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SYLLABUS

Semester – V
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16MMU502A NUMBER THEORY 6 2 0 6

Scope: On successful completion of course the learners gain about the numbers , functions and
its properties.

Objectives: To enable the students to learn and gain knowledge about linear Diophantine
equation, Fermat’s Little theorem and Inversion formula

UNIT I
Linear Diophantine equation, prime counting function, statement of prime number theorem,
Goldbach conjecture, linear congruences, complete set of residues, Chinese Remainder theorem.

UNIT II
Fermat’s Little theorem, Wilson’s theorem. Number theoretic functions, sum and number of divisors,
Totally multiplicative functions , Definition and properties of the Dirichlet product.

UNIT III
The Mobius Inversion formula, the greatest integer function, Euler’s phi‐function, Euler’s theorem
reduced set of residues-some properties of Euler’s phi-function.

UNIT IV
Order of an integer modulo n, primitive roots for primes, composite numbers having primitive
roots, Euler’s criterion, the Legendre symbol and its properties.

UNIT V
Quadratic reciprocity-quadratic congruences with composite moduli. Public key encryption,
RSA encryption and decryption, the equation x 2 + y 2 = z 2 , Fermat’s Last theorem.

SUGGESTED READINGS
TEXT BOOK
1. David M. Burton, (2007). Elementary Number Theory, Sixth Edition, Tata McGraw‐Hill,
Delhi.

REFERENCES
1. Neville Robinns, (2007). Beginning Number Theory, 2nd Ed., Narosa Publishing House Pvt.
Ltd., Delhi.

2. Neal Koblitz., (2006).A course in Number theory and cryptography,Second Edition,
Hindustan Book Agency, New Delhi.
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KARPAGAM ACADEMY OF HIGHER EDUCATION
(Deemed to be University Established Under Section 3 of UGC Act 1956)

Coimbatore – 641 021.

LECTURE PLAN
DEPARTMENT OF MATHEMATICS

Staff name: U. R. Ramakrishnan
Subject Name: Number Theory Sub.Code:16MMU502A
Semester: V Class: III B.Sc Mathematics

S.No Lecture
Duration
Period

Topics to be Covered Support Material/Page
Nos

UNIT-I

1. 1 Linear Diophantine equation T1:Chap2 P.No:38-39

2. 1 Theorem on Diophantine
equation

T1:Chap2 P.No:40

3. 1 Problems on Diophantine
equation

T1:Chap2 P.No:41-44

4. 1 Tutorial-1

5. 1 Prime counting function T1:Chap3 P.No:51-56

6. 1 Statement of prime number
theorem

T1:Appendix P.No:344-350

7. 1 Goldbach conjecture T1:Chap3 P.No:58-61

8. 1 Tutorial-2

9. 1 Theorem and Problems on
Goldbach Conjecture

T1:Chap3 P.No:61-65

10. 1 Linear congruences T1:Chap 4 P.No: 72-73

11. 1 Theorem and Problems on linear
congruences

T1:Chap 4 P.No: 73-74

12. 1 Tutorial-3

13. 1 Complete set of residues T1:Chap 4 P.No:70-71

14. 1 Theorem on complete set of
residues

T1:Chap 4 P.No:71-72

15. 1 Chinese Remainder theorem T1:Chap 4 P.No:87-88

16. 1 Tutorial-4
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17. 1 Problems based on Chinese
Remainder theorem

T1:Chap 4 P.No:88-90

18. 1 Recapitulation and Discussion
of possible questions

Total No of Hours Planned For Unit I=18

UNIT-II

1. 1 Fermat’s Little theorem T1:Chap 5 P.No:97-98

2. 1 Corollary and problems on
Fermat’s Little theorem

T1:Chap 5 P.No:98-102

3. 1 Wilson’s theorem T1:Chap 5 P.No:102-104

4. 1 Tutorial-1

5. 1 Theorems and problems on
Wilson’s theorem

T1:Chap 5 P.No:104-107

6. 1 Number theoretic functions T1:Chap 6 P.No:110-111

7. 1 Theorems on Number theoretic
functions

T1:Chap 6 P.No:111-114

8. 1 Tutorial-2

9. 1 Problems on Number theoretic
functions

T1:Chap 6 P.No:114-115

10. 1 Multiplicative functions
definition and theorems

T1:Chap 6 P.No:115-117

11. 1 Continuation of theorems on
Multiplicative functions

T1:Chap 6 P.No:117-118

12. 1 Tutorial-3

13. 1 Corollary and Problems on
Multiplicative functions

T1:Chap 6 P.No:118-120

14. 1 Dirichelet Product R1:Chap 5 P.No:119-120

15. 1 Theorems on Dirichelet Product R1:Chap 5 P.No:120-123

16. 1 Tutorial-4

17. 1 Continuation of theorems on
Dirichelet Product

R1:Chap 5 P.No:123-124

18. 1 Continuation of theorems on
Dirichelet Product

R1:Chap 5 P.No:124-125

19. 1 Recapitulation and Discussion
of possible questions

Total No of Hours Planned For Unit II=19
UNIT-III
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1. 1 The Mobius Inversion formula-
Definition and theorem

T1:Chap 6 P.No:120-122

2. 1 Continuation of theorems and Problems
on Mobius Inversion formula

T1:Chap 6 P.No:122-125

3. 1 Tutorial-1

4. 1 The greatest integer function-Definition
with example

T1:Chap 6 P.No:126

5. 1 Theorems on the greatest integer
function

T1:Chap 6 P.No:126-130

6. 1 Problems on The greatest integer
function

T1:Chap 6 P.No:130-132

7. 1 Tutorial-2

8. 1 Euler’s phi‐function-Definition with
example

T1:Chap 7 P.No:136-137

9. 1 Theorems on Euler’s phi‐function T1:Chap 7 P.No:137-138

10. 1 Continuation of theorems on Euler’s
phi‐function

T1:Chap 7 P.No:138-140

11. 1 Tutorial-3

12. 1 Euler’s theorem
reduced set of residues

T1:Chap 7 P.No:142-144

13. 1 Some related theorems for Euler’s
theorem

T1:Chap 7 P.No:144-147

14. 1 Properties of Euler’s phi-function
- Theorem and examples

T1:Chap 7 P.No:148-149

15. 1 Tutorial-4

16. 1 Continuation of theorem on
Properties of Euler’s phi-
function

T1:Chap 7 P.No:149-150

17. 1 Problems on properties of Euler’s phi-
function

T1:Chap 7 P.No:150-152

18. 1 Tutorial-5

19. 1 Recapitulation and Discussion of
possible questions

Total No of Hours Planned For Unit III=19

UNIT-IV

1. 1 Order of an integer modulo n-
Definition with example

T1:Chap 8 P.No:156

2. 1 Theorems on Order of an integer
modulo n

T1:Chap 8 P.No:156-160

3. 1 Problems on Order of an integer
modulo n

T1:Chap 8 P.No:160-162
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4. 1 Tutorial-1

5. 1 Theorems on Primitive roots for primes T1:Chap 8 P.No:162-164

6. 1 Continuation of theorem on Primitive
roots for primes

T1:Chap 8 P.No:164-168

7. 1 Problems on Primitive roots for primes T1:Chap 8 P.No:168-169

8. 1 Tutorial-2

9. 1 Theorems on primitive roots for
composite numbers

T1:Chap 8 P.No:170-172

10. 1 Continuation of theorems and problems
on primitive roots for composite
numbers

T1:Chap 8 P.No:173-175

11. 1 Euler criterion T1:Chap 9 P.No:184-187

12. 1 Tutorial-3

13. 1 Problems on Euler criterion T1:Chap 9 P.No:187-190

14. 1 Definition and theorems on Legendre
symbol and its properties

T1:Chap 9 P.No:190-193

15. 1 Continuation of theorem on Legendre
symbol and its properties

T1:Chap 9 P.No:194-197

16. 1 Tutorial-4

17. 1 Continuation of theorem on Legendre
symbol and its properties

T1:Chap 9 P.No:197-201

18. 1 Problems on Legendre symbol and its
properties

T1:Chap 9 P.No:201-203

19. 1 Tutorial-5

20. 1 Recapitulation and Discussion of
possible questions

Total No of Hours Planned For Unit IV=20

UNIT-V

1. 1 Quadratic reciprocity-Introduction and
theorems

T1:Chap 9 P.No:203-206

2. 1 Continuation of theorem and problems
on Quadratic reciprocity

T1:Chap 9 P.No:206-210

3. 1 Theorems on quadratic congruences
with composite moduli

T1:Chap 9 P.No:210-214

4. 1 Tutorial-1

5. 1 Problems on quadratic congruences
with composite moduli

T1:Chap 9 P.No:215
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SUGGESTED READINGS
TEXT BOOK
1. David M. Burton, (2007). Elementary Number Theory, Sixth Edition, Tata McGraw‐Hill,
Delhi.

REFERENCES
1. Neville Robinns, (2007). Beginning Number Theory, 2nd Ed., Narosa Publishing House Pvt.
Ltd., Delhi.

2. Neal Koblitz., (2006).A course in Number theory and cryptography,Second Edition,
Hindustan Book Agency, New Delhi.

6. 1 The idea of public key crptography R2:Chap 4 P.No:83-85

7. 1 Continuation of the idea of public key
Crptography

R2:Chap 4 P.No:86-88

8. 1 Tutorial-2

9. 1 Classical vesus public key and
Authentication

R2:Chap 4 P.No:88-89

10. 1 Hash functions, key exchange and
Probabilistic Encryption

R2:Chap 4 P.No:89

11. 1 RSA encryption and decryption R2:Chap 4 P.No:92-95

12. 1 Tutorial-3

13. 1 Theorems on Fermat’s Last theorem T1:Chap 11 P.No:250-
254

14. 1 Continuation of theorems on Fermat’s
Last theorem

T1:Chap 11 P.No:254-
256

15. 1 Problems on Fermat’s Last theorem T1:Chap 11 P.No:257-
258

16. 1 Tutorial-4

17. 1 Recapitulation and Discussion of
possible questions

18. 1 Discuss on Previous ESE Question
Papers

19. 1 Discuss on Previous ESE Question
Papers

20. 1 Discuss on Previous ESE Question
Papers

Total No of Hours Planned for unit V=20

Total Planned Hours 96
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UNIT-I

SYLLABUS

Linear Diophantine equation, prime counting function, statement of prime number theorem,
Goldbach conjecture, linear congruences, complete set of residues, Chinese Remainder theorem.
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Complete Set Residue
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Possible Questions

2 Mark Questions:

1. Define divisible with example.

2. Prove that if ba and ca ,then )( cybxa  for arbitrary integers x and y.

3. Define greatest common divisor with example.

4. What is relatively prime.

5. Discuss about Diophantine equation.

6. Prove that if p is a prime and ,abp then ap or bp .

7. State Euclid theorem.

8. Define Linear congruence.

9. Prove if ,1),gcd( na then the linear congruence )(modnbax  has a unique solution modulo
n.

10. State Chinese Remainder theorem.

8 Mark Questions:

1. Prove that the linear Diophantine equation cbyax  has a solution if and only if

cd ,where ),gcd( bad  . If 00 , yx is any particular solution of this equation then all other

solutions are given by

,)/(0 tdbxx  tdayy )/(0 

for varying integers t.

2. Determine all the solutions in the integers of each of the following Diophantine equations:

a) ;407256  yx

b) ;1813824  yx

c) ;11791221  yx

d) .15643884  yx
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3. Determine all the solutions in the Positive integers of each of the following Diophantine
equations:

a) ;3001730  yx

b) 906;=21y+54x

c) ;99360123  yx

4. State and prove fundamental theorem of Arithmetic.

5. State and prove Euclid Lemma.

6. Prove that if np is the nth prime number, then .2
12 


n

np

7. Prove that there are infinite number of primes of the form 34 n .

8. Prove that the linear congruence )(modnbax  has a solution if and only if ,bd where

).,gcd( nad  if ,bd then it has d mutually in-congruent solutions modulo n.

9. State and Prove Chinese Remainder theorem.

10. Solve the following linear congruence:

a) )29(mod1525 x b) )26(mod25 x
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UNIT-II

SYLLABUS

Fermat’s Little theorem, Wilson’s theorem. Number theoretic functions, sum and number of divisors,
Totally multiplicative functions , Definition and properties of the Dirichlet product.
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Possible Questions

2 Mark Questions:

1. What is Fermat’s Factorization method.

2. Prove that if p is a prime, then )(mod paa p  for any integer a.

3. Verify that )7(mod1186 k for .3,2,1k

4. Find the remainder when !15 is divided by 17 .

5. Write about )(n and )(n with example.

6. What is multiplicative function.

7. Prove that if f is a multiplicative function and F is defined by


nd

dfnF )()( ,

then F is also multiplicative.

8. Define Dirichlet Product.

9. Find the remainder when 511 is divided by 7.

10. Use Fermat’s method to factor 23449.

8 Mark Questions:

1. State and prove Fermat’s Little theorem.

2. Prove that if p andq are distinct primes such that )(modqaa p  and ),(mod paaq  then

)(mod pqaa pq  .

3. State and prove Wilson’s theorem.

4. Prove that the quadratic congruence ),(mod012 px  where p is an odd prime, has a
solution if and only if ).4(mod1p
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5. Prove that if rk
r

kk pppn ...21
21 is the prime factorization of ,1n then the positive

divisors of n are precisely those integers d of the form

,...21
21

ra
r

aa pppd 

where ).,...,2,1(0 rika ii 

6. Prove that if rk
r

kk pppn ...21
21 is the prime factorization of ,1n then

a) ),1)...(1)(1()( 21  rkkkn and

b) .
1
1...

1
1

1
1)(

1

2

1
2

1

1
1

21













r

k
r

kk

p
p

p
p

p
pn

r



7. Prove that the function  and  are both multiplicative functions.

8. Prove that if ,1),gcd( nm then the set of positive divisors of mn consists of all products

,21dd where mdnd 21 , and ;1),gcd( 21 dd furthermore, these products are all distinct.

9. Discuss about Dirichlet Product.

10. Find the remainder when 100172 is divisible by 31.

11. Prove that the quadratic congruence )(mod12 px  , p is a prime, has a solution if and
only if )4(mod1p .
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UNIT-III

SYLLABUS

The Mobius Inversion formula, the greatest integer function, Euler’s phi‐function, Euler’s theorem
reduced set of residues-some properties of Euler’s phi-function.
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POSSIBLE QUESTIONS
2 Mark Questions:
1. Define Mobius Inversion Formula.
2. Prove that the function  is a multiplicative function.
3. Define greatest positive integer.

4. If N is a positive integer, then .]/[)(
11




N

n

N

n
nNn

5. Define Euler Phi function with example.
6. Find the value of )36000( .
7. Prove that for 2n , )(n is an even integer.

8. Prove that for any positive integer ,n ./)()( ddnn
nd
 

9. State Gauss lemma.
10. Prove that if p is a prime and p does not divides a ,then )(mod11 pa p  .
8 Mark Questions:
1. State and prove Mobius inverse formula.
2. Prove that if F is multiplicative function

,)()( 
nd

dfnF

Then f is also multiplicative.
3. Prove that if n is a positive integer and p is a prime, then the exponent of the highest

power of p that divides n! is




1

]/[
n

pkn

(That is an infinite series, since ]/[ kpn = 0 for kp >n.)
4. Prove if n and r are positive integers with ,1 nr  then the binomial coefficient

)!(!
!

rnr
n

r
n












is also an integer.
5. Let f and F be number‐theoretic function such that

,)()( 
nd

dfnF

then, prove for any positive integer N ,

.]/)[()(
1 1
 
 


N

k

N

k
kNkfnF

6. Prove that the function  is a multiplicative function.
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7. Prove that if the integer 1n has the prime factorization ,...21
21

rk
r

kk pppn  then

))...()(()( 11
22

1
11

2211   rr k
r

k
r

kkkk ppppppn

)./11)...(/11)(/11( 21 rpppn 

8. Let 1n and .1),gcd( na If )(21 ,...,, naaa  are the positive integer less than n and

relatively prime to n, then
)(21 ,...,, naaaaaa 

are congruent modulo n to )(21 ,...,, naaa  in some order.

9. State and prove Euler theorem.
10. Prove that for each positive integer ,1n

,)(
nd

dn 

the sum being extended over all positive divisor of n.
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UNIT-IV

SYLLABUS

Order of an integer modulo n, primitive roots for primes, composite numbers having primitive roots,
Euler’s criterion, the Legendre symbol and its properties.
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POSSIBLE QUESTIONS

2 Mark Questions:

1. Define order of an integer modulo n .
2. If a has order k modulo n , then prove the integer kaaa ,.....,, 2 are in-congruent modulo

n .
3. What is Primitive root with example.
4. If n has a primitive root, then prove it has exactly ))(( n of them.
5. Suppose p is an odd prime, then prove there exists a primitive root r of p such that

).(mod1 21 pr p 

6. Prove that there are primitive roots for ,2 kp where p is an odd prime and .1k
7. Define quadratic residue and non residue for prime p .
8. Define Legendre symbol.

8 Mark Questions:

1. Let the integer a have order kmodulo n . then prove )(mod1 nah  if and only if hk ; in

particular, ).(nk 

2. If a has order k modulo n, then prove that )(modnaa ji  if and only if )(mod kji  .

3. If the integer a has order k modulo n and ,0h then ka has order
/k ),gcd( kh modulo n .

4. Let 1),gcd( na and let )(21 ,...,, naaa  be the positive integers less than n and relatively

prime to n . If a is a primitive root of n , then prove
)(2 ,.......,, naaa 

are congruent modulo n to )(21 ,...,, naaa  , in some order.

5. State and prove Lagrange theorem.
6. If p is a prime number and ),1( pd then prove there are exactly )(d in-congruent

integer having order d modulo p .

7. Prove that for 3k , the integer k2 has no primitive roots.
8. Suppose ,1),gcd( nm where 2m and 2n , then the integer mn has no primitive

roots.
9. Let p be an odd prime and r be a primitive root of p such that ).(mod1 21 pr p  then

for each positive integer ,2k
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10. If p is an odd prime number and ,1k then prove there exists a primitive root for kp .
11. State and prove Euler criterion.
12. State and Prove the properties of Legendre symbol.
13. If p is an odd prime, then prove

  .0/
1

1






p

a
pa

Hence, there are precisely 2/)1( p quadratic residues and 2/)1( p quadratic non
residues of p .
14. State and prove Gauss lemma.

15. If p is an odd prime, then prove  








).8(mod5)8(mod31
);8(mod7)8(mod11

/2
porpif
porpif

p

16. If p and 12 p are both odd primes, then prove that the integer    21 2/1 p is a
primitive root of 12 p .

17. If p is an odd prime and a an odd integer, with ,1),gcd( pa then prove

   
 

.1/
2/1

1

]/[




p

k

pkapa
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UNIT-V

SYLLABUS

Quadratic reciprocity-quadratic congruences with composite moduli. Public key encryption,
RSA encryption and decryption, the equation x 2 + y 2 = z 2 , Fermat’s Last theorem.
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POSSIBLE QUESTIONS

2 Mark Questions:

1. Evaluate the Legendre symbol  .73/71
2. Evaluate the Legendre symbol  .383/219

3. Solve the congruence )11(mod31 42 x .
4. What is Hash function.
5. Define Pythagorean triple.
6. If zyx ,, is a primitive Pythagorean triple, then prove one of the integers x and y is even,

while the other is odd.
7. Give an example of Pythagorean triple.

8 Mark Questions:

1. State and prove Gauss Quadratic Reciprocity Law.
2. If p is an odd prime and ,1),gcd( pa then prove that e congruence

),(mod2 npax  1n
has a solution if and only if   1/ pa .

3. Let a be an odd integer. then prove
(i) )2(mod2 ax  always has a solution.

(ii) )4(mod2 ax  has a solution if and only if )4(mod1a .

(iii) )2(mod2 nax  , for ,3n has a solution if and only if )8(mod1a .
4. Explain about Public key encryption.
5. Describe RSA encryption and decryption.
6. If ,ncab  where ,1),gcd( ba then prove a and b are n th power. this is, there exist

positive integers 11,ba for which naa 1 , .1
nbb 

7. Find all the solution of the Pythagorean equation
222 zyx 

Satisfying the conditions
,1),,gcd( zyx ,2 x 0,0,0  zyx

are given by the formulas
2222 ,,2 tsztsystx 

for integers 0 ts such that 1),gcd( ts and ).2(modts 
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8. Find all primitive solution of 222 zyx  having 300  z .
9. Prove that the area of a Pythagorean triangle can never be equal to a perfect (integral)

square.
10. Prove that the Diophantine equation 444 zyx  has no solution in positive integer

.,, zyx

11. Prove that the Diophantine equation 444 zyx  has no solution in positive integer
.,, zyx
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