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Course Objective

Business Mathematics and Statistics represents the understanding of essentials of
matrices and basics of Mathematics of Finance, Differential calculus, Uni- variate analysis and
bi-variate analysis. It is also explains the time based data, Index numbers and Time series
analysis.
Program Outcome

The objective of this course is to familiarize students with the applications of
mathematics and statistical techniques in business decision-making.

1. Use of simple calculator is allowed.

2. Proofs of theorems / formulae are not required.

3. Trigonometric functions are not to be covered.
Unit I: Matrices & Basic Mathematics of Finance
Definition of a matrix. Types of matrices; Algebra of matrices. Calculation of values of
determinants up to third order; Adjoint of a matrix; Finding inverse of a matrix through ad joint;
Applications of matrices to solution of simple business and economic problems- Simple and
compound interest Rates of interest — nominal, effective and continuous - their
interrelationships; Compounding and discounting of a sum using different types of rates
Unit 11: Differential Calculus
Mathematical functions and their types — linear, quadratic, polynomial; Concepts of limit and
continuity of a function; Concept of differentiation; Rules of differentiation — simple standard
forms. Applications of differentiation — elasticity of demand and supply; Maxima and Minima of
functions (involving second or third order derivatives) relating to cost, revenue and profit.
Unit I11: Uni-variate Analysis
Measures of Central Tendency including arithmetic mean, geometric mean and harmonic mean:
properties and applications; mode and median. Partition values - quartiles, deciles, and
percentiles. Measures of Variation: absolute and relative. Range, quartile deviation and mean
deviation; Variance and Standard deviation: calculation and properties.
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Unit IV: Bi-variate Analysis

Simple Linear Correlation Analysis: Meaning, and measurement. Karl Pearson's co-efficient and
Spearman’s rank correlation Simple Linear Regression Analysis: Regression equations and
estimation. Relationship between correlation and regression coefficients

Unit V: Time-based Data: Index Numbers and Time-Series Analysis

Meaning and uses of index numbers; Construction of index numbers: Aggregative and average
of relatives — simple and weighted, Tests of adequacy of index numbers, Construction of
consumer price indices. Components of time series; additive and multiplicative models; Trend
analysis: Finding trend by moving average method and Fitting of linear trend line using principle
of least squares

Suggested Readings:

Text Books
1. N. D. Vohra.(2013) Business Mathematics and Statistics. [Reprint]. New Delhi, McGraw
Hill Education (India) Pvt Ltd.

Reference Books

1. Mizrahi and John Sullivan. (2013). Mathematics for Business and Social Sciences [7"
Edition] India, Wiley and Sons.

2. Budnick, P. (2011). Applied Mathematics.[4" Edition]. New Delhi, McGraw Hill
Publishing Co.

3. J.K. Thukral. (2011). Mathematics for Business Studies [15™ Edition]. Chennai, Mayur
Publications

4. J. K. Singh. (2010). Business Mathematics. New Delhi, Himalaya Publishing House.

5. J. K. Sharma. (2013). Business Statistics[3" Edition]. New Delhi, Pearson Education..

6. S.P. Gupta and Archana Gupta. (2013). Elementary Statistics. [7" Edition] New Delhi,
Sultan Chand and Sons.

7. Richard Levin and David S. Rubin. (2015). Statistics for Management[7™ Edition ] New
Delhi, Prentice Hall of India,.

8. M.R. Spiegel. (2013).Theory and Problems of Statistics [4"™ Edition] New Delhi,.
McGraw Hill Publishing Co.
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STAFFNAME : R.PRAVEEN KUMAR
SUBJECT NAME : BUSINESS MATHEMATICS & STATISTICS
SUB.CODE :17CMU202 SEMESTER: Il
CLASS .1 B. Com
Lecture Topics to be covered Support
S.No | Duration Material/Page Nos
Period
UNIT |
1. |1 Introduction and Definition of a matrix. T1:Chap: Pg.No:1.1-
1.2
2. |1 Types of matrices; Algebra of matrices T1:Chap:1:Pg.No:1.3-
1.6
3. |1 Calculation of values of determinants up to third order; | T1:Chap:1:Pg.No:1.6-
1.10
4. |1 Tutorial-1
5 |1 Adjoint of a matrix R9:Chap:1:Pg.No:5-7
6. |1 Finding inverse of a matrix through ad joint T1:Chap:1:Pg.No:1.9-
1.10
7. |1 Finding inverse of a matrix through ad joint T1:Chap:1:Pg.No:
1.13-1.14
8 |1 Tutorial-11
9. |1 Continuation on Finding inverse of a matrix through T1:Chap:1:Pg.No:1.13
ad joint -1.14
10. | 1 Applications of matrices to solution of simple business | T1:Chap:4:Pg.No:4.1-
and economic problems 4.2
11. |1 Simple and compound interest Rates of interest T1:Chap:4:Pg.No:4.3-
4.4
12. |1 Tutorial-111
13. |1 Continuation on Simple and compound interest Rates T1:Chap:4:Pg.No:4.12
of interest -4.15
14. |1 Continuation on Simple and compound interest Rates T1:Chap:4:Pg.No:4.32
of interest -4.35
15. |1 Nominal, effective and continuous Compounding and T1:Chap:4:Pg.No:4.4-
discounting of a sum using different types of rates 4.8
16. [ 1 Tutorial-1vV
17. |1 Continuation on nominal, effective and continuous T1:Chap:4:Pg.No:4.9-
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Compounding

4.12

18. Problems on Compounding and discounting of a sum T1:Chap:4:Pg.No0:4.13
using different types of rates -4.16
19. Tutorial-V
20. Problems on Compounding and discounting of a sum T1:Chap:4:Pg.No:
using different types of rates 4.26-4.28
21. Continuation on Compounding and discounting of a T1:Chap:4:Pg.No:4.17
sum using different types of rates -4.21
22. Continuation on Compounding and discounting of a T1:Chap:4:Pg.No:
sum using different types of rates 4.29-4.31
23. Tutorial-VI
24, Recapitulation & discussion of possible questions
Total No of Hours Planned For Unit | = 24
UNIT 11
1 Introduction of Mathematical Functions T1:Chap:2:Pg.No:2.3-
2.4
2 Types of Mathematical Functions: T1:Chap:2:Pg.No:2.4-
linear,quadratic,polynomial formula and its problems 2.5
3 Concept of limit of a function R9:Chap:6:Pg.No:247
-250
4 Tutorial-I
5 Concept of Continuity of a function R9:Chap:6:Pg.N0:255
-259
6 Continuation on Concept of Continuity of a function R9:Chap:6:Pg.N0:260
-263
7 Concept of differentiation R9:Chap:6:Pg.N0:267
-270
8 Tutorial-11
9 Problems on differentiation R9:Chap:6:Pg.N0:271
-273
10 Continuation of Problems on differentiation R9:Chap:6:Pg.No:274
-276
11 Rules of differentiation- simple standard forms T1:Chap:2:Pg.No:2.6-
2.7
12 Tutorial-111
13 Continuation of rules of differentiation- simple T1:Chap:2:Pg.No:2.8-
standard forms 2.10
14 Applications of Differentiation R9:Chap:6:Pg.N0:282
-284
15 Applications of Differentiation in elasticity of demand | R9:Chap:6:Pg.N0:285
and supply -286
16 Tutorial-1vV
17 Maxima and Minima of functions R9:Chap:6:Pg.N0:287
-286
18 Maxima and Minima of functions (involving second R9:Chap:6:Pg.N0:288
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order derivatives) relating to cost, revenue and profit

-290

19 Tutorial-V
20 Continuation on Maxima and Minima of functions R9:Chap:6:Pg.No:290
(involving second order derivatives) relating to cost, -292
revenue and profit
21 Maxima and Minima of functions (involving third R9:Chap:6:Pg.N0:293
order derivatives) relating to cost, revenue and profit -294
22 Problems on Maxima and Minima of functions R9:Chap:6:Pg.N0:295
(involving third order derivatives) relating to cost, -296
revenue and profit
23 Tutorial-VI
24 Recapitulation & discussion of possible questions
Total No of Hours Planned For Unit 11 = 24
UNIT 11
1 Introduction on Measures of Central Tendency R7:Chap:3:Pg.No:77-
including arithmetic mean and its problems 83
9 Measures of Central Tendency including geometric R7:Chap:3:Pg.N0:92-
mean and its problems 96
3 Measures of Central Tendency including harmonic R5:Chap:3:Pg.No:101
mean and its problems -102
4 Tutorial-1
5 properties and applications R7:Chap:3:Pg.No:84-
' 86
5 Mode and median and its problems T1:Chap:5:Pg.No:5.6-
' 5.8
- Partition values — quartiles and its problems R5:Chap:3:Pg.No:105
-106
8. Tutorial-11
9 Partition values —deciles and its problems R5:Chap:3:Pg.No:107
' -108
10 Partition values —percentiles and its problems R5:Chap:3:Pg.No:109
' -111
11 Measures of Variation: absolute and relative. R5:Chap:3:Pg.No:128
' -129
12. Tutorial-111
13 Continuation on problems of absolute and relative R5:Chap:3:Pg.No:130
' -131
14 Range and quartile deviation definition and its R7:Chap:3:Pg.No:113
' problems -115
Problems on Range R5:Chap:4:Pg.No:131
15.
-132
16. Tutorial-1vV
17 Problems on quartile deviation R5:Chap:4:Pg.No:132

-134
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18. Mean deviation related problems R5:Chap:3:Pg.N0:135
-137
19. Variance and Standard deviation: problems and R5:Chap:4:Pg.No:138
properties -141
20. Tutorial-V
21. Continuation on Variance and Standard deviation: R7:Chap:5:Pg.N0:123
problems and properties -125
22. Continuation on Variance and Standard deviation: R7:Chap:5:Pg.N0:126
problems and properties -127
23. Tutorial-VI
24, Recapitulation & discussion of possible questions
Total No of Hours Planned For Unit 111 = 24
UNIT-IV
1 Introduction on Simple Linear Correlation Analysis R5:Chap:13:Pg.No:45
2-453
2 Meaning and measurement of Correlation R5:Chap:13:Pg.No:45
4-455
3 Karl Pearson's co-efficient problems T1:Chap:6:Pg.N0:6.5-
6.7
4 Tutorial-1
5. Continuation of problems on Karl Pearson's co- T1:Chap:6:Pg.No0:6.8-
efficient 6.10
6. Problems on Karl Pearson's co-efficient R5:Chap:13:Pg.No:45
8-459
7 Continuation on Problems of Karl Pearson's co- R5:Chap:13:Pg.No:45
efficient 9-460
8. Tutorial-11
9. Spearman’s rank correlation problems R5:Chap:13:Pg.No:46
6-467
10. Continuation of problems on Spearman’s rank R5:Chap:13:Pg.No:46
correlation 8-469
11. Continuation of Problems on Spearman’s rank R5:Chap:13:Pg.No:47
correlation 0-471
12 Tutorial-111
13. Continuation of Problems on Spearman’s rank R5:Chap:13:Pg.No:47
correlation 2-473
14. Simple Linear Regression Analysis: Regression T1:Chap:7:Pg.No:7.1-
equations 7.3
15. Problems on Simple Linear Regression Analysis: T1:Chap:7:Pg.No:7.4-
Regression equations 7.5
16. Tutorial-1vV
17. Problems on Simple Linear Regression Analysis: T1:Chap:7:Pg.No:7.6-

Regression equations and estimation

7.7
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18 Relationship between correlation and regression T1:Chap:7:Pg.No:7.9-
coefficients 7.11
19. Continuation on Relationship between correlation and | R5:Chap:13:Pg.No:61
regression coefficients 0-611
20. Tutorial-V
21. Continuation on problems on correlation and T1:Chap:7:Pg.No:7.11
regression coefficients -7.13
22. Continuation on problems on correlation and T1:Chap:7:Pg.No:7.14
regression coefficients -7.15
23. Tutorial-VI
24, Recapitulation & discussion of possible questions
Total No of Hours Planned For Unit IV = 24
UNIT-V
1 Introduction on index numbers Meaning and its uses R5:Chap:17:Pg.No:59
4-598
2 Construction of index numbers R5:Chap:17:Pg.No:59
8-602
3 Tutorial-I
4 Aggregative and average of relatives simple and R7:Chap:16:Pg.No:87
weighted related problems 9-881
5 Continuation on aggregative and average of relatives R7:Chap:16:Pg.N0:88
simple and weighted related problems 2-887
6 Tutorial-11
7 Tests of adequacy of index numbers R5:Chap:17:Pg.No:61
7-619
8 Construction of consumer price indices. R5:Chap:17:Pg.N0:62
0-622
9 Tutorial-111
10 Components of time series; additive and multiplicative | T1:Chap:8:Pg.No:8.1-
models 8.3
11 Continuation on Components of time series; additive T1:Chap:8:Pg.No:8.4-
and multiplicative models 8.5
12 Trend analysis: Finding trend by moving average T1:Chap:8:Pg.N0:8.18
method -8.24
13 Tutorial-1vV
14 Problems on Finding trend by moving average method | T1:Chap:8:Pg.N0:8.25
-8.27
15 Continuation on Problems on Finding trend by moving | T1:Chap:8:Pg.N0:8.27
average method -8.28
16 Continuation on Problems on Finding trend by moving | T1:Chap:8:Pg.N0:8.29
average method -8.30
17 Tutorial-V
18 Fitting of linear trend line using principle of least R7:Chap:15:Pg.No0:8.2

squares

1-8.22
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19 1 Continuation on Fitting of linear trend line using R7:Chap:15:Pg.No:8.2
principle of least squares 3-8.25

20 1 Tutorial-VI

21 1 Recapitulation & discussion of possible questions

22 1 Disscussion of previous ESE question papers

23 1 Disscussion of previous ESE question papers

24 1 Disscussion of previous ESE question papers

Total No of Hours Planned For Unit VV =24

Total Planned Hours : 120

SUGGESTED READINGS

Text Books
T1: N.D. Vohra.(2013) Business Mathematics and Statistics. [Reprint]. New Delhi, McGraw
Hill Education (India) Pvt Ltd.

Reference Books

R1: Mizrahi and John Sullivan. (2013). Mathematics for Business and Social Sciences [7"
Edition] India, Wiley and Sons.

R2:  Budnick, P. (2011). Applied Mathematics.[4™ Edition]. New Delhi, McGraw Hill
Publishing Co.

R3:  J.K. Thukral. (2011). Mathematics for Business Studies [15" Edition]. Chennai, Mayur
Publications

R4:  J. K. Singh. (2010). Business Mathematics. New Delhi, Himalaya Publishing House.

R5:  J. K. Sharma. (2013). Business Statistics[3™ Edition]. New Delhi, Pearson Education..

R6:  S.P. Gupta and Archana Gupta. (2013). Elementary Statistics. [7" Edition] New Delhi, :
Sultan Chand and Sons.

R7:  Richard Levin and David S. Rubin. (2015). Statistics for Management[7™" Edition ] New
Delhi, Prentice Hall of India,.

R8:  M.R. Spiegel. (2013).Theory and Problems of Statistics [4" Edition] New Delhi.
McGraw Hill Publishing Co.

R9: Navainitham Pa.(2004).Business Mathematics & Statistics(3™ edition),Jai
Publishers,India
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS:1B.Com COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 17CMU202 UNIT: 1 BATCH-2017-2020
UNIT — 1
SYLLABUS

Matrices & Basic Mathematics of Finance

Definition of a matrix. Types of matrices; Algebra of matrices. Calculation of values of determinants
up to third order; Adjoint of a matrix; Finding inverse of a matrix through ad joint; Applications of
matrices to solution of simple business and economic problems- Simple and compound interest Rates
of interest — nominal, effective and continuous — their interrelationships; Compounding and
discounting of a sum using different types of rates

Matrix
An array of mn numbers arranged in m rows and n columns and bounded by square bracket [ ] brackets
()or] |lis called m by n matrix and is represented as

di; Ay a1n a; ap ay,
4y Ay d2n a, Ay a,,
a3 Az a3,
A = = (H
a a: a
all aiZ am il i2 in
- amn_ A Ay e Appp

(1) is known as m x n matrix in which there are m rows and n columns.Each member of m x n matrix is known
as an element of the matrix.

Note:

1. In general, we denote a Matrix by capital letter A = [a;], where a;; are elements of Matrix in which its position
is in i" row and " column i.e. first suffix denote row number and second suffix denote column number.

2. The elements a1, a,..., a, in Which both suffix are same called diagonal elements, all other elements in which
suffix are not same are called non diagonal elements.

3. The line along which the diagonal element lie is called the Principal Diagonal.

Different types of Matrices
Zero Matrix or Null Matrix. A Matrix in which each elements is equal to zero is called a zero matrix or null
matrix.

00 00O
0 00O

e.g., or{0 Ofor{0O O O
0 00O

00 0 00

are zero matrix respectively of order 2 x 3; 3x2 and 3%3.

In general we denote zero matrix of order mx n by O, « . Matrix other than Zero Matrix are called Non- Zero
Matrix.

Square matrix. Matrix in which number of row becomes equal to number of column is called square matrix i.e.

If matrix A is of type m x n, where m = n then the matrix is called square matrix otherwise it is called rectangular
matrix.
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CLASS:1B.Com COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 17CMU202 UNIT: I BATCH-2017-2020

Row Matrix. A matrix of type 1 x n, having only one row is called row matrix. For example (1 -2 3) iS a row
matrix.
1

Column Matrix. A matrix of type m x 1, having only one column is called column matrix. For example | =2 | is a

3

column matrix.

Diagonal Matrix. A square matrix in which all non diagonal elements are equal to zero is called diagonal matrix
i.e.

A square matrix A = [a;], is diagonal matrix if a; = 0 for i# j. Thus

2 0 2 0 0
[0 J or |0 -7 0] arediagonal matrices.
0 0 3

Scalar Matrix. Diagonal matrices in which all diagonal elements are equal are called scalar matrix i.e.
A square matrix A = [a;], is scalar matrix if a;; = 0 for i# j and a;; = k, for i = j .Thus

2 00
0 2 0/ isscalar matrix.

0 0 2

Unit Matrix or Identity Matrix. A scalar matrix in which all diagonal elements are unity are called Unit matrix or
Identity matrix generally denoted by I,.
A square matrix A = [a;], is Identity matrix if a; = 0 for i#j and a;; = 1, for i = j .Thus

1 00
0 1 0], isidentity matrix of order 3 x 3.
0 01

Triangular matrix are of two types:
(a) Upper Triangular Matrix. It is a matrix in which all elements below the principal diagonal are zero

2 4 8
e.g. 0 -7 -3
0O 0 3
(b) Lower Triangular Matrix. It is a Matrix in which all elements above the principal diagonal are zero
2 0 O
e.g. 4 -7 0
-6 5 3

Sub Matrix: A matrix B obtained by deleting some rows or some column or both of a matrix A, is called a sub
matrix of A.

2 1 5
2 1 2 15
Forexample. If A=| 0 -7 9| then the matrices : etc. are sub matrix of A.
3 4 3 0 -7)\0 -7 9
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CLASS:1B.Com COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 17CMU202 UNIT: I BATCH-2017-2020

Transpose of a matrix

If matrix A is of type m x n, then the matrlx obtained by interchanging the rows and the columns of A is known as
Transpose of Matrix A, denoted by A or A'i.e.
A= [ay] of m x n order then
A orA'= [;] of n x m order Matrix,
Now if A’, B’ be the transpose of matrix A and B respectively, then

i A= (A’)’ i.e. the transpose of transpose of a matrix A is matrix A itself.

(i) (A +B)' = A’ + B’ i.e. the transpose of the sum of two matrices is equal to the sum of their transposes.
(iii) (kA)'=k A’, where k is a scalar.

(iv) (AB)' =B'A'i.e. the transpose of the product of two matrices is equal to the product of their transposes, taken
in reversed order.

Conjugate of a Matrix

If A be a matrix of order m x n, over complex number system, then the matrix obtained from A by replacing each
of its elements by their corresponding complex conjugates is called the conjugate of A and is denoted by A, where

Ais also of same order m x n. If A, A be the conjugate matrices of A, B respectively, then

0 ()=A

(i) (A+B)=A+B,where A and B are conformable for addition.
(iii) (kA)=k.A, where k is any complex number.

(iv) AB=AB, where A and B are conformable for multiplication.
Transpose Conjugate of a Matrix
The transpose of the conjugate or conjugate of the transpose of a matrix A is called Transpose conjugate of A and is

denoted by A’. Thus

A’ =(A) =(A).
If A°, B’ denote the transposed conjugate of A, B respectively, then
(i) (A%’ =A

(ii) (A+B)? =A’ + B?, where A and B are conformable for addition.
(i) (KA’ =k.A?, where k is any complex number.
(iv)  (AB)? =B’.A’ where A and B are conformable for multiplication.

Adjoint of a Square Matrix

If A is an n- rowed square matrix, then adjoint of A is defined as a transpose of matrix obtained by replacing each
of its elements by its cofactors.

Theorem 1.1: If A be an n-square matrix, then A(adj. A)= (adj.A)A=|A|l,, where 1, denotes the unit matrix of

order n.
Theorem 1.2: If A and B are square matrix of the same order n, then adj. (AB)=(adj.B)(adj.A) .
Inverse of Square Matrix
Let A be n-square matrix, if there exist an n-square matrix B such that
AB =BA =1, then the matrix A is called invertible and the matrix B is called inverse of A. Inverse of a square
matrix is denoted by A™.
Note. 1. From definition it is clear that A is the inverse of B.
2. A non-square matrix does not have any inverse.
Singular and Non Singular Matrices

A square matrix A is said to be singular or non singular according as |A|=0or|A|=0.
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CLASS:1B.Com COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 17CMU202 UNIT: I BATCH-2017-2020

Orthogonal Matrix
Any square matrix A is said to be orthogonal if AA~A A=l this indicates that the row vectors (column vectors)
of an orthogonal matrix A are mutually orthogonal unit vectors.
Unitary Matrix
Any square A with complex elements is said to be unitary if A.A°=A°A=I.
Symmetric And Skew Symmetric Matrices
Symmetric Matrix
A square matrix A = [a;] is said to be symmetric if a; = a;; for all i and .
a h g 1 2 3
Examples h b f|, |2 5 4
g f c 3 47
Skew Symmetric Matrix
If a square matrix A has its elements such that a; = —a;; for i and j and the leading diagonal elements are

0o 2 -3 0 h g

zeros, then matrix A is known as skew matrix. For example -2 0 1|, -h 0 —f| are skew
3 -1 0 -g f O

symmetric matrices.

Example

Some examples of matrices are:
4 -1 6

B 5 -2 C=|2 7 -4
A=(-4 3 -6 9 (3 -7 0 1 -3

L W) given A:Cs N _69) B:(_ss 3 :ﬂ

4+-5 -3+6 6+-2 -1 3 4
A+B= A+B=
=

Solution: -8+3 547 -9+-4 -5 12 -13
6 ~7 -8 3
2. (A)-(B) Given: -3 2 2 -8
6--8 —-7-3 14 -10
A-B=|-4-3 5--1 A-B=|-7 6
Solution: —3-2 2--8) 5 -5 10
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5(—4 3] [—20 15]
3. 6 -2)= Solution: 30 -10

2 -3

A_(e -2 3j B=|4 -5
4, (A)(B) Given: -4 2 5 1 -6

) 1 O -2 1
2. Given: A= and B =
3 -5 4 -3

Find:
-1 1
(a A+B A+B= { }
7 -8
8 -3
(b) 2A-3B 2A—3B:{ }
-6 -1
-2 1
(c) AB AB =
-26 18
-1 4
(d) AB+BA AB +BA =
-31 33
(e) A'B (where AT denotes the transpose of A)
(10 -8]
ATB =
—20 15|
10 —20]
f BTA BTA =
-8 15 |
2 1
A’B A%B =
@ 1124 —87}
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a
3.Given: A=|a,| and B=[b, b, bg]
ag

Find AB and BA

b b, aybs
AB = a2b1 a2b2 a2b3
agh; agh, aghs

BA =bja; +bya, +byag (Note, a scalar)

4. Find the determinant, all minors and cofactors, and the inverse of each of the following

matrices:
1 1 -1
€) 2 2 3
4 0 O
Determinant = 20
0O -12 -8
Matrix of minors: 0 4 4
5 5 0
0 12 -8
Matrix of cofactors (= signed minors): 0 4 4
5 -5 0
0 0 0.25
Inverse matrix: 0.6 0.2 -0.25
-04 0.2 0
2 -1 -1
(b) 2 0 3
4 0 4
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Determinant: -4

0O 40
Matrix of minors: -4 12 4
-3 8 2
0O 4 O
Matrix of cofactors (=signed minors) 4 12 4
-3 -8 2
0 -1 0.75
Inverse matrix: -1 3 2
0 1 -05
5 2 -1
) |2 -1 4
2 0 2
Determinant: —4
2 -4 2
Minors 4 12 -4
7 22 -9
2 4 2
Cofactors (= signed minors): -4 12 4
7 -22 -9
05 1 -1.75
Inverse matrix: -1 -3 55
-05 -1 225
10 5 1
(d) 2 -1 4
4 0 4

Determinant: 4
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-4 -8 4

Minors: 20 36 -20
_21 38 -20
-4 8 4

Cofactors: -20 36 20
| 21 -38 -20
-1 -5 5.25

inverse matrix: 2 9 -95
1 5 5

The Cofactor Expansion for Determinants

Every square matrix has a determinant. All matrices with zero determinant are singular.
All matrices with non-zero determinant are invertible.

The determinant of a (1x1) matrix [a] isjust detA = a.

a b

¢ d} is det A = ad—bc.

A- {
From section 2.3, the determinant of a (2x2) matrix
The determinants of all higher-order matrices can be expressed in terms of lower-order determinants.
Determinants and Inverse Matrices

For any set of square matrices of the same dimensions, the determinant of a product is the product of the
determinants:

det (AB) = (det A) (det B), det (ABC) = (det A) (det B) (detC), etc.

It then follows that
det(Ak) = (det A)k

AAT=] = det(AA‘l):l = detAdet(A‘l):l =
_
~ detA

det(A™)

The adjugate (or adjoint) of any square matrix A is the transpose of the matrix of cofactors of A:
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= |la b d -b
adj(A) = [c. (A adl{ =
(#) [”( )] [The 2x2 case is c d —¢ a ]
Example 1
9 1
A=]0 20
4 2

Compute adj (A), A adj (A) and det (A) for

The matrix of cofactors is

2 0 00 0 2|]
+ - +
-4 2 1 2 1 4
Cu Cp G 9 1 1 1 1 9 4 0 -2
i Bl I B VI B R B R
31 32 33 9 1 1 1 1 9
+ - +
|12 0 00 0 2| |
4 22 2
adjA=C"=| 0 1 0
-2 13 2
1 9 1 4 -22 -2 2 00
AadjA=|0 2 0 0 1 0(=(0 2 0|=2I
1 4 2| -2 13 2 0 0 2
Expand along the middle row to find det A :
detA=0+2xcC,, +0 =2
A,l:ade
Note that A adj (A) = (det (A)) | det A

Associated with every square matrix is a value called the determinant. This value for a 2% 2 matrix is the
number that results from the difference between the products of the numbers in each diagonal of the
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~ (a bJ
matrix. If ¢ d represents any 2 2 matrix, then the determinant is the result of ad — bc. The

determinant of A can be represented as detA or as |A| .

a
C

det A=

b
‘ =ad —-bc
Notation: d

Examples: Find the determinant of each of the following matrices:

TR e B ¢ RN )

(6)2)-(7)3)  (6X-3)-(2)-4) (4)5)-(3)-2)  (-3)-4)-(-2)8)

10-21 -18--8 20—-6 12—--16
-11 -10 26 28
A= d
The inverse of a 2x 2 matrix can also be determined. If ¢ represents any 2% 2 matrix, then the
oL
Al —|detA detA
_—t »
inverse of A, written as A, is found by: detA detA

When a 2% 2matrix is multiplied by its inverse, the result is the identity matrix 01 .

Examples: Find the inverse of each of the following matrices:

s
A=

Solution: The first step is to find the determinant of (A).
Al =-12--10

A=
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-4 2
a_| -2 -2
AlS g
-2 =2
4 -2
222 (2 -1
At=|E Zlon5 -3
- — 2 2
2 2

Do not leave a negative sign in the denominator of any fraction. Apply the rule for division of integers
and place the resulting sign in the numerator of the fraction.

When using the inverse matrix to solve a system of linear equations, it is best to leave all the elements in
fraction form. To confirm that the answer is correct, multiply the matrix by its inverse.

-10 6
, iy |8t 3t 6-5 -3+3) (1 0
3 -2 - 50 1= =
4 5 -3 10+ _5.% 10-10 -5+6 01
Check: 2 = 2 2 The product of

(A)%(A) s the icentity matr | {
x Is the identity matrix. Therefore the inverse matrix is correct.

)
A=
2 1 3

Solution:  The first step is to find the determinant of (A).

A=6--6
|Al=12

3 6 11

4_[12 12 A_| 4 2

A ___1 3 OorA ___1 1

12 12 12 6

When using the inverse matrix to solve a system of linear equations, it is best to leave all of the elements
in fraction form with the same common denominator as shown in the first inverse rather than as reduced
fractions as shown in the second inverse.

3 6 6 6 12 12) (12 0
2 -6\12 12|_|12712 12 12| |12 12| (1 O
1 3)-1 213 3 6 6710 12)7{01
Check: 12 12) 12 12 12 12) \12 12
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-1
The product of (A)X(A) is the identity matrix. Therefore the inverse matrix is correct.

The multiplication above was done using A™ in which all the elements had the common denominator 12.
Therefore, the resulting products could be manipulated in order to produce the identity matrix.

[—10 4}
A=
3 5 2

Solution:  The first step is to find the determinant of (A).

|A|=—20—20
A=-40
2 -4
1_|—-40 -40
A= -5 -10
—-40 -40
-2 4 -1 1
-1 _| 40 40 1 _120 10
AT = i E OorA— = 1 l
40 40 8 4
-2 4 20 20 -40 40 40 O

40 40 40 40 40 10 10

40 40 40 40 40 40 40 40
S LT | 2 20 0 #8=lo 3

Check: 5 2)U40 40 40 40 40 40 40 40

-1
The product of (A)x(A) is the identity matrix. Therefore the inverse matrix is correct.
s
A= 5
4. \® -

Solution:  The first step is to find the determinant of (A).
|Al=-12--15

[Al=3
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5 s 5 !
-1 _ -1 _
A” = 5 6 orA™ = 5 ,
3 3 3
—2 3 ~12 15 18 18 30
3 3|3 '3 3 3| |33/ 410
(6-3j—_59 -10 10 15 12|70 3|70 1
Check: 5 -2)L3 3 3 3 3 3 3 3

-1
The product of (A)X(A) is the identity matrix. Therefore the inverse matrix is correct.

1. Find the determinant of each of the following matrices:

2 -3

_4 —10 (7 3} (5 _2] (—8 5}
a) b) -4 -2 c) -3 2 d) -4 3
Solution :

2 -3

_4 —10 (7 3} (5 _2] (—8 5}

det = -20- + 12 det = -14--12 det=10-+6 det -24- - 20

det = -32 det = -2 det=4 det = -4

2. Find the inverse of each of the following 2x2 matrices. Check your solution by
—1

performing the operation of (A)x(A)™.

LIS e R VL
a) A= b) A= c) A= d) A=
-1 -2 7 -4 —4 2 5 _2
Solution :
4 3 6 -3 5 0 -9 3
a) A:(_l —2} b) A=(7 _4J ) A=(_4 2} d) A:[S —2J
|Al=-8--3 |Al=-24--21  |AN=10-0 |A=18-15
|Al=-5 Al=-3 A/ =10 A =3
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-2 -3 -4 3 2 0 -2 -3
1 _| -5 =5 41 _| -3 =3 -1 _110 10 1 _| 3 3
Al 4 Al e A Tla sl AT S
-5 -5 -3 -3 10 10 3 3
1) 63 L] w3
1 1 -1 -1
AL Al el ATz ATl
5 5 3 3 5 2 3
. 1 -1
AT=[T
3

Minors and cofactors of a Matrix

a11 a'12 al3

LetA=|a, a, a,;

aSl a32 a33

Minor of a; =M

ij !

is determinant obtained by deleting ith row and jth column.

8, . _ ' :
M, =| ? 2| isdeterminant obtained by deletinglst rowand 1stcolumn
a'32 a33
a, a a, a a, a
Mll _ |22 23 ’ M b= 21 23 ’ M . = 21 22
a32 a33 a31 a‘33 a3l a‘32
a a, a a, a
M oy = a12 13 : M - 11 13 ’ M y A 11 12
a32 a33 a’3l a33 aSl a32
a, a a, a a, a
M i — 21 22 , M i — 11 13 , M . — 11 12
a31 a32 a21 a23 aZl a22

Cofactorof ¢, =C, =(-1)"" M,

Signs of Cofactors
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For 2x2 — matrix

For 3x3 — matrix

For 4x4 — matrix

3 4 -1
A=|1 0 3
2 5 —4
Solution:
M :‘O 3‘:—15|v| :‘1 ‘:—10M =‘1 0‘=5
11 5 _4 1 12 2 _ 1 13 2 _5
M21:‘4 _1‘= 1LM22:‘3 _1‘= 1o,|\/|23—‘3 4‘:7
5 —4 2 -4 2 5
M :‘4 _J":lZ M :‘3 _1‘:10 M :‘3 4‘:-4
31 0 3 ’ 32 0 ' 33 1 O
Cofactorof a, =C, =(-1)""' M,
C,=-15 C,=10, C,=5
C,=11, C,=-10, C,=-7
C, =12, C,=-10, C,=-4
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-15 10 5
NOTE: Matrix of cofactors , C=|11 -10 -7
12 -10 -4

NOTE: Determinant of matrix of Cofactors by the method of Cofactors

dEt(A) = a11C11 + alzclz + a13C13
dEt(A) = a-21021 + a-22022 + azscza
det(A) = a31C31 + aszcsz + a-33Css

The above equations can be used to check that the cofactors are found correctly as the values of
determinants found must be equal, we open matrix from any row or column.

Example: 2 . Find the determinant of the matrix A by method of cofactors,

3 4 -1
A=|1 0 3
2 5 -4
Solution:  : Using the cofactors found in the last example

det(A) = allcll + alZClZ + a13C13
= 3(-15)+4(10)+(-1)(5)
=45+ 40 - 5 =-10

NOTE: 3. We can find determinant by opening matrix from second or third
row or first column, the value of the determinant will be same

det(A) = a-21C21 + azzczz + azsczs
=(1)(11)+0(-10)+3(-7)=11 - 21 = -10

det(A) = a31C31 + aszcsz + a33C33

= 2(12) +5(-10)+(-4)(-4) =24 — 50 +16 = -10

NOTE : 4. Determinant of A can be obtained by multiplying any row or any column of matrix A
with the corresponding row or column of the matrix of cofactors.
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all a12 a13
NOTE: 5. Determinantof matrix A = |a,, a,, a,
a‘31 a‘32 a33
a, a a a, a
det A — all 22 23| alz 21 23 + a13 21 22
a32 a33 31 33 a31 a32
Inverse by method of Cofactors:
a'11 a‘lZ a‘lS
A=la, a, a, det A # 0.
a31 a32 a33

Step:1. Find Matrix of cofactors

11 C12 C13

21 22 C23

31 C32 C33

C=

OO0
0O

Step: 2. Find Adjoint of matrix A, adj(A)

T

Cll ClZ ClS

Adj (A) = C21 C22 C23

C31 C32 C:33

Step: 3.

If A is an invertible matrix, det(A)= 0, then

R T
A = et 4 A[aaD(A)]

Example: 3. Find A™ of matrix A
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2 0 3
A=|0 3 2 |bythe method of cofactors.
-2 0 -4

Solution: Cofactors of the matrix A are

3 2 0 2 0 3
C11:0 _4:_121C12:__2 _4:_’C13 _9 0:6
0 3 2 3 2 0
Ca=Tg 470 G2, 472 8=, o7
0 3 2 3 2 0
T I P I T
~12 -4 6
Matrix of cofactors, C=| 0 -2 0
-9 -4 6
-12 0 -9
Adjoint of matrix A, adj(A)=| -4 -2 -4
6 0 6
det(A) =a,,C,, +a,,C;, +a,,Cy,
= 2(-12)+0(-4)+3(6)
=-24+18=-6= 0
Inverse of matrix A is
Al 1 [d(A)] L -12 0 -9
- =——|ad] = |l _a2 _9 _
det A _6 4 -2 -4
6 0 6

NOTE : If we can find A", then solution of linear system

AX =B is X=A"B
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Adjoint:

The adjoint is the transpose of the cofactors (c7)

To find the cofactors you find the ‘minor’ of each element (and use the alternate signs as shown above).

The minors of each

a b c element
If: A=|d e f
g h i - A 4
Matrix of cofactors = +|° f|— d f|+|d e|
h i g i g h
b c a c a b
~[p i+l l|_|g h|
b c a c a b
tle £l la f|+|d e|
Nb. To find the adjoint we then need to transpose this matrix.
2 1 5
1. Find the inverse of the following matrix: A=13 3 2]
4 1 1
. 1 3 21 413 2 3 3
Determinant: |A| —+2|1 1| 1|4 1|+5|4 1
=2(1) = 1(=5) + 5(-9) = —38

A A | R
S IR | B T CEY

—-13 11 3
R |

Cofactors =
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Adjoint (€T): = 5 -—-18 11

[ 1 4 13
-9 2 3

1 4 —-13
Inverse: Al=2xadj = —i[ 5 —-18 11 ]
Il 38
-9 2 3

Simple Interest

The price to be paid for the use of a certain amount of money (called principal) for a certain period is
known as Inferest. The interaest is payable yearly, half-yearly, quarterly or manthly.

The sum of the principal and inferest due at any time, is called the Amount at that time.

The rate of interest is the interest charged on one unit of principal for one year and is denoted by i. If the
principal is¥ 100 then the interest charged for one yearis usually called the amount of interest per annum,
and is denoted by r [ = Pi).

e.q. if the principal is ¥ 100 and the interest ¥ 3, then we say usually that the rate of interest is 3 percent per
annum (orr=3%])

Here i= %z 0.03(i.e. interest for 1 rupee for one year).

Simple interest is calculated always on the original principal for the total period for which the sum (principal)
is used.

Let P be the principal (original)

n be the number of vears for which the principal is used
r be the rate of interest p.a.

| be the amount of inferest

i be the rate of interest per unit (i.e. interest on Re. 1 for one year]]

- T
Now |=P.i.n, where i= 00

Amount A=P+|=P+P.i.n=P(1+in)ie. A=P(1 +n.i)

SOLVED EXAMPLES :

1 Amit deposited ¥ 1200 to a bank at ?7% interest p.a. find the total interest that he will get at the
end of 3 years.

]

= i=—=0.09n = =2
Here P = 1200, I 00 n=23,l

I=P.i.n=1200 x 0.09 x 3 = 324,
Amit will get T 324 as interest.

1
) Sumit borrowed T 7500 at 14.5% p.a. for 25 years. Find the amount he had to pay after that

period.
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14.5 I
= i=——=0.145 n=2—=25A=%
P = 7500, 100 5

A= P (1+in) =7500 (1+ 0.145 x 2.5) = 7500 (1+0.34625)
=7500 = 1.3625=10218.75
Reqd.amount =3 10218.75.

3. Find the simple interest on ¥ 5600 at 12% p.a. from July 15 to September 24, 2013.
Time = number of days from July 15 to Sept. 26
=16 (July) + 31 [Aug.) + 26 (Sept.)= 73 days.

.12 73 1
= l=— =1, ., nN= V. =—NT.
P = 5600, 100 0.12 265 5’
i

5

SA=P.in.=5600x0.12x - =134.4

~. Reqd. 5.I. =% 134.40.
To find Principle :

4 What sum of money will amount to ¥ 1380 in 3 years at 5% p.a. simple interest?

5
= =3 i=—=005P=%¢
Here A=1380,n=23, 100

From A =P (1 + 0.05x3) or, 1380 =P (1+0.15)
1380
1.15

Or, 1380=P(1.15) or, P = = 1200

s Regd.sum =3 1200
Problems to find rate % :

1
. At what rate percent will a sum, become double of itself in 55 years at simple interest?

1
A =2P, P = Principal, n= 55, i=¢

1
A=P (1 +ni or, 2P =P (14 )

2= 1+2 jori=2
ar, = 2Iﬂ?f,— ]

2
or, ﬁ:ﬁx’lGDﬂS-]Sfﬂpprox]; Reqd. rate = 18.18%.

Problems to find time ;
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6. In how many years will a sum be double of itself at 10% p.a. simple interest.
0
A =2P, P =Principal, i=— =0.10, n=2
P 100
A=P(1+ nijor,2P=P[1 +n(.10)]or,.2=1+n (.10)
1

or. n(.10)=1 or. n= 0 10 ~. Reqd. time = 10 years.

COMPOUND INTEREST

Interest as soon asitis due after a certain period, is added 1o the principal and the interest for the succeeding

pericd is based vpon the principal and interest added together. Hence the principal does not remain
same, butincreases at the end of each interest period.

A vearis generally taken as the interest-period, but in most cases it may be half-year or quarter-year.
Symbeols :

Let P be the Principal (original)

A be the amount

i be the Interest on Re. 1 for 1 year

n be the Number of years (interest pericd).
Formula : A=P(1 +i) .... (i)

Cor.1. In formula (i) since P amount to A in years, P may be said fo be present value of the sum A due inn
weqars.

P= 'ﬁ = A(1+i)"
(1+1) '

Cor.2. Formula (1) may be written as follows by using logarithm :
log A=logP +nlog (1 +i)

FEW FORMULAE :

Compound Interest may be paid half-yearly, quarterly, monthly instead of a year. In these cases difference
in formulae are shown below :

(Taken P = principal, A = amount, T = total inferest, | = interest on Re. 1 for 1 year, n = number of years.)
Time Amount I=A-F
fl} Annual A= P“ +|J"| |=P{“ +|-J-._]}
i 2n . | an
(i)  Half-Yearly A=P 1+§ |=F l+§ =1
. 4n i A
i
(iii) Quarterly A=P HE =P 1+E -1
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pn

|
In general if C.I. is paid p times in a year, then A=F HE

e :LletP=F 1000, r=5%ie., i=0.05 n=24yrs.
If interest is payable yearly the A = 1000 (1 + 0.5)2

D':}E- w24
If int. is payable half-yearly the A = 1000 ]_T

DIGS A4
If int. is payable quarterly then A = 1000 ]—T

Note. orr = 1001 = interest per hundred.
If r=6% then If, howeveri=0.02 then, r=100 = 0.02 = 2%.

SOLVED EXAMPLES.

1 Find the compound interest on ¥ 1,000 for 4 years at 5% p.a.

Here P=% 1000, n=4,i=0.05 A=7¢

We have A=P (1 +i)"

A =1000 (1+ 0.05)*

Orlog A=1log 1000 + 4log (1 +0.05) =3+ 4log (1.05) =3+ 4 (0.0212) = 3 + 0.0848 = 3.0848
A =antilog 3.0848 = 1215

ClL=%1215-T1000=T 215

2 In what time will @ sum of money double itself at 5% p.a. C.L

Here,P=P, A=2P,i=0.05n=¢
A=P(1+i)" or,2P =P(1 +0.05)"=P (1.05)"
or,2=(1.05)"orlog2=nlog 1.05

. log 2 _ 0.3010

log 1.05 0.0212

3. The difference between simple and compound interest on a sum put out for & years at 3%
was T 446.80. Find the sum.

=14.2 vears (Approx)
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letP=100,i=.03, n=5.Fhom A =P (1 +i)",
A=100(1+.03)*=100 (1.03)*

log A=log 100 + 5log (1.03) =2+ 5 (.0128) = 2 + .0640 = 2.0640
s A=anfilog 2.0640=1159 .. ClL=1159-100=15.9
Agains.l.=3x5=15. . difference 15.9-15=0.9

46.80
Diff. Capital x =100 x oo - 5,200
0.2 100
46.80 X

- original sum =3 5,200.
4. Whatis the present value of X 1,000 due in 2 years at 5% compound interest, according as the

interest is paid (a) yearly, ['b] half-yeary ¢

.5
[a) Here A= 1,000, i=— =005n=2,P=2¢
100
A=P (1 +i)"or 1000 =P (1 +.05)2=P(1.05)%
L p_ _100:}2: 1000 _ o703
(1.05)" 1.1025

. Present value =3 207.03

1
(b) Interest per unit per half-year EKU-EG =0.025

an

i
From A =F 1+§ we find.

222

0.05
1,000 =P HT =P (1 +.025)*=P (1.025)*

5 _ 1000
ot (1.025)

- log P = log 1000 - 4log [1.025) = 3 - 4 [0.0107) = 3 - 0.0428 = 2.9572
~. P = anfilog 2.9572 = 906.1.

Hence the present amount =3 206.10
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Present value of an annuity :
Definition : Present value of an annuity is the sum of the present values of all payments (or instalments)

made at successive annuity periods.
Formula:
(i) The present value V of an annuity P to continue for n years is given by

P g e
'v’:i—{ 1—(1+i) } Where i = interest per rupee per annum.

[ii) The Present value V of an annuity P payable half-yearly, then

W — E 1— ]__i -
o 2
[ii) The Present value V of an annuity P payable quarterly, then
4P i
V=—7 1= T+—
YT "4

SOLVED EXAMPLES :

A man decides to deposit T 20,000 at the end of each year in a bank which pays 10% p.a. compound
interest. If the instalments are allowed to accumulate, what will be the total accumulation at the end of 9 years?

Solution :
Let ¥ A be the total accumulation at the end of 2 years. Then we have

..ﬂ..:;i{ﬂ—i]r—]}

Here P =3 20,000, i= %= 0.1, n =9 years.
A= 2%@?3 {-{l—.]f—l}: 2.00,000{[1.13"—1} - 2,00,000 (2.3579 - 1)

=2,00000x 1.357% = T2,71,590
- The required total accumulation =3 2,71,5%0.

Nominal and Effective Interest

An interest rate takes two forms: nominal interest rate and effective interest rate. The nominal interest rate
does not take into account the compounding period. The effective interest rate does take the compounding
period into account and thus is a more accurate measure of interest charges.

A statement that the "interest rate is 10%" means that interest is 10% per year, compounded annually. In this
case, the nominal annual interest rate is 10%, and the effective annual interest rate is also 10%. However, if
compounding is more frequent than once per year, then the effective interest rate will be greater than 10%.
The more often compounding occurs, the higher the effective interest rate.

The relationship between nominal annual and effective annual interest rates is:

=[1+(r/m)]™-1

where "i" is the effective annual interest rate, "r" is the nominal annual interest rate, and "m" is the number
of compounding periods per year.
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Example: A credit card company charges 21% interest per year, compounded monthly. What effective
annual interest rate does the company charge?

r =0.21 per year

m = 12 months per year

b=[1+(21/12)]1%-1

=[1+0.0175]1%-1

=(1.0175)%-1=1.2314-1

=0.2314 = 23.14%

It may be desired to find the effective interest rate for a period other than annual. In this case, adjust the
period for "r" and "m" as needed. For example, if the effective interest rate per semi annual period (every 6
months) is desired, then

r = nominal interest rate per 6 months

m = number of compounding periods per 6 months

and the effective interest rate, is,, per semi-annual period, is:

a=[1+(@/m)]™-1

2. If a lender charges 12% interest, compounded monthly, what is the effective interest rate per quarter?
Hint: m = number of compounding periods per quarter

Let i = effective interest rate per quarter.

Choose an answer by clicking on one of the letters below, or click on "Review topic" if needed.

Ai=[1+(0.12/3)]13-1=(1.04)>-1=0.1249 = 12.49%

Bi

[1+0.03]%2-1=(1.03)!2-1 = 0.4258 = 42.58%
Ci=[1+(0.03/3)]3-1=(1.01)>-1 =0.0303 = 3.03%

Di=[1+(0.03/12)]%-1=(1.0025)%-1 = 0.0075 = 0.75%

Continuous Compounding

Single payment formulas for continuous compounding are determined by taking the limit of compound
interest formulas as m approaches infinity, where m is the number of compounding periods per year. Here
“e” is the exponential constant (sometimes called Euler's number).

With continuous compounding at nominal annual interest rate r (time-unit, e.g. year) and n is the number of
time units we have:

F=Pe'"F/P

P=Fe ""PIF

ia=¢€ - 1 Actual interest rate for the time unit

Example 1: If $100 is invested at 8% interest per year, compounded continuously, how much will be in the
account after 5 years?

P =$100

r==8%
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n =15 years

F=Pe""=($100) e PO

= ($100) e ®* = ($100)(1.4918) = $149.18

Example 2: If $100 is invested at 0.667% interest per month, compounded continuously, how much will be
in the account after 5 years?

P =$100

r =0.666667%

n =5 years * 12 months

F=Pe'"=($100) e (.00666667)(60)

= ($100) e ** = ($100)(1.4918) = $149.18
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POSSIBLE QUESTIONS
PART —B (5x 2 =10 Marks)

1. What is an upper triangular matrix? Give example.
2. Write the formula for calculates Simple interest and compound interest?
3. Find the simple interest on the sum of Rs.6,000 at 10% p.a. for 3 years?

4. Find the inverse of A= (g 2)

5. What is singular matrix and non singular matrix?

_ 3 5 A Y2
6.1fA = [1 9] then show that (4")" =
6 4 2
7.EvaluateA=(7 1 3
1o LGy
8.1 A = [2 3] and B = [3 4],then find (A+B), (A-B).
PART — C (5 x 6 =30 Marks)
1 0 -2
1.If A=1|2 2 4 |, Find the inverse of A.
0 0 2

2. Mr. Ravi borrows Rs.20000 at 4% compound interest and agrees to pay both the
principal and the interest in 10 equal installments at the end of each year. Find the
amount of these installments.

2 35 3 1 2
3.1fA= |4 7 9landB= |4 2 5| Showthat5(4 + B) =54 + 5B.
1 6 4 6 -2 7

4. Mr. Puthiyanayagam has two daughters A and B aged 10 %2 and 16 years. He has
Rs.180, 000 with him now but he wants that both of them should get an equal amount when they are
18 years old. How he should divide the money if it were to be deposited with his friend who gives
only 5% p.a.

11 2 L2
5. Verify that BTAT = (AB)T, when A = [2 . 0] and B = [ 2 0]
-1 1

6. 1) If a term deposit of Rs.4000 earns an interest of Rs.2500 in 50 months find the rate of

interest.
ii) Find the present value of Rs.695 due 2 years from now receiving simple interest at 5% per
annum,
1 -1 1
7.1fA= | 2 3 0 ‘ , find the inverse of the given matrix A.
18 2 10

8. 1) Find the effective rate of interest percent per annum equivalent to a nominal rate 12% per annum
the interest being payable half yearly.
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if). Find the simple interest on the sum of Rs.3000 at 5% p.a. for 2 years?
1 2 2
2 1 zlsatisfies the equation A2 — 44 — 51 = 0.hence deduce the inverse of A.

2 2 1
10. A person has two daughters A and b aged 13 and 16 years. He has Rs.40, 000 with him now but

wants that both of them should get an equal amount when they are 20 years old. How he should divide
the money if it were to be deposited in a bank giving 9% compound interest p.

9. Show that A =

11. Find the effective rate of interest equivalent nominal rate of 12% p.a., compounded monthly. Further,
find the effective rate when interest is compounded continuously.
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Matrices & Basic Mathematics of Finance

PART A (20x1=20 Marks)

(Question Nos. 1 to 20 Online Examinations)

Possible Questions

Question Choice 1 Choice 2 Choice 3 Choice 4
A rectangular arrangement of numbers in rows and columns
is called ------------- : set matrix order sub matrix
A scalar matrix in which all the leading diagonal elements
are unity is called----------- square matrix unit matrix null matrix Identity matrix
A diagonal matrix in which all the diagonal elements are
equal is called -------- . diagonal matrix | scalar matrix | unit matrix null matrix
[3 8 9 -2]isarow matrix of order------------------- 4x1 1x 4 1x1 4x4
A square matrix such that A’ = A is called------------------ symmetric skew symmetric| hermitilan scalar
An association of a real numbers with a matrix is known as -- complex
--------- : real matrix matrix null matrix unit matrix
The number of elements inan mxn matrix is ---------------
------ mn n m 2 n?
If in a square matrix A, a;; = 0 for i>j, then it is called a -------
-------- matrix. lower triangular  |upper triangular |diagonal scalar matrix
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(N — . Al AT A 1/A

A matrix A is said to be Orthogonal matrix if --------------- . AAT = AA" =0 A=A" A=1/A

The addition  of two matrices are possible only when scalar

they are ----------- . of same order of any order matrices unit matrices
A square matrix is said to be singular if its determinantis -

----------------- 0 1 2 -1

If A'is non singular ,its inverse is ---------------- Adj ATl |A| |A|/ Adj A 1/Adj A 1A

The condition for existing of A™ is -------------- Ais non singular |Aissingular  |ATissingular | A square matrix
in a square matrix A, a; = 0 for i <j, then it is called a --------

------ matrix. lower triangular  |upper triangular | diagonal triangular
A Square matrix such that A> = — A is called -------------- symmetric skew symmetric|hermit ion scalar

The sum of the diagonal elements in a matrix A is the --------

----- : Trace of A unit of A Transpose of A | inverse of A
If a square matrix A of order n is of the form A" = 0, then it

IS an ----------- matrix. Identity Idempotent Nilpotent Orthogonal

If a square matrix A of order n is of the form A" = A, then it

IS an ----------- matrix. Identity Idempotent Nilpotent Orthogonal
(AB) ' = . A B A'B’ B'A"

*A = - : A 0 Identity matrix | Zero matrix
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An identity matrix is also found as a ------------- matrix Scalar Diagonal triangular scalar and diagonal
Opposite sign
In a 3x3 square matrix the minor and the cofactor of the Same sign and same signand |and opposite sign and
element a,; have --------- same value different values | same value different values
E ix Aandi ATh one as the one as the multiple
dvery r_natrlx | and Its transpose AVE ~rmmmmmeme Different same negative of other P
eterminant value of other
The determinant value of the unit matrix of order 2 is -----
------------- 1 0 -1 2
null matrix _doesmot ) ndj A 1A
If A is singular ,its inverse is ---------------- exists
inverse cofactor determinant transpose
A rectangular matrix will not possesses--------------
|A] .1 |A | 1/1A] AT
For any square matrix (adj A).A = A. (adj A) IS ------=-------
For any two square matrices A and B (adj AB) = ------------- (adj A). (adj B)  |(adj B). (adj A) | (adj BA) (adj B +adj A)
The formula for computing simple Interest is ------------------ pnr / 100 p+n+r /100 p-n-r /100 pHN+r
lender borrower customer creditor
Simple interest will be an income for ------------------
The simple interest on Rs. 5000 at 10 % for 3 years is -------- Rs.500 Rs.1000 Rs.1500 Rs.2000
If the simple interest for 2 years at 12 % is Rs. 3000 the 20,000 3,000 12,500 10,000

principal is
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PNR /100 P(1+r/100)" —P | A/(1+i)n CI/(1+Dn
The formula for compound interest is ------------------
The compound interest on Rs. 1000 at 12 % for one year is|Rg 150 Rs.175 Rs.120 Rs.126
The formula for calculating principal under compound A J(L+)" P(1+i)" Pni Cl/(L+i)"
interest. iS------------- .
If the principal isRs.5000 ,Interest is Rs.100 then amount  |Rs 5100 Rs.4900 Rs.5000 Rs.6000
A=

2940 Rs.3450 Rs.4560 Rs.3540
If Rs.6,000 amounts to Rs.8,940 then the interest is -------

Rs.1200 Rs.1000 Rs.2000 Rs.1250
The simple interest on Rs.6,000 at 10% for 2 years is-------

Pni P-n-r/100 P+n+r/100 Pn
The formula for simple interest is -------
The formula for calculating amount under compound P(1+1/100)" P(141/100)n-1 | Pni P
interest is -------

Principal amount simple interest |compound interest
Compound interest is more than ---------
Formula for rate of interest under compound interest is ---- 100[(A/P)"-1] 1P(1+A /100)n- P(1+)n P(1+1)

log A-log log A-log log A+log A+P
In compound interest the formula for period is-------- P/log(1+r/100)  |P/(1+r/100) P/(1+r/100)
Compound interest for Rs.2,500 for 4 years at 8% per Rs.801.32 Rs.701.22 Rs.601.42 Rs.901.22
annum is ------

m

100[(L-rL00M)™ 11901 (1-+r/100m) | p(1.+i) " P

The effective rate of compound interest is ------- —1] m 1
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In the effective rate of interest, a unit of time m is quarterly |4 ) 3 1
means m= ------
In the effective rate of interest, a unit of time m is half yearly |4 2 3 1
means m= ------
) large small middle first

Interest is compounded continuously means m is -------

pe'" Pe-in - pe™ P
When interest is compounded continuously Ais -----

pe” Pe-in -pe” P
When interest is compounded continuously P is -----
When interest is compounded continuously, effective rate |pqin Al e" -pe” 100(ei -1)
of interest S is--------
In what tim m of Rs.1234 amount to Rs.5678 at 8%

what time a surm ot s 34 amou ’ 18.72 years 19.27 years 19.72 years 17.95 years

p.a. compound interest
payable quarterly?

interest principal amount discount
Under compound interest , interest earns-------
The simple interest on a sum of Rs.2000 for two years at |Rs 800 Rs.700 Rs.1000 Rs.1200
5% p.a. iS----------------
If the simple interest is Rs 150 ,number of years is 6 and the
rate if interest is Rs. 500 Rs. 300 Rs.1000 Rs. 500
5% p.a then principal is -----------------
If the simple interest is Rs 72 , the rate if interest is 4 % p.a
the principal is Rs. 600 then number of years is -------------- 3 4 5 1
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Amount - Amount + principal

. . Amount x principal
Compound interest is------------------- principal principal —Amount

The amount of money deposited or borrowed is  called the -/ yrjncipal interest amount discount

The eXtra money WhiCh we get or WhiCh we pay |S Ca.”ed """ principal Interest amount discount

The simple interest on a sum of Rs.1225 for 4 years at Rs.539 Rs.700 Rs.100 Rs.120
11% p.a. iS----------------

Answer
matrix
unit matrix
scalar matrix
1x 4
symmetric
real matrix
mn
upper triangular
A
AAT =|
of same order
0
Adj Al |A|
A is non singular
lower triangular
skew symmetric
Trace of A
Nilpotent
Idempotent
B'A"
A
scalar and diagonal
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Opposite sign and
same value
same
1

does not exists
inverse
|A] .1
(adj B). (adj A)
pnr /100
lender
Rs.1500
12,500
P(1+r/100)" —P
Rs.120
A (1+)"
Rs.5100
2940
Rs.1200
Pni
P(1+r/100)"
simple interest
100[(A/P)*"-1]
log A-log P/log(1+r/100)
Rs.901.22
100[(1+r/100m)™ —1]
4
2

large
pe'"
Pe-in
100(e' -1)
19.27 years
interest
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Rs.1200
Rs. 500
3
Amount - principal
principal
interest
Rs.539
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UNIT — 11
SYLLABUS

Differential Calculus

Mathematical functions and their types — linear, quadratic, polynomial; Concepts of limit and
continuity of a function; Concept of differentiation; Rules of differentiation — simple standard
forms. Applications of differentiation — elasticity of demand and supply; Maxima and Minima of
functions (involving second or third order derivatives) relating to cost, revenue and profit.

Concept of Functions

Let A and B be any two non—empty sets. Then a function ‘Ff is a rule or law which associates each
element of ‘A’ to a unique element of set ‘B’.
Notation:

(i) A function is usually denoted by small letters, i.e. f,g,hf,g,h etc. and Greek letters,
i.e. o,B,y,0,W0.B,y.0,vetc.

(ii) If ff is a function from ‘A’ to ‘B’ then we write f: A—Bf:A—B.

Ordered Pair:

Let ‘a’ and ‘b’ be any two elements then an element(a,0)(a,b) is called an ordered pair.

Constant Function:
Let ‘A’ and ‘B’ be any two non—empty sets, then a function ‘ff* from ‘A’ to ‘B’ is called a constant

function if and only if the range of ‘ff’ is a singleton.

Algebraic Function:

A function defined by an algebraic expression is called an algebraic function.

e.g. F(X)=x2+3X+6f(x)=x2+3x+6

Polynomial Function:

A function of the form P(X)=amXn+an—1Xn-1+---+a1X+aoP(x)=amxn+an—1xn—1+--+alx+a0
where ‘n’ is a positive integer and an,an—1,¢++,a1,a0an,an—1,---,al,a0 are real numbers is called a
polynomial function of degree ‘n’.

Linear Function:

A polynomial function with degree ‘{t’ is called a linear function. The most general form of a linear
function is

f(X)=ax+bf(x)=ax+b

Quadratic Function:

A polynomial function with degree ‘2’ is called a quadratic function. The most general form of a

quadratic equation is f(X)=ax2+bX+Cf(x)=ax2+bx+c
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Cubic Function:
A polynomial function with degree ‘3’ is called a cubic function. The most general form of a cubic
function is f(X)=ax3+bx2+cx+df(x)=ax3+bx2+cx+d
Identity Function:
Let f: A—Bf:A—B be a function then ‘ff’ is called an identity function if f(X)=X,VXEAf(x)=x,Vx€A.
Rational Function:
A function R(X)R(x) defined by R(X)=Px)Qx)R(x)=P(x)Q(x), where both P(X)P(x)andQ(X)Q(x) are
polynomial functions is called a rational function.
Trigonometric Function:
A function f(X)=sinxf(x)=sini/ox, f(X)=C0OSXf(x)=cosi/oix etc., then F(X)f(x) is called a trigonometric
function.
Exponential Function:
A function in which the variable appears as an exponent (power) is called an exponential function
e.g. (i) F(X)=axf(x)=ax (ii) F(X)=3xf(x)=3x.
Logarithmic Function:
A function in which the variable appears as an argument of a logarithm is called a logarithmic function.

e.g. F(X)=loga(X)f(x)=loga(x).

LIMIT AND CONTINUITY

Limit of a Function at Infinity

limf(x) =/
Defintion Let f(x) be a function defined on R. x>« () means that for any € > 0, there exists
X > 0 such that when x > X, -1 X.
Theorem UNIQUENESS of Limit Value

If lim f(x) =a and lim f (x) =b,then a =b.

X—0

Theorem Rules of Operations on Limits

If lim f (x) and lim g(x) exist, then
(@) lim[ f (x) £ g(x)] = lim f (x) = limg(x)

) 1imf(0g0) = lim f (- limg(x)
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C fx) limf(x)

(© im () _ £ if limg(x)=0.
X—>0 g(x) lim g(x) X—>o0
X—00

(d) For any constant k, lim[kf (x)] =k lim f (x) -

(e) For any positive integer n,

@ lim[f T = [lim f ()

(i) !L@OVf(x) :n\/lLrpof(x)

DERIVATIVES

Definition: The derivative of a function f at a point a, denoted by f '(a), is

@ =lin

f(a+h)— f(a)
h

provided that the limit exists.

If we denote y =f (x), then f'(a) is called the derivative of f, with respect to (the
independent variable) x, at the point x = a.

Recall that the value of this limit is, if it exists, is the slope of the line tangent to the curve
y =f (x) at the point x = a. As well, it also represents the instantaneous rate of change,
with respect to x, of the function f at a. Therefore, a positive f '(a) means that the function
f is increasing at a, while a negative f '(a) means that f is decreasing at a. If f’(a) =0, then
f is neither increasing nor decreasing at a.

Equivalently, the derivative can be stated as

fr(a) —lim f(X)— f(a)
X—a X—a
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ex. Let f(t)=t>+6t, find f '(a).

@) - lim L@+~ f(@) _ i @+ h)° +6(a+h)]—[a° +6a]

h—0 h h—0 h

_lim [a® +5a*h+10a°h* +10a°h® + 5ah* + h® + 6a+ 6h] —[a° + 6a]

h—>0 h

_lim 5a*h +10a%h? +10a’h® + 5ah* + h® + 6h

h—0 h

_lim h(5a® +10a°h+10a*h* +5ah’ + h* +6)

h—0 h

=lim (5a* +10a’h +10a°h® +5ah® + h* +6) =5a* + 6

ex. Let f(x)=+4x*+5 ,findf‘(a). Write an equation of the line tangent to y = f (x)
when a = 1.

flarh-f@ _,. JA@+h)? +5-+/4a +5

h—0 h

@)=l

lim \/4(a+ h)2+5—+/4a’ +5 \/4(a+ h)? +5++/4a’ +5
h-0 h J4(a+h)? +5++/4a% +5

. 4(a+h)*>+5-(4a’ +5) . 4a*+8ah+4h* +5-4a° -5
=lim =lim

0 h(/a@@+h)? +5++4a?+5) " hlJa@+h) +5+4aa? +5)

. 8ah+ 4h? . 8a+4h
=lim =lim

h—0 h(\/4(a+h)2 +5++/4a’ +5) h=0 \/4(a+h)2 +5++/4a% +5
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8a+4(0) 8a 4a

- J4(@a+0)’ +5++/4a’ +5 - 2J4a?+5 Jaa?+s

Ata =1, the point on the curve, (a, f (a)) is (1, 3), and the slope of the tangent line is
4
f') =—
€ 3
The equation of the line is, in point-slope form, therefore

4
—3=2(x-1
y 3( )

or, in slope-intercept form,

g by,
3 3

1
ex. Let 1°(X)=\/2—3 , find f '(a).
X2 +

1 1
2 2
£/(a) = lim2 @M =-1@) _ ;. J@+h)?+3 Ja’+3
h=50 h h—0 h
1 1
—lim \/(a+h)2+3 \/az+3 \/(a+h)2+3\/a2+3
. ] J@+h)?+3+a?+3

_Ja?+3-/(a+h)?+3
=lim
"0 h(/(a+h)’ +3)(\/a% +3)

_Ja?+3-J@@a+h)’+3 Ja?+3+,(a+h)’+3
=lim .
0 J@a+h)? +3)(Wa2 +3) Va?+3++/(a+h)?+3
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. (a® +3)—(a® +2ah+h*+3)
0 h(/(a+h)? +3)(Va® +3)(aZ +3++/(a+h)? +3)

i —2ah-h?
0 h(J(@a+h)? +3)(a? +3)(Va® +3+4/(a+h)? +3)

. —2a-h —2a
:I =
“Tg(\/(a+h)2+3)(\/a2+3)(\/a2+3+\/(a+h)2+3) (Wa? +3)(va? +3)(2Va’ +3)
_ —a
- (az +3)3/2

Basic Differentiation Formulas

Suppose f and g are differentiable functions, c is any real number, then

1 £©=0

2. S THO0+ (1= F 00+ 9(¥
3. S IT00-9(9] = F00--9(0)
4. S Tef(]=co 1)

5, di[f(x)g(x>]= £ (0L Lg(01+ g0 F (0]
X dx dx

d d
i{ f (X)} ) 900 4, [T O01=T(x) L T9(0)]
dx| g(x) [9()F
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Or, in short-hand notations:
1. (©)'=0
2. [10) +900)]" = T'(x) +g'(x)
3. [f() —g()]'= £'(x) —g'(x)
4, [cf(X)]' =cf'(x)
5. [T0g()]"=f(x)g'(x) + g(x)f '(x)

!

6 {ﬂ} _ 90909 (09'()
Lo [9(OT

The Power Rule: For any real number n,

d n n-1
—(X")=nX
dx( )

d .
For n = 1, this means that &(X) =1-x"t=x%=1,

d d ~
And if n =0, then &(XO) = &(1) =0-x"* =0, which is consistent with the

constant rule of differentiation (rule #1 above).

ex. The instantaneous rate of change of a line
Suppose f (x) =mx + b, where m and b are constants, then

f'(x) = (mx)" + (b) =m(x)' + (b)’=m(1) + 0 =m

Therefore, any linear function has a constant derivative equals to the slope of its graph,
which is a line of slope m. It says that the instantaneous rate of change of a linear function
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Is constant, and that the tangent line to the graph of a line is always the line itself (because
the tangent line has the same slope as the line, and they obviously contain one common
point, therefore they have the same equation and are therefore the same line).

ex. Differentiate y=2t2—t"+t2+9
y'=2(t) — (") + () +(9) =23t) —m™ T+ (=2t ) +0

=6t° — ™ -2t

2
ex. Differentiate S(t) =5+t - N + 43t

This would be easier to do if we first rewrite s(t) in terms of powers of x.
s(t) =5t —2t ™2 + 4t% then

- = L 13 2
s'(t)=5| 1177 |—2| 217 P |1a| L6 | 2247w £ A4
2 2 3 2 3

X2 +3X+2

. H f X) =
ex. Differentiate f(X)="7— ——

—3X+2)(X* +3x+2) = (X* +3x+2)(x* =3x + 2)’
(x? =3x+2)?

Fr(x) = &

(X2 =3x+2)(2x+3) - (x* +3x+2)(2x —3)
- (x? —3x+2)?
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_ _ 2x° +3x* = x+5
ex. Differentiate 9(X) = 2

The easiest way to do this is to rewrite g(x) as

1 5
g(X) =2x+3—=+— then
X X

g (X)=2(x)'+B) = (x) +5(x %) =2+0—(—x?)+5(-2x7?)

1 10

=2+ X710 =2+ - =
X? X

ex. Differentiate y =+/X (x? —=5x+2)
Simplify first: y = x*2 — 5x%% + 2x'2.

y' = §X3/2 _g §X1/2 42 lx—1/2 _ §X3/2 _EXUZ L xl2
2 2 2 2 2

The longer way to do this is by using the product rule:
y' =X (X2 =5x+2) + (X2 =5x + 2)(v/X)' = /X (2x =5) + (x> —=5x + 2)(% x %)

:Xl/2 (2X_5)+(X2 _5X+2)(%X_1/2):2X3/2 _5Xl/2 +§X3/2 _gxl/Z +X—l/2

_ §X3/2 15 12 4y 2
2 2
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Derivatives of logarithmic and exponential functions

Formula. The exponential rule. For the function of the type f(x) =a*, where a is a constant, then
f'(x)=a*Ina. Derivative of f(x)=¢e"is f'(x)=¢e" .

Example 1. Find ﬂ
dx
a. f(x)=3x*+10" bh. f(x)=¢*+e”

Solution. a. ar =60x™ +10*In10, b.ﬂ =e* + 5>
dx dx

Formula. For the logarithmic function f (x) = Inx, f'(x) = l.
X

Derivative of f(x)=1log, x is f'(x) = ! :
xIna
Example 2. Find ﬂ
dx
a. f(x)=3Inx+10 b. f(x)=logx+3
Solution. a. E:E b.ﬁz 1
dx X dx xInl0
. dy :
Example 1. Find — or y'.
dx
a. 3y> —-5xy+9x—-2=0  b. y* =logx+3
Solution. a. 6yy'-5y —5xy+9=0= y'= 5y -9
6y —5x
b. 2yy'= : =Yy'=
' xIn10 2xyIn10

Example 2. Find the slope of the tangent line to the curve 3xy —2x* =7 at (1, 3). Also compute the

second derivative.
Solution. 3xy'+3y —4x=0=y'= 4x =3y = 4@ —3@) = >
3x 3 3
For the second derivative we consider again 3xy'+3y —4x =0
Taking derivative we find 3xy"+3y'+3y'-4=0= y"= 4 ;6y = 63;_24)( = %
X X
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DEMAND AND SUPPLY

The market and its economic agents

Purpose of this lesson: to study the behaviour of people as they interact with one another in markets.

Market: a group of buyers and sellers of a particular good (or service).

Demand: represents the behaviour of buyers.
Supply: represents the behaviour of sellers.

Main assumption that we will use for the time being: markets are competitive.

Characteristics of a competitive market:

a) Goods offered for sale in one market are all the same.
b) Buyers and sellers are so numerous, that they individually cannot influence the market price. We
say that both buyers and sellers are price takers.

Not all markets are competitive. If sellers are few and individually can influence the market price, then we
say that markets are not competitive (oligopoly, monopoly).

The concepts of demand and supply

To be specific let us concentrate on one particular market: for example, the market for butter.

Demand

® [actors that determine the quantity demanded of butter:

a) The price of the good. The higher the price, the lower the quantity demanded. This is the Law of
demand.
b) Income. Normally, the richer people are, the more of a good they will buy. Let us call income m.
c) Prices of related goods.
x and y substitutes. Think of butter (x) and margarine (y).

p,¥ = yT = xi; Therefore p, and x positively related.
x and y complements. Think of butter (x) and bread (y)
p,¥ = yT = xT; Thereforep, and x negatively related.
d) Tastes. Some people like butter, others like olive oil.

Prepared by R. Praveen Kumar, Asst Prof, Department of Mathematics, KAHE Page 11/19




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS:1B.Com COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 17CMU202 UNIT: II BATCH-2017-2020

® The demand curve

Suppose that we give a mathematical form to the relationship between butter (x) and the factors that
determine the quantity demanded of butter.

x=10-4p, +0.005m+2p,

Discuss signs.

Normally we do not want to work with so many variables. The ones we are interested in depend on the
problem at hand. Suppose we are only interested in the price and quantity of butter, and that we are given

m =3,000€; p, =0.5€ -

the values of the other variables

x =10—4p, +0.005(3,000) + 2(0.5)
Xx=(10+15+1)—4p,

X=26-4p,

The expression in the box is the demand curve (or the demand function).
Suppose we have a market with three buyers: Ana, Victor and Pilar. Each has the following demand
curve:

Ana.  Xa=10-2p,
Victor: %v =20—4p,
pilar:  Xp =12-3D

We obtain the aggregate demand curve by adding horizontally (adding the x’s).

X=X, + X, +Xp
:(10_2px)+(20_4px)+(15_3px)
=45-9p,

Therefore, the aggregate demand curve is

X=45-9p,
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2. A consumer buys 100 units of a product when the price is €1. When the price is increased to €1.25 the
consumer buys 80 units. Calculate the Price Elasticity of demand for this consumer.

P1+ P2 AQ
S * 4 R
Q1+ Q2 AP
1+1.25 X -20
100 + 80 +0.25
=-1

Demand for this good is unitary elastic as the answer is equal to 1

MAXIMA AND MINIMA

You are aware that m any transaction the total amount paid mereases with the number of items

purchased. Consider a function as f(x)=2x +L x >0. Let the function f{x) represent the

amount required for purchasing 'x' number of items.
The graph of the function y=f(x)=2x+1.x>0 for different values of x 1s shown

v A

Amaunt
= b DN M =] D

PR —— W

Number of items
—

o
we———

A
|
= —

W

A look at the graph of the above function prompts us to believe that the function is increasing for
positive values of x 1.e., for x>0 Can you think of another example i which value of the function

decreases when x increases 7 Any such relation would be relationship between time and
manpower/person(s) mvolved. You have leamt that they are mversely propotional . In other

words we can say that time required to complete a certamn work mereases when number of
persons (manpower) invovled decreases and vice-versa. Consider such similar function as
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2
glx)=— x=0
X

The values of the function g (x) for different values of x are plotted

¥ o

i

Q

All these examples. despite the diversity of the variables involved, have one thing in conumon :
function 1s erther increasing or decreasing.

INCREASING AND DECREASING FUNCTIONS

Let a function f(x) be defined over the closed mterval [a.b].

Let x4, X, €[a.b]. then the finction f{x) is said to be an increasing function in the given mterval
if f(x;)=f(x)whenever X, >xX;. It is said to be strictly mcreasing if f (x> f(x ) for all
X, > X;. Xp. X5 €[a.b].

m

m
In Fig. 25.3. sin x mncreases from -1 to +1 as x mcreases from — S to T

MY
fix) =1
fix) =sinx |
__a |
rTZ I T «
S : © xg=5 : -
1 2 1
1 1
fixp=—1 =1
v
Fig. 25.3
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Note : A function is said to be an increasing function in an interval if f(x +h)=f
(x) for all x belonging to the interval when h 1s positive.

A function 1(x) defined over the closed interval [a. b] is said to be a decreasing function n the
given interval. if f(x,) <f(x;). whenever X, > X;. X;. X, €[a.b] . Itis said to be strictly

decreasing if f(x;)>f(x,) forall x, >x;. x;. X, €[a.b].

In Fig. 254, cos x decreases from 1to -1 as x increases from 0 to .

) '&'
fix) = cos x
4 >
x, =0|© 2 X
flx)= —1
W
Fig. 25.4

Note : A function is said to be a decreasing in an internal if f(x+h) <f(x) forall x
belonging to the mterval when h is positive.

Prove that the function f(x)=4x +7 1s monotonic for all values of x € R.

Solution : Consider two values of x say X. X2 €R
such that X=X, (1)
Multiplying both sides of (1) by 4. we have 4x, >4, .. (2)
Adding 7 to both sides of (2). to get

A%, +7 > 4%+ 7

We have f(x2)>1f(x1)
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Thus. we find f(x5 ) > f(x;) whenever x, > x;.

Hence the given function f(x)=4x+ 7 is monotonic function. (monotonically increasing).
Example

Show that
.
f(x)=x"
15 a strictly decreasmg function for all x < 0.
Solution : Consider any two values of x say X3 X such that
Xy > Xy. X.X,<0 .. (1)
Order of the mequality reverses when 1t 1s multiplied by a negative number. Now multiplymg (1)
by x,, we have
XyX9 < ¥-Xq
. 2 e
Of. X7 < ¥1Xo e 11)
Now multiplying (1) by x;. we have
-X<X1-Xy
2 aww
or. XXy <Xi ceeee(11)
From (1) and (111). we have
2 ¥
Xy <KX, <Xy
. ) L2
or. X35 < X{
or, f(x,)<f(x)
Thus. from (1) and (1v). we have for
f(x;)<f(x)

Hence. the given function is strictly decreasing for all X < 0.
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Find the interval in which f(x)= 2x° 3x? —12x +6 is increasing or decreasing.

Solution : f(x)= 2% 3x? 12x 46

f'(x)=6x> 6x 42

=5[K2 = —2)

=6(x 2)(x )
For f(x) to be increasing function of x,
£(x)>0
ie. 6(x—2)(x+1)>0 or (x—2)(x+1) =0

Sinece the product of two factors 1s positive, this unplies either both are positive or both are
negative.

Either x—2>0and x+1=0 or x—2<0and x 4 £
1e. x>2and x>-1 Le. x<2and x < 1
x > 2 implies x> —1 x < -1 mmplies x <2
x>=2 x <—1

Hence f(x) 1s increasing for x = 2 or x <—1.
Now, for f (x) to be decreasing.
£(x)<0
o, 6 (x—2) (x+1)<0 of, (x—2) (x+1)<0
Sinee the product of two factors 1s negative. only one of them can be negative, the other positive.

Therefore.
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Either or
Xx—2>0and x+1<0 x—2<Q0andx+1>0
1.e. x> 2andx<-1 1e. x<2andx>-1

There 15 no such possibility This can be put m this form
that x > 2 and at the same time

x<-—1 —l<x<2

. The function is decreasing n —1<x < 2.
Example

X
f(x)= 5. Is ncreasing or decreasing.

Determune the mtervals for which the function X+
(XE l)d—‘i —x i(Ws:‘+ 1}
Solution : f'(x)= dx ci:{
( X +1 ]

()

2
As {xj - 1) 15 positive for all real x.

Therefore. if —1< x <0.(1 ) 1s positive and (1+X) 1s positive. so T '(x)> O

- If O<x <1.(1 =x) 1spositive and (1+X) 1s positive. so £'f (X )> O
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POSSIBLE QUESTIONS
PART —B (5x 2 =10 Marks)

. What are the types of Functions?

. Define derivative.

I f()=(x%-7)?, find f "(x).

. Find the derivative of x>-3x?+4x+3
. Define limit of a function.

. Find lim,_,; ———
. 2x°+5x=3
. Define elasticity of supply.
. Define elasticity of demand.
. Find Z—yify = (2x + 5)3

x’

O© O~N O OO wWNEF

PART - C (5x6 =30 Marks)

1.A firm sells a product at Rs.3 per unit. The total cost of the firm for producing x units is
given by C=20+0.6x+0.001x>. How many units should be made to achieve maximum
profit? Verify that the condition for a maximum is satisfied.

2. If the demand law is x = % find the elasticity of demand at the point when p=3.
3. Find the elasticity of supply from the function p = -2+5x.
4.Find 2 i) x? +y? = 1ii) xy = c?
5.1f £(x) = “22*%° find £(5) and f'(10).
6.Differentiate the following with respect to x
(i) x3-3x*+4x+3 (i) x° + 3logx - 4e*

7. Differentiate the following with respect to x
2
()y=@?+5)@x+1) (i)y ==

4x—-1
(1+x)%-1

8.Find lim,._,

9. Find lim,._,
10. Find lim,._,5

11. If the demand law is x = %, find the elasticity of demand at the point when p=3.

2
x24x-12

x2—x—6

12. Find for what values of x, the following expression is maximum and minimum respectively.
2x3 — 21x? + 36x — 20.find also the maximum and the minimum values.
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Differential Calculus

PART A (20x1=20 Marks)

(Question Nos. 1 to 20 Online Examinations)

Possible Questions

Question Choice 1 Choice 2 Choice 3 Choice 4
Quantities which take the same values throughout particular
investigation are called Constants Variables Functions Integers
Quantities which change that is different values in an
investigation are called Constants Variables Functions Integers
The gross profit ddepends on the sales and the volume of a
sphere depends on its Circle Square Radius Diameter
Two variables x and y are said to be function of each other
when the values of one of them on those of ther.
other Independent propotional depend perpendicular
If corresponding to each value of x, there is only one value
of y then y is called Valued Single many two three
If corresponding to each value of x, there existsmore than
one value of y then y is called Valued Single many two three
The relation between two variables can be expressed in the
form y=f(x), y is implicit explicit odd even
The relation between two variables can be expressed in the
formf(x,y)=0, y is implicit explicit odd even
If f(-x)=f(x) then f(x) is called odd even implicit explicit
If f(-x)=-f(x) then f(x) is called odd even implicit explicit
y=al0+alx+.......... anxn is called function. odd even implicit polynomial
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Limit x tends to a f(x)=1 is function. limit even implicit polynomial
Limit h tends to 0 f(a-h)=I1 is limit Right hand Left hand finite infinite
Limit h tends to 0 f(a+h)=I1 is limit Right hand Left hand finite infinite

If left hand limit = right hand limit then limit does not exists zero exists one

If the limit is in indeterminant form then apply the method

of Induction partial fraction |Integration factorization

If the limit is in indeterminant form then apply the method

of rationalisation Induction partial fraction |Integration
If the limit is in indeterminant form then apply the method
of Induction partial fraction |Substitution Integration
If the limit is in indeterminant form then apply the method
of Induction partial fraction |Integration L'Hospitals
If the limit is in indeterminant form then apply the method
of Induction partial fraction |Integration Infinite Limit
The rate of change of the object is called Derivative Induction Integration Velocity
The process of finding derivatives are called Integration Differentiation |Induction Acceleration
Derivative of exponential is algebra exponential logerthms function
Derivative of constant is one two three zero
One of the rule of differentiation is addition commutative  |assiciative closure
One of the rule of differentiation is commutative assiciative closure Difference
One of the rule of differentiation is commutative Product closure assiciative
One of the rule of differentiation is closure assiciative Quotient commutative
If x is function of t and y is function of t then it is in
form. closure assiciative Quotient Parametric
Process of finding second derivative ,third derivative etc is
called differentiation. Initial final Successive Single
Compound
One of the application of Differentiation is Boundary Elasticity Simple Interest |Interest
If the graph of the function rises then the function is
function Decreasing Increasing rising falling
If the graph of the function fallss then the function is
function Decreasing Increasing rising falling
If the first dereivative zero and the second derivative less
than zero then function is Minima Maxima Optima Extrima
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than zero then function is

If the first dereivative zero and the second derivative greater

Minima

Maxima

Optima

Extrima

Answer

Constants

Variables

Radius

depend

Single

many

explicit

implicit

even

odd

polynomial

limit

Left hand

Right hand

exists

factorization

rationalisation

Substitution

L'Hospitals

Infinite Limit

Derivative

Differentiation

exponential

zero

addition

Difference

Product

Quotient

Parametric

Successive
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Elasticity

Increasing
Decreasing

Maxima

Minima
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UNIT — 111
SYLLABUS

Uni-variate Analysis

Measures of Central Tendency including arithmetic mean, geometric mean and harmonic mean:
properties and applications; mode and median. Partition values - quartiles, deciles, and
percentiles. Measures of Variation: absolute and relative. Range, quartile deviation and mean
deviation; Variance and Standard deviation: calculation and properties.

Measures of Central Tendency:

In the study of a population with respect to one i which we
are interested we may get a large number of observations. It is not
possible to grasp any idea about the characteristic when we look at
all the observations. So it is better to get one number for one group.
That number must be a good representative one for all the
observations to give a clear picture of that characteristic. Such
representative number can be a central value for all these
observations. This central value is called a measure of central
tendency or an average or a measure of locations. There are five
averages. Among them mean, median and mode are called smmple
averages and the other two averages geometric mean and harmonic
mean are called special averages.

Characteristics for a good or an ideal average :
The following properties should possess for an ideal average.

1. It should be rigidly defined.

2. It should be easy to understand and compute.

3. It should be based on all items in the data.

4. Its definition shall be m the form of a mathematical
formula.

5. It should be capable of further algebraic treatment.

6. It should have sampling stability.

7. It should be capable of being used i fiuther statistical

computations or processing.
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Arithmetic mean or mean :

Arithmetic mean or smmply the mean of a variable is defined
as the sum of the observations divided by the number of
observations. If the variable x assumes n values X;. X, .. X, then the
mean, X, is given by

— X X, X 4 X,
X = =

n
1
i
This formula is for the ungrouped or raw data.

[]=

I

Il
_

Example 1 :
Calculate the mean for 2. 4. 6. 8. 10

Solution:
i 2+4+6+8+10
o 5
5

Short-Cut method :
Under this method an assumed or an arbitrary average
(indicated by A) is used as the basis of calculation of deviations

from mdividual values. The formula is

— Sd
x=A+—
n

where, A = the assumed mean or any value m x
d = the dewviation of each value from the assumed mean

Example 2 :

A student’ s marks m 5 subjects are 75. 68. 80, 92. 56. Find his
average mark.
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Solution:
X d=x-A
13 7
A |68 0
80 12
92 24
56 -12
Total 31
_ X
n
: 31
= 68+ =
5
= 68 +6.2
74.2
Grouped Data :
The mean for grouped data 1s obtained from the following formula:
Y A
x== s
N

where x = the mid-pomt of individual class
f= the frequency of individual class
N = the sum of the frequencies or total frequencies.

Short-cut method :
_ A ﬂ}
r:A+“f

N

x—A
C
A = any value in X
N = total frequency
¢ = width of the class mterval

< C

where d=
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Example 3:

Given the followmg frequency distribution, calculate the
arithmetic mean

Marks 64 63 62 61 60 59
Number of
. o)
Students } 8 18 12 9 7 6
Solution:
X F fx d=x-A fd
64 3 512 2 16
63 18 1134 1 18
62 12 744 0 0
61 9 549 -1 -9
60 7 420 _9 —14
59 6 354 3 ~18
60 3713 -7
Direct method
_ T -5 “5
o =S 373 e
N 60
Short-cut method
_ 5 {4
x:A+“”M =62 — i = 61.88
N 60

Example 4 :
Followmg is the distribution of persons according to
different income groups. Calculate arithmetic mean.

Income 0-10 10-20 | 20-30 30-40 40-50 50-60 60-70
Rs(100)

Number of 6 8 10 12 7 4 3
persons
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Solution:
Income Number of Mid q= X A Fd
ClI Persons (1) X G
0-10 6 5 -3 -18
10-20 8 15 -2 -16
20-30 10 25 -1 -10
30-40 12 A 0 0
40-50 7 45 1 7
50-60 4 55 2 8
60-70 3 65 3 9
50 -20
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Mean= x=A+ z Jd
N
2
=353 10
=35-4
=31
Merits and demerits of Arithmetic mean :
Merits:
1. It is rigidly defined.
2. It 1s easy to understand and easy to calculate.
3. If the number of items is sufficiently large, it is more
accurate and more reliable.
4. Tt is a calculated value and is not based on its position in the
series.
5. It is possible to calculate even if some of the details of the
data are lacking.
6. Of all averages, it 1s affected least by fluctuations of
sampling.
7. It provides a good basis for comparison.
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Demerits:

1. It cannot be obtamed by mspection nor located through a
frequency graph.

2. It cannot be in the study of qualitative phenomena not

capable of numerical measurement i.e. Intelligence. beauty.

honesty etc..

It can ignore any single item only at the risk of losing its

accuracy.

(2

4. Tt 1s affected very much by extreme values.
5. It cannot be calculated for open-end classes.
6. It may lead to fallacious conclusions, if the details of the

data from which 1t 1s computed are not given.

Median :

The median 1s that value of the variate which divides the
group mto two equal parts. one part comprising all values greater.
and the other. all values less than median.

Ungrouped or Raw data :

Arrange the given values m the increasing or decreasing
order. If the number of values are odd. median 1s the middle value
If the number of values are even. median is the mean of nuddle
two values.

By formula

item.

. 141"
Median = Md = {”Jr ]‘h

Example 11:
When odd number of values are given. Find median for the

following data

25.18.27.10. 8, 30. 42. 20. 53
Solution:

Arranging the data in the increasing order 8. 10, 18, 20, 25,
27.30.42.53
The middle value is the 5% item i.e.. 25 is the median
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Using formula
n+1Y, .
Md = [ Ith item.
. r
941 .
= [ ® item.
l'}
= | —= | ®item
2
5 1tem
25

Example 12 :

When even number of values are given. Find median for the
following data
5.8, 12,
Solution:
Arranging the data in the increasing order 2. 5. 8,
18,22, 30
Here median is the mean of the middle two items (ie)

mean of (10,12) ie

30, 18,10, 2, 22

10, 12,

A

10+12°
— [; =11
2
somedian = 11.
Usmg the formula
. ‘n+1) .
Median = [”T h jtem.
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.
= [ S ‘ h jtem.

A

9 ) :
= [:] Bitem = 4.5 ®item

= 4% jtem +

1) . :
5 I {Sth item — 4™ 1tem)

./1\,
= — I
10 +[\2J[1h 10]
= 10+[l < 2
2,

=10 +1
=11

Example 13:
The following table represents the marks obtained by a
batch of 10 students i certain class tests in statistics and

Accountancy.

Serial No 1 2 3 4 5 6 7 8 9 |10
Marks 53 |55 |52 |32 |30 |60 |47 |46 |35 |28
(Statistics)

Marks 57 |45 |24 |31 |25 |84 |43 |80 |32 |72
(Accountancy)

Indicate in which subject is the level of knowledge higher ?

Prepared by R. Praveen Kumar, Asst Prof, Department of Mathematics, KAHE Page 9/46




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 1 B.Com

COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS

COURSE CODE: 17CMU202 UNIT: 111 BATCH-2017-2020

Solution:

For such question, median is the most suitable measure of central
tendency. The mark in the two subjects are first arranged in

increasing order as follows:

Serial No 1 2 (3 (4 |5 |6 |7 8 |9 10
Marks in 28 |30 |32 (35|46 |47 |52 |53 |55]60
Statistics

Marks in 24 |25 |31 [ 32|43 |45 |57 |72 |80 |84
Accountancy

Median = E Irh item = 10: ak item =5.5% item
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<th th .
_ Value of 5" item +value of 6" item

2
Md (Statistics) = @ — 465
13 +45
Md (Accountancy) = % = 44

There fore the level of knowledge in Statistics is higher than that in
Accountancy.

Grouped Data:

In a grouped distribution. values are associated with frequencies.
Grouping can be in the form of a discrete frequency distribution or
a continuous frequency distribution. Whatever may be the type of
distribution . cumulative frequencies have to be calculated to know
the total number of items.

Cumulative frequency : (cf)

Cumulative frequency of each class 1s the sum of the frequency of
the class and the frequencies of the pervious classes. ie adding the
frequencies successively, so that the last cumulative frequency
gives the total number of items.

Discrete Series:
Stepl: Find cumulative frequencies.
N+1 ‘I

Step2: Find [

A

Step3: See in the cumulative frequencies the value just greater than
(N +1)
=)
Step4: Then the corresponding value of X is median.

*,
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Example 14:

The following data pertaining to the number of members in
a family. Find median size of the family.

Number of |1 2131(141|5 6 7181910 |11 |12
members x
Frequency |1 35610 (13 |9|5|3 |2 2 |1
F
Solution:

X f cf

1 | 1

2 3 4

3 5 9

4 6 15

5 10 =5

6 13 38

7 9 47

3 5 52

9 3 55

10 2 57

11 2 59

12 1 60

60 N 1)

Median = size mf[ : I B jtem
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, {60+1 4.
= size DI[ — | ®item
2 )
=30.5" item
The cumulative frequencies just greater than 30.5 is 38.and the

value of x corresponding to 38 1s 6.Hence the median size is 6
members per family.

Continuous Series:

The steps given below are followed for the calculation of
median in contmuous series.
Stepl: Find cumulative frequencies.
: N
Step2: Find {? ]

Step3: See in the cumulative frequency the value first greater than

[ —— |. Then the corresponding class interval is called the Median

A

class. Then apply the formula

N
— I
Median = [+ 27 < C
Where [ = Lower limit of the median class

m = cumulative frequency preceding the median
¢ = width of the median class

f =frequency m the median class.
N=Total frequency.

Example 15:
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The following table gives the frequency distribution of 325
workers of a factory, according to their average monthly income in
a certain year.

Income group (in Rs) | Number of workers
Below 100 1
100-150 20
150-200 42
200-250 55
250-300 62
300-350 45
350-400 30
400-450 25
450-500 15
500-550 18
550-600 10
600 and above 2
325

Calculate median mcome

Solution:
Income group | Number of | Cumulative
(Class-mterval) workers frequency
(Frequency) c.f
Below 100 1 1
100-150 20 21
150-200 42 63
200-250 55 118
250-300 L2 180
300-350 45 225
350-400 30 255
400-450 25 280
450-500 15 295
500-550 18 313
550-600 10 323
600 and above 2 325
325
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N 325 -
—= =162.5
2 2

Here /=250 N=325.f =62.¢c=50.m=118

s A
Md = 250+[ 1625118 \ % 50
62 )
= 250+35.89
= 285.89
Example 16:

Followmg are the daily wages of workers in a textile. Find
the median.

Wages Number of

(inRs.) workers
less than 100 5
less than 200 12
less than 300 20
less than 400 32
less than 500 40
less than 600 45
less than 700 52
less than 800 60
less than 900 68
less than 1000 75
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Solution :

We are given upper lmit and less than cumulative
frequencies. First find the class-mtervals and the frequencies. Since
the values are mcreasing by 100, hence the width of the class
interval equal to 100.

Class f c.f
interval
0-100 5 5
100-200 7 12
200-300 8 20
300- 400 | 12 3
A400-500 8 40
500-600 5 45
600-700 7 52
700-800 8 60
800-900 8 68
900-1000 7 75
75
‘NY  (75) ...
=|— 1= 37.5
3=z
N
——m
Md = [+ |2 < ¢
f
= 400 + E x 100 = 400+ 68.75 = 468.75

\ r
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Merits of Median :

1. Median is not influenced by extreme values because it is a

positional average.

2. Median can be calculated i case of distribution with open-
end intervals.

Median can be located even if the data are incomplete.
Median can be located even for qualitative factors such as
ability. honesty etc.

Demerits of Median :

1. A slight change in the series may bring drastic change in

median value.

2. In case of even number of items or continuous series.
median 1s an estimated value other than any value in the
series.

It is not suitable for further mathematical treatment except
its use in mean deviation.
4. Tt 1s not taken into account all the observations.

L ]

s

L ]

Mode :

The mode refers to that value mm a distribution. which
occur most frequently. It is an actual value, which has the highest
concentration of items m and around it.
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Computation of the mode:
Ungrouped or Raw Data:

For ungrouped data or a series of individual observations,
mode is often found by mere inspection.
Example 29:

2.7.10,15,10,17,8.10, 2
- Mode =My =10

In some cases the mode may be absent while in some cases

there may be more than one mode.

Example 30:
1. 12,10, 15, 24, 30 (no mode)
2. 7.10.15.12,7.14. 24, 10, 7. 20, 10

the modes are 7 and 10

Grouped Data:
For Discrete distribution, see the highest frequency and
corresponding value of X 1s mode.

Continuous distribution :
See the highest frequency then the correspondmg value of class

interval is called the modal class. Then apply the formula.
1
Mode = My=1[1+ — xC
A +A

[ = Lower limit of the model class
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A 1= fl-ﬁ)
[\ =hi-1

f; = frequency of the modal class
fp = frequency of the class preceding the modal class
f; = frequency of the class succeedmg the modal class
The above formula can also be written as
fl'fn

Mode =1+ X ¢
2f -1, -1,
Example 31:
Calculate mode for the following :
C-1 f
0-50 5
50-100 14
100-150 40
150-200 91
200-250 150
250-300 87
300-350 60
350-400 38
400 and above 15
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Solution:

The highest frequency is 150 and corresponding class interval is
200 — 250, which is the modal class.
Here I=200.5;=150.1=91. £,=87. C=50

Mode = My= 1+_ ufe
o, -1, -1,
50-
_ 2004 091 5
2%150—91_87
295
_ 500+ 2229
122

= 200+ 24.18 =224.18

Determination of Modal class :
For a frequency distribution modal class corresponds to the

maximum frequency. But in any one (or more) of the following
cases
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1.If the maximum frequency is repeated
i1 If the maximum frequency occurs in the beginning or at the
end of the distribution
i11.If there are rregularities i the distribution. the modal class
is determined by the method of groupmg.
Steps for Calculation :
We prepare a grouping table with 6 columns
1. In column I. we write down the given frequencies.
2. Column II is obtained by combining the frequencies two
by two.
Leave the 1% frequency and combine the remaining
frequencies two by two and write i column III
4. Column IV is obtained by combining the frequencies
three by three.
5. Leave the 1st frequency and combine the remaining
frequencies three by three and write in column V
6. Leave the 1st and 2™ frequencies and combine the
remaining frequencies three by three and write m
column VI
Mark the highest frequency m each colummn. Then form an
analysis table to find the modal class. After finding the modal class
use the formula to calculate the modal value.

)
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Example 32:
Calculate mode for the following frequency distribution.
Class 0- | 5- 10- | 15- 20- 25- 30- | 35-
mterval 5 10 |15 |20 25 30 35 | 40

Frequency | 9 12 | 15 16 17 15 10 | 13
Grouping Table

CI f 2 3 4 5 6
0- 5 9 11

5-10 12 27 36
10-15 15 31 43
15-20 16 33 48
20-25 17 32 48
25-30 15 75 42 38
30-35 10 23
35-40 13
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Analysis Table

Columns | 0-5 5-10 | 10-15 | 15-20 | 20-25 | 25-30 | 30-35 | 35-40
1 1
2 1 1
3 1 1
4 1 1 1
5 1 1 1
6 1 1 1
Total 1 2 4 5 2

The maximum occurred corresponding to 20-25, and hence
it is the modal class.

A x C

-1

A LA,
Here/ = 20: & = f,—f, =17-16 =1

A - ff =17-15 =2
1

x D

Mode=Mo =]+

s ]-\"IO = 20+

1+2
= 20+1.67 =21.67

MEASURES OF DISPERSION

Characteristics of a good measure of dispersion:

An ideal measure of dispersion is expected to possess
the following properties

1.1t should be rigidly defined

2. It should be based on all the items.

3. It should not be unduly affected by extreme items.
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4. It should lend itself for algebraic manipulation.

5. Tt should be simple to understand and easy to
calculate

Absolute and Relative Measures :

There are two kinds of measures of dispersion. namely
1. Absolute measure of dispersion

2 Relative measure of dispersion.

The wvarious absolute and relative measures of
dispersion are listed below.

Absolute measure Relative measure
1. Range 1.Co-efficient of Range
2.Quartile deviation  2.Co-efficient of Quartile deviation
3.Mean deviation 3. Co-efficient of Mean deviation

4.Standard deviation 4.Co-efficient of variation

7.3 Range and coefficient of Range:

7.3.1 Range:

This 1s the simplest possible measure of dispersion and

is defined as the difference between the largest and smallest
values of the variable.

In symbols, Range =L —S.
Where L = Largest value.
S = Smallest value.
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In individual observations and discrete series, L and S
are easily identified. In continuous series, the following two
methods are followed.

Method 1:

L = Upper boundary of the highest class

S = Lower boundary of the lowest class.
Method 2:

L = Mid value of the highest class.

S = Mid value of the lowest class.
7.3.2 Co-efficient of Range :

L-S

Co-efficient of Range =
L+S

Examplel:
Find the value of range and its co-efficient for the following
data.

7.9. 6. 8, 11.10. 4

Solution:
[=11.S=4.
Range =1L.-S =11-4=7
. L-S
Co-efficient of Range =
L+S
_ 11-4
11+4
= i = (0.4667
15

Example 2:
Calculate range and its co efficient from the following
distribution.

Size: 60-63 63-66 66-69 69-72 72-75
Number: 5 1R 42 27 8
Solution:

L = Upper boundary of the highest class.
= 75
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S = Lower boundary of the lowest class.

= 60
Range=L-S =75-60=15
. L-S
Co-efficient of Range =
L+S
_ 75-60
75+ 60
15
= =0.1111
135
7.3.3 Merits and Demerits of Range :

Merits:
1. It is sunple to understand.

2. It 1s easy to calculate.

3. In certain types of problems like quality control. weather
forecasts, share price analysis. et c., range 1s most widely
used.

Demerits:

1. It is very much affected by the extreme items.

2. It is based on only two extreme observations.

3. It cannot be calculated from open-end class intervals.
4. Tt is not suitable for mathematical treatment.

5. Tt is a very rarely used measure.
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7.6 Standard Deviation and Coefficient of variation:
7.6.1 Standard Deviation :

Karl Pearson introduced the concept of standard deviation
in 1893. It is the most important measure of dispersion and is
widely used i many statistical formulae. Standard deviation is also
called Root-Mean Square Deviation. The reason is that it 1s the
square—toot of the mean of the squared deviation from the
arithmetic mean. It provides accurate result. Square of standard
deviation is called Variance.

Definition:

It 1s defined as the positive square-root of the arithmetic
mean of the Square of the deviations of the given observation from
their arithmetic mean.

The standard deviation is denoted by the Greek letter & (sigma)

7.6.2 Calculation of Standard deviation-Individual Series :
There are two methods of calculating Standard deviation in
an mndividual series.
a) Deviations taken from Actual mean
b) Deviation taken from Assumed mean

a) Deviation taken from Actual mean:
This method is adopted when the mean is a whole number.
Steps:
1. Find out the actual mean of the series (x)
2. Find out the deviation of each value from the mean
(x=X-X)
3.Square the deviations and take the total of squared
deviations Yx
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.. 2 . > .TE )
4. Divide the total ( 2x° ) by the number of observation ( = ]
H

ra

The square root ofj =
. n

] 1s standard dewviation.

b) Deviations taken from assumed mean:

This method is adopted when the arithmetic mean is
fractional value.

Taking deviations from fractional value would be a very
difficult and tedious task. To save time and labour, We apply short
—cut method: deviations are taken from an assumed mean. The
formula is:

o= -5

Where d-srauds for the deviation from assumed mean = (X-A)

Steps:
1. Assume any one of the item in the series as an average (A)
2. Find out the deviations from the assumed mean: 1.e., X-A
denoted by d and also the total of the deviations >.d
Square the deviations: i.e.. d*and add up the squares of
deviations. i.e. >d°
4. Then substitute the values m the followimng formula:

fad
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v 2
2d° [ >d
G = — | =
n n )

Note: We can also use the simplified formula for standard
deviation.

]- |I Y g
c=—ynXd —(Zd)
n
For the frequency distribution

C |I ¥
o= NS _(xfd
= (>fd)

2
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Example 9:

Calculate the standard deviation from the following data.
14, 22. 9, 15, 20, 17, 12,11

Solution:

Dewiations from actual mean.

Values (X) o3 (3 - Ef

14 -1 |

22 i 49

9 -6 36

15 0 0

20 5 25

4 2 4

-3 9

-4 16

140
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Example 10:

The table below gives the marks obtained by 10 students in
statistics. Calculate standard deviation.

StudentNos: 1 2 3 4 5 6 7 8 9 10
Marks 43 48 65 57 31 60 37 48 78 59
Solution: (Deviations from assumed mean)
Nos. Marks (x) d=X-A (A=57) d’
1 43 -14 196
2 48 -9 81
3 65 8 64
4 57 0 0
5 31 -26 676
6 60 3 9
¥ 37 -20 400
3 48 -9 81
9 78 21 441
10 59 2 4
n=10 Yd=-44 Yd*=1952
S d? >dY
n .
_ 1952 f—_44~f
10 l 10 )
=4/1952 - 19.36

J175.84 =13.26
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7.6.3 Calculation of standard deviation:
Discrete Series:

There are three methods for calculating standard deviation
in discrete series:

(a) Actual mean methods

(b) Assumed mean method

(c) Step-deviation method.

(a) Actual mean method:
Steps:
1. Calculate the mean of the series.
2. Find dewviations for various items from the means 1.e.,

X-x =d.
Square the deviations (= d*) and multiply by the respective
frequencies(f) we get fd*
4. Total to product (Xfd*) Then apply the formula:
—
> 1d-

.\II St

[y
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(b) Assumed mean method:

Here deviation are taken not from an actual mean but from
an assumed mean. Also this method is used. if the given variable
values are not m equal intervals.

Steps:
1. Assume any one of the items in the series as an assumed

mean and denoted by A.

2. Find out the deviations from assumed mean. i.e. X-A and
denote it by d.
Multiply these deviations by the respective frequencies and
get the > fd
4. Square the deviations (d*).
Multiply the squared deviations (d* by the respective
frequencies (f) and get >fd*
6. Substitute the values m the following formula:

fad

hn

7
y

T (Tfd ]
Vzf Lzf)
Whered=X-A. N=2xf

G:

Example 11:

Calculate Standard deviation from the following data.

X: 20 22 25 31 35 40 42 45
f: 5 12 15 20 25 14 10 6
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Solution:
Deviations from assumed mean
X f d=x-A d’ fd fd*
(A=31)
20 5 -11 121 -55 605
22 12 -9 81 -108 972
25 15 -6 3 -90 540
31 20 0 0 0 0
35 25 4 16 100 400
40 14 9 81 126 1134
42 10 11 121 110 1210
45 6 14 196 34 1176
N=107 Yfd=167 | Xfd’
=6037

S fa’ _[’ > fd ,

V=t =ty
_ 6037 [ 167 -]2

107 107,
_ [5670 244

= 4/5398 =735
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7.6.4 Calculation of Standard Deviation —Continuous series:

In the contimuous series the method of calculating standard
deviation 1s almost the same as i a discrete series. But m a
contmuous series. mid-values of the class intervals are to be found
out. The step- deviation method is widely used.

The formula is.

12 1% 2
5 3. td _ > fd “ C
vl N
—A
i, = mT . C- Class mterval.
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Steps:

1.Fmd out the mid-value of each class.
2. Assume the center value as an assumed mean and denote
it by A
m-—A

3. Findoutd =

4. Multiply the deviations d by the respective frequencies and
get 2fd

5.Square the deviations and get d *

6.Multiply the squared deviations (d ?) by the respective
frequencies and get Yfd *

7.Substituting the values in the following formula to get the

standard dewviation
12 | 2
o= JEE —(Elid] b
Example 13:

The daily temperature recorded i a city in Russia m a year
is given below.

Temperature C ° No. of days
-40 to 30 10
-30 to 20 18
-20 to —10 30
-10 to 0 42

0 to 10 65
10 to 20 180
20 to 30 20

365

Calculate Standard Dewiation.
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Solution:
Mid No. of d =
Temperature value days m- (-5*) | fd fd *
(m) f 107
-40 to -30 -35 10 -3 -30 90
-30 to -20 -25 18 -2 -36 72
-20 to -10 -15 30 -1 -30 30
-10 to -0 -5 42 0 0 0
0 to 10 5 65 1 65 65
10 to 20 15 180 2 360 720
20 to 30 25 20 3 60 180
N=365 >fd =| ¥fd
389 | =1157
12 2
L \/Zf‘d _[Efd) ”
N N
:JHS? ) {389“ -
365 365 )

= J3.1699 - 1.1358 x 10

= +/2.0341 x 10

= 1.4262 x 10
=14.26"¢c
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7.6.6 Merits and Demerits of Standard Deviation:
Merits:

1. It is nigidly defined and its value is always definite and
based on all the observations and the actual signs of
deviations are used.

2. As it is based on arithmetic mean. it has all the merits of

arithmetic mean.

It is the most important and widely used measure of

dispersion.

4. It 1s possible for further algebraic treatment.

5. Tt 1s less affected by the fluctuations of sampling and hence
stable.

6. It is the basis for measuring the coefficient of correlation
and sampling.

T4

Demerits:

1. Tt is not easy to understand and it is difficult to calculate.

2. It gives more weight to extreme values because the values
are squared up.
As 1t 1s an absolute measure of variability, it cannot be used
for the purpose of comparison.

Lad
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7.6.7 Coefficient of Variation :

The Standard deviation is an absolute measure of
dispersion. It is expressed in terms of units in which the original
figures are collected and stated. The standard deviation of heights
of students cannot be compared with the standard deviation of
weights of students, as both are expressed in different units. ie
heights m centimeter and weights m kilograms. Therefore the
standard deviation must be converted into a relative measure of
dispersion for the purpose of comparison. The relative measure is
known as the coefficient of variation.

The coefficient of wvariation is obtamed by dividing the
standard deviation by the mean and multiply it by 100.
symbolically,

Coefficient of variation (C.V) = 2 4100
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[f we want to compare the variability of two or more series,
we can use C.V. The series or groups of data for which the C.V. 1is
greater mdicate that the group is more variable. less stable. less
uniform, less consistent or less homogeneous. If the C.V. 1s less, it
indicates that the group is less variable. more stable, more uniform.
more consistent or more homogeneous.

Example 15:
In two factories A and B located in the same mdustrial area.

the average weekly wages (in rupees) and the standard deviations
are as follows:

Factory Average Standard Deviation | No. of workers
A 34.5 5 476
B 28.5 4.5 524

1. Which factory A or B pays out a larger amount as weekly

wages?
2. Which factory A or B has greater variability m mdividual
wages?
Solution:

Given N; = 476. X; =34.5.6,=5
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1. Total wages paid by factory A
=34.5 x 476
=Rs.16.422
Total wages paid by factory B
=28.5 x 524
=Rs.14.934.
Therefore factory A pays out larger amount as weekly wages.

2. C.V. of distribution of weekly wages of factory A and B are
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cv.(a)y= 2L 4100
Xl
5
= x 100
34.5
4.49
G,

C.V (B)= =2 x 100
X

I
[a—
e

wd

=

5
= x 100
28.5

=15.79
Factory B has greater variability in individual wages. since
C.V. of factory B 1s greater than C.V of factory A

Example 16:
Prices of a particular commodity in five years in two cities are
given below:

Price in city A Price in city B
20 10
22 20
19 18
23 12
16 15

Which city has more stable prices?
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Solution:
Actual mean method

City A City B
Prices Deviations dx” Prices | Deviations dy”
(X) from X=20 (Y) |ffomY =15
dx dy

20 0 0 10 -5 25

22 2 4 20 5 25

19 -1 1 18 3 9

23 3 9 12 -3 9

16 -4 16 15 0 0
>x=100 Ydx=0 | Zdx’=30 | Zy=75 > dy=0 >dy*
=68
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— XX 100
City A: X= = =20
n 5
R bC -x)’ _ |Tdx’
) n n
_ |I'¥ _ [~ _
= |5 = V6=2as
CV(X) = == x100
N
2.45
= x 100
20
=12.25%
= Ty _ 75
CityB: Y==2 =2 =15
1 5

Gv = =
’ 1 11
‘68
= 22 =136 =3.69
Vs
CV.(y) ==~ x 100
.1
3.69
= 27 100
=24.6 %

City A had more stable prices than City B, because the

coefficient of variation is less in City A.
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POSSIBLE QUESTIONS
PART —B (5x 2 =10 Marks)

1.Find the Arithmetic Mean for the following data.
60 75 50 42 95 46
2. Find Median and Mode for the following data.
13 16 17 15 18 14 19 15 12
3. Write the relation between Standard Deviation and Variance.
4. Calculate the Range and its Coefficient for the following data.
X : 12 14 16 18 20
f : 1 3 5 3 1
5. Define Quartile Deviation?
6. Find the Standard Deviation for the following data:
240 260 290 245 255 288 272 263 277 251

PART - C (5x 6 =30 Marks)
1.Find median ,quartiles,9" decile and 56" percentile on the basis of the following data.
Marks: 20-29 30-39 40-49  50-59 60-69 70-79  80-89 90-99
No. of students: 7 11 24 32 9 14 2 1

2. Calculate the Standard Deviation and Coefficient of Variance (CV) for
the following data.

X 0-10 10- 20 20-30 | 30-40 | 40-50
f 2 5 9 3 1
3.Calculate the G.M and H.M are shown below.
value 0-10 | 10-20 | 20-30 | 30-40 | 40-50
frequency 8 12 20 6 4
4.Find the Mean deviations , Median of the following data.
Marks 20-29 | 30-39 | 40-49 | 50-59 | 60-69 | 70-79 | 80—-89 | 90 - 99
No. of students 7 11 24 32 9 14 2 1

5. Calculate the Median for the following Continuous Frequency Distribution.
Wages (in Rs.) : 0-19 | 20-39 | 40-59 | 60—79 | 80-99

No. of Workers: 5 20 35 20 12
6.The income distribution of 102 persons is given.Calculate the quartile deviation and its
coefficient.
Income (Rs.) 200 250 300 350 400 700
No.of persons 10 16 30 21 15 10

7.Calculate the Arithmetic Mean ,median and mode for the following data.
Height (cms): 160 161 162 163 164 165 166
No. of Persons : 27 36 43 78 65 48 28
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8. Calculate the Coefficient of Variance for the following data.
77 73 75 70 72 76 75 72 74 76
9.Calculate the Median for the following.
Hourly Wages (inRs.) | 40-50| 50-60 | 60-70 70-80 | 80-90 | 90-100
Number of Employees 10 20 15 30 15 10

10. The following data give the details about salaries (in thousands of rupees) of seven
employees randomly selected from a Pharmaceutical Company.

Serial No. 1 2 3 4 5 6 7

Salary per Annum (‘000) | 89 | 57 | 104 | 73 | 26 | 121 | 81

Calculate the Standard Deviation and Coefficient of variance of the given data.

11. i) Calculate the range and its coefficient for the following data.
7 4 10 9 15 12 7 9 7
ii) Calculate the standard deviation for the following data.
X:20 22 25 31 35 40 42 45
f:5 12 15 20 25 14 10 6

12. Calculate the Coefficient of Variation for the following data.
X 12 15 15 18 20
F 5 7 10 4 2
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Class :1B.Com Semester 1l
UNIT -1

Uni-variate Analysis
PART A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Question Choice 1 Choice 2 Choice 3 Choice 4

A measure of central tendency helps to get a single
representative value forasetof .............. values. equal unequal greater smaller

.................... is the total of the values of the items

divided by their number Mean Median Mode Range
Arithmetic Mean is the .................. of the values of the
items divided by their number sum difference equal total

Arithmetic Mean is the total of the values of the items

................ by their number sum difference product divided

The .............. of the deviations of the values from their

arithemetic mean is zero. sum difference product divided

The sum of the deviations of the values from their arithmetic

................... is zero. arithmetic mean |median arithmetic mode |arithmetic range

The sum of the deviations of the values from their
arithemetic meanis ................ Zero one two three

.................. is the value of the middle most item when all
the items are in order of magnitude. Mean Median Mode Range
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Median is the value of the .................. most item when all

the items are in order of magnitude. initial final middle higher
........... is the value which has the greatest frequency

density. Mean Median Mode Range
Mode is the value which has the ................ frequency

density. smallest greatest initial final
................... mean is the appropriate root of the product

of the values of the items. arithmetic geometric harmonic standard
Geometric mean is the appropriate................... of the

product of the values of the items. sum difference root quotient
Geometric mean is the appropriate root of the

................ of the values of the items. sum difference product divided
.................. is the reciprocal of the mean of reciprocals of

the values of the items arithmetic geometric harmonic standard
Harmonic mean is the ................. of the mean of

reciprocals of the values of the items sum difference root reciprocal
Harmonic mean is the reciprocal of the ............. of

reciprocals of the values of the items Mean Median Mode Range

mean=median=m |mean#median= \mean=median# |mean#median#
In symmetical distributions the relation is .................. ode mode mode mode

AM=G.M AM>GM> AM£GM#£
The relation between the means is ............ A.M<G.M<HM |=H.M H.M H.M

............... are positional values. quartile mean median standard

............. divide the total frequency into ten equal parts and
hence their name. quartile deciles percentiles mean
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Deciles divide the ................ frequency into ten equal

parts and hence their name. sum difference equal total
Deciles divide the total frequency into ........... equal parts

and hence their name. zero five ten twenty
............. divide the total frequency into hundred equal

parts and hence their name. quartile deciles percentiles mean
Percentiles divide the total frequency into ........... parts and

hence their name. ten twenty fifty hundred
.............. measures give pure numbers which are free form

the units of measurements of data. Relative absolute possibility finite
Relative measures give ............... which are free form the complex imaginary
units of measurements of data. real numbers pure numbers  |numbers numbers
Relative measures give pure numbers which are free form

the ............. of measurements of data. scale value units range
....................... and ..................measures are two absolute and finite and non relative and |absolute and
kinds of measures of dispersion. possibility infinite relative relative
.................. is the difference between the greatest and

smallest of the values. Median Mean Range Mode
Rangeisthe ............... between the greatest and smallest

of the values. sum difference product quotient
Range is the difference betweenthe ....................... of  |smallest and greatest and finite and greatest and
the values. greatest smallest infinite infinite
...................... is used in statistical quality control. Median Mean Range Mode
Range is used in statistical .................... control. units constant quality value
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................ deviation is half of the difference between first

and third quartiles. quartile mean median standard
Quartile deviation is ................. of the difference between
first and third quartiles. one fourth half one third three fourth

Quiartile deviation is half of the difference between

.................... quartiles. first and third firstand two  |two and third  |third and fourth
There are ................. kinds of mean deviations one two three four
........................... the root mean square deviation of the standard

values from their arithmetic mean mean median mode deviation
Standard deviation the.................... deviation of the root median root mode root range
values from their arithmetic mean root mean square |square square square
Standard deviation the root mean square deviation of the standard

values from their arithmetic ............ mean median mode deviation
............... deviationof the values from the arithmetic mean root mean standard

IS known as variance. Mean square square range square deviation

Mean square deviationof the values from the arithmetic

arithmetic

mean is known as variance. arithmetic range |arithmetic mode median arithmetic mean

Mean square deviationof the values from the arithmetic standard

mean is knownas ................... mean median variance deviation
standard

....................... is the positive square root of variance.  /mean median variance deviation

Standarad deviation is the positive ............... of variance. |square root cubic root fourth root fifth root
standard

Standarad deviation is the positive square root of ........... mean median variance deviation
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The formula for range is ........... L-S L+S L*S L/S

Answer
unequal
Mean
total
divided
sum
arithmetic mean
ZEro
Median
middle
Mode
greatest
geometric
root
product
harmonic
reciprocal
Mean
mean=median=mode
AM>GM>HM
quartile
deciles
total
ten
percentiles
hundred
Relative
pure numbers
units
absolute and relative

Prepared by: R. Praveen Kumar, Department of Mathematics, KAHE



Uni-variate Analysis /2017-2020 Batch

Range
difference
greatest and smallest
Range
quality
quartile
half
first and third
three
standard deviation
root mean square
mean
Mean square
arithmetic mean
variance
standard deviation
square root
variance
L-S
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UNIT — IV
SYLLABUS

Bi-variate Analysis

Simple Linear Correlation Analysis: Meaning, and measurement. Karl Pearson's co-efficient and
Spearman’s rank correlation Simple Linear Regression Analysis: Regression equations and
estimation. Relationship between correlation and regression coefficients

CORRELATION

Introduction:

The term correlation 1s used by a comunon man without
knowing that he is making use of the term correlation. For example
when parents advice then children to work hard so that they may
get good marks. they are correlating good marks with hard work.

Thus Correlation refers to the relationship of two variables
or more. (e-g) relation between height of father and son. yield and
rainfall, wage and price mdex. share and debentures etc.

Definitions:
1. Correlation Analysis attempts to determine the degree of
relationship between variables- Ya-Kun-Chou.
2. Correlation is an analysis of the covariation between two
or more variables.- A.M.Tuttle.
Correlation expresses the mter-dependence of two sets of
variables upon each other. One variable may be called as (subject)
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independent and the other relative variable (dependent). Relative
variable 1s measured in terms of subject.

Uses of correlation:
1. It is used in physical and social sciences.
2. It 1s useful for economists to study the relationship between
variables like price. quantity etc. Busmessmen estimates
costs, sales. price etc. using correlation.
. It is helpful n measuring the degree of relationship
between the variables like mcome and expenditure. price
and supply. supply and demand etc.
Sampling error can be calculated.
It is the basis for the concept of regression.

T4

LI S I

Scatter Diagram:

It is the smaplest method of studying the relationship
between two variables diagrammatically. One wvariable is
represented along the horizontal axis and the second variable along
the vertical axis. For each pair of observations of two variables, we
put a dot in the plane. There are as many dots in the plane as the
number of paired observations of two variables. The direction of
dots shows the scatter or concentration of various points. This will
show the type of correlation.

1. If all the plotted points form a straight line from lower left hand
corner to the upper right hand corner then there is
Perfect positive correlation. We denote thisas » =+1

Perfect positive
Correlation
r=+1

Y Y

Perfect Negative
Correlation

X axis O X axis Page 2/37

o




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Com COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 17CMU202 UNIT: IV BATCH-2017-2020
1. If all the plotted dots lie on a straight line falling from upper

&T

left hand corner to lower right hand corner, there is a perfect
negative correlation between the two variables. In this case
the coefficient of correlation takes the value » = -1.

If the plotted points i the plane form a band and they show
a rising trend from the lower left hand corner to the upper
right hand corner the two wvariables are highly positively
correlated.

Highly Positive
v

O X axis O X axis

If the points fall in a narrow band from the upper left
hand comner to the lower right hand comer. there will be a
high degree of negative correlation.

If the plotted points in the plane are spread all over the
diagram there is no correlation between the two

variables.

No correlation

(r=0)
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]

Merits:

1. It 1s a smmplest and attractive method of finding the nature
of correlation between the two variables.
It 1s a non-mathematical method of studying correlation. It
is easy to understand.
It 1s not affected by extreme items.
It is the first step in finding out the relation between the two
variables.
We can have a rough idea at a glance whether it is a positive
correlation or negative correlation.

et

I L

h

Demerits:
By this method we cannot get the exact degree or
correlation between the two variables.
Types of Correlation:
Correlation 1s classified into various types. The most
important ones are
1) Positive and negative.
ii) Linear and non-linear.
111) Partial and total.
iv) Simple and Multiple.

Positive and Negative Correlation:

It depends upon the direction of change of the variables. If
the two variables tend to move together in the same direction (ie)
an increase in the value of one wvariable is accompanied by an
increase in the value of the other. (or) a decrease in the value of one
variable is accompanied by a decrease in the value of other, then
the correlation is called positive or direct correlation. Price and
supply, height and weight. yield and ranfall. are some examples of
positive correlation.

If the two variables tend to move together in opposite
directions so that increase (or) decrease in the value of one variable
is accompanied by a decrease or mcrease i the value of the other
variable, then the correlation is called negative (or) mverse
correlation. Price and demand. yield of crop and price, are
examples of negative correlation.
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Linear and Non-linear correlation:
If the ratio of change between the two wvariables is a
constant then there will be linear correlation between them.
Consider the following.

X 2 4 6 8 10 12
Y 3 6 9 12 15 18

Here the ratio of change between the two variables is the
same. If we plot these points on a graph we get a straight line.

If the amount of change i one variable does not bear a
constant ratio of the amount of change m the other. Then the
relation i1s called Curvi-linear (or) non-linear correlation. The
graph will be a curve.

Simple and Multiple correlation:

When we study only two variables. the relationship is
simple correlation. For example, quantity of money and price level,
demand and price. But in a multiple correlation we study more
than two wvariables simultaneously. The relationship of price,
demand and supply of a commodity are an example for multiple
correlation.

Partial and total correlation:

The study of two variables excluding some other variable is
called Partial correlation. For example, we study price and
demand eliminating supply side. In total correlation all facts are
taken into account.

Computation of correlation:

When there exists some relationship between two
variables, we have to measure the degree of relationship. This
measure 1s called the measure of correlation (or) correlation
coeflicient and it 1s denoted by ‘1’ .

Co-variation:

The covariation between the variables X and v is defined as
S(x—x)(r—»)
n
x and yand ‘n’ is the number of pairs of observations.

y) = i X,V @ pecti ans of
Cov( x where x. y are respectively means of

]
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Karl pearson’ s coefficient of correlation:

Karl pearson. a great biometrician and statistician,
suggested a mathematical method for measuring the magnitude of
linear relationship between the two variables. It is most widely
used method in practice and it is known as pearsonian coefficient of
correlation. It is denoted by *»’. The formula for calculating * »* 1s
(1) r= Covlx.y) where 6 . ¢ areSDofxandy
c,.0, '

respectively.
(i) r= =2

n o, o,

by T . .
(iil) r = == = X=x-x.Y=y-y

2X.2Y

[

when the deviations are taken from the actual mean we can apply
any one of these methods. Simple formula is the third one.

The third formula is easy to calculate, and it is not
necessary to calculate the standard deviations of X and y series
respectively.

Steps:
1. Find the mean of the two series x and y.
2. Take deviations of the two series from x and v.

X=x—x.Y=y-y»

Square the deviations and get the total. of the respective
squares of deviations of x and y and denote by IX*

Ty’ respectively.

4. Multiply the deviations of X and v and get the total and
Divide by n. This is covariance.

Substitute the values m the formula.

T4

hn

_ cov(x.y) _ (x—x) (v - y)/n

R TS o S,
1 . 1
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The above formula is simplified as follows

XXY - —
ro= . X=x—-x.Y=y—y

Example 1:
Find Karl Pearson’s coefficient of correlation from the following
data between height of father (x) and son (V).

X 64 65 66 67 68 69 70
Y 66 67 65 68 70 68 72
Comment on the result.
Solution:
X Y X=y—x | X |y=,-73|Y XY
X=x-67 Y =y-68
64 66 -3 9 -2 4 6
65 67 -2 4 -1 1 2
66 65 -1 1 -3 9 3
67 68 0 0 0 0 0
68 70 1 1 2 4 2
69 68 2 4 0 0 0
70 72 3 9 4 16 12
469 | 476 0 28 0 34 25
=29 675 2 YO g
7 ' 7

LXY 25 25 2
JIX.TY 28 x 34 /952 30.85
Since r = + 0.81. the variables are highly positively correlated. (ie)
Tall fathers have tall sons.

Working rule (i)
We can also find » with the following formula

—

We have = Cov(x.y)

c,.C,
Cov( x.y) = T(x —;}(.1' —?) _ (o + ;.T—;.Y _;J_.)
g n
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2y yix v 2XV
= - - +
n 7 7 1
Ny s o o _ & N _
pey! Pyl
Cov(xyy) = —— - XV + )?17 = ——— xy
n 1
T 7 E.Tl —2 12 Ell‘z —2
TX = — - X , TY = — - ¥
1 1
ovix.v
Now r= (+.7)
G.T'G'L
Xxy  —
—— X}
g 7
2x- -2 2y” —2
— - X e
- n 2]

nixy - (2x) (Zy)

gl ¥ ¥ i
JInZe? — ()] [Ty - (Zy)°]
Note: In the above method we need not find mean or standard
deviation of variables separately.

ro=

Example 2:
Calculate coefficient of correlation from the followimng data.

X 1 2 3 4 5 6 7 8 9
Y 9 8 10 |12 |11 13 |14 |16 |15
X y X ¥y Xy
1 9 1 81 9
2 8 4 64 16
3 10 9 100 30
4 12 16 144 48
5 11 25 121 55
6 13 36 169 78
7 14 49 196 98
8 16 64 256 128
9 15 81 225 135

. 45 108 285 1356 597 —
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nxy - (Zx) (Zv)
\/[f.if.fr2 — () ][y - (Zv)]
9 x 597 - 45 x 108
\/(9x285—(45)3).(%1356—(108)3)
5373 - 4860
~ J(2565-2025)(12204-11664)
_ 513,513 oo

540 x 540 540
Working rule (ii) (shortcut method)
Cov(x.v)
G,.0,

(x—x)(y - )
H

roo=

|

We have r=

where Cov( x.y) =

Take the deviation from x as X — A and the deviation from v as
v—B

S [(x-A)-(x=A)] [(»-B)-(y-B)]

H

Cov(xy) =

. _
- - Y [(x-A4) (y-B) - (x-4) (v-B)

- (x—4)(y-B)+(x—A)(y - B)]

— by _
- L3 (-8 - (op) 2D
Gl PB) E- A= B)
i il
2B 5o G- M
_ H Iy
~ -4 -2+ G-a) G-B)

H
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S(x-A)(y-B)

= n

(-

B) (x— 4)

- (=D GB) + (=HG-B)

Y(x-A)v-B)

= —(x— 4) (v—B)
n
Letx-A=u,; v-B=v; x—A=u, v-B=v
Yoy
. 2
sLCov(xy) = ——uv
n
2 E“z —2 2
o, =———U =0CU
n
2
) LV = >
T, = —v =GV

=i
’ H

nZuv —(Zu)(Zv)

L=

\/[”E”E - (E”)IJ-[{HEH )— (31.}11

Example 3:

Calculate Pearson’ s Coefficient of correlation.

X |45 |55 |56 |58 |60 |65 |68 |70 |75 | 80 | 85
Y |56 |50 |48 |60 |62 |64 |65 |70 |74 |82 |90
X Y |u=x-A |v=y-B u’ v uv
45 56 -20 -14 400 196 280
55 50 -10 -20 100 400 200
56 |48 -9 -22 81 484 198
58 | 60 -7 -10 49 100 70
60 |62 -5 -8 25 64 40
65 64 0 -6 0 36
68 | 65 3 -5 9 25 -15
70 70 5 0 25 0 0
75 74 10 4 100 16 40
80 | 82 15 12 225 144 180
85 90 20 20 400 400 400

. 2 -49 1414 1865 1393
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nXu —(Zu) (Zv)

r= —

H,I"[HEHE —(EHE)] [HE‘I‘: —{Z‘I‘)l]
L 11 x 1393 - 2 x (-49)

J1414%11-(2)%) % (1865 %11 — (—49)*)

542 542
= ] =—]41 = +0.92
J15550 x 18114 16783.11

Limitations:

1. Correlation coefficient assumes linear relationship regardless
of the assumption is correct or not.

. Extreme items of variables are being unduly operated on
correlation coefficient.

. Existence of correlation does not necessarily indicate cause-
effect relation.

2

id

Interpretation:

The following rules helps in mterpreting the value of “1’.

1. When r = 1, there is perfect +ve relationship between the
variables.

. When r = -1. there is perfect —ve relationship between the

variables.

When r = 0, there is no relationship between the variables.

. If the correlation is +1 or —1. it signifies that there is a high
degree of correlation. (+ve or —ve) between the two variables.

Ifr is near to zero (ie) 0.1.-0.1. (or) 0.2 there is less correlation.

-2

Lad

e
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Rank Correlation:

It 1s studied when no assumption about the parameters of
the population is made. This method 1s based on ranks. It i1s useful
to study the qualitative measure of attributes like honesty, colour,
beauty. intelligence. character, morality etc.The mdividuals m the
group can be arranged in order and there on, obtaining for each
individual a number showing his’her rank in the group. This
method was developed by Edward Spearman in 1904. It is defined

6D’
n—n
Note: Some authors use the symbol p for rank correlation.
YD* = sum of squares of differences between the pairs of ranks.
n = number of pairs of observations.

The value of r lies between —1 and +1. If r = +1, there 15
complete agreement in order of ranks and the direction of ranks is
also same. Ifr = -1. then there is complete disagreement in order of
ranks and they are in opposite directions.

Computation for tied observations: There may be two or more
items having equal values. In such case the same rank is to be
given. The ranking is said to be tied. In such circumstances an
average rank is to be given to each individual item. For example if
the value so is repeated twice at the 5™ rank. the common rank to

546

as 1 =1 1 = rank correlation coefficient.

be assigned to each item is = 5.5 which is the average of 5

e

and 6 given as 5.5, appeared twice.
If the ranks are tied, it is required to apply a correction

factor which is 1% (m’-m). A slightly different formula is used

e

when there is more than one item having the same value.

The formula is

| 3 1
62D +—(m —m)+—(m™ —m)+....
(D% 40 =)+ = =) ...

] 1‘: ]._ S

3
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Where m i1s the number of items whose ranks are common
and should be repeated as many fimes as there are fied
observations.

Example 6:

In a marketing survey the price of tea and coffee in a town based on
quality was found as shown below. Could you find any relation
between and tea and coffee price.

Price of tea 88 90 95 | 70 | 60 75 50
Price of coffee | 120 | 134 | 150 | 115|110 | 140 | 100
Price of Rank Price of Rank D D’
tea coffee
88 3 120 4 1 1
90 2 134 3 1 1
95 1 150 1 0 0
70 5 115 5 0 0
60 6 110 6 0 0
75 4 140 2 2 4
50 7 100 7 0 0
D’ =6
72
1‘:1—6;D _ 1_6;><6
no—n 7 =17
—1-2% — 1 _0.1071
20
=(0.8929

The relation between price of tea and coffee is positive at
0.89. Based on quality the association between price of tea and
price of coffee 1s hughly positive.

Example 7:
In an evaluation of answer script the following marks are awarded
by the examiners.

1* 88 95 70 960 | 50 80 7

5
T2 84 |90 [88 [55 |48 [85 [82 |72 “Page 16/37
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Do vou agree the evaluation by the two examiners is fair?

[

X R1 V R2 D D
38 2 84 4 2 4
95 1 90 1 0 0
70 6 88 2 4 16
60 7 55 7 0 0
50 8 48 8 0 0
80 4 85 3 1 1
85 3 75 6 3 9
30
62D’ 6x 30
r=1-— =1-—
no—n 8 —8
= 1—@ =1- 0.357 = 0.643
504

r = 0.643 shows fair in awarding marks in the sense that uniformity
has arisen in evaluating the answer scripts between the two
exaniners.

Example 8:

Rank Correlation for tied observations. Following are the marks
obtamed by 10 students in a class in two tests.

Students | A B C D E F G H I J
Test 1 70 | 68 67 |55 |60 |60 75 63 60 |72
Test 2 65 | 65 80 |60 |68 58 75 63 60 |70
Calculate the rank correlation coefficient between the marks of two tests.
Student | Test 1 R1 Test 2 R2 D D-
A 70 3 65 5.5 2.5 6.25
B 68 4 65 5.5 -1.5 2.25
C 67 5 80 1.0 4.0 16.00
D 55 10 60 8.5 1.5 2.25
E 60 8 68 4.0 4.0 16.00
F 60 8 58 10.0 -2.0 4.00
G 75 1 75 2.0 -1.0 1.00
H 63 6 62 7.0 -1.0 1.00
I 60 8 60 8.5 0.5 0.25
T 72 2 70 3.0 -1.0 1.00
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60 1s repeated 3 times i test 1.
60.65 1s repeated twice m test 2.
m=3m=2m=2

1 1 . 1
O[ZD* +—(m —m)+— (> =)+ — (> —m
D e o ) o )

n —n

N e 1 3 I s

6(50+—(3-3)+—(22-2)+—(27-2
_ 1_[ 5 =+ (2 -2+ (27 -2)]

10° —10
_ 6[50+2+0.5+0.5]
990

6 x 53
_ X33 _ 672 068

990 990
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9.1 Introduction:

After knowing the relationship between two variables we
may be iterested in estimating (predicting) the value of one
variable given the value of another. The variable predicted on the
basis of other variables is called the “dependent” or the ‘ explained’
variable and the other the ° independent” or the * predicting” variable,
The prediction is based on average relationship derived statistically
by regression analysis. The equation. lmear or otherwise. is called
the regression equation or the explaming equation.

For example, if we know that advertising and sales are
correlated we may find out expected amount of sales for a given
advertising expenditure or the required amount of expenditure for
attaining a given amount of sales.

The relationship between two variables can be considered
between, say. rainfall and agricultural production. price of an input
and the overall cost of product, consumer expenditure and
disposable income. Thus, regression analysis reveals average
relationship between two variables and this makes possible
estimation or prediction.

9.1.1 Definition:

Regression 1s the measure of the average relationship
between two or more variables in terms of the original units of the
data.

9.2 Types Of Regression:
The regression analysis can be classified into:
a) Simple and Multiple
b) Linear and Non —Linear
c) Total and Partial
a) Simple and Multiple:
In case of simple relationship only two variables are
considered, for example, the mfluence of advertising expenditure
on sales turnover. In the case of multiple relationship. more than
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two variables are involved. On this while one variable is a
dependent variable the remaining variables are mdependent ones.

For example, the turnover (y) may depend on advertising
expenditure (x) and the imcome of the people (z). Then the
functional relationship can be expressed as v =1(x.z2).

b) Linear and Non-linear:

The linear relationships are based on straight-line trend. the
equation of which has no-power higher than one. But. remember a
linear relationship can be both simple and multiple. Normally a
linear relationship 1is taken mfo account because besides its
smmplicity, 1t has a better predective value, a linear trend can be
easily projected into the future. In the case of non-linear
relationship curved trend lines are derived. The equations of these
are parabolic.

¢) Total and Partial:

In the case of total relationships all the important variables
are considered. Normally. they take the form of a multiple
relationships because most economic and business phenomena are
affected by multiplicity of cases. In the case of partial relationship
one or more variables are considered, but not all. thus excluding the
influence of those not found relevant for a given purpose.

9.3 Linear Regression Equation:

If two wvariables have linear relationship then as the
independent variable (X) changes. the dependent variable (Y) also
changes. If the different values of X and Y are plotted. then the two
straight lines of best fit can be made to pass through the plotted
pomts. These two lines are known as regression lines. Again, these
regression lines are based on two equations known as regression
equations. These equations show best estunate of one variable for
the known value of the other. The equations are linear.

Linear regression equation of Y on X 1s
Y=a+bX...(1)
AndXon Y is
X=a+bY....(2)
a, b are constants. Page 21/37
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From (1) We can estimate Y for known value of X.
(2) We can estimate X for known value of Y.
9.3.1 Regression Lines:

For regression analysis of two variables there are two
regression lines, namely Y on X and X on Y. The two regression
lines show the average relationship between the two variables.

For perfect correlation. positive or negative re., 1=+ 1.
the two lines coincide 1.e., we will find only one straight line. If r =
0. 1.e.. both the variables are independent then the two lines will cut
each other at right angle. In this case the two lines will be parallel
to X and Y-axes.

1?
YA A r=-1
r=+1 \
> >
@) X 0O X

Lastly the two lines mtersect at the point of means of X and
Y. From this point of intersection, if a straight line 1s drawn on X-
axis, it will touch at the mean value of x. Smlarly, a perpendicular
drawn from the pomnt of mtersection of two regression lines on Y-
axis will touch the mean value of Y.

A Y,
Y r=0 o
(x,y)
O »X 0 > X
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9.3.2 Principle of * Least Squares’:

Regression shows an average relationship between two
variables. which i1s expressed by a lme of regression drawn by the
method of “least squares™. This lme of regression can be derived
graphically or algebraically. Before we discuss the various methods
let us understand the meaning of least squares.

A line fitted by the method of least squares is known as the
line of best fit. The line adapts to the following rules:

(1) The algebraic sum of deviation m the mdividual
observations with reference to the regression line may be
equal to zero. i.e..
2(X—Xc)=0o0r2(Y-Yc)=0

‘Where Xc and Yc are the values obtained by regression analysis.

(11) The sum of the squares of these deviations is less than
the sum of squares of deviations from any other line. i.e.,
S(Y - Yol < X (Y - Aiy’

Where Ai = corresponding values of any other straight line.

(111)  The lnes of regression (best fit) intersect at the mean

values of the variables X and Y, ie.. intersecting point is

XV,
9.4 Methods of Regression Analysis:

The various methods can be represented i the form of chart
given below:

Regression methods

Graphic ‘ Algebraic
(through regression lines)  (through regression equations)

Scatter Diagram

Regression Equations Regression Equations
(through normal equations)  (through regression coefficient) Page 24/37
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9.4.1 Graphic Method:
Scatter Diagram:

Under this method the points are plotted on a graph paper
representing various parts of values of the concerned variables.
These points give a picture of a scatter diagram with several points
spread over. A regression line may be drawn i between these
points either by free hand or by a scale rule in such a way that the
squares of the vertical or the horizontal distances (as the case may
be) between the points and the line of regression so drawn is the
least. In other words, it should be drawn faithfully as the line of
best fit leaving equal number of points on both sides in such a
manner that the sum of the squares of the distances is the best.

9.4.2 Algebraic Methods:
(1)  Regression Equation.
The two regression equations
for XonY: X=a+bY
And for YonX: Y=a+DbX
Where X. Y are variables. and a.b are constants whose
values are to be determined

For the equation. X =a + bY
The normal equations are
SX =na +5b>XY and
SXY =aXyY +bTY’
For the equation. Y= a + bX. the normal equations are
2Y =na+ b2 X and
SXY =aXX + bZX’
From these normal equations the values of @ and b can be
determined.

Example 1:
Find the two regression equations from the following data:

X 6 2 10 4 8
Y: 9 11 5 8 7
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Solution:
X Y X Y XY
6 9 36 54
2 11 4 121 22
10 5 100 25 50
4 8 16 64 32
8 7 64 49 56
30 40 220 340 214

Regression equation of Y on X is Y = a + bX and the
normal equations are

2Y =na+b2X

YXY =aXX +bIX’
Substituting the values, we get

40 = S5a+30b.... (1)

214 = 30a +220b .....(2)
Multiplying (1) by 6

240 = 30a + 180b....(3)

(2)—-(3) -26 = 40b

or b=- E =-0.65
40

Now, substituting the value of * 5* m equation (1)

40 = 50— 19.5
50=595

59.5
a=222 —119

5
Hence, required regression lime Y on Xis Y=11.9-0.65X.
Again, regression equation of X on Y 1s
X =a+ bY and

The normal equations are
2X = na+ bXY and
SXY =aXY + bXY’
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Now, substituting the corresponding values from the above table,
we get
30= S5a + 40b...(3)
214 =40a + 340b ...(4)
Multiplying (3) by 8, we get
240 =40a + 320D ...(5)
(4)—(5) gives
-26=20b

Substituting b = - 1.3 i equation (3) gives
30 =5a-52

Sa =82
82
a=— =164
ﬁ

Hence, Required regression line of X on Y is
X=164-13Y
(ii) Regression Co-efficents:

. : : — G, —
The regression equation of Yon Xis y, =y +r——(x—x)
c
X

Here, the regression Co.efficient of Y on X is

U},
lI-"I?l = bn’ =r—
O

X
v, =v+b(x—x)
The regression equation of X on Y is

G J—
‘ =(r-»)
o

X =x+7r

W

Here, the regression Co-efficient of X on Y

G
b,=b,, =r—=
G

v

X, :f+b3{y—,1_'}
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If the deviation are taken from respective means of x and y
X-X)Y-T) Xy
blzbvx:Z( )Lq ) - ZI?
Yo >
X-X)¥-T) Xy
by=by= 2E TN 2w
S XYy 2.
where x =X — X, y=Y-— Y

If the deviations are taken from any arbitrary values of X and vy
(short — cut method)

by = by = nZur—Zqu
:uzu2 —(_ZH)L

by by = J:Zm'—ZuZ}r
HZTI—(Z‘I‘)_

whereu=x-A:v=Y-B
A = any value in X
B= anyvaluein Y

and

9.5 Properties of Regression Co-efficient:

1. Both regression coefficients must have the same sign. ie either
they will be positive or negative.

2. correlation coefficient is the geometric mean of the regression

coefficients ie. r = +,/hD,

)

. The correlation coefficient will have the same sign as that of the
regression coefficients.
4. If one regression coefficient is greater than unity, then other
regression coefficient must be less than unity.
5. Regression coefficients are independent of origin but not of
scale.
6. Arithmetic mean of b; and b, is equal to or greater than the

. . . b +b,
coefficient of correlation. Symbolically IT >y

i
]
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7. If r=0, the variables are uncorrelated , the lines of regression
become perpendicular to each other.

8. If 1= +1, the two lmes of regression either comcide or parallel to
each other

. | my —m,
9. Angle between the two regression lines is 6 = tan™ Ll—}
+

where m; and.m, are the slopes of the regression lines X on Y

and Y on X respectively.
10.The angle between the regression lines indicates the degree of
dependence between the variables.

Example 2:

. . 4 9
If 2 regression coefficients are by=— and b, =% .What would be

the value of 1?7
Solution:

The correlation coefficient , » = +,/bb,

4 9
= _}:_
5 20
36
100 10
Example 3:
. 5 3 .
Given b; = IE and b, = % Find r
Solution:
r=+4bb,
15 3
= _X_
8 5

=\/§ =1.06
8

It 1s not possible since », cannot be greater than one. So the given

]
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Example 4:
Compute the two regression equations from the following data.
X |1 |2 3 14 |5
Y |2 |3 5 |4 |6
If x =2.5. what will be the value of y?

Solution:
X Y x=X-X | y=Y-Y | X v Xy
1 2 -2 -2 4 4 4
2 3 -1 -1 1 1 -1
3 5 0 1 0 | 0
4 4 1 1 0 0
5 6 2 2 4 4 4
15 20 20 10 10 9
— A
X == X b 3
n 5
— NV
}," f— i - 20 p—
i 5
Regression Co efficient of Y on X
>xy 9
==—=—=09
O >x* 10

Hence regression equation of Y on X is
Y=Y +b, (X -X)
=4+09 (X-3)
=4+09X-2.7
=1.3+ 09X
when X =2.5
Y=13+09x25
=3.55
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Regression co efficient of X on' Y
>xy 9

byy = ~ =09

>y 10

So, regression equation of X on Y is

X=X+b (Y-T)
= 3409(Y-4)
—3409Y-3.6
= 0.9Y-0.6
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Example 6:

In a correlation study, the following values are obtamed

X Y
Mean 65 | 67
SD 2.5 | 3.5

Co-efficient of correlation = 0.8
Find the two regression equations that are associated with the
above values.

Solution:
Given,

X =65.Y =67.6,=25.6=35.1=08
The regression co-efficient of Y on X is

G,
b= by=r—=
GK
3.5
= 0.8 x =1.12
2.5
The regression coefficient of X on Y 1s
G
])X'}' = bj =7 i
G,
¥
2.5
= 0875 = 0.57

Hence, the regression equation of Y on X is
Y, =Y +h(X-X)
=67 + 1.12 (X-65)

=67+1.12X- 728
=1.12X -5.8
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The regression equation of X on Y is

X, =X+b,(Y-Y)
=65+ 0.57 (Y-67)
= 65+0.57Y — 38.19
=26.81+0.57Y

9.7 Uses of Regression Analysis:

l.

2

t4d

Regression analysis helps in establishing a functional
relationship between two or more variables.

. Since most of the problems of economic analysis are based on

cause and effect relationships. the regression analysis is a highly
raluable tool in economic and business research.

. Regression analysis predicts the values of dependent variables

from the values of independent variables.

We can calculate coefficient of correlation ( 1) and coefficient of
. . 2 . . .

determination ( 1) with the help of regression coefficients.

. In statistical analysis of demand curves. supply curves.

production function, cost function, consumption function etc.,
regression analysis is widely used.
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9.8 Difference between Correlation and Regression:

S.No Correlation Regression
1. Correlation 1s the relationship Regression means
between two or more variables, | gomng back and it 1s a
which vary in sympathy with the | mathematical measure
other in the same or the opposite | showing the average
direction. relationship between
two variables
2. Both the variables X and Y are Here X is a random
random variables rariable and Y is a
fixed variable.

Sometimes both the
rariables may be

random variables.

3. It finds out the degree of It indicates the causes
relationship between two and effect relationship
variables and not the cause and between the variables
effect of the variables. and establishes

functional relationship.

Prepared by R. Praveen Kumar, Asst Prof, Department of Mathematics, KAHE Page 34/37




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 1 B.Com

COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS

COURSE CODE: 17CMU202 UNIT: IV BATCH-2017-2020

4, It is used for testing and Besides verification it
verifying the relation between 1s used for the
two variables and gives limited prediction of one
information. ralue, m relationship

to the other given
ralue.

5. The coefficient of correlation is | Regression coefficient
a relative measure. The range of | is an absolute figure. If
relationship lies between —1 and | we know the value of
+1 the mdependent

rariable, we can find
the value of the
dependent variable.

6. There may be spurious In regression there is
correlation between two no such spurious
variables. regression.

7. It has limited application. It has wider
because it is confined only to application, as it
linear relationship between the studies linear and non-
variables. linear relationship

between the variables.

8. It is not very useful for further It is widely used for
mathematical treatment. further mathematical

treatment.

9. If the coefficient of correlation is | The regression
positive, then the two variables coefficient explains
are positively correlated and that the decrease n one
vice-versa. rariable is associated

with the increase mn the
other variable.
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POSSIBLE QUESTIONS
PART —B (5x 2 =10 Marks)

. Define Correlation.

. Define Standard Error and Probable Error.

. Give any two points on merits and Demerits of Spearman’s Rank correlation and Regression
. Distinguish between correlation and Regression

. Mention the different type of correlation

. write the formula for correlation and Regression equstions.

Afr =10.78,0, = 2.5,0), = 3.5 then find b,,,

. write the formula for Rank correlation

O NO O~ WN P

PART — C (5 x 6 = 30 Marks)
1. Distinguish between correlation and Regression ( minimum 8 Points)
2. Marks obtained by 8 students in Accountancy (X) and Statistics (Y) are given
below. Compute Rank Correlation Coefficient.

X 25 20 28 22 40 60 20
Y 40 30 50 30 20 10 30
3. You are given the following data:
X Y
Arithmetic mean 36 85
Standard deviation 11 8

Correlation coefficient between X and Y = 0.66
i)Find the two regression equations.
ii) Find r.

4. Find Karl Pearson s coefficient of correlation from the following data .
X : 100 101 102 102 100 99 97 98 96 95
Y : 98 99 99 97 95 92 95 94 90 91
5. From the data given below find the two regression lines.
X: 10 12 13 12 16 15
Y: 40 38 43 45 37 43.
i) Estimate Y when X = 20.
ii) Estimate X when Y = 25.
6. Find the Karl Pearson’s coefficient of correlation from the marks secured by 10
students in Accountancy and statistics.
Marks in Accountancy (X): 45 70 65 30 90 40 50 75 85 60
Marks in statistics (Y): 35 90 70 40 95 40 60 80 80 50.
7. In a correlation study, the following values are obtained

X Y
Mean 65 67
S.D 25 35

Coefficient of correlation = 0.8
Find the two regression equations.
8. Find the Spearman’s rank correlation coefficient for the following data.
X: 68 64 75 50 64 80 75 40 55 64
Y: 62 58 68 45 81 60 68 48 50 70
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9. Following are the rank obtained by 10 students in two subjects. Find the Spearman’s

rank correlation coefficient.

Statistics: 1 2 3 4 5 6 7 8 9 10

Maths: 2 4 1 5 3 9 7 10 6 8
10. Develop the Regression Equation that best fit the data given below using annual
income as an independent variable and amount of life insurance as dependent variable.

Annual Income (Rs. in 000’s) 62|78 |41|53|85|34
Amount of Life Insurance (Rs. in 00’s) 25130|10 (15|50 | 7
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UNIT -1V

Bi-variate Analysis

PART A (20x1=20 Marks)

(Question Nos. 1 to 20 Online Examinations)

Possible Questions

Question Choice 1 Choice 2 Choice 3 Choice 4

3 . . . Relationship Relationship  |Average
If r = - 1, then the relationship between the given two : . o

. . between two between two  |relationship Low Positive
variables is.......... )

values variables between two

If r = 0, then the relationship between the given two .. Perfectl . Both positive

. ) P g Perfectly positive Uy No correlation postt
variables is........ negative and negative

) ) ) .. Perfectly .
Coefficient of correlation value lies between ................. Perfectly positive negative No correlation 0 and —1.
While drawing a scatter diagram if all points appear to form
. : : : . .. Perfectly . .
a straight line getting Downward from left to right, then it is |Perfectly positive ) No correlation |No correlation
) ) negative
inferred that there is........
The range of the rank correlation coefficient is.......... 1 and -1 Oand 1 0 and infinity| — oo to
If r =0, then the angle between two lines of regression Perfect positive S'.”?p'e Perfe_ct .
) . positive negative Thirty degree
1S..unn... correlation i )
correlation correlation
) .. Neither origin
Regression coefficient is independent of............... Oto1l —1tol 0to o
nor scale.
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If the correlation coefficient between two variables X and Y

inferred that there is--------

is negative, then the Regression coefficient of Y on X Zero degree Sixty degree degreNelnety Zero
1S . iiiiannn.
If the correlation coefficient between two variables X and Y -
. . . - - Both origin and
IS positive, then the Regression coefficient of X on' Y Origin Scale scale Zero
1S.iiiiiiinn...
The regression line cut each other at the point of.............. Positive Negative Not certain Lhne\r{n edian of X
If b,y and by, represent regression coefficients and if by, > 1 . . .
. Positive Negative Not certain Equal to zero
then b,y is.....
Rank correlation was discovered by........... Average of X Average of Y| Average of X Spearman
only only and Y
Formula for Rank correlation is ........ Less than one Oi;eater than Equal to one 1/( n(n2-1))
With b,,=0.5, r = 0.8 and the variance of Y=16, the standard . i i
Y R.A Fisher Sir Francis Karl Pearson  |25.6
deviation of X= Galton
2 2 2 2
- 41- +
The coefticient of correlationr=................... I- (6xd” /(n(n" 1 ) (6xd™/( 11 ) ( oxd™/( (byy byx)ll2
1)) n(n"+1))) n(n"+1))) '
If tW? regression coef_f|C|ents are positive then the 6.4 95 10 One
coefficient of correlation must be
If two-regression coefficients are negative then the 1/a a2 13
coefficient of correlation must be.............. (By. By (By i) (By i) One
The regression equation of X on Yis ................... Zero Negative Positive Y=a+bX
While drawing a scatter diagram if all points appear to form
a straight line getting downward from left to right, then it is |Positive Negative Zero

no correlation
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inferred that there is--------

X=a+byY X =a+bX X=a-bY
If r =1, the angle between two lines of regression is---------- Thirty degree
simple Perfect
Perfect positive  |positive negative Neither origin
Regression coefficient is independent of-------- correlation correlation correlation nor scale.
There will be only one regression line in case of two Ninety ris either +1 or
variables if------------ Zero degree Sixty degree  |degree -1
Both origin and | The median of X
The regression line cut each other at the point of---------- Origin Scale scale onY
Maximum value of correlation is......... 0
r=0 r=2 r=-2
Minimum value of correlation is................ Average of X Average of Y |Averageof X |0
only only and Y
Either graphic
Which is a method of measuring correlation? 2 1.5 1 correlation or
scatter diagrams
If there exists any relation between the sets of variables, it is | 1 15 1 Quartile
called.............
Which of the following measurement scales is required for . Both Graphic
. . , . Graphic Scatter . .
the valid calculation of Karl Pearson’s correlation i . correlation and |[Nomial
.. correlation diagrams .
coefficient? scatter diagrams
Which of the following is the range of r ? Regression Skewness Correlation land 2
When the two regression lines coincide, thenris.............. Ordial Interval Ratio 2
While drawing a scatter diagram if all points appear to form
a straight line getting downward from left to right, thenitis |0 and 1 -land 1 -land 0

no correlation
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inferred that there is--------

0 -1 1
If r =1, the angle between two lines of regression is---------- Thirty degree
simple Perfect
Perfect positive  |positive negative Neither origin
Regression coefficient is independent of-------- correlation correlation correlation nor scale.
There will be only one regression line in case of two Ninety ris either +1 or
variables if------------ Zero degree Sixty degree  |degree -1
Both origin and | The median of X
The regression line cut each other at the point of---------- Origin Scale scale onY
Maximum value of correlation is......... 0
r=0 r=2 r=-2
Minimum value of correlation is................ Average of X Average of Y |Averageof X |0
only only and Y
Either graphic
Which is a method of measuring correlation? 2 1.5 1 correlation or
scatter diagrams
If there exists any relation between the sets of variables, it is | 1 15 1 Quartile
called.............
Which of the following measurement scales is required for . Both Graphic
. . , . Graphic Scatter . .
the valid calculation of Karl Pearson’s correlation i . correlation and |[Nomial
.. correlation diagrams .
coefficient? scatter diagrams
Which of the following is the range of r ? Regression Skewness Correlation land 2
When the two regression lines coincide, thenris.............. Ordial Interval Ratio 2
While drawing a scatter diagram if all points appear to form
a straight line getting downward from left to right, thenitis |0 and 1 -land 1 -1and 0

no correlation
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inferred that there is--------

0 -1 1
If r =1, the angle between two lines of regression is---------- Thirty degree
simple Perfect
Perfect positive  |positive negative Neither origin
Regression coefficient is independent of-------- correlation correlation correlation nor scale.
There will be only one regression line in case of two Ninety ris either +1 or
variables if------------ Zero degree Sixty degree  |degree -1
Both origin and | The median of X
The regression line cut each other at the point of---------- Origin Scale scale onY
Maximum value of correlation is......... 0
r=0 r=2 r=-2
Minimum value of correlation is................ Average of X Average of Y |Averageof X |0
only only and Y
Either graphic
Which is a method of measuring correlation? 2 1.5 1 correlation or
scatter diagrams
If there exists any relation between the sets of variables, it is | 1 15 1 Quartile
called.............
Which of the following measurement scales is required for . Both Graphic
. . , . Graphic Scatter . .
the valid calculation of Karl Pearson’s correlation i . correlation and |[Nomial
.. correlation diagrams .
coefficient? scatter diagrams
Which of the following is the range of r ? Regression Skewness Correlation land 2
When the two regression lines coincide, thenris.............. Ordial Interval Ratio 2
While drawing a scatter diagram if all points appear to form
a straight line getting downward from left to right, thenitis |0 and 1 -land 1 -1and 0

no correlation
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inferred that there is--------

0 -1 1
If r =1, the angle between two lines of regression is---------- Thirty degree
simple Perfect
Perfect positive  |positive negative Neither origin
Regression coefficient is independent of-------- correlation correlation correlation nor scale.
There will be only one regression line in case of two Ninety ris either +1 or
variables if------------ Zero degree Sixty degree  |degree -1
Both origin and | The median of X
The regression line cut each other at the point of---------- Origin Scale scale onY
Maximum value of correlation is......... 0
r=0 r=2 r=-2
Minimum value of correlation is................ Average of X Average of Y |Averageof X |0
only only and Y
Either graphic
Which is a method of measuring correlation? 2 1.5 1 correlation or
scatter diagrams
If there exists any relation between the sets of variables, it is | 1 15 1 Quartile
called.............
Which of the following measurement scales is required for . Both Graphic
. . , . Graphic Scatter . .
the valid calculation of Karl Pearson’s correlation i . correlation and |[Nomial
.. correlation diagrams .
coefficient? scatter diagrams
Which of the following is the range of r ? Regression Skewness Correlation land 2
When the two regression lines coincide, thenris.............. Ordial Interval Ratio 2
While drawing a scatter diagram if all points appear to form
a straight line getting downward from left to right, thenitis |0 and 1 -land 1 -1and 0

no correlation
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0 -1 1
If r =1, the angle between two lines of regression is---------- Thirty degree
simple Perfect
Perfect positive  |positive negative Neither origin
Regression coefficient is independent of-------- correlation correlation correlation nor scale.
There will be only one regression line in case of two Ninety ris either +1 or
variables if------------ Zero degree Sixty degree  |degree -1
Both origin and | The median of X
The regression line cut each other at the point of---------- Origin Scale scale onY
Maximum value of correlation is......... 0
r=0 r=2 r=-2
Minimum value of correlation is................ Average of X Average of Y |Averageof X |0
only only and Y
Either graphic
Which is a method of measuring correlation? 2 1.5 1 correlation or
scatter diagrams
If there exists any relation between the sets of variables, it is | 1 15 1 Quartile
called.............
Which of the following measurement scales is required for . Both Graphic
. . , . Graphic Scatter . .
the valid calculation of Karl Pearson’s correlation i . correlation and |[Nomial
.. correlation diagrams .
coefficient? scatter diagrams
Which of the following is the range of r ? Regression Skewness Correlation land 2
When the two regression lines coincide, thenris.............. Ordial Interval Ratio 2

Answer

Perfectly negative
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No correlation
1 and -1
Perfect negative correlation
—-1tol
Ninety degree
Origin
Negative
Positive
Average of X and Y
Greater than one
Spearman
1- ( 6=d® /( n(n-1)))
2.5

(bxy. byx)l/z
Positive
Negative
X=a+byY
Perfect negative correlation
Zero degree
Origin
ris either +1 or —1
Average of X and Y
1
-1
Both Graphic correlation and scatter diagrams
Correlation
Interval
-land 1
1
Perfect negative correlation
Zero degree
Origin
ris either +1 or —1
Average of X and Y
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1
-1
Both Graphic correlation and scatter diagrams
Correlation
Interval
-land 1
1
Perfect negative correlation
Zero degree
Origin
ris either +1 or —1
Average of X and Y
1
-1
Both Graphic correlation and scatter diagrams
Correlation
Interval
-land 1
1
Perfect negative correlation
Zero degree
Origin
ris either +1 or —1
Average of X and Y
1
-1
Both Graphic correlation and scatter diagrams
Correlation
Interval
-land 1
1
Perfect negative correlation
Zero degree
Origin
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r is either +1 or —1
Average of X and Y
1
-1
Both Graphic correlation and scatter diagrams
Correlation
Interval
-land 1
1
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UNIT -V
SYLLABUS

Time-based Data: Index Numbers and Time-Series Analysis

Meaning and uses of index numbers; Construction of index numbers: Aggregative and average
of relatives — simple and weighted, Tests of adequacy of index numbers, Construction of
consumer price indices. Components of time series; additive and multiplicative models; Trend
analysis: Finding trend by moving average method and Fitting of linear trend line using
principle of least squares

Index Numbers

Introduction:

An mdex number 1s a statistical device for comparmg the
general level of magmitude of a group of related vanables m two or
more sifuation. If we want to compare the price level of 2000 with
what 1t was m 1990, we shall have to consider a group of vanables
stich as price of wheat. nice, vegetables. cloth, house rent ete.. If
the changes are m the same ratio and the same direction. we face no
difficulty to find out the general price level. But practically. o we
think changes m different variables are different and that too.
upward or downward, then the price 1s quoted m different units Le
nulk for Iitre, rice or wheat for kilogram. rent for square feet. efc
Uses of Index numbers

Index munbers are mdispensable tools of economic and
busmess analysis. They are particular useful m measuring relative
changes. Their uses can be appreciated by the following poifs,

1. They measure the relative change.
2. They are of better comparison.
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3. Thev are good guides.
4. They are econonic barometers.
5. They are the pulse of the economy.

Thev compare the wage adpster,

Theyv compare the standard of hiving

They are a special type of averages.

They provide guidelmes to policy.

l(} To measure the purchasmg power of money:.

© % N o

Notation: For any mdex number. two time periods are needed for
comparison. These are called the Base period and the Current
period. The perniod of the year which s used as a basis for
comparison is called the base year and the other is the cwrent vear.
The various notations used are as given below:

P, = Price of current year Py = Price of base vear

q1 = Quantity of current year Qo = Quantity of base vear

10.4 Problems in the construction of index numbers

No mdex number 18 an all purpose mdex number. Hence,
there are many problems mvolved m the construction of mdex
numbers. which are to be tackled by an econonust or statistician.
They are

l. Purpose of the mdex numibers
2. Selection of base period

3. Selechion of items

4. Selection of source of data

5. Callection of data

6. Selection of average

7. System of weighting
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10.5 Method of construction of index numbers:
Index numbers mayv be constructfed by various methods as
shown below:

INDEX NUMBERS
Un weighted Weighted
Smple Smmple Weishted Weighted
aggregate average acoreoate average
Index of price index of price
numbers relatve munber relative

10.5.1 Simple Aggregate Index Number

This 15 the smuplest method of construction of index
numbers. The price of the different conunodities of the current year
are added and the sum 1s drvided by the sum ot the prices of those
commodities by 100. Symbolically.

-
_ =P

Simple aggregate price mdex =Py, = % 100

ZPo
Where . Ip; = total prices for the cuurent vear
Ypo= Total prices for the base vear
Example 1:
Caleunlate mdex numbers from the followmng data by smple
agoregate method taking prices of 2000 as base.
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Commodity Price per ut

{(m Rupees)

2000 2004
A =0 95
B S0 60
C 20 100
D 30 45
Solution:

Conmodity Price per unit

{m Rupees)

2000 2004
(Pg) (Py)
A 80 95
B 50 60
C 90 100
D 30 45
Total 250 300
: o > p
Simple agoregate Price index = Py = —L » 100
=
= Py
300
= —— x 100 =120
250

10.5.2 Simple Average Price Relative index:
In this method, first calculate the price relative for the

various commadities and then average of these relative 1s obtamed

bv using arthmetic mean and geometric mean. When aritlunetic

mean 15 used for average of price relative. the formula for

computmg the mdex 1s
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Sunple average of price relative by arithmetic mean

5 ﬂxluﬂ‘
\ 20

1

Po1 =

Py = Prices of current year

Py = Prices of base year

n = Number of ifems or commodities

when geometric mean s used for average of price relative. the
formula for obtammg the mdex 15

Sunple average of price relative by geometric Mean

| w 'pl |
T log(—x100)
Py

n

Po1 = :\J.'ltﬂ(}g

Example 2:

From the following data. construet an index for 1998 takmg 1997
as base by the average of price relative usmg (a) anthmetic mean
and (b) Geometric mean

Commodity Price m 1997 Price m 1998
A 50 70
B 40 60
C 80 100
D 20 30
Solution:

(a) Price relative index number using arithmetic mean

Commodity | Price m 1997 Price m P
(Py) 1998 g 100
(P1) i
A 50 70 140
B 40 60 50
' c 80 100 23 age 5/48
D 20 30 150
Total 565
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Sunple average of price relative by arithmetic mean

5 ﬂxluﬂ‘
\ 20

1

Po1 =

Py = Prices of current year

Py = Prices of base year

n = Number of ifems or commodities

when geometric mean s used for average of price relative. the
formula for obtammg the mdex 15

Sunple average of price relative by geometric Mean

| w 'pl |
T log(—x100)
Py

n

Po1 = :\J.'ltﬂ(}g

Example 2:

From the following data. construet an index for 1998 takmg 1997
as base by the average of price relative usmg (a) anthmetic mean
and (b) Geometric mean

Commodity Price m 1997 Price m 1998
A 50 70
B 40 60
C 80 100
D 20 30
Solution:

(a) Price relative index number using arithmetic mean

Commodity | Price m 1997 Price m P
(Py) 1998 g 100
(P1) i
A 50 70 140
B 40 60 50
' c 80 100 23 age 6/48
D 20 30 150
Total 565
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Smaple average of price relative by arithimetic mean

5 ﬂxl[l()‘
20

1

Py = Prices of cutrent vear

Pp = Prices of base vear

n = Number of items or commodities

when geometric mean 13 used for average of price relative. the
formula for obtaming the mdex 1s

Sunple average of price relative by geomeiric Mean

= log{'ﬂxlil{u
Py

n

Po = :'&J_'lfﬂ()g

Example 2:

From the following data. construct an index for 1998 takig 1997
as base by the average of price relative usmg (a) anthmetic mean
and (b) Geometric mean

Commodity Price n 1997 Price m 1998
A 50 70
B 40 60
C 80 100
D 20 30

Solation:
(a) Price relative index number using arithmetic mean

Commodity | Price n 1997 Price P
(Po) 1998 e 100
(P1) )
A 50 70 140
B 40 60 150
C 80 100 1235
D 20 3 150
! Total 5365
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P00 ]
- . .. . \ Pg
Smmple average of price relative mmdex = (Py;) = 3
565 -
= = 141.25
4

(b) Price relative index number using Geometric Mean

Commodity | Pricem | Pricemn | p, P,
1997 1998 % 100 | log(— = 100)
: : Pa Pao
(Po) (P1)
A 50 70 140 2.1461
B 40 60 150 2.1761
C 80 100 125 2.0969
D 20 30 150 2.1761
Total 8.5952

Sunple average of price Relative index

2 \IOOJ

"
&.5952
4
= Antilog [ 2.1488] = 140.9
10.5.3 Weighted aggregate index numbers
In order to atiribute appropriate mmportance to each of the
items used m an aggregate mdex munber somie reasonable weights
must be used. There are various methods of assigning weights and
consequently a large number of formulae for constructing mdex
numbers have been devised of which some of the most mportant
ones are
1. Laspeyre’s method

) 10{{
(Po1) = Antilog

= Antilog

2. Paasche’ s methed
3. Fisher’ s ideal Method
4. Bowley’ s Method
5. Marshall- Edgeworth method
’ 6. Kelly’s Method age 8/48
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1. Laspeyre’ s method:
The Laspeyres price mdex 18 a weighted aggregate price

mdex. where the weights are determuned bv quantities mn the based

period and 1s given by

Iy

ZPoqy

Laspeyre’ s price index = Pym = x 100
2. Paasche’ s method

The Paasche’s price mdex 18 a weighted aggregate price
mdex m which the weight are determuned by the quantities i the
current year. The tormulae for constructing the mdex 1s

N
Paasche's price index number = Pgy,* = :piiq‘ = 100
=Pols
Where
Py = Price for the base vear P, = Price for the current vear

(o = Quantity for the base vear q; = Quantity tor the current vear
3. Fisher’s ideal Method

Fisher’s Price mdex number is the geometric mean of the
Laspeyres and Paasche mdices Symbolically

Fisher’ s ideal index number = Py," = JLxP

\fipaqg LI 00
IPolo Zpaay
It 1s known as ideal mdex number because

(a) It 18 based on the geomeiric mean

(b) It 1s based on the curent vear as well as the base year

(¢) It conform certam tests of consistency

(d) It 1s free from as.
4. Bowley’ s Method:

Bowlev's price mmdex number 1s the anithmefic mean of

Laspevre’ s and Paasche’ s method. Symbolically

L+ P
i

Bowley' s price index number = Poio=

N 5
! = i L"‘que 1 —'p‘iQ!.J w« 100
2 | Zpsdy, EPsq,

>age 9/48




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS:1B.Com COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 17CMU202 UNIT: V BATCH-2017-2020

5. Marshall- Edgeworth method
This method also both the cmirent vear as well as base year
prices and quantities are conswlered. The formula for constructing
the mdex 1s
(g, +q,)p,
[E: T“]n "’].1-1'. 3 100
2(qq + Q)P
1p,q, +Xp,q,

IpgQs + TPy

Marshall Edgeworth price mdex = Pg;™

< 100

6. Kelly’s Method
Kelly has suggested the followmg formula for constructing
the mdex number

. . PR b N |
Kelly’ s Price mdex number = Py = —— x 100
¥
=Pod
+
Where =q= Her S = L

Here the average of the quantities of two vears 1s used as weights

Example 3:
Construct price mdex number from the followmg data by applying
1. Laspevere’ ¢ Method

2. Paasche’ s Method
3. Fisher’ s ideal Method
: - 2000 2001
Commodity Price Qty Price Qty
A 2 8 4 5
B 5 2 6 10
C 4 15 5 12
D 2 18 14 20
Solution:
Commodity Po Go | 1 i Pode | Poth Pie | P14
A 2 8 4 5 16 10 32 20
B 3 12 6 10 | 60 50 72 60
C 4 15 5 12 60 48 75 60
D 2 18 4 20 36 40 72 80
’ 172 | 148 | 251 | 220 m
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. ‘- L_ =P :
Laspeyre’s price mdex = Py, = — = 100
2P
251
= x 100 = 145.93
172

- p_ XP9
Paasche price mdex number = Py, = —/—L x 100
1Py,
220

= x 100
148

= 148 .7
Fisher’ s ideal mdex number = JL« P
= J(145.9) x (148.7)
= 4/21695.33

=147 3
Or
5 5
Fisher’ s ideal index number = \j P :131111 x 100
Zpeda  ZPoh
35 2
- \j"‘lx 220 100
172 148
= \J(1.459) x (1.487) x 100
= J2.170 x 100
= 1473 x 100 = 147.3
Interpretation:

The results can be mterpreted as follows:

If 100 rupees were used m the base year to buy the given
comumodities. we have to use Rs 145.90 m the current year to buy
the same amount of the commodities as per the Laspevie’s
formmla. Other values give smular meanimg .
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IV. Weighted Average of Price Relative mdex.

When the specific weights are given for each commodity. the
weighted mdex number 1s calculated by the formula.
pw

Weighted Average of Price Relative mdex = =
Iw

Whﬂe w = the weight of the commodity
= the price relative mdex

:Pe

Po
When the base vear value Pyqp 15 taken as the weight 1.e. W=Py(qq
then the formula is

= 100

xIOD

—-[ KPDQD
\plj- J

Weighted Average of Price Relative mdex =
1Py

- EPI‘IU 5 100
2Py,

This 15 nothing but Laspeyre’ s formula.
‘When the weights are talken as w = pyq;. the formiula s
Pi

. Po

<100 \xpmq,

Weighted Average of Price Relafive mdex =
ZPo4;

_Ip,

= = 100
Tpg,

This 1s nothmg but Paasche’ s Formula.
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Example 6:
Compurte the weighted imndex number for the followmg data.

Commodity Price Weicht
Cumrrvent Base
year year
A 3 4 60
B 3 2 350
C 2 1 30
Solution:
Commodity P, Po W P, PW
P= = 100
Py
A 5 4 60 125 7500
B 3 2 50 150 7500
C 2 1 30 200 6000
140 21000
= 4 e v Epw
Weighted Average of Price Relative index = -
rw
_ 21000
140
=130

10.7 Tests of Consistency of index numbers:
Several formulae have been studied for the construction of
mdex munber. The question arnses as to which formmla s
appropriate to a given problems. A mumber of tests been developed
and the mmportant among these are
1. Unit test
. Tune Reversal test

5
3. Factor Reversal test
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1. Umnit test:

The nmit test requires that the formula for constructing an
mdex should be mdependent of the uwmts m which prices and
quantifies are quoted. Except for the simple aggregate mdex
(unweighted) . all other formulae discussed m this chapter satisfy
this test.

2. Time Reversal test:
Tmnme Reversal test 1s a test to determune whether a given

method will work both wavs m time, forward and backward. In the
words of Fisher. ““the formula for calculatmg the mdex number
should be such that it gives the same ratio between one pomft of
comparison and the other. no matter which of the two is taken as
base™. Symbchically, the followmng relation should be satisfied.

- a

Por x Py =1

Where Py, 1s the mdex for time * 17 as time * 0" as base and Py 1s the
index for tmie * 07 as tune “ 17 as base. If the product 1s not umty,
there 1s said to be a tune bias i1s the method. Fisher’ s ideal mdex
satisfies the time reversal test.

1Py y Ipq,

ZPyq, 1Py

5pady Ip.q.

I xvlﬂqu

=Py =P
% P ZPe%h TP

IPos 1Pty I Iy

Po1 =

Then Pm b Pm:
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— \/I =1
Therefore Fisher 1deal mdex satisfies the tune reversal test.
3. Factor Reversal test:

Another test snggested by Fisher 1s known s factor reversal
test. If holds that the product of a price mdex and the quantity
mdex should be egual to the comrespondmg value mdex. In the
words of Fisher. “Just as each formula should permut the
mterchange of the rwo times without giving mconsistent results. so
it ought to permit mterchanging the prices and quantities without
giving meonsistent result. 1e. the tfwo results mmltiplied together
should grve the true value ratio.

In other word. if Pg; represent the changes m price m the curent
vear and Qg; represent the changes m quantity m the current vear.
then

1P

=
—'pﬂ q'].I;'.“

Thus based on this test, if the product is not equal to the value ratio.
there is an error m one or both of the mdex number. The Factor
reversal test 1s satisfied by the Fisher’ s ideal index.

Po1 x Qo1 =
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l'i‘ Pﬂl = Ep’.qﬁ Ep!q!
N Xa,.p 2.0
Qo1 = \/-.,— LiPo = 1P
—qnptl —'ql;rpl
Then Po; x Qo1 = \/Elﬂzqn iPs'—L % :{111% " Py
h3)  PYw P Iped;  ZQ¢Ps  Tagp,
_ l Ipd |
\, Epﬂq'ﬁ
= P
IpyQy
ipq,

Siuice Pm X Qm: =
;-Pg{lg

the Fisher’ s 1deal mdex.
Example 8:

. the factor reversal test is safisfied by

Construct Fisher’ s ideal mdex for the Followmg data. Test whether

1t satiefies tune reversal test and facior reversal test.

Base year Current vear
Commodity Quanfiry Price Quantity Price
A 12 10 15 12
B L5 7 20 5
C 5 5 8 C
Solution:
Commodity | qo | o Q| P Py | Pods | P1iqo | P1ly
A 12 10 15 12 120 | 150 | 144 | 180
B 15 7 20 3 105 | 140 75 | 100
C 5 3 8 9 23 40 45 12
250 | 330 | 264 | 3532
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Eplqﬂ @ Eplql 5 I_U'O
ZPedy  ZPsd

264 352
= \K‘ﬁ“}x 22 <100
250 3

Fisher 1deal mdex number P'mF =

I3

e

L

= J(1.056)x(1.067) %100
= J1.127 %100
= 1.062 x 100 =106.2

:

Time Reversal test:

Time Reversal test 1s sansfied when Py » Pyg =1
Py, . Ipiq,
2Pody  ZPody

Py =

Il
..:"_"________
!..,J -2
]
2|2

x.
tad | Al
fad | un
— | 2

=1
Hence Fisher ideal mdex satisty the tune reversal test.
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Factor Reversal test:
Zp,q,

Factor Reversal test 1s satisfied when Py x Qo = =
Ip,q,

b A LR S |
LPody TPy

Now Pgl =

2
Ly
I=
lad
fM
I
sl
Lad
(o
"._.I-J
M
1-J

=
B
w
=2
>
L
=
|
-:‘_",________
o
\
-2
=
Y

3352

250

2p,q,

2P,

Hence Fisher ideal mdex number satisfy the factor reversal test.
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10.8 Consumer Price Index

Consumer Price mdex 18 also called the cost of living mdex.
It represent the average change over tune m the prices paid by the
ultimate consumer of a specified basket of goods and services. A
change m the price level affects the costs of living of different
classes of people differently. The general mdex number fails to
reveal this. So there 1s the need to construct consumer price mdex,
People consume different tvpes of commodities.  People’s
consumpftion habit 15 also different from man to man. place to place
and class to class 1.e richer class. nuddle class and poor class.

The scope of consumer price 18 necessary. to specify the
population group covered. For example. workimg class. poor class,
nuddle class, richer class. ete and the geographical areas must be
covered as urban. rural. town. citv etc.

Use of Consumer Price index
The consumer price mdices are of great significance and 18
given below,
l. This 1s very useful in wage negotiations, wage contracts
and dearness allowance adjustment i many countries.

2. At government level. the mdex numbers are used for
wage policy. price policy, rent control, taxation and
general economic policies.

3. Change i the purchasmg power of moneyv and real

mecome can be measured.
2 Index mmumbers are also used for analvsmg market price
for particnlar kinds of goods and services,

Method of Constructing Consumer price index:
There are two methods of constructing consumer price
mdex. They are
Ii: Aggregate Expenditure method (or) Aggregate method.
2. Famuly Budget method (or) Method of Weighted
Relative method,
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1. Aggregate Expenditure method:

This method 1s based upon the Laspeyre’s method. If 18
widelv used. The quantities of commodities consumed by a
particular group n the base year are the weight.

P4,
2P
2. Familv Budget method or Method of Weighted Relatives:

This method 15 estimated an aggregate expenditure of an

average family on various items and it 18 weighted. The formula 1s

The fornmla 1s Consmuner Price Index munber = » 100

: - 1pw
Consumer Price mdex number =
Iw
Where P= 2L % 100 for each item. w = value weight (1.e) poqo
Py '

“Weighted average price relative method”™ which we have studied
before and “Family Budget method” are the same for findmg out
consumer price mndex.

Example 9:

Construct the consumer price mdex number for 1996 on the
basis of 1993 from the followmg data usmg Aggregate expenditure
method.

Price m
Commodity Quantity consumed 1993 1996
A 100 8 12
B 25 6 7
C 10 5 8
D 20 15 18
Solution:
Commodity Qa Po D Poo P1ds
A 100 8 12 800 1200
B 25 6 7 150 175
C 10 5 8 50 80
D 20 15 I8 300 360
Total 1300 1815

Consumer price mdex by Aggregate expenditure method
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Ip
= P 100
=Po0
1815 a
= —— x100 =139.6
1300
Example 10:

Calculate consumer price index by usmg Family Budeget
method for vear 1993 with 1990 as base year from the following
data.

Price
[tems Weights 1990 1993
(Rs.) | (Rs.)
Food 35 150 140
Rent 20 735 90
Clothing 10 25 30
Fuel and hghtmg 15 50 60
Miscellaneous 20 60 80
Solution:
Items W Py P, = PW
Pr o t00
Po
Food 35 150 140 93.33 | 3266.55
Rent 20 75 920 120.00 2400.00
Clothing 10 25 30 120.00 1200.00
Fuel and
lighting 15 50 60 120.00 1800.00
Miscellaneous 20 60 &0 133.33 2666.60
100 11333.15
. N . Tpw
Consumer price mdex bv Fanulv Budget method = S
_ 11333.15
100

= 113.33 \ge 21/48
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Introduction:

Arrangement of statistical data m chronological order 1e.,
accordance with occurrence of time, 15 known as “Time Series”.
Such series have a unmigue mmportant place m the field of Economic
and Busmess statistics. An economist 1s mterested m estimating the
hikely population m the commg year so that proper planning can be
carried out with regard to food supplv, job for the people etec.
Smmilarly. a busmess man 15 nterested i finding out his likely sales
m the near future. so that the busmessman could admst his
production accordmngly and avoid the possibility of madequate
production to meet the demand. In this connection one usually deal
with statistical data. which are collected, observed or recorded at
successive mtervals of tume. Such data are generally referred to as
‘ time series’ .

Definition:

According to Mooris Hamburg “A tune series is a set of
statistical observations arranged m chronological order™

Ya-Lun- chou definmg the tume series as “A ftune series
may be defined as a collection of readings belongmg to different
time periods. of some economic variable or composite of variables.
A tine series is a set of observations of a varable usually at equal
mtervals of time. Here time mayv be vearly. monthly. weeklv, daily
or even hourly usually at equal mtervals of tune.

Hourly temperature reading. dailv sales. monthly production
are examples of time series. Number of factors affect the
observations of tune series continuounsly. some with equal mtervals
of time and others are erratic smdymg. mterpretmg analvzing the
factors 15 called Analysis of Tiune Series.
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8.2 Components of Time series:

The components of a tune series are the vanous elements
which can be segregated from the observed data. The following are
the broad classification of these components.

Components
‘ |
Long Term Short 'lJem]
Secular Trend  Cyvchieal Seasonal Irregular
\ / {or)
Erratic
Regular

In fime series analysis. it is assumed that there 15 a
multiplicative relationslup between these four components.
Symbolically,

Y =T x§ xx]
Where Y denotes the result of the four elements: T = Trend :
S = Seasonal component; C = Cvclical components; T = Irregular
component

In the multiplicative model 1t 1s assumed that the four
components are due to different causes but they are not necessarily
mdependent and they can affect one another,

Another approach is to treat each observation of a time
series as the sum of these four components. Symbolically

Y =T+S+C+1

The additive model assumes that all the components of the
tune sertes are mdependent of one another.

1) Secular Trend or Long - Term movement or simply Trend
2) Seasonal Vanation

3) Cychcal Vanations

4) Tmregular or errafic or random movements(fluctuations)
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8.2.2 Metheds of Measuring Trend:
Trend 1s measured by the followmg mathematical methods.

. Graphical method

2. Method of Senu-averages
3. Method of moving averages
4. Method of Least Squares

Method of Moving Averages:
This method 18 very smple. Tt is based on Arithmetic mean.

Theses means are calculated from overlapping groups of successive

tune sertes data. Each moving average 1s based on values covermg
a fixed time mterval. called “period of moving average” and is
shown agamst the center of the mterval.

The method of * odd period of moving average 1s as follows.

. ; . a+b+c
( 3 or 5) . The moving averages for three years is —— —

T

b+ec+d c+d+e
3 73

efc

: e : . a+b+e+d+e
The formmla for five vearly moving average is - .
5

b+c+d+e+f c+d+e+f+g

S

etc.

L
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Steps for calculating odd number of years.
1. Find the vahie of three vears total. place the value agamst the
second vear.

2. Leave the furst value and add the next three vears value (1e 2
3% and 4™ years value) and put it against 3™ year.

3. Contmue this process until the last year” s value raken.

4. Each total 1s divided by three and placed m the next colummn.

These are the trend values by the method of movmg averages
Example 4 :

Calculate the three vearly average of the followmg data.
Year 1975 | 1976 | 1977 | 1978 | 1979 | 1980

Production | 3¢ 36 43 43 39 38

m (tones)

Year 1981 | 1982 | 1983 | 1984
Production 13 47 11 34
m (tones)
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Solution:
Year Production 3 vears 3 vears moving
(I tones) moving total average as
Trend values

1975 50 - -

1976 36 129 43.0

1977 43 124 41.3

1978 45 127 423

1979 39 122 40.7

1980 38 110 36.7

1981 33 113 7.7

1982 42 116 38.7

1983 41 117 39.0

1984 34 - -

Even Period of Moving Averages:

When the moving period is even. the middle period of each
set of values lies between the two tune pomts. So we must center
the moving averages.
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The steps are
1.

'l

I'-"'

(8

'“"H-.l
a

Fmd the total for fust 4 years and place it agamst the nuddle of
the 2™ and 3™ vear in the third column.

Leave the first year value. and find the total of next four-year
and place it between the 3™ and 4™ vear.

Contmue this process until the last value is taken.

Next. compute the total of the first two four vear totals and
place it against the 3" year in the fourth column.

Leave the first four years total and find the total of the next two
four vears’ totals and place 1t agamst the fourth year.

This process 1s contmuied till the last two four years’ total is
taken mto account.

Divide this total by 8 (Since 1t 1s the total of 8 vears) and puf 1t
m the fifth colunm.

These are the trend values.

Example 5 :

The production of Tea m India 15

Caleulate the Four-yearly moving averages

Year 1993 | 1994 | 1995 | 1996 | 1997 | 1998
Production | 464 | 515 518 | 467 502 540
(tones)

Year 1999 | 2000 | 2001 | 2002

Production | 557 | 571 586 | 612

(tones)

given as follows.
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Solution:
i PI:D(lllctiDll 4 years Total of Trend
(m tones) Moving Two four Values

total years

1993 464 -

1994 515
1964

1995 518 3966 495.8
2002

1996 467 4029 503.6
2027

1997 502 4093 511.6
2066

1998 540 4236 529.5
2170

1999 557 4424 553.0
2254

2000 571 4580 57125
2326

2001 586

2002 612
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8.3 Method of Least Square:

This method 15 widely used. Tt plays an important role m
findmg the trend values of economic and busmess tiune series. It
helps for forecasting and predicting the future values. The trend
Iine by this method is called the line of best fit.

The equation of the frend lme 15 v = o + by, where the
constants ¢ and b are to be estimated so as to mumimize the snm of
the squares of the difference between the given values of v and the
estimate values of y Dy usmg the equation. The constants can be
obtamed by solving two normal equations.

Sv=na+0Xx ... (1)

Svy=aly + DLy . ...(2)
Here v represent fime pomf and y are observed values. *n’ 15 the
number of pair- values.

When odd number of years are given
Step 1: Writing grven vears m column | and the correspondng
sales or production ete m columin 2.
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Step 2: Wnite m cohunn 3 sfart with 0. 1. 2 . agamst column | and
denote it as X

Step 3: Take the middle value of Yas 4

Step 4: Find the deviations u = X — 4 and write m columm 4

Step 5: Find u” values and write in colunm 5.

Step 6: Colunm 6 gives the product v

Now the normal equations beceme

> .
v =qXZu+ bXr (2)
Simce /=0,  From equation (1)
v
.
n
From equation (2)
2
Sy =b4r
L
=Yy
b= —=
u

. The fitted straight line 15
v=a+bu =a+b(X-4)
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Example 6:

For the following data, find the trend values by using the
method of Least squares

Year 1990 1991 1992 1993 1994
Production 50 55 45 52 54
(m tones)

Estimate the production for the year 1996

Solution:

Year | Production | X=x-1990 | un=X-A iy uy Trend
(x) (¥) =X-2 values
1990 S0 0 -2 4 -100 50.2
1991 55 1 -1 1 -55 30.7
1992 45 2 A 0 0] 0 51.2
1993 52 3 l 1 52 S1.7
1994 54 4 2 4 108 32.2
Total 256 10 5

Where A 1s an assumed value
The egunation of straight line is
Y= a+bX
= a+bu, whereun=X-2
the normal equations are
Sv=na+ bXu.....(1)
Suv=aZu+bZu’ ...(2)
smee Ty = 0 from(1) v = na

Sy 256

LA

L2

a:

1 n
From equation (2)
3
Suv=bXw

5= 10b
S

b= —= 0.5
10
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The fitted straight Ime 15

v =at bu
y=351.2+0.5 (X-2)
y=351.2+035X-10
=502+ 035Y
Trend values are. 502, 50.7. 351.2. 51.7. 522

The estimate production mn 1996 is put X =x — 1990

0.2 +0.5(06)
2

2 .2 tonnes.
60 -
50 "’/*\VH
5 40
s
9 30
2 20
= %
10
u L] L] L] LY ¥
1990 1991 1992 1993 1994
Year

When even number of years are given
Here we take the mean of nuddle two valies of X as A
N-—-A o . .
Then u = TR = 2 (X-A). The other steps are as given in the

odd number of vears.
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Example 7:
Fit a straight line trend by the method of least squares for the

followmg data.

Year 1983 | 1984 | 1985 | 1986 | 1987 | 1988
Sales
(Rs. m lakhs) 3 8 7 9 11 14
Also estimate the sales for the vear 1991
Solution:
Year Sales | X = n u2 iy Trend
(x) (v) x-1983 | =2X-5 values
1983 3 0 -5 25 -15 3.97
1984 8 1 -3 9 -24 5.85
1985 7 2 -1 1 -7 7.73
1986 9 3 | 1 9 9.61
1987 11 4 3 9 33 11.49
1988 14 5 5 25 70 13.37
Total 52 0 70 66
N-A
u= vz
=2(X-25)=2X-5

The straight hne equation 1s
yv=aq+hY =g+ bu
The normal equations are
Sv=wa ...(1)
Tuy= b’ e 2)
From (1) 32 = 6a
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52
{T —
G
= 8.67
From (2) 66=70Db
66
b= —
=0.94
The fitted straight lime equation 1s
1 =a+bu

v =8.67+0.94(2X-5)
¥=8.67 + 1.88X - 4.7

1 =397 + 1 88X —————--mm- (3)
The trend values are
Put X=0,y= 3.97 X=1. v= 585
X=2 v= 7.73 X=3. vr= 986l
X=4, y=1149 X=5 v=13.37
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The estunated sale for the vear 1991 1s: put X =x-1983
= 1991 — 1983 =8
y=397+ 188 <8
= 19.01 lakhs
The followmg graph will show clearly the trend line.

16 -
12 et
10 =
8 /ﬁ\'/r
./

Sales

SO N B O

1983 1984 1985 1986 1987 1988

Year

Parabolic Trend Model
The curvilinear relationship for estimating the value of a dependent variable

y from an independent variable x might take the form
y" = a+ bx + cx°. This trend line is called the parabola.

For a non-linear equation y" = a + bx + cx?, the values of constants a, b, and ¢ can be
determined by solving three normal equations.
Yy =na+ bZx + cZx2
Yxy =aXx + bXx2 + cXx3
¥x2y = aXx2 + bXx3 + cXx4

When the data can be coded so that ¥x = 0 and £x3 = 0, two term in the above
expressions drop out and we have
Yy =na+ cXx2

Prepared by R. Praveen Kumar, Asst Prof, Department of Mathematics, KAHE Page 35/48




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Com COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 17CM U202 UNIT: V BATCH-2017-2020
¥Xy = bXx2

YX2y = aXx2 + cXx4

To find the exact estimated value of the variable y, the values of constants a, b, and ¢ need
to be calculated. The values of these constants can be calculated by using the following
shortest method:

Yy—cYx’® L Xy
a= ;b =

and ¢ = nyx’y —Yx’yy
n Y x2

~ nYxt— (Xx2)?
Example : The prices of a commodity during 1999-2004 are given below. Fit a parabola to

these data. Estimate
the price of the commodity for the year 2005.

dc

Year Price Year Price
1999 100 2002 140
2000 107 2003 181
2001 128 2004 192

Solution: To fit a parabola y* = a + bx + ¢x2, the calculations to determine
the values of constants a, b, and ¢ are shown in table

Calculations for Parabola Trend Line

Year Time Price x* x° x* xy x% Trend
Scale (y) Values
(x)
D)
1999 -2 100 4 -8 16 -200 400 97.72
2000 -1 107 1 -1 1 -107 107 110.34
2001 0 128 0 0 0 0 0 126.68
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2002 1 140 1 1 1 140 140 146.50
2003 2 181 4 8 16 362 724 169.88
2004 3 192 9 27 81 576 1728 196.82
3 848 19 27 115 771 3099 847.94

(i) Zy = na- bXx + cxx2
848 =6a+3b + 19c
(if) Zxy = aZx + bxx2 + cXx3
771 =3a+19b + 27c
(i) 2x2y = axx2 + bZx2 + cxx4
3099 =19a + 27b + 115¢c
Eliminating a from eqns. (i) and (ii), we get
(iv) 694 = 35b + 35c¢
Eliminating a from eqns. (ii) and (iii), we get
(v) 5352 = 280b + 168c
Solving egns. (iv) and (v) for b and ¢ we get b =18.04 and ¢ = 1.78.
Substituting values of b and c in eqgn. (i), we get a = 126.68.
Hence, the required non-linear trend line becomes
y = 126.68 +18.04x + 1.78x?

Conversion of Trend Equation
Trend equation depends on:
1. The origin of time reference
2. The units of time viz., weekly, monthly, yearly etc.
3. The time series value relate to annual figures or monthly averages.
Trend values can be computed by the straight line method. For simplicity and
convenience, the following methods are also used. They are
1. Shifting of origin
2. Conversion of annual trend equation to monthly trend equation when the y
values are in annual totals and are given as monthly averages
Conversion of annual trend values to monthly trend equation
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We calculate monthly tend equation from annual trend equation. When Y unit are
annual total and X units are in year then the annual trend equation can be converted into
monthly trend equation i.e. ; we divide ‘a’ by 12 and ‘b’ by 144. Y = % + %X. If the
time unit of X in the trend equation represents only 6 months, then ‘b’ is divided by 72 i.e.,

12 72
The annual trend equation trend equationis Y =a+ b X

The monthly trend equation is Y = — + L2 x
12 144

Example:
The trend of annual production of a company described by the following equation
Y. =18+ 0.6X
Origin 1988; X-unit = 1 Year; Y-unit = annual production. Convert the equation to a
monthly trend equation.

Solution:
Monthly trend equation:
18 0.6
Y, = —+—
12 144
=1.50 + 0.0041 X

Exponential Trend Model

When the given values of dependent variable y from approximately a geometric
progression while the corresponding independent variable x values form an arithmetic
progression, the relationship between variables x and y is given by an exponential function,
and the best fitting curve is said to describe the exponential trend. Data from the fields of
biology, banking, and
economics frequently exhibit such a trend. For example, growth of bacteria, money
accumulating at compound interest, sales or earnings over a short period, and so on, follow
exponential growth.
The characteristics property of this law is that the rate of growth, that is, the rate of change
of y with respect to x is proportional to the values of the function. The following function
has this property.
y =abcx,a>0

The letter b is a fixed constant, usually either 10 or e, where a is a constant to be
determined from the data.
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To assume that the law of growth will continue is usually unwarranted, so only short
range predictions can be made with any considerable degree or reliability.
If we take logarithms (with base 10) of both sides of the above equation, we obtain
Logy=1loga+(clogh)x(7.2)
For b =10, log b =1, but for b=e, log b =0.4343 (approx.). In either case, this equation is of
the formy’ = ¢ + dx
Wherey' =logy, c=1loga,andd =c log b.

Equation (7.2) represents a straight line. A method of fitting an exponential
trend line to a set of observed values of y is to fit a straight trend line to the
logarithms of the y-values.

In order to find out the values of constants a and b in the exponential
function, the two normal equations to be solved are
Y logy =nloga + log bZx
>x logy = log aXx + log bXx2

When the data is coded so that x = 0, the two normal equations become
Ylogy=nlogaorloga :%Zlogy
Xxlogy

Xx2
Coding is easily done with time-series data by simply designating the center

of the time period as x =0, and have equal number of plus and minus period
on each side which sum to zero.

and =x log y = log b £x* or log b =

Example :

The sales (Rs. In million) of a company for the years 1995 to 1999 are:

Year : 1995 1996 1997 1998 1999

Sales : 1.6 4.5 13.8 40.2 125.0

Find the exponential trend for the given data and estimate the sales for 2002.
Solution:

computational time can be reduced by coding the data. For this consider u = x-3. The
necessary computations are shown in table
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Fitting the Exponential Trend Line
2

Year Time u=x-3 u Salesy Logy ulogy
Period x

1995 1 -2 4 1.60 0.2041 -0.4082

1996 2 -1 1 4.50 0.6532 -0.6532

1997 3 0 0 13.80 1.1390 0

1998 4 1 1 40.20 1.6042 1.6042

1999 5 2 4 125.00 2.0969 4.1938
10 5.6983 4.7366

log a =%2 logy = %(5.6983) =1.1397

log b = 21108 _ 27366 _ 4737y
Yu 10
Therefore logy =log a + (x+3) log b = 1.1397 + 0.4737x
For sales during 2002, x =3, and we obtain
logy =1.1397 + 0.4737 (3) = 2.5608

y = antilog (2.5608) = 363.80

Seasonal Variations:

Seasonal Vanations are fluctuations within a vear during the

season. The factors that cause seasonal variation are
1) Chmate and weather condition.
1) Customs and traditional habits.

For example the sale of ice-creams mcrease mn summer, the
nmbrella sales crease m rainy season. sales of woolen clothes
merease m winter season and agrnicultural production depends upon
the monsoon etc..
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Secondly m marriage season the price of gold will merease.
sale of crackers and new clothes merease in festival tiumes.

So seasonal wvariations are of great mmportance to
busmessmen. producers and sellers for planning the future. The
mam objective of the measurement of seasonal vanations is fo
study thew effect and isolate them from the trend.

Measurement of seasonal variation:

The following are some of the methods more popularly used
for measuring the seasonal variations.
Method of sunple averages.

Rato to frend method.
Ratio to movimg average method.
Link relative method

b -

Method of simple averages

The steps for calculations:

1) Aurange the data season wise

11) Compute the average for each season.

111) Calculate the grand average. which 1s the average of
seasonal averages.

1v) Obtam the seasonal indices by expressig each season
as percentage of Grand average

The total of these mdices would be 100n where “n” 1s the

number of seasons m the year.

Example

Find the seasonal variations by simple average method for
the data given below.

Quarter
Year 1 11 II1 IV
1989 30 40 36 3
1990 34 52 50 44
1991 40 58 54 48
1992 54 76 68 62
1993 30 92 86 32
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Solution:
Quarter
Year [ 11 T AY
1989 30 40) 36 34
1990 34 52 50 44
1991 40 58 54 48
1992 54 76 68 62
1993 80 92 86 82
Total 238 318 294 270
Average 47.6 63.6 58.8 34
Seasinigl 85 113.6 105 96.4
Indices
_ 47.6+63.6+58.8 +54
Grand average = 1
rxiy
I 56
4
Seasonal Index for
First guarterhy Average
I quarter = g 2 5€ 100
Grand Average
17
- £2E » 100 =83
56
Seasonal Index for
I Gictse = Second gquarrerly dverage < 100

Grand Average

_ 036 100 =113.6

56
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Seasonal Index for
Third guarteriyv Averaee .
= q 2 S % 100

IIT quarter —
Grand Average
58.8 2
= « 100 = 105
56

Seasonal Index for
Fourth gquarteriy Averaee

IV gunarter =
Grand Average

54

= — =100 =964
56

Ratio to Trend Method

The steps for calculation:
(i)By applying the method of least squares, we can obtain the trend values.

(i)We must divide the original data of time series for each season (month quarter) by
the corresponding trend values and multiply these ratio by 10, i.e.
Tx5xCx14100 = Sx C x 1x 100. Thus the trend eliminated values are

T
obtained. This percentage will include seasonal, cyclical and irregular

fluctuation.
(iii)In order to eliminate the irregular and cyclical movement, the seasonal

figures are averaged with any one of the measures of central tendency,
mean or median. Thu we obtain the indices for seasonal variation for

different season.
(iv)Thee indices are adjusted to a total of ,200 for monthly data or 400 for quarterly

data by multiplying each index by a suitable factor
( 1200 400 )

r
the sum of the 12 monthly values the sum of the 4 quarterly values

Thus we get Seasonal Index.
Ratio to Moving Average Method

The steps for calculation:
(i)Calculate12 month moving average , which eliminates seasonal and irregular

fluctuations and represents trend and cycle. i.e., T.C.
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(i) Express the original values a percentage of centres moving average values for all

month, i.e.,
Original Value TSCI
—£ 100 = —=x100
Moving Average vlue TC
= SI x 100

(iii)As in the above said two methods, arrange these percentages according to year and
months. By averaging these percentages for each month, we can eliminate irregular
factors. Mean or Median can be used for averaging.

(iv)The sum of thee indices should be 1,200 (400) for monthly or quarterly data. If it is
not so, an adjustment is made to eliminate the discrepancy; i.e.,

1200 400
(sum of monthly indices o sum of quarterly indices)
This express the preliminary index as a percentage of their arithmetic mean.
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POSSIBLE QUESTIONS
PART —B (5x 2 =10 Marks)

1.Write any two characteristics of index numbers.

2..Find the trend, where Yt =140 + 20( X — 1981),if x = 1979,1980.
3. What are the types of secular trend?

4 Write the formula for laspeyre’s and pasche’s method.

5.What is moving average?

PART — C (5 x 6 =30 Marks)

1.Compute Price Index based on the simple average of price relatives by using Arithmetic Mean.
Commodity A B C D E F G H
Price 1997 (in Rs.): | 40 120 140 130 60 70 65 75
Price 1998 (in Rs.) 60 140 170 135 100 80 75 80
2.Draw a trend line by the method of semi averages.

Year :1987 1988 1989 1990 1991 1992 1993

Production : 90 110 130 150 100 150 200
3. Construct the Cost of Living Index number for the following data:
Item Base Year Price | Current Year Price | Weight
Food 39 47 4
Fuel 8 12 1
Clothing 14 18 3
House rent 12 15 2
Miscellaneous 5 30 1
4. Fit a linear trend equation by the method of least squares and estimate the
net profit in 2003.
Year : 1995 1996 1997 1998 1999 2000 2001
Net profit : 32 36 44 37 71 72 109
(Rs.)
5.Calculate the Price Index by Weighted G.M method for the following data.
Item A B C D E
Weight 40 25 15 10 10

Price 2001 (in Rs.): 25 50 40 10 20
Price 2011 (in Rs.) 40 80 60 20 40

6. Using the four year moving averages determine the trend and short term fluctuation.
Year: 1981 1982 1983 1984 1985 1986 1987 1988 1989 1990
Production : 464 515 518 467 502 540 557 571 586 612
7. Fit a linear trend equation by the method of least squares and estimate the net profit in 2003.

Year :1995 1996 1997 1998 1999 2000 2001
Net profit : 32 36 44 37 71 72 109
(Rs.)
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8.Find Laspeyre’s, Paasche’s and Fisher’s Price Index for the following data:

Price in 2001(Rs.) 40

1980

120

1981
140

1982

1983
180

_ 2003 2004
Commodity "5 5ce (Rs) | Quantity (00) | Price (Rs) | Quantity (00)
Erasers 05 25 06 30
Pencils 10 05 15 04
Markers 03 40 02 50
Ball Pens 06 30 08 35
9. Calculate the price index numbers by (i) Simple G.M method (ii) Weighted G.M method
for the following data.
Item A B E
40 25 15 10 10
Price in 1991(Rs.) 25 50 40 10 20
80 60 20 40

10. Fit a straight line trend equation to the following data by the method of Least squares .

Year:1979
Sales (Rs.): 100
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\;g%/ KARPAGAM ACADEMY OF HIGHER EDUCATION
KA RPAGA M (Deemed to be University Established Under Section 3 of UGC Act 1956)
ACADEMY OF HIGHER EDUCATION Pollachi Main Road, Eachanari (Po),
sl i eetn 5 At 155 Coimbatore —641 021
Subject: Business Mathematics &Statistics Subject Code: 17CMU202
Class :1B.Com Semester I
UNIT -V

Time-based Data: Index Numbers and Time-Series Analysis
PART A (20x1=20 Marks)

(Question Nos. 1 to 20 Online Examinations)
Possible Questions

Question Choice 1 Choice 2 Choice 3 Choice 4
A - is an arrangement of statistical data in a . . .
. forecasting evaluation comparison all the above
chronological order.
Time series helps in ---------- : 3 4 2 5
There are ------- types of components of a time series. multiplicative secular additive cyclical
The ------------ model assumes that the observed value is the s o .
. : multiplicative secular additive cyclical
sum of four component of time series
The ---------- model assumes that the observed value is
obtained by multiplying the trend by the rates of three other |5 1 7 3
components
- . . depression in rowth of weather and
Seasonal variations repeat during a period of----- years. P! g . i none of these
business population social customs
. . . rati ren imple aver rati movin
The most important factor causing seasonal variations is----- atio to trend simple average ratio to moving none of these
method method average method
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If the trend is absent, the seasonal indices are known by-------

trend is not clear

the trend is
linear

trend is not
linear

none of these

The trend can be found by the method of least squares if the -

rate of growth is
positive

growth rate is
constant

growth is not
constant

none of these\

The trend is linear if ---------

ratio to trend
method

link relative

ratio to moving
average

none of these

The most widely used method of measuring seasonal
variations is

graphic method

method of least
squares

semi average
method

moving average
method

which year was

what is the unit

In what kind of

The ---------------- may be used either to fit a straight line : _ .
may g selected as the of time units is Y being |all the above
trend or a parabolic trend. ..
origin? represented by |measured?
Whenever we fit any straight line trend by the least squares linear trend secular trend  Inon-linear trend none of the
method,which things should be specified? above
The simplest example of the --------- is the second degree
1 2 3 0
parabola.
In second deree parabola when time origin is taken between . . non-linear .
i straight line eitheraorb none of these
two middle years ) X would be -------- curve
Trends may also be plotted on a semi-loarithmic chart in the 1 5 3 4
form of a-------
How man f trend ar Ily com .
OW. any types of trend are usually computed by exponential tends |growth curves |both aandb none of these
logarithms?
The types of trend usually computed by logarithms are -------| . i
- yp y P ylog seasonal secular cyclical irregular
A - variations repeat during a period of 1 year. time series data correlation index number
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The------ helps in forescating,evaluation and comparison. non-linear linear clear none of these

The trend is ----------- if growth rate is constant. seasonal secular cyclical irregular

The most important factor causing -------- variations is . i

. ellipse parabola hyperbola circle

weather and social customs.

The simplest example of the non-linear trend is the second averages percentages ec;)_ngtmlc time series

degree —------- activity

Index numbers are special type of ---------- current past future arbitrary

The base period should not be too distant from the ----- unit test time reversal  |factor testand |all the above

test circular test
A good index number is one that satisfies----------------------- Index numbers  |averages time series trend
--------------- help to calculate the real wages AM G.M H.M both A.M and
G.M

The best average to calculate index number is -------------- simple A.M Kelly’s method | Laspeyre’s Fisher’s
method method method

Current year quantity is used in -------------- Base year Current year Both of them | Average of
quartiles quartiles current and base

year

Laspeyre’s index is based on Laspeyre’s Paasche’s Fisher’s Bow ley’s
method method method method

Time Reversal test is satisfied by---------------=-=-emrmceeu- 8 90 111.11 110
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If the price of a commodity is Rs.80 in the base year and
Rs.72 in the current year, the Price index number is-------

current
year

base year

future year

arbitrary year

In Laspeyre’s index number, importance is given to the Bow ley’s formula | Laspeyre’s Paasche’s Fisher’s formula
quantity of--------- formula formula
The current year quantities are taken as weights in------ P01 xP10 |Py; XPp<1 Por XPyp =1 Py XPyp > 1
=0
Time reversal test condition is-------- Po1Qo1 = ap101/ |Po1Qoi< ap;0y/ Po1Qo1> Po1Qo1 = ap;0;
apgdo apgQo aps/ dpodo
Factor reversal test condition is = ---------- an upward bias | a downward either upward | no bias
bias or downward
bias
Paasche’s index number is generally expected to have-------- a log P/N aP/N N/&aP aP/ log N
The formula for unweighted averages of relatives’ method |arithmetic mean |geometric mean jmedian of all of the above

by using A.M.,

of Laspeyre’s and
Paasche’s index

of Laspeyre’s
and Paasche’s

Lasoeyre’s and
Paasche’s index

Fisher’s ideal index is--------

151

150

151.61

125.2

If 4p, is 3100 and ap, is 4700 then Py =-------------- Laspeyre’s Paasche’s Fisher’s both a) and b)
formula formula formula
P= \/POJ_L X POJ_P iS
consumer Laspeyre’s Paasche’s Fisher
Family budget method is a method to calculate ----- price . . . .
index median geometric mean |arithmetic mean j/mode
The best average in the construction of index number is value index price index guantity index |quality index
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Commodities which show considerable price fluctuation

time reversal

could be best measured by a factor reversal test test t-test f-test
. . . . . . . fixed un
The circular test is an extension of the weighted fixed weighted |un weighted .
weighted
Most frequently used index number formulae are base year currer)t.year base'year C“”‘?th year
quantities quantities qualities qualities
, . . , , ) s Marshall-
Laspeyre’s index is based on Kelly’s Walsch’s Fisher’s price Edgeworth’s
------- index number uses th_e_geometr!c mean of the base Value index ;aspeayre S Paasche’s index !:lsher ideal
year and current year quantities as weights. index index
----- is the sum of the values of a given year divided by the (P1/p~0) 100 (P:/0-)-100 1(Q:/p-,)-100 (p,/y)-100
sum of the values of the base year.
Formula for price relative or price index number of a Ideal economic special commercial
commodity P is-----
Fisher’s formula is called --------- index number formula Laspeyre’s Paasche’s Fisher’s method |both a) and b)
method method
Factor reversal test is satisfied by------------ current base average calculated
The year for which index number is calculated is called ----- Py Po do O,
---year.
Notation of price of a commodity in the current year is------- Time series Mean Mode Index number
---------- are the pulse of an economy 100/Price index  |Price index Money Price index *100
/100 wage/Price
index *100
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Purchasing power = ------------ P1 Po do o}

Notation of price of a commaodity in the base year is------- P1 Po do o}

Notation of quantity of a commodity in the current year is----|25% 10% 125% 35%

If the price of a commodity is Rs.40 in the base year and Por XP1p X [Py XPy =1 Por X P1p = |Pgs X P1a X Py
Rs.50 in the current year, the Price has increased by------- Py =1 1 =0

By circular test --------------- current year base year arbitrary year |previous year

Link relative is a price or quantity relative with the condition Consumer price  |Consumer price |Consumer price |price index

that ------------- is the preceding year. index number |index number  number

Cost of living index number is also known as ----------- price quantity both neither price nor
quantity

In Factor reversal test Py; gives the relative change in -------- price quantity both neither price nor

quantity

In Factor reversal test Qy; gives the relative change in ------- Time reversal test |Factor reversal |Fisher’s test botha and b
test

----------- satisfies the Kelly’s test. Time reversal test |Factor reversal | Fisher’s test botha and b

test
Fisher’s index satisfy ------------ price multiplied | quantity both price
by quantity

In Factor reversal test Py; X Qp; gives the relative change in -
__________ ratio percentage fraction mean
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. base year current year base year current year
Index number are expressed in ------ L o e .
quantities quantities qualities qualities
Paasche index is based on forecasting evaluation comparison index numbers

Answer
all the above
4
additive
multiplicative
1
weather and social customs
simple average method
trend is not linear
growth rate is constant
ratio to moving average
method of least squares
all the above
non-linear trend
0
eitheraorb
2
bothaand b
seasonal
time series
linear
seasonal
parabola
time series
current
all the above
Index numbers
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G.M
Fisher’s method
Base year quartiles
Fisher’s method
90
base year
Paasche’s formula
PorXPyo =1

P01Qo1 = P11/ &P
an upward bias
aP/N
geometric mean of Laspeyre’s and Paasche’s index
151.61
Fisher’s formula
consumer
geometric mean
quantity index
time reversal test
weighted
base year quantities
Walsch’s
Value index
(p1/ p-o) »100
Ideal
Fisher’s method
current
P1
Index number
100/Price index
Po
o[}
25%
Poit XP1y X Py =1
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base year
Consumer price index number
price
quantity
Time reversal test
botha and b
price multiplied by quantity
percentage
current year quantities
Index numbers
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 1IB. Com

COURSE NAME: BUSINESS MATHEMATICS & STATISTICS

COURSE CODE: 17CMU202 CIA -1 Answer Key BATCH-2017-2020

1.matrix
2.symmetric
3.of same order
4.adj (A)/|A]
5.mn

6.AAT = |

7.0

8.A
9.Rs.1500
10.Rs.120
11.Rs.6765
12.interest
13.principal
144
15.variables
16.many
17.explicit
18.odd
19.polynomial

20.addition

PART - A (20 x 1 =20 Marks)

Prepared by R. Praveen Kumar, Asst Prof, Department of Mathematics, KAHE Page 1/3




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 1B. Com COURSE NAME: BUSINESS MATHEMATICS & STATISTICS
COURSE CODE: 17CMU202 CIA -1 Answer Key BATCH-2017-2020

PART-B (3 x 2 = 6 Marks)

21. P=6000,r=10,n=3

1=1800

22. adjA= (.7 3)

At=110(°,72)

23. Single valued function, Explicit and Implicit function, Odd and even function, Binomial ,Exponential

and logarithmic function and Polynomial.

PART-C (3 x 8 = 24 Marks)

10 15 25 15 5 10
24.a)5A=( 20 35 45),5B=( 20 10 25 |,

5 30 20 30 —10 35
25 20 35 25 20 35
S5A +5B=| 40 45 70 5(A+B)=| 40 45 70
35 20 55 35 20 55

b)i)P=4000, 1=2500, n=50/1 Ans: r=15 %

ii)P=2500,n=4, r=8 Ans: CI=Rs.901.22

9 8 8 488
25a) A*=[8 9 8 ,4A=<8 4 8)

8 89 8 8 4
A%-4A-51=0
-3 2 2
Ans : A'1=1/5<2 -3 2)
2 2-3

b)Given r=12 and m=12
s=100{(1 + 12/1200)'2 -1}
Ans : 5=12.68%

Compounded continuously s=12.75 %
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CLASS: 1B. Com COURSE NAME: BUSINESS MATHEMATICS & STATISTICS
COURSE CODE: 17CMU202 CIA -1 Answer Key BATCH-2017-2020

26. a) f (X)=x-2+(50/x?), f (x) =1-(100/x%)
Ans : f (5)=0.2 and £(10) =0.9

(x+4)(x-3)

b)f(3)=0/0.By using Factorization method f(x) =It —3)(xt2)

Ans:14
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lll- INTERNAL TEST
BUSINESS MATHEMATICS & STATISTICS
KEY ANSWER
PART-A
1.Relationship between two variables
2.1and-1
3.90 degree
4. orgin
5. No correlation
6.-1
7. Average X only
8. Spearman
9.1
10. No correlation
11.1
12. Graphic correlation
13. Index number
14.Fisher’s method
15. (p1/p0)*100
16. Ideal
17. seasonal
18. 100/price index
19. Parabola

20. q1



PART-B
21. Correlation:

The term correlation refers to the relationship between two variables.
It has been minimum and maximum values.
Formula for coefficient of correlation is

=X XY/ [ 2k 2 % Xy 2

22. by, =roy/o0y,=0.55714
23. Yr =100,120
PART-C
24. a. 2xy=61,%,2=54,%,2=96

Y -0.84

Karl pearson’s coefficient of correlation = ), ———
/zxz*zyz
b. Xp 2 =40, N=10
K=1-6Yp 2/(N3 - N)=1- 0.24=0.76
25.a. Mean X =24,Y =47
i)Two regression equations:
byy =X xy /2,2 =030
Regression equation on x
(X~ %) = by (y-7)
x=0.30y-9.9
regression equation ony
(V- ¥) = byx(x-X)

Y=0.30x-54.2

i) r= X xy /\Tx 2 — 2 2

ny = 87,2 2= 269,2 2 = 2965
x y



r=0.99

b. let Y=a+bX

normal equations na+b). X =) Y
ay, X+b),2=Y XY

n=5, Y, X =0, Y. Y=700, ). XY=200

a=140, b=20

26. a. weighted G.M method:

G.M= antilog[X w log p/ 2 w]

ZW = 100,2;9 = 291.6,210gp = 8.78

G.M = antilog[8.78]
b. four year moving averages

491 500.5 506.7 516.5 542.5 563.5 581.5
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B.Com., DEGREE EXAMINATION, APRIL 2017
Second Semester

COMMERCE/COMMERCE (COMPUTER APPLICATIONS)
COMMERCE (CORPORATE SECRETARYSHIPY
COMMERCE (BUSINESS PROCESS SERVICES)

BUSINESS MATHEMATICS AND STATISTICS
Time: 3 hours Maximum - 50 marks

PART - A (20 x | = 20 Marks) (30 Minutes)

AL Al

PART B(Sx 2= 10 Marks) (2 4 Hours)

Answer ALL the Questions
(3 4 7)
2108 A- 2 1 3| find 3A

72 1)
22, Find (25~ 7).
-Find ~

23. Determine the mode: 3,6, 3,8, 4,9, .
24. What are the Jimitationy of correlation coetlicient?
25. S1ate the characteristics of Index number?

PART C (8 x 6 = 30 Marks)
Answer ALL the Questions

1 2 2

26.(a)Show that A=|2 | 2| satisfies the equation A*-4A-51=0, where I is the
2 2 | '
identity matrix and 0 denotes the zero matrix

1



hitrom the following intenindustry transaction demand table find
(1 the value added by each industry and (11) the matrix of technical
coclTicients.

Producer User Fina) Total
Steel  cement power demand demand
(Rs. Crores) (Rs. Crores) (Rs. Crores)
steel 200 200 200 200 1000
cement 100 200 100 100 500
power 200 50 200 350 300

27.(a) (i) Find the derivative of y=(x"+5)3x+1)

(1) If C(x) rupees is the total cost of manufacturing x toys and
C(x)=500+(50/x) +{x’/10), find the average cost and the marginal cost
when x=20

Or
(b) Discuss the maximum or minimum values of ¥ -y +6x+12

28. (a) Caicuiate the mean for the following table giving the age distnibution of 542
members.
Age (in years) :20-30 30-40 40-50 50-60 60-70 70-80 30-90
No. of members © 3 61 132 153 140 51 2
Or
(b) Calculate standard deviation from the following data:
X 6 9 12 15 18
f 7 12 19 10 2

29. (a) Find Kar) Pearson’s coefficient of correlation
X: 100 101 102 102 100 99 97  9& 9% 95
Y. 98 99 99 97 93 92 95 #4991
Or
(b) Calculate the two regression equations from the following data;
X: 10 12 13 12 16 1S
Y: 40 38 43 45 37 4}

30. (a) What are the uses of index numbers.

Or
(b) Fit a straight line trend equation to the following data by the method of least
~ squares. .
w Year . 1979 1980 1981 1982 1983

Sales (inRs.): 100 120 140 160 180

———— T A L
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