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Course Objectives
This course enables the students to learn
e The solution of Reciprocal and Binomial Equations and properties of the derived
functions.
e About the relations between the roots and coefficients,

Course Outcomes (COs)
On successful completion of this course, the student will be able to
1. Learn about the properties of polynomials.
2. Find positive, negative and imaginary roots using Descartes rule.
3. ldentify the relation between coefficients of the equation and its roots.
4. Familiarize about the transformations of equations.
5. Know about the algebraic solutions of cubic and biquadratic equations.

UNIT I

GENERAL PROPERTIES OF POLYNOMIALS

Theorem relating to polynomials when the variable receives large values, similar theorem when
the variable receives small values. Continuity of a rational integral function - Form of the
quotient and remainder when a polynomial is divided by a Binomial - Tabulation of functions -
Graphic representation of a polynomial - Maximum and minimum values of polynomials

UNIT Il

GENERAL PROPERTIES OF EQUATIONS

Theorems relating to the real roots of equations - Existence of a root in the general equation.
Imaginary roots - Theorem determining the number of roots of an equation.

Descartes' rule of signs for positive roots - Descartes' rule of signs for negative roots - Use of
Descartes' rule in proving the existence of imaginary roots - Theorem relating to the substitution
of two given numbers for the variable.

UNIT 111

RELATIONS BETWEEN THE ROOTS AND COEFFICIENTS

Theorem - Applications of the theorem - Depression of an equation when a relation exists
between two of its roots - The cube roots of unity - Symmetric functions of the roots —
Examples - Theorems relating to symmetric functions - Examples.

UNIT IV
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TRANSFORMATION OF EQUATIONS

Roots with signs changed - Roots multiplied by a given quantity - Reciprocal roots and
reciprocal equations - To increase or diminish the roots by a given quantity - Removal of terms -
Binomial coefficients.

Solution of reciprocal and binomial equations: Reciprocal equations - Binomial equations.
Propositions embracing their leading general Properties - The special roots of the equation -
Solution of binomial equations by circular functions - Examples.

UNIT V

ALGEBRAIC SOLUTION OF THE CUBIC AND BIQUADRATIC

The algebraic solution of the cubic equation - Application to numerical equations - Expression of
the cubic as the difference of two cubes - Solution of the cubic by symmetric functions of the
roots — Examples .

Properties of the Derived Functions: Graphic representation of the derived function - Theorem
relating to the maxima and minima of a polynomial - Rolle's Theorem. Corollary - Constitution
of the derived functions
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LECTURE PLAN
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Lecture
S. No | Duration Topics To Be Covered Support Materials
Hour
UNIT-I
1 1 Introduction to polynomials T:Ch 2, P.N0:33
2 1 Theorem relating to polynomials when the variable | T: Ch 1, P.No:5
receives large value
3 1 Theorem when the variable receives small values T.Ch 1, P.No:6
4 1 Continuity of a rational integral function T:.Ch1,P.No:1l
5 1 Form of the quotient and remainder when a T:.Ch1,P.No:1l
polynomial is divided by a Binomial
6 1 Tabulation of functions. T.Ch1,P.No:13
7 1 Tutorial-1
8 1 Tabulation of functions. T:Ch1, P.No:13
9 1 Graphic representation of a polynomial T:Ch1,P.No:14
10 1 Graphic representation of a polynomial T:Ch 1, P.No:15
11 1 Graphic representation of a polynomial R1: Ch 3, P.N0:38
12 1 Maximum and minimum values of polynomials T:.Ch1,P.No:18
13 1 Maximum and minimum values of polynomials T:Ch 1, P.No:18
14 1 Tutorial-2
15 1 Recapitulation and Discussion of possible questions
Total No of Hours Planned For Unit 114 hours
UNIT-1I
1 1 Theorems relating to the real roots of equations T: Ch 2, P.N0:19-20
2 1 Existence of a root in the general equation T: Ch 2, P.No:21
3 1 Imaginary roots T: Ch 2, P.No:22
4 1 Theorem determining the number of roots of an T: Ch 2, P.No:22
equation
5 1 Theorem determining the number of roots of an T:Ch 2, P.No:23
equation
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Batch

6 1 Tutorial
7 1 Descartes' rule of signs for positive roots T:.Ch 2, P.N0:28
8 1 Descartes' rule of signs for negative roots T:.Ch 2, P.N0:28
9 1 Use of Descartes' rule in proving the existence of R2: Ch 4: P.No:71
imaginary roots
10 1 Use of Descartes' rule in proving the existence of T:Ch 2, P.No:30
imaginary roots
11 1 Theorem relating to the substitution of two given T: Ch 2, P.No:31
numbers for the variable
12 1 Theorem relating to the substitution of two given T: Ch 2, P.N0:32
numbers for the variable
13 1 Tutorial
14 1 Recapitulation and Discussion of possible questions
Total No of Hours Planned For Unit Il 14 hours
Unit 111
1 1 Relations between the roots and coefficients T: Ch 3,P.N0:35
2 1 Applications of the theorem T: Ch 3,P.N0:37-38
3 1 Applications of the theorem T: Ch 3,P.No0:39
4 1 relation exists between two of its roots T: Ch 3,P.N0:40
5 1 relation exists between two of its roots T: Ch 3,P.N0:41-42
6 1 Tutorial
7 1 The cube roots of unity T: Ch 3,P.No:44
8 1 The cube roots of unity T: Ch 3,P.No:45
9 1 Symmetric functions of the roots T: Ch 3,P.N0:46-47
10 1 Symmetric functions of the roots T: Ch 3,P.N0:48-49
11 1 Theorems relating to symmetric functions R3: Ch 8, P.N0:173
12 1 Theorems relating to symmetric functions T: Ch 3, P.N0:51-53
13 1 Tutorial
14 1 Recapitulation and Discussion of possible questions
Total No of Hours Planned For Unit 11114 hours
UNIT-IV
1 1 Transformation of equations T: Ch 4, P.No:60
2 1 Roots with signs changed T: Ch 4, P.N0:62-63
3 1 Roots multiplied by a given quantity T: Ch 4, P.N0:64-65
4 1 Reciprocal roots and reciprocal equations T:. Ch 4, P.N0:65-66
5 1 Reciprocal roots and reciprocal equations T: Ch 4, P.No:67
6 1 Tutorial
7 1 increase or diminish the roots by a given quantity T:. Ch 4, P.N0:68-69
8 1 Removal of terms, Binomial coefficients T:Ch 4, P.No:70
9 1 Reciprocal equations T.Ch4,P.No:71
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Batch

10 1 Binomial equations T: Ch 4, P.No:72-73
11 1 Propositions embracing their leading general T:Ch4,P.No:73
Properties
12 1 The special roots of the equation - Solution of T:Ch 4, P.No:75
binomial equations by circular functions
13 1 Tutorial
14 1 Recapitulation and Discussion of possible questions
Total No of Hours Planned For Unit IV 14 Hours
UnitVv
1 1 The algebraic solution of equations T:.Ch 6,P.N0:101-103
2 1 The algebraic solution of the cubic equation T: Ch 6,P.N0:104-105
3 1 Application to numerical equations T: Ch 6,P.N0:105-106
4 1 Expression of the cubic as the difference of two T: Ch 6,P.N0:107-109
cubes
5 1 Solution of the cubic by symmetric functions of the | T: Ch 6,P.N0:109-110
roots
6 1 Tutorial
7 1 Graphic representation of the derived function T:Ch6,P.N0:111
8 1 Rolle's Theorem and Corollary T: Ch 7,P.N0:148
9 1 Constitution of the derived functions T: Ch 7,P.N0:149
10 1 Recapitulation and Discussion of possible questions
11 1 Discuss on Previous ESE Question Papers
12 1 Discuss on Previous ESE Question Papers
13 1 Discuss on Previous ESE Question Papers
Total | 13 Hours
SEMESTER: Il CLASS: 1 B.Sc., MATHEMATICS

Total no. of Hours for the Course: 60 hours

TEXT BOOK
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T: Burnside W.S., and Panton A.W.,(1954). The Theory of Equations, Eighth Edition ,
Dublin University Press.
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: IB.Sc MATHEMATICS COURSE NAME: Theory of Equations
RSE CODE: 1 202 UNIT: I(Polvnomials) BATCH-2018-2021
UNIT-I
SYLLABUS

General properties of polynomials:Theorem relating to polynomials when the variable receives large values,
similar theorem when the variable receives small values.

Continuity of a rational integral function - Form of the quotient and remainder when a polynomial is divided by a
Binomial - Tabulation of functions - Graphic representation of a polynomial - Maximum and minimum values of
polynomials

INTRODUCTION.

1. Definitions.—Any mathemalical expression involving a
quantity is called a firnction of that quantity.

We shall be employed mainly with such algebraical func-
tions as are rafione! and infegral. DBy a ralional function of a
quantity is meant one which contains that quantity in a rational
form only ; that is, a form free from fraetiomal indices or radiecal
gigns. Dy an infegral function of a guantity is meant one in
which the quantity enters in an integral form only; that is,
never in the denominator of a fraction. The following expres-
sion, for example, in which i is a positive integer, is a rafional
and infegral algelbraical function of v :—

a2+ +ecr 2+ e e . + ha 4 2.

Here it is to be observed that our definition has reference to
the quantity = only, of which the expression is a funection. The
several coefficients «, &, ¢, &c., may be irrafional or fractional,
and the funetion still remain rational and integral in =.

A fanction of # is represented for brevity by F'(z), F(2), ¢ (=),
or some similar symbol.

The name polynomial is given to the algebraical fune-
tion to express the faet that it is constituated of a numbexr of
terms containing different powers of z connected by the signs
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plus or minus. For certain values of the variable quantity «,
one given polynomial may become equal to another differently
constituted. The algebraical expression of such a relation is
called an equation; and any value of the quantity = which
satisfies this equation is called a 700f of the equation. The
determination of all possible roots constitutes the complete
solution of the equation.

Tt is obvious that, by bringing all the terms to one side, we
may arrange any equation according to descending powers of «
in the following manner :—

G + GE T GRETE L Gt = 0.

The highest power of 2 in this equation being 7, it is said to
be an equation of the »* degree in 2. For an equation of the
n* degree we shall, in general, employ the form here written.
The suffix attached to the letter ¢ indicates the power of «
which each coeflicient accompanies, the sum of the exponent of =
and the suffix of @ being equal to » for each term. An equation
is not altered if all its terms be divided by any quantity. We
may thus, if we please, dividing by @, make the coefficient of 2"
in the above equation equal to unity. We shall find it often
convenient to make this supposition ; and in such cases we shall
write the equation in the form

&+ P+ Pt L Puad + Py =0,

An equation is saild to be complete when it contains terms
involving « in all its powers from #» to 0, and incomplete when
some of the terms are absent; or, in other words, when some of
the coefficients pi, p., &c., are equal to zero. The term p,,
‘which does not contain #, 18 called the absolute term. An equa-
tion is numerical, or algebraical, according as its coefficients are

mumbers, or algebraical symbots:
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therefore, that the attention of mathematicians should have been
at an early stage in the history of the science directed towards
inquiries of this nature. The science of the Theory of Equa-
tions, as it now stands, has grown out of the successive attempts
of mathematicians to discover general methods for the solution
of equations of any degree. 'When the coefficients of an equation
are given numbers, the problem is to determine a mumerical
value, or perhaps several different numerical values, which will
satisfy the equation. In this branch of the science very great
progress has been made; and the best methods hitherto advanced
for the discovery, either exactly or approximately, of the nume-
rical values of the roots will be explained in their proper places
in this work.

Hqual progress has not been made in the general solution of
equations whose coefficients are algebraical symbols. The stu-
dent is aware that the root of an equation of the second degree,
whose coefficients are such symbols, may be expressed in terms
of these coeflicients in a general formula; and that the nume-
rical roots of any particular numerical equation may be obtained
by substituting in this formula the particular numbers for the
symbols. It was natural to inquire whether it was possible to
discover any such formula in the case of equations of higher
degrees. Such results have been attained in the case of equa-
tions of the third and fourth degrees. It will be shown that
in certain cases these formulas fail to give us the solution of
a numerical equation by substitution of the numerical coef-
ficients for the gemeral symbols, and are, therefore, in this
respect, inferior to the corresponding algebraical solution of
the quadratic.

Many attempts have been made to arrive at similar general
formulas for equations of the fifth and higher degrees; but it
may now be regarded as established by the researches of modern

other siens of operation employed in common algebra, to ex-
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3. Polynomials.—One important object of the science of
the Theory of Equations is thus the discovery of those values
of the quantity # which give to the polynomial f(z) the par-
ticular value zero. In attempting to discover such values of
the variable we shall be led into many inquiries concerning
the values assumed by the polynomial for other different values
of z. 'We shall, in fact, see in the next Chapter that, corre-
sponding to a continuous series of values of # varying from an
infinitely great negative quantity (—oo ) to an infinitely great
positive quantity (+ oo ), f(#) will assume also values continuously
varying. 'The study of such variations is a very important part
of the subject on which we are engaged. The general solution
of numerical equations is, in fact, a tentative process; and by
examining the values assumed by the polynomial for certain
arbitrarily assumed values of the variable, we shall be led, if
not to the root itself, at least to an indication of the neighbour-
hood in which it exists, and within which our further approxi-
mation must be carried on.

A polynomial is sometimes called a quantic. It isconvenient
to have distinct names for quantics of the 2nd, 3rd, 4th, 5th,
&ec., degrees. That of the 2nd degree is called a quadratic or
quadric ; that of the Srd is called a cubic; that of the 4th a
quartie or biguadratic ; that of the 5th a quintic ; and so on. The
equations obtained by equating these quantics to zero are called
quadratic, cubic, biqguadratic, &e., equations, respectively,
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4. In tracing the changes of value of a polynomial correspond-
ing to changes in the variable, we shall first inquire what terms
in the polynomial are most important when values very great
or very small are assigned to #. This inquiry will form the
subject of the present and succeeding Articles.

Whriting the polynomial in the form

n dx]. (lz l Cln_x ]. an 1‘
e {l+—=+—=+...+ — by
do & Ayt a, & Ay &

_—

it is plain that its value tends to become equal to a,2", as « tends
towards . We proceed, then, to inquire what is the value of
nearest to zero which will have the effect of making the term
a,2" exceed the sum of all the others.

Theorem.—If in the polynomial
Gok™ + 1™ + @™+ o s A+ Ay

ax . :
the value — + 1, or any greater value, be substituted for x, where ay
T .
is that one of the coefficients a,, as, . . . a, whose numerical value 1is

&reatest, wrrespective of sign, the term containing the highest power
of & will exceed the sum of all the terms whick follow.
The inequality
G2 > ME" + GV 4 . A 2+
18 satisfied by the following :—
@ > ap (@ + 2"+ . .. +2 + 1),
where a;, is the greatest among the coefficients
Hiq gy« Wiy Wiy
without regard to sign.
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This leads, summing the geometric series, to the condition

7 | ay. .
—, Oor "> — - (o ~1),
zr—1 do(2 — 1) .

do2” > ay,

which is satisfied if @, (¢ — 1) be > or = az,

ar
or x>or=—+1;
dy

which proves the theorem.
Theovem.—If in the polynomial

G + @™ L @l -,

Uy .
the value ———, or any smaller value, be substituted for x, where a;
(I’n + ((k

is the greatest cocfficient exclusive of an, the term an will be nume-
rically greater than the suwm of all the others.

To prove this, let z = %; then by the theorem of Art. 4,
ar being now the greatest among the coefficients a,, a4, . . . . @,

without regard to sign, the value 25 4. 1, or any greater value of

y, will make

A" > Cpa Y+ Gna Y+ Y+ G

. 1 1 1
that 18, Ay > Apy—+ po—+ ... o —.5
Y I/ Y
y ;
hence the value , or any less value of #, will make
(t‘ﬂ + Uy '
Ay, > Oy 1T+ Ao+ . o + dox™.
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6. Change of form of a Pelynomial corresponding
to an increase or diminution of the Variable. Derived
Functions.—Wo shall now examine the form assumed by the
polynomial when # + % is substituted for .

If we suppose % essentially positive, the resulting form will
correspond to an increase of the variable; and by changing the
sign of / in the result we obtain the form corresponding to a
diminution of .

‘When 2 is changed to « + %, f(2) becomes /(2 + %), or

ao(2+B)" +ay (@ +R)" + (@B s+ Gya(® + B)? + Gy (24 B) + e

Let each term of this expression be expanded by the binomial

theorem, and the result arranged according to ascending powers
of #. "We then have

(ZO(U" + a]Qr/"'_‘l -+ Cl-zxn-?' "" ; .. _f' ((n__gfl'z + (T,,_.].’Zr' + an ,

+ 5 gnaox"“ + (=1 a2+ (r-2)a:a" "+ ... + 222 +

& 7 n(n—1)aa"* + (n~1)(n-2ma"> +. .. +2a“-2)
1.2 f
+
| |
" T B b
1.2.8...72-{”*" : 1’(10
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Exawrrr.

Find what the polynomial 4% -+ 6% — 7% -+ 4 becomes when « is changed into
x + h.
Here
Sflz) =4a24627-Tax+4,
fz) =1222+122 -1,
f(2) =242 +12,
() =24;

and the result is

px2 29
4294622 —Ta+4+ (12224122 —T) A+ (242 +12) =

1.2'!'2‘11.2I3-ﬂ

This example shows how the absolute term of each function disappears when its
derived is formed, the degree of the function diminishing, till finally f.(2) isreached,
which is equal in general to {n.n—1.2n~2 ... 2. 1}a; in this case fi(z)
={3.2.1}4,
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7. Continuity of a Rational Entegral Function of .
—1If the value of # be made to vary, by indefinitely small incre-
ments, from one quantity @ to a greater quantity 5, it becomes
an inquiry how the polynomial f(z) varies at the same time.
The object of the present Article is to show that f(z) passes at
the same time through all values between f(«¢) and f(b); in
other words, that it varies continuously along with @. Let « be
increased from « to « + 4. The corresponding increment of
S () 18

fla+h) -fla),

which is equal, by Axrt. 6, to
S h +1"(a) I% S (Y

in which all the coefficients /'(a), /“(a), &ec., are finite quantities.
Now, by the theorem of Art. 5, this latter expression may, by
taking 7% small enough, be made to assume a value less than any
assigned. quantity ; so that the difference between f(« + %) and
f(«) may be made as small as we please, and will ulfimately
vanish with %Z. The same is true during all stages of the
variation of & from @ to &; thus the confinuity of the function
S(z) is established.

T Vo d Xy # TR | T 1 2 Al n
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Exanrres.

1. Find the quotient and remainder when 3x4 — H23 + 1022+ 112 — 61 is divided
by z - 3.

The calculation is arranged as follows:—
) 10 11 ~ 61.
9 12 66 231.

4 22 77 170.

Thus the quotient is 323 4 442 4+ 22z + 77, and the remainder 170.
2. Find the quotient and remainder when 23 + 522 + 3z + 2 is divided by z — 1.
Ans. Q=2*>+6x+9, R=11.
3. Find Q and R when @5 —4z*+ 72%— 112 — 13 is divided by 2z — 5.
[N.B.—When any term in a polynomial is absent, care must be taken to supply
the place of its coefficient by zero in writing down the coefficients of f(2). In this
example, thevefore, the series in the first line will be

1 -4 7 0 =11 -13.]
Ans. Q= z* 4+ 23+ 122% + 6024 289, R = 1432.

4. Find the quotient and remainder when 2?4+ 327 — 152% + 2 is divided by 2z — 2.
Ans. Q = a8+ 227+ Tab + 1425 + 284* + 564% 4 11227+ 2092 + 418, R =838.

5. Find the quotient and remainder when 2% + #* — 102 + 113 is divided by 2 + 4.
Ans. Q=a'—42% +162° — 63z + 242; R=—855.
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ExaMPLES.

1. Tabulate the trinomial 242 + 2 — 6, for the values of #
sl BTy B S 2 B A

-2

Values of z, -4 -3 -1 1! 0 l 1 ‘ 2 | 3| 4

0

Yalues of f(z), | 22 9 —d J -6 ! -3 | 4 15 l 30

2. Tabulate the polynomial 102 —174%+ 2 + 6 for the values of 2
et % iy 9 & 4

-4) -8 -2| -1| 0 | 1 | 2{ 3

[
—910|—420 ' ~144

Values of z,

Values of f(z) - 22

Prepared by U.R.RAMAKRISHNAN Asst Prof, Department of Mathematics, KAHE Page 11/19




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: IB.Sc MATHEMATICS COURSE NAME: Theory of Equations
RSE CODE: 1 202 UNIT: I(Polynomials) BATCH-2018-2021

10. Graphic Representation of a FPolynomial.—
‘Whenever we have to deal with a great number of values of any
varying quantity, it is important to be able to represent them in
some simple and expressive manner. This in the present in-
stance can be effected, and the general character of the function
made apparent to the eye, by means of a graphic representation.

'We proceed to explain such a representation of the function
S ().

Let two right lines OX, OY
(fig. 1), cut one another at right
angles, and be producedindefinitely
in both directions. These lines are
called the axis of z and axis of v,
respectively. Lines, such as 04,
measured on the axis of # at the
right-hand side of O, are regarded
as positive, and those, such as
0A’, measured at the left-hand
side, as negative. Lines parallel Fig. 1.
to OY which are above X X', such as 4P or B'Q, are positive ;
and those below it, such as A7 or A’P’, are negative. These
conventions are already familiar to the student acquainted with
Trigonometry.
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1. Let it be required to trace the trinomial f(z) =22% + 2 — 6.
From Ex. 1, Art, 9, we have, for the values of »
cee—d,-8,—2,-1, 0, 1, 2, 8, 4 .... 1w
the corresponding values of f(x)
80§ 0, =B 8 ~8 4 1B, 80, ,.. 0

The unit of length taken is one-sixth of
the line 0D in fig. 2. [

By means of these values we obtain ; G
the positions . of nine points on the curve;
seven of which, 4, B, C, D, E, F, G, are
here represented, the other two correspond-
ing to values of f(x) which lie out of the
limits of our figure. J

A

It may oceur to the student that we
have here exercised considerable imagina- X Bl [0/M X
tion in drawing that part of the curve B
which lies between the points defermined C
by calculation; and that much closer nu-
merical values must be substituted for # in
order to obtain the shape of the curve with
any accuracy. He will learn, however, as
he proceeds, that we are assisted in owr approximation to the form of the curve by

Fig. 2.

many other considerations besides the ascertained values of f(z). Cases undoubt-
edly oceur in which the portion of the curve between two values of 2 must be more
closely examined, and then the substitution of nearer values of # will become neces-
sary. The next example will furnish an illustration of such cases.
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11. Maxima and Minima Values of Polynomials.—
It is apparent from the considerations established in the pre-
ceding Articles, that as the variable # changes from — w0 to + w0,
the function f(#) may undergo many variations. It may go
on for a certain period increasing, and then, ceasing to increase,
may commence to diminish; it may then cease to diminish and
commence again to increase; after which another period of
diminution may arrive, or the function may (as in the last
example of the preceding Art.) go on then continually in-
creasing. At a stage where the function ceases to increase
and commences to diminish, it is sald to have attained a

maxtinum value ; and when 1t ceases to diminish and com-
mences to increase, it 1s said to have attained a mindmuni
value. A polynomial may have several maxima or several
minima values, or both, the number depending on its degree.
Nothing exhibits so well as a graphic representation the occur-
rence of such a maximum or minimum value; as well as the
various fluctuations of which the values of a polynomial are sus-
ceptible. "We shall give in a subsequent Chapter the method of
finding the values of # corregponding to the maxima or minima
values of f(#), together with criteria to decide between maxima
and minima. These are among the considerations alluded to in
Art. 10, as aiding us in the graphic construction of the poly-
nomial. Another very material aid to such a construction
would be a knowledge of the values of # corresponding to the
points (if any) in which the line XX’ is cut by the curve; that
is to say, of the values of # which render /(x) = 0. Such a value
of # is a root of the equation f(x) = 0.
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UNIT-11
SYLLABUS

General properties of equations: Theorems relating to the real roots of equations - Existence of a root in
the general equation. Imaginary roots - Theorem determining the number of roots of an equation.

Descartes' rule of signs for positive roots - Descartes' rule of signs for negative roots - Use of Descartes'
rule in proving the existence of imaginary roots - Theorem relating to the substitution of two given
numbers for the variable

Wheorem.—1} lwo real quaniiies a and b be substituted for
the unknown quantity @ in any polynomial f(x), and if they furnish
resulls having different .sé'gns, one plus and the other minus ; then the
equation f(x) = 0 must have at least one veal root intermediote
wm value between a and b,

This theorem is an immediate consequence of the property
of the continuity of the function f(») established in Art.7; for
since /' (z) changes continuously from f(«) to f(0), 1. e. passes
through all the intermediate values, while # changes from «
to b; and since one of these quantities, f(«) or 7 (), is positive,
and the other negative, it follows that for some value of # inter-
mediate between « and 4, /(z) must attain the value zero which
is intermediate between /() and £ (0).

Covoliary.— /7 there ewist wo real quantity whieh, substituicd
Sor @, makes f(x) =0, then f (&) must be positive for every real value
of . '
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13. Mheorem.—Hvery equation of ain odad degree has at least
me real root of a sign opposite to that of ils last term.
This is an immediate consequence of the theorem in the last
Article. Substitute in succession — o, 0, o for z in the poly-
1omial f(z). The results are, # being odd (see Axt. 4), |

@ =-w, f(z)1s negative ;
@ =0, sign of /() is the same as that of «;;
@ =-+w, f(z)is positive.

[f @, is positive, the equation must have a real reot between — o
ind 0, 7. e. a real negative root; and if ¢, is negative, the equa-
ion must have a real root between 0 and e, ¢.c. a real positive
'oot. The theorem is thus proved.

14. Theovem.—Livery equation of an even degree, whose last
term is negative, has af least fwo real vootls, one positive and the
other negate,

The results of substituting — oo , 0, oc are in this case

~ !
L, 9
@, .
+ o0, + 3

henee there is a real root between - oo and 0, and ancther be-
tween 0 and +oc; (. e., there exist at least one real negative, and
one roal positive root.
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In this simple instance we observe that, in the absen

ce of

any real values, there are two imaginary expressions which
reduce the polynomial to zero. The general proposition of

which this is a very particular illustration is, that ecery ra
integra  equation
Bx” + " @@ . O @ Uy =0

Must have a root of the form

a ]3«/——1,

tional

a und (3 being real finite quantitics. 'This proposition includes
both real and imaginary roots, the former corresponding to the

value 3 = 0.

16, Wheorem.— FEvery equalion of n dimensions has n roots,
and no more.

‘We first observe that if any quantity % is a root of the equa-
tion /() = 0, then / (#) is divisible by = £ without a remainder.
This is evident from Art. 9; for if £ (%) =0, i.e. if A i3 a root
of f(#) =0, R must be =0.

The converse of this is also obviously true.

Let, now, the given equation be

J (@) = 2™+ pa™ o+ P 4 oL Ppa + Py =0,
This equation must have a root, real or imaginary (see Art. 15),
which we shall denote by the symbol a;. Tet the quotient, when
) 18 divided by @ —ay, be ¢, («); we have then the identical

equation
Mok = [y Y it
r)f [\I-E".' l:.'ll. _""_' ‘!L‘.'I f;l]_ .\'rr.:.
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Again, the equation ¢, («) =0, which is of #~1 dimensions, must
have a root, which we represent by a.. Let the quotiont ob-

tained by dividing ¢, (¢) by « - a. be ¢.(»). Hence

/

b (7) = (@~ a) g2 (@),

and . £(2) = (2 - @) (= w) g2 (@),

where ¢. () i1s of » —2 dimensions.

Proceeding in this manner, we prove that 7'(») consists of the
product of # factors, each containing @ in the first degres, and a
numerical factor ¢, (). Comparing the coefficients of #*, it is
plain that ¢,(2)=1. Thus we prove the idontical equation

'f(.'l’) =3 [:{i, et a.]:: rl' " ﬂz:‘} '::L' =~ a;{) " e (:‘F - au 1:‘ !:213 = an)‘

1t is evident that the substitution of any one of the quanti-
ties a,, ay, - . . ay for z in the right-hand member of this equation
will reduce that member to zero, and will therefore reduce /(2)
to zero; that is to say, the equation f'(#) = 0 has for roots the »
quantities ay, ay, a3. . . ay4, ay.  And 1t can have no other roots ;
for if any quantity other than one of the quantities i, as, . . . a,
be substituted in the right-hand member of the above equation,
the factors will be all different from zero, and therefore the pro-

duct cannot vanish.
Corollary.— Two polynomials of the n' degree eannot be equnl

to one another for more than n values of the variable without being
completely identical,
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1. Find the equation whose roots are
-3, =1, 4, 4.
Aug. 2 =-543—=1342+L 5324 60=0.

2. The equation
gt— 6231 8221724+ 10=0
has a root 5, find the equation containing the remaining roots,

[N. B.—TUse the method of division of Art. §.]
Ans. 2 =24+ 3x-2=10.

3. Solve the equation
#t— 1628+ 862% — 1762 4+ 105 =0,

two roots being 1 and 7.
Ans. The other two voots ave 3, 5,

4. Form the equation whose roots are

3 1
S W
2 T
Ans. 1433 - 234* - 60w+ 9=0.
5. Bolve the cubie equation
ﬂ-ii —_1 = ﬂ.‘

Here it is evident that # = 1 satisfies the equation. Divide by #— 1, and solve the

resulting quadratic. The two roots are found to be

It can be easily shown that if either of these imaginary roots is squared, the other

results. It is usual to represent these roots by w and &®  They are called the two
vnaginegry cube rouls of wnity. We have the identical equation

- 1l=(x-1) (@@ o) (@—o?).
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18, Emaginary Roots enter Eguations in Pairs, —
The proposition we have to prove may be stated as follows :—
If an equation f(x) =0, whose coeflicients ave all veal quantitios,
have for @ root the tmaginary expression a + 3 4/~ 1, it must also
have for a oot the conjugate imaginary expression a — 3 =1

The product,

(e—a-B/~-Dg-a+B+/-1)= (- o)+

Let the polynomial f{#) be divided by the second member of
this identity, and if possible let there be a remainder Kz - £,
‘We have then the identical equation

fle)={(e—a)*+3*) @+ Bz + I,

where @ is the quotient, of # — 2 dimensions in ».  Substitute in
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this identity e« + [34/—1 for #. This, by hypothesis, causes f{z)
to vanish. 1t also causes (z —a)® + 3° to vanish. Ience
Ra+B+/-1)+E =0.
From thig we obtain the two equations
Ra+ R'=0, B3=0,

sinee the real and imaginary parts cannot destroy one another ;
hence

RB=0, R'=0.

il

Thus the remainder Rz + R’ vanishes; and, therefore, /() is
divisible without remainder by the product of the two factors

.-13——:1—,(‘3,\/:]?, :F-ﬂ%ﬁ:\/fj.

The equation has, consequently, the root a- 84/ 1 as well
as the root a + B4/ 1.

Thus the total number of imaginary roots in an equation
with real coeflicients will always be even ; and every polynomial
may be regarded as composed of real factors, each pair of ima-
ginary roots producing a real quadratio factor, and each real
root producing a real simple factor. The actual resolution of
the polynomial into these factors constitutes the complete solu-
tion of the equation.
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19. Bescartes’ Rule of Signs— Positive Roots,—This
rule, which enables us, by the mere inspection of a given equa-
tion, to assign a superior limit to the number of its positive
roots, may be enunciated as follows :—No equation can have more
positive poots than it has changes of sign from + to —, and from — to
+, in the terms of its first member.

We shall content ourselves for the present with the proof
ich is usually given, and which is more a verification than a
neral demonstration of this celebrated theorem of Descartes.

1 will be subsequently shown that this rule of Descartes, and
other similar rules which were discovered by early investi-
gators relative to the number of the positive, negative, and
imaginary roots of equations, are immediate deductions from
the more general theorems of Budan and Fourier.

Lot the signs of a polynomial taken at random succeed each
other in the following order :—

TR T e T A
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20. Desecartes’ Rule of Signs—Negative Roots.—In
order to give the most advantageous statement to Descartes’ rule
in the case of negative roots, we first prove that if -« be substi-
tuted for # in the equation f(«) = 0, the resulting equation will
have the same roots as the original except that their signs will
be changed. This follows from the identical equation of Art. 16

F@=@-w) (@) (e -a). ... (2-am),
from which we derive

SE)=(CF1)"@+a) (v+a) (@+as). .. (z+a).
From this it is evident that the roots of /(~2) = 0 are

— (!1, - (le, - “‘3’ T Wt B S oo ('n.

Hence the negative roots of /'(x) are positive roots of 7 (- ), and
wo may enunciate Descartes’ rule for negative roots as fol-
lows :—No equation can have a grealer number of negative rools
than there are changes of sign in the terms of the polynomial f (- ).
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22. Theorem.— We shall cloge this chapter with the fol-
lowing theorem, which defines fully the conclusions which can
bo drawn as to the roots of an equation from the signs furnished
by its first member when two given numbers are substifuted
for @ :—1If two wwmnbers a and b, substituted for x in the polynomial
7 (@), give rvesults with contrary signs, an odd number of real roots
of the equation f(x) =0 lies between them ; and iof they give results
with the same sign, either no real voot or an even wumber of real
roots lies between them. |

‘We proceed to prove the first part of this proposition : the
second is proved in an exactly similar manner.

Let the following = roots ay, az . . . . an, and no others, of
the equation f(z) = 0 lie between the quantities ¢ and 5, of
which, as usual, we take ¢ to be the lesser.

Let ¢ () be the quotient when 7(z) is divided by the product
of the m factors (#-a))(#—a2) . ... (= au). We have, then,
the identical equation

f@)=(z—a)(z—ay) . ... (z=ap)¢(x).
Putting in this successively @ = @, # = b, we ghtain

J@)=(t~a)(@¢~-a) ....(¢=an) (}ﬁ),

F£(B) = (b~} (B=as) « <+ (b—an) $(B):

Now ¢(«) and ¢(0) have the samo sign; for if they had dif-
ferent signs there would be, by Axrt. 12, one root at least of the
equation ¢ (#) = 0 between them. DBy hypothesis, f{«) and /(%)
have different signs; hence the signs of the pducts

(a—a)(@a—ay) . ... (a= am),

(0 — a) (:b —@g) o s (B = Un))
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are different; but the sign of the second is positive, since all
its factors are positive ; hence the sign of the first is negative ;
but all the factors of the first are negative; therefore their

number must be odd; which proves the proposition.

Exanmpres.

1. If the signs of the terms of an equation be all positive, it cannot have a
pogitive root.

2. If the signs of the terms of any complete equation be alternately positive
and negative, it cannot have a negative root.

3. If an equation consist of a number of terms connected by + signs followed by
a number of terms connected by — signs, it has one positive root and no more.

[Apply Art. 12, substituting 0 and «; and Art. 19.]

4. If an equation involve only even powers of @, and if all the cocfficients have
positive signs, it cannot have a real root.

[Apply Arts. 19 and 20.]

5. If an equation involve only odd powers of «, and if the coefficients have all
positive signs, it has.the root zero and no other real root.

6. If an equatiorl be complete, the number of continuations of sign in f(2) is the
same as the number of variations of sign in f(— ).

7. When an equation is complete ; if all its roots are real, the number of positive
roots is equal to the number of variations, and the number of negative roots is
squal to the number of continuations of sign.

8. An equation having an even number of variations of sign must have its last
sign positive, and one having an odd number of variations must have its last sign
negative.

[N. B.—The sign + is always given to the highest power of 2.]

9. Hence prove that if an equation has an even number of variations it must
have an equal or less even number of positive roots; and if it has an odd number of
variations it must have an equal or less odd number of positive roots; in other
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20. Form an equation with rational coefficients which shall have for roots all the
values of the expression ~ B ~
010/ 2+ 020 g+ 80/ 7,
where fit=1, 8:°=1, 8*=1
There are eight different values of this expression, viz.,
VsV i+n, =17
V- g-v'r, —+/ 2+ 1+,
2+ 1=, x/iﬂ—«/ffm/?‘: |
—/2-v"a+3/7, Vo g—/7.
=S Hwn SR AP
Squaring this, we have
P=ptgtr+2(0:0 '\/gu‘?i 9331*/?5}"-} 610z '\/pg})

Transposing, and squaring again,

Assume

(@2 =p—g—r)2=4(gr+7p +pg) + 8610:05\/par 011/ D + 024/ g+ 03 /7). (1)

Transposing, substituting 2 for 6; v/ j;—i— 8, \/ E + 05 \/ -;, and squaring, we obtain
the final equation free from radicals :

{2t =20 (p+q+7) + pP 4+ ¢° 497 = 297 — 2rp — 2pg } 2= Gd pgra®,

This is an equation of the eighth degree, whose roots are the values above writ-
ten. Since 6, 82, 8 have disappeared, it is indifferent which of the eight roots
= v/ g+ \,/ # is assumed equal to # in the first instance. The final equation
is that which wonld have been obtained if each of the 8 roots had been subtracted
from a, and the continned product formed, as in Ex. 6, Art. 16.
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Relations between the roots and coefficients-Theorem - Applications of the theorem - Depression of
an equation when a relation exists between two of its roots - The cube roots of unity - Symmetric
functions of the roots — Examples - Theorems relating to symmetric functions - Examples
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23. Relations between the KRoots and Coeflicients.—
Taking for simplicity the coefficient, of the highest power of «
as unity, and representing, as in Art. 16, the » roots of an equa~

tion by ai, as, ay, . . . . @y, we have the following identity :—
e 7‘1L.-z:" L@t .. Pua + Py
\ ’
= (J all \ 3) (.'Z'-—a-,j P l\i(’—an)- (1)

‘When the factors of the second member of this identity are
multiplied together, the product will consist, as is proved in
elementary works on Algebra, of a highest tcrm 2" ; plus a
term 2" multiplied by the tfactor

- [al—:-ag+a;,+ R PP a,,),
7. e. the sum of the roots with their signs changed ; plus a term
«** multiplied by the factor
aydg + ayaz+ azaz + .. .0+ Qpo Ay,

i. e. tho sum of the products of the roots taken in pairs ; plus a
term »*? multiplied by the factor

- (lllﬂg Us+ GG+ .o ot Quala, @y),

f. e. the sum of the products of the roots with their signs
changed taken three by three; and so on. It is plain that the
sign of each coefficient will be negative or positive according as
the number of roots in each product is odd or even. The last

term 1s
Ta g .« W) Uy,
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the sign being - if # is odd, and + if # is even. Hquating the
coofficients of  on each side of the identity (1), we have the
following series of equations :—

’)]=—(a|+az+ag+.-.""a-u), W
P:= {mag +aayt+azagt ...t a.,,_,a,,), |

' 2\
1)3'_-.' —— ((1|¢1203+ a‘";;“{ + - s 8 + (1.“ 'Z(’ﬂ [(’)‘)’ ( "
Pan= ("' l)n W A2AG < w0 o Uy Uy

which furnish us with the following

Theorem.—In cvery algebraic equation, the coefficient of
whose highest term is unity, the coefficient p, of the second term with
its sign changed s equal To the swin of the roots.

The coefficient p. of the third term is equal to the sumn of the
products of the roots taken two by two.

The coefficient ps of the fourth term with its sign changed is
equal to the sum of the products of the voots taken three by three ;
and so on, the signs of the cocfficients bevng taken alternately negative
and positive, and the number of roots multiplied logether in cach lerm
of the corresponding function of the rools increasing by wnity, till
finally that function is reached which consists of the product of the
i roots.

(or. 1.—Bvery root of an equation is a divisor of the last
term.

Cor. 2.—Tf the roots of an equation be all positive, the coef-
ficients will be alternately positive and negative; and if the
roots be all negative, the coefficients will be all positive. 'This
is obvious from the equations (2) [ef. Arts. 19 and 207,
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1. Solve the equation
23~ dz* - 162+ 80 =10,
the sum of two of its roots heing equal to nothing.
Let the roots be a, B8, 7. We have, thew,

et Biy= 2
aB+ay+ Py =-- 16,
afy =~ 80,

Taking B -4 =0, we have, from the first of these, e=5, and from either
second or third we obtain By =—16. We find for 8 and - the values 4 and - 4. "
the three roots axe 5, 4, — 4.

2. Solve the equation

&3 — 3% +4 =0,
two of its roots being equal.

Lct the roots be ¢, a, 8. We have

2a+B=27,
o+ 2a8=0,
from which we find a=2, and B=-1. The roots arc 2, 2, — 1.
|

3. The equation
ot 4t = 2t~ 1224 9=

has two pairs of equal roots; find them.
Let the voots be a, «, B, B; we have
2a+28=—14,
a4+ B+ 4g8 = -2,
from which we obtain for ¢ and 8 the values 1 and ~ 3.

4. Solve the equation
23 =9a% + Mda -+ 24=0,

iwo of whose rootls are in the ratio of 3 to 2.

Prepared by U.R.RAMAKRISHNAN, Asst Prof, Department of Mathematics, KAHE Page 4/15




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of Equations
RSE CODE: 1 202 IT: 111 (Roots and coefficients) BATCH-2018-2021
20. Pepression of an Eguation when a relation

exists between two of its Roois.—The examples given
under the preceding Article illustrate the use of the equations
connecting the roots and coefficients in determining the roots in
particular cases when known relations exist among them. The
object of the present Article is to show that, in general, if «
velation of the form [3 = ¢(a) erist between two of the voots of wn
equation f(x) = 0, the equation may be depressed two dimensions.
Let ¢(~) be substituted for # in the identity

J(z) sax” + a2+ ..o+ tny
then f(p(x)) =a(p(@) ) +a.(¢p(x) )"+ . .. o + s () + .

‘We represent, for convenience, the second member of this
identity by F(z). Substitute a for #, then

F(a)=f(p(a) ) =7 () =0;
hence a satisties the equation #'(z) =0, and it also satisfies the
oquation /() = 0 ; hence the polynomials /() and # (z) have a
common measure x — ¢ ; thus a can be determined, and from it

¢(a) or 3, and the given equation can be depressed two dimen-
S101S.
Exaurres.
1. The equation
- —4da+20=10
has two roots whose difference = 3: find thom.
Here B—a=3, B=3{ a; substitute # + 3 for # in the given polynomial f(2)
it becomes @ +42% — T2—10; the common measure of this and f(2) is z—-2; from
which a=2, 8=5: the third root is — 2.

2. The equation
—Had 4 112° =182+ 6=0

has two roots connected by the velation 28 + 3a=7: find all the roots.

Ans. 1, 2, R A 8
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Exampres.

1. The equations
2234 Bat— 6z— 0=0,

8234 Fat=11a-=10 :ﬂ',

have two common roots, find them. Ans. —1, —3.

2. The equations
B+ prt + gz 4+ =0,

2+ pl g+ =0,

have two common roots ; find the quadratic which furnishes them, and also the 3rd
root of each.

0 — g — g —p{p—p - (p—p
s, #43=L g T2y Srle=9) —rle=g)
p=p p—p P P —

26. The Cube Roeis of Wnity.—Lquations of the

forms
2 -1=0, 2"+1=0

are called binomial, . The roots of the former are called the n
n'* roots of unity. A. general discussion of these forms will be
given in a subsequent Chapter. We confine ourselves at pre-
sent to the simple case of the binomial cubie, for which certain
useful properties of the roots can be easily established. It has
been already shown (see Ex. 5, Art. 16), that the roots of the

cubie '
x> — ]_ = O
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If w be a root of the cubic, w® must also be a root; for, since
w’ =1, we get, by squaring, «°= 1, which is («°)*= 1, thus show-
ing that o® satisfies the cubic 2°-1=0. We have then the
1dentity
-1 =(@-1)(z-w)(z-o).

Changing » into —z, we get the following identity also :—
P+1l=@+1)(2+w)(z+ o),
which furnishes the roots of
2 +1=0.

Whenever in any product of quantities involving the imagi-
nary cube roots of unity any power higher than the second
presents itself, it can be replaced by w, or ?* or by unity; for
example,

w=wt.w=w, ’'=’e’=0?, '=’*=1, &ec.

The first or second of equations (2), Art. 23, gives the fol-
Jowing property of the imaginary cube roots:—

l+w+w*=0.

By the aid of this equation any expression involving real

quantities and the imaginary cube roots can be written in either
of the forms P + w®, P + w*Q.
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ExamprrEs.
1. Show that the product

(wiit + w2n)(w*m + %)
1s rational. Ans. m*—mn + nt.
2. Prove the following identities :—

m? 403 = (10 + n) (wn + w?n)(w*m + wn),
m® — n® = (m— n) (wmn — w*m) (@ — wn).
3. Show that the product
(a+wB+ w?y)(a+ B + wy)
is rational. Ans. o+ B+ y*— By — yo— aB.
4. Prove the identity
(@+B+y)a+wB+wy)(atw*B+wy) =a®+ B+ 9>~ 3aBy.

5. Prove the identity
(at @B+ 627+ (atw?B+oy) = (2a—B—7)28—7—a)2y —a—h).
[Apply Ex. 2.]
6. Prove the identity
(a+wB+ @) —(a+ B +wy)*=—34/=8 (B—7)(y— a)(a—B).
[Apply Ex. 2, and substitute for w — ? its value «/ - 3.]
7. Prove the identity

&3+ 83+ 98 ~3a'BY = (a® + B+ 2 —30aB7)?,
where
o' =a’+ 28y, B=p+2ya, 7 =7"+2a8.

8. Find the equation whose roots are

m+n, wmt win, w*mt wn.
Ans. & —3menx—(m3+n?)= 0.
9. Find the cquation whose roots are

b+m+n, I+ wn+w*n, I+win+ on.

Ans. 2% —31x% + 3(1% —mn)z — (13 +m3 + nd — Slin) =0,
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11 Form an equation with rational coefficients which shall have

t‘;\/; + 92'?/6

for a root, where 0,® =1, and 6;* = 1.

Cubing the equation
-, —— 3 —
x:O.{VJ’ b 024/ Q,
and substituting » for its value on the right-hand side, we get

&3 —P-Q=3004/PQ. 2.
Cubing again, we have .
(a3 — P — Q3= 27 PQa3.

Since 0; and @2 may each have any one of the valucs 1, w, w? the nine roots of
this equation are

VPr VG  ev/PreQ /Pt a/G

WY BsaYT P YT P VG

—~ ~ o 3 /= 8 /5 8 f—

w’a,e/_l’—!,—w\a/Q, A\/P..f.w?«,\/Q, 'S/P-l-w«/Q.
We see also that, since 61 and €; have disappeared from the final equation, it is
indifferent which of these nine roots is assumed equal to « in the first instance. The
resulting equation is that which would have been obtained by multiplying together

8. /= B . . .
the nine factors of the form « ~/ P — \/ Q obtained from the nine roots above

written.-
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ExamrrLes.

1. Tind the value of Z0?B of the roots of the cubie
@+ pa*+ qu +r = 0.
Multiplying together the equations
a+B+y=—p,.

By +ya+taB= ¢,
we obtain
SaB+ 3aBy =- py;

hence Za’B=3r-pq.
2. Find for the same cubic the value of
a4 B0 Ans. Sa?=p® —2g.
3. Find for the same cubic the value of
a® + B+ .
Multiplying the values of Za and 3a? we obtain
@463+ 4 SeB=— 1%+ 2 ;
hence, by Ex. 1,
Zo®=—p*+ 3pg - 3.
4, Find for the same cubic the value of
B242 + y2a? + a? 2.
We easily obtain
B+t at+alBi+ 2aBy (at B+7) =47
from which .
Sa’Bi=g* - 2pr.
5. Find for the same cubic the value of
(B+7)(y+a)(a+ B).

This is equal to
2aBy + Za®B. Ans. r— pq.

PO 1. RS, R RSO . S, R O e Ly
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6. Find the value of the symmetric function
o®By+ o’ B8+ a?y8 + BPay + BPad 4 B yd
+ytaB + 7 ad + y* B3+ *aB + 3%ay + 8% By
of the roots of the biquadratic
w4 pad+ gat +re+s8=0,
Multiplying together
O+Bry+8==p,

aBy + aBd + ayd 4 By = — 1,

we obtain
Sa’By+4aByd = pr;

hence
Sa*By=pr—4s

12. Find the sum of the reciprocals of the roots of the equation in the preceding

example.
From the sccond last, and last of the equations of Art. 23, we have
205 ..o O+ 0103, ..t oo F @102 ... Gpel = (= 1) 1p, 4,
a1azd3 . ... 0= (" 1)" Pu}
dividing the former by the latter, we have
1 1 1 1 '—pn-[
__.}--—-.*_-—4.....+—c<: _~-,
al ar Qg Un P
or
o1 Pn

In a similar manner the sum of the products in pairs, in threes, &ec. of the
reciprocals of the roots can be found by dividing the 3rd last, or 4th last, &e. coet-

ficient by the last.
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13. Find for the cubic equation
o+ 3ma® + Bdsw + a3 =10
the values, in terms of the cocfficients, of the following three functions of the roo

a, B, Wi
(B—7)*+ (y—a)*+ (e~ B)?,

aB-7)*+B (y-a)ty (a—B)%
a*(B—7)*+ B (y — @)* + 7* (a— B)*.
It will be often found convenient to write, as in the present example, an equa
tion with dinomial coeflicients, that is, numerical coefficients corresponding to those i
the expansion by the binomial theorem, in addition to the literal coefficients ay, «
&e.
We eagily obtain ;
a*{(B—y)*+ (y—a)’+ (a— B)*} = 18 (w)* — apaz),
a*{a(B—7)*+B(y—a)* +y(a—B)*}=9(a0as— a1az),
a*{a® (B — )%+ B (y—a)’ + y*(a — B)2} =18 (42 — ey a3).

14. Find in terms of the cocfficients of the cubie in the preceding cxample th

quadratic ‘ ) »
(E—w)? (B—7)*+ (@ B2 (y—a):+ (& —7)*{a—B)*=0,

where a, B8, v are the roots of the cubic.
Ans. (apas — ar®) &* + (aptz — araz) v + (@yaz — az?) =0,
15. Find for the eubic of Example 13 the value of
2a—B—7)(2B—7—a)(2y—a—B).
: BY,
Since 2a~B—7=3a—(a+B+7)=3a+—I,

)

. - - . - - ,z o . . .
the required value is easily obtained by substituting — ,'(]' for # in the identity
' o

ao23 + 3a12% + 3z + 03=ag (v —a) (v — B) (z — ).

Ans. ag*(2a—B —7v) (2B —y—a) (2y —a — B) = — 27 (¢p* az— Bayar az -+ 2113).
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28. Remnark.—W e close this chapter with certain observations
which will be found useful in verifying the results of the calcula-
tion of symmetric functions. The first is, that the degree of any
symmetric function in the roots is always equal to the sum of the
suffizes in each term of its value in terms of the coefficients. The
student will observe that this is true inthe case of the results of
Examples 13, 15, 16, 17, 18, 19, 21, 22 ; and that it must be
so in general appears from the equations (2) of Art. 23, for the
suffix of each coefficient in those equations is equal to the degree
in the roots of the corresponding function of the roots; hence
in any. product of any powers of the coeflicients the sum of the
suffixes must be equal to the degree of the corresponding func-
tion of the roots.

e -~ - .= - e
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1. Find the value of the symmetric function

of the roots of the cubic equation
&3+ pr? + g+ = 0,
P17

2 W |

nas.

2. Find for the same eubic the value of

(B+7—a)i+ (y+a— B+ (at B2
Ans. 249 — pd,

3. Find the value of 3a®8° of the roots of the same equation.
Here ZaB3a?B%=3a’B8%+ aBy 3a? B ; hence &e.

Ans. g% — Bpgr+ 3=
4, Find for the same cubic the symmetric funection
(B~ + (3 — P+ (a5 )
S af 18 easily obtained by squaring Sa? (zee Ex. 3, Art. 27).
Ans. 2p5—12p4q -+ 120%r 4 18 92 g% — 18 pgir — G 4.
5. Find for the same cubic the value of

Byt afig? o4 B0

Bty y+ta at+B
Auns.

2ptg—4pr—2q°
r—-pg
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6. Find for the same cubic the value of

a* - By 5 B*+ya  ¥*+aB
B+ vta a+t B

g P —3p%q+bpr+q*
LS 7.__2)?

7. Find for the same cubic the value of

28y-a*  2ya—f?  2aB-7"
B+y—a y+ta-B atB—7y

Auns. pr=2p2q+ 14 pr—84* |

4pq—p° - 87
8. Find the symmetric function 3 (“ ; g) " for the same cubic.
(74

— R gt — A pPr+ 843~ 2pgr— 93*
(r— )

Ans,
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UNIT-1V
SYLLABUS

Transformation of Equations: Transformation of equations - Roots with signs changed - Roots
multiplied by a given quantity - Reciprocal roots and reciprocal equations - To increase or diminish the
roots by a given quantity - Removal of terms - Binomial coefficients.

Solution of reciprocal and binomial equations: Reciprocal equations - Binomial equations. Propositions
embracing their leading general Properties - The special roots of the equation - Solution of binomial
equations by circular functions — Examples.
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29. Transformation of Eguations.—We can, without
knowing the roots of an equation, transform it into another
whose roots shall have certain assigned relations to those of
the proposed. The utility of this process consists in the fact
that the discussion of the transformed equation will offen be
more simple than that of the original. We proceed to explain
the most important transformations of equations.

30. Roots with Signs changed.—1'o transform an equa-
tion into another whose roots are those of the given equation
with contrary signs, let a,, as as, . . . @, be the roots of

22+ @+ P b L L Pt pa=0;
then

PPt g A Pt pp= (@) (T —ay) . . L (- a,) ;
he 2 into — ¥ ; 1av sther #» he even or odc
change to —#; we have, then, whether » bhe e r odd,
Y =Py Py - i Py Epam (Yt ) (Yt as). . (Y Fan).

The polynomial in y equated to zero 1s an equation whose
roots are — e, —as . . . —a,; and to effect the required trans-
formation we have only to change the signs of every alternale tevm
of the given equation beginning with the second.
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31. Roots Multiplied by a Given Quantity.—'10 trans-
form an equation whose roots are a,, a, . .. a, into another whose

g Y . ; :
roots are ia,, Mas, . . . Nid,, We el'mnge 2 info = in the 1dentity

"
»f the preceding article. "We have then, after multiplication
by m™,

YA+ mp Yt PPy T Py Py

=y —ma,) (y —ma) . . . . (y — mag).

Hence, to multiply the roots of an equation by a given quan-
tity i, we have only to multiply the successive coefficients, beginning
with the second, by m, m*, m’, . . . m*.

The present transformation is useful for getting rid of the
oefficient of the first torm of an equation when it is not unity;
and generally for removing fractional coefficients from an equa-
tion. If there is a coefficient @, of the first term, we form the
equation whose roots are #yay, dwas, . . . dyay; the transformed
squation will be divisible by «,, and after such division the coeffi-
sient of 2" will be umty.

When there are fractional coefficients, we can get rid of them
by multiplying the roots by a quantity s, which is the least
common multiple of all the denominators of the fractions. In
many cases, multiplication by a quantity less than the least
common multiple will be sufficient for this purpose, as will

appear in the following examples :—
1. Change the equation
Jat—drt it =224 1=10
into another the coellicient of whose highest term will be unity. We multiply the

roots by 3.
Ang, gt =da?4 1202 — 182 - 27 =1},

i T - SO ) IRELE SR I PRy BRFCSCAE A 1 a. B SR ISR - IEIEURE B DR |
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32. Reciprecal Roots.—To transform an equation into
one whose roots are the reciprocals of the roots of the proposed

equation, we change « into s in the identity of Art. 30, This

Y
gives, after certain easy reductions,
2 - 7 -1 \/ I \ 1
Lo L B AT (.e/——--nv—-——l el
?/N ',/72 1 .I/‘n—~ !/ .)/n ”I/\ / . (ln/)

or
= 3 1 F i 1\/ 1\ 4 1
et Potny +1-—J+—-=KJ-—)\%—')~-':ﬂ-—>;
\

77» Pn Pa Pa L] An

hence, if in the given equation we replace z by 1, and multiply by

", the resulting polynomial in y equated to zero will have for
L ) 1

rootq b ) ,o-'”—.
a, d; ay

14‘ VAT W
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There 1s a certain class of

1

equations which remain unalfered when # is changed into —.
z

These are called reciprocal equations. "The conditions which must
obtamn among the coefficients of an equation in order that it
should be one of this class are, from the preceding Auxticle,
plainly the following :—

33. Reciprocal Equations.

P Pz ) ™ )
T~ _])l’ —‘—" -.])3’ (K',U. I o _—1))‘_1, R .-"?)u.

Pn Pa Pn Pa

The last of these conditions gives pi=1, or p,=+1. Ie-
ciprocal equations are divided into two classes, according as p,
is equal to + 1, or to - 1.

(1). In the first case

Pu1=Piy Pr2a=Pr « « o« Pr=7Ppas

and we have the first class of reciprocal equations, in which the
coefficients of the corresponding terms taken from the beginning and
end are equal in magnitude and have the same signs.

(2). In the second case, when p, = - 1,

Pua==P1, Pu==Pa &Co.. . pi==pu;

and we have the second class of reciprocal equations, tn which cor-
responding terms counting from the beginning and end are equal in
magnitude but different i sign. 1t 13 to be observed that in this
case when the degree of the equation is even, say # = 2m, one of
the conditions becomes p,, = = p,, orpn=0; so thatin reciprocal
equations of the second class, whose degree is even, the middle

term 18 absent.
L . . . . 1 .
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1. Find the equation whose roots are those of

wt ~ Bt Tat = 1T+ 11 =10,
each diminished by 4.

The operation is best oxhibited as follows :—

1 ~ 5 7 ~17 11
4 1 12 — 20
~ 1 3 ~ -9
4 12 an |
3 m 55 '
4 28 |
7 443
4 |
11

Here the first division of the given polynomial by # — 4 gives the remainder
~ 9 (= Ay), and the quotient * — 2? + 82 — 5 (cf. Art. B). Dividing this again by
z— 4, we get the remeinder 55 (= Ay), and the quotient 2® + 3w 4 15.  Dividing this
again, we get the remainder 48 (= A3), and quotient 2+ 7 ; and dividing this we get
Ar=11, and 4o =1; hence the required transformed equation is

4 1135 4+ 43y° + 56y — 9 = 0.

z— 4, we get the remainder 55 (= A3), and the quotient 2% + 32 + 15. Dividing this
again, we get the remainder 43 (= 43), and quotient 2+ 7; and dividing this we get
Ay=11, and 4y =1 ; hence the required transformed equation is

Yyt 11y% + 43y% + 56y — 9 = 0.
2. Find the equation whose roots are those of

&% 4ad —at 11 =0,
each diminished by 3.
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1 0 4 - 1 0 Il

3 9 39 114 342
3 13 38 114 353
3 18 93 393
G 31 131 . 807
3 27 174 '
9 58 | 305
3 36

54 94
3

.

The transformed equation is, therefore,

5+ 1594494983 1 305924+ 507y + 853 = 0.

3. Find the equation whose roots are those of
425 — 229+ Ta - 3= 0,
sach increased by 2. '
[The multiplier in this operation is, of course, — 2.]
Ans. 4y® —409*+ 168 y* - 3084 303y —129=0.
4. Inecrease by 7 the roots of the equation
3at4T7a3-152"+2—-2=0.
Ans. 3yt =TTy>+ 720y — 2876y + 4058 = 0,
5. Diminish by 23 the roots of the equation |

Had = 18322— 12247 = 0.
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35. Removal of Terms.—One of the chief uses of the
transformation of the preceding Article is to remove a certain
specified term from an equation. Such a step often facilitates
its solution. Writing the transformed equation in-descending
powers of 7, we havg

ln@=1)

ay + (naoh + ) " + 179 ayl* + (i — 1)a, b + az; Y24, .=0,

l

If 7 be such as to satisty the equation nay/ + a; = 0, the trans-
formed equation will want the second term. If /% be either of
the values which satisfy the equation

)—I-(i}——?;) ah* + (n—1)arh + a,= 0,
the transformed equation will want the third term ; the removal
of the fourth term will require the solution of a cubic for /; and
so on. To remove the last term we must solve the equation
#(h) =0, which is the original equation itself.

Prepared by U.R.RAMAKRISHNAN, Asst Prof, Department of Mathematics, KAHE Page 9/15




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS

RSE

DE: 1

COURSE NAME: Theory of Equations
202 IT: IV(Transformation of E ions) BATCH-2018-2021

ExanrLes.

1. Transform the equation

23 =622+ 42 ~-T7=0

into one which shall want the second term.

Diminish the roots by 2.

naoh + @y =0 gives b= 2.
Ans. iy — 8y — 15=0.

2. Transform the equation

et 4+ 83+ 2—-5H=0

into one which shall want the second term.
Increase the roots by 2. Ans. y* =24 y*+ 65y - 65 = 0.
3. Transform the equation

24 —428-1822 -3x 42 =0

into one which shall want the third term.
The quadratic for 7 is

62 —12h—18 =0, giving k=3, h=-1.

Thus there are two ways of effecting the transformation.
Diminishing the roots by 3, we obtain

(1) y*+8y3—111y—196 = 0.

Increasing the roots by 1, we obtain

(2) ¥*-8y°— 17y~ 8=0.
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Exanrrzs,
1. Find the result of substituting ¢+ /4 for # in the polynomial
anad + 3ay 42 -+ 3as o -+ as.
Ans. aoy® + 3{aoh + 1) y*+ 8 (ag A%+ 2a1h + as)y + o+ 3ar k% + Baz ki + a,

The student will find it a useful exercise to verify this result by the process of
operation explained in Art. 34, which may often be employed with advantage in the
case of algebraical as well as numerical examples.

2. Remove the second term from the equation

apx® 4+ 3122 4+ Basx +az = 0.

We must diminish the roots by a quantity 2 obtained from the equation

; —
aph+a1=0, 1.e b= i g
ap

Substituting this value of % in A4z, and 43, the resulting equation in y is

8 (mo g — a12) ot a3 — 3agey s -+ a3
3#" _...._.2___._._. y A4 3 —_—
L) oo

3. Find the condition that the sccond and third terms of the equation 7, =0
should be capable of being removed by the same substitution. .

Here 4, and 42 must vanish for the same value of 4; and climinating % be-
tween them we find the required condition.

Ans. apity — a)* = 0
4. Solve the equation
a3+ 6+ 122 —-19 =0

by removing its second term.

The third term is removed by the same substitution, which gives

527 =0
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37. The Cubie.—On account of their peculiar interest, we
shall consider in this and the next following Articles the equa-
tions of the third and fourth degrees, in connexion with the
transformation of the preceding Article. When y + 4 is sub-
stituted for 2 in the equation

do® + S, 2% + Sty + ay = 0, (1)
we obtain
(1,3;1/3 -+ 3.&‘11!/2 + 311_)!/ -+ .44.3 = O,
where A, A., A, have the values of Art. 36.
If the transformed equation wants the second term,
a,

Ax = U, or h=— — -
1y
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substituting this value for % in 4, and A4,, we find, as in Ex. 2,
Art. 36,

oAy = oty — a®, @Ay =t s — Sttoat @t + 2a,%;

hence the transformed cubic, wanting the second term, is
3 : 2 1 2 & 3 3
Y+ — (ol — ar*) Y + g (a® tts — Bttottr @z + Rar®) = 0.
ty™ 0

The functions of the coefficients here involved are of such
importance in the theory of algebraic equations, that it is cus-
tomary to represent them by single letters. We accordingly
adopt the notation

ot — @2 = H, @yt — ottty +20,° = G

and then write the transformed equation in the form

SI (+
I s — = ). 2
¥t B2 g &> g (2)

We here observe that if the roots of this equation be multi-
plied by «, it becomes
2 +3Hz+ G = 0. (3)

This is the form of the cubic we shall employ when we come
to treat of its algebraical solution. The variable
8=y = tolt + Q.
The original cubic 1s in fact identical with
(@ + a)® + S H (aw + a,) + G = 0,

after the factor « is removed from this, as the student can
easily verify.
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38. The Biquadratic.—The transformed equation, want-
ing the second term, is

7
aiyt + 647+ 44y + 4, = 0,

where 4. and 4; have the same values as in the preceding
Axticle; and for A, we have

a® Ay = a’ as — 4ast aas + 6a,a,® @, — 3a;d.

The transformed equation is then

6’ 4 i g~ y X
v+ —Hy* + = Gy + e (a0 ay — 4as* ayas + Gy, ay — 3a,*) = 0.
tly o Ly

39. Homographic Transformation.—The transforma-
tion considered in Art. 34 1s a particular case of the following,
in which z is connected with the new variable y by the equation

T Net+u”

IfA=1, u==h, N'=0, u’'=1, we have y =2 -4, as in Art. 34.
Solving for « in terms of y, we have

po—wy
&= T,
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Algebraic Solution Of the Cubic and Biquadratic: On the algebraic solution of equations - The algebraic
solution of the cubic equation - Application to numerical equations - Expression of the cubic as the
difference of two cubes - Solution of the cubic by symmetric functions of the roots — Examples .

Properties of the Derived Functions: Graphic representation of the derived function - Theorem relating
to the maxima and minima of a polynomial - Rolle's Theorem. Corollary- Constitution of the derived
functions
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(1). First method of solution : by resolving into factors. Let
it be required to resolve the quadratic #* + Pz + @ into its simple
factors. For this purpose we put it under the form

@+ Pr+Q+0-0,
and determine 0 so that
*+Pe+Q+0

may be a perfect square, 7.¢. we make
¥ 3

462
4

0+Q=‘,If, or 0—

whence, putting for 8 its value, we have

; P\, /P-4QY
@ +P;TJ+Q-—-~<.L +—‘2-> —<0¢. + — /I

Thus we have reduced the quadratic to the form »*—+*; and
its simple factors are « + », and » - v.

Subsequently we shall reduce the cubic to the form
(le+m)® — (l'z+wd)’, or u® -1,
and obtain its solution from the simple equations
v—0v=0, v-wr=0, u-we=70.
It will be shown also that the biquadratic may be reduced to
either of the forms
(l2® + iz + 0)? = (0 +me + '),
(2° + pe +¢)(@F+px+4q),
by solving a eubie equation ; and, consequently, the solution of
the biquadratic completed by solving two quadratics, viz., in the
first case, l2* + mz+ n =+ ({'a* + m'z + ") ; and in the second case,
P?*+pr+q=0,and #*+ p'w+¢ = 0.
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(2). Second method of solulion : by assuming for a root ¢ general
Jorm mvolving radicals.
Assuming = p + 4/ ¢ to be aroot of the equation 2*+Pa+Q =0,
and rationalizing the equation 2 = p + /g, we have
& - 2pxe + p*—q = 0.
Now, if this equation be identical with #*+ Pz + Q= 0, we have
p=-P, pPP-q=24q,
giving d=pta/q=— P:t_\/;;’“’ =t

which is the solution of the quadratic equation.
In the case of the cubic equ&tion we shall find that

o=V pP+i=
«/ P
is the proper form to represent a root ; this formula giving
precisely three values for #, in consequence of the manner in
which the cube root enfers into it.
Tn the case of the biquadratic equation we shall find that

P+ ——J“=VQv'fVPVP*V%v@
VP T

are forms which represent a root; these formulas each giving

tour, and only tour, values 0t # When the square roots recelve
their double signs.

4k s - - - - - v -
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(8). Third method of solution : by symmetiic functions of the

roots.
Consider the quadratic equation «* + Pz + @ = 0, of which the

roots are a, (3.
Then a+ 3=~ P,

af3 = Q.

If we attempt to determine « and (3 by these equations, we
fall back on the original equation (see Axt. 24); but if we
could obtain a second equation hetween the roots and coeflicients,
of the form la + mf3 = F(P, Q), we could easily find a and 3 by
means of this equation and the equation a + 3= - P.

Now in the case of the quadratic there is no difficulty in
finding the required equation; for, obviously,

(a—f3)*=P*-4Q; and, therefore, a — (3= 4/ Pi-4Q.
In the case of the cubic equation 2® + P#* + Qe + B = 0, we
require fwo simple equations of the form
la+mf2 +ny = (P, @, R),
in addition to the equation « + 3 + y = — I’, to determine the
roots a, [3, y. It will subsequently be proved that the functions
(a+wf3+w’y)’, (arwB+oy)

may bhe expressed in terms of the coefficients by solving a guad-
ratic equation; and when their values are known the roots of
the cubic may be easily found.

In the case of the biquadratic equation

2+ P+ Qe+ Re+S=0
we require three simple equations of the form
la+mj3 +ny+vé = f(P, Q, R, 8),
in addition to the equation oo
at3+ry+é=-0PL,
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06, The Algebraic Solution of the Cubic Eqgua-
tion.—Let the general cubic equation

a2+ 30+ 3ex+d=0

be put under the form
2+3Hz+ G =0,

where z=ar+b, H=ac-¥, G=a"d-3abe+20 (see Art. 37).
To solve this equation, agsume®
. z=vp+/q;
hence, cubing,
F=p+q+3vp V1 (Vp +v/1),

therefore o
#-3Vpg.5-(p+q) =0,

Now, comparing coefficients, we have
L4 S
Vo g=—H, ptg=-G;
from which equations we obtain

Pt -Gt/ TR, g=1(- G-/ F1al);
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58. Expression of the Cubic as the Bifference of two
Cubes.—Let the given cubie
ar® + 3’ + Sex + d = ¢ ()
be put under the form

2+ 31z + @G,
where z = ar + b.
Now assume
2+ 3 Hs + G‘-——l— (p(e+v)’-v(s+pu)?l, (1)
v

where p and v are quantities to be determined ; the second side
of this identity becomes, when reduced,
2 = Buvz - uv (u+v).
Comparing coeflicients,
w=—H, uv(ut+v)=—G;
therefore
G av/ A

p-)—v=H, p—v——H—-
where «’A = G* + 4H7, as in Axt. 41 ;
also (s+p) (z+v) = +—(1 -1l (2)

Whence, putting for # its value, az+ b, we have from (1)

a® () G+ ad®\ [ T G - aA¥\? o (G~ fIAJ’\) dx+b+('¢aA% g
ple)=| =gz )\ae+d+—gpm— ( ( Y74

2A3 /
which is the required expression of ¢ () as the difference of two
cubes.
The function (), when transformed and reduced, becomes

a*
T t
which contains the two factors axz+ b+ pu, ax+ b+ v.
- The expression of the roots of this quadratic in terms of the
roots of the given cubic may be seen on referring to Ex. 23, p. 57. age6/19

(ac = 0¥ &* + (ad - be) x + (bd - &)},
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60. Ilomographic Relation beiween ftwo Rools of a
Cubie,—DBefore proceeding to the discussion of the biquadratic
we prove the following important proposition relative to the

cubic :—
T'he roots of the cubic are conmected in pairs by a homographie

relation in terms of the coefficients.

Referring to Example 13, Art. 27, we have the relations
ao'f B-7)'+ (y-a'+ (a-p))=18(a’-aa),
at{a(B—9)+ By -af +yla=PB)) = I aa;— o z),
ata (B} + By - @)+ va- B} - 18(ad - aras).

We adopt the notation

totts — " = H, asas—a,a,=2H,, a,a;— = H,.

Now, multiplying the above equations by af3, - (a + f3), 1

respectively, and adding, since

—ala+3)+aB3=0, [*-B(a+B)+a3=0,

we have

a*(B—v)(y —a)(a — B)' = 18{ Haf3 + H\(a+ 3] + H;
a' (P =yl (y—a)f (a— B ==2TA =108 (HH,-H?)
(see Art. 41); whence

+J ‘g “2B> = Haﬁ:~1{;(a+}3)+1{2,

bhut

and, therefore,

IIa[3+<1L /-é)a + H.--J—g-)ﬁﬁum:o,

which is the required homographie relation (see Art. 39).
12
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ExamrpLes.
1. Resolve into simple factors the expression
(B—7)* (@ —a)*+ (y - a)* (& —B)* + (a— B)* (& — 7)™
Let U=(@B-7)¢—aq), V=(y—a)z-B8), W=(a—B)z—17).

i BATCH-2018-2021

Ans. 3 (U+ o V+*W)(U+ *V+o W),

2. Prove that the several equations of the system
B—7)P(z-0a)’=(y—a)’ (- B)® = (a—B)*(x—7)°

have two factors common.
Making use of the notation in the last Example, we have
== e
whence

since

U= V3=(T-TV)(U2+UV+ V) =3(U-F) (U2+ P2+ W),

U+ V+W=0;

therefore
(B—7)2(z-a)*+(y—a)? (@—B)* + (& — B)(w—7)°

is the common quadratic factor required.
3. Resolve into simple factors the expression

B=7%e=a)’ + (y —a)®(2— B)* + (a— B)*(x — 7).

Ains. 3(B=)(y - o)(a- B)(@—a)(z—B)(z - 7).
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4. Resolve

(z—a)(z—B)x—17)
into the difference of two cubes.

Assume
(@—a)(o=B)(o—7) = T~ V3
whence
U7 — i=A(z—a),

wlh -V = p(z-8),

wlUi—wV1=v(@@-—7):
adding these we have
Atu+r=0, Aa+uB+pry=0;
and, therefore,
A=pB-7), n=ply—a) v=pla—8);
but Aur = 1; whence
1

;r—'(B-“v)('y—a)(a—B)-

Substituting these values of A, u, »; and using the notation of Ex. 1,
Ui=Vi=pU, wlUi—-&?V1=pV, o*'Ui1—wV1=pW;
whence
3h=p(U+ &V + e W),
—3T1=p(U+ o V+o*W);

and U, and V7 are completely determined.
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Exayxerus,
1. The functions L and M are functions of the differences of the roots.
For, L=a-+wBtwy=a—nh+w(B—A)+a?(y—i)

for all values of %, since 1+ + «*=0; and giving to 2 the values «, B, v, in suc-
cession, we obtain three forms for L in terms of the differences g —+v, y-a, a— 8.
Similarly for M.

2. To express the product of the squares of the differences of the roots in terms

of the coefficients.
We have

L+ M=2a—-B-v, Lt+*M=02-v-a)w, L+aM=2y—a—pB)e*;
and, again,
L-M=B-y)(w-uw?), *L—wM=(y—a)fw—w?), wl-u*M=(a-pL)w-0a®);

from which we obtain, as in Art. 26,
L3+ M3=(20—B—v) (2B — v -0a)(2y ~a—B),

IP-M3=—384/=3(8—7)(y—a)(a—B);
and since
(L3 — M3 = (I3 + M3 — 413 33,
we have, substituting the previous results,

a5 (B~ 7 (y—0a)?(a—B)® = — 27 (6% + 479
(See Art. 41.) '

3. Prove the following identities :—
I?+ M =3}{(2a— B~ 7+ (28— 7~ a)* + 2y~ a—B)’},
L ~M3=+/=3 {(B—7)+ (y— o)+ (a=B)}.
These are easily obtained by cubing and adding the values of
L+M, &e. ; L—-M, &e.

in the preceding example.
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hence they are the roots of the equation
(¢ —L)(p—wL)(p—wL)(¢p—H) (P —wM)($p—w?M) =0,
or @ — (L3 + M%) ¢® + L2 M3 = 0.

Substituting for Z and M from the equations
9
LM =— -E, I3+ M3=— 27 95,
a~ @

we have this equation expressed in terms of the coefficients as follows :—

G H3
¢6+33&3¢3_36 -‘?)-zo,

5. To obtain expressions for L?, M3, &e., in terms of a, 8, 7.
The following forms for Z? and 3?2 are obtained by subtracting

»

(@®+B2+y)(1+w+w?)=0 from (a+wB+w?y)? and (a+ w?B+ wy)?:
—I* = (B—7)*+ o*(y—a)* + w (a—B)%
~M=(B—9)'+ @ (y—a)+ ot (a— B
In a similar manner, we find from these formulas
— It = (8-7)* Qa—B—7)+w (y—a)* 2B~y —a)?+u? (a—B) (27 —a—B)",
— M= (8- (2a—B -7+t (y—a? @By —a) + @ (a— B)? (27— a= B)".
Also, without difficulty, we have the following forms for ZM, and L? M?:—
2LM = (B-7)*+ (y - a)*+ (e - B)?,
L2 =(a=B)2 (a—7)%+ (B—7)2 (B—a)® + (y — )2 (y — B)Z.
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8. Form the equation whose roots are the several values of p, where
B-7
a—(L+p)B+py=0,
substituting for a, B, v, their valuesin terms of p, ¢; and putling

Since

A=1-(1+p)w+pw®, u=1—(1+p)e’+pw,

8 y— W
A/ D+ ug=0.
Cubing, and substituting for p, ¢ their values,
G (A3 + p3) +(¢\/Z(1\3—M3) =0,

we have

Squaring,
RAN S = HB (€34 p),
and by previous results

A=3(1+p+p?), AN+us==27p(1+p);
substituting these values, we have the required equation

@Al +p+p?)° — 2TH3(p+p?) = 0.
9. Find the relation between the coefficients of the cubics
az® 4+ 3ba? +3cx +d =0,
@234 Va2 + 32"+ d'=0,
when the roots are connected by the equation
a(8' =)+ By —d) +v('-B) = 0.
Multiplying by o — «?, this equation becomes
LM = L' M.
Jubing and introducing the coefficients, we find

G2 I3 = G HS,
the required relation.
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10. Determine the condition in terms of the roots and coefficients that the
¢ubics of Ex. 9 should become identical by the linear transformation
& = px -+ q.
In this case
a=patgq, B=pBt+qg ¥V =py+e
Eliminating » and ¢, we have
By — By +ya' —ya+taf —a'B=0,
which is the function of the roots considered in the last example. This relation,
moreover, is unchanged if for a, B, v; o', B, 9/, we substitute

lo. +my, IB +wmy Uy + m,
Ve +m', UB +w', 'y + a,
whence we may consider the cubics in the last example under the simple forms
B+3Hz+ G =0, 2%+3H'Y 4+ G =0,

obtained by the linear transformations z=az + 5, 2’ =4’2’+ ’; for if the condition

holds for the roots of the former equations, it must hold for the roots of the latter.
Now putting z"= ks, these equations become identical if

H'=IPH, @ =B¢;
whenee, eliminating £,

@GH?=G"H?

is the required condition, the same as that obtained in Ex. 9. It may be obscrved
that the reducing quadraties of the cubics necessarily become identical by the same
transformation, viz.,

g (0" &+ &) = = (az + b).
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61. First Soluntion by Radicals of the Biquadratic.
Euler’s Assumption :—DLet the biquadratic equation

axt + 4bx® + 6ex®* +4ddz +e =0
be put under the form
+ 6 +4Gz +a*l - 3H*? = 0,
where 2 = ax + b,
H=ac-b, I=ae-4bd+3c®, G =a’d-3abe+ 208,

(See Art. 88.)
To solve this equation (a biquadratic wanting the second
term) Huler assumes as the general expression for a root

2= /D ++/q+ /T
Squaring, o o L
Fop-q-r=20/g/7+/1/p+ /D3
Squaring again, and redueing, we obtain the equation
2= U p+q+1)2 =84/ /G /T 5+ (p+q+7)= 4(qr+rp+pg)=0.

Comparing this equation with the former equation in z, we
have

?’ — - —
p+g+r=-3H, q*'+?w+pq=3ﬂz~%{ «/ﬁ-x/'i'-«/ﬂ"'=“g;

and consequently p, ¢, » are the roots of the equation

3, ¢ v i 2 a1l G* o 5
£ + SHt +<.51[ H-I)ﬁ - =05
or, since
- GP=4H° -a*HI + a®J (see Art, 38),
where

J = ace + 2bed — ad® — eb® — 2,
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we may write this equation under the form
4+ H)Y-a’lI(t+ H)+a*J = 0;
and finally, putting ¢+ H=4, we obtain the equation
46°0° — Iaf + J = 0,
which we call tke reducing cubic of the bigquadratic equation.
Also, since t=10*—ac+a*0; if 0,, 0., 6, be the roots of the
reducing cubic, we have

p=b-ac+al, q=b-ac+a0, r=0"-ac+a*b;;

and, therefore,

z=/bz—ac+a291+/bz—(¢c—.L(c'zﬂz+«/bg—ac+a293.

The radicals in this formula have not complete generality ;
for if they had, eight values of = in place of four would be given
by the formula. This limitation is imposed by the relation

VAT =

which (lost sight of in squaring to obtain the value of pgr)
requires such signs to be attached to each of the quantities
Py /¢, /7, that their product may maintain the sign deter-

mined by the above equation ; thus,
VP AU T =P D ) = (D)1 ()
= (/D)D) /7
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are all the possible combinations of +/p, v/q, 4/7 fulfilling

this condition, provided ./p, +/¢, /7 retain the same signs
throughout, whatever those signs may be. But we may avoid
all ambiguity as regards sign, and express in a single algebraic
formula the four values of z, by eliminating one of the quantities

o 77, V% g-z—, / » from the formula
NN

by means of the relation given above, and leaving the other two
quantities unrestricted in sign. 'We have then

!

e BT, |

Sl HAd -G

a formula free from all ambiguity, since it gives four, and only
four, values of z when ,/p and /¢ receive their double signs:
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the sign given to each of these in the first two terms determining
that which must be attached to it in the denominator of the
third term. And finally, restoring p, ¢, and & their values
given before, we have

(wvbz/b2~ac+5020,+/b2—ac+(t202
G

"9/ (F—ac+a0y) /7 - ac + &b,
as the complete algebraic solution of the biquadratic equation;
0. and 0, being roots of the equation

da*6P — Ial + J = 0.

To assist the student in justifying Euler’s apparently arbi-
trary assumption as to the form of solution of the biquadratic,
we remark, that since the second term of the equation in ¢
18 absent, the sum of the four roots is zero, or 2, + 2, + 23+ 2,=0;
and consequently the functions (s, + 2.)?, &e., of which there are
in general siz (the combinations of four quantities two and two),
are in this case reduced to #Arec only ; so that we may assume

(% + )" = (= + 2)* = 4p,
(% + 21)° = (% + 84)° = 4y,
(31 + %)% = (85 + %)% = 4o

from which we have z,, 2,, 25, 2, included in the formula

Vo + g/
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Examrres.
1. Show that the two biquadratic equations
Aozt + 6.422% + 4 d3x + Ay =0

have the same reducing cubic.
2. Find the reducing cubic of the two biquadratic equations

at - 6122+ 84/ (It b + 13 — 3imn) . x+ 3(dimn—1%) = 0.

Ans, 03 3mn@ - (in®-- %) =0,

3. Prove that the eight roots of the equation
{2t —602% 4 3 (4mn— %) }* = 64 (I3 + m3 + n® — Blun) 2*

are given by the formula

\/l+ m+an + \/t—-% wit+ w'n + \/l-i— Wi + wi.
(Compare Ex. 20, p. 34.)
4. If the expression

'\/l + W+ \/Z + @i+ o + \/Z_-r WM + wn
be a root of the equation
o 6HZ? + 4Gz + a2l - 3H* =0,
determine H, I, J in terms of /, m, n. .
Ans. H=—1, I=12mn, J=-—4(md+n3).
3. Prove that J vanishes for the biquadratic
m (@ — n)t — n (e - m)t

6. Waite down the formulas expressing the root of a biquadratic in the particular
cases when I =0, and J = 0.
7. What is the quantity under the final square root in the formula expressing a
root ¥
Ans. 27J2% — 13,
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8. Prove that the cocfficients of the equation of the squares of the differences of
the roots of the biguadratic equation

Aokt + 4123 + Gae® + dan g = 0

may be expressed in terms ay, H, I, and J,
Removing the second term from the equation, we obtain

IBH 4{'} ang sH®

c o £ T gt

¥t —

= ¥

ay*
and changing the signs of the roots, we have

6H , 4G  @’l-311*

" 2
b R i
4 ag? 7Y ay® 5/ ag*

= 0.

These transformations leave the functions (e — B)%, &c., unalfered ; but &
becomes — &, the other coefficients of the latter equation remaining unchanged ;
therefore @ can enter the cocflicients of the equation of the squares of the differences
in e¢ven powers only. And since

— P =4 H3—a* HI -+ ap®J,
G'? may be eliminated, introducing @y, H, I, J. In a similar manner we wmay

prove that every even function of the differences of the roots a, 8, ¥, 8 may be ex
pressed in terms of @y, H, 7, J, the function ¢ of odd degree not entering.
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