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Course Objectives
This course enables the students to learn

e Geometry and its applications in the real world
e Geometric ideas in the language of the mathematician.

Course Outcomes (COs)
On successful completion of the course, students will be able to:
1. Expertise on fundamental theorems of isomorphism.

2. Know about automorphism and its developments.

3. Understand the concept of internal and external direct product.

4. Acquire the knowledge on basic concepts of group actions and their applications.

5. Apply Sylow’s theorems to determine the structure of certain groups of small order.
UNIT 1

Coordinates- Lengths of straight lines and areas of triangle- Polar coordinates. Locus-
Equation to a locus.Straight line: Equation of a straight line- angle between two straight line.
Length of a perpendicular techniques for sketching parabola- ellipse and hyperbola. Reflection
properties of parabola.

UNIT 11

Parabola and Ellipse: Classification of quadratic equations representing lines.Parabola : Loci
Connected with the parabola -Three normals passing through a given points - Parabola
referred to two tangent as axes. Ellipse: Auxiliary circle and eccentric angle - Equation to a
tangent - Some properties of Ellipse - Poles and polar - Conjugate diameters - Four normals
through any points.

UNIT III

Hyperbola: Asymptotes — equations referred to the asymptotes axes-One variables examples.
Spheres: The Equation of a sphere - Tangents and tangent plane to a sphere - The radical
plane of two spheres cylindrical surfaces. Illustrations of graphing standard quadric surfaces
like cone, Ellipsoid.



UNIT IV

The angles between two directed lines- The projection of a segment - Relation between a
segment and its projection - The projection of a broken line - the angle between two planes -
Relation between areas of a triangle and its projection - Relation between areas of a polygon.

UNITV

Polar equation to a conic: General Equations Tracing of Curves- Particular cases of Conic
sections- Transformation of equations to center as origin- Equations to asymptotes - Tracing a
parabola - Tracing a central conic - Eccentricity and foci of general conic.

SUGGESTED READINGS

1.

Loney S.L.,(2005). The Elements of Coordinate Geometry, McMillan and Company,
London.

(For Unit I, IL, III & V)

Bill R.J.T., (1994). Elementary Treatise on Coordinate Geometry of Three
Dimensions,

McMillan India Ltd. New Delhi. (For Unit IV)

Anton H., Bivens I. and Davis S., (2002). Calculus, John Wiley and Sons (Asia) Pvt.

Ltd.
Thomas G.B., and Finney R.L., (2005).Calculus, Ninth Edition, Pearson Education,
Delhi.

Fuller, Gordon.,(2000). Analytic Geometry, Addison Wesley Publishing Company
Inc. Cambridge.
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LECTURE PLAN
DEPARTMENT OF MATHEMATICS

STAFF NAME: P. VICTOR

SUBJECT NAME: ANALYTICAL GEOMETRY SUB.CODE:18MMU303A
SEMESTER: III CLASS: II B.Sc. Mathematics
Lecture
S.No | Duration Topics to be Covered Support Material/Page No
Period
UNIT-I
1 1 Introduction to Coordinates S1:Ch: 1: Pg.No:1-2
2 1 Lengths of straight lines and areas of triangle | S1: Ch: 1: Pg.No:2-8
3 1 Polar coordinates-Problems S1: Ch: 1: Pg.No:9-19
4 1 Tutorial — 1
5 1 Locus, equation to a locus-Problems S1: Ch: 1: Pg.No:20-24
6 1 Definition of straight line and properties S5: Ch: 2: Pg.No:21-22
7 1 Tutorial — 2
8 1 Equation of a straight line-Problems S5: Ch: 2: Pg.No:23-34
9 1 Angle between two straight lines-Problems S1: Ch: 1: Pg.No:40-42
10 1 Tutorial — 3
11| etehing parabola, elipse and hyperboln, | 5% Ch 1+ PeNoi40-42
12 1 Reflection properties of parabola. S3: Ch: 1: Pg.No:40-42
13 1 Tutorial — 4
14 1 Recapitulation and discussion of possible
questions
Total No of Hours Planned For Unit 1=14
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UNIT-II

Parabola and Ellipse: Classification of
1 1 quadratic equations representing lines. S1: Ch: 11: Pg.No:198-200

Parabola
2 1 Problems on loci Connected with the parabola | S1: Ch: 11: Pg.No:201-206
3 1 Tutorial — 1
4 |1 | prabola refemed 0 o tangent e | 81 € 115 PeNoi206-217
5 I Séﬁgfiz:n’*tg’;ﬂtfge‘zfc’le and eccentric angle, | g cp. 1. pg No:217-237
6 1 Tutorial — 2
7 1 Some properties of Ellipse and problems S1: Ch: 12: Pg.No:237-242
8 1 Definition of Poles and polar Problems S3: Ch: 10: Pg.N0:692-705
9 1 Tutorial — 3
10 1 Continuation of Poles and polar problems S3: Ch: 10: Pg.No:692-705
11 1 Problems on conjugate diameters S1: Ch: 12: Pg.No0:249-254
12 1 Tutorial — 4
13 1 Problems on four normals through any points | S1: Ch: 12: Pg.No:254-265
14 1 Tutorial — 5
15 1 Recapitulation and discussion of possible

questions

Total No of Hours Planned For Unit I1=15
UNIT-III

1 1 Introduction to Hyperbola S1: Ch: 13;Pg.N0:266-271
2 1 Continuation of Hyperbola and its problems S1: Ch: 13;Pg.No:266-271
3 1 Tutorial — 1
4 1 Definition of asymptotes and properties S1: Ch: 13;Pg.No:271-284
5 1 Continuation of Asymptotes problems S1: Ch: 13;Pg.No:271-284
6 1 Tutorial — 2
7 1 Spheres: The Equation of a sphere S2: Ch: 5;Pg.No:76-81
8 1 Tutorial — 3
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9 1 ]SEpc%le;téon of tangents and tangent plane to a $2: Ch: 5:Pg.No:81-82
10 1 The radical plane of two spheres Cylindrical $2: Ch: 5:Pg No:82-83

surfaces
11 1 Tutorial — 4
2] 1| e e andic o spgass s
13 1 Tutorial — 5
14 1 Recapitulation and discussion of possible

questions

Total No of Hours Planned For Unit I1I=14
UNIT-IV

1 1 ;l)“rlz)eb ?:ril: between two directed lines and $2: Ch: 2; Pg.No:13-14
2 Tutorial — 1
3 1 The projection of a segment and its problems | S2: Ch: 2; Pg.No:14-15
4 1 Continuation of The projection of a segment | S2: Ch: 2; Pg.No:14-15
5 1 Tutorial —2
6 1 Relation between a segment and its projection | S2: Ch: 2; Pg.No:15-16
7 1 The projection of a broken line-Problems S2: Ch: 2; Pg.No:16-17
8 1 Tutorial — 3
9 1 Problems on angle between two planes S2: Ch: 2; Pg.No:17-18
10 1 FI){rzljitict)ilz) I1:etween areas of a triangle and its $2: Ch: 2; Pg.No:18-19
11 1 Tutorial — 4
12 1 Relation between areas of a polygon. S2: Ch: 2; Pg.No:19-20
13 1 Tutorial — 5
14 1 Recapitulation and discussion of possible

questions

Total No of Hours Planned For Unit IV=14
UNIT-V

1 1 Polar equation to a conic S4: Ch: 10; Pg.No:714-723
2 1 Tutorial — 1
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3 1 General Equations Tracing of Curves S4: Ch: 10; Pg.No:723-730
4 1 Tutorial — 2
5 1 Particular cases of Conic sections S1: Ch: 14; Pg.No:322-323
6 1 Tutorial — 3
7 1 Equations to asymptotes S1: Ch: 14; Pg.No:327-329
8 1 Tutorial — 4
9 1 Tracing a central conic and problems S1: Ch: 14; Pg.No:333-338
10 1 Eccentricity and foci of general conic. S1: Ch: 14; Pg.No:339-342
11 1 Tutorial — 5
12 1 Recapitulation and discussion of possible
questions
13 1 Discussion on Previous ESE Question Papers
14 1 Discussion on Previous ESE Question Papers
15 1 Discussion on Previous ESE Question Papers
Total No of Hours Planned for unit V=15
Total Planned Hours 72
SUGGESTED READINGS

1. Loney S.L.,(2005). The Elements of Coordinate Geometry, McMillan and Company,

London.(For Unit I, II, Il & V)
2. BIill R.J.T., (1994). Elementary Treatise on Coordinate Geometry of Three

Dimensions, McMillan India Ltd. New Delhi. (For Unit IV)
3. Anton H., Bivens I. and Davis S., (2002). Calculus, John Wiley and Sons (Asia) Pvt.

Ltd.
4. Thomas G.B., and Finney R.L., (2005). Calculus, Ninth Edition, Pearson Education,

Delhi.
5. Fuller, Gordon.,(2000). Analytic Geometry, Addison Wesley Publishing Company

Inc. Cambridge.
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc. MATHEMATICS COURSENAME: ANALYTICAL GEOMETRY

COURSE CODE: 18MMU303A UNIT: I BATCH-2018-2021

UNIT-I

Coordinates, Lengths of straight lines and areas of triangle, polar coordinates. Locus, equation
to a locus.Straight line: Equation of a straight line, angle between two straight line. Length of a
perpendicular techniques for sketching parabola, ellipse and hyperbola. Reflection properties
of parabola

COORDINATES. LENGTHS OF STRAIGHT LINES AND
AREAS OF TRIANGLES.

Coordinates. Let OX and OY be two fixed
straight lines in the plane of the paper. The line 0X is

called the axis of z, the line OY the axis of y, whilst the
two together are called the axes of coordinates.

The point O is called the origin of cnordma.tea or, more
shortly, the origin.

From any point P in the B p
plane draw a straight line 2
parallel to OY to meet OX
in M. ,
The distance O is called X
the Abscissa,and the distance ; Fa

MP the Ordinate of the point
P, whilst the abscissa and the
ordinate together are called
its Coordinates.

0o
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Distances measured parallel to OX are called x, with

or without a suffix, (e.9. z, «,... @, 2",...), and distances
measured parallel to OY are called y, with or without a

suffix, (e.9. %1, Yase-e Y5 ¥'s--0):

If the distances OM and MP be respectively  and v,
the coordinates of P are, for brevity, denoted by the symbol

(@ y)
Conversely, when we are given that the coordinates of

a point P are (z, y) we know its position. For from O we
have only to measure a distance OM (=x) along 0X and

then from M measure a distance M P (=y) parallel to OY
and we arrive at the position of the point P. For example
in the figure, if OM be equal to the unit of length and
MP=20M, then P is the point (1, 2).

Bx. Lay down on paper the position of the points
() (2 -1), (i) (-8, 2), snd (iii) (-2, -3).
To get the first point we measure a distance 2 along OX and then
a distance 1 parallel to OY’; we thus arrive at the required point.
To get the second point, we measure a distance 3 along OX’, and
then 2 parallel to OY.
To get the third point, we measure 2 along OX’ and then
3 parallel to OY".

Prepared by P. Victor, Asst Prof, Department of Mathematics KAHE Page 2
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CLASS: II B.Sc. MATHEMATICS COURSENAME: ANALYTICAL GEOMETRY
COURSE CODE: 1SMMU303A UNIT: 1 BATCH-2018-2021
THEOREM : “ ' )

To find the distance between two points whose co-
ordvnates are given.

Let P, and P, be the two
given points, and let their co-
ordinates be respectively (z,, ¥,)
and (23, ¥a).

Draw P,M, and P,M, pa-
rallel to OY, to meet OX in
M, and M,. Draw P,R parallel
to OX to meet M P, in R.

Then

wo
L o

P,R=M,M,=0M,— OM,=x,—x,,
BP, = M\P, — M, P, =y, —y,,
and ¢ P,RP,=.:0M,P,=180°—-P,M,X=180°—o.
‘We therefore have [ Trigonometry, Art. 164]
P,P?=P,R*+ RP?—-2P,R . RP, cos P,RP,
= (2, — @)% + (%1 — ¥2)* — 2 (2, — @,) (¥, — ¥,) cos (180° — w)
= (X — X + (71 — 79+ 2 (x; — X)) (¥, — o) cos w...(1).

If the axes be, as is generally the case, at right angles,
we have w=90° and hence cos w=0.

The formula (1) then becomes
PPl = (o, — ,)* + (41 — ¥2)%
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so that in rectangular coordinates the distance between the
two points (x,, ¥%,) and (a,, ¥,) is

NE =)+ V1 —FDEeeeeeennannnn (2)

To find the coordinates of the point which divides
in a given ratio (m, :m,) the line joining two given points
(2, ¥,) and (x4, yﬁl)'

M, M M, X

Let P, be the point (x,, %,), P, the point (z,, ,), and P
the required point, so that we have

Bl LBRy SRy s,
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Let P be the point (z, y) so that if P,M,, PM, and
P, M, be drawn parallel to the axis of y to meet the axis of
zin M,, M, and M,, we have

OM,=x,, M\P,=vy,, OM=x, MP=y, CM,=x,,
and M,P,=y,.

Draw PR, and PR,, parallel to 0X, to meet P and
M,P, in R, and R, respectively.

Then PR =MM=0M-0M,=x—ux,
PR,=MM,=0M,- OM = z, — x,
RP=MP~MP =y—y,
and B, Py=M,Py— MP =y,—y.
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From the similar triangles P, R, P and PR,P, we have
m_PP_PR_=z-z
mg PP, PR, x,—x’
e my (B — &) =my (2 — 2,),

2. €. m:mlm,+mgazl'
my + My
. PP RP -~
Again e S O
g m, PP, R,P, ,%“3”
so that ﬂh(yg—y)=mn(?f“:¥1):
and hence 3"=wg * mn:%.
i

The coordinates of the point which divides P, P, in-
ternally in the given ratio m, : m, are therefore

DX+ I ang TaVat IV
m; +m, m, +m,

If the point @ divide the line P P, externally in the
same ratio, t.e. so that P,Q : QP, :: m, : m,, its coordinates
would be found to be

ST and V2TV
my-m; - -m

The proof of this statement is similar to that of the

preceding article and is left as an exercise for the student.
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Bx. In any triangle ABC prove that
AB*+ AC?=2 (AD2*+D(?),
where D is the middle point of BC.

Take B as origin, BC as the axis of z, and a line through B per-
pendicular to BC as the axis of y.

{ Lalt} BC=a, 8o that C is the point (a, O), and let 4 be the point
., ¥y)-

Then D is the point (g o).

a\? a\?
Hence AD’=(I1—§) +v,% and DU’:(Q) g

Hence 2(4D*+DC?) =2 Ilg"'yl"'ul't'%']
=2r,2+2y,? - 2az, + a3,
Also AC*=(z, - a)* +¥,%,
and AB*=z%4y2.
Therefore AB*+ AC? =22+ 2y,% - 2az, + al.
Hence AB'*+ AC*=2(AD?+ DC?).

Bx. ABC iz a triangle and D, E, and F are the middle points
of the sides BC, CA, and AB ; prove that the point which divides AD
internally in the ratio 2 : 1 also divides the lines BE and CF in
the same ratio.

Hence prove that the medians of a triangle meet in a point.
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Let the coordinates of the vertices 4, B, and C be (z,, ¥,), (23, ¥J),
and (z,, y,) respectively.
The coordinates of D are therefore I-’—;:i“ and y—’%}i" .

. Let @ be the point that divides internally 4D in the ratio 2 : 1,
and let its coordinates be Z and 7.

By the last article
Zy+ T,
Q- 23T8
e X 2 +1x:1_zl+£!+mn
—.—2-|_?_.._-_-_3 o
So g=?lfi=i?fn.

3

| To prove that the area of a trapezium, i.e. a quad-
rilateral having two sides parallel, 13 one half the sum of the
two parallel sides multiplied by the perpendicular distance
between them,

Let ABCD be the trapezium having the sides AD and
B(C parallel.

Join AC and draw AL perpen- A D-----'—?‘
dicular to BC and CN perpendicular :
to AD, produced if necessary. N\

Since the area of a triangle is one 4= &
half the product of any side and the
perpendicular drawn from the opposite angle, we have

area ABCD =AABC + AACD
=4.BC.AL+%.4AD.CN
=4 (BC+4D) x AL.
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To find the area of the triangle, the coordinates of
whose angular points are given, the axes being rectangular.
Let ABC be the triangle
and let the coordinates of its Y
angular points 4, B and C be

(xl: yl): '(:r"h Efn): &[1(1 (:Ea: ya)-
Draw AL, BM, and CN per-

pendicular to the axis of z, and . ,
let A denote the required area. : :
Then O L N M X
A=trapezium A LNC +trapezium C NM B—trapezium ALMB
=3LN (LA + NC) + }NM (NC + MB) — }LM (LA + MB),
by the last article,
=} [(z—2) (%1 + ¥s) + (22— 25) (42 + ¥5) — (22— 1) (41 + 92) .
On simplifying we easily have

A= (X3 — 71+ X3 — XY, + X — X)),

-l
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. To find the area of a quadrilateral the coordinates
of whose angular points are given.

Y

0 L R N M X
Let the angular points of the quadrilateral, taken in
order, be 4, B, C, and D, and let their coordinates be

respectively (x,, ¥,), (%3, ¥2), (%3, ¥s), and (z,, y.).
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Draw AL, BM, CN, and DR perpendicular to the axis
of

Then the area of the quadrilateral
= trapezium ALRD + trapezium DRNC + trapezium CNMB
— trapezium A LM B

=4LR(LA+ RD)+ RN (RD+ NC)+3NM(NC+ MB)
~3LM (LA + MB)

=3 {(@—2) (% +¥a) + (2 — @) (s + Y4) + (2 — 25) (Ys + %)
—(@— 1) (31 + %)}

=3 {(xys — 2a) + (w5 — 2syn) + (XY — 2ys) + (3 — 2y)}

Polar Coordinates. There is another method,
which is often used, for determining the position of a point
in a plane.

Suppose O to be a fixed point, called the origin or
pole, and OX a fixed line, called the initial line.

Take any other point P in the plane of the paper and
join OP. The position of P is clearly known when the
angle XOP and the length OP are given.

[For giving the angle XOP shews the direction in which OP is
drawn, and giving the distance OP tells the distance of P along this
direction.]

The angle XOP which would be traced out by the line
OP in revolving from the initial line QX is called the
vectorial angle of P and the length OP is called its radius
vector. The two taken together are called the polar co-
ordinates of P.
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If the vectorial angle be 6 and the radius vector be r, the
position of P is denoted by the symbol (=, 6).

The radius vector is positive if it be measured from the
origin O along the line bounding the vectorial angle; if
measured in the opposite direction it is negative.

- To find the length of the strarght line joining two
points whose polar coordinates are given.

Let A and B be the two points and let their polar
coordinates be (r,, 6,) and (r,, 6,) respectively, so that

OAd=r,0B=ry, t X04=0,, and . XOB=0,.

Then
AB*=0A4+0B*—~204 . 0B cos AOB
=12+ 7,8 — 21,7, cos (6, - 6,).
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To find the area of a triangle the coordinates of
whose angular points are given.

Let ABC be the triangle and let (»,, 6,), (s, 6,), and
(75, 6;) be the polar coordinates of
its angular points. v C

‘We have

AABC=A0BC+A0CA B
-AOBA ...... (1). A
Now
AOBC=30B. 0C sin BOC

- =lrsin(6,-6).
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So AOCA= 30C . 0A sin COA = ryr, sin (6, - 6,),
and AQOAB=304.0Bsin AOB = }rr,sin (6, - 6,)
==~ }rry8in (6, - 6,).
Hence (1) gives
£, ABC =} [ryrgsin (65 - 6,) + 7y, 8in (6, — 65)
+ 77y 8in (6, - 6,)].

To change from Cartesian Coordinates to Pola
Coordinates, and conversely.

Let P be any point whose Cartesian coordinates, referre
to rectangular axes, are « and y,

and whose polar coordinates, re- Y
ferred to O as pole and OX as
initial line, are (r, 6).

Draw PM perpendicular to 0X P
so that we have /My
OM=z, MP=y, . MOP=0,
and OP=r. X" 0 x M X
From the triangle MOP we ty’
have
#=0M=0Pcos MOP =rcosé ......... (1),
y=MP=0Psin MOP =rsinf......... (2),

r=0P=nNOM*+ MP?= \z* + 4
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and
MP
AN 0= 7y =L eererieeeenrrenn, (4).
OM =«

Equations (1) and (2) express the Cartesian coordinates
in terms of the polar coordinates.

Equations (3) and (4) express the polar in terms of the
Cartesian coordinates.
The same relations will be found to hold if P be in any

other of the quadrants into which the plane is divided by
X0X' and YOY".

Bx. Change to Cartesian coordinates the equations

(1) r=asin8, and (2) r*:a}cmg .

(1) Multiplying the equation by r, it becomes r®=ar sin 0,
i.e. by equations (2) and (3), 23 +y3=ay.
(2) Squaring the equation (2), it becomes

r=amaﬂf=;.(1+msaj,

2
1.€. 2ri=ar+arcos d,
ie. 2(a2+y0)=an/T Ty +az,
i.e. (2224 2y? - az)¥=a? (z?+12).
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LOCUS. EQUATION TO A LOCUS.

WHEN a point moves so as always to satisfy a
given condition, or conditions, the path it traces out is

called its Locus under these conditions.

For example, suppose O to be a given point in the plane
of the paper and that a point P is to move on the paper so
that its distance from O shall be constant and equal to a.
It is clear that all the positions of the moving point must
lie on the circumference of a circle whose centre is O and
whose radius is a@. The circumference of this circle is
therefore the ¢ Locus” of P when it moves subject to the
condition that its distance from O shall be equal to the

constant distance a.
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' example let us trace the locus of the
point whose coordinates satisfy the equation

If we give x a negative value we see that y is im-
possible ; for the square of a
real quantity cannot be nega-
tive.

‘We see therefore that there
are no points lying to the left
of OY.

If we give x any positive

e

value we see that y has two X
real corresponding valueswhich
are equal and of opposite signs.
The following values,
amongst an infinite number of S

others, satisfy (1), viz.
m=0,} z=1, 2=2,
y=0J"’ y=+2nr—-2}’ y:2J2or~2J2}’

x=4 } x=16, } r=+0w,
y=+4or—4)’ " y=8or-8J’ 7 y-+w ﬁl‘-m}'

The origin is the first of these points and P, and @,,
P, and @,, Psand @, ... represent the next pairs of points.
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THE STRAIGHT LINE. RECTANGULAR COORDINATES.

: To jfind the equation to a straight line which is
parallel to one of the coordinate axes.

Let CL be any line parallel to the axis of ¥ and passing
through a point C' on the axis of & such that OC =c.

Let P be any point on this line whose coordinates are
ax and y.
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Then the abscissa of the point P is vy
always c, so that

B s e e (1).

L

This being true for every point on g
the line CL (produced indefinitely both
ways), and for no other point, is, by
Art. 42, the equation to the line.

It will be noted that the equation does not contain the

coordinate y.

Similarly the equation to a straight line parallel to the

axis of xis y=d.

To find the equation to a stratght line which cuts
off a given intercept on the axis of y and 8 inclined at a

given angle to the axis of =.

Let the given interoept be ¢ and let the given angle bea.
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Let C be a point on the axis of y such that OC is c
Through C draw a straight

line LCL'inclined at an angle Y
a (= tan™'m) to the axis of z, /P L
so that tan a =m. ol

The straight line LCL' is R
therefore the straight line / i
required, and we have to LU O M X

find the relation between the
coordinates of any point P lying on 1it.

Draw P.M perpendicular to OX to meet in & a line
through C parallel to OX.

Let the coordinates of P be z and y, so that OM ==
and MP=y.
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Then MP=NP+ MN=CNtana+ OC=m.x+c,
z.€. y=mx+C.

This relation being true for any point on the given
straight line is, by Art. 42, the equation to the straight
line.

T'o find the equation to the siraight line which cuts
off given intercepts a and b from the axes.

Let A and B be on OX and OY respectively, and be
such that 04 =a and OB =b.

Join AB and produce it in-
definitely both ways. Let P be
any point (z, ¥) on this straight
line, and draw PM perpendicular \B &
to OX.

We require the relation that oM A\ A

always holds between x and v, so
long as P lies on 4B.

Y
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OM PB d MP AP
an
94 ~AB’ OB 4B

OM MP PB+ AP
04" 0B~ 4B

=1,
1.6, E+B=1.

Find the equation to the straight line which passes through
the point (-5, 4) and 18 such that the partian of it between the axes is
divided by the point in the ratio of 1 :

Let the required straight line be = =k %:1 This meets the axes

in the points whose coordinates are {a 0) and (0, 2).

The coordinates of the point dividing the line joining these
points in the ratio 1 : 2, are (Art. 22)

Prepared by P. Victor, Asst Prof, Department of Mathematics KAHE Page 22




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc. MATHEMATICS COURSENAME: ANALYTICAL GEOMETRY
COURSE CODE: 18SMMU303A UNIT: I BATCH-2018-2021
2.a+1.0 2.0+1.b . 2a b
"'—2+—1— and 24-—1, 'l-.ﬂ-—a— and 5.
If this be the point (- 5, 4) we have
2a b
so that a= -8 and b=12.
The required straight line is therefore
ol V..
st g™
i.e. 5y — 8z =60.

To find the equation to a straight line in terms of
the perpendicular let fall upon it from the origin and the
angle that this perpendicular makes unth the axis of x.

Let OR be the perpendicular from O and let its length
be p.

Let a be the angle that OR makes \a
with OX.

Let P be any point, whose co-
ordinates are # and y, lying on 4B;
draw the ordinate PM, and also ML Y
perpendicular to OR and PN perpen- o -
dicular to ML,
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Then OL=0OMcCO8@ ....coovvverereeunnnnn.. (1),
and LR=NP=MPsin NMP.
But t NMP=90"—+t NMO =+ MOL = a.
LR = MPD &coaisanssisimiss (2).

Hence, adding (1) and (2), we have
OMcosa+ MPsina=0L + LR=0OR=p,
z.e. xcosa+ysina=0p.
This is the required equation.
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Any equation of the first degree in x and y always repre-
sents a straight line.
For the most general form of such an equation is
Ao+ By + U m0.ciicviiiiiaiiivicins (1),

where A, B, and C are constants, t.e. quantities which do
not contain x and ¥ and which remain the same for all
points on the locus.

Let (,, yl) (3, ¥3), and (35;, ¥;) be any three points on
the locus of the equation (1).

Since the point (x,, ¥,) lies on the locus, its coordinates
when substituted for x and y in (1) must satisfy it.

Hence A+ By, 4 @m0 coviisnvinivovenin (2).
So Az, + By, + C=0 .......cccennen... (3),
and Axy+ By, + C=0 .................. (4).

Since these three equations hold between the three quanti-
ties 4, B, and C, we can, as in Art. 12, eliminate them.
The result is

Zy, Y 1
m’, 3{‘2, 1 = 0 ------------------- (5)
Ty, Ysy 1

But, by Art. 25, the relation (5) states that the area of the

triangle whose vertices are (z,, ¥,), (%3, ¥,), and (,, ;) is
zero,

Also these are any three points on the locus.
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To find the equation to the straight line which
passes through the two given points («, y') and (x", y").
By Art. 47, the equation to any straight line is
Y O (1).
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By properly determining the quantities m and ¢ we can
make (1) represent any straight line we please.

1f (1) pass through the point (z/, ¥), we have

i - PORR—— (2)
Substituting for ¢ from (2), the equation (1) becomes
Y=y =m((X-=X).................. (3).

This is the equation to the line going through («/, ) making
an angle tan~'m with OX. If in addition (3) passes through
the point (mﬂi 9'”)! then
Yy —y =m (" ),

m = y:f — yf .

' —x

Substituting this value in (3), we get as the required
equation

giving

y—-y' = i;-—-:i:(x—x').
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Bx, Find the equation to the straight line which passes

through the points (—1, 3) and (4, —2).

Let the required equation be
P=ME L. ..unmnmsinnnamnnenmnymmmnenmtn (1).
Bince (1) goes through the first point, we have
3= -m+c, 8o that c=m+ 3.
Hence (1) becomes
 CEa b Tk g T o (R — (2).
If in addition the line goes through the second point, we have
—2=4m+m+ 3, so that m= —1.
Hence (2) becomes
=-—-xz+2, i.e. x+y=2.
Or, again, using the result of the last article the equation ia

-2-3
y+m_2
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Angles between straight lines.

T'o find the angle between two given straight lines.
Let the two straight lines be 4L, and 4 L,, meeting the
axis of x in L, and L,.

Y

C,y

///CI
L, L O X

I. Let their equations be
y=mx+¢ and ¥ =m,x+cyunnnnn.... (1).
By Art. 47 we therefore have
tan AL, X=m,, and tan AL, X =m,.
Now L L AL =1 AL X - AL X.
tan L,AL,=tan [AL, X - AL, X]
tan AL, X—tan AL, X = my—m,
“T1+tan AL, X.tan AL,X 1+mm,

Hence the required angle = . L, AL,

=tan—l.21—-—m'.- .................. (2)
1+mm,
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Possible Questions

Questions Optl Opt2 Opt3 Opt4 Answer
Two straight lines in a space ........................ intersect must may be need not necessarily need not
The three mutually perpendicular lines x'ox, y'oy is called triangular cartesian
......... cartesian coordinates |eulerian coordinates |coordinates coordinates cartesian coordinates
The co-ordinate of a vertices of a triangle are called
................ circumference origin centroid ortho center centroid
If a point lies in the YOZ plane its X coordinate is
.......................... xz plane YZ plane Xy plane 0 0
Co planar Straight lines will always........................ 0 unique perpendicular intersect intersect
The path traced by a moving point under certain
geometricalconditions is called the ................ of the point. |line circle coplanar locus locus
The equation of y-axis is ................ x=0 y=0 x>0 x>0 x=0
The equation of X-aXisiS ................ x=0 y=0 x>0 x>0 y=0
The line parallel to x-axis have ................ slope. rony 0 i i 0
The line parallel to y-axis have ................ slope. ront 0 i ) i
The two lines have same slope, they make the same angle with G ]
x-axis and hence they are ................ parallel straight line circle perpendicular parallel
The lines with slopes m1,m2 are perpendicular to each other mim2<1
than......... mlm2=-1 mlm2=1 mlm2>1 mlm2=-1

xcosa-ysina=p

Xcoso+ysina=p

xcosa*ysino=p

Xcosa-ysina=-p

Xcoso+ysina=p

.......... xyl+y1=0 xyl-yx1=1 xy1l-yx1>0 xy1l-yx1=0 xy1l-yx1=0
The lines y=mlx+cl and y=m2+c2 are parallel if .............. m1/m2 m1lm?2 ml=m2 m1-m2 ml=m2
The slope of the line ax+by+cz=d is ............... m=b/a m=c/b m=-c/a m=-a/b m=-a/b
The area of triangle so formed by taking the points as vertices

is zero then the three points are called............... perpendicular orthogonal collinear concurrent collinear
If the equation on line making intercept a and b on the axis is |x/a-y/b=1 x/a+y/b=1 a/x-b/y=1 x/a-y/b=-1 x/a-y/b=1




The ellipse is a conic section in which the eccentriceis ............... equal to 1 0 less than 1 greater than 1 less than 1

The parabola is a conic section in which the eccentric e is

............... equal to 1 0 less than 1 greater than 1 0

The hyperbola is a conic section in which the eccentric e is

............... equal to 1 0 less than 1 greater than 1 greater than 1

The equation of parabola for parallel to x-axis is............... x2=4ax y2=4ax x2=-4ax y*2=4ax y*2=4ax

The straight line passing through the Focus and perpendicular

to the Directrix is called the ............... line axis eccentricity vertex axis

If a point lies in the XOY plane its Z coordinate is

.................... xz plane YZ plane Xy plane 0 0

The three mutually perpendicular lines x'ox,y'oy z'oz is called |rectangular cartesian |rectangular Eulerian triangular cartesian

.................... coordinates coordinates coordinates coordinates rectangular cartesian coordi
The co ordinate point of perbola y"2=4ax are ................. (at"2,2at) (at,2at) (2at,at"2) (at,-2at) (at"2,2at)

The angle between two linestan 0............................ m2-ml/1l+mlm2 [m2+ml/Il+mlm2 |m2-ml/1l-mlm2 |[m2-ml/mlm2 m2 -ml / 1+ mIm2
The ---------- of a point which moves in such a wat that

distance from a fixed straight line is parabola origin distance locus center locus

The study of points are defined by means of frame of reference

and co-ordinates Geometry geodics Anatomy Analytical Geometry | Analytical Geometry
The co ordinate of a vertices of a triangle are called -------------

-—-- circumference origin centroid ortho center centroid

The ---------- of a point on the line is the foot of the

perpendicular drawn from the point on the line conjucate bijection projection projectile projection

Write the formula for finding midpoint-------- x1+x2/2 x1-x2/2 x1 *¥x2/2 x1 +x2 *2 x1+x2/2

The intercept form of the equation of a plane is -----------

x/aty/b+z/c= -1

x/a+y/b+z/c=0

x/aty/b+z/c=1

xat+y/b+z/c>1

x/a+y/b+z/c=1

The latusrectum of parabola y2=4ax is ............

2a

3a

4a

a

4a

The latusrectum of ellipse is ............

2b2/a

b2/a

b/a

a/b

2b2/a
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UNIT-1I

Parabola and Ellipse: Classification of quadratic equations representing lines.Parabola : Loci
Connected with the parabola ,three normals passing through a given points , parabola referred
to two tangent as axes. Ellipse: Auxiliary circle and eccentric angle , equation to a tangent ,

some properties of Ellipse , poles and polar , conjugate diameters , four normals through any
points.
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Some examples of Loci connected with the
Parabola.

2385. Bx. 1. Find the locus of the intersection of tangents to the
parabola y*=4ax, the anyle between them being always a given angle a.

The straight line y = mx + % is always & tangens to the parabola.

If it pass through the point T' (R, k) we
have

m2h—mk+a=0............(1).
If m, and m, be the roots of this equation -
we have (by Art. 2) (i /e
My + My = % e fl )y
a
and MMy = Foeseeieeenes (3),

and the equations to TP and T'Q are then

: o d (7]
1 2

Hence, by Art. 66, we have
My —Mmy J{ml + M) — dmym,

tan a = =
1 - mymy 1 +mym,
2  4a
N BT JE—da

= ST by (2) and (8),
1+ﬂ
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S kP —4dah=(a+ h)* tan®a.
Hence the coordinates of the point I always satisly the equation
y?—dar=(a+z)*tan?a.
Wae shall find in a later chapter that this eurve ig a hyperhola.

As a particular case let the tangents intersect al right angles, so
that i, = — 1.

From (3) we then have k= — a, so that in this case the point 7 lies
on the straight line = —a, which is the direetrix.

Hence the locus of the point of intersection of tangents, which cut
at right angles, is the directrix.

Ex. 2. Prove that the locus of the poles of chords which are normal
to the parabola y*=4ax is the curve

y2 (r + 2a) + 4a®=0.
Let PQ be a chord which is normal at P. TIts equation is then

Y=me—Fam —amP......iii i eniies sive (1).

Let the tangents at P and @ interseet in T, whose coordinates are
L and %, so that we require the locus of 7.

Since PQ is the polar of the point (h, k) its equation is
YE=20 (T4 s seeereereeees e, (2).

Now the equations (1) and (2) represent the same straight line, so
that they must be equivalent. Hence

< Qah
m=£, and —Qam-awﬁ:%.

Prepared by P. Victor, Asst Prof, Department of Mathematics KAHE Page 3




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc. MATHEMATICS COURSENAME: ANALYTICAL GEOMETRY

COURSE CODE: 18MMU303A UNIT: 1I BATCH-2018-2021

Eliminating m, i.e. substituting the value of m from the first of
these equations in the second, we have

42°  8a* 2ah
kB R
2. & E® (h+2a) +4a®=0,
The locus of the point T is therefore

y2 (2 +24a) + 1a8=0.

Ex. 3. Find the locus of the middle points of chords of a parabola
which subtend a right angle at the vertex, and prove that these chords all
pass through a fixed point on the axis of the curve.

First Method. Let PQ be any such chord, and let its equation be
Y==IMB s ivienniossss (1).

The lines joining the vertex with the
points of intersection of this straight line vy
with the parabola

R R 1

are given by the equation A
y?e =4az (y—mzx). (Art. 122)
These straight lines are at right angles if
¢+ 4am=0. (Art. 111)

Subgtituting this value of ¢ in (1), the
equation to PQ is

This straight line cuts the axis of x at a constant distance 4a from
the vertex, i.e. 44'=4a.
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If the middle poiol of PQ be (I, %) we have, by Arl. 220,

2a
Also the point (i, k) lies on (3), so that we have
E=m(h—4a).....ccooiiiiiiiininiiinnnns (5).
If belween (4) and (5) we eliminate m, we have
.1:':*%:—1 {h = 4&),
i.e, k*=2a (h - 4a),
so that (i, k) always lies on the parabola
y?=2a (x — 4a).

This is a parabola one half the size of the original, and whose
vertex is at the point 4’ through which all the chords pass.
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236. 1o prove that, in general, three normals can be
drawn from any point to the parabola and that the algebraic

sum of the ordinates of the feet of these three mormals is
zero.

The straight line

Yy=mr—2am — am® ....co.uninnnnn. (1)

is, by Art. 208, a normal to the
parabola at the points whose coordi- Y| p
nates are

P
am? and —2aHt. ... (2).
If this normal passes through A X
the fixed point O, whose coordinates 0
are & and %, we have 4.%)
k=mh— 2am — am?, B
% 6. am®+ (2a —h)ym+k=0......... i (3),

- 'l o~
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This equation, being of the third degree, has three
roots, real or imaginary. Corresponding to each of these
roots, we have, on substitution in (1), the equation to a
normal which passes through the point O.

Hence three normals, real or imaginary, pass through
any point O.

1f m,, m,, and m; be the roots of the equation (3), we
have

My + My + Mg =0,

If the ordinates of the feet of these normals be v, v,,
and y;, we then have, by (2),

Y1+ Yo+ Y3 =— 2a (my + m, + my) = 0.
Hence the second part of the proposition.

237. Ex. Find the locus of a puint which is such that (o) two of
the normals drawn from it to the parabola are at right angles,
(B) the three mormals through it cut the axis in points whose distances
from the vertex are in arithmetical progression.

Any normal i8 y=mz —2am—am?, and this passes through the
point (%, %), if

an®+(2a-)m+E=0..c....cccciiiiiiiiiinnannn (1),
If then m,, m,, and m, be the roots, we have, by Art. 2,
T | N e s ss 1|
2a-h
gy + Mgty + MM == — 5 wevivienivinennes (3),
end N Mgty = =-i .............................. (4).
(a) If two of the normals, say m, and m,, be at right angles, we
have mym,= -1, and hence, from (4), mgr:g.
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The quantity g 1s therefore a root of (1) and hence, by substitution,

we have
i® 9 h}k r—0
a—;+{ a—h)—4-k=0,
.. kP=a (h-3a).

The locus of the point (h, k) is therefore the parabola y*=a (z - 3a
whose vertex is the point (3a, 0) and whose latus rectum is one-quarte
that of the given parabola.

The student should draw the figure of both parabolas.

The normal y=ma — 2am — am® meets the axis of z at a poin
whose distance from the vertex is 2a+-am®. The conditions of th
question then give

(2a + amy®) 4 (2a + amy®) =2 (2a + an,?),
i.e. e (5).

If we eliminate m;, m,, and m; from the equations (2), (8), (4)
and (5) we shall have a relation between & and k.

From (2) and (3), we have

o= h:1r11n13 + My (Mg i) =m Mg~ Ms2 ............ (6).

Also, (5) and (2) give
2mo% = (my + mg)® — 2myamg =n1,% — 2mym,

i.e. My + 20y =0...00ouvrivniinnainnnniniinnns (7).
Solving (6) and (7), we have
My Ny = %T?h , and My = — 2 x s :

Ja

Prepared by P. Victor, Asst Prof, Department of Mathematics KAHE Page 8




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc. MATHEMATICS COURSENAME: ANALYTICAL GEOMETRY

COURSE CODE: 18MMU303A UNIT: 1I BATCH-2018-2021

Substituting these values in (4), we have

2&—?{\/_22{.-.—{;___ k
3a 3a a’

t.e. 2Tak?=2 (h—2a)?,
so that the required locus is

2Tay? =2 (x — 2a)®.

238. Ex. If the normals at three points P, ), and R meet in a
point O and S be the focus, prove that SP.S(Q .SR=a . S0

As in the previous question we know that the normals at the

points (amy®, — 2am,;), (am,®*, —2am,) and (ams?® —2am;) meet in the
point (h, k) if

kL v LR RSP (1),
2a—h

Mt + My MMy = ——— et (2),

and MGG = = — oo e e (3)-

By Art. 202 we have

SP=a(l4+m?), SQ=a(1+m?), and SE=u (1+my?).

Hence

S i? L = (1+m;?) (1+ma?) (1 +1,°)

=14 (m % +mo2 +mg2) + (momg® + maZney® + miy?my®) + 1, oy  m

Also, from (1) and (2), we have

M2 + M2+ Mg?= (M) + My +My)* — 2 (Mgnitg + Mmgmy + MyM)
h—-2a

]

=2
- al

Prepared by P. Victor, Asst Prof, Department of Mathematics KAHE Page 9




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc. MATHEMATICS COURSENAME: ANALYTICAL GEOMETRY
COURSE CODE: 1SMMU303A UNIT: 11 BATCH-2018-2021
and

my2my® 4 myZm 2 + myPm 2= (momg+ mam, + mym,)® — 2momomg (m; + m, 4 my)

=(h‘9“)2, by (1) and (2).

a

.5Q.5R i~ h—9%2a\2 12
Hecs = S? i A (L __(f') 0
2 a L a
_{h=a)'+k* _ SO?
= aZ - ad !
1.6, SP.SQ.S8R=50%, a.

239. In Art. 197 we obtained the simplest possible
form of the equation to a parabola.

We shall now transform the origin and axes in the
most general manner.

Let the new origin have as coordinates (%, %), and let
the new axis of = be inclined at @ to the original axis, and
let the new angle between the axes be w.

By Art. 133 we have for x and y to substitute
x cos 0 + y cos (o' + 0) + 4,

and xsin 6 + ysin (o + 0) + &
respectively.

The equation of Art. 197 then becomes

{esin @ + ysin (0" + 0) + £}* = 4a {x cos 0 + y cos (o' + 0) + A},
. €.

{ sin 0 + y sin (o' + 0)}* + 2 {k sin 6 — 2a cos 6}
+ 2y {&sin (o' + 0) — 2a cos (o' + 0)} + A* — 4a/ =0
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This equation is therefore the most general form of the
equation to a parabola.

We notice that in it the terms of the second degree
always form a perfect square.

This equation is therefore the most general form of the
equation to a parabola.

We notice that in it the terms of the second degree
always form a perfect square.

240. 7o find the equation lo @ parabola, any two
tamgents to it being the axes of coordinates and the points of
contact being distant @ and b from the origin.

By the last article the most general form of the equa-
tion to any parabola is

(o + By + 290+ 2fy + ¢=0.cunrnnnnn. (1).

This meets the axis of # in points whose abscissae are
given by
A*P+ gz +¢=0 cccornivinnnnnn, (2).

If the parabola touch the axis of  at a distance a from
the origin, this equation must be equivalent to

A (@ maP=0 (3).
Comparing equations (2) and (3), we have
g=—A%, aml o= 4% ..o (4).
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Similarly, since the parabola is to touch the axis of y
at a distance b from the origin, we have

J==00 and e= 00" v (5).
From (4) and (5), equating the values of ¢, we have
B2 = A%a?,
so that B=s 4 ‘bl' ..................... (6).

Taking the negative sign, we have
2
B-——w.fib, g=— A%a, f-::—Ag%, and ¢ = 4%

Substituting these values in (1) we have, as the require
equation,

1~
w

This equation can be written in the form
x Y ﬁ_a(h y) _ oy
(a e b) 2 + 1 b
: i I \/ xy
it et b . ab’
i.e. ( J \/ y) =1,
. @ Y
MY "/& e \/-E;: ]. .................. (8).
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241. If in the previous article we took the positive
sign in (6), the equation would reduce to

, 2 2
(f+-3-’i) —2T~J+1=0,

a b a b
T-:.t?. (E‘i"y*-— 1)H=0.
a b

This gives us (Fig., Art. 243) the pair of coincident
straight lines £¢. This pair of coincident straight lines is
also a conic meeting the axes in two coincident points at
and @, but is not the parabola required.
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242, Do find the equatiorn to the tangent at any poin
(', ') of the parabola

a ¥ _
N/E+N/3_1

Let (", ") be any point on the curve close to (', 7"
The equation to the line joining these two points is

rr

Y _

y—’t’:m,, .............. (1).
But, since these points lie on the curve, we have
Y ¥
e J == e (2
so that J_ :;3” — —:/12 .................. (3).
— ct
The equation (1) is therefore
Yy — Q—Jy Y "/?_'"J?z('—m’)
T ;\/.L 7 o Jﬂ? ’
or, by (3),
e G (4).
Ja Jt + Jm’
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The equa.tmn to the tang{lnt at (2, ') 1s then obtained
by putting 2" =2’ and " =y, and is

# ’\/E”\/?}-, S

i.e. JTZ ;76; \/ \/6 ......... (5).

This is the required equation.

Ex. Tofind the condition that the straight line E,f s gzl may be a

tangent.
Thig line will be the same as (5), if

f=—wf“f_f and 9?\’@'-

so that I\/gzg, and A %:%

Henece j_ %_1

This i the required condition; also, since m’:'i;j and y’:gg,
the point of contact of the given line is (2“' %)

Similarly, the straight line le+my=n will touch the parabola if
=1,
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243. Yo fisud the FOocus of the parabola

o y
\/E+\/;l'

Let .5 be the focus, (O the origin, and [’ and ¢ the
points of contact of the parabola with the axes.

Since, by Art. 230, the triangles OSF and Q2SO are
similar, the angle SOZ = angle SQO.
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Hence S lies on the circle passing through the origin
O, the point ¢, (0, b), and touching the axis of 2 at the
origin.

The equation to this circle 1s
a4 ‘?'my COS w +y~ by ....... A (1).

Similarly, since 2 SO0Q =, SPO, § will lie on the circle
through O and P and touching the axis of 3 at the origin,
t.e. on the circle

&+ 20y COS & +Y* =GB wiviiiairiasen (2).

The intersections of (1) and (2) give the point required.

On solving (1) and (2), we have as the focus the point

( ab’ a’b )
a + 2ab cos w + b’ @+ 2abcos w+ b2/
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244. 7o find the equation lo the axis.

If V be the middle point of PQ, we know, by Art. 223,
that OV is parallel to the axis.
: : a b
Now V is the point (ﬁ’ 5) :

'
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Hence the equation to OV is = % 2.

The equation to the axis (a line through & parallel to
OV) is therefore

5 a’b . _3'3 (a, ab? )

Y a’+2abcosw + b* @ a® + 2ab cos w + 6%/
ab (o’ —b%)

a’+ 2ab cos o + 6

245. 7o find the equation to the directrix.

If we find the point of intersection of OF and a
tangent perpendicular to OP, this point will (Art. 211, ¥)
be on the directrix.

1.€. ay —bx =

Similarly we can obtain the point on O which is on
the directrix.

A straight line through the point (7, 0) perpendicular
to 0X is

y=m(z—f), where (Art. 93) 1 +m cos 0 =0.

The equation to this perpendicular straight line is
then

Tt Y OB w=F iiicsioeiiesvaineests (1).
This straight line touches the parabola if (Art. 242)
S ; . .o . wabcosw
i = —=iky .. LA F —

~+ : -
a b cos w a+ b cos w

abc{)Sm
a + b cos w

- e s L ~

The point ( - G) theraefore lies on the directrix.
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ab cos w

Similarly the point (0, b“;m_FQ) Soni
The equation to the directrix is therefore
w{a+bcosw)+y(b+acosw)=abecosw ...... (2).
The latus rectum being twice the perpendicular distance
of the focus from the directrix = twice the distance of the

point

ab’® ob ! )
(&,—ﬂ+ 2ab cos o + 0*7 &+ 2ab cos v + b?
from the straight line (2)
_ 4P sin* 0
o ({Lﬂ - 2ab cos w + 52)3 >

by Art. 96, after some reduction.

246. 1o find the coordinates of the vertex and the
equalion o the langent af the vertex.

The vertex is the intersection of the axis and the curve,
t.e. its coordinates are given by

y o a’ — b® )
Y (1).
. 2 950 9
and by (Z_% ~ 2120 .. (Axt. 240),
i.e. by C—Ew%+l 2:%‘3 .................. 2).

Prepared by P. Victor, Asst Prof, Department of Mathematics KAHE Page 20




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc. MATHEMATICS COURSENAME: ANALYTICAL GEOMETRY

COURSE CODE: 18MMU303A UNIT: 1I BATCH-2018-2021

From (1) and (2), we have

mzfﬁ*[l— @’ — b _‘]2:. ab’ (b~ a cos w)®

4 a* + 2ab cos w + b (a®+ 2ab cos o + b%)*
a’b (a+ b cos w)?

(a®+ 2ab cos o + b?)*

Similarly 9 =

These are the coordinates of the vertex.

The tangent at the vertex being parallel to the directrix,
its equation 1is

ab® (b + a cos w)?
(ﬂ:+bﬂ¢]5m) €8 — — N5
@ + 2ab cos w + b7) :
a’h (@ + b cos w)* :l
+(b+ acosw — e [ =0
( ) |:9' (a® + 2ab cos @ + b*)° ;
2.€ = + 4 a0
" bt+acose a+beosw a®+2abcosw+ b
THIN EILILIPSE.
247. Tar ellipse is a conic sectiomn in which the

eccentricity e is less than unity.
To firecd tFhre eqgricetiorn fo are ellipse.

Let ZA be the directrix, .5 the focus, and let S= be
perpendicular to the directrix.

<

| o -

¥
i
I
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There will be a point 4 on SZ, such that

Since ¢ <1, there will be another point 4, on ZS produced,
such that

Let the length 4 A" be called 2a, and let C' be the midd.
point of 44'. Adding (1) and (2), we have

Qv=AA'=e (AZ+ A'Z)=2.¢.0Z,
z.e. O == isiinviimansomsyoneri (3).

Subtracting (1) from (2), we have
e(A'Z-AZ)y=84"-84=(SC+C4A")-(CA-C8),
%.€. e. AA' =208,
and hence CO=.€ueeennirinrenenannnn. (4).

Let € be the origin, CA’ the axis of «, and a line through
C perpendicular to 44" the axis of .

Let P be any point on the curve, whose coordinates are
x and y, and let M be the perpendicular upon the directrix,
and PN the perpendicular upon 44"

The focus S is the point (—ae, 0).
The relation SP2=¢*. PM*=¢". ZN* then gives

i ﬂ\ 2
(z+ae) +y°=¢€ (:1: + ;) y (Art. 20),
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\ B
- : 2
3.6 (1 =y +y'=a"(1-¢%),
@’ e
5.e. R s T TR (5).
al2 mﬂ (1 . Eﬂ) )

If in this equation we put #=0, we have
y=+a1-¢,

shewing that the curve meets the axis of y in two points,
B and V4 lym-:r on uppﬁmte sides of C, such that

Let the lengbh CB be called b, so that

bicipinl 1 dalg®
The equation (5) then becﬂmes
yz
aﬂ +'b2 T R (6).

257. Auxiliary circle. Def. The circle which is
described on the major axis, A4’, of an ellipse as diameter,
is called the auxiliary circle of the ellipse.

Let NP be any ordinate of the ellipse, and let it be
produced to meet the auxiliary circle in .

Since the angle AQ4" is a right angle, being the angle
in a semicircle, we have, by Euc. vi. 8, QN*=AN . N4
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Hence Art. 248 gives
QN 2 BC® ¢ AC7,
PN BC

so that =

@I

The point ¢ in which the ordinate N/ meets tho
auxiliary circle is called the corresponding point to .

The ordinates of any point on the ellipse and the
corresponding point on the auxiliary circle are therefore to
one another in the ratio & : @, Z.e. in the ratio of the
semi-minor to the semi-major axis of the ellipse.

The ellipse might therefore have been defined as follows :

Take a circle and from each point of it draw perpen-
diculars upon a diameter ; the locus of the points dividing
these PEIPLII(] iculars in a given ratio is an ellipse, of which
the given circle is the a.ux;hary circle.
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258, Eccentric Angle. Def. The eccentric angle
of any point P on the ellipse is the angle NCQ made with
the major axis by the straight line ¢'Q joining the centre ¢
to the point () on the auxiliary circle which corresponds to
the point P.

This angle is generally called 4.

We have CN=CQ.cosd=acos g,

and NQ=C@sin p=asin ¢.
Hence, by the last article,
b

NP=-.NQ=bsin¢.

The coordinates of any point P on the ellipse are there-
fore @ cos ¢ and b sin ¢.

Since P is known when ¢ is given, it is often called
“ the point ¢.”
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259. To obtawn the equation of the straight line joining
two points on the ellipse whose eccentric angles are given.

Let the eccentric angles of the two points, P and P, be
¢ and ¢', so that the points have as coordinates

(@ cos ¢, bsing) and (acos ¢, bsin ¢').
The equation of the straight line joining them is

bsin ¢’ — b sin ¢

y—bsiuti):acos(ﬁ_ammﬁ(ﬂ:—mcos@
b 2cosi(Pp+¢)sint(p' —~¢), |
“a Tsiny(+ 4)sind(gog) TN

e b cosi(p+¢) ’
"o i (g g) 00

t.e
ECﬂstf’;#’ + %Sin i—g_qﬂ =cus¢cus¢;qs +Sin¢)5in¢;¢’
=m3[¢—‘4’-§i]=cos¢;¢ ...... (D).

This is the required equation.

Cor. The points on the auxiliary circle, corresponding to P and
P’, have as coordinates (a cos ¢, a sin ¢) and (a cos ¢/, asin ¢’).

The equation to the line joining them is therefore (Art, 178)

T r ; ! oy
Bttt v o

9 a 2 2
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This straight line and (1) clearly make the same intercept on the
major axis.
Hence the straight line joining any two points on an ellipse, and

the straight line joining the corresponding points on the auxiliary
circle, meet the major axis in the same point.

260. Do find the intersections of any straight line with
the ellipse
m‘-’u 2
g %ﬂ i e D (1).

Let the equation of the straight line be
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The coordinates of the points of intersection of (1) and
(2) satisfy both equations and are therefore obtained by
solving them as simultaneous equations.

Substituting for » in (1) from (2), the abscissae of the
points of intersection are given by the equation

x®  (mx+c)?
=k s =
o b*
2.6. o (a*m? + B%) + 2aPmex +a® (¢ —b°) =0 .......(3).

This is a quadratic equation and hence has two roots,
real, coincident, or imaginary.

Also corresponding to each value of » we have from (2)
one value of .

The straight line therefore meets the curve in two points
real, coincident, or imaginary.

The roots of the equation (3) are real, coincident, or
imaginary according as
(2a%me)*— 4 (B°+a®m?) x a® (¢*—b7) is positive, zero, or negative,
t.e. according as 0% (0*+a*m?) —*c® is positive, zero, or negative,
2.e. according as ¢* is <= or > a’m?® + b

261. Do find the length of the chord tniercepted by the
ellipse on the stratghi line y = nx + c.

As in Art. 204, we have
2almc a a® (¢ — &%)
—— and aa,—- o _—
azm? + b2’ P2 a2 4 b2 0
2ab JSatm® + b — @
an® + b :

so that a0, — a8, =
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The length of the required chord therefore

= J(ml_mﬂ)z + (?fl_ 92}22('1’1 _‘55'2} Jl + m?

N 2ab N1 + m2 NaPm? + F)E-ﬁﬂﬂ'
g a*m?® + b?

262. 7o find the equation to the tangent at any point
(&', ¥') of the ellupse.

Let P and @ be two points on the ellipse, whose coordi-
nates are («, ¥/') and (z", ¥").

The equation to the straight line P@ is

Y
T R (2),
mﬂg yﬂg
and—cot e =1 (3)

Hence, by subtraction,

mug . m.rg ytrg_yrz

po o 72 = 0,
. W —Y) Wy (@ =) (@ )
S b a?
e yﬂ——y’ b;m + a”
" — ao a® " + vy
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On substituting in (1) the equation to any secant PQ)

becomes
b a” + o .
y y a y +y(mHm) ----ou-1|i|1(4)|

To obtain the equation to the tangent we take @
indefinitely close to P, and hence, in the limit, we put

I

' =o' and y" =9
The equation (4) then becomes

2.8. %—i: - %}% z& =1, by equation (2)

The required equation is therefure

xx'  yy
F ey =1

o jfind the equation to a tangent tn terms of the

263.
tangent of ils inclination to the major axis

As in Art. 260, the straight line

meets the ellipse in points whose abscissae are given by
x® (b% + a®n?) + 2mea’x + a® (¢* — b%) = 0,

and, by the same article, the roots of this equation are

coincident if
c = A a?m?® + b2

In this case the straight line (1) is a tangent, and
it becomes
mx 4+ /afmZ4 b2 ... ............ (2).

This is the required equation.
Page 31
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264. By a proof similar to that of the last article, it
may be shewn that the straight line

wcosa+ysin a=p
touches the ellipse, if
p2=a2cos? a4 b?sina.
Similarly, it may be shewn that the straight line
le+ my=n

touches the ellipse, if @*? + 6°m?= n?

265. ZEquation to the tangent at the point whose
ececentric angle @8 .

The coordinates of the point are (a cos ¢, b sin ¢b).

Substituting 2’ =« cos ¢ and ¥ = b sin ¢ in the equation
of Art. 262, we have, as the required equation,

This equation may also be deduced from Art. 259.

For the equation of the tangent at the point “¢” is
obtained by making ¢'= ¢ in the result of that article.
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Bx. Find the intersection of the tangents at the points ¢ and ¢,
The equations to the tangents are

® Yy .

= cos¢+3 sing —1=0,

* P s P
and acf)sqb-}-bsmq& =1
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The required point is found by solving these equations.

We obtain
= Y-
a b ~1 :

sin;b —sing’ = cos ¢ —cos ¢ o= sin ¢’ cos ¢ — coS ¢’ sin ¢ = sin (¢ -qfa’} '

1.€.
T Y 1
*:—-'“‘ =“_I_.
P+¢ . Pp—¢f . Pt . P9 . P—9 ¢—¢
2a cos 5 81N 5 2b s1n 5 3in 5 28in 5 —a

cos 3 (¢ +¢)
cos } (¢ - ¢')

sin § (¢ + ¢)
cosk (p—¢')"

Hence z=a ,and y=>b
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266. Equation to the normal at the point (=, ¥').

The required normal is the straight line which passes
through the point («/, %’) and is perpendicular to the
tangent, 7.e. to the straight line

-
3:'— u'gy!' yr

Its equation is therefore

y—y =m(x—a),

a_r o
where m (—- E;B—,) =—1, ze. m= aﬂ—y: , (Art. 69).
a’y b
The equation to the normal is thereforey — y" = %gz , (=),
: X—X _V-Yy
2. €. X’ — y, .
a? b2
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267. Kquation to the normal at the point whose eccentric
angle 18 ¢.

The coordinates of the point are @ cos ¢ and bsin ¢.
Hence, in the result of the last article putting
' =acos¢ and y' =b sin ¢,

- x—acosp y—bsing

it becomes T s
cos $ sin ¢
a b
. aax . b .
1.E. : — = — d o=
cos ¢ s1n ¢

The required normal is therefore
ax sec ¢ — by cosec ¢ = a? — b2,

270. Some properties of the ellipse.

(a) SG=e.SP, and the tangent and normal at P bisect the
external and internal angles between the focal distances of P.

By Art. 269, we have CG =¢%x’.

Hence SG=SC+ CG=ae+ez'=¢.SP, by Art. 251,
Also S'G=08"-CG=e(a—ex)=e.S'P.
Hence ARG 8 G 8PS,

Therefore, by Euc. vi, 3, PG bisects the angle SPS’.

It follows that the tangent bisects the exterior angle between
SP and S'P.
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(B) If SY and S'Y' be the perpendiculars from the foci upon the
tangent at any point P of the ellipse, then Y and Y’ lie on the auxiliary
circle, and SY . S'Y'=02. Also CY and S'P are parallel.

The equation to any tangent is
TCOSAFYSIMA=P .ovvrvrinrnrrincneannnen (1),
where p=aJa* cos? o+ b¥sin® o (Art. 264).

The perpendicular SY to (1) passes through the point (-—ae, 0)
and its equation, by Art. 70, is therefore

(v+ae)sina—ycosa=0 ............ A (2).

If ¥ be the point (%, k) then, since Y lies on both (1) and (2), we
have

hcos a+ ksin a= /a? cos? a + b? sin? a,
and hsin a—kcos a= — ae sin a.=--\/a‘3—5"~’ sin® a.

Squaring and adding these equations, we have A2+ k%=¢2, so that
Y lies on the auxiliary circle 22+ y%=a2

Similarly it may be proved that ¥’ lies on this cixcle.

Again S is the point (- ae, 0) and 5’ is (ae, 0).

Hence, from (1),

SY=p+aecosu, and S'Y' =p-—accosa, (Arh 75.)

Thus SY.S'Y =p2%-a®2cos?a
=a?cos® a+ )2 sin? ¢ — (a? - %) cos® «
=2,
T "15
Also 0= N’
and therefore ST = {_:,faf_{.l" e ;, ;th_?} .

- . CeT_ a  _CY
St gy e, ON SP°

Hence CY and S’'P are parallel. Similarly CY' and SP are
parallel.
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(y) If the normal at any point P meet the major and minor wses
in G and g, and if CF be the perpendicular upon this normal, them
PF.PG=1l? and PF .Pg=a®.

The tangent at any point P (the point ““ ") is
y

r .
aausqb+ 5 sing¢=1.
Hence PF =perpendicular from ¢ upon this tangent
_ 1 1 ab (1)
,\/ cos?¢p sin*¢p JJbPcosPptaisinig '
2 + ¥4
a b
The normal at P is
azr by oy
— =¥ =gl B 2).
cos ¢ sin ¢ = )
ﬂ-ﬂ £ b?

If we put y=0, we have CG= cos ¢.

2

a*-b? : .
nPei= (a GOB¢ — g 908 ¢') +b2sin® ¢

o o 2 ain?
=ﬂ_gans-q5+b sin- ¢,

Lels Ely :Z— N U2 cos? ¢+ a? sin? .

From this and (1), we have PI'. PG =07
If we put x=0in (2), we see that g is the point

2 __ 12
({}, - ?‘___B_E’_ sin q&) .

a2 12 9
Hence Pyl=a?cos? ¢+ (h sin ¢ +-—E— sin :ﬁ) 5

so that Pg:% V% cos? ¢ + a? sin? ¢.
From this result and (1) we therefore have
PR, Py=u.
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271. To find the locus of the point of intersection of
tangents which meet at right angles.

Any tangent to the ellipse is
y =mx + N a*nd + b,
and a perpendicular tangent is

y:—hl—er,\/aﬂ(-—l)d—I-b?.
1 m

Hence, if (%, &) be their point of intersection, we have

E—mh=aPm 0% .oiieeirinnninns (1),
and mke +h=a®+0Meeeeearennnn.. (2

If between (1) and (2) we eliminate m, we shall have a
relation between % and 4. Squaring and adding these
equations, we have

(B + B2) (1 +m?) = (a®+ %) (1 +m?),
i.e. W+ b= a? + B2
Hence the locus of the point (%, %) is the circle
o + y* = a® + b7,
i.e. a circle, whose centre is the centre of the ellipse, and
whose radius is the length of the line joining the ends

of the major and minor axis. This circle is called the
Director Circle.

272. 2o prove that through any given point (v, )
there pass, in general, two tangents to an ellipse.

The equation to any tangent is (by Art. 263)

P=mu @ b i i (1)
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If this pass through the fixed point (x;, 7,), we have
i SR
i.e. y,2 = 2may, + mir = aPm?® + b7,
7.6 m?® (.2 — a®) — 2micyy, + (9" — 62) =0.........(2).

For any given values of «, and y, this equation is in
general a quadratic equation and gives two values of m

(real or imaginary).
Corresponding to each value of m we have, by sub-

stituting in (1), a different tangent.
The roots of (2) are real and different, if
(— 22— 4 (.'1: ?—a®) (y,® - b?) be positive,

1.e. if b’*‘.r:l - af" — a*h* be positive,

$oe 0t — + %J,; — 1 be positive,

i.e. if the point (:1:1, 7,) be outside the curve.

The roots are equal, if
Dz + a’y,? — o

be zero, 7.e. if the point (a;, %,) lie on the curve.

Page 40
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The roots are imaginary, if
T U
i e
be negative, t.e. if the point (z,, y,) lie within the curve
(Art. 255).

1
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273. ZEguation to the chord of contact of tangents
drawn from a point’ (x, 11,).

The equation to the tangent at any point ¢, whose
coordinates are z’ and y', is

xx Y
= _E;E =1
Also the tangent at the point R, whose coordinates are
" and 9", is
= L
& b
If these tangents meet at the point 7', whose coordi-
nates are x; and %,, we have

ez Yy
{52 + 5 ) S T ()
and = Jg{ Sl i (2).
The equation to QR is then
w ;
b21 : N (3).

274. To find the equ-atian of the polar of the point
(e, 2y) with vespect to the ellipse
at ar
Z+L=l. [Art. 162.]
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Let @ and £ be the points in which any chord drawn
through the point (2, y,) meets the ellipse [ Fig. Art. 214].

Let the tangents at () and & meet in the point whose
coordinates are (A, k).

We require the locus of (%, £).

Since QR is the chord of contact of tangents from
(h, k), its equation (Art. 273) is

'cﬁ yk -
Y .=1.
+ 7
Since this straight lme passes through the point (x;, #,),
we have
ha
+ %"ﬂ- =T o (L).

Since the relation (1) is true, it follows that the point
(%, k) lies on the straight line

Yy, _
Bz =

Hence (2) is the equatmn to the polar of the point
(@15 2)-

+
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277. To find the coordinates of the pole of any given
lriee
Aot B+ O =0 ccocsecsnerrne-ca (1)
It (x,, 37,) be its pole. Then (1) must be the same as
the polar of (=, #,), ¢.e.

m“’1+%%1_1=0 ................. . (2).

a2

Comparing (1) and (2), as in Art. 218, the required pole

is easily seen to be
Ao BE‘F)
(g T
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278. To find the equation lo the pair of langents thal
can be drawn to the ellipse from the point (zy, v,).

Let (%, &) be any point on either of the tangents that
can be drawn to the ellipse.

The equation of the straight line joining (%, k) to

(%, %) is
}f 7B

(m );

. k— 1 }*'1’1’1_"?"‘”1
= Y= Th—m

==

Tf this straight line touch the ellipse, it must be of the
form

y=mx +NaPmt +0°.  (Art. 263.)

Hence
m = k=4 o and (hyl kccl) = ®m* + 0.
b — h
hyl R\ k-1 :
e (B2 (2]

But this is the condition that the point (&, £) may lie
on the locus

(e —xy) =a’ (y — ) >+ 0 (w—my)® ... (1).
This equation is therefore the equation to the required
tangents.
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It would be found that (1) is equivalent to

_+_ 1)(ﬂ2 _#1) ( Y 1)2.
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279. 7o find the locus of the middle points of paralle
chords of the ellypse.

Let the chords make with the axis an angle whoss
tangent is m, so that the equation to any one of them
QR, is

4 =IO Goviinsnva sose s RS (1),

where ¢ 1s different for the different chords.

This straight line meets the ellipse in points whose
abscissae are given by the equation

a? . (max +c)®
a’ b

1. 6. 2? (@’m? + 0%) + 2a’mex + o’ (& —b%) =0 (2).

1,
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Let the roots of this equation, ¢.e. the abscissaec of @
and R, be z and a,, and let V, the middle point of ()£, be

the point (A, k).
Then, by Arts. 22 and 1, we have

@+ ame
b=t e s - (3)-
2 a*mt+ b

Also V lies on the straight line (1), so that
=000 Ousisnsisean onnis saienes (4).

If between (3) and (4) we eliminate ¢, we have
_a'm (k- mh)

iy a*m?® + 67’
3.6 BRI e ccsininairies (5).
Hence the point (%, k) always lies on the straight line
52
Y= g @i (6).
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Lo

The required locus is therefore the straight line

b2
y =m,x, where m; =— e
b2
. €. UL == (7).

28BO0. Fquation to the chord wwhaose middle point is (f, k).
The required equation is (1) of the foregoing article, where m and
c ares given by eqguations (4) and (5), so that

- b= a _ aBi® 1,2;,:2
e — % an Gy

-

The reguired eguation is therefores
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o bih dnd o all? 4 b2h2
- ai’ - a*k

The required equation is therefore
b*h  aPk2 4B
k" A atk  ?

k I
i.c. 5 (U= R+ = (= ) =0.
It is therefore parallel to the polar of (i, k).

281. Diameter. Def. The locus of the middle
points of parallel chords of an ellipse is called a diameter,
and the chords are called its double ordinates.

By equation (6) of Art. 279 we see that any diameter
passes through the centre C.

Also, by equation (7), we see that the diameter y = ma
bisects all chords parallel to the diameter 5 —ma, if
52

M ==y e b ey (L).

But the symmetry of the result (1) shows that, in this
case, the diameter 3 =mx bisects all chords parallel to the
diameter y = ma.

Such a pair of diameters are called Conjugate Diameters.
Hence

Conjugate Diameters. Def. Two diameters are
said to be conjugate when each bisects all chords parallel
to the other.

Two diameters 7 =mx and % =mx are therefore con-
jugate, if
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282. The tangent at the extremity of any diameter is
parallel to the chords which it bisects.

In the Figure of Art. 279 let (o, y') be the point 2 on
the ellipse, the tangent at which is paralle] to the chord
@R, whose &quation 18

Y =NF + Licasns vamashnmaniumiis (1).
The tangent at the point (2, 3/') is
.m: JJ
o 2).
L @)
Since (1) and (2) are parallel, we have
b*x'
e =——5=4s
ay

t.e. the point (2, #') lies on the straight line
bﬂ

e
But, by Art. 279, this is the diameter which bisects Q&

and all chords which are parallel to it.

283. Tle tangents at the ends of arny chord ineet on the
diameter which bisects the chord.

Let the equation to the chord Q& (Art. 279) be
=TT - O o sl e s e Saiey wha el (1).

Let 7" be the point of intersection of the tangents at @
and £, and let its coordinates be x, and w,.

Since & is the chord of contact of tangents from 77, its
equation is, by Art. 273,

/: %k
wh  yk_
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The equations (1) and (2) therefore represent the same
straight line, so that
b*h
m ’
t.e. (h, k) lies on the straight line

62
Y= G

which, by Art. 279, is the equation to the diameter bisect-
ing the chord QZ. Hence 7' lies on the straight line C'P.

==

284. I/ the eccentric angles of the ends, P and D, of a
par of conjugate dianveters be ¢ and ¢, then ¢ and &' differ
by a right angle.

Since I’ is the point (& cos ¢, b sin ¢), the equation to
CP is

b
yzm.;b&nqS ................ O
So the equation to O is
b
=LA th e 2
y=a.—tan b (2)
These diameters are (Art. 281) conjugate if
b‘l g 2
&Et&nqbtanqb == =
i.¢ if tan ¢ = — cot ¢’ = tan (¢’'=90°),
i-ﬂ- if ¢_¢* =i90°-

Prepared by P. Victor, Asst Prof, Department of Mathematics KAHE Page 52




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc. MATHEMATICS COURSENAME: ANALYTICAL GEOMETRY

COURSE CODE: 18MMU303A UNIT: 1I BATCH-2018-2021

Cor. 1. The points on the auxiliary circle correspond-
ing to P and D subtend a right angle at the centre.

For if p and d be these points then, by Art. 258, we
have
LpCA'=¢ and LdC4A" =4
Hence

L pOd= 2 dCA — LpCA’ = $ - ¢’ = 90"

Cor. 2. In the figure of Art. 286 if P be the point ¢,
then D is the point ¢ + 90° and D’ is the point ¢ — 90°.

285. From the previous article it follows that if 7 be
the point (w cos ¢, b sin ¢), then D is the point
{a cos (90° + ¢), bsin (90° 1 @)} v.c. (— asin ¢, bcos ).
Hence, if PN and DM be the ordinates of P and D,

we have :

NP CM CN MD

7
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286. If PCP and DCD be a pair of conjugate dia-
meters, then (1) CP*+ OD* is constant, and (2) the ares of
the parallelogram formed by the Mngmts at the ends of these

dvameters 1s conslaail.

Let P be the point ¢, so that its coordinates are a cos ¢
and b sin ¢. Then D is the point 90° + ¢, so that its co-
ordinates are

@ cos (90° + ¢) and b sin (90°+ @),
2.€. —asin ¢ and b cos ¢.
(1) 'We therefore have
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CP® = a” cos® ¢ + b* sin® ¢,
and CD*=a®sin’ ¢ + b* cos® ¢,
Hence CP:+CD*=a®+ ¥*

= the sum of the squares of the semi-axes of the ellipse.
(2) Let KLMN be the parallelogram formed by the
tangents at P, D, P’, and D"
By Euc. 1. 36, we have
area KLMWN =4 . area CPKD
=4, CU.PK=4CU.CD,

where C'U is the perpendicular from (' upon the tangent
at P.

Now the equation to the tangent at £ 1s

Ecns¢+%si11<ﬁ—1=0,

4/
so that (Art. 75) we have
e . .
\/cos’*qb sin®¢ JJ@Psin®e+cos’d CD
o’ * b*
Hence CU.CD=ab.

Thus the area of the parallelogram A LMN = 4ab,

which is equal to the rectangle formed by the tangents
at the ends of the major and minor axes.
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28%7. The product of the focal distances of a point I’ is
eqical to the square on the semidiameter parallel to the tangert

at P.
If 7 be the point ¢, then, by Art. 251, we have
SP=a+aecose, and S'P=a — aecos ¢.
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Hence SP.S8'P=c*—d’¢cos® ¢

=0’ — (a®— b%) cos® ¢
=0’ sin® ¢ + b* cos? ¢
=G

288. Ex. If Pand D be the ends of conjugate diameters, find
the locus of
(1) the middle point of PD,
(2) the intersection of the tangenis at P and D,
and (3) the foot of the perpendicular from the centre upon PD.
P is the point (a cos ¢, dsin ¢) and D is (—asin @, bcos ).
(1) If (x, y) be the middle point of PD, we have

A GO h—a sin ¢ bsiné+beos
= 459 -, and y=— (352 i

-

If we eliminatc ¢ we shall get the required locus. We obtain

mﬁ s 35 78 27—
+ 7=+ [(cos ¢ - sin ¢)°+ (sin ¢ + cos $)*] =4

The locus is therefore a concentric and similar ellipse.

[N.B. Two ellipses are similar if the ratios of their axes are the
same, so that they have the same eccentricity.]

(2) The tangents are

T (e i
Ecusqﬁ-i-ngsmcp_l,

T ?
and ——Esm¢+"—£cﬂs ¢p=1.

Both of these equations hold at the interseclion of the tangenis.
If we eliminate ¢ we ghall have the equation of the locus of their
intersections.
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By squaring and adding, we have

m‘ﬂ yg

R

so that the locus is another similar and concentrie ellipse.
(3) By Art. 269, on putting ¢'=90°4 ¢, the equation to PD is

E cas (45° 4+ ¢) —!—% sin (45° + ¢) =cos 45°.
Let the length of the perpendicular from the centre be p and let it

make an angle ¢ with the axis. Then this line must be equivalent to
2 COoS w1y Sin w=2p.

Comparing the equations, we have
45° o b si 45°
T {450+¢)=anos wpcoa and e g smw;oa ‘
Hence, by squaring and adding, 2p®=a®cos? w+ b2?sin? w, i.e. the
locus required is the curve
212 =q2cos?0 + b28in? 0, i.e. 2(2%+9y?)2=a’2?+ B3>
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293. 7o prove that, in general, four normals can be
drawn from any povnt to an ellipse, and that the swm of the
eccentric angles of their feet is equal to an odd multiple of
wo right angles.

The normal at any point, whose eccentric angle is ¢, is

¢ by o . e
c0s é sincﬁ_ﬂ = Fac
Tt this normal pass through the point (%, £), we have
- ah
e (1)
cos ¢ sin ¢

For a given point (A, %) this equation gives the
eccentric angles of the feet of the normals which pass
through (%, £).

Let tan %:t, 50 that
. ® i
— tan2 = ¥
1 'S 1 _p . 2 tan 5 9
CoS ¢ = 3= 138 and sin ¢ = =11
1 + tan? = 1+ tan?®
2 2
Substituting these values in (1), we have
1+ 1+
ah {5~ bk 57 =a’e’,
i.e. bkt* + 26 (ah + a®¢®) + 2t (ah — a’¢®) — bk =0 ... (2).
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Let ¢,, %,, %;, and ¢, be the roots of this equation, so that,
by Art. 2

ah + ae®
t1+52+2:3+t4:'—'2"—?)}— ............ (3),
by + by + Gyl + ol + 8t A 80, =0 L (4),
ah — a’e
éﬂt‘-&t‘g 'I-"' t3£4£] + tdtltz + tltﬂtg = - 2 T" ...... (5),
and R S (6).

Hence (_’}."Mgnnnmem*y, Art. 125), we have

953 Q":) 91— 83 4_31“33203'

2 2 l—s + s 0

tan + ——-+

...I

L T

— =N +

2 2’
and hence P+ Pt ps+Pp=Cn+1)m
=an odd multiple of two right angles.

- 294, We shall conclude the chapter with some ex-
amples of loci connected with the sllipse.

Ex. 1. Find the locus of the intersection of tangents at the ends
of chords of an ellipse, which are af constant length 2c.

Let QR be any such chord, and let the tangents at @ and B mect
in a point P, whose coordinates are (A, k).

Sinec QR is the polar of P, its equation is
xh  yk
= = SR
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o wr

The abscisse of the points in which this straight line meets the

ellipse are given by
ch\* K at
1 - ""§ =t ] et —5) 3
[ 5 (A

. 2 (02, ) B B
L a2 c1‘3+bﬂ a2 -

If #, and x, be the roots of this equation, i.e. the abscisse of
and R, we have
2a%b2h a* (b2 - k2
R L
404 [L2h2+ a®h2 — a?b2) k2 )
(bﬂhﬁ_l_arﬂj.';E)E "'{ -

If y, and ¥, be the ordinates of @ and R, we have from (1)

Ay = T = (T + 3P - Ay =

xzh  yk

2 Tl
and .'.’Egi! =t %ﬁz 5
so that, by subtraction,

The condition of the question therefore gives
in2
4c2=(xy ~ 1)+ (Yo~ y1)2=( 1 +ﬁa (wy = z,)*
452 1 BAR2Y (L2h2 4 a2k2 — a2b?
4{uh + 0402 (%R +a Gb'),hy{z).

(b3h2+ a_2k2)2
Hence the point (&, k) always lies on the curve

3;2 ? aZy®  b%?\ [a? 4P
(5+h)=(5F+ ) (G+E-1):

which is therefore the locus of P,
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Ex. 2. Find thelocus (1) of the middle points, and (2) of the poles,
of normal chords of the ellipse.

The chord, whose middle point is (%, k), is parallel to the polar of
(h, %), and is therefore

h k
(::—h)ag+(y—k)—52=0 ........................ (1).
If this be a normal, it must be the same as
axsec 0 — by 008e0 0=a%—0P..i..c0oviniivivniaans (2).

We therefore have
asecﬂ_—bcosacﬁ_aﬂmbﬂ

R k k% EF
az b a? " b
a’® h? k2
; b? Y
&nd Sin 6=-1.jﬂ_(?1,2_'_‘—-b2} ((-IE+ b—ﬂ).

Hence, by the elimination of 4,

a B\ /R k2 )
('Eé-l‘ E) (E.,‘,-l' F) ——-{ﬂﬁ—b“rz.

The equation to the required locus is therefore

:1:2 yﬂ 2({]-5 bﬁ - i
(EE-'-?J_E) :B_2+§§)-(a - 52)2.

Again, if (2,, y,) be the pole of the normal chord (2), the latter
equation must be equivalent to the equation

&
E %’;_—:1 e )]
Comparing (2) and (3), we have

a®secd  UPcosecd

&y 5!
6

so that 1=cos?0+sin?f= e b_ﬁ ;
s == $12+y12 (a2 - 1?2’

a?. e bﬂ’
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and hence the required locus 1g

a'ﬁ bﬁ 2 2y
;'Erz'i'??_—(ﬂ —b} .
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(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Questions Optl Opt2 Opt3 Opt4 Answer
The normal equation of parabola at the point
(am”"2,2am)........... y=mx-2a y=mx-2am-am”3 y=ax+am”3 y=ax-am y=mx-2am-am”3
The equation to the tangent at any point (x', y') of the
parabola.............. root of (x/a-y/b)=1 root of (x/a+y/b)=1 root of (x/a*y/b)=1 root of (x/a-y/b)=-1 root of (x/a-y/b)=1
latus-rectum of the ellipse is................ a/b a*2/b a/b"2 b”r2/a b~r2/a
The circle which is described on the major axis,AA' of an
ellipse as diameter,is called.................. straight line circle auxilary circle ellipse auxilary circle
A circle, whose centre is the centre of the ellipse, and
whose radius is the length of the line joining the ends
of the major and minor axis. This circle is called ............... director Circle. circle ellipse hyperbola director Circle.
Two diameters y =mx and y =- mx are therefore conjugate,
if......... mlm2=b/a mlm2=-b/a mlm2=-b"2/a"2 mlm2=-b/a"2 mlm2=-b"2/a"2
If the eccentric angles of the ends of a pair of conjugate
diameters be and then and differ by........ degree 0 45 60 90 90
Four normals can be drawn from any point to an ellipse, and
that the sum of the eccentric angles of their feet is equal to
.............mlultiple of two right angles. even odd Zero positive odd
The locus of the intersection of tangents at the ends 90]
of chords of an ellipse, which are of constant length ........... [& 2C 0 4[%5j 2C
The normals at the points(h,k) if.................. mhym2-m3=0 mlm2m3=0 ml=m2=m3=0 ml+m2+m3=0 ml+m2+m3=0
The sum of the focal distances of any point on the s 1]
curve is equal tothe..................... minor axis major axis axis parallel axis major axis
Whose length is the major axis of the required ellipse, and
fasten its ends at the points S and S' which are to be the . foci axis vertex latus foci
Equation to the tangent at the point whose eccentric angle is
(o RN XGosuyEingBina=1 |x/a cosa-y/bsina=1 |x/a cosa*y/bsina=1 |[x/a cosa+y/bsina=-1 |x/a cosa+y/bsina=1
The straight line which passes through the point (x,y) and is
perpendicular to the tangent is called the.......... straight line tangent normal ellipse normal




The equation of the directed circle..................... x\2+y"2=a+b X\ 2+y"2=a"2+b"2 x\2+y"2=a"2-b"2 x\2+y"2=a-b X\ 2+y"2=a"2+b"2
Any two lines is said to be coplanar if it must be either ------- or

intersecting parallel perpendicular perpendicular tangent parallel

If the line is ----------- to the plane, then it must be perpendicular

to the normal tothe plane intersect perpendicular parallel tangent parallel

If the line is parallel to the plane, then the angle between them is

-------- 45° 90° 0° 30° 0°

Any straight line is parallel to the plane, then it must be

perpendicular to the -------- to the plane. tangent perpendicular normal radius normal

Any -------- will lie in the plane if it is parallel and, in addition,

any one point of the line lies in the plane. Straight line normal point tangent Straight line
Two lines which do not intersect is called.................... Skew lines Sphere Plane perpendicular Skew lines
Any linear equation in X,y,Z represents ............................ Skew lines Sphere a Plane perpendicular a Plane
ANy......ocooiiii in X,y,z represents a Plane equation non linear equation  |linear equation quadratic equation  [linear equation

The straight line joining two points P and Q on a surface is
called a ------- of the surface

tangent

diameter

chord

normal

chord
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UNIT-III

Hyperbola: Asymptotes — equations referred to the asymptotes an axes — one variables
examples.
Spheres: The Equation of a sphere - Tangents and tangent plane to a sphere - The radical plane

of two spheres cylindrical surfaces. Illustrations of graphing standard quadric surfaces like
cone, ellipsoid.
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THE HYPERBOLA.

295. TuEr hyperhola is a Conic Section in which the
eccentricity e is greater than unity.

To find the equation to a hyperbola.
Let ZK be the directrix, S the focus, and let SZ be

perpendicular to the directrix.

There will be a point 4 on 4Z, such that
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Since ¢ > 1, there will be another point 4';, on SZ pro-
duced, such that
SAd'=e A'Z...coocovivinninnin.n. (2).

Let the length 44" be called 2a, and let C be the middle
point of 44",

Subtracting (1) from (2), we have
Qa=A4"=e. A'Z—¢.AZ
=¢[CA"+ CZ)-e[CA-CZ]=¢.20%,

i.e. O i cereenee (3).
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Adding (1) and (2), we have
e(AZ +A'Z)=84"+ S4 =2C,
Z.€. e..AA"=2_.0C.5,
and hence CS — ae. e

Let C be the origin, CS5X tha axis of o, and a straight
line C'Y, through C perpendicular to CX, the axis of

Lel £ be any point on the curve, whose uuurdinab&:s are
o« and ¥, and let P4 be the perpendicular upon the directrix,
and PN the perpendicular on 44"

The focus S is the point («e, O).
The relation S =¢*. PMW2=¢>. ZN? then gives

12
(x—ae)®*+ y* =e° I::c —%_‘ -

%.€. a? — 2aex + a’e® + y? =e*x® — 2aex + .
Hence x* (e —1)—y*=a’ (e — 1),
. o e
z.€. 2 a0 I cosmevrsnseinaans (5).

Since, in the casc of thc hyperbola, ¢ > 1, the quantity
a” (¢ — 1) is positive. Tet it be called &% so that the equa-
tion (5) becomes

xE yE

opE = L (6),
where 5 = a®e? — a? _ng A e oh et B
and therefore CSZE=a@® +0% o cvieinnannaanaa. (B
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296. The equation (6) may be written

Y’ 1b:ﬂ2-¢f (& —a) (= +a)
o I 2N
) P* AN.NA
e B P
so that PN2 AN . NA' :: b* : o

If we put w=0 in equation (6), we have o =—10%

shewing that the curve meets the axis ¢Y in imaginary
points.

Def. The points 4 and 4’ are called the vertices of the
hyperbola, €' is the centre, 44’ is the transverse axis of the
curve, whilst the line BB’ is called the conjugate axis,
where 5 and B’ are two points on the axis of y eqmdlst&nt
from (] as in the figure of Art. 315, and such that

BO=0CEB =0,

297. Since S is the point (ae, 0), the equation referred to the
focus as origin is, by Art. 128,

(x+ae)®
@ e
i.e. :’; 2—-%2“- 1=0,

Similarly, the equations, referred to the vertex 4 and foot of the
directrix Z respectively as origins, will be found fo be

¢ y: 2z

2 n#ta="
2 y* e 1

The equation to the hyperbola, whose focus, directrix, and eccen-

tricity are any given quantities, may be written down as in the case
of the ellipse (Art. 249).
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298. There exist a second focus and a second directrix

to the eurve

On SC produced take a point S, such that,

SC = C8' = ae,
and another point Z’, such that
Z0=02"="~.

Draw Z'M" perpendicular to A4, and let P be pro-
duced to meet it in J/".

The equation (5) of Art. 295 may be written in the
form

a? + 2aer + a’e® + 1° = e*x® + 2aex + o,
. @

2.8, (e + as)? + 9%= ¢ (E + )2 )
v.6. S P=e¢(Z'C+CN)P=e.,PM"

Hence any point 2 of the curve is such that its distance
from S’ is e times its distance from Z’K’, so that we should
have obtained the same curve if we had started with S’ as
focus, Z'K” as directrix, and the same eccentricity e.
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299. The difference of the focal distomces of any poini
oi the yperbola 1s equal to the transverse axis.

For (Fig., Art 295) we have
SP=¢.PM, and §S'"P=¢. PM'.
Hence S'P—8SP=e(lPM' —PM)=e¢. MM
=e. %' =2.0Z=2n
= the transverse axis A4,

Also SP=¢g. PM=¢, ZN=¢.ON—-¢.0Z=€xX"—a,
and S'P=¢.PM =¢. Z’N=¢.0N+e¢.Z'C=ex’+a,

where & is the abscissa of the point 2 referred to the centre
as origin.

300. Latus-rectum of the Hyperbola.

Let LSL' be the latus-rectum, z.e. the double ordinate
of the curve drawn through S.

By the definition of the curve, the semi-latus-rectum SZ

= ¢ times the distance of Z from the directrix
=¢.84=¢(CS-C2Z)

2 e
e, 09 eoz-_-asﬁ—a;-%,

by equations (3), (4), and (7) of Art. 295.
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312. Asymptote. Def. An asymptote is a straight
line, which meets the conic in two points both of which are
situated at an infinite distance, but which is itself not alto-
gether at infinity.

313. 7o find the asymptotes of the hyperbola
m3
el

Ag in Art. 260, the straight line

meets the hyperbola in points, whose abscissae are given by
the equation

a® (6* — a*m?®) — 2a’mex —a® (¢ + b)) =0 ...... (2).
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If the straight line (1) be an asymptote, both roots of (2)
must be infinite.

Hence (C. Smith’s Algebra, Art. 123), the coefficients of
#? and 2 in 1t must both be zero.

We therefore have

b —a’m*=0, and a*mec=0.

b
Hence m==—, and ¢=0.
(1 1

Substituting these values in (1), we have, as the .
juired equation,

y=+—ua.

There are therefore two asymptotes both passing
shrough the centre and equally inclined to the axis of ,
the inclination being

b

tan™! —.
@
The equation to the asymptotes, written as one equa-
tion, is
:1:2
a: b

Cor. TFor all values of ¢ one root of equation (2) is

infinite if m==%_—. Hence any straight line, which is

parallel to an asymptote, meets the curve in one point at
infinity and in one finite point.
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314. That the asymptote passes through two coincident points
at infinity, i.e. touches the eurve at infinity, may be seen by finding
the equations to the tangents to fhe curve which pass through any

point (-"*'1! %ml) on the asymptote yz%m.
As in Art. 805 the equation to either tangent through this point is
y=ma + fa?m? = 1%,

b i
= L
where =% mm1+Jam b2,
i.e¢. on.clearing of surds,
b b2
mﬂ {mlﬂ = ﬂ-g:l == 2m E :1:12 + (E]E "I" {Iﬂ} Eﬂz ﬂ.
One root of this equation is m:%, go that one fangent through

the given point is y = E x, i.e. the asymptote itself.

215. Geomaotriceal construction foir the asympiotes.

T.et A4°4 be the tramsverse axis, and along the conju-
gate axis measure off CF and OB, each equal to b.
Through B and B draw parallels to the transverse axis
and through 4 and 47 parallels to the conjugate axis, and

let these meet respectively in A, A,, K,, and K,, as in the
figcuroe.
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Clearly the equations of K,CK, and K,CK, are

b b
y==~and y=—~-uz,

and these are therefore the equations of the asymptotes.

316. Let any double ordinate PNVP’ of the hyperbola
be produced hoth ways to meet the asymptotes in ¢ and €',
and let the abscissa C'V be «'.

Since P lies on the curve, we have, by Art. 302,
NP = 5 Ja®=a®

Since ) is on the asymptote whose equation is y = -Eiar,
(4]

we have NQ = 2 7))
Hence PO=NQ - NP = 2 (o' — ,J_m"ﬂ —a,

and . OF = i— (' + N -m“).

=
Therefore PQ. QP = :_ﬂ{m*ﬂ — (= ) =

Hence, if from any point on an asymptote a straight
line be drawn perpendicular to the transverse axis, the
product of the segments of this line, intercepted between
the point and the curve, is always equal to the square on
the semi-conjugate axis.
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2
PQ=—(x'— Nx®—d? ﬂ)-—-
& @ o + o= a?
ab
2 + a2 a?

P@Q is therefore always positive, and therefore the
part of the curve, for which the coordinates are positive,
is altogether between the asymptote and the transverse
axis.

Also as 2 increases, t.e. as the point P is taken further
and further from the centre C, it is clear that P@ con-
tinually decreases; finally, when «' is infinitely great, P@
is infinitely small.

The curve therefore continually approaches the asymp-
tote but never actually reaches it, although, at a very great
distance, the curve would not be distinguishable from the
asymptote.

This property is sometimes taken as the definition of an
asymptote,
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317. If SF be the perpendicular from S upon an
asymptote, the point /' lies on the auxiliary circle. This

follows from the fact that the asymptote is a tangent,
whose point of contact happens to lie at infinity, or it may
be proved directly.

For
GF:GEGGEH}ngS-(Efﬁvfi'ﬂ+-.1ﬁ2.——- o = .
CK a® + b®
Also Z being the foot of the directrix, we have
CA2=CS.CZ, (Art. 295)

and hence CF?*=0CS.CZ, 2.e. CS : OF :: CF : OZ.

By Euc. VL 6, it follows that : CZF = ¢ CFS=a right
angle, and hence that /' lies on the directrix.

Hence the perpendiculars from the foci on either asymptote
meet it im the same poinis as the corresponding directriz,
and the common poinits of intersection {lie on the auwxiliory
crrele.
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THE SPHERE.

56. Equation to a sphere. [f the axes are rectangular
the square of the distance between the points P, (2, 3,. 2,)
and Q, (%, ¥a, 25) 15 Z1ven by (.r.‘g-—:i'l_]'z—}—[yﬂ— :;1)‘3.{.(43 -z
and thervefore the equation to the ;-:l]]]r_grﬂ whose centre is
P and whose radius 1s of length », i3

@= 2, P+ (y =y P+ (e —2) =7

Any equation of the form

ar* 4oy + ozt +2ur+ 20y + 2wz 4d =0
can be written

(a4 ::’) +(y+2) +(=+ o R g

\ ) T e

and therefore represents a sphere whose eentre iy

o

w oW . Nt a0 — ad

(-.—, e ——) and radius R
(4} il o i

57. Tangents and tangent planes. If P,(x, 7, 2) and
Q, (4, Y,, 2,) are points on the sphere a?+9*+4z2=«? then
xl+ o+ 2 ==l +y, +2,°
and therefore
(2, — 2 ) (@, +25) + (Y, — Y ¥, + ¥o) + (2, — 2,2, +2,)=0.
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Now the direction-cosines of PQ are proportional to
Xy =y, Yy — Yy, 2, — 2,3 and if M is the mid-point of PQ and
O is the origin, the direction-cosines of OM are proportional
to @, oy, ¥, 495 5 +2%. Therefore PQ is at right angles

to oM. Suppose that OM meets the sphere in A and that
PQ moves parallel to itself with its mid-point, M, on OA,
Then when M is ab A, PQ is a tangent to the sphere at A,
and henee o tangent at A 1y at vight angles to 0A, and the
locus of the tangents at A is the plane through A at rvight
angles to 0A. This plane is the tangent plane at A, The
equation to the tangent plane at A, («, 3, y), 1s

(r— oty = BB+ =)y =0,
or ro+yB+zy=u’+ 3+ y =a’

*58. Radical plane of two spheres. [f any sccant
through e given point O meets a given sphere in P and Q,
OP.0Q is constant.

The equations to the line through O, (a, B, y), whose
direetion-cogines are [, m, 1, are

7
iy

z=a_y—B _z—vy ,__
o ™ - n (—?)1

The point on this hine, whose distance from 0 15 o, has
coordinates a+1lr, B+ mr, y+ar, and hes on the sphere
F(ryz)=a(e®+y7+ 2%+ 2uae+2vy+ 2wz + d=0
A 2
‘]E;FF cF

- oF
24 e _
if wr* =+ ( £+”1E'ﬁ+ﬂﬁ'}')+lz(&' B, v)=0.
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This equation gives the lengths of OP and 0Q, and hence
OP.0Q 18 given by F(w, B, v)/a, which is the same for all
secants throngh O.

Definition. The measure of OP.0OQ i3 the power of O
with respect to the sphere,

If S, =a*+ 2+ 2%+ 2ua+ 20,y + 2w,z 4+ d, =0,

S, =224+ 9+ 22+ 2w+ 20,y + 2w,z 4 d, =0

are the equations to two spheres, the locus of points whose
powers with respect to the spheres ave equal is the plane
given by
S, =S, or 2(u, —uy )+ 2(vy — vo)y 4+ 2(w, —wy)z+ d, —d,=0.

This plane 1s ealled the radical plane of the two spherves.
It is evidently at right angles to the line joining the
centres.

The vadieal planes of three spheves taken two by two
pess through one line.

(The equations to the line are 8,=8,=8,.)

The rvadical plunes of four spheres taken twa by two
pass throwgh one point. :

('The point is given by §,=8,=8,=8,.)

The equations to any two spheves can be put in the form
iyt 2t 2N+ d =0, of 44224 2\ p 4 d=0.

(Take the line joining the centres as @-axis and the
radical plane as x=0.)

The equation @42+ 224+ 2 w4 d =0, where A is a para-
meter, represents a system of spheres any two of which
have the same radical plane. The spheres are said to be

ool I
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THE CONE.

59. Equation to a cone. A cone is a surface generated
by a straight line which passes through a fixed point and
interseets a given curve. If the given pomt O, say, be
chosen as ovigin, the equation to the cone 1s homogeneous.
For if P, («, %/, z’) is any point on the cone, &, ¥, 2’ satisly
the equation. And since any point on OP is on the
cone, and has coordinates (A, ky', kz'), the equation is also
satistied by ko', by, k2" for all values of £, and therefore
must be homogeneous.

Cor, If a/l=y/lm=z/n is a generator of the cone re-
presented by the homogeneous equation f(x, y, 2)=0, then
fll, m, n)=0. Conversely, if the direction-ratios of a
straight line which always passes through a fixed point
satisfy a homogeneous equation, the line is a generator of
a cone whose vertex is at the point.

COURSENAME: ANALYTICAL GEOMETRY
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60. Angle between lines in which a plane cuts a cone.
We find it convenient to introduce here the following
notation, to which we shall adhere throughout the book.

D=|u, &, g |.

h, b, [ |

g f e

D . oD oD
A=_ =he—ji? B=_——=c¢u—g% C=_—=ab—1%;
e~ ¢ ob 4 e v
12D : 1D - 1D .

Teb Y Smg SN RS s dh

The student can easily verify that
BC—F‘=uD, CA—G*=10D, AB — H*=¢D
GH—AF=fD, HF—BG=¢gD, FG—CH=/LPD

In what follows we use P2 to denote

| thy By G U |,
b, f, w
g, L ¢ w

w, v, w, 0

or — (A4 B 4+ Cu + 2Fvnw + 2Guwn 4+ 2Hu ),

The wwes being vectangular to find the angle between (the
Lines in which the plane we+ vy 4wz=0 cuts the cone

f(x, 4, 2) = ax?+ biyP+e2® 4 2fyz + 2920 + 2hay = 0.
if the line &/l=%/m=z/n lies in the plane,
e vmwn=0; ....coiciiciieiiaiien (1)
if it lies on the cone,

LN, NI=0 cossimassssicissnsns (2
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Eliminate n between (1) and (2), and we obtaiu
P(cu® 4 aw® — 2gwre) + 20m (hao + cuv — furw — gow)
FmH e+ F=2f0) =0 iiverennni(3)

Now the direction-cosines of the two lines of section
satisfy the equations (1) and (2), and therefore they satisfy

equation (3). Therefore if they ave I, gy, n, 5 L, my, 1,3
£yls e,

b ¢ U'—!:_f}';' w e+ i — 2y

S _ by b,
— 2t 4 cwr — e — o)

Ly, —Em,

s . T mar  re i s %
4 2 [(hrwFtecrwo. . P —(bw? D (enw®. L)) F
Ly, — &y

—+ 2wpP
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From the symmetry, each of the expressions in (4) is
seen to be equal to
1,y Tty — Mgty =f£lf.3 -yl

-

avi4bui—2huv +2uP + 20P

But if 6 is the angle between the lines,

cos 6 B sin §
. % T = e = & }_..
Elatmpm, -, { Z(nyn,—nen,)* )2
cos 6 sin 6

(atb4e) (w4 v wt) —f(w, v, w) i ;g (.@_5‘3 4q QUE}%P.
61. Condition of tangency of plane and cone. If P=0,
or AuZ+Bit4Cu?+ 2Fvw + 2Gwu 4 2Huv =10, ......(1)

then sin @ =0, and therefore the lines of section eoincide, or
the plane touches the cone. Equation (1) shews that the

4 i & .
line = =% == e the normal through O to the plane, is a
Ll (h i

generator of the cone

A.[:3+Byﬂ+c:-'l+2Fyz+EG3l;+2H;z:y =1}, ,“,,,,“(2)

Similarly, since we have BC—F*=aD, and the corre-

sponding equations at the head of paragraph 60, it follows
that a normal through the origin to a tangent plane to the
cone (2) is a generator of the cone

byt e+ 2fya 4 2gaxn 4 2hay =0,
ic. of the given cone. The two cones are therefore such
that each is the locus of the normals drawn through the
origin to the tangent planes to the other, and they are on
that account said to be reciprocal.
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62. Condition that the cone has three mutually per-
pendicular generators. The condition that the plane should
cut the cone in perpendicular generators is

(D422 D) =f(e, 0, 1), ovisinnea (1)

If also the normal to the plane lies on the cone, we have

S, v, 10)=0,
and therefore i+b4e=0.

In this case the cone has three mutually perpendicular
generators, viz, the normal to the plane and the two per-
pendicular Iines m which the plane euts the cone,

It e+ Hh4e=10, the cone has an infinite number of sets of
mutually perpendicular generators.  For if we4 vy 4wz=0
be any plane whose normal lies on the cone, then

Ju, v, w)=0,
and therefore (w404 ) (u®+ v+ w?) = flu, v, w),
smce a+b+e=0,

Henee, by (1), the plane cuts the eone in perpendicular
generators.  Thus any plane through the origin which is
normal to a generator of the cone cuts the cone in perpen-
dicular lhnes, or there are two generators of the cone at
right angles to one another, and at right angles to any
oiven generator.

63. Equation to cone with given conic for base. 7o
finel the equation to the cone whose verter is the point
(12, B, y) «nd buse the conie

J@, yy= a4 2oy + b+ 202 + 2fy+e=0, 2=0,
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The equations to any line through («, 8, y) are

2—o_Y—f_ p
] m =¥

" and the line meets the plane =0 in the point

(—Lly, B=amy, 0).
This point 18 on the given conie if floe=Lly, B=my)=0,

ieit  fon =y (Lt mZ) by el m)=0, oo (1)

where ¢(; y)=ax®+2hey+by®.  If we eliminate { and m
between the equations to the line and (1), we obtain the
equation to the locus of lines which pass through (&, 8, y)
and intersect the conig, Z.e. the equation to the cone. The
result 18

=L of Y Baf (L i; B
fo B=v(Eoa L =0 ) +re(F=5, 220)=0

o/

o, (= yfio, B)=ye=) (T +7=Bp)
+yip(x—ct, y—B)=0.

This equation may be transformed as follows :
. The eoefficient of y* 1s

o B+ o= Lt (=B 4= y =)

= fla+x—a, B-l—z?f_; B)“—‘f(-l:: Y);

and the coefficient of —zy 1s

u—m)-—iw B+ 2f(c B
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If f(x, %) be made homogeneous by means of an auxiliary
ariable ¢ which is equated to unity after difterentiation,
we have, by Eu]er’H tllemrem,

ﬁ +’a: 2f(ex, B, ).

Therefore the ttmﬁlcmnb of —zy becomes

% fa) (5
4 T :C"f:+f- ::f-
(¢ M ] | o

Hence the equation to the cone is
| of of . ,of o
2 A Gl A Bt N
2P, B) --?(*GE..LJH TR )ﬂ*.ﬂ-h y)=0

1t is to be noted that by equating to zero the coeflicient
of 2y, we obtain the equation to the polar of (w, 5, 0) with

respect to the given conie.
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64. The iocus of the equation

et e
1 — = _— ==
1) ezt b2t o2 e
@2 % 22
=2 o T —
("‘} o= L2 AE 1:-
a2 2 22
BY S
3 o2 &= +63
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We have shewn in §9 that the equation (1) represents
the surface generated by the variable ellipse

irs 1
— 'r—l — ] ——3 :, e Jfl;ll
({2+ e ¢* :

whose eentre moves along Z'0Z, and passes in turn through
every point between (0, 0, —¢) and (0, 0, +¢). The surface
/s the ellipsoid, and is vepresented in fig. 29. The section
by any plane parallel to a coordinate plane is an ellipse.
Similarly, we might shew that the surface represented
by equation (2) is genurutud by a variable ellipse

Y G
fﬂz_l_#" S 2=,

-
—

whose eentre moves on Z'0Z, passing in turn through
every point on it. The surface is the hyperboloid of one
sheet, and 1s vepresented n fig. 30. The seetion by any
plane parallel to one of the coordinate planes YOZ or ZOX)

18 & hy perbola.
b
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The surface given by equation (3) is also generated by a
variable ellipse whose centre moves on z'0Z. The ellipse

is given by 2t 2 2
e e =t s 1 y = .'{:,
at s b

and is imaginary if —e <k <e¢; henee no part of the
surface lies between the planes 2= te.

The surface is the hyperboloid of two sheets, and s
represented in fig. 31, The seetion by any plane parallel
to one of the coordinate planes YOZ, ZOX is a hyperbola.

If (@, %, 2) is any point on one of these surfaces,
(—z,, —y, —=) is also on it; hence the origin bisects all
chords of the surface which pass through it.  The origin is
the only point which possesses this property, and is called
the centre. The surfaces are called the central conicoids.
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Possible Questions
Questions Optl Opt2 Opt3 Opt4 Answer
2UqUy + 2V, = 2U4U5 - 2V, - 2W W, [2U4U5 + 2V, + 2uqU, + 2V, + 2UqUy + 24V + 2W W, =
The condition for the line spheres to cut orthogonally is ------ d,+d, =d;+d, 2W W, = dy+d, 2WW, = di-d, dy-d,
The radius of the sphere O( u?+ v’+ w? — d) is imaginary , then
that sphere is called ------- sphere. real imaginary equal point imaginary
The radius of the sphere O( u?+ v?+w? — d) is equal to zero, then
that sphere is called ------ sphere. real imaginary equal point point
A - is the locus of a point which moves such that its distance
from a fixed point is always equal to a constant. sphere cone cylinder right circular cone | sphere
In a sphere the constant distance is known as ---------- of the
sphere. diameter radius chord normal chord
The equation of a sphere whose centre(a, b, ¢) and radius r is ------ x—a’Hy-b)’  |(x+a)’ +(y+h)’ +z |(x— )’ Hy— b)Y’ +Z |(x —a) Hy - b) +(z |x—2a)’ Hy—b)’ +z -
-- +Hz—c)=r +c)f=r —c)f=r —c)=r c)?=r?
The equation of a sphere whose centre is the origin and radius ‘r’ |(X — a Hy-b)*  |(x+a)’ +(y +b)’ +(z
IS -----—-- Hz-c) =1 +c)?=r x2+y2+z2=1 X +y +z =7 x2+y2+z2=1p
A sphere is the locus of a point which moves such that its distance|q o 0
froma fixed point is always ------ to a constant. not equal equal less than g?‘gater than equal
. . . 90° . 50

Ina - the constant distance is known as radius of the sphere.|sphere cone cylinder It sphere
The equation of a............... whose centre(a, b, ¢) and radius r is
(x—a)’ +Hy—bPZ+Hz-c)?="r sphere cone cylinder line sphere
The equation of a ------—- whose centre is the origin and radius ‘a’
isx2+yZ+z%=1r cylinder cone sphere line sphere
In asphere S = X2 +y* +7° + 2ux + 2vy + 2wz + d = 0, the centre
is given by ------ (SRS SRy =P (u, v, w) (U2, V2, W) (U2, V2, W) (-u, v, -w)
In asphere S = X2 +y* +2° + 2ux + 2vy + 2wz + d = 0, the radius
is given by ------- O(u?+ VP+ W —d) |O(ut v+ w—d) O(u%+ v+ w?) O(u%+ v+ —d) O(UP+ v+ w2 — d)




A sphere is of the ----- degreein x, y, z. first third second fourth second
In a sphere equation, the coefficients of 3¢, y, z* are all ------ 2 1 3 4 1
In asphere S = X +y? +2° + 2ux + 2vy + 2wz + d = 0, the - is
given by O( u’+ v+ w? — d) chord centre radius diameter radius
A - is of the second degree in X, y, z. sphere cone cylinder line sphere
[ — equation, the coefficients of 32, y*, z2 are all equal.  [cylinder cone sphere line sphere
The radius of the sphere O( u?+ v+ w? — d) is real, then that
sphere is called ------- sphere. real imaginary equal positive positive
(-a)*+(y-a)+(z-  |(x-a)*+(y-a) +(z-
The general equation of the sphere is.................... X+y+z=0 X2+y*+7=0 a)’=r? a)’=0 (x-a)>+(y-a)*+(z-a)’=r’
The equation of the sphere, whose centre is the origin and radius (x-a)*+(y-a) +(z- ( x-a)°+(y-a)*+(z-
IS TS eeeeeeeeeeeeeee, X+y+z=0 Xe+yP+z2=r a)’=r? a)’=0 Xe+yP+z’=r’
In a sphere ,the fixed point is called.................... centre radius origin circumference centre
In a sphere,the constant distance is called -------- of the sphere. centre centre radius origin radius
The centre of the sphere X2+y?+7°+2ux+2vy+2wz+d=0
ISye ettt e iiiieeeeeanns —U,-V,-W u,v,w u,v,-w —Uu,V,W —U,-V,-W
The radius of the sphere x*+y*+z+2ux+2vy+2wz+d=0
0. uPHA+w-d v u’HA+w-d v u’HA+wiHd VP HAHw V u?HAHwi-d
If the centre is (2,-3,1) and radius is 5,then the equation of the  [X*+y?+Z%-Ax+6Y-22- |X*+y*+Z2+2x+2y+27 |XP+y*+Z°+2ux+2vy+
sphereis.................. 11=0 +1=0 2wz+d=0 Xo+yP+7? Xe+yP+72-Ax+6y-22-11=0
The centre of the sphere X2+y*+7°+2x-4y-6z+5=0 is................. 1,2,3 1,32 1,32 -1,2,3 1,23
The radius of the sphere X*+y?+z%+2x-4y-6z+5=0
I1S.uieeiiiiiiianens 4 2 3 5 3
The plane section of a sphere is........................ circle cone cyclinder sphere circle
The curve of intersection of two spheresisa .................. cone circle cyclinder sphere circle
The section of a sphere by a plane passing through its centre is
calleda................. circle cone great circle cylinder great circle
XX HYY,+2Z1 HU(X+Xg
JHV(y+yr)+w(z+z,)+ XE+YP+Z5H2ux+2vy+ XXqHYY1+2Z4HU (XX )+
The equation of the tangent plane is .......................... d=0 x2+y2+22=0 2wz+d=0 X2+ y2 +22=1? y+y;)+W(z+24)+d=0
In the standard equation of the sphere, the coefficients of 3¢,y
Z2are -—- parallel perpendicular equal not equal equal

Two spheres S1 and S2 whose radii are r1 and r2 touch externally
if the distance  between their centers is equal to the--------

difference of their
radii

sum of their radii

multiple of their radii

division of their
radii

sum of their radii

The locus of a point which moves so that it’s distance from a fixed
point remains constant

Parapola

Coplanar

Sphere

Stright line

Sphere




If the center of the sphere is at the origin then the equation of the

sphereis.................. X +y +22=1 X2+ Yy +22=0 X +y +78=1 X+ Y +22 #1 X+ y +28 =12
The sphere is X + y? + 22 +2ux +2vy +2wz +d = 0 the center is
......................... C (-u,v.w) C (-u,-v.-w) C (-u,v.-w) C (u,-v.w) C (-u,-v.-w)
The condition that the plane ax+by+cz+d =0 may touch the sphere
is length of the  Perpendicular from the center of the sphere to diameter of the
the plane is equal t0...................... radius of the sphere |center of the sphere [one sphere radius of the sphere
That the plane section of a sphereisa ............................ radius of the sphere [center of the sphere [circle sphere circle
In —---eeeeeee- the moving straight line in any position is called
generator. curve Sphere circle cone cone
ax’ -by? - ¢z - 2fyz |ax? +by? + ¢z + 2fyz [ax® +by? + c2* - 2fyz - ax’ +by? + ¢z - 2fyz -

The equation of the cone with vertex at the origin is ----------

+2gzx + 2hxy =0

+2gzx + 2hxy =0

2gzx - 2hxy =0

ax? +by? + ¢z’

2gzx - 2hxy =0
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The angles between two directed lines, the projection of a segment , relation between a
segment and its projection , the projection of a broken line , the angle between two planes ,
relation between areas of a triangle and its projection , relation between areas of a polygon.

1. Segments. "T'wao zesments AB and CD are snid to
have the socne divection when they are collineny o parailel,
and when B 19 aon the smvane side of A ns D 15 of © I ae
ainl CB hawve the same (dnvection, BA and DB have opposite
cli rectiorns, If A il o are of the ssvne lengebh and in
the same direction they are saild to be zaunivalent segments.

2. IF A, B, C, ... M, P aro any porints o1 a straiaght
finne o, and the comvverntioar is andades tlant o seagment of
the siraleclhtl line is positive or negsative acconding as its
direction is that of O or OX', then we have the followingo
relntions -

A8 — —BA [ Q- AB—DB, LR AR — OB —OA,
o OA+-AB - BO = ()
Oh == AR =BG ... MNP = OP.

3. Coordinates. let XOX, YOY, Z0z be any three
fixed intersecting lines which are not coplanar, aud whose
positive directions are chosen to be X'OX, Y'OY, Z0Z ; and let
planes through any point in space, P, parallel respeetively
to the planes YOZ, ZOX, XOY, cut X'X, Y'Y, Z'Z in A, B, C,

(fig. 1), then the position of P is known when the segments
B.G. A €
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OA, OB, OC arc given in magnitude and sign. A con-
struction for P would be: cut off froin OX the segment OA,
draw AN, through A, equivalent to the segment OB, and
draw NP, through N, equivalent to the seginent OC. OA,
OB, OC are known when their measures are known, and

these measures are called the Cartesian coordinates of P
with reference to the coordinate axes X'OX, YOV, Z'OZ.
The point O is called the origin and the planes YOZ, ZOX,
xoY, the coordinate planes. The measure of OA. Lhe
segment eut off from OX or OX’ by the plane through P

- .~ T IR
Y’ i _."EO / B Y
PO |
o i
A N
- % 7’
) Fic. 1.
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parallel to YOZ, is called the x-coor dinate of P; the measures
of OB and OC are the ¥ and z-coordinates, and the symbol
P, (x, v, z) is used to denote, “ the point P whose coordinates
are x, ¥, z.” 'The coordinate plane& divide space into etght
parts called octants, and the signs of the coordinates of a
point determine the octant in which it lies. The following
table shews the signs for the eight octants:

Octant | OXYZ lOX'YZ OX'Y'Z OXY'Z| OXYZ’ OX"YZ” OX'Y'Z'|OXY'2Z
x + l |- + + | _ - +
y 1 ‘ + = - + + | — -
- | + ; + + + ~ — l = -

it ] et e
S R S ¥

oblique.”

e T |
' LHiell

rectangular,” otherwise they are “
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4, Sign of direction of rotation. By assiening positive
directions to a system of rectangular axes X'X, Y'Y, Z'Z, we
have fixed the positive directions of the normals to the
coordinate planes YOZ, ZOX, XOY. Retaining the usual
convention made in plane geometry, the positive dircetion
of rotation for a ray revolving about O in the plane xov
1s that given by XYX'Y', that is, is counter-clockwise, if the
clock dial be supposed to coincide with the plane and front
in the positive direction of the normal. Hence to fix the
positive direction of rotation for a rvay in any plane, we

have the rule: +of « clock dial is considered to coineide
with the plune and front wn the positive dirvection of the
normal to the plane, the positive divection of rotution

for a wray vevolving in the plane s counter-clockwise.
Applying this rule to the other coordinate planes the
positive directions of rotation for the planes Yoz, zox
are seen to be YZY'Z', ZXZ'X'.
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6. Cylindrical coordinates. If X'OX, YOY, Z'0zZ, are
rectangular axes, and PN is the perpendicular from any
point P to the plane XOY, the position of P is determined
if ON, the angle XON, and NP are known. The measures
of these quantities, 7, ¢, z, are the cylindrical coordinates
of P. 'The positive direction of rotation for the plane XOY
has been defined, and the direction of a ray originally
coincident with OX, and then turned through the given
angle ¢, is the positive direction of ON. 1In the figure,
u, ¢, z are all positive.

If the Cartesian coordinates of P are ®, ¥, z, those of N
are x, i, 0. If we consider only points in the plane XOY,
the Cartesian coordinates of N are @, v, and the polar, u, ¢.
Therefore

z=acos ¢, Yy=using; ul=x’+y>% tan =yl
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Olfzs- >
Y’ & Y
el
N.
% .
z'
Fia. 2.

6. Polar coordinates. Suppose that the position of the
plane OZPN, (fig. 2), has been determined by a given value
of ¢, then we may define the positive direction of the
normal through O to the plane to be that which malkes an
angle ¢+ /2 with X’0X. Our convention, (§ 4), then fixes
the positive direction of rotation for a ray revolving in the
plane 0ZPN. The position of P 1s evidently determined
when, in addition to ¢, we are given » and 0, the measures

of oP and zoP. The quantities r, 6, ¢ are the polar
coordinates of P. The positive direction of OP 1s that of a
ray originally coineident with 0z and then turned in the
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planie 0ZPN through the given angle 6. In the figure, Om
is the positive direction of the normal to the plane OZPN,
and r, 0, ¢ are all positive.

If we consider P as belonging to the plane OZPN and OZ
and ON as rectangular axes in that plane, P has Cartesian
coordinates z, w, and polar coordinates 2, 0. Therefore

z=9rcos@, u=rsinf; r*=z2241% t &119-—-

n|“°

But if P is (&, ¥, 2), =105 ¢, Yy =1 8In ¢.
Whence =1 sin 0 cos ¢, y=7sin 0sin ¢, 2=1c0s 0

Jai
e if t

12=xi4y*427% tan 9- an ¢ = %

Cor. If the axes are rectangular the distance of (z, v, 2)

L

from the origin is given by a2+ 32422

7. Change of origin. Let X'OX, Y'OY,Z'0Z; odww, B'wf,
v'wy, (fig. 3), be two sets of parallel axes, and let any point P
be (z, ¥, =) referred to the first and (&, », {) referred to the
second set. Let w have coordinates «, b, ¢ referred to
OX, OY, 0Z. NM 1s the line of intersection of the planes
Bwy, XOY, and the plane through P parallel to Bwy cuts
w3 in GH and XOY in KL.
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A

Then OL=0OM -+ ML=0OM 4 wH,
therefore x=a+£& Similarly, y=b4y, s=c+(;
whence E=x—a, n=y—0, {=2—c.,

8. 10 find the coordinates of the point which divides the
join of P, (2, iy, %) and Q, (%4, Yy, %) t0 @ given rutiv,
Al
~ Let R,(x, 4, 2), (fig. 4), be the point, and let planes through
P, Q. R, parallel to the plane YOz, meet OX in P, Q) R.
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Then, since three parallel planes divide any two straight
lines proportionally, PR : P'Q'=PR: PQ=X:A+1. Therefore
x— 2 A A, + &
1 _ Ay i
= , and r=—2—2
Zo—2, A+1 A+]

_ A+, z=?\f52+z,
& o O A+1

Similarly, Y

Prepared by P. Victor, Asst Prof, Department of Mathematics KAHE Page 9




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc. MATHEMATICS COURSENAME: ANALYTICAL GEOMETRY

COURSE CODE: 18MMU303A UNIT: IV BATCH-2018-2021

These give the coordinates of R for all real values of A,
positive or negative. If A is positive, R lics between P and
Q; if negative, R is on the same side of hoth P and Q.

9. The equation to a surface. Adny equation tnvolviig
one or anore of the curvent coordinates of o variable
potnt represeats o survfuce or system of swvrfaces which
w8 the locus of the variable poiant.

The locus of all points whose w-coordinates are equal
to a constant «, is a plane parallel to the plane YOZ, and
the equation z=w vepresents that plane. If the equation
f(x)=0 has roots w,, &y, Ry, ... Uy, it 18 equivalent to the
cquations z=0,, =0, ... =w,, and therefore represents
a system of planes, real or imaginary, parallel to the plane
YOZ.

Similarly, f(y)=0, f(2)=0 represent systems of plancs
parallel to Zox, XOY. In the same way, if polar evordinates
be taken, f(r)=0 represents a system of spheres with a
common centre at the origin, f(A)=0, a system of coaxal
right circular cones whose axis is OZ, f($)=0, a system of
planes passing through OZ.

Consider now the equation f(», #)=0. This equation is
satisfied hy the coordinates of all points of the curve in the
-plane X0Y whose two-dimensional equation is f(z, ¥)=0.
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Let P, (fig. 5), any point of the enrve, have coordinates
Ty Yo 0. Draw through P a parallel to 0z, and let Q be
any point on it. Then the coordmates of Q are oy, ¥, =,
and sinee P ig on the curve, fir, 41 =0, thus the coordinates
of @ satisfly the cquation ‘}"(Tr', y)y=10. Therefore the co-
ordinates of every pomt on PQ satisfy the equation and
every point on PQ-lies on the locus of the equation.  But
P is any point of the curve, therefore the locus of the

o AP, i i3 - .. R y I Lo, s Pt g o ) L
equation 18 the evimder venerafed by strmaeht lines drawi
= -

parallel to Oz through points of the curve. Similarly,
Sy, 2)=0, f(z, ®)=0 represent cylinders generated by
parallels to OX and OY respectively.
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~Ex. What surfaces ave represented by (i) 2*+y%=a? (ii) y*=4anr,
the axes being rectangular ?

‘—:ﬁ“ :n -"'.l‘ ~y n;\=ﬂ ﬂ“.:l P ] 4—11..'1 v\]ndiﬁq 1:r]1.hn'1_n o :.,-\.--. :.-\, PO &
LIOHE 5 SR, 7 J= U aiiil ULl LHC Praiic W iiose lc:Lllebl.UlJ. 15 ==V,
and hence “ the equations to the curve " are f(xz, )=0, 2=0.

Consider now the equation f(z, %, 2)=0. The equation
z=/4 vepresents a plane parallel to XOY, and the equation
J(x, 4y, k)=0 represents, as we have just proved, a eylinder
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Ex. What carves are represented by

(i) 22+ 2=a® z2=0; (i) *+y*=a% z=0b; (iii) Z=4dax, y=c?
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generated by lines parallel tooz.  The equation f(x, y, k) =0
is satistied at all points where f(z, 9, 2)=0 and z=~L are
simultaneously satistied, .. at all points common (o the
plane and the locus of the equation f(x, ¥, 2)=0, and hencc
flxz, y, k)=0 represents the cylinder generated by lines
parallel to 0Z which pass through the common points, (fig. 6).
The two equations f(x, ¥, k)=0, 2=~k represent the curve
ol section of the cylinder by the plane z=%A, whieh is the
curve of section of the loeus by the plane z=4 If, now,
all real values from —oo to 40 be given to [, the curve
fle, y, £)=0, 2=/, varies continuously and generates a
surface. The eoordinates of every point on this surface
satisfy the equation f(x, ¥, z)=0, for they satisfy, for some
value of &, f(z, o, £)=0, z=k; and any point (z,, ¥,, )
whose coordinates satisfy f(x, y, 2)=0 lies on the surface,
for the coordinates satisfy f(x, ¥, 2,))=0, 2=2,, and there-
fore the point is on one of the eurves which generate the

-

LY Pl:l fg st H-L:l'l'iﬂ.l'.'_l +1'l s ] L‘jl'll'l"lt‘li"‘ll""‘l.l"l f r il Lr Y ] /7:\ S n i) |'l“'1‘_|(l.l‘|'ll'!+ﬂl
UL E B QU LA AL LaiL k,al.llll_llulklll. .‘F \1'_1, :_‘,f! d.r} s A L lJL Ladid kLD (40
surface, and the surface is the locus of a variable point

whose coordinates satisfy the equation.

10. The equations to a curve. The two equations
fi(x, y, 2)=0, fy(z, y, 2)=0 represent the curve of inter-
section of the two surfaces given by f,(z, y,2)=0 and
fulx, y,2)=0. If we eliminate one of the variables, z,
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-...--..x\{&“i—\j
e

- e

s

sav. between the two equations, we obtain an equation.

$H(r, 4)="0, which represents a eylinder whose generators are
parallel to oz. If any values of o, 3, 2 satisly f (2, 9, z)=10
and £,(r, 4, 2)=0, they satisfy ¢, #)=0, and hence the

cylinder passes through the curve of intersection of the
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surfaces. If the axes are rectangular ¢.(., y)=0 represeuts
the cylinder which projects ovthogonally the curve of

-— -

-
WMAaIITTIMITG ‘I'I. ilu'l
\llllhl.-']\ Filvad VY LEAL

.-__.LH-=,=._-J-.:..... 5wy i-‘l..= 1-]&\11.._ Wiy l'\'ll!] +]‘|-._\
INLECTSCCLIOTN Ul UlC pHally AU T, diiid viiv

projection are ¢p(x, y)=0, <

|

0.

11. Surfaces of revolution. Tet P (0, y,, 2, (fig. S),
be any point on the eurve in the plane YOZ whose Cartesian
cquation is f(y, z2)=0. Then

S 2) =0 suuimens ST (1)
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The rotation of the curve about 0Z produces a surface
of revolution. As P moves round the surface, z;, the
z-coordinate of P remains unaltered, and wu, the distance
of P from the z-axis, is always equal to y,. Therefore,
by (1), the eylindrical coordinates of P satisly the equation
f(z, 2)=0. But P is any point on the curve, or surfaee,
and therefore the' cylindvieal equation to the surface is
fla, ~.,) 0. Hence the Cartesian equation to the suriace
is f(Va2+ 2 2)=0.

PROJECTIONS,

12. The angle that a given directed line OP makes with
a second duected line OX we shall take to be the smallest
angle generated by a variable radius turning in the plane
XOP from the position OX to the position OP. The sign of
the %ngle is determined by I:l > usual convention. Thus, in
IlUUlL'h 9 and 10, r;'1 is the posi itive ’ii“g‘lﬁ, and 32 tl
angle that OP makes with Ox.
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02700

13. Projection of a segment. I/ AB s ¢ glven scyment
wind A, B” are the feet of the perpendiculurs from A, B to «
given line X'X, the segment AB' s the projection of the
segment AB on X'X.

From the definition it follows that the projection of BA
is B'A’, and therefore that the projections of AB and BA
differ only in sign.

It is evident that A'B’ is the intercept made on XX by
the planes through A and B normal to X'X, and hence (/e
projections of equivalent seqients ave equivalent segments,

14. If AB 45 a given segment of « directed line MN
whose positive direction, MN, makes an angle 0 with a
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gwen lLine X'X, the projection of AB on X'X is equal to
AB . cos 6.

In figures 11 and 12, AB is posilive, in figures 13 and 14,
AB is ncgabive,

5N
xY

><V
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Draw 0Q from O in the same direction as MN. If AB 4s
positive, cut off OP, the segment equivalent to AB; then
the projection of AB=the projection of OP,
=0P.cos 0, (by the definiticn
=AB.cos . ~ of cosine),
If AB 4s negutive, BA is positive, and therefore
the projection of BA=BA. cos 6,
1.e. —(the projection of AB)= — AB. cos 0,
t.e. the projection of AB=AB.cos 0.

15. If A, B, C, ... M, N are wiy i points i spuce, the
swm of the projections of AB, BC,... MN, on any given line
X'X as equal to the projection of the straight line AN on X'X,

Let the feet of the perpendicndars from A, B, ... M, N, Lo
XX be A, B, ... M, N. Then, (§2),

AB +B8C +4...MN =AN,
which proves the proposition.
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17. Projection of a closed plane figure. /f e piro-
Jjections of three points A, B, C on « yiven plune arve A, B, C/,
then AAB'C =cos @ " ABC, where 0 is the ungle between the
pleiies ABC, A'B'C

Consider first the areay ABC, A'B'C’ without regard to
SLOTL.

(1) 1If the planes ABC, A'B'C’ are parallel, the equation
AA'B'C =cos 0 » ABC 1s obviously truec.

(i1) If one side of the triangle ABC, say BC, is parallel to
the plane A'B'C’, let AA" meet the plane through BC parallel
to the plane A'B'G" in A,, (tig. 15). Draw A,D at right
angles tc, BC, and join AD. Then BC is at right angles to

G
d‘"; D
o . f‘.
r "f"‘
A, S B
|
|
!
i)
A C
A B
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A,D and AA,, and therefore BC is normal to the plane AA,D,
and therefore at right angles to AD.  Henee the angle A,DA
is equal to 6, or its supplement.

But AA'B'C'= £ A,BC,
and AABC; NABC=A,D: AD=c0oSLA,DA;
theretore AA'B'C'=ens 6 A ABC.

(i11) If none of the sides of the triangle ABC is parallel
to the plane A'B'C/, draw lines through A, B, C parallel to
the line of intersection of the planes ABC, A'BC. These
lines hie in the plane ABC and are parallel to the plane
A'B'C, and one of them, that through A, say, will cut the

opposite side, BC, of the triangle ABC, internally. And
{Lierefore the triangle ABC can always be divided by a line
through a vertex into two triangles, with a common side
parallel to the given plane ABC, and hence, by (i),
AABC =cost AABC

Suppose now that the areas ABC, AB'C’ are considered
positive or negative according as the directions of rotation
given by ABC, A'B'C’ are positive or negative. Then,
applying the convention of §4 to figures 16 and 17, we
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C

>

e
A 4

£

B

/ /

/_,_;;9%;7 o=
A

. A
-}/

see that if cos 0 is positive, the directions of rotation ABC,
A'B'C’ have the same sign, and that if cos 6 is negative,
they have opposite signs. That is, the areas have the
same sign if eos@ is positive, and opposite signs if cos6
is negative. Hence the equation AA'B'C'=cos@ AABC I8
true for the signs as well as the magnitudes of the areas.

18. If A, B, C,... N are any coplunar poinis and
A, B, C, ... N uve their projections on any given plane,
thew area AB'C ... N :aree ABC ...N=cos 0,
where 8 s the angle between the planes.
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Let 0 be any point of the plane ABC ... N, and O be its
projection on the plane A'B'C’.. N

Then area ABC...N=/ OAB+ A O0BC+... A ONA,
and area ABC ...N=A0'AB+A0BC +... A0'NA,

But AO'A'B' =cos 6 AOAB, ete., and therefore the result
follows,

20. If o, B, v are the angles that a given directed line
makes with the positive directions X'0X, Y'OY, Z'0Z of the
eoordinate axes, cosw, cos (3, cosy are the direction-cosines
of the line. :

AZ : AZ

N

X

21, Direction-cosines referred to rectangular axes.
Let A'OA be the hne throuch O which has dirveetion-cosimes

O JQ OO ar Taof P f«’;: ar s
R D N‘ LA LE] }J’q A W ] L] “4'.’ "_.l': e
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and OP have measure . In fig. 18, 7 is positive; mn fig. 19,
7 is negative. Draw PN perpendicular to the plane XOY,
and NM iu the plane XOY, perpendicular to 0X. Then the
measures of OM, MN, NP are x, ¥, z respectively. Sinee

OM is the projection of OP on OX,

x=7rcos &, and similarly, y=vecos 8, z=rcosy.....(1)
Again the projection of OP on any line is equal to the sum

of the projections of OM, MN, NP, and therefore, projecting
on OP, we¢ obtain

P=0COS AL+ Y COS B+ZCO8 Y. cerennrininninnii(2)
But x/r =cosw, y/r=cos 3, z/r=cos y; theretore
1=cos?ot+cos®B+cosy. cvvevnnnnnnnnnn. (3)

This is the formula in three dimensions which corresponds to
cos?+sin?0=1 in plane trigonometry.
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23. The angle between two lines. /f OP and 0Q have
dirvechion-cosines coso, cos B, cosy; cosw, cos B, cos v
and 0 is the angle that OP makes with 0Q,

cos 0 = cos o cos &’ +cos B eos B+ cos y cos .

If, as in §21, P1s (x, 9, 2) and the measure of OP is 7,
projecting OP and OM, MN, NP on 0Q, we obtain

7 cos 0= cos '+ y cos B + 2z cos v,
But L=71COoS0, Y=7C083, 2=7COSY;
therefore Lf;gs 0 = cos e cos o+ cos B cos B +cos y cos 4.

Cor. 1. We have the identity
(B m* a2 (12424 0") = (U +and +nn')?
= (mew —ndn )+ (nl — w2 (I’ — Va2
(This identity is known as Lagrange’s identity. We
shall frequently find it advantageous to apply it.)
Hence
sin?0 = (cos®r+ cos? 3+ cos?y ) (cos?” + cos? B’ + cos?y)
— (cos oL cos o +cos 3 cos '+ cos y cos v)?,
=(cos 3 cosy’ —cos y cos B') 4 (cos y cos o — cos . cos ¥ )
=+ (cos i cos 3" —cos B cos )%
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24. Distance of a point from a line. 7o find the
distance of P, (¥, ', 2) from the line through A, (¢, b, ¢),
whose direction-cosines are cos i, eos (3, cos .

Let PN, the perpendieular from P to the line, have
measure ¢. Then AN is the projection-of AP on the line,
and its measure 1s, (Ex. 3, § 21),

(2 —a)cosu—+(y' —bycos B4+(2'—¢)eosy.

Sut PN>=AP>— AN?,

therefore
O e e PO O S 5 o SO Y e O By
7 R S T & 7 B o T L s ol (= o
— {(&"—a)ecosw 4 (y"—b) cos
which, by Lagrange’s identity, gives
82={(y —b)ecosy—(z'—c)cos 3}2
i B { (' —e)cos o — (v — i) cos Vv }2

+{ (' —a)cos B—(y —h)ecosw | =
sutn of the projections of OM, MN, NP, projecting on OX,
OY, OZ, OP in turn, we obtain
TCOSA =L+ YCOSYTZCOS thy «evverrons sl )
reos B=u£coSv+Y+2ZCOSN, reeieiiineenno(2)
7 COS Yy =1 COS p+Y cos A+2, e sine hiweiaie s ereua )
P=2c0o8 0L+ cos B+2C08Y. couvernienn ()
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Thevefore, eliminating =, @, v, 2, we have the relation
satistied by the direction-cosines of any line

I, cosy, cosmu, cosa |=0,
: cos v, 1, cos A, cos B |
€OS m, COS A, 1, cosy
cos oL, ¢os 3, cosy, 1

which may be written,
S sinZ\ cos?or— 23 (eos X — cos pu €os v)cos B ¢os y
=1 —cosZ \ — cos? u — cos’v+ 2 cos \ COS u COS v.
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*27. The angle between two lines. If 0Q has direction-
cosines cosw, cos 3, cosy/, and makes an angle @ with OP,

nroicetine on 0Q, we obtain
I oS o 7

reosB=wcosc’+yeos B +zeosy. i, (5)
Therefore echmmating =, v, 2z, » between equations (1),
(2), (3) of § 25, and (5), we have

I, cosv, cospu, cosw |=0, or
Cos v, [, cosA, cosf3
COS u, COS A, 1, cosy
’ r )
| coset, cos 3, cosy/, cosO

2(sin®X cos oL eos o) — X {(coS A —eos . oS 1)
X (cos 3 cos v +cos 3 cos y) |
=cos B(1 —cos®\ — cos’u — cos® v+ 2 cos A cos u cos v),
Cor. The angles between the lines whose dircetion-
cosines are proportional to «, b, ¢; «, I, ¢ are oiven by
e A + { E(aa’ sin®A) — E(be’" + b'e)(eos X —cos u cos v)}
{ Ya’sim* A — 2Ebe(eos A — cos u cos v) )2
x { SaZsin?\ — 250¢’(cos X —cos u cosv) }
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Possible Questions

Questions Optl Opt2 Opt3 Opt4 Answer
The general equationof the............... degree in x, y, z
represents a plane. first second third Zero first
The same length and in the same direction they are said to
be.............. equivalent segments. [segments straight lines parallel axis equivalent segments.

Be any three fixed intersecting lines which are.....................

coplanar

not coplanar

right angle

tangent

not coplanar

If a clock dial is considered to coincide- with the plane and
front in the positive direction of the normed to the plane, the
positive direction of rotation for a ray revolving in the plane
ISeeveennnn.

counter-clockwise

clockwise

parallel

normal

counter-clockwise

If AB is a given segment of a directed line MN whose positive
direction, MN, makes an angle 0 with a given line X'X, the
projection of AB on X'X is equal to................

ABcosB

ABcos26

ABsin®

ABsin20

ABcosB

The direction-cosines of the line ....................

€osa,cosP,cosy

cosa,sinf,cosy

cosa,cospP,siny

sina,sinp,siny

€0sa,cosP,cosy

The general equation ax2 +by2 + 2fy + 2gx +c= 0, the axis of
the coordinates are being rectangular the curve is

ellipse.........cc.ou.... h"2=ab h"2>ab h"2<ab h"2=-ab h"2=ab
The polar coordinates points in two dimension........... x=c0s0,y=sinf x=rcosB,y=rsinf x=rcosb,y=sind x=cos6,y=rsind x=rcosb,y=rsin0
This equation is satisfied by the coordinates of all points of the [90) (45]
curve in the plane XOY whose two-dimensional equation
1S, f(x,y)=0 f(x,y)>0 f(x,y)<0 f(x,y)=1 f(x,y)=0
i/j line makes angles « ., 8 with four diagonals of a cube , [90] (45]
rove that
cos2a+ cos2B+cos2y+cos2d= 2/3 3/4 1172 1173 1173
Find the direction-cosines of a line that makes equal angles
with the axes.............. coso=1/3 cosa=1/root 3 coso=1/2 coso=1 cosa=1/root 3
The general equation of the first degree in x, y, z represents a
plane................ ax2-by-cz=d ax+by+cz=d ax+by"2+cz=d ax+by+cz"2=d ax+by+cz=d




The direction-cosines of the line whose direction-ratios are

Lmn........oeeeeee Kess@-psdogencosy=1|1cosa-mcosB+ncosy=1|lcosa+mcosB-ncosy=1{lcosa+mcosB+ncosy=|lcosa+mcosB+ncosy=1
Any point on the line through origin whose direction-ratios are

l,m,n,then........... I/x=m/y=n/z x/l=y/m=z/n x/I+y/m+n/z I/x+m/y+n/z x/l=y/m=z/n
The ------- joining two points P and Q on a surface is called a

chord of the surface tangent normal diameter straight line straight line
Let OL be drawn from O in the same direction as a given

directed line PQ and of unit lengtli. Then the coordinates of L

evidently depend only on tiie direction of PQ, and when given,

determine that direction. They are

therefore called the ................... of PQ. perpenticular direction-ratios tangent normal direction-ratios
plane can be found to pass tli rough any three non

.......... points. equal colinear perpenticular normal colinear

Two segments are said to have the same direction when they

are.......... parallel equal perpendiculr normal parallel

All plane sections of a surface represented by an equation

of the second degree are.............. cylnder sphere cone conies conies

The ---------- of a point on the line is the foot of the

perpendicular drawn from the point on the line conjucate bijection projection projectile projection
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UNIT-V

Polar equation to a conic: General Equations Tracing of Curves, particular cases of Conic
sections, transformation of equations to center as origin, equations to asymptotes, tracing a
parabola , tracing a central conic , eccentricity and foci of general conic.

GENERAL EQUATION OF THE SECOND DEGREE.
TRACING OF CURVES.

348. Particular cases of Conic Sections. The
general definition of a Conic Section in Art. 196 was that
it is the locus of a point P which moves so that its distance
from a given point S is in a constant ratio to its perpen-
dicular distance PM from a given straight line ZX,

‘When § does not lie on the straight line ZK, we have
found that the locus is an ellipse, a parabola, or a hyperbola
according as the eccentricity e is <= or > 1.

The Circle is a sub-case of the Ellipse. For the
equation of Art. 139 is the same as the equation (6) of
Art. 247 when b2°=a® .. when e=0. In this case
CS=0, and S.Z':%Has=m. The Circle is therefore a
Conic Section, whose eccentricity is zero, and whose direc-
trix is at an infinite distance.

Next, let S lie on the straight line ZX, so that S and Z

coincide,

In this case, since K

SP=e¢. P, -~
we have M
: PM 1
sznPSﬂ{—hgﬁzg. X

If e>1, then P lies on one or ) )

other of the two straight lines SU K U

and SU’ inclined to XK' at an angle

sin=! G) .
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If e=1, then PSM is a right angle, and the locus
becomes two coincident straight lines coinciding with SX.

If e<1, the + PSM is imaginary, and the locus consists
of two imaginary straight lines.

If, again, both LK’ and § be at infinity and S be on
KK', the lines SU and SU’ of the previous figure will be
two straight lines meeting at infinity, i.e. will be two
parallel straight lines.

Finally, it may happen that the axes of an ellipse may
both be zero, so that it reduces to a point.

Under the head of a conic section we must therefore
include :
(1) An Ellipse (including a circle and a point),
(2) A Parabola.
(3) A Hyperbola.

(4) Two straight lines, real or imaginary, inter-
secting, coincident, or parallel.

349. To shew that the gemeral equation of the seconc
degree

ax® + 2hay + by* + 2924+ 2fy + ¢=0......... (1)
always represents @ conic seclion.
Let the axes of coordinates be turned through an angle

8, so that, as in Art. 129, we substitute for = and y the

quantities 2 cos @ —ysinf and wxsin O+ y cosd respec-
tively.

m L Fo IS | 1
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The equation (1) then becomes
a (2 cos 8 —y sin )2 + 2k (= cos § — y sin §) (x sin @ + y cos 6)
+ b (zsin 8 + y cos 6)* + 2¢ (« cos 8 — y sin 6)
+ 2f (2 sin 0 + 3 cos 0) + ¢ =0,
i.e.  2*(acos®@ 4+ 2h cos 6 sin 0 + b sin* 6)
+ 2ay {h (cos® 8 —sin® §) — (@ — b) cos 8 sin 6}
+ y* (@ sin® 6 — 24 cos 6 sin @ + & cos® 6) + 2x (g cos 0 + fsin 6)
+2y(fcosf—gsin)+c=0.r..00000i(2)
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Now choose the angle @ so that the coefficient of ay in
this equation may vanish,

s.e. so that % (cos? 6 —sin? §) = (a —b) sin 8 cos 6,
i.e. 2% cos 20 = (@ — b) sin 26,
2%
a—b"

7.e. 80 that tan 20 =

Whatever be the values of «, b, and 4, there is always
a value of 6 satisfying this equation and such that it lies
between —45° and +45°. The values of sin 6 and cos 6 are
therefore known.

On substituting their values in (2), let it become
Ax®* + By + 2Gx + 28y + ¢=0.0viiveinan (3).

F'irst, let neither 4 nor B be zero.
The equation (3) may then be written in the form

2 2 2 2
A(m+§—) +B(;y-i-—~- 6z c.

i B)TATE
S ; G
Transform the origin to the point (-- 1 —g) :

The equation becomes
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G* Fg
Ao+ By* = —Frk o= K (88 <inevens (4),
. x
2.6, E -+ Er S e L (5).
4 B
K K 5 :
If 4 and 3 be both positive, the equation represents an
ellipse. (Art. 247.)
K K . _ S
1f 1 and Ve be one positive and the other negative, it

represents a hyperbola (Art. 295). If they be both

negative, the locus is an imaginary ellipse.

If K be zero, then (4) represents two straight lines,
which are real or imaginary according as 4 and £ have
opposite or the same signs,

350. Centre of a Conic Section. Def. The
centre of a conic section is a point such that all chords of
the conic which pass through it are bisected there.

When the equation to the conic is in the form
ax® + 22y + 01 + e =0 cevieiirrenans (1),
the origin is the centre.
For let (2, ') be any point on (1), so that we have
ax?+ 20y’ + 0y® + e =0 .ooiiiiiiiiiiinea. (2)
This equation may be written in the form
@ (— @)+ 2h (—a) () +b (—y) + =0,
and hence shews that the point (- 2/, —4") also lies on (1).
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But the points (2, %) and (-2, —y') lie on the same

straight line through the origin, and are st equal distances
from the origin.

The chord of the conic which passes through the origin
and any point («', ') of the curve is therefore bisected at
the origin.

The origin is therefore the centre.

351. When the equation to the conic is given in the
form
ax® + 2hay + by® + 29w + 2fy +¢=0......... (1),
the origin is the centre only when both f and ¢ are zero.

Tor, if the origin be the centre, then corresponding
to each point (2', 3') on (1), there must be also a point
(—ay, —¥') lying on the curve,

Hence we must have

ax® + 2ha'y’ + by® + 292’ + 21y +e=0...... (2),

and ax’® + 2ha'y + by? — 292" -2y +e=0......(3).
Subtracting (3) from (2), we have
g2 +fy = 0.

This relation is to be true for «ll the points (2, ¥/)
which lie on the curve (1). But this can only be the case
when g=0 and f=0.
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352. 7o oblain the coordinates of the centre of the
contc given by the general equation, and to obtain the
equation to the curve referred to awxes through the centre
parallel to the original axes.

Transform the origin to the point (Z, 7), so that for a
and y we have to substitute z +@& and y+ 7. The equation
then becomes

a(x+ &)+ 2h(w+ ) (y+ 9)+ 0 (¥ + )" + 29 (x + @)
+2f(y+9) +e=0,
e awt+ 2hey + byt + 22 (ag + hij + g) + 2y (AE + bi +f)
+a@® + 2heg +bif + 292 + 2fF +¢=0 ......... (2).
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If the point (&, 7) be the centre of the conic section, the
coefficients of « and y in the equation (2) must vanish, so
that we have

b+ Ag+ g Ui, (3),
and hE4+ b+ =00, (4).
Solving (3) and (4), we have, in general,
h—0b h—af _
5&:'25-:}%, and g=S2=% . (5).

With these values the constant term in (2)
=ad® + 2hag + bif + 29% + 2f G+ c
=& (a@ + ki + g) + 7 (BT +bF +.f) + g% + f§ + ¢
e R e i i e e e e A (6),
by equations (3) and (4),
_abe+ 2fgh — af® — by* — ch

3
- , by equations (5),

A

— 2!

where A is the discriminant of the given general equation
(Art. 118).

The equation (2) can therefore be written in the form

= ().

A
ab — h®
This is the required equation referred to the new axes
through the centre.

ax® + 2hay + by® +
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Ex., Find the centre of the conic section
222 — bay —3y* —w—4y +6=0,
and its equation when transformed to the centre.
The centre is given by the eguations 2z — 857 — 4 =0, and
— 8% 37 —2=0, so that T= -2, and 7= —#.
The equation referred to the centre is then
2z — Szy — By +'=0,
where =—L.7F-2.54+6=3+84+6=7. (Axt. 352.)
The required equation is thus
22% — Sxy — 3Yy*+T=0.

353. Sometimes the equations (3) and (4) of the last
article do not give suitable values for & and 7.

For, if ab—A* be zero, the values of & and 5 in (5) are
both infinite. When ab —/4? is zero, the conic section is a
parabola.

The centre of a parabola is therefore at infinity.

Again, if %= ’-; = J%, ¥he reault (5) of the Iash et i 8

of the form § and the equations (3) and (4) reduce to the
same equation, viz.,

a®+ hig + g =0.
We then have only one equation to determine the

centre, and there is therefore an infinite number of centres
all lying on the straight line

ax + hy+ g=0.

In this case the conic section consists of a pair of
parallel straight lines, both parallel to the line of centres.
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354. The student who is acquainted with the Dif-
ferential Calculus will observe, from equations (3) and (4)
of Art. 352, that the coordinates of the centre satisty the
equations that are obtained by differentiating, with regard
to @ and %, the original equation of the conic section.

It will also be observed that the coefficients of &, 7, and
unity in the equations (3), (4), and (6) of Axt. 352 are the

quantities (in the order in which they occur) which make
up the determinant of Axt. 118,

This determinant being easy to write down, the student
may thence recollect the equations for the centre and the
value of ¢,

The reason why this relation holds will appear from the
next article.

855. Bx. Iind the condition that the general equation of the
second deyree may represent two straight lines.

The centre (7, 7) of the conic is given by

QERT 4920 oovoerioroeeeeeaenreneenne (1),
and R0 L =000 inssianvsannne sesswila)s
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Also, if it be transformed to the centre as origin, the equation
becomes

az24+ 2Ry S0P+ /=0 iniiiiiiiiiiiians (3),
where =gz +f7+e.
Now the equation (3) represents two straight lines if ¢’ be zero,
f.g. 1L R ) O (4).

The equation therefore represents two straight lines if the relations
(1), (2), and (4) be simultaneously true.

Eliminating the quantities T and 7 from thege equationg, we have,
by Art. 12,

| as Iy g
hy by f
g Jr €
This is the condition found in Art. 118.

==t

356. 1o find the equation to the asymptotes of the conic
section given by the general equation of the second degree.

Let the equation be
ax’® + 2hay + byt + 292 + 2fy+¢=0......... (1)
Since the equation to the asymptotes has been shewn to

differ from the equation to the curve only in its constant
term, the required equation must be

ax® + 2hay + by + 290+ 2fy + e+ A =0..... (2).
Also (2) is to be a pair of straight lines.

Hence
ab(c+A)+2fgh—af*—bg*—(c +A) I*=0, (Art 116.)
_abe+2fgh—af?=bg'=cl® A
Therefore A=-— R = T
The required equation to the asymptotes is therefore

ax® + 2hxy + by + 2gx + 2fy + ¢~ =0:(2)

A
ab — h?

Prepared by P. Victor, Asst Prof, Department of Mathematics KAHE Page 11




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc. MATHEMATICS

COURSENAME: ANALYTICAL GEOMETRY

COURSE CODE: 18MMU303A UNIT: V BATCH-2018-2021

Prepared by P. Victor, Asst Prof, Department of Mathematics KAHE

357. o determine by an examination of the general
equation what kind of conic section it represents.

[On applying the method of Art. 313 to the ellipse and
parabola, it would be found that the asymptotes of the
ellipse are imaginary, and that a parabola only has one
asymptote, which is at an infinite distance and perpen-
dicular to its axis.]

The straight lines aa®+ 22ay + 03 =0 iiviviiiiienns (1)

are parallel to the lines (2) of the last article, and hence
represent straight lines parallel to the asymptotes.

Now the equation (1) represents real, coincident, or
imaginary straight lines according as A* is >= or <uad,
i.e. the asymptotes are real, coincident, or imaginary,
according as /i®> = or < ab, i.e. the conic section is a hyper-
bola, parabola, or ellipse, according as 2°> = or < ab.

Again, the lines (1) are at right angles, 2.e. the curve is
a rectangular hyperbola, if ¢ + b=0.

Also, by Art. 143, the general equation represents a
circle if a =5, and A=0.

Finally, by Art. 116, the equation represents a pair of
straight lines if A = 0 ; also these straight lines are parallel
if the terms of the second degree form a perfect square, .e.

if 72 = ab.
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=58

The results for the general eguation

aoe® +— Zhocey + bz 4+ oo + 2 + ¢ = 0
are collected in the following table, the axes of coordinates

being rectangular.
Curve.
Ellipse.
Parabola.
Hyperbola.
Circle.
Rectangular hyperbola.
Two straight lines, real or
Imaginary.

Two parallel straisht lines.

!

¥
1

Condition.
A2 = e,
== ab.
= b,
e = O, and L= Q.
a -1- & =— 0,
e ==
T En
abe+ Z ol — af® —bg* — cf?= 0.
MA=0, and LZ=ab.
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359. To trace the parabola given by the general equa-
tion of the second degree

ax® + 2hay + by + 29 + 2fy + ¢=0......... (1),
and to find its latus rectum.
First Method. Since the curve is a parabola we

have A?=ab, so that the terms of the second degree form
a perfect square.

Put then a=d® and b=p% so that h=ef, and the
equation (1) becomes

(e + ByP + 292+ 2fy +¢=0............ (2).
Let the direction of the axes be changed so that the
straight line ax+ By =0, e y= ol a, may be the new

B

axis of X,

X

We have therefore to turn the axes through an angle @

such that tan 0 =- E, and therefore

B
a B

sin @ =— — = and cos 0= =
N \/ﬂ.ﬂ'l-BE
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For =z we have to substitute

el Tuing ip DAtab
»\/a.“+,32
and for ¥ the quantity
Xsinf+ ¥Yecosh, v.e. *u‘.l-'-ﬁl . (Art. 129.)
Jai_;_ﬁﬂ

For ax + By we therefore substitute ¥ ) (a®+ B%).
The equation (2) then becomes

;'/mf+ 9 (BX +aY) +f(BY —aX)]+ =0,

" og+Bf oy f-Byg _ ¢
SRyl

i.e. (F-Kp=2Y =P rx_my.... (3),

Y2 (a?+ B%) +

i E.

C@ ey
where K =— (Zf :;J); ..................... (4),
and =9 g{% x H =K~ ﬁz
Le. M Z’Ei;, : g;) <E’f :ﬁ{; .......... (5).

The equation (3) represents a parabola whose latus

rectum is 2 %:Eﬂ , whose axis is parallel to the new axis
2 e

of X, and whose vertex referred to the new axes is the

point (H, K).
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360. Fguation of the axis, and coordinates of the
vertex, referred to the orginal axes

Since the axis of the curve 1s parallel to the new axis of
X, it makes an angle § with the old axis of », and hence

the perpendicular on it from the origin makes an angle
90" + 6.

Also the length of this perpendicular is XA

The equation to the axis of the parabola is therefore
x cos (90° + ) + y sin (90° + ) = K,

2. €. —wxsin § + y cos§ = K,
: s +
Z.€. ax + ﬁy=ﬂ-‘\/‘ﬂ.2+ﬁ':—+i‘g+§{ ......... (6).

Again, the vertex is the point in which the axis (6)
meets the curve (2).

We have therefore to solve (6) and (2), .. (6) and
(ag + BF)
(a®+ 6%)°

The solution of (6) and (7) therefore gives the required
coordinates of the vertex.

+ 292+ 2y +e=0..ccnvinnns (7).

363. Ex. Trace the parabola

922 — 24wy + 16y2— 182z — 101y + 19=0.
The equation is

(Bar—4y)? — 182 — 101y +19=0 .................. (1)-
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S I
First Method. Take 3x-4y=0 as the new axis of z, i.e. turn
the axes through an angle ¢, where tan =%, and therefore sinf=4%

and cos 8=£.
. : . 4X-3Y
For = we therefore substitute X cosf#—Y sin#@, i.e. =

SX;‘H , and hence for 3z -4y the

B R L P L T

for

y we put Xsinf+Ycos@, i.e.

quantity - 57,
The equation (1) therefore becomes
25Y% - 1 [12X — 54Y] - 3 [308X +-404¥] +19=0,

ince O5Y2— T5X ~TOY+19=0....0c0rvverinerenes (2)-

This is the equation to the curve referred to the axes OX and OY.
But (2) can be written in the form

i.e. (Y-1)2=3X 124 42=3 (X+2).
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Take a point 4 whose coordinates referred to OX and OY are — 3
and §, and draw AL and AM parallel to OX and OY respectively.

Referred to AL and AM the equation to the parabola is ¥Y2=3X.
It is therefore a parabola, whose vertex is 4, whose latus rectum is 3,
and whose axig is AL.
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364. To find the direction and magnitude of the axes
of the central conic section

0 + 2hay + B = Loieaicias e venins (3]

First Method. We know that, when the equation to
a central conic section has no term containing zy and the
axes are rectangular, the axes of coordinates are the axes of
the curve.

Now in Art, 349 we shewed that, to get rid of the term
involving xy, we must turn the axes through an angle ¢
given by

tan 20 = m—2~k— ...................... (2).

The axes of the curve are therefore inclined to the axes
of coordinates at an angle @ given by (2).

Now (2) can be written
2 tan 0 2k 1
1—tanf® a—b A\ (s2y),
. tan®@ 42X tant =1 =0, .. (3).

This, being a quadratic equation, gives two values for 6,
which differ by a right angle, since the product of the two
values of tan  is — 1. Let these values be 6, and 6,, which
are therefore the inclinations of the required axes of the
curve to the axis of =.

Again, in polar coordinates, equation (1) may be written
72 (@ cos® O + 2k cos @ sin 6 + b sin® 6) = 1 = cos® f + sin® 0,
% e,
g cos? @ +sin® . 1 +tan® @
~ acos’@+ 2hcosGsinf+bsin®l @+ 2k tan 6 + b tan® @

q«l
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865. EBx.1l. Trace the curve

1422 = 4oy + 11y° — 442~ 58y +T1=0......ccvuenn (1)
Since (- 2)%2-14. 11 is negative, the curve is an ellipse. [Ari. 35
By Art. 852 the centre (%, y) of the curve is given by the equatia
14% - 27 —22=0, and — 27+ 117 - 20=0.
Hence z=2, and y=3,.
The equation referred to parallel axes through the centre is

therefore 14z — 4oy + 112+ ' =0,
where ¢'= — 227 - 20y + 71 = — 60,
go that the equation is
1422 — 4ay + 11572 =60.u00evescvrecrraeen eor (2)s
The directiong of the axes are given by
; 2h —4 v
e S Ty T
2tan @

go that =T Y
and hence 2 tan®0 -3 tan §—-2=0,

Therefore tan 8,=2, and tan 6,= — 1.
Referred to polar coordinates the equation (2) is
7% (14 cos? @ — 4 cos 6 sin 0 411 sin® §) =60 (cos® 6 +sin* 0),

: 14+tan28
3 e
i r=60 T n eIl tant 6’
When tan 6,=2, 2=60>¢!—=——-1:j‘—%--—-=3.
g A 14-8+44
1+1
0= g 7 S
When tan ;= - 3§, vy _ﬁﬁx14+2+l} 4
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Bx. 2. Trace the curve

a* = Jaey +9y° + 102 - 10y +21=0..................(1).
Sael
Since (—2—) —1.1 is positive, the curve is a hyperbola.
[Art, 358.]
The centre (Z, 7) is given by
a-gm 5=0,
—8_

and E—x+§?—5=0,
50 that T=-2, and y=2.

The equation to the curve, referred to parallel axes through the
gentre, is then
a?— By +y?+5(-2)-5x2+21=0,

A 8 =By Y == Lirsrirnsrrerrrenneronane. o B)s
The direction of the axes is given by
2h -3
tan ﬂﬂﬂa—-b = 1“_—1—-'1} 1
so that 20=90° or 2705,
and hence fy=45° and 8,=135°.

The equation (2) in polar coordinates is
72 (cos? § — 3 cos 0 sin € + sin? ) = — (sin? 0 4-cos?6),
1 4tan?¢
" 1-3tanfd+tan?o’

i.e. =
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When 6, =45° r2=— . -=9, so that #;=4/2.
1-3+1
When 6,=135°% 2= — 1+g+ 5= _52 , so that ?'g=\/-_5—2 2

To eonstruct the curve take the point ¢ whose coordinates are — 2
and 2. Through C draw a straight line 4 ¢4’ inclined at 45° to the

axis of x and mark off A'C=C4d=,/2.

Also through 4 draw a straight line K4 K’ perpendicular to €A
and fake AK=HK'A=./%2. By Art. 315, CK and CK’ are then the
asymptotes.
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The curve is therefore a hyperbola whose centre is ¢, whose
transverse axis is 4’4, and whose asymptotes are CK and CK’,

"'ll....-.
-

(B

Ol
>

On putting =0 it will be found that the curve meets the axis of
y where y=38 or 7, and, on putting y=0, that it meets the axis of z
where r=-3 or —T1.

Hence 0Q=3, 0Q'=17, OR=3, and OR'=".

366. 1o find the eccentricity of the central conic section
arc®+ 2hay + by =1 0
First, let 2> —ab be negative, so that the curve is
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an ellipse, and let the equation to the ellipse, referred to
its axes, be

and e 7 /R, (3)

Also, if e be the eccentricity, we have, if o be= j,

2 ot =
CE—

ﬂ_E

o2 o — 3
9@ o+
But, from (2) and (3), we have

@+b S e
el R e

Hence

02— 2=+ W/(a® + B — da’B2=+

J(a—b) + 47
ab—hnt
& N(a=by+4n

e T — (4)
This equation at once gives e
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Secondly, let 2°— ab be positive, so that the curve is
a hyperbola, and let the equation referred to its principal
axes be

[=]

¥ _ 4
'12 !82 ?
g0 that in this case
aiz_B]Lﬁmrb, and « —F_ab—!ﬁ——-(kﬂ—mb).
a+ 0 1
Hence a.z-mﬁ2=—kg .amd ﬂ“ﬁﬂﬂms
- b)%+ 4h°
s0 that a?+ 3=+ V/(a® - B7) + 4a’B = + (ﬂ'a )a,b <

In this case, if ¢ be the eccentricity, we have

o B
; ¢ a* + 3 N(a—b) + 4l
2. e. E-—-sﬂzaﬂ—ﬁﬂﬂ_ ( ~— 3 ST

This equation gives €
In each case we see that e is a root of the equation

(rs) = 8

t.e. of the equation

et (ab— %) + {(a—b)* + 4h°} (¢*— 1) = 0.
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Possible Questions

Questions Optl Opt2 Opt3 Opt4 Answer
The general equation ax2 +by2 + 2fy + 2gx +c= 0, the axis of
the coordinates are being rectangular the curve is
ellipse.........ccoue... h2<ab h2>ab h2=ab h2=-ab h2<ab
The center of a conic section is a point such that all chords of
the conic which pass through it are.................... bisected perpendicular orthogonal equal bisected
When ab-h"2 is zero, the conic section is a parabola. The
centre of a parabola is therefore at ............. infinity normal point tangent infinity
The lines ax"*2+2hxy+by”2=0 are at right angles, that is the
curve is a rectangular hyperbola............ a/b=0 ab=0 a+tb=0 a-b=0 a+b=0
The lines ax"*2+2hxy+by”2=0 are at right angles, that is the
curve is a rectangular circle............ a/b=0 ab=0 a+b=0 a-b=0 a-b=0

When the equation to the conic is given in the form ax2 +by2 +
2ty + 2gx +c= 0 the origin is the center only when

f and g are not zero

f and g are zero

fand g are one

f and g greater than zg

fand g are zero

The general equation ax2 +by2 + 2fy + 2gx +c= 0, the axis of
the coordinates are being rectangular the curve is two straight

lines real or imaginary.................. delta=0 delta>0 delta<0 delta not equal to zerddelta=0

The general equation ax2 +by2 + 2fy + 2gx +c= 0, the axis of

the coordinates are being rectangular the curve is

circle.................. a=b,and h<0 a=b,and h>0 a=b,and h=0 a<b,and h=1 a=b,and h=0
The distance of any point on the right circular cylinder from its [90]

axis is equal to the radius of the ------------- . origin guiding vertex guiding curve égﬁa}ng circle guiding circle
Two hyperbolas with the same eccentricity are said to be ........ shmilar different Zero one similar

A conic section is the curve described by a point which moves G S

in a plane in such a manner that it's distance from a fixed point

in the plane (a focus) is in a constant ratio to it's distance from

a fixed line (a directrix) in the plane. This ratio is known as

the....ccovrneeennene. orgin eccentricity centre radius eccentricity




The angle between the line of eccentricity and the axis will

alwaysbe.........coceeininnnnn. for an ellipse greater than 45° equal to 45° less than 45° none of these less than 45°
The angle between the line of eccentricity and the axis will

alwaysbe......................... for a hyperbola geestesiardS°© equal to 45° less than 45° none of these greater than 45°
The angle between the line of eccentricity and the axis will

alwaysbe......................... for a parabola greater than 45° equal to 45° less than 45° none of these equal to 45°
For every point on the curve the distance to the focal point

over the distance to the directrix isinaratioof ................ 0.8 1.333333333 1.5 0.5 1.333333333
The shortest distance of the vertex from any ordinate of the

parabola, is known asthe..................... double ordinate latus rectum abscissa vertex abscissa

When a conic touches a second conic at each of two points, the
two conies are said to have .................... with one another.

double contact

single contact

multiple contact

zero contact

double contact

All conies tvhich pass through the intersections of two

rectangular hyperbolas are themselves.................... hyperbola rectangular hyperbola|parabola ellipes rectangular hyperbolas
The general equation to a conic is............... pi(x,y)=0 pi(x,y)>0 pi(x,y)<0 pi(x,y) not equal to z¢pi(x,y)=0

conic sections which are given by the general equationof the

.................. first degree second degree third degree zero degree second degree

If a rectangular hyperbola circumscribe a triangle, it also

passes through the ................. of the triangle. semi center center orthocentre not center orthocentre

If a circle and the rectangular hyperbola xy =c"2 meet in

the four points t1,t2,t3 and t4 then................ t1t2t3t4=0 t1t2t3t4=1 t1t2t3t4=-1 t1t2t3t4>0 t1t2t3t4=1

The equation to any hyperbola whose asymptotes are x = 0 and

y=01is................ constant. xty X-y Xy Xy Xy
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