurable 

functions 
T1: Chapter 11,Pg.no:261-262 

6 1 Problems  on Measurable functions T1: Chapter 11,Pg.no:262-263 

7 1 Integration T1: Chapter 11,Pg.no:263-264 
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8 1 Problems on Integration  T1: Chapter 11,Pg.no:264-265 

9 1 Theorems on Integration T1: Chapter 11,Pg.no:266-268 

10 1 General convergence Theorems T1: Chapter 11,Pg.no:268-270 

11 1 Recapitulation and discussion of 

important questions 

 

Total 11Hrs   

Unit-V 

1 1 Signed measures T1: Chapter 11,Pg.no:270-272 

2 1 Theorems on Signed measures T1: Chapter 11,Pg.no:273-275 

3 1 Problems on Signed measures T1: Chapter 11,Pg.no:275-276 

4 1 The Radon-Nikodym theorem T1: Chapter 11,Pg.no:276-278 

5 1 Lebesgue decomposition T1: Chapter 11,Pg.no:278-279 

6 1 Problems on Lebesgue 

decomposition 
T1: Chapter 11,Pg.no:279-280 

7 1 Continuation of problems on 

Lebesgue decomposition 
T1: Chapter 11,Pg.no:281-282 

8 1 The LP spaces T1: Chapter 11,Pg.no:282-287 

9 1 Some theorems on The LP spaces R4: Chapter 3,Pg.no:61-63 

10 1 Problems on The LP spaces R4: Chapter 3,Pg.no:64-65 

11 1 Recapitulation and discussion of 

important questions 

 

12 1 Discussion of previous ESE 

question papers 

 

13 1 Discussion of previous ESE 

question papers 

 

14 1 Discussion of previous ESE 

question papers 

 

Total 14 Hrs   

 

 

 

TEXT BOOK  
T1. Royden H.L,2004. Real Analysis, Third Edition, Prentice – Hall of India Pvt.Ltd, 

New Delhi.  

REFERENCES  
R1. Keshwa Prasad Gupta, 2005. Measure Theory, Krishna Prakashan Ltd, Meerut.  

R2. Donald L. Cohn, 1994. Measure Theory, United States.  

R3. Paul R. Halmos, 1955. Measure Theory, Princeton University Press Dover 

Publications.  

R4. Rudin W, 1986. Real and Complex Analysis, 3 rd Edition, Mcgraw – Hill, New 

Delhi. 
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UNIT-I 

SYLLABUS 

 

Lebesgue Measure: Introduction – Outer measure – Measurable sets and Lebesgue 

Measure – A non measurable set – Measurable set – Measurable functions – 

Litttlewood’s three principles.  
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POSSIBLE QUESTIONS 

 

1. Prove that outer measure of an interval is its length. 

2. Prove that the collection M of measurable set is a  - algebra. 

3. (i) Prove that the interval (a,∞) is measurable. 

      (ii) Prove that [0,1] is not countable.                 

4. If  f be an extended real valued function whose domain is measurable.Then prove that   

         the following statements are equivalent  

    (i)   For each real number α the set {x/ f(x) > α}is measurable. 

    (ii)  For each real number α the set {x/ f(x) ≥α}is measurable. 

    (iii) For each real number α the set {x/ f(x)< α}is measurable. 

    (iv) For each real number α the set {x/ f(x) ≤α}is measurable. 

These statements are imply for each extended real number α the set { x/ f(x)= ∞}is 

measurable. 

5. If ‘c’ be a constant and f and g two measurable real valued function defined on the    

same domain.Then prove that the function f+c, cf ,f+g ,g-f and fg are also measurable.      

6. State and prove Little wood’s three principles. 

7. (i)If f is an measurable function and f = g a.e then g is measurable. 

    (ii) Define (a) Almost everywhere  (b) Simple function (c) Characterstic function 

(d) Little wood’s principle.   

8. If  {fn} be a sequence of measurable functions.Then the functions sup { f1, f2,… fn }, 

9. i) If m*(E) = 0 then E is measurable. 

    ii) If E1 & E2 are measurable, so is E1∪E2.  

10.Prove that every borel set is measurable, inparticular each open set and each closed set   

      is measurable. 

11. If {Ei}be an infinite decreasing sequence of measurable sets. (ie) A sequence with    

        En+1  ⊂En for each A and mE be finie. Then  m(⋂ 𝐸𝑖∞
𝑖=1 ) = lim

𝑛→∞
𝑚𝐸𝑛 . 
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Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
 If a and B are two setsin M with AÌB, then MA≤MB 
thisproperty is called………………. Additivity         subadditivity    monotonicity    

translationinvari
ant monotonicity    

The outer measure of an interval is 
its……………………… Length   measure  endpoints   sistance Length   
 If A is countable then m*A=………… 1 0 -2 -1 0
 The set [0,1] is……………. Not countable     countable    un countable    measurable Not countable    
If m*E=0 then E is ………………… outer measure   measurable   borel set   σ - algebra  measurable   
The complement of a measurable set  is ……………… countable set      σ - algebra   borel set    measurable  measurable

The collection M of measurable sets is………………….. σ - algebra   measurable countable set       borel set   σ - algebra  
Every………………………. is measurable. σ - algebra   borel set   countable set      open set  borel set   
The union of a countable collection of mesurable sets 
is……………

outer measurable 
set    σ - algebra  borel set  measurable measurable

Every borel Set  is measurable set then the converse? not true    not false  partially true   partially false not true    
Any element in borel algebra B is called……………… measurable set    borel set  σ - algebra  borel space borel set  
The intersection of any collection of closed sets is 
……………… measure set   open  sub set closed closed
The union of any finite collection of 
…………………………..is closed. measure set  closed set sub set   open set closed set
The set of rational numbers is the union of a countable 
collection of closed set s  each of which contains 
exactly…………………………………. number. Zero     finite  one   infinite one   

Possible Questions                               

KARPAGAM ACADEMY OF HIGHER EDUCATION
(Deemed to be University Established Under Section 3 of UGC Act 1956)

Pollachi Main Road, Eachanari (Po),
Coimbatore –641 021                                                                                                                                                                                            

        Subject: Measure Theory                                                                            Subject Code: 16MMP401
        Class   : II M.Sc Mathematics                                                                              Semester      : IV

   (Question Nos. 1 to 20 Online Examinations)

UNIT -I 
PART A (20x1=20 Marks)
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A set which is a countable union of ……………….. is 
called an F  sub set  closed set   measure set   open set closed set   
 A Set which is a ……………………. of closed sets is 
called an F countable union  

 countble 
intersection   union    intersection countable union  

The intersection of a countable collection 
of…………………… is callled an G closed seet  subset   open set   measue set open set   
Every isolated set of real number is ………………… finite   uncountable   infinite   countable  countable
The collection B of borel set is the smallest  σ- algebra 
which contains all of the………………… subset     closed set measure set   open set  open set
If A and B are two sets in  whit ACB 
,then………………… A  ≥   B mA  ≥   mB mA ≤mB mA=mB mA ≤mB
The sum of the lenghts of the finite subcollection is  
………………………the sum of the lengths of the original 
collection. no less than   less than   no greater than   greater than no greater than  

Prepared by: PAVITHRA K, ASST PROF, Department of Mathematics, KAHE
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UNIT-II 

SYLLABUS 

 

The Lebesgue Integral: The Riemann integral – The Lebesgue integral of a 

bounded function over a set finite measure – The integral of a non negative 

function – The general Lebesgue integral – Convergence in measure.  
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POSSIBLE  QUESTIONS 

1. If f be defined and bounded on a measurable set E with mE finite.In order that  

      𝑖𝑛𝑓
𝑓≤𝜓 ∫ 𝜓(𝑥)𝑑𝑥

𝐸
 = 

𝑠𝑢𝑝
𝑓≥𝜑 ∫ 𝜑(𝑥)𝑑𝑥

𝐸
 for all simple functions 𝜑 and 𝜓 it is necessary &     

      Sufficient that f  must be measurable.                        

2. If f and g are bounded measurable functions defined on a set E of finite measure, then    

       prove that the following 

    (i)   ∫ (𝑎𝑓 + 𝑏𝑔)
𝐸

 = a∫ 𝑓
𝐸

 + b∫ 𝑔
𝐸

 

    (ii)    𝐼𝑓 𝑓 = 𝑔 𝑎. 𝑒 𝑡ℎ𝑒𝑛 ∫ 𝑓
𝐸

 = ∫ 𝑔
𝐸

 

   (iii)   If  f ≤ g a.e then ∫ 𝑓
𝐸

  ≤ ∫ 𝑔
𝐸

, hence |∫ 𝑓| ≤ ∫|𝑓|. 

   (iv)If A and B are disjoint measurable sets of finite measure then, 

∫ 𝑓
𝐴𝑈𝐵

 = ∫ 𝑓
𝐴

 + ∫ 𝑓
𝐵

  

3. If f and g be integrable over E, then prove that 

(i) The function cf is integrable over E  and integral ∫ 𝑐𝑓
𝐸

 = c∫ 𝑓
𝐸

. 

(ii) The function f+g is integrable over E and ∫ 𝑓 + 𝑔
𝐸

 = ∫ 𝑓
𝐸

 + ∫ 𝑔
𝐸

 .  

4. State and prove lebesgue convergence theorem. 

 5. If f and g are non-negative measurable functions , then    

       prove that the following 

     i) ∫ 𝑐𝑓
𝐸

 = c∫ 𝑓
𝐸

, c  > 0 

         ii) ∫ 𝑓 + 𝑔
𝐸

 = ∫ 𝑓
𝐸

 + ∫ 𝑔
𝐸

 

   iii)    𝐼𝑓 𝑓 = 𝑔 𝑎. 𝑒 𝑡ℎ𝑒𝑛 ∫ 𝑓
𝐸

 =  ≤ ∫ 𝑔
𝐸

 

6.If f be a non negative function,which is integrable over a set ‘E’ then given 𝜀 > 0,there   

             is a >0. such that for every set A⊆ E with m(A) < ,then ∫ 𝑓 < 𝜀
𝐴

. 

7. If f be a bounded function defined on [a,b].If f is Riemann integral on [a,b] then it is   

           measurable and  R∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

𝑏

𝑎
.     

8. If  𝜓 𝑎𝑛𝑑  𝜑 be simple function which vanish outside a set of measure then  

               ∫ 𝑎 𝜑 + 𝑏𝜓 = 𝑎 ∫ 𝜑 + ∫ 𝜓 and if 𝜑 ≥  𝜓 a.e then ∫ 𝜑 ≥ ∫ 𝜓 . 

9. State and prove bounded convergence theorem. 

10.  State and prove Fatou’s lemma. 

11. State and prove monotone convergent theorem. 

 

 



UNIT - II/2016-2018 Batch

Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
A function F defined on a compact interval [a,b] is called a …………….Jump function Step function Characteristic functionContinuity functionStep function
If  E is a measurable set then the complement of the set is ………………. borel set     open set  σ - algebra  measurable set measurable set
The family  of ……………………. is an algebra of sets  measurable set open set  σ - algebra  borel set    measurable set
 Every set with outer measure Zero is …………………………..open set   measurable   σ - algebra  borel set  measurable   
Every convergent sequence of measurable functions is ………………………..convergent  uniformly convergent    uniformly  continrous  continuous uniformly convergent   
 Every measurable function is nearly ……………… continuous uniformly convergent    uniformly  continrous  discontinuous continuous 
The partition of an interval denoted by P then the sets A1, A2, A3...ACompact Closed Open Components Components
A measurable space  is said  to be _________if ϐ contains all the subset of set of measure zerocomplete closed borel set compact complete
Lebesgue measure is________ complete closed borel set compact complete
If μ is a  complete measure & f is a measurable  function then f=g ,a.eg is measurable f is measurable μ is measurable f & g is measurableg is measurable 
Every measurable sub set of a +ve set is_______ itself +ve itself –ve +ve and –ve null set itself +ve
The union of countable  collection of +ve set is_______ negative positive null set positive and negativepositive
Hahn decomposition is_______ unique absolute value not absolute valuenot unique not unique
A measure v is said to be absolutely continuous with respect to the measure μ if ________________vA=0 vA =  0 vA=1 vA=   1 vA  = 1
A collection {Xα } of disjoint measurable subsets of X is called a ___________ for μ.Jordan measurable Nikodym decomposition decomposition
A measurable μ is called ___________ if it has a decomposition.measurable decomposition decomposable Jordan Jordan
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SYLLABUS 

 

Differentiation of monotone function - Functions of bounded variation-

,differentiation of an integral-Absolute continuity.  
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POSSIBLE QUESTIONS 

 

 

1. State and prove Vitali theorem. 

2.Prove that a function f is bounded variation on [ a,b] if and only if f is the difference of two 

monotone real valued functions on [a,b]. 

3. If f is integrable on [a,b] , then prove that  the function F defined by F(x) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 is a 

continuous function of bounded variation on [ a ,b ]. 

4. Prove that if f be an integrable function on [a ,b] , and suppose that F(x) = F(a) + ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 

then 

             F ˈ(x) =f(x) for almost all x in [a,b]. 

5. Prove that a function is an indefinite integral if and only if it is absolutely continuous. 

6.Prove that every absolutely continuous function is the indefinite integral of its derivative. 

  7. Prove that if f is absolutely continuous on [ a, b], then it is of bounded variation on[a,b].  

8. Prove that if f is bounded and measurable on [ a,b] and  F(x) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 + F(a) , then 

                 F ˈ(x) =f(x) for almost all x in [a,b]. 

9. If f is integrable on [a,b] and  ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 =0  for all x   [a,b] then prove that f(t)=0 a.e in             

[ a ,b ].  

10.Prove that if  f is absolutely continuous on [ a, b] and f ‘(x) = 0 a.e then f is constant. 

 

 



UNIT - III/2016-2018 Batch

Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
The dependence on the interval [a,b] or on the function f, If T<variance bounded variationfunction measure bounded variation
A function f is of bounded variation on [a,b] if and only if f is the difference of ___________function on[a,b]Tow monotone real valued Monotone Measure Real value Tow monotone real valued 
A monotone function on[0.1] which is discontinuous at each ________continuous discontinuous rational point point rational point
The derivative of the indefinite integral of an integral function is equal to the _______almost every whereintegrand positive non integrand negative integrand
A real valued function f defined on [a,b] is said to be _________on[a,b]continuous countable measure absolutely continuousabsolutely continuous
The ______of  tow  absolutely  continuous function is absolutely continuoussum odd different sum & differencesum
If f is absolutely continuous on [a,b] then it is of _______on[a,b]bounded continuous variation bounded variationbounded variation
If f is absolutely continuous on [a,b]&f’(x)=0 a.e ,then f is _________constant bounded variance continuous constant
A function F is an indefinite  integral if and only if it is _________absolutely continuouscontinuous bounded measure absolutely continuous
Every absolutely continuous function is the ________of its derivative indefinite integralintegral continuous bounded indefinite integral
If X is any uncountable set & ϐ the  family of these subset which are either or the complement of a countable set then ϐ is a_________algebra countable uncountable σ-algebra σ-algebra
A measure μ is called _______if μ(x)<∞ finite infinite uncountable countable finite
which one is an _______a finite measure (0,1) [1,1] (1,1) [0,1] [0,1]
which one is an σ-finite measure ______ (-∞,∞) (0,∞) (∞,0) (∞,-∞) (-∞,∞)
the counting  measure on an______is  a measure which is not σ-finiteuncountable  infinite finite countable uncountable  
Any measurable  set contained in a set  of σ finite measure is it self of  ________infinite measurablemeasurable σ-finite measurable finite measurableσ-finite measurable 
If μ is _______then every measurable set is of σ-finite measureσ-algebra σ-finite Borel set countable set σ-finite
Every σ-finite measure is _______ semi finite constant finite infinite semi finite
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UNIT-IV 

SYLLABUS 

 

Measure spaces-Measurable functions-Integration-General convergence Theorems.  
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POSSIBLE QUESTIONS 

 

1. If f be an extended real valued function defined on X. Then prove that the following   

            statements are equivalent.(i){x: f(x) > α}∈ ℬ for each α  

                                                    (ii) {x: f(x) <α}∈ ℬ for each  α 

                                                    (iii) {x: f(x) ≤α}∈ ℬ for each α  

                                                    (iv) {x: f(x) ≥α}∈ ℬ for each α 

2. If c is a constant and the function f and g are measurable then so are the functions  

      f + c, cf, f . g & f v g .Moreover if { fn } is a sequence of measurable functions then prove   

     that  𝑠𝑢𝑝 fn, 𝑖𝑛𝑓  fn, 𝑙𝑖𝑚̅̅̅̅̅ fn and 𝑙𝑖𝑚 fn  are all measurable. 

3. (i) If 𝜇 is a complete measure and f is a measurable function then f = g a.e ⟹ g is    

              measurable. 

            ii)If  A ∈  ℬ , B∈  ℬ  and A⊂ B then 𝜇(𝐴)  ≤  𝜇(𝐵).  

4. If { fn } be a sequence of nonnegative measurable function that converges a.e on the set E   

            to a function f then prove that ∫ 𝑓  ≤ 𝑙𝑖𝑚 fn  . 

5. If { fn } be a sequence of nonnegative measurable function which converges a.e to a   

  function f and suppose that fn ≤ 𝑓, ∀ 𝑛 𝑡ℎ𝑒𝑛  𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 ∫ 𝑓  = lim 𝑛  ∫ fn  . 

6. If g be integrable over E and suppose that { fn }is a sequence of measurable functions    

              such that on E  |fn(x)| ≤ g(x) and such that a.e on E, fn(x) ⟶ f(x) then prove that 

             ∫ 𝑓
𝐸

 = lim ∫ fn
𝐸

. 

7. Prove that if E i  B , Ei  <  and  E i  E i+1 then (⋂ 𝐸𝑖
 
𝑖=1 ) = lim

𝑛→  
𝐸𝑛 

8. If f and g are non negative measurable functions  and a and b non negative constants     then 

prove that ∫ 𝑎𝑓 + 𝑏𝑔 =  a∫ 𝑓 + b ∫ 𝑔 

 9. Prove that if (X,  B ) be a measurable space,  n a sequence of measures  that converge          

set wise  to a measure  and fn a  sequence of non negative measurable functions that 

converge pointwise to the function then  ∫ 𝑓 𝑑𝜇 ≤ 𝑙𝑖𝑚 ∫ 𝑓𝑛 𝑑𝜇𝑛  

10. If f and g are integrable function & E is measurable then prove that 

                (a) ∫  
𝐸

  c1f + c2g  = c1 ∫  
𝐸

f + c2∫  
𝐸

g.    (b) If |h| ≤ |f|  then h is measurable . 

                (c) If  f  ≥ 𝑔  a.e then ∫  
𝐸

f  ≥ ∫  
𝐸

g. 
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UNIT - IV/2016-2018 Batch

Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
 A subset A(x) is called ______ with respect to B if  A Outer measure  Measurable Inner measure  Countable  Measurable
 Lebesgue measure on [0,1] is an example of a _______ finite measure countable uncountable infinite measure finite measure
The counting measure on an ______ is a measure which is not.uncountable set countable set complement set disjoint set uncountable set
A measure μ   is said to be _____ if each measurable set of  infinite measure contains measurable sets of arbitrary large finitesemi finite semi circle function completion semi finite
A measure space is said to be ______ if B contains all the subsets of sets of measure zero.Addition Subtraction complete sequence complete
The measure space is called the _____ of  (X, completion  equivalent boreset subset completion
A measure   μ  is said to be absolutely continous with respect to the measure     if _____   A= 0    A   =  0    A= 1     A   =   1         A= 0
A measure  μ   is said to be ______ with respect to the measure   if   A= 0.Absolutely convergent convergent absolutely continuouscontinuous absolutely continuous
The set function   is an ______ Inner measure outer measure  measurable integrable outer measure
The Hahn decomposition is not _____  composite unique countable convergent unique
The ____ is not unique Hahn decompositionJordan decomposition Lebesgue decomposition Euler decompositionHahn decomposition

Possible Questions                               

KARPAGAM ACADEMY OF HIGHER EDUCATION
(Deemed to be University Established Under Section 3 of UGC Act 1956)

Pollachi Main Road, Eachanari (Po),
Coimbatore –641 021                                                                                                                                                                                            

        Subject: Measure Theory                                                                                      Subject Code: 16MMP401
        Class   : II M.Sc Mathematics                                                                              Semester      : IV

   (Question Nos. 1 to 20 Online Examinations)

UNIT -IV
PART A (20x1=20 Marks)

Prepared by: PAVITHRA K, ASST PROF, Department of Mathematics, KAHE



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II MSC MATHS                                  COURSE NAME: MEASURE THEORY 

COURSE CODE: 16MMP401                  UNIT: V   BATCH-2016-2018 
 

Prepared by PAVITHRA K, Asst Prof, Department of MATHEMATICS, KAHE Page 1/25 
 

UNIT-V 

SYLLABUS 

 

Signed measures-The Radon-Nikodym theorem - the Lp Spaces.  
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 POSSIBLE QUESTIONS                                             

 

  1.State and prove Jordan decomposition theorem.  

  2. If E be a measurable set such that  0 < 𝜈E < 0 then there is a positive set A contained in E    

            with 𝜈A > 0. 

   3. State and prove Hahn decomposition theorem.  

   4.State and prove Riesz  Representation  theorem. 

   5. Prove that every measurable subset of a positive set is positive and the union of a   countable 

collection of positive sets is positive. 

   6. If (X, ℬ, 𝜇) be a finite measure space and g an integrable function such that for some  

        constant M, |𝑔𝜙 𝑑𝜇|  ≤ M ‖𝜙‖P  , for all simple function 𝜙.Then prove that g ∈ L q .             

inf { f1, f2,… fn }, 𝑠𝑢𝑝
𝑛

 fn, 𝑖𝑛𝑓
𝑛

 fn, 𝑙𝑖𝑚̅̅ ̅̅̅ fn and 𝑙𝑖𝑚 fn  are all measurable. 

    7.  State and prove Radon-Nikodym theorem.   

    8. Prove that if  for  1≤ p ≤  the spaces Lp(𝜇) are Banach spaces , and if f  Lp(𝜇), with 

             1/p +1/q =1 then  fg L1(𝜇) and ∫| 𝑓𝑔|𝑑 ≤ ||𝑓||𝑝   ||𝑔||𝑞 

     9. State and prove lebesque decomposition theorem. 

    10. Prove that if F be a bounded linear functional on Lp(𝜇) with 1 < p < ∞ then there is a 

unique element g   L
p such that F(f) = ∫ 𝑓𝑔 𝑑𝜇 

COMPULSORY 

     1. State and prove Hahn decomposition theorem.    

     2. If { fn } be a sequence of nonnegative measurable function that converges a.e on the set E   

            to a function f then prove that ∫ 𝑓  ≤ 𝑙𝑖𝑚 fn  .    

     3. If f is integrable on [a,b] and  ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 =0  for all x   [a,b] then prove that f(t)=0 a.e in     

[ a ,b ].                             

     4 .State and prove lebesgue convergence theorem 

     5. State and prove Little wood’s three principles 

 

 

 



UNIT - V/2016-2018 Batch

Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
If A⊂X and B⊂Y, then we call A× B as a ___________ Circle  Triangle Square   Rectangle   Rectangle
If A∈α and B∈β we call A×B as a ____________  Measurable circle Measurable triangle Measurable squareMeasurable rectangleMeasurable rectangle
The collection R of _______________ is a semi algebra.  Measurable circle Measurable triangle Measurable squareMeasurable rectangleMeasurable rectangle
Let x be a point of X and E a set in Rσδ. Then Ex is a  ___________Measurable set Measurable subset Countable set Measurable rectangleMeasurable rectangle
Let μ be a measure on an algebra α and μ* the Induced measure Induced outer measure Outer measure Measurable Measurable
An inner measure μ* which assigns to a given set E the ______________ compatible.Greatest measure Smallest measure Measurable Countable Countable
 If     is a caratheodory outer measure with respect to      then function in       is______    μ    -measurable     σ -algebra measurable not measurable. not measurable.
 If     is a ________ with respect to      then function in       is      - measurableCaratheodory outer measure    σ -algebra measurable not measurable. not measurable.
For each positive real number α we will define a particular Borel measure mHausdorff measure outer measure inner measure measurable measurable
A set that is both positive and negative with respect to v is called a _____________________disjoint set measurable set null set countable set countable set
The union of a countable collection of positive sets is _______________negative positive equal not equal not equal
A decomposition of X into two disjoint sets A and B such that A is positive for v and B negative is called a ______________ for v.Hahn decomposition Hausdorff inequality Minkowski inequalityJordan decompositionJordan decomposition
The uniqueness part is ___________ to the reader. right left middle end end
The decomposition of v given by the proposition is called the ______________ of v.Hahn decomposition Hausdorff inequality Minkowski inequality Jordan decompositionJordan decomposition
The measure |v| defined by |v|(E)=v+ E+v- E is called the _______________absolute value complex measure   μ -measure     σ -algebra     σ -algebra
The Hahn decomposition is unique except for _____________disjoint set measurable set null set countable set countable set

Possible Questions                               
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PART – A(20X1=20 Marks) 

  Answer all the questions 

  1. If A and B are two sets in M with AB, then MA≤MB this   property is 

called………………. 

 a) Additivity      b) subadditivity     
 c) monotonicity    d) translation invariant 

  2. The outer measure of an interval is its……………………… 

 a) Length       b) measure    c) endpoints      d) resistance 

  3. If A is countable then m*A=………… 
 a)1           b)0                 c) ∞          d)-1 

  4.  Every isolated set of real number is ………………… 

a)finite           b)countable c)infinite     d)uncountable 

  5. The collection M of measurable sets is………………….. 

 a) countable set        b) measurable   

 c) borel set     d) σ – algebra 

  6. A bounded function f on [a,b] is Riemann integrable if the set of  points 

at which f is………has  measure zero 
 a) continuous       b)discontinuous  

 c) limit                d) converges 
 

 

7.  The  set [0,1] is……………. 
 a) Not countable      b) countable     

c) uncountable     d) measurable 

8. If f is a bounded measurable function defined on a…..set 

 a) measurable    b)semi open       c)subset d)closed 

9. If M*E=0 then E is ………………… 

 a) outer measure  b) measurable    
c) borel set      d) σ – algebra 

10. If E1 and E2 are measurable then   

        M (E1UE2) + M(E1   E2)=…………… 

 a) m(E1+E2)     b) mE1+mE2     

c) mE1 - mE2    d) m(E1-E2) 
11. A non-negative measurable function f is called …..over the measurable     

set.  

 a) Finite     b)Continue      c) Integrable    d) Discontinue 

12. If f is a bounded measurable function defined on a…..set 
 a) Closed  b) Open   c) Measurable    d) Semi open 

13. Lebesgue measure is________ 

 a) complete b) closed c) borel set   d) compact 
14.  A bounded function f on [a,b] is Riemann integrable if the set of points 

at which f is discontinuous has measure…… 

 a)0     b)1     c)2                d)3 
15. Every measurable function is nearly ……………… 

 a) continuous              b) uniformly convergent     

 c) uniformly  continuous   d) discontinuous 

16. Every set with outer measure Zero is ………………………….. 
 a) countable set        b) measurable                   

c) borel set                 d) σ – algebra 

17. The Complement of an F  is ……………… 

 a) F δ                     b) Gδ                     c) F        d)G 

18. The complement of a measurable set  is ……………… 

 a) countable set         b) measurable    
c) borel set               d) σ – algebra 

 19. A countable union of sets in  F is again in…………… 

 a) F δ                     b) Gδ                     c) F        d)G 



 20. The intersection of any collection of closed sets is ……………… 
 a) measure set       b)open        c)subset      d)closed 

PART – B (3X2=6 Marks) 

Answer all the questions 

21. Define lebesgue measure 

22. Define outer measure. 

23. Define Riemann Integral. 

 

PART – C (3X8=24 Marks) 

Answer all the questions 

24. a) Prove that outer measure of an interval is its length. 

(OR) 

      b)  Prove that the collection M of measurable set is a   - algebra. 

25.a)  If ‘c’ be a constant and f and g two measurable real valued function 
defined on the  same domain.Then prove that the function f+c, cf 
,f+g ,g-f and fg are also measurable.     

(OR) 

b) State and prove Little wood’s three principles. 
26. a) If f and g be integrable over E, then prove that 

(i) The function cf is integrable over E  and integral ∫ 𝑐𝑓
𝐸

 = c∫ 𝑓
𝐸

. 

(ii) The function f+g is integrable over E and ∫ 𝑓 + 𝑔
𝐸

 = ∫ 𝑓
𝐸

 + 

∫ 𝑔
𝐸

 .  

(OR) 
 

      b) State and prove lebesgue convergence theorem. 
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Part-B 

21. a) Prove that the outer measure of an interval is translation invariant. 

Proof

 

 

 

21. b) State and Proof Egoroff’s Theorem 

Proof  

Let (X, Σ, µ) be a finite measure space. If fk, f : X → C are measurable 

functions such that fk → f pointwise a.e., then for every ε > 0 there 

exists a measurable set E ⊆ X such (a) µ(E) < ε, and (b) fk converges 

uniformly to f on E C, i.e., lim k→∞ sup x/∈E |f(x) − fk(x)|  = 0. Proof. 

Let Z be the set of measure zero consisting of all points x ∈ X such that 

fk(x) does not converge to f(x). For each k, n ∈ N, define the measurable 

sets Ek(n) = S∞ m=k n |f − fm| ≥ 1 n o and Zn = T∞ k=1 Ek(n). Fix n, 

and suppose that x ∈ Zn. Then x ∈ Ek(n) for every k, so for each k there 

must exist some integer m ≥ k such that |f(x) − fm(x)| > 1 n. Therefore 



fk(x) does not converge to f(x) as k increases, so this point x belongs to 

Z. This shows that Zn ⊆ Z, and therefore µ(Zn) = 0 by monotonicity. 

With n fixed, the sets Ek(n) are nested decreasing, and their intersection 

is Zn by definition. Therefore, it follows from continuity from above that 

∀ n ∈ N, lim k→∞ µ Ek(n)  = µ(Zn) = 0. (3.13) 

 Fix ε > 0. Applying equation (3.13), for each integer n there is some 

integer kn > 0 such that µ Ekn (k)  < ε 2 n . Define E = S n=1 Ekn (n 

Subadditivity implies that µ(E) ≤ ε. Further, if x /∈ E then x /∈ Ekn (k) 

for any n, so |f(x) − fm(x)| < 1 n for all m ≥ kn. In summary, µ(E) ≤ ε and 

for each n ∈ N there exists an integer kn > 0 such that m ≥ kn =⇒ sup 

x/∈E |f(x) − fm(x)| ≤ 1 n . This says that fk converges uniformly to f on 

EC. 

22.a) Let f be a bounded measurable function on a set of finite measure 

E. Then f is integrable over E. 

 

 



 

22 b) State and Prove Factor’s Lemma  

 

 

 



 

 

23. a)  State and prove Lebesque’s Theorem 

 

 

 



 

 

23. b) Explain Jordan’s Theorem 

 

 

 

 

 



24. a) Continuity of integration 

 

 

 

 



24. b) State and prove Beppo Levis Lemma? 

 

 

 

25.a) State and Prove Jordan Decomposition Theorem? 

 

 

 

 

 

 



25. b) State and Prove Lebesque Decomposition  Theorem? 

 



 

 

 



PART-C 

26.  Prove that the outer measure of an interval is its length. 
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                     PART-A (20 x 1 =20 Marks) 

Answer all the questions 

1. The dependence on the interval [a,b] or on the function f, If  

T<∞,we say that f is  of____________ over [a, b]. 

      a) variance               b) bounded variation           

c) function       d) measure   

 2. If f is absolutely continuous on [a,b]&f’(x)=0 a.e ,then f is _ 

      a) constant         b)bounded                 

c) variance       d) continuous 

 3. Lebesgue  measure on [0,1] is an example of a _______ 

      a) finite measure                           b) countable                  

      c) uncountable                              d) infinite measure 

4. The Hahn decomposition is not _____ 

      a) composite                b) unique       

      c) countable               d) convergent 

5. The outer measure   *  is called the  ____ 

 a) outer measure reduced by     

b) outer measure reduced by  *  

            c) outer measure induced  by        

d) outer measure induced by  * 

6. A function F is an indefinite  integral if and only if it is __ 

 a) absolutely continuous  b) continuous    

 c) bounded               d) measure 

7. Every absolutely continuous function is the ________of its   

derivative. 

 a) indefinite integral       b) integral  

  c) continuous             d) bounded 

8. The counting measure on an ______ is a measure which is  

not -finite. 

 a) uncountable set     b) countable set  

 c) complement set      d) disjoint set 

9. A measure    is said to be _____ if each measurable set of 

infinite measure contains measurable sets of arbitrary 

large finite. 

 a) semi finite       b) semi circle  

 c) function    d) completion 

10. A measure space is said to be ______ if B contains all the 

subsets of sets of measure zero. 

 a) addition     b) subtraction  

 c) complete       d) sequence 

11. A measurable μ is called ___________ if it has a 

decomposition. 

 a) measurable                 b) decomposition         

c) decomposable          d) Jordan 

 12. The set function   is an ______ 

a) Inner measure   b) outer measure  

c) measurable   d) integrable 

 13. Any measurable  set contained in a set  of σ finite measure 

is itself of  ________ 

 a) infinite measurable           b) measurable             

            c) σ-finite measurable        d) finite measurable 

   

 



14. Every measurable subset of a positive set is_______ 

 a) itself positive         b) itself negative     

c) positive and negative  d) null set 

15. A subset A(x) is called ______ with respect to B if  AB. 

 a) Outer measure                b) Measurable    

c) Inner measure            d) Countable 

16. The derivative of the indefinite integral of an integral 

function is equal to the _______almost everywhere. 

a) integrand   b) positive         

c) non integrand       d) negative 

17. A real valued function f defined on [a,b] is said to be   

_________on[a,b]. 

a) continuous     b) countable          

c) measure          d) absolutely continuous 

18. A set that is both positive and negative with respect to v is called   

a ____________ 

a) disjoint set     b) measurable set         

c) null set       d) countable set 
 

19. The decomposition of v given by the proposition is called   

the ______________ of v. 

 a) Hahn decomposition         b) Hausdorff inequality 

             c) Minkowski inequality        d) Jordan decomposition 

20. Lebesgue measure on (- ,)  is an example of a _______ 

 a) infinite     b)σ-finite measure    

c) measure space      d) σ-infinite measure    

               

Part-B(3x2=6 Marks) 

     Answer all the questions 

21.  Define measurable space. 

22.  Define  σ-finite measure 

23.  Define Signed Measures. 

 

Part-C (3x8=24 Marks) 

Answer all the questions 

 

24. a) State and prove Vitali theorem. 

   (OR) 

       b) Prove that if   f is absolutely continuous on [ a, b] and  

            f ‘(x) = 0 almost everywhere then f is constant. 

 

25. a) State and prove Jordan decomposition theorem.  

(OR) 

        b) If f be an integrable function on [a,b] , and suppose that F(x) = 

F(a) + ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 then prove that Fˈ(x) =f(x) for almost all x in 

[a, b]. 

 

26. a) If { fn } be a sequence of nonnegative measurable 

function that converges a.e on the set E to a function f 

then prove that ∫𝑓  ≤ 𝑙𝑖𝑚 fn  . 

 

(OR) 

      b) State and prove Hahn decomposition theorem  
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PART – A(20X1=20 Marks) 

  Answer all the questions 

  1. If A and B are two sets in M with AB, then MA≤MB this   

property is called………………. 

 a) Additivity      b) subadditivity     

 c) monotonicity    d) translation invariant 

  2. The outer measure of an interval is its……………………… 

 a) Length       b) measure    c) endpoints      d) resistance 

  3. If A is countable then m*A=………… 

 a)1           b)0                 c) ∞          d)-1 

  4.  Every isolated set of real number is ………………… 

a)finite           b)countable c)infinite     d)uncountable 

  5. The collection M of measurable sets is………………….. 

 a) countable set        b) measurable   

 c) borel set     d) σ – algebra 

  6. A bounded function f on [a,b] is Riemann integrable if the set of  

points at which f is………has  measure zero 

 a) continuous       b)discontinuous  

 c) limit                d) converges 

 

 

7.  The  set [0,1] is……………. 

 a) Not countable      b) countable     

c) uncountable     d) measurable 

8. If f is a bounded measurable function defined on a…..set 

 a) measurable    b)semi open       c)subset d)closed 

9. If M*E=0 then E is ………………… 

 a) outer measure  b) measurable    

c) borel set      d) σ – algebra 

10. If E1 and E2 are measurable then   

        M (E1UE2) + M(E1   E2)=…………… 

 a) m(E1+E2)     b) mE1+mE2     

c) mE1 - mE2    d) m(E1-E2) 

11. A non-negative measurable function f is called …..over the 

measurable     set.  

 a) Finite     b)Continue      c) Integrable    d) Discontinue 

12. If f is a bounded measurable function defined on a…..set 

 a) Closed  b) Open   c) Measurable    d) Semi 

open 

13. Lebesgue measure is________ 

 a) complete b) closed c) borel set   d) compact 

14.  A bounded function f on [a,b] is Riemann integrable if the set of 

points at which f is discontinuous has measure…… 

 a)0     b)1     c)2                d)3 

15. Every measurable function is nearly ……………… 

 a) continuous              b) uniformly convergent     

 c) uniformly  continuous   d) discontinuous 

16. Every set with outer measure Zero is ………………………….. 

 a) countable set        b) measurable                   

c) borel set                 d) σ – algebra 

17. The Complement of an F  is ……………… 



 a) F δ                     b) Gδ                     c) F        d)G 

18. The complement of a measurable set  is ……………… 

 a) countable set         b) measurable    

c) borel set               d) σ – algebra 

 19. A countable union of sets in  F is again in…………… 

 a) F δ                     b) Gδ                     c) F        d)G 

 20. The intersection of any collection of closed sets is 

……………… 

 a) measure set       b)open        c)subset      

d)closed 

PART – B (3X2=6 Marks) 

Answer all the questions 

21. Define lebesgue measure 

 Lebesgue measure is the standard way of assigning 

a measure to subsets of n-dimensional Euclidean space. For n = 1, 2, 

or 3, it coincides with the standard measure of length, area, 

or volume. In general, it is also called n-dimensional volume, n-

volume, or simply volume.[1] It is used throughout real analysis, in 

particular to define Lebesgue integration. Sets that can be assigned a 

Lebesgue measure are called Lebesgue measurable; the measure of 

the Lebesgue measurable set Ais here denoted by λ(A). 

22. Define outer measure. 

An outer measure is a set function μμ such that 

 Its domain of definition is an hereditary σσ-ring (also called σσ-

ideal) of subsets of a given space XX, i.e. a σσ-

ring R⊂P(X)R⊂P(X) with the property that for 

every E∈RE∈R all subsets of EE belong to RR; 

 Its range is the extended real half-line [0,∞[0,∞]; 

 μ(∅)=0μ(∅)=0 and μμ is σσ-subadditive (also called countably 

subadditive), i.e. for every countable family {Ei}⊂R{Ei}⊂Rthe 

following inequality holds: 

μ(⋃iEi)≤∑iμ(Ei). 

 

23. Define Riemann Integral. 

The Riemann integral is based on the Jordan measure, and defined 

by taking a limit of a Riemann sum, 

 

 

 

(1) 

 

 

 

(2) 

 

 

 

(3) 

where  and , , and  are arbitrary points in the 

intervals , , and , respectively. The value  is 

called the mesh size of a partition of the interval  into 

subintervals . 

 

 

PART – C (3X8=24 Marks) 

Answer all the questions 

24. a) Prove that outer measure of an interval is its length. 

https://en.wikipedia.org/wiki/Measure_(mathematics)
https://en.wikipedia.org/wiki/Subset
https://en.wikipedia.org/wiki/Euclidean_space
https://en.wikipedia.org/wiki/Length
https://en.wikipedia.org/wiki/Area
https://en.wikipedia.org/wiki/Volume
https://en.wikipedia.org/wiki/Lebesgue_measure#cite_note-1
https://en.wikipedia.org/wiki/Real_analysis
https://en.wikipedia.org/wiki/Lebesgue_integration
https://www.encyclopediaofmath.org/index.php/Set_function
https://www.encyclopediaofmath.org/index.php/Ring_of_sets
http://mathworld.wolfram.com/JordanMeasure.html
http://mathworld.wolfram.com/RiemannSum.html
http://mathworld.wolfram.com/MeshSize.html


 

 

    21.  b)  Prove that the collection M of measurable set is a   - 

algebra. 

 



 

25.a)  If ‘c’ be a constant and f and g two measurable real valued 

function defined on the  same domain.Then prove that the 

function f+c, cf ,f+g ,g-f and fg are also measurable.    

 

 

 

 



 

  

25. b) State and prove Little wood’s three principles. 

 

Proof: 

 

             Littlewood’s three principles for the Lebesgue measure on R 

are, roughly speaking: 1. Every measurable set of finite measure is 

nearly a finite union of intervals 2. Every measurable function is 

nearly continuous 3. Every convergent sequence of functions is 

nearly uniformly convergent The second and third principles are also 

known as Lusin’s and Egorov’s theorems, respectively. The first 

principle has no other name that I know of: Theorem 1 (Littlewood’s 

first principle). Let E be a Lebesgue measurable subset of R, and 

assume ε > 0 is given. Then there exists a finite union F of intervals 

such that µ(E 4F) < ε. Proof. We go back to the definition of 

Lebegue outer measure: There is a sequence of intervals 〈Ij〉j∈N 

such that E ⊆ [ j∈N Ij and X j∈N µIj < µE +ε. In particular, the sum 

above converges, so we can fix some n with X j>n µIj < ε. Let F = [ 

j≤n Ij . Then µ(F \E) ≤ µ ³ [ j∈N Ij \E ´ ≤ X j∈N µIj −µE < ε and µ(E 

\F) ≤ µ ³ [ j∈N Ij \F ´ ≤ µ [ j>n Ij ≤ X j>n µIj < ε, so that µ(E 4 F) ≤ 

µ(E \ F) + µ(F \ E) < 2ε (and hence the overly pedantic person would 

replace ε by ε/2 throughout the proof ). 

 

 

26. a) If f and g be integrable over E, then prove that 

(i) The function cf is integrable over E  and integral ∫ 𝑐𝑓
𝐸

 = 

c∫ 𝑓
𝐸

. 

(ii) The function f+g is integrable over E and ∫ 𝑓 + 𝑔
𝐸

 = ∫ 𝑓
𝐸

 

+ ∫ 𝑔
𝐸

 .  

 



 
 

     26. b) State and prove lebesgue convergence theorem. 
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                     PART-A (20 x 1 =20 Marks) 

Answer all the questions 

1. The dependence on the interval [a,b] or on the function f, If  

T<∞,we say that f is  of____________ over [a, b]. 

      a) variance               b) bounded variation           

c) function       d) measure   

 2. If f is absolutely continuous on [a,b]&f’(x)=0 a.e ,then f is _ 

      a) constant         b)bounded                 

c) variance       d) continuous 

 3. Lebesgue  measure on [0,1] is an example of a _______ 

      a) finite measure                           b) countable                  

      c) uncountable                              d) infinite measure 

4. The Hahn decomposition is not _____ 

      a) composite                b) unique       

      c) countable               d) convergent 

5. The outer measure   *  is called the  ____ 

 a) outer measure reduced by     

b) outer measure reduced by  *  

            c) outer measure induced  by        

d) outer measure induced by  * 

6. A function F is an indefinite  integral if and only if it is __ 

 a) absolutely continuous  b) continuous    

 c) bounded               d) measure 

7. Every absolutely continuous function is the ________of its   

derivative. 

 a) indefinite integral       b) integral  

  c) continuous             d) bounded 

8. The counting measure on an ______ is a measure which is  

not -finite. 

 a) uncountable set     b) countable set  

 c) complement set      d) disjoint set 

9. A measure    is said to be _____ if each measurable set of 

infinite measure contains measurable sets of arbitrary 

large finite. 

 a) semi finite      b) semi circle  

 c) function    d) completion 

10. A measure space is said to be ______ if B contains all the 

subsets of sets of measure zero. 

 a) addition     b) subtraction  

 c) complete       d) sequence 

11. A measurable μ is called ___________ if it has a 

decomposition. 

 a) measurable                 b) decomposition         

c) decomposable          d) Jordan 

 12. The set function   is an ______ 

a) Inner measure   b) outer measure  

c) measurable   d) integrable 

 13. Any measurable  set contained in a set  of σ finite measure 

is itself of  ________ 

 a) infinite measurable           b) measurable             

            c) σ-finite measurable        d) finite measurable 

   

 

14. Every measurable subset of a positive set is_______ 



 a) itself positive         b) itself negative     

c) positive and negative  d) null set 

15. A subset A(x) is called ______ with respect to B if  AB. 

 a) Outer measure                b) Measurable    

c) Inner measure            d) Countable 

16. The derivative of the indefinite integral of an integral 

function is equal to the _______almost everywhere. 

a) integrand   b) positive         

c) non integrand       d) negative 

17. A real valued function f defined on [a,b] is said to be   

_________on[a,b]. 

a) continuous     b) countable          

c) measure          d) absolutely continuous 

18. A set that is both positive and negative with respect to v is 

called   a ____________ 

a) disjoint set     b) measurable set         

c) null set       d) countable set 

 

19. The decomposition of v given by the proposition is called   

the ______________ of v. 

 a) Hahn decomposition         b) Hausdorff inequality 

             c) Minkowski inequality        d) Jordan 

decomposition 

20. Lebesgue measure on (- ,)  is an example of a _______ 

 a) infinite     b)σ-finite measure    

c) measure space      d) σ-infinite measure    

               

Part-B(3x2=6 Marks) 

     Answer all the questions 

21.  Define measurable space. 

Let X be a set and Σ a σ-algebra over X. A function μ from Σ to 

the extended real number line is called a measure if it satisfies 

the following properties: 

 Non-negativity: For all E in Σ: μ(E) ≥ 0. 

 Null empty set: . 

 Countable additivity (or σ-additivity): For 

all countable collections of pairwise disjoint sets in Σ: 

 
22.  Define  σ-finite measure 

 

A measure μ defined on a σ-algebra Σ of subsets of a set X is 

called finite if μ(X) is a finite real number(rather than ∞). The 

measure μ is called σ-finite if X is the countable union of 

measurable sets with finite measure. A set in a measure space 

is said to have σ-finite measure if it is a countable union of 

measurable sets with finite measure. 

 

23.  Define Signed Measures. 

Let  be a measurable space. A 

function  is a signed measure if 

  

 (range ) is a singleton set or empty. 

 if  are a pairwise disjoint collection of 

measurable sets, then 

https://en.wikipedia.org/wiki/Sigma-algebra
https://en.wikipedia.org/wiki/Extended_real_number_line
https://en.wikipedia.org/wiki/Sigma_additivity
https://en.wikipedia.org/wiki/Countable
https://en.wikipedia.org/wiki/Disjoint_sets
https://en.wikipedia.org/wiki/Measure_(mathematics)
https://en.wikipedia.org/wiki/Sigma-algebra
https://en.wikipedia.org/wiki/Set_(mathematics)
https://en.wikipedia.org/wiki/Real_number
https://en.wikipedia.org/wiki/Countable_set
https://en.wikipedia.org/wiki/Union_(set_theory)


 

where the sum converges absolutely 

if . 

 

 

Part-C (3x8=24 Marks) 

Answer all the questions 

 

24. a) State and prove Vitali theorem. 

 

 

 
 

 

 
 

 
 

 

       b) Prove that if   f is absolutely continuous on [ a, b] and  

            f ‘(x) = 0 almost everywhere then f is constant. 

 

 



 
 

25. a) State and prove Jordan decomposition theorem.  

 

 
        b) If f be an integrable function on [a,b] , and suppose that F(x) = 

F(a) + ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 then prove that Fˈ(x) =f(x) for almost all x in 

[a, b]. 

 

 

 
26. a) If { fn } be a sequence of nonnegative measurable 

function that converges a.e on the set E to a function f 

then prove that ∫𝑓  ≤ 𝑙𝑖𝑚 fn  . 

 

 

 
 

      b) State and prove Hahn decomposition theorem  
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