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18MMU201 DIFFERENTIAL EQUATIONS

Course Objective
To enable the students to learn and gain knowledge about first order exact differential equations,
linear homogeneous and non homogeneous equations of higher order with constant coefficients.

Course Outcomes
On successful completion of this course, the student will be able to
e Understand the concepts of explicit, implicit and singular solutions of a differential
equation.

e Acquire knowledge on linear and bernoulli’s equaitons.
e Know the concepts of population model.
e Understand the method of solving differential equation using variation of parameters.
e ldentify the applications of differential equations.
UNIT |

Differential equations and mathematical models. General, particular, explicit, implicit and
singular solutions of a differential equation.

UNIT Il

Exact differential equations and integrating factors, separable equations and equations reducible
to this form, linear equation and Bernoulli equations, special integrating factors and
transformations.

UNIT 111

General solution of homogeneous equation of second order, principle of super position for
homogeneous equation, Wronskian: its properties and applications, Linear homogeneous and
non-homogeneous equations of higher order with constant coefficients, Euler’s equation, method
of undetermined coefficients, method of variation of parameters.

UNIT IV

Laplace transforms: Definition-Sufficient conditions for the existence of the Laplace Transform,
Laplace Transform of periodic functions- Some general theorems-Evaluation of integrals using
Laplace Transform.

UNIT V

Inverse Laplace Transforms: Solving ordinary differential equations with constant coefficients
using Laplace Transforms-Solving a system of differential equations using Laplace Transforms.
SUGGESTED READINGS

TEXT BOOK

1. Ross S.L., (2016). Differential Equations, Third Edition, John Wiley and Sons, India.
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1. Martha L Abell., and James P Braselton., (2004). Differential Equations with
MATHEMATICA, Third Edition, Elsevier Academic Press.

2. Sneddon 1.,(2006). Elements of Partial Differential Equations, McGraw-Hill, International
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UNIT |

1 1 Introduction of Differential equations R1:Chapl:Pg.No:3-6

2 1 Mathematical models related examples

3 1 General solutions of a differential equation | R1:Chapl:Pg.No:7-8
Problems

4 1 Particular solutions of a differential | R1:Chapl:Pg.N0:9-10
equation Problems

5 1 Explicit solutions of a differential equation | R1:Chapl:Pg.No:11-12
Problems

6 1 Implicit solutions of a differential equation | R2:Chap1:Pg.No:6-9
Problems

7 1 Singular solutions of a differential | R2:Chapl1:Pg.No:10-13
equation Problems

8 1 Recapitulation and discussion of important
questions.

Total 8hrs
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UNIT I
1 Introduction on concept of Exact R1:Chap2:Pg.No:36-40
differential equations
1 Integrating factors Problems R1:Chap2:Pg.No:42-44
1 Separable equations Problems R2:Chap2.1:Pg.No:46-
49
1 Equations reducible to this form linear R1:Chap2:Pg.N0:50-53
equation Problems
1 Bernoulli equations related Problems R1:Chap2:Pg.No:56-59
1 Continuation on Bernoulli equations R1:Chap2:Pg.No:60-62
related Problems
1 Special integrating factors and R1:Chap2:Pg.No:68-74
transformations related Problems
1 Recapitulation and discussion of important
questions
Total 8hrs
UNIT I
1 Introduction on general solution of R2:Chap:4:Pg.No:196-
homogeneous equation of second order 199
related Problems
1 Principle of super position for R2:Chap:4:Pg.No:200-
homogeneous equation 202
1 Wronskian: its properties and applications | R2:Chap:4:Pg.No:239-
242
1 Linear homogeneous equations and non- | R2:Chap:4:Pg.No:200-
homogeneous of higher order with | 205
constant coefficients related Problems
1 Euler’s equation related Problems R2:Chap:4:Pg.No:255-
258
1 Method of undetermined coefficients | R2:Chap:4:Pg.No:222-
related Problems 223
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7 Method of variation of parameters related | R2:Chap:4:Pg.N0:248-
Problems 251
8 Recapitulation and discussion of important
questions
Total 8 hrs
Unit- IV
1 Definition of Laplace Transform R3:Chap:4:Pg.No:141-
142
2 Sufficient conditions for the existence of R3:Chap:4:Pg.No:143-
the Laplace Transform 145
3 Laplace Transform of periodic functions R1:Chap:9:Pg.N0:428-
429
4 Continuation on Laplace Transform of R1:Chap 9:Pg.N0:429-
periodic functions 430
5 Some general theorems R3:Chap 4:Pg.No:164-
167
6 Continuation on some general theorems R1:Chap 9:Pg.N0:437-
438
7 Evaluation of integrals using Laplace R1:Chap 9:Pg.N0:439-
Transform 440
8 Recapitulation and discussion of important
questions
Unit- V
1 Solving ordinary differential equations R1:Chap:9:Pg.No:441-
with constant coefficients using Laplace 447
Transforms
2 Continuation on Solving ordinary R1:Chap:9:Pg.No:447-
differential equations with constant 452
coefficients using Laplace Transforms
3 Solving a system of differential equations | R1:Chap:9:Pg.No:453-
using Laplace Transforms. 455
4 Continuation on Solving a system of R1:Chap:9:Pg.No:456-
differential equations using Laplace 458
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Transforms

5 1 Continuation on Solving a system of | R1:Chap:9:Pg.N0:459-
differential equations using Laplace | 460
Transforms

6 1 Discuss on Previous ESE question papers

7 1 Discuss on Previous ESE question papers

8 1 Discuss on Previous ESE question papers

Total 8hrs

SUGGESTED READINGS

R1. Ross S.L., (2004). Differential Equations, Third Edition, John Wiley and Sons, India.

R2. Martha L Abell., and James P Braselton., (2004). Differential Equations with
MATHEMATICA, Third Edition, Elsevier Academic Press.

R3. Sneddon 1.,(2006). Elements of Partial Differential Equations, McGraw-Hill, International
Edition, New Delhi.
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 1 BSC MATHEMATICS COURSE NAME: DIFFERENTIAL EQUATIONS
COURSE CODE: 18SMMU201 UNIT: I BATCH-2018-2021
UNIT-I
SYLLABUS

Differential equations and mathematical models. General, particular, explicit, implicit and singular
solutions of a differential equation.

Introduction

Differential equations finds its application in a variety of real world problems such as growth and
decay problems. Newton’s law of cooling can be used to determine the time of death of a person.
Torricelli’s law can be used to determine the time when the tank gets drained off completely and many
other problems in science and engineering can be solved by using differential equations. In this
chapter, we will first discuss the concept of differential equations and the method of solving a first
order differential equation. In the next section, we will discuss various applications of differential
equations.

Basic Terminology

Variable: Variable is that quantity which takes on different quantitative values. Example: memory test
scores, height of individuals, yield of rice etc.

Dependent Variable: A variable that depends on the other variable is called a dependent variable. For
instance, if the demand of gold depends on its price, then demand of gold is a dependent variable.

Independent Variable: Variables which takes on values independently are called independent
variables. In the above example, price is an independent variable.

dy .
.. . .. o=fx
Derivative: Let y = f(x) be a function. Then the derivative dx of the function fis the rate at which
the function y = f(x) is changing with respect to the independent variable.

Differential Equation: An equation which relates an independent variable, dependent variable and
one or more of its derivatives with respect to independent variable is called a differential equation.

Ordinary differential equation: A differential equation in which the dependent variable (unknown
function) depends only on a single independent variable is called an ordinary differential equation.
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Partial Differential equation: A differential equation in which the dependent variable is a function of
two or more independent variables is called a partial differential equation.

Order of a differential equation: The order of a differential equation is defined as the order of the
highest order derivative appearing in the differential equation. The order of a differential equation is a
positive integer.

First order differential equation

A differential equation of the form YD _ fix is called a differential
A

X
equation of first order. If initial condition y(x,)=y, is also specified , then

it is called an initial value problem.

Degree of a differential equation: The exponent of the highest order derivative appearing in the
differential equation, when all derivatives are made free from radicals and fractions, is called degree of
the differential equation. In other words, it is the power of the highest order derivative occurring in a
differential equation when it is written as a polynomial in derivatives.

Differential Equations and Mathematical Models

In this section, we illustrate the use of differential equations in science
and engineering and in coordinate geometry through the following
examples.

Application in coordinate geometry

Example: In the following problems, a function y = h(x) is described
by some geometric property of its graph. Write a differential equation of

the form ?zﬂjx.y}having the function h as its solution.
X

(a) Every straight line normal to the graph of h passes through the
point (0,1).

(b) The line tangent to the graph of h at (x,y) passes through the
point (-y , x)

(c) The graph of h is normal to every curve of the form y=x"+Fk. kis
a constant ,where they meet.
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Solution: (a) Slope of tangent at the point (x,y) = j—} Then slope of the
»
normal = ——

dy/ dx
Equation of straight line passing through the point (0,1) and slope d_d is
:Lr x
. -1
y-—1)= x—0
(y-1 & dl_( )
dy —x

= —= :
dx  y-1
Thus, the equation of the normal passes through the point (0,1) is
dy —x
E_v—ll

(b) Slope of tangent to the graph at (x, y) = dy/dx. Equation of tangent

line with slope%and passing through the point (-y , x) is
x

dy
—x=—(x+
Y dxh v)
dv _y
dx  y+X
(c) Slope of the tangent = m =%
X
Slope of the normal to the curve y=x"+kis m'=@=lx
X
By condition of orthogonality, mm'=-1 :;»ﬁ.h-:—l :»ﬁ:_—l
dx dy 2x
Therefore, the required differential equation is j—1=__1
x 2x

Applications of Differential Equation in science and Engineering

Velocity: The rate of change of displacement with time is called velocity.
It is given by dx/dt where x =x(t) gives the position of a moving particle
at any time t .
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Acceleration: The rate of change of velocity with time is called
acceleration. It is given by dv/dt where v =v(t) gives the velocity of a
moving particle at any time t .

Let the motion of a particle is given by the position function x = f(t)

Then velocity = v(rj=%=f'(r}and acceleration = .:1r(r*)=ﬂ—ﬁ

dt®  dt
By Newton’s second law of motion,
F=ma
where F is the force, m is the mass of the particle, a is the acceleration.
Then, Fzmﬁ c-rﬁ £ cernnna(1)
dt dt m

For instance, suppose that the force F, and therefore acceleration a = F/m
are constant.
dv

Then (1) gives — =a.
(1) g oA

Integrating both sides we get

v=at+c, where ¢ is constant of integration. .........(2)

Let v=v, att=0, Then (2) gives e=v,.

Put this value of cin (2) we get

v=at+v,.
This is the velocity function.
dx . .
Now, put 1.-=? in it we get
t

%zur+vu =Sdx=(ar+v,)dt ... (3)

Integrating (3) on both sides we get

1 : . .
x(r)=?ar-—1=nr+ k. where k is a constant of integration.

Put x=x, att=0in the above equation we get k = xp

Then, x(r) =%m‘2 +v,t+x, is the position of the particle at any time t.
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Example A ball is dropped from the top of a building 400 ft high.
How long does it take to reach the ground? With what speed does the ball

strike the ground?
Solution: We are given x,=400,v,=0,a=-32ft/s’ (acceleration is negative

because height is decreasing).When the ball strikes the ground, x = 0

1
We know that x=—at* +vr+x,

0 =%(—31}r3 +0xt+400

= r=%= Ssec. Therefore, it will take 5 seconds to reach the

ground.

We have v=v,+at

—v=0-32x5=-160ft/s. Therefore, the ball will strike the ground
with a velocity of 160 ft/s.
Example Find the velocity function v(t) and position function x(t) of

a moving particle with the given acceleration a(t), initial position xg
=x(0), and initial velocity vy = v(0) where a(r)=50.v,=10.x, =20
Solution: We know that a(r)=? ....... (1)
t
Put a(t)=50in (1) we get %=5G ....... (2)
We rewrite (2) as dv=50dt ....... (3)
Integrating both sides of (3) we get
[dv=50[dt

v=50f+¢ where c is a constant

Put v, =10 1e.v=10att=0 we get
10 =50(0)+ ¢ orc=10

Then v = 50 t +10 is the velocity function.

A|50,1«'=£.
dt

Putv =50t +10 in it we get
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dx
—=50r+10
dt
=de=(50t+10)dt e (4)

Integrating (4) on both sides, we get
jdx = J'(:mr-m)dr

SA=250410[4C  wivrrnrnrneinnanns (5)

Put x,=20 ie.x=20att=0 in (5) we get c = 20.
Then (5) gives x=25t"+10t+20 as the required position function.

Example syppose the velocity v of a motorboat coasting in water

satisfies the differential equation N _h?. The initial speed of the

drt
motorboat is v(0)=10 m/s and v is decreasing at the rate of 1 m/s®> when
v = 5 m/s. How long does it take for the velocity of the boat to decrease
to1m/s?To 1/10 m/s? When does the boat come to a stop?

Solution: We are given that ?:ﬁnﬁ ...... (1)
t

av

=—=kKt = . (2)

-
i

Vv

Integrating both sides of (2) we get

[ v _ k[ dr

¥

= —£=ﬁcr+mF where ¢ is the constant of integration. )
Vv

Putv(0) = 10i.e., v=10att =0 in (3), we get

:‘=—i=k({]]l—c :;H.:=—L

10 10
Put this value of cin (3) , we get
1 1
——=k—— e 4
v 10 (4)
Since v is decreasing at the rate of 1 m/s®> when v = 5, it means
dv
—=-1 whenv=35,
dt
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Put these values in (1) we get 1=k(5) Skt

o]

Put this value of k in (4) we get

1 -1 |
e 5
v 25 10 (%)

Now we find t when v = 1. For this put v=1 in (5) we get

Therefore, the motorboat will take 22.5 seconds for the velocity of the
boat to decrease to 1 m/s.
Now put v = 1/10 in (5), we get
—L=_—1r—i = t=247.5
1/10 25 10
Therefore, the motorboat will take 247.5 seconds for the velocity of the
boat to decrease to 1/10 m/s.

The boat comes to stop when v —0.
It is clear from (5) that when v —0 then r - «. It means that v(t)
approaches zero as t increases without bound.

Example Suppose that a car skids 15 m if it is moving at 50 km/h
when the brakes are applied. Assuming that the car has the same
constant deceleration, how far will it skid if it is moving at 100 km/h when

the brakes are applied?
Solution: When the car skids 15m while moving at 50 km/h and the

, 15
brakes are applied ,then x(r)=ﬁkm. x,=0.v,=50.v=0.,a="
Now, v=vy,+ar =0=50+ar =ar=-50 ....ccceeus. (1)

1 N
Also, x=—at" +vr+x,
¥

15 1 a

= ——— =—(=50)r+50r+0
1000 2

=ft=6x10"
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—5
Put the value of tin (1) we get a= 13_1 =-83333.3

Now if the car is moving with a speed of 100 km/h when the brakes are
applied then,

v=0.v,=100.a =-83333.3.x,= 0

Then, v=v,+ar = 0=100-83333.3t = t=1.2x107

1 5
NGW; X =Tar'—1-'ﬂi‘—rﬂ

= x=%:-<(—8333u 3)x(1.2x107)° +100x(1.2x107) +0

= x=0061km=61m.

Example A stone is dropped from rest at an initial height h above the

surface of the earth. Show that the speed with which it strikes the ground
is v= 4 EE}I? .

Solution: When a stone is dropped from rest at an initial height h above
the surface of the earth, then v;=0.x,=0.a=g.x=hv="

Now, v=v,+ar = v=_0+gt

1 =
Also, x=—at" +v,r+x,
g

= h=

——jxg:-cr‘3+0:<r‘+{]

"r_
Put this value in (1) we get 1==g\{'£=ﬁ'1g}1
g
Hence proved.
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Growth and Decay

Natural Growth Equation: The differential equation ?=Fa‘. x(t)>0. k>0
t

is called a natural growth equation or exponential equation.

Natural Decay equation: The differential equation ?=h. x(t)>0. k<0is
r

called a natural decay equation.

Population growth: Let P(t) be the population having constant birth and
death rates. Then the time rate of change of population P(t) is
proportional to the size of the population. Then, we have

i—P=kP. where kis @ constant of proportionality.
t
P e (1)
P

Integrating (1) on both sides , we get

J“’I—;:k[m

= log P =kt +c. where ¢ is the constant of integration.  ......... (2)
Let the population be Pg initially. It means P(0)=Py i.e., P=Pp att = 0.

Put this value in (2) we get logPB, =c.

Then (2) gives logP=kt+logB,= P=P¢". This is the population at any time
t if the initial population is P.

Solution of a differential equation:

It is a relation between the variables involved in the differential equation which satisfies the
differential equation. Such a relation when substituted in the differential equation with its derivatives,
makes left hand side and right hand side identically equal.
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Examplel: %=23r is a differential equation which involves an

independent variable x, dependent variable vy, first derivative of y with
respect to x. This equation involves the unknown function y of the

independent variable x and first derivative j—; of y w.r.t. x
d’y .dy

dx’ dx

an unknown function y of the independent variable x and the first two

"\

derivatives Y and dy 4 of y w.r.t. x.
dx dx”

Example2: +2y=0 is a differential equation which consists of

N 2
Example3: In the differential equation [‘;—1] [‘f_”—3J =0, the order of
\ X

dx

the highest order derivative is 3, so it is a differential equation of order 3.

x,IE
Example 4: In the differential equatlon[—J —6[‘;~}J —4y=0, the
X
3 ]
highest order derivative is % and its exponent or power is 2. So, itis a
X

differential equation of order 3 and degree 2.
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I dy Vo ff 1
Example 5: Consider the differential equation \|I1+(J—J = d . To
X \, Jm-

express the differential equation as a polynomial in derwatwes, we
proceed as follows:

Squaring both sides, we get

{ﬂrl [ dy ]1-3
1+ =l c—=
\, (fl

dx
Cubing both sides , we get
3 ;
(]2
\ dx a'xj_
:‘=1+[d'}J 3(@]_+ L(ﬁ] =c° d_'f]
dx dx dx dx”

= (L] (2] (2 o2 -1-c

Now, the highest order derivative appearing in the polynomial form of the

-

given differential equation is d— Its exponent is 2. Therefore, degree of
X

the given differential equation is 2. Infact, its order is also 2.
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?

Example6: Consider a differential equationy'+2y =0 where y’=d+. Then it
X

can be easily verified that y=3¢""is the solution of the given differential
equation by proceeding as follows.

Differentiating y=3¢"" w.r.t. x, we get

Y =—6e

Substituting the values of yand y'in the L.H.S of the given differential
equation, we get

LHS=y +2y=—6e""+2 (55“ )=—6e +6e7*=0=RH.S

-y =3¢ satisfy the given differential equation and thus is a solution
of it.

Example7: Consider a differential equation 3y"+y=3cos2x. Then
y=cosx—cos2xis the solution of this differential equation. It can be seen
as follows.

We have
y=c0sX—c0s2X ... (1)
Differentiating (1) w.r.t. x on both sides , we get
y'=-sinx+2sin2x ... (2)
Differentiating (2) w.r.t. x we get

3" =—cosx+4cos2x
Substituting the values of yandy” in the L.H.S of the given differential
equation V" +y=3cos2x, we get
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L.H.S = -cosx +4 cos2x+cosx —cos2X

= 3 cos2x = R.H.S
Therefore, y=cosx—cos2xis the solution of the given differential equation.

One more thing to be noted here is that y = sinx - cos2x is also a
solution of the given differential equation.

It can be seen as follows. We have
y=sinx—cos2x ....(3)
Differentiating (3) w.r.t. x , we get
Y =cosx+2sin2x ...(4)
Differentiating (4) w.r.t x , we get

" =—sinx+4cos2x
Substituting the values of yandy" in the L.H.S of the given differential
equation  »"+y=3cos2x, we get
L.H.S = -sinx + 4 cos2X +sinx - cos2x

= 3cos2x = R.H.S

Therefore, y = sinx - cos2x is also a solution of the given differential
equation.

Example8: Substitute y=¢" in to the following differential equation to
determine all values of the constant r for which y=¢" is the solution of
the equation 33" +3)y'—-4y=0.

Solution: Consider 3y"+3y —4y=0 ......... (1)

We have
yv=¢€" cerernena(2)
Differentiating (2) w.r.t. x, we get

r X

V' =re
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Again differentiating w.r.t. x, we get

1", — ?'lfu
Substituting the values of y.y'andy" in the given differential equation, we
get

3r’e™ +3re™ —4e™ =0

=™ (3r? +3r-4)=0

= 3r'+3r—-4=0 - e z0forany real value of r

:’r:—iiy‘rﬁ
6
Therefore, ™ is the solution of (1) forr=—_3i6"f: i
Example 9: If k is a constant , show that a general (1-

parameter)solution of the differential equation ?=h‘1i5 given by
r

x(r)=ﬁ where C is an arbitrary constant.

Solution: We have x(t)=—— ... (1)
C -kt
Differentiating both sides of (1) we get
a__ k
dt  (C-kt)
Put this value in the L.H.S of %ﬂml, we get
t
tEs=%__ % __rHs.
dr (C—kt)

is the solution of the differential equation.

Therefore, x(1)= c !

Actually, .r(r)=ﬁ defines a one parameter family of solution of %=kx3,

one for each value of the arbitrary constant or parameter C.
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Integrals as General, Particular and Singular Solutions

General solution: A solution which contains as many arbitrary constants
as the order of the differential equation is called a general solution of the
differential equation.

Particular solution: A solution obtained by giving particular values to
the arbitrary constants in the general solution of the differential equation
is called a particular solution.

Singular Solution: A solution which cannot be obtained from the general
solution by any choice of the arbitrary constants is called a singular

solution.
Example 10: Consider a differential equation %=1\E (1)
X

We can rewrite (1) as £=2:ﬁ- en(2)

Jr

Integrating both sides of (2), we get

}-‘=[;-.:—c]2.c?i5 a constant of integration.  ........ (3)

This solution contains one arbitrary constant ¢ .This is the general solution
as it contains only one arbitrary constant which is same as the order of
the given differential equation.

If we put the initial condition y(0)=0, i.e, v = 0 at x=0 in (3) then we

get ¢ = 0. In such a case y=x" is a particular solution.

Evidently, y = 0 is also a solution of (1) but it cannot be obtained from

(3) by any choice of c. Thus the function y = 0 is a singular solution of

(1).
Example 11: Solve the initial value prublem%=xw#xz—g.._v(—df):t].
X

Solution: We have ﬁ:x«jf—_@ ceren(1)

dx

=dy=xJyx"+9%x e (2)
Integrating both sides of (2) we get

Jﬂfl-‘= [I‘\.I'.Il +9dx e (3)
Let 1= IJﬁJ x* +9dx
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Put x> +9=¢r = 2xdx=dt

iy 2 - ) 342 \
Then I=%j«ﬁdr=%r3'-‘.?+e=§r"-—c=§[r+9] +c , where c is a constant.

Now, from (3) we get },zé[xugf’ﬁc """" (4)

Put y(-4)=0 i.e. x=-4andy = 0in (4) we get

. 1725
{]=%[16+9}J"+c = =12

Put this value of c in (4) we get

It is the required solution.
Example 12: Find the general solutions of the following differential
equations.

[a)(l—rj)%ﬂ.v

dy x-1)y
() 2o Y

dx 1“(1}' v]

'-ﬂrl'" 7 2 7 7
¢) ¥ L =1-x+y* %)
(€) "~ =1-%"+y"—xy

Solution: (a) We have (1—;:1]%:23;
X
dy dx
- (1)

2y - (1-x%)
Integrating (1) on both sides, we get

cdy dx
el e

1 1. [(1+x)
:=Tlog}-‘=710gl J+1ﬂgf’

1—x

i !
=y :CilﬂJ is the general solution.
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_ 3
(b)We have %=—(I 1))

:~[ 2 —é]atv{i— . ]dx ....................... (1)
y ¥ XX

Integrating (1) on both sides we get
(it
¥’ }’4_ A

::=:+%=10g|x|—l+c, where ¢ is constant of integration.
y 3y x

, dy 7 7 7 2
(c) We have x™ —=1-x"+y —x"y"

X
;dl" . 7 3
=x —=(1-x"|+y(1-x
= (1= + 7 (1-x7)
_\d‘L!‘ ¥ .l
=x —=|1-x" 11+
D _(1-x)(1+5?)
d 1-x°
L (X))
1+y° X
dy (1
= a4 = =[ —,,—l]dx
1+y° \x°
Integrating both sides, we get
4 1
tan y=——-x+c
X
;
= y=tan —l—x+c , Where ¢ is a constant of integration.
LoX
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Example 13: Find the explicit particular solution of the initial value

dy x _
problem 2y—=——.y(5)=2.
dx \x’-16
dy X

Solution: We havely—=

dx  \x*-16

dx

X

= 2ydy = ——
Y S [

Integrating on both sides we get

[2ydy=|

A
Jxi-16

Letl =

X
—dx
I Jxi-16
Put x’—16=t¢ = 2xdx=dt

=\|"?—c=w.,"x:—16 +c

I =

lfﬂ
204
From (1) we get,

PV=Jx’ =16+ . (2)

Put y(5)=2 in(2)i.e., y =2atx =5.

4=J(57-16+c = c=1

¥ =4x"-16+1
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POSSIBLE QUESTIONS
PART -B (5x2=10 Marks)

Define Differential equation with example.

Define Partial Differential equation with example.

Expalin linear differential equation.

Explain singular solutions of the differential equation.
Explain the order of the differential equation with example

a ks~ wnN e

PART - C (5 x 6 =30 Marks)
1. Show that 5x*y* — 2x3y* = 1 is an implicit solution of the differential equation x Z—i +y = x?y8
on the interval
0< x <5/2.
2. Write the definition of general, particular, explicit, implicit and singular solutions of

Differential equations.
3. Show that every function f defined by f(x) = (x* + c)e™* where c is arbitrary equation is a
solution of the

Differential equation Z—i +3y=3xe™¥™ |
4. Show that the function f defined by f(x)=3e™ — 2xe~* — cos2x satisfies the differential equation
:x—:’ —4 :—i + 4y = —8sin 2x and also the condition that f(0)=2 and f'(0)=4
5. Write a note on solution of differential equations.
6. Show that the function for all x by f(x)= 2 sin x +3cos x is an explicit solution of the

7. Differential equation :f + v = 0 for all real x.
8. Show that the function defined by f(x) = x + 3e™* is a solution of differential equation
% +y =X+ 1onevery interval a < x < b of the x-axis.

9. Briefly explain linear and nonlinear differential equations with examples.
10. Find the general solutions of the differential equations (1- x:]% = 2y.

11. Show that x® + 3x¥* is an implicit solution of the differential equation 2xy
(%) + x% +y?=0 on the interval 0 < x < 1.
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Questions

Choice 1

Choice 2

Choice 3

Choice 4

Answer

An equation involving one or more dependent
variables with respect to one or more
independent variables is
called.............coooeiininii,

differential
equations

intergral equation

constant equation

Eulers equation

differential
equations

An equation involving one or more ............
variables with respect to one or more
independent variables is called differential
equations

single

dependent

independent

constant

dependent

An equation involving one or more dependent
variables with respect to one or
more........... variables is called differential
equations

dependent

independent

single

different

independent

A differential equation involving ordinary
derivatives of one or moredependentvariables
with respect to single independent variables is
called ...............

differential
equations

partial differential
equations

ordinary
differential
equations

total differential
equations

ordinary
differential
equations

A differential equation involving ordinary
derivatives of one or more dependentvariables
with respect to.......... independent variables
is called ordinary differential equations

Zero

single

different

one or more

single

A differential equation involving .............
derivatives of one or more dependentvariables
with respect to single independent variables is
called ordinary differential equations

partial

different

total

ordinary

ordinary

A differential equation involving partial
derivatives of one or more dependent
variables with respect to oneor more
independent variables is called ...............

differential
equations

partial differential
equations

ordinary
differential
equations

total differential
equations

partial differential
equations

A differential equation involving partial
derivatives of one or more dependentvariables
with respect to.......... independent variables
is called partial differential equations

Zero

single

different

one or more

oneormore

A differential equation involving .............
derivatives of one or more dependentvariables
with respect to one or moreindependent
variables is called partial differential
equations

partial

different

total

ordinary

partial

The order of .........derivatives involvedin the
differential equations is called order of the
differential equation

Zero

lowest

highest

infinite

highest

The order of highest derivatives involvedin
the differential equations is called
.................. of the differential equation

order

power

value

root

order

The order of highest .....................
involvedin the differential equations is called
order of the differential equation

derivatives

intergral

power

value

derivatives

The order of the differential equations is ("2
y)/ dx "2 +xy(dy/dx)"2=1

A non linear ordinary differential equation is
an ordinary differential equation that is not

linear

non linear

differential

intergral

linear

ordinary differential equation
is an ordinary differential equation that is not
linear

linear

non linear

differential

intergral

non linear

A non linear ordinary differential equation is
an................ differential equation that is

ordinary

partial

single

constant

ordinary

............... ordinary differential equations
are further classified according to the nature
of the coefficients of the dependent variables
and its derivatives

linear

non linear

differential

intergral

linear

Linear ................... differential equations
are further classified according to the nature
of the coefficients of the dependent variables
and its derivatives

ordinary

partial

single

constant

ordinary




Linear ordinary differential equations are
further classified according to the nature of
the coefficients of the

................... variables and its derivatives

single

dependent

independent

constant

dependent

Linear ordinary differential equations are
further classified according to the nature of
the coefficients of the dependent variables and
TSt

integrals

constant

derivatives

roots

derivatives

Both explicit and implicit solutions will
usually be called simply ...............

solutions

constant

equations

values

solutions

Both .......oeeeiininne solutions will usually
be called simply solutions.

general and
particular

singular and non
singular

ordinary and
partial

explicit and
implicit

explicit and
implicit

Let f be a real function defined for all x in a
real interval | and having nth order derivatives
then the function f is called

............. solution of the differential
equations

constant

implicit

explicit

general

explicit

Let f be a real function defined for all x in a
real interval I and having .............. order
derivatives then the function f is called
explicit solution of the differential equations

2nd

nth

(n+1)th

nth

The relation g(x,y)=0 is called the
......... solution of
Flx,y,(dy/dx)........... (dy/dx)"n]=0

constant

implicit

explicit

general

implicit
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UNIT-1I
SYLLABUS

Exact differential equations and integrating factors, separable equations and equations reducible
to this form, linear equation and Bernoulli equations, special integrating factors and
transformations.

2.1 Separable Variables

Definition 2.1: A first order differential equation of the form

S—X =g(X)h(y), where g(x) and h(y)are functions of x & y only, respectively.
y

is called separable or to have separable variables.
Method or Procedure for solving separable differential equations
(i) If h(y) =1, then

dy
7 — X
i g(x)

or dy = g(x) dx

Integrating both sides we get
fdy=[g(yd()+c

o Y=Jatode+e

where c is the constant of integral
We can write
y =G(x)+c

where G(x) is an anti-derivative (indefinite integral) of g(x)
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d
Tty
(ii) Let dx

where T 0% Y)=g00n(y)
that is f(x,y) can be written as the product of two functions, one function of variable x and other of

y. Equation

j—y — g(x)h(y)
X

can be written as

1
Wdy = g(x)dx

By integrating both sides we get

[p(y)dy = [g(x)dx +C
1
p(y)=——
where h(y)

or HY)=G(x)+C

1
ply) = ——
where H(y) and G(x) are anti-derivatives of h) and 9(X) respectively.
Example 2.1: Solve the differential equation
y'=y/x

1

Solution: Here g(x):%, h(Y) =Y gng "7y
H(y) = Iny' G(x) =Inx
Hence
H(y) =G(x) +C
or Iny = Inx + Inc (See Appendix )

Iny — Inx = Inc
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In y_ Inc
X
Y_¢
X
y = CX

Example 2.2: Solve the initial-value problem

d X
= Y@=3
X Yy

Solution: g(x) = x, h(y) = -1/y, p(y) = -y
H(y) = G(x) +¢

ZZEZ

1
-y X% +cC

2 2

or  y*=-x*-2c
or X +y=c
where ¢,? = -2c
By given initial-value condition

16+9 = ¢,
or c1=%5
or  X+y*=25
Thus the initial value problem determines

X2 +y?=25

Example 2.3: Solve the following differential equation

d_y = C0Sbx

dx
Solution: dy = cos5xdx

Integrating both sides we get
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Idy = IcosSxdx +C

sin5x
5

+C

2.2 Exact Differential Equations

We consider here a special kind of non-separable differential equation called an exact
differential equation. We recall that the total differential of a function of two variables U(x,y) is
given by

ox oy (2.1)
Definition 2.2.1 : The first order differential equation
M(x,y)dx + N(x,y)dy=0 (2.2)

is called an exact differential equation if left hand side of (2.2) is the total differential of some
function U(x,y).

Remark 2.2.1: (a) It is clear that a differential equation of the form (2.2) is exact if there is a
function of two variables U(X,y) such that
ouU 0

du=—dx+ —Udy =M(X, y)dXx -+ N(x, y)dy
oX oy

ouU ouU
or Pl M(X, y), o N(X, y)

(b) Let M(x,y) and N(x,y) be continuous and have continuous first derivatives in a rectangular
region R defined by a<x<b, c<y<d. Then a necessary and sufficient condition that M(x,y)dx +
N(x,y)dy be an exact differential is

M _oN
oy OX

For proof of Remark 2.2.1(a) see solution of Exercise 22 of this chapter.

(2.3)

Procedure of Solution 2.2:

Step 1: Check whether differential equation written in the form (2.2) satisfies (2.3) or not.
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Step 2: If for given equation (2.3) is satisfied then there exists a function f for

which

Z—f =M(x, y) (2.4)
X

Integrating (2.4) with respect to x, while holding y constant, we get
f(xy) = [M(x y)dx+9(y) (2.5)

where the arbitrary function g(y) is constant of integration.

of
Step 3: Differentiate (2.5) with respect to y and assume oy =N(x,y), we get

% . % MO y)dx+ g () =N(x, y)

or

()= Nox )2 [MOc y)ax (2.6)

Step 4: Integrate (2.6) with respect to y and substitute this value in (2.5) to obtain f(x,y)=c, the
solution of the given equation.

Remark 2.2.2: (a) Right hand side of (2.6) is independent of variable x, because

9
OX

[N(x, y)- %J.M(x, y)dx} = Z_I)\(I - %(ﬁix I M(X, y)dxj

_ON_ M _

o oy
(b) We could just start the above mentioned procedure with the assumption that

o =Nexy)

By integrating N(x,y) with respect to y and differentiating the resultant expression, we would find
the analogues of (2.5) and (2.6) to be, respectively,
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f(xy)=[N(x y)dy+h(¥ and

(3 =M% y) - = NG )dy

Example 2.4: Check whether x?y*dx + x*y?dy = 0 is exact or not?

Solution: In view of Remark 2.2.1(b) we must check whether I = oN , where M(x,y)=
X%y, N(xy)=xy? oy x
oM oN
— =3x%? 9 2,,2
2y y 33Xy
oM oN
This showsthat 3x*y* =—
is show M y o

Hence the given equation is exact.

Example 2.5: Determine whether the following differential equations are exact. If they are exact
solve them by the procedure given in this section.

(@) (2x-1)dx + (3y+7)dy=0
(b)  (2x+y)dx - (x+6y)dy=0
(c) (3x%y+eY)dx + (x*+xe’-2y)dy=0

Solution of (a) M(x,y) = 2x-1, N(x,y)=3y+7

oM ON
—=0, —=0. Thus
oy ox
oM _on
%Y OX and so the given equation is exact.

Apply procedure of solution 2.2 for finding the solution.

of
—=2x-1.
Put OX Integrating and choosing h(y) as the constant of integration we get

o o
J 5 = fxy)=x" =x+h(y)
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h'(y)=N(X ¥)=3y +7. and by integrating with respect to y we obtain

3
h(y)==y*+7y
2
The solution is
2 3 2
f(x,y)=x —x+§y +7y=cC

Solution of (b): It is not exact as

M(X, y)=2x+Y,N(X, y) = —X — 6y

M 1Ny

and 8y OX

Solution of (c): M(x,y) = 3x?y + ¢’
N(x,y) = X3 + xe¥ — 2y
oM

—=3x*+e’

N _3x2 1 ¢

OX

M _oN
Thus Y X thatis

the equation is exact.

Apply procedure of solution 2.2

b, 3x°y +e’
Let X

Integrating with respect to x, we obtain
f(xy)=x7y+xe” +g(y)
where g(y) is a constant of integration

Differentiating with respect to y we obtain
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af 3 y 1
—=x"+xe’ +d'(y)
oy

N(X, y):ﬂ:x?’ +xe’ +9g'(y)
This gives oy

or  g(y)=-2y
or  g(y)=-y’
Substituting this value of g(y) we get

f(x,y) = X%y + xe — y* = ¢. Thus

2

X’y +xe¥ —y? = cis the solution of the given differential equation.

2.2.1 Equations Reducible to Exact Form

There are non-exact differential equations of first-order which can be made into exact differential
equations by multiplication with an expression called an integrating factor. Finding an integrating
factor for a non-exact equation is equivalent to solving it since we can find the solution by the
method described in Section 2.2. There is no general rule for finding integrating factors for non-
exact equations. We mention here two important cases for finding integrating factors. It may be
seen from examples given below that integrating factors are not unique in general.

Computation of Integrating Factor
Let M(x.y)dx+N(x,y)dy=0
be a non-exact equation.
Then

My Ny

]
(i) ux)=e N

dx

Is an integrating factor, where My, Ny are partial derivatives of M and N with respect to y and x and
My —Nx
N is a function of x alone.
Ny -My

[-= - Zdy
(ii) ux)=e M
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Nx —My
Is an integrating factor, where My and Ny are as in the case (i) and M is a function of y
alone.

Example 2.6: (a) Let us consider non-exact differential equation.
(x?ly) dy+2xdx=0
1

2 : . : :
X~ andy are integrating factors of this equation.

(b) " is an integrating factor of the equation

dy
—4+Yy =X
dx y

Example 2.7: Solve the differential equation of the first-order:
xydx+(2x%+3y?-20)dy=0
Solution: M(x,y)=xy,  N(X,y)=2x*+3y*-20

My=x and Ny=4x. This shows that the differential equation is not exact.

My —=Nyx - 3x
N 2x2 + 3y 2_20
My —Ny
leads us nowhere, as N is a function of both x and y. However,

Nx —My _4x=-x_3
M Xy

Y is a function of y only. Hence

39y

3
_o3lny __Iny® _ 3
e Y =e =€ =Y is an integrating factor.

After multiplying the given differential equation by y* we obtain

xy*dx+(2x%y*+3y>-20y%)dy=0
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This is an exact differentiation equation. Applying the method of the previous section we get

124 3 6 4
=X +Zy° —5y* =C
> y 6y y

Example 2.8: Solve the following differential equation:
(2y?+3x)dx+2xydy=0
Solution: The given differential equation is not exact, that is

™M N
Y X \where

M(x,y)=2y*+3x
N(X,y)=2xy
(My-Ny)/N = 1/x is a function of x only.

Hence eIdX/X

=X is an integrating factor.
By multiplying the given equation by x we get (2y*x+3x?)dx+2x’ydy=0

This is an exact equation as
i(2y2x+3x2) =i(2x2y)
oy OX

Applying the method for solving exact differential equation, we get f=x?y*+x*+h(y), h’(y)=0, and
h(y)=c if we put f,=2xy?+3x2. The solution of the differential equation is x?y*+x>=c.

2.3 Linear Equations

Definition 2.3.1: A first order differential equation of the form
dy
a,()—=+a,(¥)y =9g(X
1()dX o(¥y =9(¥)

is called a linear equation.

if a;(x) = 0, we can write this differential equation in the form

Y Py =109
dx (2.7,
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a,(%) 909
P =20 = I
wnere 7w 0 a0

(2.7) is called the standard form of a linear differential equation of the first order

P(x)dx
Definition 2.3.2: ej is called the integrating factor of the standard form of a linear differential
equation (2.7).

Remark 2.3.1: (a) A linear differential equation of first order can be made exact by multiplying
with the integrating factor. Finding the integrating factor is equivalent to solving the equation.

(b) Variation of parameters method is a procedure for finding a particular solution of 2.7. For
details of variation of parameters method see the solution of Exercise 39 of this chapter.

Procedure of Solution 2.3:
Step 1: Put the equation in the standard form (2.7) if it is not given in this form.

P(x)dx
Step 2: Identify P(x) and compute the integrating factor 1(x) = eI

Step 3: Multiply the standard form by I(x).
Step 4: The solution is

yI(X) = j f(x).I(X)dx +¢

Example 2.9: Find the general solution of the following differential equations:

ay =8y xd—y +2y=3
(a) dx (b) dx
xd—y +(Bx+1ly=e*
(c) dx
Solution: (a)  dX
P(x)=-8
I(X) = el P oo

Integrating function =
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y.e = I 0.e ¥dx+c

or y=ce-, -00<X <00
o, 2 3
(b) dx x° X
B J'P(x)dx
Integrating factor = 1®) =€" " where
P(x) = 2
X
2
I(X) = ejxd = x?

Solution is given by

yI(X) = j f().I(X)dX +C

3
f(x)=—
where 109 =x°, * X

Thus

yxX° = I%.xzdx +C

:stdx +c=gx2+c

(¢
—,

or X 0<x<w

(© Standard form is

-3x

dx X X

e—Sx

X

P(X) :3+1, f(x) =
X
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__ [Peoax
Integrating factor = 1) =€

I(3+£de
—e X = Xe 3x

e—Sx
y.xe¥ = J'—.xe3xdx +C
X

:Ieodx+c=x+c

or X for  O<x<oo.
2.4 Solutions by Substitutions

A first-order differential equation can be changed into a separable differential equation (Definition
2.1) or into a linear differential equation of standard form (Equation (2.7)) by appropriate
substitution. We discuss here two classes of differential equations, one class comprises
homogeneous equations and the other class consists of Bernoulli’s equation.

2.4.1 Homogenous Equations

A function f(.,.) of two variables is called homogeneous function of degree o if

f(, &) = 106 Y) for some real number a.

A first order differential equation, M(x,y)dx + N(x,y)dy = 0 is called homogenous if both
coefficients M(x,y) and N(x,y) are homogenous functions of the same degree.

Method of Solution for Homogenous Equations: A homogeneous differential equation can be
solved by either substituting y=ux or x=vy, where u and v are new dependent variables. This
substitution will reduce the equation to a separable first-order differential equation.

Example 2.10: Solve the following homogenous equations:
(@ (X-y)dx +xdy=0

(b) (y*+yx)dx + x?dy = 0

Solution: (a) Let y=ux, then the given equation takes the form

(x-ux)dx + x(udx + xdu) =0
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or dx+xdu=0

ax +du=0
or X
or  In|x|+u=c
or  xln|x|+y=cx
(b) Let y=ux, then the given equation takes the form

(uA + ux?)dx + x? (udx + xdu) = 0
or  (u*+2u)dx +xdu=0

dx du

X u(u+2):

or

Solving this separable differential equation, we get
In|x|+2inl =L inlu+ 2= ¢
2 2

x2u

=4
or u+2 where ¢;=2¢

x2 Y = Cl(XJij
X X

X%y =c,(y+2X)

or

or
2.4.2 Bernoulli’s Equation

An equation of the form

Y Py = f0ay"
dx (2.8)

is called a Bernoulli’s differential equation. If n+0 or 1, then the Bernoulli’s equation (2.8) can be
reduced to a linear equation of first-order by the substitution.

v=y
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The linear equation can be solved by the method described in the previous section.
Example 2.11: Solve the following differential equations:

dy 1

Ty =3y’
(a) dx X

&Y ey
(b) dx

1-n -2
Solution: (3) Let V=Y =Y (n=3)

d_V:_z —3d_y
dx dx
dy 1 __1av
or dx y*  2dx

Substituting these values into the given differential equation, we get

or dx X

This equation is of the standard form, (2.7) and so the method of Section 2.3 is applicable.

B jp(x)dx
Integrating factor 1(X) =¢©

P(x) = -

where X Therefore I (x) =x
Solution is given by
v.x?=[-6x7dx +c
or
v.x? =6x" +c

or
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Vv = 6X + cx°
Since
v =y~? we get

y2 =6x +cxX°

y=t——1

or V6x+cx2

(b) Let w =y, then the equation

dy X2
—Z _y=¢g
dx y y

takes the form

dw
iw=-eX
dx

integrating factor I(x) = = "®¥™  where P(x) = 1

or I(x) = elP®dx =g

Solution is given by

efw=-[eXdx +c

_ Le2x ¢
2
or X1 12X, ¢
y 2
or y_lz—%eXJrce_X

Special Integrating Factors
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Given the O.D.E. M(x.y) dx + N(x.y) dy = 0, assume 1t is non-exact. Suppose that n(x.y)
1s an integrating factor of the equation, then
n(x.y) M(x.y) dx + n(x.y) N(x.y) dv =0
1s an exact equation.
Therefore.

9 J
a—y[n(x,y)M(x,}'}] = E[H(X,}’)N(LY)]

or
dM(x, ), dn(x.y) dN(x,y) odn(x.y)
n(x,vy) 3 . M(z.y) =n(x,vy) = + . N(z,y)
or
dM oON on dn
”(X’}’){E_E}N£_ME (1

n(x.y) 1s an unknown function that satisfies equation (1), but equation (1) 1s a partial
differential equation. So. in order to find n(x.y) we have to solve a P.D.E. and we do not
know how to do it

Therefore, we have to impose some restriction on n(x.y).

Assume that n 1s function of only one variable. let’s say of the variable x.

dn on _d
then n(x) and —=0, 2
dy ax dx

So. equation (1) reduces to
dM(x,y) dN(x.y) dn
— : N
o) 222N | gey

or

1 [Mey) Ny, _do
NE=y)| oy Jx
If the left hand side of the above equation 1s only function of x, then the equation 1s

separable and n(x) = exp{j ! { C;T[ jl;j]dx]

Conclusion: The equation M(x.y) dx + N(x.y) dy = 0 has an integrating factor n(x) that
1 [M@xy) ING&y)
dy ox

n

depends only on x if the expression } depends only on x.

x,V)
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Now, let’s assume the n depends only on the variable v,

then n(y) and @— 0, on _ dn
dx ay d}f

So. equation (1) reduces to

dn
= -M(x.y)—
} (x:v)d

y

, aM(x,y)_E:}N(x,}’)
”(})[ 3y ox

or

1 |:3M(x,y)_8]\'(x,y)} g dn
May)| oy & |

or

n

il

1 FN(x,y) ~ aM(x,y):| P

M@.y)l ox dy ’

If the left hand side of the above equation is only function of y. then the equation is

1[dN oM

separable and n(y) = exp{ J M( o 3y ]dx]

Conclusion: The equation M(x.v) dx + N(x.y) dy = 0 has an mtegrating factor n(y) that

Nexy) Mxy)
x oy

-

- : 1
depends only on y if the expression depends only on y.
Mz, v)

Examples: Find the integrating factor
1) (4xy+ 3y —x) dx + x(x + 2y) dy =0
M(x.y) = 4xy + 3y" —x and N(x.y) = x(x + 2y)
MEY) _ gx+ 6y and DEY) o010y
M(xy) NGy)
dy ox
1 dM(x.y) INGy) |_
N(x.y)| oy ox x(x+2y)

=4dx+6y—-2x—-2yv=2x+4y

Since it depends on x, only. there 1s an integrating factor n(x). given by

n(x)= ezp( J.EE] = cxpff 1n|z|) = x?
n .

Multiply the original eqlmtion by 11(*;) we get the exact equation
L—lxax + 3x” ‘_’)«’?—‘i }dx-i-Lx + xx}dx =0
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by cr-mupmg- we get
L—bﬁx dx+x d}}+ {:'r‘i w Tdx +2x ydy) ~x dx=0
dga x}+d(xyj—d(%:a )=d(c)

XytTXy —%x =c¢

Qyx+y)dx+(x+2y-1)dy=0
M(x.y)=vy(x +v) and N(xy)=x+2y-1

EJM_(L v) _ . 29 and NGE.y) _,
dy ox
EJM_(x, y) oN [x y) _ x+2y—1
dy
1 dM(x,v) JN(x,vy) -
_ = -~y — ]. = 1
N(W{ - |- e D

Since. the expression is constant, there is an integrating factor n(x)

n(x)= ejdx =e*
Multiplying the original equation by n(x). we obtain the exact equation
ye(x +y)dx+ef(x+2y-1)dy=0

F(x,v)= JM(K, v)dx = I[xyex + }’Eex:]dx = }*(xex — ex) +y2e* +B(y)
JF(x.y)
dy

then
B'(y)=0 and B(y)=¢

The solution is: xe® —e® + 2ye* =k

(-:]' f 9
=NEx.v)=—| v|xe® —e® |+ vy e* + B(y) |=xe* —e* + 2ye® + B'(y)
L) ]

y(x+y+1)de+x(x+3y+2)dy=0
M(z.y)=y(x+vy+1) and N(x.y) =x(x+ 3y +2)

M=x+2y+] and M=21+3}’+2
dy
aM_(x,y) B al\_tx,::) =x+2y+1-2x-3y-2=—(x+y+1)
dy ox
I [Mxy) NEy)| —(x+y+l])
y) depends on x and v
N(x.v) dy Jx C2x+ Sy +2
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1 dN(x,v) JIM(x, 1 1
(zy) oMxy)|_ (x+y+1])==
M(x.yv)| dx dy vix+vy+1) y
Since, 1t depends only on v. there 1s an integrating factor n(y)
dy
ny)=e¢ ¥ = Y = v

Multiplying the original equation by n(y), we obtain the exact equation
Vi(x+y+1)ds+yx(x+3y+2)dy=0

-

Fis)= [Mexsxn= [y« 037 =2y oy 37 B9

FED  NGay) - %h ey a4 By | -y 4 ey 25y 4 BGY)

then B'(y) = 0 and therefore B(y) =c¢
The solution is: % <’y + xy° + xy- =k.

Special Transformation

There are certain equations that can be transformed into a more basic type using a
suitable transformation.
The equations have the form:

(ax+ by + o) dx + (ax + by + ¢) dy =0
where a;. by, ), 22, by, ¢y are constants.
There are two different kind of transformations according to relationships among the
constants.

] b'\
Case 1: 22 #—=
a; b

Solve the system
ath+bik+e1=0
ash+bk+ex=0
because ot the imposed condition the system has a unique solution (h.k).
Then, the transformation:
x=X+h
v=Y +k
will change the original equation into a homogeneous equation in the variable X and Y,
(aX + byY) dX + (22X + byY) dY = 0
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Case2: 2=—"Ll_-%
a; b,

The transformation z = a;x + b1y changes the original equation into a separable equation
in the variables z and x.

Examples: Solve the equations
1) (2x -5x+3)dx—(2x+4y—-6)dy=0
Since 2/2 # 4/-5, let’s solve the system
2h -5k+3=0
2h+4k-6=0
Subtract the second equation from the first one. to get
2h—5h=-3
2h+4k=6
0—9%=-9
thenk=1and 2h=-3+5orh=1.
So. the transformation:
x=X+1. dx =dX
y=Y+1. dy=dY
reduces the given equation to
(X +2-5Y-5+3)dX-2X+2+4Y+4-6)dY =0
2X-5Y)dX - (2X +4Y)dY =0
which 1s homogeneous.
Using the transformation ¥ = VX, and dY = VdX + XdV.

We get the equation
(2-5V)dX - :[2 +H4V)(VAX +XdV) =0
(2-TV-4AVH)dX -X(2+4V)dV =0

T

X __ 244V o g
X 2-7V-4V?
dX — 4V+2

TS gv-o
X 4Vii7v-2

4V+2 A B
AV24TV-2 4V-1 V42

4 2
J.. — . B=_

3 3
dX 4 dv 2 4V

+— += =
X  34V_1 3V12
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Integrating

in[X] + T1a[4V~1[+ 2 1a[V + 2| =Injd

AV-1(V+2)Y =k

replacing V by l.
X
(431 3+2] (-0 v+ =K
X X , ;

replacing X bv x—1 and Y by v—1.
(4y—x—3)yv+2x-3) =K

D)(x+y)dx+(3x+3y—4)dy=0
Since 3/1 = 3/1, we must take the transformation z=x +v.
We use v =z — x. dy = dz — dx to obtain
z dx+(3z—-4)(dz—-dx)=0
or zdx—3zdx+4dx+(3z-4)dz=0
or (4-2z)dx+(3z—4)dz=0
and this 1s a separable equation.
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POSSIBLE QUESTIONS
PART -B (5x2=10 Marks)

. Write the standard forms of the Second order differential equations.
. Explain integrating factor of the differential equation.

. Define separable equations with examples.

. Write the general form of Bernoulli’s equation.

. Define integrating factor of the differential equation.

g1 B~ W DN

PART — C (5 x 6 =30 Marks)
1. Explain about exact differential equations with examples.

2. Solve the equation (3x2+ 4xy) dx + (2x2 +2 y) dy =0.
3. Write a note on integration factor of differential equations.

4. Determine whether the given equations are exact or not and also solve that there is exact.

(2 xy+1) dx+ ( x2 + 4y)dy =0.
5. Determine the most general function N(x,y) such that the equation is exact

(x3 + xy?) dx + N(x,y) dy=0.
6. Explain Separable equations with examples.
7. Solve the equation (x-4) y* dx - x3(y%? —3) dy=0.

8. Determine whether the differential equation is homogeneous or not
(x%2 —3y?)dx + 2xy dy = 0.
9. Define Bernoulli’s equation with example.

10. Solve the differential equation % +y = xy3.
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Questions Choice 1 Choice 2 Choice 3 Choice 4 Answer
ctations dettive form e |00 @It [V |(@yi=0|(ayio-rixy)
The standard form of first order differential M(x,y)dx- M(,Y)dX*N(X|M(X,Y)dX/N(X [M(X,y)dx+N( [M(x,y)dx+N(
equations differential form is............. N(x,y)dy=0 |,y)dy=0 ,y)dy=0 X,y)dy=0 X,y)dy=0
The expression M(x,y)dx+N(x,y)dy=0 is called
F:) ) R differential equations ina  |ordinary partial exact different exact
domain D.

The expression ....................... iscalled an  [M(X,y)dx+N( |M(X,y)dx*N(x[M(x,y)dx/N(x |M(x,y)dx- M(X,y)dx+N(

exact differential equations in a domain D. X,y)dy=0 ,y)dy=0 ,y)dy=0 N(x,y)dy=0 [x,y)dy=0

The expression M(x,y)dx+N(x,y)dy=0 is called

an exact differential equations in a domain D if

there exists a function of.......... variable such |zero one two three two

that the expression equals the total differential

for all (x,y)in D

The expression M(x,y)dx+N(x,y)dy=0 is called

an exact differential equations in a domain D if . .

. . - . . ordinary partial total total
there exists a function of two variable such that |differential . . . . . . . .
. differential  [differential |differential  |differential

the expression equals the ............. for all

(x,y)in D

If M(X,y)dx+N(x,y)dy is an exact differential

then the differential equation 1 2 3 0

M(x,y)dx+tN(x,y)dy=............. is called exact

differential equation

If M(x,y)dx+N(x,y)dy is an

.............. differential then the differential ordinary partial exact different exact

equation M(x,y)dx+N(x,y)dy=0 is called exact

differential equation

e e P ey
AN |ty NGy X*UGYNCLY [R/CyINGY) [Ny

...................... in D the p(x,y) is called d :O’ 7 x,y)N(x,y)d d :O’ ’ d :O’ ’ )d :0’ ’

integrating factor of the differentialequation )dy y=0 )dy Y y

If M(x,y)dx+N(x,y)dyisnotan ................

differential in D then the differential equation

U(X,Y)M(X,y)dx+u(x,y)N(x,y)dy=0 in D the ordinary partial exact different exact

w(x,y) is called integrating factor of the

differentialequation

If M(x,y)dx+N(x,y)dy is not an exact

differential in D then the differential equation

WX,Y)M(x,y)dx+u(x,y)N(x,y)dy=0 in D the differential  |integrating  |common exact integrating

n(x,y) iscalled ............. factor of the

differentialequation

An equation of the form .................. is called |F(X)G(Y) F(X)G(y) F(X)G(y)

an equation with variables separable orsimply a  [dx+f(x)g(y)  |dx/f(X)g(y) F(>i) dx+g(y) G()_/) dx+f(x) dx+f(x)g(y)

. dy=0 dy=0

separable equations. dy=0 dy=0 dy=0

An equation of the form F(X)G(y) dx+f(xX)g(y)  |equation with |equation with |equation with |equation with [equation with

dy=0Oiscalledan.................. or simply a function constant roots variables variables

separable equations. separable separable separable separable separable

An equation of the form F(x)G(y) dx+f(x)g(y)

dy=0 is called an equation with variables differential integral separable variable separable

separable or simply a................ equations.

The first order differential equation

M(X,y)dx+N(x,y)dy=0 is said to

be.oiiiiiiie, if the derivativeof the form | homogeneous non singular non singular | homogeneous

homogeneous

(dy/dx)=f(x,y) there exists a function g suchthat
f(x,y) can be expressed in the form g(y/x)




The first order differential equation
M(X,y)dx+N(x,y)dy=0 is said to be homogeneous

if the derivativeof the form .............. there  |(dy/d)=0  |(dyldx)=fxy) | BOZHICG@ID)= - goi=tixy)
exists a function g suchthat f(x,y) can be y) feey)
expressed in the form g(y/x)
The first order differential equation
M(X,y)dx+N(x,y)dy=0 is said to
beoiiiiiii, if the derivativeof the form | g(x/y) g(1/x) a(lly) a(y/x) a(y/x)
(dy/dx)=f(x,y) there exists a function g suchthat
f(x,y) can be expressed in the form............
A first order differential equation is linear in the
dependent variable y and the independent (dy/dx)=P(x)y [(dy/dx)+P(X)y [(dy/dx)+P(x)y [(dy/dx)+P(X)y |(dy/dx)+P(x)y
variable x if it is can be written in the form +Q(X). 1Q(x)=0. =Q(x). =0 =Q(x).
A first order differential equation is
................... in the dependent variable y and linear nonlinear 2610 separable linear
the independent variable x if it is can be written
in the form (dy/dx)+P(x)y=Q(x).
Al order differential equation is linear
in t!’le depgnert variable xand .the independent first second third nth first
variable x if it is can be written in the form
(dy/dx)+P(x)y=Q(X).
An equation of the form C llayrdx=reo | (dyldx)+P ooy |(dyrdw)+Pey | (@yldx) Py |(dyrdx)+P ooy
............................ is called a Bernoulli A 1Q(x)=0 ~Q(x) y*n -0 ~Q(x) y*n
differential equation . y ' y y
In ber:nou_lli equatio_n when M= then the Oor1 Lor? Oor2 Oor-1 Oor1
equation is called linear equation.
In bernoulli equation when n=0 or 1 then the . . . . .
. . ordinary partial nonlinear linear linear
equation is called ................. equation.
In..oo equation when n=0 or 1 then . . . .
ordinary Bernoulli Euler partial Bernoulli

the equation is called linear equation.
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SYLLABUS

General solution of homogeneous equation of second order, principle of super position for
homogeneous equation, Wronskian: its properties and applications, Linear homogeneous and
non-homogeneous equations of higher order with constant coefficients, Euler’s equation,
method of undetermined coefficients, method of variation of parameters.

Linear Differential Equations:

A differential equation of the form
F(x.y.yv".v"....¥")=R(x)
is called the linear differential equation provided that F is linear differential
equation of order n in the dependent variable y and its derivatives

"

B R, L

Second Order Linear Differential Equation:
A differential equation of the form

-

2T+ a0 %+ a,(x)y = RG)

Where ay(x). a(x). a,(x) and R(x) are continuous functions of x only on some

open interval I is called second order linear differential equation.

Homogeneous and Non-homogeneous Linear Differential
Equation:

If R(x) = 0, then the differential equation of the form

dn}l EJFH_IJ’ ﬁ‘”l_jh}’
dx" ra(x) T % () ™

Where a,(x). a,(x). a,(x). . ...a,_,(x) and a (x)are continuous functions of x only on

ap(x) - +an_1{x)£+ﬂ”(x}y =0
dx

some open interval I is called homogeneous linear differential equation of
order n.

If R(x)=0, then the differential equation of the form

n_, n—l1 . n—1 . Y
a:.{x)%+m(x}%+a;{x) iﬂ_{: T —a..-l(x%wn{x)y = R(x)
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Where ay(x). a,(x). a,(x). . ...a,(x).a,(x) and R(x)are continuous functions of x

only on some open interval I is called the non-homogeneous linear
differential equation of order n.

Example 1: Consider the differential equation
cos X j{—(1+x3‘"1}%+e"y=sin‘l x , in this differential equation dependent
x X

variable y and its derivatives y'and y" appears linearly and the highest
order derivative term in the equation is 2. Therefore this equation is called
linear differential equation of order 2.

Example 2: Consider the differential equationx’y"+cosx y'+sinx y=0, in this
differential equation dependent variable y and its derivatives y'and "

appear linearly also the right hand side of the equation is zero. Therefore
this equation is called homogeneous linear differential equation of order 2.

Principle of Superposition for Homogeneous Equations:
Principle of superposition states that linear combination of any solutions of a

homogeneous linear differential equation of order two is also a solution of
the given differential equation.
Theorem 1: Let y andy, be two solutions of the homogeneous linear

differential equation

y'+px)y'+gx)y=0
on the interval 1. If ¢ and ¢, are constants, then the linear combination
y=ant+a»

is also a solution of the equation »"+p(x)y'+¢(x)y=0 on the interval I.

Proof: Let vy and v, are the solutions of the homogeneous differential

equation

y'+p(x)y'+g(x)y=0 (1)
on the interval 1.

Then they must satisfy the equation (1), then

»n"+p(x)y +q(x)y, =0 (2)

and  y,"+p(x)y, '+ g(x)y, =0 (3)
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Let ¢ and ¢, are the constants, let
y=antay

on differentiating, we have
yi=an'teay,'

on again differentiating, we have
y'=an"+en"

Now, putting these values in equation (1), we have
¥+ p(xX)y'+q(x)y =(e "+ e ") +p(x)en '+ e ) +ax) e +e0,)

= ¥+ p(x)y'+q(x)y = (O "+pE)» +q(x)») + (3, "+px)y, +qx)y,)

= y'+p(x)y'+q(x)y=¢.0+¢,.0 [using equation (2) and (3)]

= Y+ p)y+e(x)y=0

Thus, y=¢u +¢,y, also satisfy the equation therefore is a solution of the

equation
Y+ pXy+e(x)y=0
on interval I.

Example 3: Show that y(x)=e"and y,(x)=¢™ are two solutions of the

equation
y'-y=0.
Solution: Given differential equation is
y'-y=0 (1)

Now let y(x)=¢"

on differentiating w.r.t. x
yix)=€

on again differentiating w.r.t. x

) =¢
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Now, putting these values in equation (1), we have

J-‘ "__ _J.? — e_.‘t‘ _ e.'t‘ — D

Hence, " is the solution of the differential equation

y'-y=0

Now let y(x)=e"

on differentiating w.r.t. x
y(x)=—e"

on again differentiating w.r.t. x
v =e”

Now, putting these values in equation (1), we have

y'-y=e —e =0

Hence, ¢ is the solution of the differential equation

y'=y=0

Thus, y,(x)=e"and y,(x)=€e" are two solutions of the differential equations

y'-y=0,
Example 4:

Verify that y =& and v, =¢™ are solutions of the differential
equation y"-3y'+2y=0.

Find a solution satisfying the initial conditions »(0)=1and »'(0)=0.
Solution: Given differential equation is

y'=3y'+2y=0
Now let y(x)=¢"

on differentiating w.r.t. x
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y'(x)=€

on again differentiating w.r.t. x
Y =e
Now, putting these values in equation (1), we have
y'-3y'+2y=e -3 +2" =0
Hence, ¢" is the solution of the differential equation y"-3y'+2y=0.
Now let y(x)=e
on differentiating w.r.t. x
yi(x)=2e"
on again differentiating w.r.t. x
y'(x)=4e”
Now, putting these values in equation (1), we have

y'—3y'+2y =4 —6e” +2e¢™ =0

Hence, ¢ is the solution of the differential equation

y"-3y'+2y=0
Thus, y,(x)=e"and y,(x)=¢&* are two solutions of the differential equations

y'=3y+2y=0.
By the principle of superposition we know that

x 2x
y=ce +c,e
Is also a solution of equation (1).
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On differentiating w.r.t. x, we have

y'=¢e +2c,e™

Now using the initial conditions, we have

¥(0)=1
= ce” +ce” =1
= o+ec =1 (2)
and y'0)=0

= e +2c,eY =0
= a+2c,=0 (3)

On solving equation (2) and (3), we have

=2 and ¢, =-1
Thus, y(x)=2e"—e™
is the required solution.

Linearly Independent or Linearly Dependent Functions:

Two functions defined on an open interval 1 are said to be linearly
independent on interval I provided that neither is a constant multiple of the
other. If one can be written as a constant multiple of other then they are

called linearly dependent functions.
Let f and g are two functions defined on an open interval 1. Then f and g are

called linearly dependent on I, if one can be written as a constant multiple of
other i.e. there exists a constant iR such that

f(x)=Ag(x) for eachxel
If they cannot be written as constant multiple of each other then they are
called linearly independent functions.
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In general, the functions f(x). £ (x). fi(x)..... f,(x) defined on an open interval

I are said to be linearly dependent on the interval I provided that there
exists constants ¢,.c,. ;. .... ¢, not all zero such that

af@)+afh+afi(x)+...+¢, f,(x)=0

The functions f(x). £(x). £(x)..... f,(x) defined on an open interval I are said

to be linearly independent on the interval I, if
afix)+ofi(x)+efi(x)+... +¢, f,(x)=0

Then ¢=¢,=¢,=...=¢,=0 are all zero.
Wronskian:
Let f(x) and g(x) are two functions defined on an interval I. Then the

Wronskian of f(x) and g(x) is denoted by W(f, g) and determined by the
determinant.

| fx) glx)
"TO% e g

=  W(f.g)=f(xg'(x)-f'(x)g(x)

If the Wronskian of the functions f(x) and g(x) is zero then the function f(x)
and g(x) are called linearly dependent functions.

If the Wronskian of the functions f(x) and g(x) is non-zero then the function
f(x) and g(x) are called linearly independent functions.

In general, let fi(x). A(®). i(x)..... f,(x) are n functions defined on an open
interval I. Then the Wronskian of f(x). A(x). £(x)..... f,(x) is denoted by

W(f(x). (). Ai(x)..... f,(x)) and defined as

fx A & ... L)
A LA AE . L)

W (i A0 A, )=

7 AT AT LT
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If wronskian W(f(x). f,(x). £(x)..... f,(x)) is zero then the functions
A, (). (.. ... f,(x) are called linearly dependent functions. If the
wronskian is non-zero then the functions f(x). f,(x). £(x)..... f,(x) are called
linearly independent functions.

Theorem = Let y(x). »(x). yyx)..... v, (x) are n solutions of the
homogeneous nth order linear differential equation
},(":' + Lqll (I}.}E(I}{n_lj + al (x}-},{”—:} T _'ﬂn—l (A}J’ + 'ﬂln (Ij.}l = D

on an interval I where each qa,(x) is continuous function on I. Let wronskian
is defined as

W=W(3). ». y:..... Vu(X))
(i) If »(x). yy(x). yy(x)..... v, (x) are linearly dependent then W = 0 on 1.

(i) If  y(x). »(x). y3(x)..... y,(x) are linearly independent then WwW=0 at
each point of I.
Proof: Given that »(x). y,(x). y®..... v, (x) are n solutions of the

homogeneous nth order linear differential equation
}1(") + a] (1-}.]".('1-}{11_1) +a1 (_1-}}_-{“_2:' T _an_l (‘1-}.]'.. + -ﬂ'" (I).}I = D [ 1)

on an interval I.

(1) Let »(x). »,(x). »3(x)..... v,(x) are linearly dependent on I, then for
some choice of the constants ¢. ¢,.¢;. ....¢, not all zero, we have
ay te ) tey+...+e, ¥, =0 (2)

On differentiating this equation (n-1) times, we have

Cl.lrl + Cl .-LILE '+ ES-}JE- +. CII -}JFI '=0 ]
en"re ey '+ .+, y,"=0
' (3)
L (m—=1} , (1) , (m-1) N , (n—1) _ i
N TG Y, TG, A =0)
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Which holds for all x in I.

We know that the system of equations in equation (2) and (3) represents
the n linear homogeneous equations in n unknowns has a non-trivial solution
if and only if the determinant of coefficients is zero. Since the unknown in

the equation (2) and (3) are the constants ¢.c,.c,. .... ¢, .

Thus for the non-trivial solution we have

.-Lrl .FE --I"J]- e -.-"'Jn
ACRN U % Vo
_Ll 1] J,'l n }'3 L] -}.'Pf Li)
=
GV o VI , =1}
M Yz Vs B

= F(h®. »nE. k. .... Y,(x))=0
= wW=0
Thus, if ¢,'s are not all zero then W =0.

Hence, if »(x). »,(x). y:(x)..... v,(x) are linearly dependent then W =0 on I.

(II) To prove that if y(x). »,(x). »3(x)..... v, (x) are linearly independent, then
W =0 at each point of 1.
Suppose if possible there exists an element a =1 such that
Wia)=0
Since W(a) represents the determinant of coefficients of the system of n
homogeneous linear equations, then
ayla)+e, vila)y+eysla)+ ... +e, ¥y, (a)y=0
en'@+cy,(@+ey'@+...+¢,3,(@)=0

e (@ +e @) ey @+ .+, p,"(a)=10

(4)

01‘1.-'1':"_1:' (a)+c, ._v:("_u (a)+ 03‘1-‘3("_13 (a)+...+c, ‘1.-‘"':"_lj (a)=0]
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In the n unknowns ¢.¢,.¢. ....c,.
Since W(a) determinant of coefficients in equation (4) is 0, thus the system
of equations in (4) have a nontrivial solution i.e., the numbers ¢.c,. ;5. .. .. ¢,
are not all zero.
Now, let
yxX)=enE +en@+eayE)+ ...+, 3,(x) (5)

Is a particular solution of equation (1).
Then equation (4) implies that Y(x) satisfy the trivial initial conditions

y@)=y@=y"@=y"@=...=y"()
Thus by the uniqueness theorem, we have y(x) = 0 on I. Thus from equation

(5) and the fact that c¢.ec,.c.....c, are not all zero. It implies that
W), »(x), y(x). ..., ¥,(x) are linearly dependent. This contradicts the fact
that functions y (x). y,(x). yy(x)..... v, (x) are linearly independent. Hence our

assumption that W(a)=0 for some a in I is wrong.
Therefore, if y(x). y,(x). ¥3(x)..... v, (x) are linearly independent, then W =0
for each point on 1.

Example show that sinax and cosax are linearly independent functions.
Solution: Let vy, =sinax and y, =cosax

on differentiating w.r.t. x we have
v, =acosax and y,'=—-asmax
Wronskian of v, =sinax and y, =cosax is

M o »
W(y.py)= R
LU

S11 a@x cosax

= W.nl=

aecosax  — (?Sill X
= W(y.y,)=—asin’ ax—acos” ax =—a
Thus, if a=0 then W(y,. y,)=0.

Hence, if a=0, then sinax and cosax are linearly independent functions.
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“.e".e” (a=b=c) are linearly

Example Show that the functions e

independent.
Solution: Let v, =¢™.y, =™ and y, =¢™
on differentiating w.r.t. x we have

v, =ae™.y,'=be™ and y,"=ce™

Again differentiating w.r.t. x we have
v"'=a'e™.y,"=be" and y,"=c'e”

Wronskian of y,=¢e™.y,=¢&" and y, =€ is

h Y W

Wy, vy =" »' ¥

M Y. ¥
e™ e e”
ax bx
= W{_}‘l-}‘:-}ﬁ} =|ae be ce
a_- t?mc: b_- E&x c 2 t‘.?ﬂ

X

1 1 1
= W(w.».vs)=e"¢e€e |la b c
2 B el
1 0 0

::" W{J"l n _1‘11 n }rl} = EEH-I-E;‘_T}I a EJ - i.'? C - -ﬂ'

a’ b —-a c'-a
1 0 0

W v,.v3) =" (b-a)e—a)la 1 1

—

a b+a c+a
= W(y,.1,.75) =€ (b—a)(c—a)[(c+a)—(b+a)]
= W(».»..v:) =(b—a)c—a)ec—b)e ™"

Since a=b=c thus W(y. »,.v;)#0.

Hence, e™.e™.e™ (a=b=c) are linearly independent functions.
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Solutions of Homogeneous Linear Differential Equations with
Constant Coefficients:
A differential equation of the form

Ji=1 n—2

WM 4 2! P —
ay' +ay"T +a, Yy +...+a_y'+ay=0 a, #0 (A)

Where a,.a.a,. . ... a,,and a, are constants is called a homogeneous linear

differential equation with constant coefficients.

In order to solve the homogeneous linear differential equation, put

dy d’y ) dy . . , _
y=L—=y'=m, {’=y”=m‘. . ..—‘}=y =m" and so on in equation (A), we
dx dx” dx”
have
am” +am’” +am" + ... +a,_m+a,=0 a,=0 (B)

An algebraic equation of m with degree n. This equation is called auxiliary
equation or characteristic equation corresponding to the homogeneous
equation (A).

Finding the roots of the equation (B) there may arise three different cases
Case (I): Roots of the auxiliary equation are real and distinct:
Let the roots of the auxiliary equation are m.m,.m,. .. .. m, all are real and

distinct then the solution of the equation (A) is

mmx X X

v(ix)=ce™ +c,e™ +ee™+. . . +ce

This solution is called the general solution of equation (A).
Example : Solve the differential equation »'+»—-6y=0.
Solution: Given differential equation is
y'+y'—-6y=0 (1)

Corresponding auxiliary equation is

m +m—6=0
= (m—3)m+2)=0
= m=3, -2
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Thus, the general solution is

y(x)=ce  +ce .

Example : Solve the differential equation 2y

"

y—5y'-2y=0.

Solution: Given differential equation is

2y=0 (1)

sl L
e e el

Corresponding auxiliary equation is

2m’ —m® —Sm—2=0 [putting y=1 y'=m. y"=m" and y"=n’" in equation (1)]
= (m—2)m+1)(2m+1)=0

1 -
= m=2, -1 —= [roots are real and distinct]

Thus, the general solution is

1

1

y(x)=ce™ +c,e” +ce

Case (II): Roots of the auxiliary equation are real but some
roots are equal:
Let the roots of the auxiliary equation are m.m,.m;..... m, all are real and let

two roots are equal i.e., m=m, and all other roots are distinct then the
solution of the equation (A) is

hX

v(ix)=(e +e,x)e™ +e, +. . . +ce

mx

This solution is called the general solution of equation (A).

Example : Solve the differential equation Y —2»+y=0.
Solution: Given differential equation is

¥'=2y'+y=0 (1)

Corresponding auxiliary equation is

m —2m+1=0 [putting y=1 y'=m and Jf'"=”"1 in equation (1)]
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= (m-1)"=0
= m=11

Thus, the general solution is

yv(x)=(¢ +c,x)e .
Example : Solve the differential equation y"-8y"+16y"=0.
Solution: Given differential equation is

y'—-8y"+1oy"=0 (1)
Corresponding auxiliary equation is

m' —8m +16m" =0 [putting y"=m’. y"=m’ and y™=m" in equation (1)]
= m’(m” —8m+16)=0
= m'(m—-4)y =0
= m=0,0, 4. and 4

Thus, the general solution is
y(x)=(e, +e,x)e™ +(c, +e,x)e™

= y(x)=¢ +e,x+(c, +e,x)e™.

Case (III): Roots of the auxiliary equation are complex:
Let the roots of the auxiliary equation are my.m,.m,. . ... m, such that two roots

are complex i.e., mzim, and all other roots are real and distinct then the
solution of the equation (A) is

, WX . : o mX o m,x
v(x)=e"" (¢ cosmx+c,smm,x)+ce R

This solution is called the general solution of equation (A).
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Example : Solve the differential equation v"+3y"-4y=0.
Solution: Given differential equation is

v"+3y"—4y=0 (1)
Corresponding auxiliary equation is

m'+3m’—4=0
= (m” +4)(m" =1)=0
= m==+2i, =1 [roots are real but equal]

Thus, the general solution is
y(x)=e"" (¢ cos2x+¢,5in2x) + e +c,e”

= y(x)=¢cos2x+c,smmlx+ce +ce .

Example : Solve the initial value problem
Oy"+6y'+4y=0: y(0)=3. y'(0)=4.

Solution: Given differential equation is

O0y"+6y'+4y=0
Corresponding characteristic equation is
Om’ +6m+4=0

= m=—%+li [roots are real but equal]

3

Thus, the general solution is

1 1
= >, Sin—=X 1
vix)=e? {c‘lcoaﬁz +c‘5111ﬁ:4} (1)

Now differentiating y(x) w.r.t. x we have

—Ix ]_ ]_ —1-‘-' 1 1
y(x)=——e ? (c,cos—=x+c,sin—x)+e * (- c s1n

Vi B

1
c, CO05S—=X)

NN R
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1 —‘ 1 1 1
= yix)=— N

X , COS—= 2
3¢ (CICDS‘J— +c 3111J_1}+ -\/_ {c’lalnﬁx+€__cos\/§r} (2)

Now using the initial values we have

y(0)=3
= _%ﬂ( L 0+c,sin 0)=3

e’ (geos—=.0+¢,smm—=.0)=:

Y RN )
= c.l1+¢,0=3
—— =3
And y'(0)=4
1 ~o 1 1

= ——33 (¢ cos—=.0+¢,51n—4= e 3 ( ¢ sin—=.0+¢, cos—=.0) =4

3 V3 J_ J‘ VN

1
= ——(¢.1+¢;. D}+J_{ c.0+c,.1)=4
RN

——+—=.C, =

34 ﬁ 2

1 1
= —3+—c, =4

37 B
= €, =543

Putting the values of ¢ and ¢, in equation (1), we have

1
—x 1 |
y(x)=e * (3cos—=x+5f3sin—=

Ng 5
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Euler Equation:
A differential equation of the form

n_, n-1_, ,
4y +a(x—a)"” "y +... —a,,_l(x—a};i+any =0 a, =0 (1)
»

ag(x—a) o =

n-2_ n-21

Or a,(x—a)"y'+a(x—a)""y" " +a,(x—a)"y" +. . . +a,_(x—a)y'+a,y=0. a,#=0

is called the Euler’s equation of the order n.
In order to solve the Euler’s equation put

(x—a)=¢e" or z=lh(x-a)

dz 1
::> _ =

dex (x—a)
Thus,@=ﬁ.§

dv dz dx

d_& 1

dc  dz (x—a)

(ﬁ! d}! d

x—a)—=—=Dy where D=— 2

= (x a)dr 5 Dy  where 2 (2)

or (x—a)y'=Dy where D:i

s

again differentiating w.r.t. x we have

d’y dy d[d
(x—a)—5+—=—/—— |
dx dx dx'\dz)
L oy, d_d(d)d
dv dx dz'\ dz ) dx
d’ dv d*vy 1
= (- X 2_2)
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r  div
dx dz”
= (x— aj 2 d'v—ﬁ [using equation (2)]
d  dit dz

.

—Dy=D(D-1)y whered—_,_=D3 and a_
dz" dz

Oor (x—a)' y"=Dy—Dy=D(D-1)y where d =D’ and i=ﬂ

F dz
Continuing in this way we have

3d1

(x—ay =L =D(D-1)(D-2)y

Or (x—a) y"=D(D-1)D-2)y

Or in general

.l‘!

(x— a}" > =DD-1(D-2).. . ([D-n+1)y

Or (x—a)"y"=D(D-1)(D-2).. .(D-n+1)y

Now, replacing these values in equation (1) and then solve the equation by
finding the auxiliary for the variable z, then replace the value of z in the
general equation, we obtain the general solution for x and v.

Prepared by Y.Sangeetha, Asst Prof, Department of Mathematics, KAHE Page 18/29




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 1 BSC MATHEMATICS COURSE NAME: DIFFERENTIAL EQUATIONS
COURSE CODE: 18SMMU201 UNIT: 111 BATCH-2018-2021

Example : Solve the Euler's equation x'»"—3x’y"+6xp'-6y =0
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Solution: Given equation is
Xy"—3xy"+6xp'— 6y =0 (1)

Putting x=¢" and putting

xv'=Dy where D= 4

=

xl_‘p‘ "=D(D-1)y
And x’y"=D[D-1)D-2)y
Putting these values in equation (1) We have
D(D-1)D-2)y-3D(D-1)y+6Dy—-6y =0
=  D{D*-3D+2)y-3D(D-1)y+6Dy—6y =0
=  (D'-3D*+2-3D’+3D+6D-6)y=0
= (D'-6D"+11D-6)y=0
Corresponding characteristic equation is
m—6m’ +11m—6=0
= (m—-D(m-2)(m-3)=0
= m=1 2. 3
Solution of the equation is
y(z)=ce +ce” +ce”
Putting ¢ =x
= Y(E)=ex+ex’ +e,x°

is the required solution.
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Example : Solve the Euler’s equation (x+1)°y"+(x+1)y'-y=0
Solution: Given equation is

(x+1)°p"+ (x+1)y'—y=0 (1)

Putting (x+1)=¢" and putting

(x+1)y'=Dy  where D =i

and (x+1)’y"=D([D-1)y

Putting these values in equation (1) We have
D(D-1)y+Dy-y=0

= (D'-1Dy=0

Corresponding auxiliary equation is
m —1=0

= m=x

Solution of the equation is
v(z)=ce +c,e”

Putting ¢ =(x+1)

= @) =q(x+D+e,(x+1)7"

)

(x+1)

= v =¢qlx+1)+

is the required solution.
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Method of Undetermined Coefficients:

The method of undetermined coefficients is applied to find the particular
solution of the non-homogeneous differential equation if the function R(x) in
the non-homogeneous differential equation is a linear combination of finite
products of functions of the following three types:

(i) A polynomial in x
(ii) An exponential function of the form &~

(iii) A trigonometric function of the form cosmx or sinnx

Rule to find the Particular Solution by Method of Undetermined
Coefficients:

If no term appearing either in R(x) or in any of its derivatives satisfies the
homogeneous differential equation associated with the non-homogeneous
differential equation (A). Then the particular solution y, is considered as a
linear combination of all linearly independent such terms and their
derivatives. Since y, is a particluar solution of the non-homogeneous

differential equation (A). Hence, coefficients of y, are determined by

substituting it into the non-homogeneous equation (A) by comparing the
coefficients of like terms of both sides.

Case (I): If R(x) is in the form of a Polynomial:
If R(x) is in the form of a polynomial i.e.
R(x)=b, +bx+bx +. . . +bx"

Then y, is considered as follows

YV, =(Ag+A4x+Ax + . . +A4X )
Where the coefficients 4,.4.4,. .. ..4 and s are to be determined.
Example
Solve the differential equation by finding the particular solution
of the differential equation y"—y'-2y=3x+4.
Solution: Given differential equation is
y'—y'=2y=3x+4 (1)
Associated homogeneous differential equation is

y'—y'-2y=0
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Corresponding auxiliary equation is

m —m—2=0
= (m—=2)m+1)=0
= m=-1 2
Thus, complementary solution is
y.(x) =™ +ce” (2)

Since R(x)=3x+4, thus particular solution must be of the form 4, +.4x then
there is no duplication of any term y_(x) with the particular solution. Then

consider
Y, (x) =4, + Ax (3)

on differentiating w.r.t. x we have

Now putting these values in equation (1) we have
0—4 — (4, +A4x)=3x+4

= -4 -4, —Ax=3x+4

comparing the coefficients of like terms we have
A,=-land 4 =-3

putting the values of 4 =—1and 4 =-3 in equation (3) particular solution is
¥, (x)=-1-3x
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Thus the complete solution is
y(x) =y (x)+y,(x)
— V(x)=ce "+ c?je:x —3x-1

is the required solution.

Case (II): If R(x) is in the form of sin mx or cosmx:
If R(x) is in the form of

R(x)=acosmx or bsinmx or acosmx +bsmmx

Then y, is considered as follows
¥, =(Acosmx + Bsinmx)x”

Where the coefficients 4. B and s are to be determined.
Example

Solve the differential equation by finding the particular solution
of the differential equation »"-3y+2y=10cos3x.
Solution: Given differential equation is

v'—3y'+2y=10cos3x (1)
Associated homogeneous differential equation is

y'=3y+2y=0
Corresponding auxiliary equation is
m —3m+2=0

— (m—1)m—-2)=0

= m=1 2
Thus, complementary solution is

yv.(x)=qe" + c?:ezx (2)
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Since R(x)=10cos3x, thus particular solution must be of the form
Acos3x+Bsin3x then there is no duplication of the term y (x) with the term
Acos3x+Bsin3x in particular solution. Then consider

¥,(x)=Acos3x+ Bsin3x (3)
on differentiating w.r.t. x we have
¥, '=—34sin3x+3Bcos3x
again differentiating w.r.t. x we have

v, "=-9A4cos3x—9B8smn3x

P
Now putting these values in equation (1) we have

(—9A4cos3x—9Bsin3x)—3(—34sm3x+3Bcos3x)+2(Acos3x+ Bsin3x) =10cos 3x

— (—74—-9B)cos3x+(94—7B)sin3x=10cos 3x

comparing the coefficients of like terms we have

7 9
A=——and B=——
13 13

putting the values of A=—1i and B=—% in equation (3) particular solution is

v (x)= —iCDSSI—ESﬁl 3x = —i(?cos 3x+9s5m3x)
i 13 13 13

Thus the complete solution is

y(x) =y (x) +,(x)

| .
= y(x)=ce +ce” —ﬁ(?cosir+93u13x)

is the required solution.
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Case (III): If R(x) is in the form of & cosmx or ™ sinmx:
If R(x) is in the form of

R(x)=¢€"cosmx or €% smmx or €(acosmx+bsinmx)

Then y, is considered as follows
y, = €™ (A4 cosmx + Bsinmx)x*

Where the coefficients 4. B and s are to be determined.
Case (IV): If R(x) is in the form of (b, +bx+bx"+ ... +bx"):
If R(x) is in the form of

R(x)=€"(b, +bx+bx*+ . .. +bx")
Then y, is considered as follows
Y, =" (4, + AX+ A+ ...+ 41X
Where the coefficients 4,.4.4,. .. .4 and 5 are to be determined.

Method of Variation of Parameters:
Consider the second order non-homogeneous linear differential equation

y'+px)y'+g(x)y=r(x) (1)

Where p(x) and q(x) are continuous functions on an open interval I. Then
the complementary solution is of the form

2.(0) =63, (0) +6,,(%)
Where y(x) and y,(x) are linearly independent functions.
Then the particular solution of the equation (1) is given by

| 7HOFE) (A
’ =—h d "3 —— — dx
3,09 = - BT ey [ HOTLD
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Where W(y,.y,) is the Wronskian of two independent solutions y,(x) and y,(x)

of the associated homogeneous equation of the non-homogeneous equation
given by (1).

Example: Using the method of variation of parameters solve the
differential equation »'+9y=2sec3x

Solution: Given differential equation is

y'+9y=2sec3x (1)
Associated homogeneous differential equation is

y"+9y=0
Corresponding auxiliary equation is

m +9=0
= m=x3i
Thus, the complementary solution is

¥.(x)=c cos3x+c,8in3x (2)
On comparing equation (2) with

V() =y +6,0;
= y(x)=cos3x and y,(x)=sin3x

Then wronskian of y, and y, is

Moo¥
W(-}Il' ‘1-*2} — 1. |
"Lr_l }:l:
7 } cos3dx sin 3x
] . -Lr') —
R —3sm3x 3cosix

3cos” 3x+3sin” 3x

= 3[;4.:053 3x+sin’ 3x)
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W(y. y,)=3
Given r(x)=2sec3x

Using the method of variation of parameter we have

y,(x) ==y (x) IMH& 30 v, (x).r(x)

Wy ¥,) Wiy ¥5)

-sin3x 2sec3 cosdx 2sec3x
V,(x)=—cos 3.1'] X ;ec % dx +sin 3.1'] cosI% : SECOE i

2 g
Y, (x)= —E cos SII tan 3xdx + ?51_11 5:1.:_[ dx

. 2 1 2 .
¥, (x)=——cos3x.—Insec3x+—sin3xx
3 3 3
. 2 X .
yp(x)= ——cos3x.Insec3Ix+—sinix
’ 0 2

Hence the general solution is
y(x) =y () +y,(x)

,
. 2 x .
V(x)=¢cos3x+c,51m3x— 3 cos3x.Insec3x+ E.‘_—;lll 3x

BATCH-2018-2021
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POSSIBLE QUESTIONS
PART -B (5x2=10)
1. Define linear combination of functions.
2. Explain a fundamental solution of function
3. Briefly explain Wronskian of functions.
4. Write any two properities of Wronskian of functions.
5. Write the general form of Euler’s equation.

PART - C (5x 6 = 30 Marks )

1. Prove that the Wronskin of n solutions f3, f5, ... ... ... .... f, 0f homogeneous equation is
either identically zeroon a < x < b or else never zeroonaa < x < b.
2
2. Given that y=x is the solution of (x* + 1 3732’ — ij_i + 2y = 0find a linearly

independent solution by reducing order.
. . . d?y dy o in@y  Sady <
3.Find the general solution of i) E: Tt 25y =0 1ii) -3 2 ™ 3y =0.
4. Solve the initial value problems 3732’ — Z—i — 12y =0 ,y(0)=3,y’(0)=5.
2
5.Find the general solutions of the differential equations 2732’ -2 Z—z — 8y = 4e?¥ —21e73*
6. Determine the linear combinations of functions with undetermined literal coefficients to
use in finding a particular integral by the method of undetermined coefficients

2
%—63—Z+8y=x3 +x+e
7.Explain briefly variation of parameters of differential equation.
8.Find the general solution of the differential equation
2 By _ 5 8 o a3 1 1)2
(x*+ -5 —2x———2y —26(x +1)
i i 247y 5, W — 43
9.Find the general solution of x ™) 2x T 2y = x

2
10. Consider the second order homogeneous linear differential equation 2732’ -3 Z—i’ +2=0

I) Find the two linearly independent solutions f; and f, of this equation which are such
that f1(0) =1, f,(0) =0 and f,(0) =0, f,(0) =1 .

ii) Express the solution 3e* + 2e2* as a linear combination of the two linearly independent
Solutions of f; and f, defined in part (i).
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Questions

Choice 1

Choice 2

Choice 3

Choice 4

Answer

Iff1,f2... ... ... fm are m given functions and
.. ......cm are m constants then the
EXPIession ............o.euvnen is called a linear
combination of f1,f2...... ... fm.

cl fl+c2

cl f1*c2

clfl/c2

cl f1-c2 f2-

cl fl+c2

Iff1,f2... ... ... fm are m given functions and
cl,c2... ... ... ...cm are m constants then the
expression cl fl+c2 2+ ... ... ... ... +cm fm is
called a

non linear
combination

homogeneous
equation

non
homogeneous
equation

linear
combination

linear
combination

homogeneous linear differential equation is also
a solution of homogeneous equation.

linear

nonlinear

Zero

separable

linear

Any lienar combination of solutions of the
................... linear differential equation is
also a solution of homogeneous equation.

homogeneous

non
homogeneous

singular

non singular

homogeneous

Any lienar combination of solutions of the
homogeneous linear differential equation is also
- T of homogeneous equation.

value

separable

solution

exact

solution

The n functions f1,£2... ... .... fn are called
................. on a<x<b ifthere existsa
constants c¢1,c2... ... ... ...cn not all zero,such
that cl fl1(x)+c2 f2(x)+ ... ... ... .... +cn fn (x)=0
for all x.

linearly
dependent

linearly
independent

finite

infinite

linearly
dependent

The n functions f1,£2.......... fn are called
linearly dependent on a <x <b ifthere existsa
constants cl,c2... ... ... ...cnnot
.................... ,such that ¢l fl(x)+c2 2(x)+ ...
.......... +cn fn (x)=0 for all x.

all zero

one zero

two zero

n zero

all zero

The n functions f1,£2... ... .... fn are called
linearly dependent on a <x <b ifthere existsa
constants c1,c2... ... ... ...cn not all zero,such
that cl f1(x)+c2 f2(x)+
(x)=......... for all x.

The functions f1,2... ... .... fn are called
........................ on a < x < b if the relation
cl f1(x)+c2 2(x)+ ... .o oo oene +cn fn (x)=0 for
all x implies that cl=c2=... ... ... ...=cn=0.

linearly
dependent

linearly
independent

finite

infinite

linearly
independent

The functions f1,f2... ... .... fn are called linearly
independent on a <x <b if the relation cl

fl(x)+c2 2(x)+ ... v en e +cn fn (x)=0 for all x
implies that cl=c2=... ... ... ...

The functions f1,2... ... .... fn are called linearly
independent on a <x <b if the relation cl
fl(x)+c2 2(x)+
for all x implies that
. ......=cn=0

equal to 0

<0

>0

not equal to 0

equal to 0

Thenthorder ...................... linear differential
equations always possess n solutions that are
linealy independent.

homogeneous

non
homogeneous

singular

non singular

homogeneous

The nth order homogeneous linear
equations always possess n
solutions that are linealy independent.

differential

integral

bernoulli

euler

differential

The nth order homogeneous linear differential
equations always possess

......................... solutions that are linealy
independent.

Zero

finite

inifinite

The nth order homogeneous linear differential
equations always possess n solutions that are

linearly
dependent

linearly
independent

finite

infinite

linearly
independent




Letfl,f2,......fn ben................. functions

each of which has an (n-1)st derivative on real real complex finite infinite real
interval a<x<b
Let f1, f2,.. .. ..fn be n real functions each of
which has an ------------ derivative on real interval |n n-1 n+1 n+2 n-1
a<x<b
Let f1, f2,.. .. ..fn be n real functions each of
which has an (n-1)st derivative on ------------ real complex finite infinite real
interval a<x<b
The ..o solution of homogeneous
equation is called the complementary function of |explicit implicit general particular general
equation.
The general solution of -------------- equation is non . .
. . homogeneous singular non singular homogeneous

called the complementary function of equation. homogeneous
The general solution of homogeneous equation s real complex complementary |particular complementary
called the ------------------ function of equation.
ANy oo solution of linear
differential equation involving no arbitrary - L . .

- - : : explicit implicit general particular particular
constants is called particular integralof this
equation.
Any particular solution of linear differential
equation involving -------------- arbitrary constants [finite infinite no one no
is called particular integralof this equation.
Any particular solution of linear differential
equation involving no arbitrary constants is called |general particular finite infinite particular
................ integralof this equation.
The soluation--------------- is called the general
solutionsof linear differential equations. yeyp yeryp yeryp yclyp yeryp
The soluation yc+yp is called the --------------- explicit implicit general particular general
solutionsof linear differential equations.
In general solutlon.yc+yp where yc is real complex complementary |particular complementary
................. function
In general solution yc+yp where yp is explicit implicit general particular particular

................. function
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Unit-1vV
Syllabus
LAPLACE TRANSFORMS

Definition-Sufficient conditions for the existence of the Laplace Transform, Laplace Transform of periodic
functions- Some general theorems-Evaluation of integrals using Laplace Transform.

DEFINITION, EXISTENCE, AND BASIC PROPERTIES OF THE
LAPLACE TRANSFORM |

DEFINITION

Let [ be areal-valued function of the real variable t, defined fort > 0. Let s be a variable
that we shall assume to be real, and consider the function F defined by

F(s) = r e = f(1) dt,

]
Jfor all values of s for which this integral exists. The function F defined by the integral
(9.1} is called the Laplace transform of the function f. We shall denote the Laplace
transform F of f by & { [} and shall denote F{s) by £ { f{}}.
Example

Consider the function f defined by
fiy=1, fort>0,

] R —g~H R
f{l}:J. e - ldt= limj e ™ ldi = lim[ ; :L
0 E—+m H-4o

for all s = 0. Thus we have

Then

EE’{I}=§ (s=>0).
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Example

Consider the functien f defined by
fl)=1t, for ¢ > Q.

Then
o R e-—at R
Fl)=| e ¥ tdt=Ilm _[ e"'-zd:=lim[——f{sr+l)]
i) R—=o i R—+m § o
. 1 e ™% 1
=,}L“;[;f—s—t"“+”]-:=

forall s > 0. Thus

&1} =-$ (s > 0L

Example

Consider the function f defined by
[y = e*, fort = 0.

- R | ﬂ""""' R
&’{a"}a—.[ e"’e”dt=!imj. g0 Jp = li.m[ ]

0 R~ Jo K=o | d—5 |o

. [e“ ¥k 1 1 1
= lim - B e forall s > a.

Thus

1
f{f“} =.5-_:-_ﬂ- (S}ﬂ-].
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Example

Consider the function [ defined by
f(H=sinbt fore>0.

=) E
& {sin br}=I e~ -sin bt dt = limJ- e~% -sin bt dt
o .

k=m Jo

. e ™ . .
-i:_{_t:u I:—S—zu_r—b—z {s sin bt + bm:-:bﬂ—L
- s

, b e .
= lim [ prane (ssin bR + bcos bﬂ}]

R=m 51 -+ bl -
b
=T for all 5 > 0.
Thus
£ {sin bt} = b (s > 0O)
s+ b?
Example

Consider the function f defined by
ity = cos bt fort > 0.

oy L4
& {cos bt} =.[ e "-cos btdt = lim I e ~* cas bt dt
0 R—=ax Jno

. e -
= lim [m(—scmm + b sin bﬂ]

R o

: e *f , 5
=lh-?3:r [m{—ﬁm bR + bsin bR) + m]
5

=Ty for all s > 0.

Thus

Zlcos bt} = -5—1—3'—-— (s > 0}.

+ b?
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THECREM  Comparison Test for improper Integrals

Hypothesis
{. Let g and G be real funcrions such that
0= g(t) < G(b) on a=<t-< o,
2. Suppose [ G(t) dt exists.
3. Suppose g is integrable on every finite closed subinterval of a <1 < .

Conclusion. Then |7 g(t) dt exists.

THEOREM

Hypothesis

1. Suppose the real function g is integrable on every finite closed subinterval of

<< o0,
2. Suppose [ |g{t)| dt exists.

Conclusion. Then [ g(t) dr exists.

We now state and prove an existence theorem for Laplace transforms,
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THEOREM

Hypothesis. Let [ be a real function that has the following properties:
L. { is piecewise continuous in every finite closed interval 0 <t < b (b = 0).
2. [ is of exponential order; that is, there exists o, M = 0, and ty > 0 such that

e U f) =M Jor t>t,.

Conclusion. The Laplace transform

Jme‘”f{cad:

o

of [ exists fors > a

Proof. We have

J.m e”® firydt = Jm e ™ fitydr + J.“n e ™ f{r) di.

o 3 fo

By Hypothesis [, the first integral of the right member exists. By Hypothesis 2,
e M f(O] < e #Me™ = Me b7

for t > ty. Also

o R Mo~ s—an R
J. Me™ =" dt = lim J. Me ¥ =2 gy = |lim [-——L—]
E

o A= Jrg R4 a0 J—a o

= lim [ M, ][E-ﬁs—u'ﬁn_e—ﬂ'—d]ﬂ]

R | §— 0

i
= [_ﬂ_}eh{"'_'h -if g =% &,
5F—o

Thus

o
f Me BV g4t exists for s> o
LT
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Finally, by Hypothesis 1, ¢ * | f(¢)] is integrable on every finite closed subinterval of
ty < [ < oo, Thus, applying Theorem A with g(z) = ¢ | f(1){ and G(r) = Me ¥ ™", we
see that

e Tl dr  existsif s>a
W ko .

In other words,

o]

le™ )l dt  existsif 5> a,

Wil

and so by Theorem B

re‘ﬂf{r)ﬁz

o

also exists if s > & Thus the Laplace transform of [ exists for s > a.

Let uslook back at this proof for a moment. Actually we showed that if f satisfies the
hypotheses stated, then

=]
J’ e M f) dt  existsif 5>
4

0

Further, Hypothesis 1 shows that

j “emrelde  exists.

i

Thus

J. e ™| f ()} dt exists if s> a
1]

in other words, il f satisfies the hypotheses of Theorem 9.1, then not only does #°{ f'}
exist for s > &, but also #{| f|} exists for s > a. That is,

J- e *flnde is absolutely convergent for s > a.
1]

Basic Properties of the Laplace Transform

Let f, and f, be functions whose Laplace transforms exist, and let ¢, and ¢, be constants.
Then

L i)+ e i)} = ¢, F {1 + 2 { ALl
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Translation Property
Hypothesis. Suppose f is such that % {f} exists for s > a.

Conclusion. For any constant 4,
L)} = F(s — a)
Jor s > o + a, where F(s) denotes & { f(t)}.

Example

Find % {¢" sin bt}. We let f(tr) = sin bt. Then £ {e” sin bt} = F(s — a), where

F(s) = #{sin bt} = E%F (s > 0),

Thus
b
Fls — -
-4 (s —a) + b2
and so
ar h
f{ﬂ ﬁlﬂbf}ﬂm {S.}ﬁ}.
Example
Find the Laplace transform of
T
0, D<r = 3
alr) =
sint, > 1
T 2 .
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i
| 0, O0<t < 7
glr) =
bid e
cosl F — E , = 5
0 0<rt < i
+* 2 *
a0 f(E — 1/2) =
i I = r
cosl t —= |, -,
2 2
Fis) = #cost) = :
B Tst 4

a = w/2, we obtain
Se_1!'.||2”

f{ﬂ“]} = E{MH:{”‘]"(! — .‘I'I.I.IJE]} = -s"f-":-r

THEOREM
Hypothesis, Suppose f is a periodic function of period P which satisfies the
hypotheses of Theorem !

Then

PV 0L
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By definition of the Laplace transform,

Zifin} = L e f{1) dt.

The integral on the right can be broken up into the infinite series of integrals

F F 3r
j. e " f(t)dt +J- E"’T{EJHI+J e f(¢yde + -

o P ir

i+ 1)F
+J e "f(tydet---. (9.28)

e

We now transform each integral in this series. Foreachn = 0,1,2,...,lett = u + nPin
the corresponding integral
(a+ LIP
J. e =f{t)dr.

wP

Then foreachn =0, 1, 2,.. ., this becomes

P
: J‘ e Ay + nP) du.

1]

P
g " J‘ e *f (u) du.

[

Hence the infinite series takes the form

r P
J. e""ftu]:iu+e"’.|‘ e *f(u) du
F

F
+ e*mj e f () du + oo + e““”‘j e () du + o

] Q

Fr
=[l+e ™4 4 ey ]I e " (u) du.
1]
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Now observe that the infinite series in brackets is a geometric series of first term 1 and

common ratior = ¢

F B - '
~Fs « 1. 8uch a series converges to 1/{1 — r), and hence the series in

brackets converges ta 1/{1 — e~ ™), Therefore the right member of (9.30), and hence

that of reduces {0
[b e ™f(u) du

| —e™Fs

we have

iy = e QL
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Find the Laplace transform of f defined on 0 <t < 4 by

I, 0<t<?2
ﬂ”’{-t, 2<t <4,

and for all other positive 1 by the periodicity condition

flt +4) = f{r)

The graph of f is shown in Figure 9.5, Clearly this function f is periodic of period
P = 4. Applying formula (9.26) of Theorem 9.8, we find

2is) LSO 8

l ' i
=3 —e"’[L e‘“{l}dr+L e'"l{—I]d‘:]
B 1 —g ¥ 2 4
Tl ™ 8 s

+
! I - 28 - dg — 1z
=1 (—e ™"+ +e ™ —e ]

E_ﬁ

o &
5

b —2e Py e (1 —e 2
T osl—e ¥ s(1—e™ )1 +e7%)
ix

1 —e”
= BT
s{(1 +e7%)
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POSSIBLE QUESTIONS
PART -B (5x2=10 Marks)

Define Laplace Transform

Give sufficient condition for the existence of Laplace Transform
Find L(1),L(t) and L(t%)

Find L(t° +2t+3)

Define piecewise continuity.

ko E

PART —C (5x 6 =30 Marks)

1. Find L{f(t)} where f(t) = Owhen0 < t < 2

= 3when t = 2.
2. Find L{f(t)} where f(t) = 1when0 < t<b

= —1when b=t < 2b.
3. Find L{f(t)}where f(t) = twhen0 < t<b

= 2b—twhen b<t < 2b.
4. Find L(te "sin t).
5. Find L(sin® 2t).

gmb_g—tt

6. Prove that |~ dt = log2.
7. Evaluate [~ t e cost dt.

8. If L{f(t)} = F(s) then prove that L{tf (t)} = — :—3 F(5).

Ein at

©

. Find the Laplace transform of

1—gt
10. Find the Laplace transform of lT .
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Questions Choice 1 Choice 2 Choice 3 Choice 4 Answer
The function is L L . The function is
i i K The function is The function is The function is of i K
A Laplace Transform exists when piece-wise . . . ) . ) piece-wise
K non-linear piecewise discrete |differential order K
continuous continuous

Where is the ROC defined or specified for the signals containing

Greater than the

Between two

Less than the

Cannot be defined

Between two

causal as well as anti-causal terms? largest pole poles smallest pole poles
Step Function Ramp Function Ramp Function
Which result is generated/ obtained by the addition of a step to [shifted by an shifted by an Step function of  |Step function of  |shifted by an

a ramp function ? amount equal to |amount equalto |zero slope zero slope amount equal to
ramp step step
Unilateral Laplace Transform is applicable for the determination o L . . L
. - . ) . ) Zero initial Non-zero initial Zero final Non-zero final Non-zero initial
of linear constant coefficient differential equations with . " " " "
condition condition condition condition condition

What should be location of poles corresponding to ROC for
bilateral Inverse Laplace Transform especially for determining
the nature of time domain signal?

On L.H.S of ROC

On R.H.S of ROC

On both sides of
ROC

None of the above

On both sides of
ROC

Generally, the convolution process associated with the Laplace
Transform in time domain results into

Simple
multiplication in
complex frequency
domain

Simple division in
complex frequency
domain

Simple
multiplication in
complex time
domain

Simple division in
complex time
domain

Simple
multiplication in
complex frequency
domain

When is the system said to be causal as well as stable in
accordance to pole/zero of ROC specified by system transfer
function?

Only if all the
poles of system
transfer function
lie in left-half of S-
plane

Only if all the
poles of system
transfer function
lie in right-half of S
plane

Only if all the
poles of system
transfer function
lie at the centre of
S-

None of the above

Only if all the
poles of system
transfer function
lie in left-half of S-
plane

Transformation in which function in one space is transformed to
another space by process of integration that involves kernel is
termed as

differential
transform

integral
transform

algebraic
transform

rational
transform

integral
transform

(a,b] or [a,b) represents

infinite interval

closed interval

half open interval

open interval

half open interval

A function has a Laplace transform if t<0 >0 t<0 t >0 t >0
Laplace transform of function f(t)=cos(nt) is s/(s+m) s/(s-m) s/(sz+n2) S/((S-a)2+n2) s/(sz+n2)
If Laplace transform of function exists, it is determined similarly constantly uniquely identically uniquely
If two continuous functions have same transform, they are . . . . .
unique constant identical zero identical

completely

When taking Laplace transform of function f(t)=1 where t>0,
integral limit will be from 0 to oo results in

proper integral

improper integral

singular integral

finite integral

improper integral

Laplace transform of function f(t)=sin(wt) is s/(32+wz) s/(s-w) s/(s+w) W/(52+WZ) W/(52+WZ)

Laplace transform of function f(t)=e™ where t > 0 is 1/s 1/(s+a) 1/(s-a) s-a 1/(s-a)
Laplace transform of function f(t)=cos(wt) is s/(s+w) s/(s-w) s/(s*+w?) wi(s>+w?) s/(s*+w?)

Laplace transft h lied to function, ch that . . . i inar logical . .
aplace franstorm when applied to function, changes tha integration differentiation blna.y . oglc_a . integration

function into new function by using a process that involves manipulation manipulation

In Laplace transform, kernel is integral x e integral x e” e integral x e e

Iff(t)is a f1_m(_:t10r_1 defined for all t > 0; its Laplace 0 w 0to o w100 0to o

transform limit will be

Kernel e ™ in Laplace transform is represented as k(s,t) k(s) k(t) k(t;s) k(s,)
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Unit-V
Syllabus

INVERSE LAPLACE TRANSFORMS
Solving ordinary differential equations with constant coefficients using Laplace Transforms-Solving a
system of differential equations using Laplace Transforms.

The Inverse Transform

Thus far in this chapter we have been concerned with the following problem: Given a
function f, defined for ¢t > 0, to find its Laplace transform, which we denoted by % { f'}
or F. Now consider the inverse problem: Given a function F, to find a function j whose
Laplace transform is the given F. We introduce the notation %~ {F } to denote such a
function f, denote ¥~ {F(s)} by f(r), and call such a function an inverse rransform of
F. That is,

)= £ {Fi9)}
means that f(z) is such that
Z{f(} = Fis)

THEOREM

Hypothesis. Let f and g be two functions that are continuous fort = 0 and that have
the same Laplace transform F.

Conclusion, [f{1) = gtt) for allt = 0.

Thus if it is known that a given function F has a cortinuous inverse transform f, then
f is the only continuous inverse transform of F. Let us consider the following example.
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I, OG<r<3d,
glty=42, t=3,
1, =13
Then
= 3 4]
Flglty} = J. e Hg(n) dr = I e dt + J- e *di
o o 3

—s 73 —s |R
=[_£_jl + lim [_.f__] =£ if 5 > 0.
5 4] R= o 3 2 5

Thus this discontinuous function g is also an inverse transform of F defined by
F(s) = 1/s. However, we again emphasize that the only continuous imverse transform
of F defined by Fis) = 1/sis f defined for all t by f(f) = 1. Indeed we write

o {)
¥

with the understanding that f defined for all £ by f(t) = | is the unigue continuous
inverse transform of F defined by F(s) = I/s.

I
‘_1 — e ————
find £ LM&HH}‘

Solution. * we would first look for Fis) =
1 b

ot aray ey However, we find no such Fis}, but we do find F{s) =WTEE

, _ |

(number 11). We can put the given expression it 13
1 __ 2
2 s+ 1+ 28

in this form as follows:

1 1
sPHbs+ 13 (s+3)7 44

Thus, using number 11 of Table 9.1, we have

1 1 2 Loy
13 L L2 FD NN G S
o {51+65+13} 2 {(3+3J=+2’} 2f A
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. 1
find & l{m}.

Solution. Neentry of this form appears in the F(s)column of Table 9.1, We employ
the method of partial fractions. We have

1 A4 Bs+C
m=?+s‘+!
and hence
l=(4 + B)s*+ Cs+ A
Thus
A+ B=0, C=0 and A=1

LAPLACE TRANSFORMS

fy=2""Fs}  Fis)= #{/)]

L 1
X
2 Eﬂf I
& =14
. b
3 sin bt TR
5
4
cos br T
: b
5 sinh br T
. 5
G cosh bt 5_2_—._[{7_1
n!
7 i"in =1, 21,...] = T
5
g "e*in = 1,2 ”
e n =1, ,1..} {S_—.ﬂ_}"TT'
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. 2bs
g Fosin b m
) 2
55~ b
10 t cos bi R
(s* + B°)*
b
1 ¥ sin bt —_—
e s +ap* +b*
s+ 4
12 - hi —_—
e~ " cos {s+a]1+bz
13 sin bt — bt cos bt 1
2h? (s? + b2
14 t sin bt i § -
2k (s* + b%)
g™
15 §
u () .
[see equations
(919 and (9.21)]
16 w eyt — a) e " F(s)
[see Theorem 9.7]

From these equations, we have the partial fractions decomposition
1 1 s

s(s2+1) 5 s24+1

1 1 I O RS
o {5{35+I]}_'99 1{;} # {33+1}+

By number 1 of Table 9.1, % '{1/s} = 1 and by number 4, #~"{s/(s* + 1)} = cos ¢.
Thus

Thus

3 1 L
¥ {s[sz+l]}_l cost.
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Find

E-] E_.EE‘EI'_ ze.“?i
$ 5 s |

Solution. By number | of Table 9.1, we at once have

efllon

By number 15, we see that

Here u,, is the unit step function

by

O<t
ta(t) =L{‘ljl {;a =

and for g = 0 by
ugfty =1 forr =10

Applying 1with @ = 3 and a = 7, respectively, we have
e 0, 0<t<3
=1 i — _ § ]
ol { 5 } 4] {1, t>3,

and

g~ 0, O<t<7
E-l L — _— — * 1
{ ) i) 1, t>7
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Thus we obtain

=3 —Ts
f-l{é B 325 _ ZES } = 5§ — 3usft) — 2u-(1).

~we see that this equals

5~0=0, 0=rt<3
5~3-0 3<r<T,

§5-3-=-2 1>T,
and hence
5, D<at<3
5 3e~¥ 2T : '
.2’"{;——2——— : }-— 2, I<t=<T,
. 0, t>7.
Find

Solution. This is of the form % ~!{e ""F(s}}, where a = 4 and F(s} = 2/s* + 5/s.
By number 16 of Table 9.1, we sce that

FHe ™ F(s)} = u 00 f(t — a).

Here u, is the unit step function defined for a > 0 by (9.32) and f{f) = %~ {F(s)} [sec
Theorem 9.7]. By number 1 of Table 9.1, we #ain find #~'{1/s} = 1; and by
number 7 with n = 1, we obtain % ~'{1/5*} = 1. Thus

fiy=2 HF($} = 3‘1{%+§} =2t + 5,
and so f(t —4) = 2(t — 4) + 5 = 2t — 3. Then by (9.35), with a = 4,
FHe Y F(s)} = u () f(t ~ 4

2 5 0, 0=<t<4
=1 —-4gf = 07 — _ = * *
o {e (sz + s)} ua(t)2t = 31 {Zt -3, >4

that is,

The Convolution
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DEFINITION

Let { and g be two functions that are piecewise continuous on every finite closed interval
0 <t < band of exponential order, The function denoted by [+ g and defined by

f(iyw ) = L F@alt - de

is called the convolution of the functions [ and g.

Let us change the variable of integration in ' by means of the substitution 4 =
t — 1. We have

v

J(y#g(t) = Lf[!] gt —myde = — J JG — u)gtw) du

r

[
= _[ gy f(t — u) du = g(2) = f{1).
[t}
Thus we have shown that
Srg=gxf
Hypothesis. Let the functions f and g be plecewise continuous on every finite closed
interval 0 < t < b and of exponential order e”.

Conclusion
Lifrgy=2{f1 %9}

fors>a
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Proof. By definition of the Laplace transform, % { f = g} is the function defined by

jm e"‘[.r flr)g(t — 1) dt] dt.
0 0

The integral {9.39) may be expressed as the iterated integral

J‘m J‘r e‘"f{tjg[r — 1) dr de.
o Jo

Further, the iterated integral (9.40) is equal to the double integral

J].e “F f(r)gl — 1) dr dt,

R

where R, is the 45° wedge bounded by the lines = = Q and ¢t = t (see Figure 9.6).
We now make the change of variable

u=t—r1, -
v =T,

to transform the double integral {9.41). The change of variables (9.42) has Jacobian i
and transforms the region R, in the 7, ¢ plane into the first quadrant of the u, » plane,
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Thus the double integral {9.41) transforms into the double integral

J.J-?'”"“"fw}y{u} du du,

R;

where R; is the quarter plane defined by u > 0, v > 0 (see Figure 9.7).
The double integral (9.43) is equal to the iterated integral

J.mI fm e "3t fly)g(u) du do.

o Jo
But the iterated integral (9.44) can be expressed in the form

Jm e “filv)de J’m e Mglu) du.

i] 1]

But the left-hand integral in (9.45) defines & { f'} and the right-hand integral defines
#{g}. Therefore the expression (9.45) is precisely £ { 1% {g}.

We note that since the integrals involved are absolutely convergent for s > a, the
operations performed are indeed legitimate for s > a. Therefore we have shown that

Flfrgl=ZF{f1¥{g] fors>a
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Denoting & {f | by Fand % { g} by G, we may write the conclusion (9.38) in the form
ZL{feyxg(t)} = F(s)Gis).

Hence, we have

™r

LHFBIGI)) = S «gl) = | floalt — 1} dr,

o

and using (9.37), we also have
It

FUFGEIGE)]) =gl f(1) = , glt} it — 1) dr.

wf

Suppose we are given a function H and are required to determine % ™' { H{s)}. IT we
can express His) as a product F(s}G(s), where & ' {F(5)} = f(and % ' {G(s)} = g(1)
arc known, then we can apply either (9.46) or (9.47) to determine %~ ' { H(s}}.

Find & ~ '{ } using the convolution

sis2 4+ 1)

Solution. We write 1/s(s® + 1) as the product F(s)G(s), where Fis)= 1/s and
Gls) = 1/(s* + 1). By Table 9.1, number 1, f(r) = £~ '{1/s} = 1, and by number 3,
g(ty = - H14s* + 1)} = sint. Thus by (9.46),

ff"{ ! }=f(r}*g[r]=Jll-sin[r—t]dr,

S[Sz + 1} a

and by {9.47),

- 1 "
7 '{S{51+ ”} =g{r]:f{1}=fﬂsmr- 1dr.

The second of these two integrals is slightly more simple. Evaluating it, we have

_ |
F 1{5{52 " ”} =] —cost.

LAPLACE TRANSFORM SOLUTION OF LINEAR DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS
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Solve the initial-value problem
dy
o 2 = 5]"
a7
w0y =13

Taking the Laplace transform of both sides of the differential equation
. we have

{28 - 2200} - 1)

Using Theorem 9.4 with n = 1 {or Theorem 9.3) and denoting % { y(t}] by Y(s), we may
express & {dy/dt} in terms of Y(s) and y{0) as follows:

dyl
E{E} = sY(s5) — y(0)

Applying the initial condition {9.53), this becomes

dy|
f{h&?} = SY{S} -3

Using this, the left member of Equation (9.54) becomes s¥(s) — 3 — 2¥{s). From
Table 9.1, number 2, # {e*} = 1/(s — 5). Thus Equation (9.54) reduces to the algebraic

gquation

1
[E*Z]Y[S]—El:m

in the unknown Y(s).
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Js—14
s—=21¥is) =
[s = 21¥(9) = =
and so
- 14
g — (s — 5)

We must now determine

_: Is—14
ol {(5 -~ 2)s — 5]}'

We employ partial fractions. We have

Is—-14 A + B
(s—2s—35) s—2 s5—5

and so 35 — 14 = A(s — 5} + B(s — 2). From this we find that

and so

_'1 s — 14 _§ _IL E . 1
ol {[3_—__1&_5}}_32 {—E}J'?'f {—5}'

'?_l{_.,_é_j} = ¢ and .‘:2""{3 l 5} =¥

Thus the solution of the given initial-value problem is

p =_g_¢2t +_!_€511

LAPLACE TRANSFORM SOLUTION OF LINEAR SYSTEMS
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Use Laplace transforms to find the solution of the system

dx
9% 6x 1+ 3y = 8ot
ar oty

d}’ it
dt—Ex—p-:ﬂI-e,

that satisfies the initial conditions
x(0) = —1,
¥0) = 0.

Step 1.. Taking the Laplace transform of both sides of each differential equation of

system " we have
5{‘%‘} — 6L{x)} + 32{ 1)} = 2{8eY,
f{j—f} - 22(x(0)} - L{y0) = 24e')
Denote £ {x(f)} by X(s) and £{)(t)} by Y(s). Then applying and the

initial conditions (9.87), we have

9{%} = sX(s) — x(0) = sX(s) + 1,

2’{%} = 5Y(s) — p(0} = s¥(s).
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2{8¢) =£_1- and  Z{4e') =£’f'

sX(s)+ 1 —6X(s) + 3V(3) =%,

$¥(9) — 2X(9) - ¥(9) = ——,
which simplify to the form

(5~ 6X(3) + 3¥(9) = —— — 1,

2K + 6~ DY =

or
~549
s—1"1

(s — :E)JE (s) + 3¥(s) =

~2X($) + (s — DY(s) = ‘sj_r
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Step 2. We solve the linear algebraic system of the two equations Vin the two

“unknowns” X (s) and ¥(s). We have
5—Ds—6)X(E+3Is— DY) = —s5+9,
—6X(8) + 3s — DY() = EET
Subtracting we obtain
(8 =I5+ 12)X() = —s + 9 — %
from which we find
—g2 _ _
XGs) = st 4+ 105 — 21 - s+ 7 .
E—~1Hs—3)s—4) (s—1)s—4)

In like manner, we find
125 —6 2
(s—1}Ms—3s —4) (s — I)(s— 4)°

Yis)=

We must now determine

o e —5+7
x(t) =L X} =& ‘{{—-—5_ 1}[5_4)}

and
)= YY) =2"" {__2___
s~ 1Dis— 4
We first find x(t). We use partial fractions and write
-s+7 A + B
(s—1s—4) s-1 s—4
From this we find
A= -2 and B=1.
Thus

_ 1 b1
x(t) = =2 ‘{5_—1}-{*2’ l{ﬁ}‘
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we obtain
x(t) = —2e' + e*.
In like manner, we find ¥{t). Doing so, we obtain
yt) = —3e' + fe*,

The pair defined by {9.92) and {9.93) constitute the solution of the given system (9.86)
that satisfies the given initial conditions (9.87).
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UNIT V

POSSIBLE QUESTIONS
PART -B (5x2=10 Marks)

1. Find L7
2. Find L71[
3. Find L[
4
5

1
(s+a)2]
s—3

(s—3)2 +4]

s
(s+2)2]'

Find the inverse Laplace transform of !

s(s+a)’

Find the inverse Laplace transform of —(5_13)5

PART - C (5x 6 =30 Marks)

1. Find L1 ;]

| (s2+a?2)?

. -1 [ N
2.Find L _—(52_1)2].
[ s+2 ]
| (s2+4s+5)5]"

_Find L™ [—2

| s(s2+a?)I’

. Find the inverse Laplace transform of (52+

a2)2'

3. Find L1

o o b

. Find the inverse Laplace transform of ———.
s(s+1)(s+2)

dy

\l

dx

2
8. Show the solution of the differential equation 2732’ + 4y = Asin kt which is such that y = 0 and Z—z =0

sin kt— Esin 2t

2
. Solve the equation ZTZ + 2 Z—i — 3y =sint giventhaty = — = 0whent = 0.

A(sin2t—-2tcos2t)

whent=0 is y=4 4_;2 ifk#2 If k=2, y=
9. Solve the simultaneous equations
dx dy _
3 I + a + 2x = 1.

ax 43 _
dt+4dt+3y— 0.
Givenx=0=yatt =0.

10. Solve the simultaneous equations

x _ dy -1 _
& 2x + 2y =1—2t.
d?x dy
F-FZE-FX—_O.

with the conditions x =0, y = 0,% = 0 whent =0.
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Questions Choice 1 Choice 2 Choice 3 Choice 4 Answer
A function in which interval can be broken into a finite
number of sub-intervals on which function is continuous on  [piecewise piecewise single single piecewise
each open sub-interval and has a finite limit at endpoints of  |continuous discontinuous |discontinuous |continuous continuous
each sub-interval is called .........
Laplace transform is basically an ....... differential algebraic integral rational integral
Inverse Laplace transform of F(s)=(5s+1)/(s>-25) is ....... 5cosh5t+1/5sin |5¢c0s5t+1/5sin5 |cosbt+1/5sin5t |5cosh5t+sinh5t [5cosh5t+1/5sin
Initial Value Prt.)ble.ms IVP' are solved without first determing differentiation |integration Laplace None of these Laplace
a general solution in ......... transform transform
In Laplace transform, subsidiary equation can only be solved integration differentiation algel_)ralc _ Ioglc_:al _ algepralc _
by ... manipulation [manipulation |manipulation
When ODE is transformed into algebraic equation, . primary subsidiary . . subsidiary
S real equation - - diary equation -
resultant equation is called equation equation equation
A definite integral that has either or both limits infinite or an |. . .
. L N improper . singular S improper
integrand that approaches infinity at one or more pointsin |, proper integral |. finite integral |,
. o integral integral integral
range of integration is called
A piecewise continuous function is a function that have breaks infinite number | finite number complex real number finite number
of number
The inverse Laplace transform of 1/s is sin t cos t 1 tsint. 1
The inverse Laplace transform of F(s-a) where F(s) is the| . N n
; f 1 ~(at) fi
Laplace transform of f(t) is et & en@) (1) eNan) ()
. The inverse Laplace transform of s/(s"2-4) is ....... sinh 2t sinh 4t cosh 2t cosh 4t cosh 2t
The inverse Laplace transform of 1/(s"2-9)is ........ sin at sinh at 1/3 sinh 3t 1/9 sinh 9t 1/3 sinh 3t
The inverse Laplace transform of 1/ (s-4)is .......... 1 el (2t) e’ (4t) e (at) e” (4t)
The inverse Lapl ransform of 1/ ((s-5)"2+1)i . . . . .
e inverse Laplace transform of 1/ ((s-5) )is eN(5t) sint. e/t sin 5t sin 5t sint en(5t) sint.
The inverse Laplace transform of 1/s"2is .......... el (2t) t th2 ent t
The inverse Laplace transform of s/ (s"2 +4)is ........ cos 2t sin 2t cosh 2t sinh 2t cos 2t
The inverse Laplace transform of 1/s™4 is ........ eMN4t) t"3/6 t"h4 sin 4t t"3/6
The inverse Laplace transform of F’(s) where F(s) is the
. f —t f] f . —t f]
Laplace transform of f(t) is ........... © ¢ tr) t ¢
What is the value of L[t f(t)] ? F(s) —F(s) 1 f(t) —F’(s)
What is the value of L[t"2 f(t)] ? F(s) F’(s) F’’(s) —F’(s). F>°(s)
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PART-A(20x1=20 Marks)

Answer all the Questions:
An equation involving one or more dependent variables with
respect to one or more independent variables is

a) differential equations b) intergral equation

c) Eulers equation d) Laplace equation

A partial differential equation requires ........

a) exactly one independent variable

b) two or more independent variables

c) more than one dependent variable

d) equal number of dependent and independent variables

3 5
The order of the differential equation Iy (22) _ 5y=01Is
dx3 dx

a)l b)3 )5 d)7

Linear ordinary differential equations are further classified
according to the nature of the coefficients of the

................... variables and its derivatives.

a) single b) dependent

c) independent d) constant

The expression M(x,y)dx + N(x,y)dy = 0 is called an exact
differential equations in a domain D if there exists a function of
two variable such that the expression equals the ............ for all
(x,y) in D.

a) differential

¢) partial differential

b) ordinary differential
d) total differential

10.

11.

12.

13.

14.

A first order differential equationis ................... in the
dependent variable y and the independent variable x if it is can be
written in the form (dy/dx) + P(x)y = Q(x).
a)differential b)integral c)linear
Polynomial ar? + br + ¢ = 0 is called..........
a) characteristic polynomial b) trivial polynomial
c)determinant polynomial d) singular polynomial
Let f be a real function defined for all x in a real interval | and

d) non linear

having .............. order derivatives then the function f'is called
explicit solution of the differential equations.
a)1st b)2nd c)nth dyn + 1t

The standard form of first order differential equations differential
formis.............

a) M(x,y)dx + N(x,y)dy =0 b) M(x,y)dx — N(x,y)dy =0
C)M(x,y)dx * N(x,y)dy =0 d)M(x,y)dx / N(x,y)dy =0
A ordinary differential equation requires ........

a) exactly one independent variable

b) two or more independent variables

¢) more than one dependent variable

d) equal number of variables

The order of highest derivatives involved in the differential
equations is called .................. of the differential equation.
a)power b)value c)order d)root

General solution of higher order linear differential equation
depends on ...........

a) arbitrary constant b) coefficient

c) type of roots d) method to which solved
Both.................... solutions will usually be called simply
solutions.

a)general and particular b)singular and non singular
c)ordinary and partial d)explicit and implicit

A solution which cannot be obtained from the general solution by
any choice of the arbitrary constants is called ......... solution.

a) general b) singular  c¢) particular  d) zero



15.

16.

17.

18.

19.

20.

21.
22.
23.

Let f be a real function defined for all x in a real interval I and
having nth order derivatives then the function f is called
............. solution of the differential equations

a)implicit b)explicit c)finite d) infinite

The first order differential equation M(X,y)dx+N(x,y)dy=0 is said
tobe.....cooooiiiiiiini if the derivativeof the form (dy/dx)=f(x,y)
there exists a function g suchthat f(x,y) can be expressed in the
form g(y/x).

a) homogeneous
c) singular

b) non homogeneous
d) non singular

The standard form of first order differential equations derivative

a)(dy/dx) = f(x)
¢) (dy/dy) = f(x, )

b)(dx/dy) = f(x,y)
d)(dx/dy) = f(¥)

A non linear ordinary differential equation is an ordinary
differential equation that is not..... ............
a)differential b)integral c)linear d)non linear

A solution which contains as many arbitrary constants as the

order of the differential equation is called a ........ solution of the
differential equation.
a) general b) singular  c) particular d) zero
Variable is that ...... which takes on different quantitative values
a) quantity  b) order c) quality d) values
PART-B (3x2=6 Marks)
Answer all the Questions
Define Partial Differential equation with example.

Explain singular solutions of the differential equation.
Explain the order of the differential equation with example.

PART- C (3%x8=24 Marks)
Answer all the Questions
24. a) Write the definition of general, particular, explicit, implicit
and singular solutions of differential equations.
(OR)
b) Show that every function f defined by f(x) = (x3 + ¢)e™3*
where c is arbitrary equation is a solution of the differential

equation Z—i +3y=3x%e73% .

25. a) Show that the function for all x by f(x)= 2 sin x +3cos x is an

2
explicit solution of the Differential equation ZTZ +y =0 for all

real x.
(OR)
b) Determine whether the given equation is exact or not and
solve (2xy+1)dx+ (x?+4y)dy = 0.

26. a) Determine the most general function N (x, y) such that the
equation is exact (x3 + xy?) dx + N(x,y) dy = 0.
(OR)
b) Find the explicit particular solution of the initial value
X

problem 23’% =
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PART - A (20 x 1 =20 Marks)
Answer all the questions
. Any particular solution of linear differential equation

involving ......... arbitrary constants is called particular
integral of this equation.

a) finite b) infinite c) no d) one
The solution............ is called the general solutions of
linear differential equations.

Qyc—yp Db)yc+yp Cycxyp  d)yc/yp
The general solution of ........... equation is called the

complementary function of equation.
a) non homogeneous b) singular
¢) homogeneous d) non singular

. Rate of change of population=...............
a) Rate of births+Rate of deaths
b) Rate of births-Rate of deaths
c) Rate of births*Rate of deaths
d) Rate of births/Rate of deaths

10.

The n functions f, f5, ..., fyare called linearly dependent
ona < x < b if there exists a constants ¢y, ¢; ... ¢, not
...... ,such that ¢ f; (%) + ¢ f5(x) + ...+ ¢ fu(x) = 0 for
all x.

a) all zero b) one zero c)two zero d)nzero
The functionsfi, f5, ..., f, are called linearly independent
ona < x < b iftherelationc; f;(x) + c,fo(x) +

e+ fn(x) = 0 forall x implies that ¢; = c,- ... =

Cp=eeeeenn..
a)l b) 0 c) 2 d)3

Let f3, f5, ..., fybe nreal functions each of which has an
(n — 1)5t derivative on ----------- interval a < x < b
a) real b) complex  c) finite d) infinite

Any linear combination of solutions of the homogeneous
linear differential equationisalsoa............ of
homogeneous equation.

a) value b) separable c) solution  d) exact
Thent™ order ...................... linear differential
equations always possess n solutions that are linearly
independent.
a)homogeneous
c)singular

b) nonhomogeneous
d)non singular

In bernoulli equation when n=0 or 1 then the equation is
called ................. equation.
a) ordinary  b)partial

c)linear d)separable



11.

12.

13.

14.

15.

If M(x,y)dx + N(x,y)dy is not an exact differential in D
then the differential equation u(x,y)M(x,y)dx +
u(x,y)N(x,y)dy = 0in D thenu(x,y) iscalled ........ of
the differential equation.
a) integrating factor

c) general

b)singular
d) exact

If f1, f2,--. fm are mgiven functions and ¢, c, ...c,, arem
constants then the expression c; f; + ¢cofo+... +Cfin 1S

calleda .................. of fi,fo - fm
a) homogeneous equation b)) non homogeneous equation

c) linear combination d) separable equation

A first order differential equationis ................... in the
dependent variable y and the independent variable x if it is

can be written in the form (Z—z) + P(x)y = Q(x).

a)differential b)integral
c)linear d)non linear

The first order differential equation M (x, y)dx +
N(x,y)dy =0issaidtobe................... if the derivative

of the form (Z—z) = f(x,y) there exists a function g such
that f(x, y) can be expressed in the form g(y/x).

a)homogeneous b) non homogeneous
c)singular d) non singular
An equation of the form ............................ is called a

Bernoulli differential equation
a)(2) = PC)y™ b)(%) + P(x)y/Q(x) = 0
() + PGy = @Gy™ o)(Z)+Px)y =0

16.

17.

18.

19.

20.

21.
22.
23.

The standard form of first order differential equations
derivative form is.............
a)(dy/dx) = f(x)
c)(dy/dx) = f(x,y)

b)(dx/dy) = f(x,y)
d)(dx/dy) = f(¥)

e~i3% 3% pa golution of

a)y"+6y"+9y=20
0y"+9y=0

byy"—6y'+y=20
d)y” -9y =0

If e** is solution of 4y" + 7y’ + 3y = 0 then k is
a)l b) 2 C) % d) -3/4

The expression M(x,y)dx + N(x,y)dy = 0 is called an
exact differential equations ina domain D if there exists a
function of two variable such that the expression equals the
............ for all (x,y)in D.
a) differential

c) partial differential

b) ordinary differential
d) total differential

The general solution of the differential equation
y"+4y=0is

a) a cos 2x + bsin 2x b) ae™?* + bxe?*

c) ae?* + bx%e?*  d)ae ?* + be?*

PART -B (3x2=6 Marks)

Answer all the questions
Explain integrating factor of the differential equation.
Define linear combination of functions.
Define separable equations with examples



PART-C (3x 8=24 Marks)
Answer all the questions

24. a)Solve the differential equation % —2=—

(OR)
b) Find the general solution of
o d’y dy _
i) —5—6_-+25y=0

.. d? d
||)E32’—2£—3y=0.

25. a) Solve (5xy + 4y% + 1)dx + (x? + 2xy)dy=0
(OR)
b) Solve Z—z + 3y = 3x%e73¥

26. a) Solve y” + 9y = 2 sec 3x by using the method of
variations of parameter.
(OR)
b) Solve the Euler’s equation

x3y” —3x%y" + 6xy — 6y =0
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