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FUNCTIONAL ANALYSIS

UNIT 1

Banach Spaces

Metric Spaces:
A metric d on a nonempty set X is a function
d: X x X — Rsuch that forall X, y, z ¢ X.
i d(x,y)>0andd (x,y)=0iffx=y
ii. d(y, x) =d(x,y)
iii. d(x,y) <d(x, z) +d(z, y)
A metric space is a non empty set X along with a metric on it

Normed Linear space:

A (real) complex normed space is a (real) complex vector space X together with a map
: X —R, called the norm and denoted | ||| such that
(M |Ix|| 20, for all x € X, and ||x||= 0 ifand only if x=0.
(i) [Jo(x) ||= |ov | |IX|| , forall x € Xand all & € C (or R).
(i) [l + |51 #Ly ]| forall sy € X.

Remark:
If in (i) we only require that x >0, forall x € X, then||.|| is called a seminorm.

Remark :

If X is a normed space with norm ||.||, it is readily checked that the formula 4(x; y) =||
x —)l| , for »; y € X, defines ametric 7on X. Thus a normed space is naturally a metric space and
all metric space concepts are meaningful. For example, convergence of sequences in X
means convergence with respect to the above metric.

Definition 1.4. A complete normed space is called a Banach space.

Thus, a normed space X is a Banach space if every Cauchy sequence in X converges
(where X is given the metric space structure as outlined above). One may consider real or
complex Banach spaces depending, of course, on whether X is a real or complex linear
space.



Problem:
Show that in a normed linear space N | ||X]| -[|y|| |< [|X -Y]|

Solution:

It is enough to prove that ||x]| -||y|| < [|X -Y||

as |l -1l >l1= =0l =1l )eeeeeenenennnnn (1)

so that ,
VI -IIX[] < [y -X]|

= G =WIE=ix -yl

Then, -(Ixd] - 1|y 11) < 11X Ylevveerereeenennn. )

Also, ||x|| = |Ix-y+y I,

< [x-y [+l

X =Nyl < 11X =Yl XyeNo.......... 3)

From (2) & (3)
Thus [ [IX][ -[lyll < [Ix -yl
Hence shown.
Problem:
Show that norm is a continuous function i.e., X, > X =
[1Xnl| —=>{I].
Solution:
Suppose X, = X = d(X, ,X)— 0 as n—>oo where d is the
Metric In the normed linear space.
We have = ||Xx, — X || > 0 as n >,
From the previous problem we have | |[Xq|| -[|X]] |< ||Xn -X]|
= [[Xn =X ||| 0asn —oo.
= [Xn ] = [IX]].

Hence shown.



Theorem:

Let M be a closed linear subspace of a normed linear space N. If the norm of a coset x+M is
the quotient space then N/M is defined by |[x +M || =inf{ |x +M ||/ meM}

Then N/M is a normed linear space. Also if N is a banach space , then N/M is also a banach
space.

Proof:

To prove N/M is a normed linear space under the norm
X +M .

To verify norm properties.

)[[X+M |[>0as ||[x +M || >0, for meM now
X +M [|=0.

i) [|(x +M) +(y+M) |
=[x +y+M i

= inf{||x +y+M ||/ meM}

= inf {JI(x +my)+(y+m2) ||/ my, meeM}

<inf {[|(x +my) ||+ [| (y+m2) ||/ my, meeM}
=inf {||(x +my) ||/ meM}+inf { || (y+my) ||/ m,eM}

=|x+M [ +]y +M ||

iii) similarly we can prove

la(x +M ) [I= fac | X +M |].

Hence the quotient N/M is a normed linear space.
It reminds to prove that N/M is a banach space whenever N is a banach space.

Starting with the Cauchy sequence in N/M it is enough to show that this sequence has a
convergent subsequence.

This will prove that the Cauchy sequence itself is convergent in N/M and hence N/M will
be complete and also banach.



We can find a subsequence {x, +M} of the original Cauchy sequence such that |[Xx 1+M [|+||X2
+M || <1/2,

X 2#M ||+|Ix3 +M || <1/2% and so on .

In general we have ||X n+M ||+|[Xps1 +M || <1/2",

We prove that the sequence {x, +M} is convergent in N/M. Choose a vector y; € X; +M, Y, € X,
+M , so that

ly1i—yz2 || <%.

Having chosen in the same way y; € x; +M, so that
ly2—ys || <1/2* and so on.

Thus we obtain a sequence {y, } in N, so that
lyn—Yns1 || <172,

Let m<n, consider ||ym—Yn |

= [(Ym= Ym+1)F(Ym+1 - Yme2)F ooonnenn. +(yn-1—Yn) ||
< ||(ym' ym+1) 1+ ] (ym+1 - ym+2) [+ .oeennn.

H| (Yn1—Yn) ||
=1/ 2™,

i.e., [[Ym—Yn || <1/2™% thus y, is a Cauchy sequence in N.

But N in a banach space is complete,
={ yn } is convergent to a vector yin N .

but,, [|(Xa +M) - (ya+M) || <[I(yn-Y) || and y, —y means that ||(yn - y) [| - 0.

= [|(Xn +M) - (ya+M) || =0
= (Xn *M) > (yntM) as n — .

Hence the sub sequence (X, +M) of the original Cauchy sequence is convergent.
This proves that N/M is a complete normed linear space.

Hence N/M is a banach space.

Hence the proof.



Complete:

A complete metric space is a metric space in which every Cauchy sequence is convergent.

Example:

1.The space R and C are the real number and the complex number are the simplest of all
normed linear spaces.The norm of a number x is of course defined by||x|| =|x| and each space
R and C are complete.

Hence R and C are banach.

2.The linear spaces R" and C" of all n-tuples
X= (X1, X2,.....xn ) Of real number and the complex number can be made into normed linear
spaces in a infinite variety of way. If the norm is defined by

1= € Zhaf* )

3. Let P be a real number such that 1< P < oo. We denote by Ip" the space of all n-tuples
X=( X1, X2,.....xn ) Of scalars with the norm defined by

n
— 1/
Il = ( ZpaP )™

here, p=2 so the real and complex numbers I," are the n- dimensional Euclidean and
unitary spaces R" and C".

Then, the completeness of Ip" comes from the same reasoning of theorem.
Ip" is a banach space.

4. Let P be a real number such that 1< P < oo. We denote by Ip the space of all sequences

X=( X1, X2,.....Xn ,....) of scalars such that X |X,|° <oo
n=1
with the norm defined by

n
— /
Ixllp = ( Zpaf” )
here Ip is actually a banach space.

5. The linear spaces of all n-tuples  x= (X1, Xa,.....x, ) of scalars, we define the norm by



IIX|| = max { [Xa|,[X2 | ,.......... | Xnl}...... (1)

This banach space commonly denoted by
I i.e., [[X][ = lim [|x|| as p —>o0.

6. Consider the linear space of all bounded sequences
X=( X1 X2,.....Xp ,....) of scalars. We define the norm x by

IIX|| = sup |Xn| .This we denote in banach space by |, The set C of all convergent sequence
is to be aclosed linear subspace of |, and is therefore itself a banach space.

7.The C(x) of all bounde continuous scalar —valued function defined on a topological
space X, with the norm given by

Ifll = sup [f(x) |

This norm is sometimes called Uniform norm.

Continuous Linear transformation:

Let N and N’ be the normed linear space with the same scalars and let T be a linear
transformation of N into N’. T is continuous if it is continuous as a mapping of the metric
space N into the metric space N’, X, — X in N

= T(Xp )>T(x) in N’.

Theorem:
Let N & N’ be a normed linear space and T be a linear transformation of N into N’. Then the
following condition on T are equivalent to one another.

i. T iscontinuous.
ii. T iscontinuous at the origin in the sense that x,—»0 = T (X,) —0;
iii.  There exist a real no. K > 0 with the property that || T(x)|| < K |||, ¥xeN.
iv. Ifs={x:|[x|| <1} is the closed unit sphere in N .then its image T(s) is a bounded
setin N.

Proof:

()= (i)

If T is continuous , then since T(0)=0 it is certainly continuous at the origin



i.e., If x, >0then T (x,) — T(0) =0.

On the other hand if T is continuous at the origin , then x, — X.
= Xn -X= T(Xp -X) =0
=T(Xn) -T(x) =0
= T(Xy) > T(X)
So T is continuous.

(i))= (iii)

It is obvious that (iii)= (ii)

If such a K exists, then x, —0. Clearly implies that
T(xn) —0.

To show that (ii)= (iii).
We assume that there is no such K. It follows from that for each positive integer n, we can
find a vector X, such that
IT(X)|| >n |[Xn|| , or equivalently such that
ITCx) >n [ixall | >1.
If we put y, =Xn /0 || X ||
Then it is easy to see that y, —0, but T(y, ) does not tend to zero. So T is not
continuous at the origin.
(ii)= (iv)
Since a non-empty subset of a normed linear space is bounded iff it is contained in a closed
sphere centered in the origin, it is evident that (iii)= (iv), forifall || x || <1, then | T (x) || <
K for all xeN. suppose xes.

e, |[x | <1, then| T (x)| <K

= T(S) is bounded.



(iv)= (iii)

We assume that T(S) is contained in a closed sphere of radius of K
centered on the origin. If x=0, then T(x) =0 and clearly, ||T(X)|| < K ||x]|
and if x =0 then x/ ||x|| € S.

ST XD K,

Again, we have ||T(X)|| < K [|x]|.

Hence the proof.

Theorem:

The norm of a continuous linear transformation is equivalent to the following
condition.

i) [ITII =sup {ITCI =[x || <1}

i) [[Tllo=sup {I[TOI lIx [ =1}

i) [Tl =sup {I[TO/ IIX || :xeN & [x[[#0 }

iv) IT=inf{k:k>0& |[TX)||<k]|x]| Vx}
Proof:

(i) < (ii)
Let us denote the norm of T in (ii) by ||T|lo and prove ||[T|| = |[T||o where |[T]| is given by (i)

Let A= {[ITOO - IIx Il < 1}
B={ITCON = Il [| = 1}.
Clearly B < A, then sup B <sup A.
ITlo < IITI| -......... (1)
We now prove
[Tllo > [ITI|
Let xeN, X # 0 such that ||x || < 1.

Define y=x /[jx || , then [ly [| = [Ix [I[)x || =1.



Now, [[TW)IT= [l TOAXID 1T = 1 TO/ Il
=T I
> [[T(x) llas [Ix][<1.

=sup LTI =Nyl =1}
> sup {[[TCI = lx I <13

= Tlo2 1Tl eveveenn )

from (1) and (2)
=Tl =TIl
(i) < (iii)
ForxeN, x£0,
TG X = 1] T O I
=Ty I
where y = x/||x|| and ||y|| =1.
Thus [Tl =sup {|[TCOI 7 fIx || ;xeN & |Ix [|#0 }
=sup {ITYOI =Myl =13= 1Tl
= [Tl = l[Tllo
(1) = (iv)
Let P= {||T(xX)] :|x || <1} and
Q={kik>0and |[T(xX)|I<k|x | VYxsuch that |x| <1}

Let m be the upper bound of the set P. Then
IT(x )]l <m Vx such that |x || <1.

-.m eQ.

Conversely,
Letk € Q,thenk>0and |[T(x)||<k|x ] ¥xsuchthat x| <TI.

.. kis an upper bound of P.

.. Q= the set of all upper bound of P.



sup P=lub P= the least element of Q
=inf Q.

Let xeN, [|x [|# 0 and y=x/|x|| .. |lyl| =1

ATyl eP.
=[T(y)ll<supP=infQ< k k € Q.

=SITEON/ X NI < k k € Q &xeN &|[x[[#0

Fork € Q,
ITEO| <k |x || ¥ xeN.

Hence Q={k: k>0, [TX)|I<k|X| ¥ xeN, |x||#0}
Thus, sup {|[TX)|| :|Ix || <1}=supP

=inf Q.
=inf{k: k>0, |Tx)[|<k]|x]| VxeN}

Hence the proof.

Conjugate space of N:

Let N be an arbitrary normed linear space . The set of all continuous linear
transformation of N into R or C in
B( N,R) or B( N, C) (as N is real or complex). It is denoted by N* is called the conjugate
space of N.

The elements of N* are called continuous linear functional or functional. If f is
functional

£ 1l =sup {IIf COIl =[x || <1}

Theorem:
Let N & N’ be a normed linear space the set B (N,N’) of all continuous linear
transformation of N into N’ is a normed linear space with respect to the point wise linear
operations
N)(T+U)(X)=T(X)+U(X);
i)( oT)(X)= aT(x). and the norm defined by
T =sup {I[TC)|l :|x || <1}.Also if N’ is a Banach space
then B (N,N”) is also a Banach space.

10



Proof:
First we prove that B (N,N’) is a linear space .
Let Ty, To € B (N,N”).
Then (T1+ T2 ) (X +y) = Ti(X+y)+T2 (X+y)
= Ta(X¥)+ Ta(y)+ T2 (X) +Ta(y).
(Tt T2) (X) + (Tt T2) (y)
Thus (T1+ T2) is linear.
Similarly, (T1+ T2) (ax) =a ( T1+ T2) (X).

Thus ( T+ T2 ) is a continuous linear transformation. Since Ty & T, are continuous linear
transformation. Also, aT is a continuous linear transformation.

Thus B (N,N”) is a linear space.
To verify norm axioms:
Clearly ||T|| >0 and as ||T(x) || >0
i) Also, [[T][ =sup {ITCOI 7 lIx |l ;xeN & [ [|#0 }
Now , |[T|| =0 iff ||T(x)||=0 V¥ x.
iff T(x)=0 V x

iff T=0.
ii) Also if

[ Tat+ Ta || =sup {[| To+ T2 OO - lIx[| <13
=sup {|| Ta(x) + T2 I =[xl < 13

<sup {[[ Ta() | =[x Il < 13+ sup {[| T2 Ol < lx | <13

= Tall+ T2l

iii) Similarly, || & T|| = o ]| T |I

11



Hence B (N,N’) is a normed linear space. Finally we have to prove B (N,N’) is a
banach space whenever N’ is a banach space.

For doing this consider a Cauchy sequence {Tn}in B (N,N”). If x is an arbitrary vector
in N, then {Tn(x) } isa sequence in N’, which is Cauchy.

But N’ is a banach space which is complete. Hence {T, (X) } is convergent.
Let T, (X) = T(X) this defines the mapping T of

N into N’. By the joint continuity of addition and scalar multiplication T is seen to be a linear
transformation .

To conclude the proof we have to show that T is continuous and T, — T w.r.to the
norm on B (N,N”).

Since [ [| Tn (%) - Tm() [1< 1| To () - T(X) ||
<g(fixe)
Fix Msothat | Th (X) || <e+|| Tm(X) |-
Thus sequence {T, (x) } is a Cauchy sequence in N’ & the norm of the terms of this Cauchy
sequence form a bounde set of numbers.
ST T =1im To () [I= Him ][ T (x) ]
<sup [ Tall [Ix |
=(sup [ Tall) 1) |l
=k ||x || where k=sup || Tn||.

Hence T is bounded and therefore continuous .

It remains to prove that T, — T.
i.e, Toprove || T,—T||—>0

For a given € >0, let ng be a positive integer such that
| Tm—Thl|| <&V mn>ngas T, is acauchy sequence .
S TwG) =Ta ) < ([ T =T | 1) ||
[ Tm—=Ta |l for || (x) [[<1.
<e

IA A

12



Thus, || Tm(X) =T (X) ||< €V m,n>ngas T, (X) > T(x).
This shows that T, —> T and
[Tm—T|—>0
Hence the proof.
Operators:
Let N be a normed linear space . A continuous linear transformation N into itself is called an

operator of N. We denote the normed linear space of all operator of N by B(N) instead of B
(N,N).

Note:

1) B(N) is a banach space when N is a banach space.

i) B(N) is indeed an algebra in which multiplication of operator is given by TT’(x) = T(
T°(x)) and

ITT < T IT .

iii)Addition, scalar multiplication are jointly continuous in
B(N)ie, Thn >T.T, >T'=T,T, >TT.

The identity transformation 1,1(x)=x is in identity for the algebra B(N) and || I || =1.

Isometrically isomorphic of N intoN’:

Let N and N’ be a normed linear spaces. A 1 to 1 linear transformation of N into N’ such that
T =110 |l

for x eN, Tx eN’ is called an isometrically isomorphic of N into N’. We also say that N and
N’ are isometrically isomorphic if it satisfies onto also.

Hahn- Banach :

Any functional defined on a linear subspace of a normed linear spaces can be extended
linearly and continuously to the whole space without increasing its norm.

13



Lemma:
Let M be a linear subspace of a normed linear space N.let f be a functional defined on M of
Xo IS a vector not in M and if My =M+ X, . Then f can be extended to a functional

f, defined on My such that || f,|l=11f1].

Proof:
Case (i):

Let N be a real normed linear spaces. Assume || || =1 where f is a functional defined
on M, a linear subspace of N.

We may assume, without loss of generality || f[|=1.

Since Xo ¢ M,each vector y € My is uniquely expressible as y = x+a Xo with X € M.Define a
mapping foon Mg as follows fy (y) = fo (X+a Xo) = fo ( X)+ afo( Xo)
=f(x) + arp .

Where ro = fo( Xo). This is an linear extension of f to Mg and fy is linear for every choice of the
real number X.

Clearly, fy is continuous as f'is a functional on M. we’ve to choose rq SO that |, | =1.

ro has to be chosen so that [fo (y) | < || foll [|Y ||
e, [fo (x+taxo) | < | foll || X+ouXo |
= |x+axo || if |[fo || =1 wereto
be =1.

But fo(X+a Xg) = f(X) +a 1o
e, |[f(X)tary| < || X+a X ||
e, -f(x/a) - || (Xla)+ Xo || < ro < - f(Xla) + | | (X/a)+ Xo ||

So, if we choose ry satisfying (1) , then ||fo || =1.
Since fis linear and continuous, for any two vectors
X1, X2 €M, we’ve

f(Xz) —f(Xl) < |f (Xz —Xl) |
S IX2- Xl
= Ixz-xa |l =[] (%2 +Xo0) —(Xa+Xo)|
< I %2t Xo || + (X2t Xo |

SeF ) - [ xetXe || £ -F (X2) H|[ X2 X0 .ennnnnn. (2)
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Define 2 real numbers a,b by
a=sup{-f(X)-||x+xo| :xe M}
b=inf {-f (X)-||x+Xo| :xe M}

By(2)a<b

If we choose rp to be any real number a < ry < b, then the sequence inequality in (1) is
satisfied.

Hence the proof in the case (i)
Case(ii):

Let N be a complex number in a normed linear spaces. f is a complex valued functional
defined on M for which
IIf || =1. A complex linear space can be regarded as a real linear space by restricting the
scalars to be real.

Let g and h be the real and imaginary parts of f so that
f(X)=g(x)+ih(X) VxeM

Then both g and h are real valued functionals on the real space M.
Since ||f ||=1,we’vel g || <1
Also, we’ve f( ix) =1 f(x) and
i f(x) = g(ix) + ih(ix)
=1[g(x) +ih(x)]
~h(x) = -g(lx)_ _
- f(x) = g(x) —ig(ix).

By case (i) we extend g to areal valued functional go on the real space Mo in such a way that
llgoll=llgll.

We define fy for x eMg by f o(X) = go(X) —igo(iX).
Then f is an extension of f from M to My. Also, fy is linear , as
fo(x+ y) = Go(x+y) —igo(i(x+y))
= go(X)*0o(y) —19o(i(X) )+igo(y)

= fo(X) +fo (y) [since go is linear ]

Similarly,fo(ax)=afy(x)forallrealo.
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This is true for complex a also as fo(ix) =i fo (X).

So fp is linear as acomplex valued function defined on the complex space M. Finally to
prove ||fo || =1.

If X is avector in My, for which ||x || =1, then we prove , so that
[ fo Il =sup{1fo(x) [ :lIx[=1}=1.

If fo (X) is complex , then we can write fo(x) = re'® with r>0 so that | fo( X) |=r .1t follows
that fo (e x) is real.

o) <1

Hence the proof.

Hahn-Banach theorem:

Let M be a linear subspace of a normed linear space N. Let f be a functional defined on M.
Then f can be extended to afunctional f, defined on the whole space N such that

[ fo l=11F1].

Proof:
By the above lemma, for any xe N and x ¢M. We’ve an extension of f on M+[x]
such that || f|lis preserved for the extension.

Consider the set G of all such extensions of f to functionals g with the same norm ,
defined on subspaces which contain M. This is a partially ordered set w.r.to the following
relation.

0:< g iff domain of g is contained in domain of g, and g, (X) =g1 (X) , for all x in the
domain of G.

Now, every chain in G has an upper bound .
By Zorn’s lemma,

“ There is a maximal extension fy. The fy is the required extension of the entire space n. For
if fp is not defined on the whole of x, then there is an xe N and not in the domain My of fy , so
that fo can be extended to Mg +[x]. But fy is maximal.”

This is a contradiction to our assumption.
Hence the proof.
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Corollaries of Hahn-Banach theorem:
Corrollary:

If N is a normed linear space and X, is non-zero vector in N then there exist functional fo in N*
such that fo (X0 )= |lxo |l and ||, [I=1.

Proof:

Let M={a Xo} be the linear subspace of N spanned by xo.Define f on M by f(a Xo) = o |Ixo 1.
Clearly, f is afunctional on M such that f(xo) = |lxo ||, taking o =1 and || f |[=1.

By Hahn Banach theorem f can be extended to a functional f, in N* such that fy (Xo) = f(Xo)
= Ilxo I].

And |Ifo [I= |1 f]]=1.

Hence the proof.

Corrollary:

If M is a closed linear subspace of a normed linear space N and Xo is a vector not in M , then
there exist a functional fo in N* such that fo (M )=0, fo (X0 )# 0.

Proof:
The natural mapping T of N onto N/M is a continuous linear transformation such that T(m)
=0 and
T(Xo ): Xo +M= 0.

By the previous corollary there exist a functional f in (N/M)* such that f(x, +M)= 0.Define f, by
fo(x) = f(T(x)).

Then fy is the desired functional with the property that fo(M) .
i.e., fo (M)=0, fo (Xo) = f(T(X0)) = f( X0 +M) = 0.
Second Conjugate space:
The conjugate space of N* is itself a Normed linear space.We can form the conjugate

space (N*)* . It is denoted by N** and is called the second conjugate space of N.
Each vector xeN gives raises to a functional Fx in N** defined by Fx(f) = f(x) , xeN.
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Properties of natural embedding on N into N**:

1. Fxis linear.

2. I FRell= TIxII.

3. The mapping x— Fx is a norm preserving mapping of N into N**. F, is called an induced
functional. Thus the isometric isomorphism x— Fy is a natural embedding on N into N**.
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Question

The norm of x is called as the ............ of
the vector

Every ............. normed linear space is a

banach space

A banach space is a normed linear space
which is complete asa ............

The metric space arise on norm as

The linear operation is denoted by...........

The two primary operation in alinear space
iscalled ...............

The size of an element x is a real number
denoted by ...............

A linear space is called real linear space
when its scalar is ........

A linear space is called ......... linear space
when its scalar is complex
..................... is called the distance
between x and y

Every cauchy sequence has a
convergent..............

The real part of Z is denoted by .............
The imaginary part of Z is denoted by

The .......c.c..... of A is the lub of the
distance between pair of its points.
Iffisa............ function if there is a real
number K such that | f(x)|<k.
A set is one whose diameter is
finite.

Every sequentially compact metric space
1Seiiiiiinnns

Every sequentially ................... metric
space is totally bounded.

A mapping of a nonempty set b into a
metric space is called a............
mapping

A metric space is compact iff it is
................ and totally bounded.

A closed subspace of a complete metric
space is .......... iff it is totally

bounded

A metric space is said to be sequentially
compact if every sequence in it has
aconvergent ...........oeeeiunnt

The ......... is called second conjugate
space of N.

Opt1l

direction
complete
complete

Ity |

R

Linear
operation

norm x
norm
norm
c(xy)
sequence
Re(2)
Re(2)
direction
norm
complete
complete

complete
norm
complete

complete

sequence

N**

Opt 2

length
metric
connected

x|

N

Arithmetic
operation

real x

real

real

r(x.y)
subsequence
Re(x+y)
Re(x+y)
distance
finite
connected
connected

connected
finite
connected

connected

subsequence

Opt 3

weight
compact
compact
Iy |
L
Operators
banach x
banach
banach
d(x.y)
series
Im(2)
Im(2)
weight
bounded
metric
compact

compact
bounded
metric

compact

space

N"

Opt 4

scalar
connected
metric

lIxy ||

K
Operations
complex x
complex
complex
p(xy)
serial
Im(x+y)
Im(x+y)
scalar
unbounded
bounded
metric

metric
unbounded
bounded

metric

subspace

N*

Answer

Length
complete
metric

Iy

L

Linear
operation

norm x
real
complex
d(x.y)
subsequence
Re(2)

Im(2)
distance
bounded
bounded
compact

compact
bounded
complete

compact

subsequence

N**



A complete metric space is ametric space

in which every cauchy sequence

1S..ooiiiiiis

If N is a banach space then the product

N/Mis a.............
The elements of N* are called continuous
linear functional or

The identity transformation 1 is an
...... for the algebra B(N)

N is said to be isometrically isomorphic to
N' if ther exist an

into N'

If T is continuous at the origin , then

Xn—0 implies

The setofall ........

for T equals the

set of all radii of closed sphere

centered on the origin which contain T(S)

Any infinite set which is numerically
equivalent to Nis saidtobe ...............

finite

if it is non-empty and

Any countable union of countable set

1IS....oeeli

Uncountable is otherwise called

The absolute value is the
between the numbers.

The triangle inequality for metric space is

The elements of x are called the points

of......... space (x,d)

Let x be a metric space thenitis .......
property is d(x,y)=d(y,Xx)

Let x be a metric space then it is symmetry
Property is d(x,y)=

f is said to be continuous if it is
............... at each point of x.

complete

Banach space
continuous

continuous

isomorphic

Xn—0

bounds

countable

countable

countably
finite
countably
finite
direction

d(x.y)
<=d(x,z)+d(y,

2)

Banach space

asymmetry

d(x.y)
<d(x,z)+d(y,z

continuous

connected

hilbert space
functional

functional

isometric

T( Xn)—0

convex set

uncountable

uncountable
not countable
not countable

distance

d(xy)

<d(x,z)+d(y,s

)
Hilbert space

symmetry

d(x.y)

<d(x,z)+d(y,s

functional

compact

Inner product

space

linear space
linear space

isometric

isomorphism

Xn—1

continuous

uncountably
infinite
uncountably
infinite
countable

countable

weight
d(x,y)

<d(x,y)+d(y,z

)

Metric space

abelian

d(x.y)

linear space

convergent

linear space
convergent

identity

isomorphism

T(Xn)—o0

functional

countably
finite
countably
finite
uncountable
uncountably
infinite
scalar

d(x,y)
>d(x,z)+d(y,z

)

Linear space
commutate

d(y:x)

convergent

convergent

Banach space
functional
identity

isometric
isomorphism

T(Xn)—0

bounds

countably
finite

countable

countable

uncountably
infinite
distance

d(x.y)
<=d(x,z)+d(y,

2)

Metric space
symmetry

d(y:x)

continuous



UNIT 2
Open & Closed mapping

Lemma:

If B and B’ are banach spaces and if T is a linear transformation of B onto B’ then the image
oech open sphere centered on the origin in B contains an open sphere centre on the origin in
B’.

Proof:
We denote by Sr and S;’ the open spheres with radius r centered on the origin in B and B’.

T(Sy) =T(r S1) =r.T(Sy).
So it suffices to show that T(S;) contains some S;’.

We begin by proving that T(S; ) contain some S;’. Since T

o0

is onto, B’= U T(S;, ). B’ is complete, so Baire’s theorem
n=1

implies that some T(Sno) has an interior point yo, which may be assumed to lie in T(Sno).
The mapping y— y-Yp is a homeomorphism of B’ onto itself, so T(Sno) -Yo < T(S2n0) -

From this we obtain
T(Sno) -Yo=T(Sno) -Yo < T(Szno), Which shows that the origin is an interior point of T(Szno).

Multiplication by an nonzero scalar is a homeomorphism of B’ onto itself, so
T(SZnO) =2ng. T(Sl) =2ng T(Sl)

It follows from the fact that the origin is also an interior point of T(S;) , s0 S.” < T(S;) for
some positive number &.
We complete the proof by showing that
S.” < T(S3)=3.T(Sy).
Lety e S;’. Therefore y € T(S;) . hence each neighbourhood of y intersects T(S3) .
There is an open sphere centre on y and with radius /2, that intersects T(S1). There
is a point on
yie T(Sy) suchthat ||y-yi | | <e/2 and there is a point
X, € Bsuch that y; =T(xy) and | | x; | | <1. Now

SE’ C T(Sl) i.e., Sa/z’ - T(Sl/z).



Since || y-y1 | | <e&/2 y-y1 is avector in T(Sy).Each neighbourhood of y-y; intersects
T(S1p2).

Lety, e T(Sy) such that || y-y1-y, | | < &/4 where
Y2 :T(Xz) for X, €B and | |X2 | | <1/2.
Continuing like this we get a sequence of vector

{x.}inBsothat | |x, | [<1/2"" and
[ y-(ya+ya+.....4yn) || < e/2", where y,=T(xy).

Define Sp = X1+Xo +......... +xn.We find that {S,}is a Cauchy sequence in B.
LISa 1< Ixel [+ Ixo | [+.ooonn +1 %y |
<1+1/2+4......... +1/2",

<1/(1-1/2) <2.
Since B is complete the sequence {S, } converges to x in B. i.e., S, — x.

[ Ix] =] 11imS, | [=lim|]S,||<2<3.
=X e S3

Consider T(X) =T(lim S,) =lim T (Sy).

=lim [ T(X1+X2 e +Xn) ]
=lim [T(X1)+ T(Xz) oo +T(xn )]

yeS =S e€T(S3)

= S’z € T(S1)

Hence the proof.
Theorem : Open Mapping theorem

If B and B’ are banach spaces and if T is a linear transformation of B onto B’,then T is an
open mapping .

Proof:

We must show that if G is open in B, then T(QG) is also open set in B’. If Y is appoint in
T(G) it Suffices to produce an open sphere centered on y and contained in T(G).



Let x be a point in G such that T(x)=y. Since G is open, X is the centre of an open sphere
which can be written in the form x+ dr contained in G.

Our lemma now implies that T( Sr) contains some Sr’. It is clear that y+Sr’ is an open
sphere centered on y and the fact that it is contained in T(G) at once from

y+Sr’ c y +T(Sr) = T(x)+ T(Sr)
= T(Xx+Sr) < T(G).

Hence the proof.

Interior point :

Let X be an arbitrary metric space and let A be a subset of X. A pointin ¢ A ‘ is called an
interior point of A if it is the center of some open sphere contained in A, and the interior of A
denoted by Int(A), is the set of all interior points .

Int(A) = { x: xeA and Sr (x) < A for some r}.

Projection:

Projection E determines a pair of linear subspace M & N such that L= M® N where M= {
E(X):x e L }and

N={ x: E(x) =0} are the range and null space of E.

Theorem :

If P is a projection on a banach space B and if M and N are its range and null space , then
M& N are closed linear subspace of B such that B = M® N.

Proof:

P is an algebraic projection . So the above definition gives everything except the fact
that M and N are closed.

The null space of any continuous linear transformation is closed,so N is obviously
closed.The fagt that M is also closed is aconsequences of
M={P(x):x €B}
= {x: P(x) =x}
= {x: (I-P)(x) =0}

Which exhibits M as the nullspace of the operator (I-P).

Hence the proof.



Theorem :

Let B be a Banach space and let M and N be a closed linear subspace of B such that B=M &
N .If Z =x + y is the unique representation of a vector in B as a sum of vectors in M and N ,
then the mapping P defined by P(Z)=x is a projection on B whose range and null spaces are
M & N.

Proof:

A pair of linear subspace M and N such that L= M @& N determines a projection E whose
range and nullspace are M and N .we want to prove that P is continuous.
If B’ denotes the linear space B equipped with the norm defined by | [z | [°=| | x]| | +

REARE

Then B’ is a banch space and since
LP@ [ =l IxTI<Ix 1+l Tyl l=l1z ]

P is clearly continuous as a mapping of B’ into B. It suffices to prove that B’ and B have
the same topology.

If T denotes the identity mapping of B’ onto B, then
1@ =1zl =l Ix | <Ix [+ Tyl l=[1z ]

This shows that T is continuous as 1 to 1 linear transformation of B’ onto B. Then by
previous theorem implies that T is a homeomorphism.

Hence the proof.

Definition:

The graph of a linear transformation of a banach space B into another banach space B’
is that subset of BXB’ which consist of all ordered pairs (x, T(x)) where
X € B.

Lemma:

If T is continuous , then its graph is closed as a subset of the metric space B x B’ With
metric defined by

d((X1,Y1), (X2,y2))=max { || X1- Xz [|, || y1- Y2 [I}-

Proof:
Let (Xo, Yo ) be in the closure of the graph of T .



Then there is a sequence { Xn, T( Xn )} in the graph of T such that x, — Xo ; T(Xn ) = Vo.

T is continuous , T(Xn ) = T(Xo).
T(Xo) = Yo.

Thus the point (Xo, T (Xo) ) belongs to the graph of T.
Hence graph of T is closed as a subset of B X B’.
Hence the proof.
Theorem : Closed graph theorem:
If B and B’ are Banach and if T is a linear transformation of B into B’ . Then T is continuous
iff the graph of T is closed.

Proof:

T is continuous.
= The graph T is closed.

Converse,
Let the graph of T be closed. Denote by B, the linear space ‘B’ with the norm defined
by
Ix o= TIx TH+TTTe0
We can prove that B; is a normed linear space under the norm, now

LTegl < Tix [T+ TTe0 =] 1x [ ]

This shows that T is bounded and hence continuous as the linear transformation from
B]_ to B’.

It i1s enough to prove that B and B’ have the same topology.i.e., B and B’ are
homeomorphic.

The identity mapping of B; to B’ is continuous for

T
We show that B; is a banach space to show the completeness of B;.

Consider a Cauchy sequence {X,} in B;. Thus {x,} is a Cauchy sequence in B and
{T(xn)} is a cauchy sequence in B* as | [ xm - X, | | <e.



:>| |Xm'Xn | |+| |T(Xm) 'T(Xn)||<8

Since B and B’ are complete, there exist a sequence x € B,y € B’
Such that X, > x e Band T(x,) >y € B’.

By hypothesis the graph of T is closed in BXB’.
This implies (x,y) lies in the graph i.e., y=T(x).

| [ xn-X [Ta= 1] xo-x | [+ [ T(a-%)1 |
= || xo-x | [+] [ T()-T(X)| | = 0.

—=Xp—X in By. .. B is complete and its banach. Thus T is continuous from B to B’.
Hence the proof.
Conjugate of an operator:

Each operator T on a normed linear space N induces a corresponding operator , denoted by
T* and it is called the conjugate space N*.

Theorem : Uniform boundedness theorem

Let B be abanach space and N a normed linear space . If {Ti} is a non-empty set of
continuous linear transformations of B into N with the property that {Ti(x)}
Is a bounded subset of N for each Vector x in B, then
{ | Till }is a bounded set of numbers , that is {Ti} is bounded as a subset of B(B,N).

Proof:

For each positive integer n, the set
Fn={x: x € Band || Ti(x)|| <n forall i }is clearly a closed subset of B, and by
assumption we have

B=UFn
n=1
Since B is complete ,Baire’s theorem shows that one of the Fn’s, say Fng has non-
empty interior, and thus contains aclosed sphere Sy with center xo and radius ry >0.

It means that each vector in every set Ti(Sp) has norm less than or equal to no:



For the sake of brevity || Ti(So)|| <nq. It is clear that
So —Xo is the closed sphere with radius ro centered on the origin , Sp (So—Xo) /ro Is the closed unit
sphere S. Since X is in So , it is evident to show that || Ti(So- Xo) || < 2no.

This yields || Ti(So) Il < 2no/ro, so || Ti(So) || < 2no/ro for every i.

Hence the proof.
Theorem :
A non-empty subset of a normed linear space N is bounded iff f(x) is a bounded set of numbers
for each fin N*.
Proof:

Since | f(x)| < I | [Ix|] , itis obvious that if X is bounded , then f(x) is bounded, then
f(x) is also bounded for each f.

Second part of the theorem , it is convenient to exhibit that the vectors in X by writing

X= {Xi}.
We use the natural imbedding from X to the corresponding subset {Fx; } of N**.

Our assumption that f(x) = {f(x;) } is bounded for each f is clearly equivalent to {Fx;
(H} is bounded for each f, and since N* is complete.

By previous theorem shows that {Fx; } is a bounded subset of N**.

Hence the proof.
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Question Opt1
The centre of some open sphere contained in A is
closed
called the ...........
Each operator T on a normed linear space N induces
a corresponding T
operator denoted by .......
The M is the null space for the projection on p
If P is a projection on a Banach space B and if M
. dense sets
and Nareits .........
A projection on E determines a pair of linear L= mN
subspace M and N then ........
The image of open sphere centered on the origin in
B contains an .............. closed
Sphere centered on the origin in B and B'
The ...... is the null space of the operator on the M
projection on I-P
The ...... is the null space of the operator on the M
projection on P
The ...... is the range of the operator on the M
projection on I-P
The ...... is the range of the operator on the M
projection on P
A pair of linear subspace M and N such L= MAN
. dense sets
determines a.......... onE.
If T is continuous , then its graph is .......... asa closed
subset of BxB'
A closed set in a topological space in a set whose closed
compliment is...........
Ads .ooooeeennn. iff A =Int(A) closed
Int(A) equals the union of all ................. of A. closed
The interior of A is denoted by ..................... Int(A)
Int(A ) is an open subset of A which contains every
closed
................ of A
!_et X be any metric space then any union of open set closed
mxis.........
Let x be any metric space then any finite intersection
L closed
of ....... in X is open.
In any metric space X, each open sphere is an closed
The open sphere Sr(x,) with center X, and radius r d(xy)
is the subset of x define by .................. '
An open sphere is always non empty for it contain center
)L
An ...l sphere with radius 1 contain only its
closed
center.
If the open sphere is bounded open interval (x, - r,
Xq + r) with midpoint X, r
and total length......
Sr(Xp) is an open sphere with radius ......centered on
Xo '
In the linear space the.......... transformation I identity
defined by 1(x)=x
The mapping P(Z) =xisa ..........cc.unnen. on B. dense sets

B and B' have same topology means they are

B and B' have same ........ means they are
homeomorphic
The identity mapping of B'toBis .......... for

ITcoll=NxIl-

homomorphic

strong
topology

continuous

Opt 2

open

T*‘*

I-P

range and null
space

L=M+N

open

N
N
N

N

range and null
space

open

open

open
open
CI(A)

open
open
open
open
d(y.x)
radius

open

2r

2r

linear

range and null
space

homeomorphic
nullspace

functional

Opt 3

interior

T*

Space
subspaces

L=M-N

interior

L=M-N
L=M-N
L=M-N
L=M-N
subspaces
interior

interior

interior
open subset
Ext(A)

open subset
open subset
open subset
open subset
d(x,xg) <r
distance

open subset

3r

3r

one to one
subspaces
linear
topology

linear space

Opt 4

exterior

subspace
projection

L=MAN

exterior

L=m+N
L=m+N
L=m+N
L=m+N
projection
exterior

exterior

exterior
open set
Im(A)

open set
open set
open set
open set
d(x,xg) =r
length

open set

onto
projection
connected
weak topology
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Answer
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If T is continuous linear transformation of B onto B'
. . closed
thenTisan....... mapping.
A 1-1 linear transformation T of abanach space
onto itself is continuous then continuous

its inverse is automatically ............
The mapping T —T* is thus anorm preserving map B(N)*
onf B(N) into ...........

open

functional

B(N')

open subset

linear space

B(N)

open set

convergent

B(N)**

open

continuous

B(N')



UNIT 3
Hilbert Spaces

Inner Product Space:

Let X be a complex vector space over the complex scalars C. Then (x,y) is said to be
an inner product of x
and y.
i)(X,x) >oforall x in Xand (x,x)=0iffx=0

i)(y,x) = (x,y) forall xand y in X

i) (x+y, z) = (x,z) + (y,z) forall x, yand z in X

Iv) (AX,y)=A(x)y) for all x,y in X and all complex
number A

A complex vector space X having the inner product is said to be an inner product
space.

Hilbert Space:

A complete inner product space is said to be a Hilbert Space.

Examples:

1. Consider the spaces I," where we denote I," as the linear spaces of all n-tuples of
scalars with the norm of a vector Xx= (X1, X,.....x, ) defined by

n
1= € Zpaf* )
We know that I," is a banach space .Now,we show that the
inner product of 2 scalars x= (X1, Xa,.....xn ) and
y= (Y1, Y2,.....yn ) is defined by inner product
n J—
(xy) = 2XiVi

Then 1," is a Hilbert space.



2.Consider the banach spaces I, consisting of all infinite sequence x= (x,)*n=1 0f a
complex number with the norm of a vector defined by

IXII = Zjxal* )

n=1

Also, if the inner product of two vectors X= (X1, Xa,.....Xn )
And y= (Y1, Y2,.....Yn ) is defined by inner product

(xy) = nZ::i(n Yn

Then 1, is a Hilbert space.

Theorem:( Schwartz inequality )
If (x,y) are any two vectors in ahilbert space then

o,y [< Tyl

Proof:

If y=0 then the above inequality becomes equality as both side vanishes. Now y= 0 for any
scalar A we have
(X+Ay,x+Ay) > 0.

= (X,X)+(X, Ay) +(Ay,X)+ (Ay, Ay) > 0.

:>(x,X)+7»(x,y)+7u x,y) + IlZllyll? > o.

Sincey=0, ||yll=0.
Therefore put & = -(x,y)/ ||y|]? in equation (1)
=Ix 12 =[xy Frilyll?
= Ix 12 1y l2=1(xy) P
= o,y [< T[T Tyl
Hence the proof.

Remark:
Using these inequality we see that the inner product function is jointly continuous.



Problem:
If x and y are any two vectors in a Hilbert space H then

i) Ix+y P+ x-yIF =2 x [?+2]| y|P
(parallelogram law)

i) I x+yIP-lx-y 1P =206y)+2(y,%).

i x+y [P+ x-y P +ill x+iy [P+i ] x-iy |
= 4(x.y).
(polarization identity)
Solution:
DX+ [P+ 11Xy [P = (xHy.x+y) +(X-y,X-Y)
= (X,X)+(y,X) + (X’y)+(y!y) +(X,X)'(y,X)
-(xy) +(y.y)
= 2(x,x) +2(y.y)
=2 x [P +2]| yIP
Hence (i) solved .
i) [| X+y [P [ x-y [P = (xHy,x+y) - (X-Y.X-Y)
= (XX)+(Y,X) + (x,Y)*+(y.y) ~[(x,x)-(y,X)
-(xy) +(y.y) ]
= 2(y,x) +2(x,y)
Hence (ii) solved .

i) x+y [P+ | -y I[P+ il x+ iy [P+ | x- iy |

= (XY, X+Y) - (X-Y,X-Y) + i((x+iy,x+iy)
iI(X-1y , X-1y)

= 2(yx) +2(x,y) +H[ (x.x) +i(y,x) <i(xy)+(y.y)]
AL (X) - i(y.x) i y)+(y:y) ]

=2(y,X) +2(x,y) -2( y,x) +2( x,y)

= 4(x.y)

Hence (iii) solved



Problem:
Every inner product space is a normed linear space

Solutions:

Let V be an inner product space. In order to prove that it is a normed linear space it must
satisfy the properties of normed linear space.

If xe V then || X |> = (x,X)

By the definition of an inner product space we know that
)] XX)>0& (x,x) =0 < x=0.

Hence ||x [F>0& ||x =0 < x=0.

i) [lax |’ = (ax, ax) = ao (X,X)
=l a [ (xX)
= Ja PlIx P
loox 7 = Ja [lIx |
Hence (ii)
i) Ix+y [P = (x+y, x+y)
= (X,x) +(y.x) +(x,y)+(y.y)

=X P+ 1y 1P +TGy)+(xY)

=X IP+11 yI* +2Re (xy)

=X 1P+ 1y I+ 2(xy)

=X IE+1y P+ 20 11yl
Ix+ylF< Ix I+ yll

Hence (iii) Solved .
It shows that every inner product space is a normed linear space.

Theorem:

A closed convex subset “C” of a Hilbert space H contains a unique vector of smallest norm.



Proof:
Letd=inf{ || x || : X € c} then there exist a {x, } such that || x,| — d.
Consider two vectors X, , Xm € {Xn } .Since c is aconvex subset of H . .".Xp, Xn € C.

= (Xn + Xm )/2 € C. By the definition of d we have
|| (Xn + Xm )/2 || > d. sothat || (Xn + Xm) || > 2d.

By the parallelogram law we have
Ix+y P+ 1x-yIF =2 x [?+2]| y|F
= [1%Xm + X [P+ 1| Xm = Xa [ =2]1 X [P 42 X [
= [ Xm=Xa [ =2l X 7421 Xa [P - [l Xon + X |
<2l xm P +2]l xa P - 4d

Now,
2 Xm P42l % [P - || Xm + Xn |F = 20 +2d? - 4d* =0.

Hence, || Xm- Xn |F — 0as m,n — .
. {Xy } is a Cauchy sequence in c.

Since H is complete and c is a closed subset of H. ... ¢ is also complete Hence the Cauchy
sequence {X, } in c is also a Cauchy sequence in c.

Therefore there exist a vector x in ¢ such that x,, = X.
Now, X =lim X, .

[ =1 Tim xq || = lim || Xn || =d.
Hence X is avector in ¢ with the smallest norm d.
To prove uniqueness of x:

Suppose x’ is a vector in ¢ other than x, which also has norm d.Then (x+x’)/2 € ¢ &
by the parallelogram law .

We have || (x+x)/2 [P =[x 2 + || x| /2 -] x-x |12

<IxIF2+) x|F /2 =d*



Which contradicts the definition of d.
Hence x is unique.

Hence the proof.

Theorem:

If B is a complex Banach space whose norm obeys the parallelogram law and if an inner
product is defined on “ B” by

Ay)=[Ix+y [Pl x-y P+l x+iy |- ) x- iy |
Proof:
We have to show that the inner product defined above has three
properties required by the definition of a Hilbert space namely,
i) To prove (x.x)= || x |]
4 (xX) =[x+ 7= 1= P+ il e+ ix JP- ] - ix
=4 x [P +2i ] x | - 2il x|
=4 x |P
Hence (i) proved.
ii) To prove (X,y) = 4 (y,x)
4(x.y) =4 (y.X)

4y = Ly +x - ly-x |

. TV T
Hilly+ix |- ly-ix ||

Then,

4y = x+y IP-Jix-yIF
+illx+ iy [P -y |

X = Ix+y PIx-yIE
il Xy [P+ X+ iy |

=4(x,y)



Then (x,y) = (y.x).
Hence (ii) proved.
i)  (x+y, 2) =(x,2) +(v.2)

M x+y,2) = || x+y+z|P- || x-y-zIf +il| x+y +iz |
S| x4y -iz |P

=4 re(x+y,z) +i4 im(x+y,z)

— 2 2
Axz) =l x+z |- x-z ]
il x+iz |- x-iz]]

=4 re(x,z) +i4 im(x,z) ...(2)

Similarly,
4(y,z) = 4 re(y,z) +i4 im(y,z) ...(3)

Now, (2) +(3)

= 4(x,2) +4(y,2)
=4 re(x+y,z)+i4 im(x+y,z)..(4)

From (1) & (4)

4(x+y, z) = 4(x,z) +4 (y,2)
Hence (iii) proved.

iv) (o, y) = a(xy)

4ox, y) = llax+y |I°- floex-y |
*iloax+iy |*- i flox- iy |

=lal X+ - x-y [P
+illx*iy I i1 x- iy 7]

= o [4(x.y)]
Hence (iv) proved.
Then B is a Hilbert space .

Hence the proof.



Orthogonal:
Two vectors x and y in a Hilbert space H are said to be orthogonal ( written x L y) if
(x,y) =0 i.e., x L y[this L symbol is read as related] .

Remark:
1. The relation of orthogonality in a Hilbert space is symmetry.
2. If x is orthogonal to y then every scalar multiple is
Ly.
3. The zero vector is orthogonal to every vector.
4. The zero vector is the only vector which is
orthogonal to itself.
Result:Pythogorian theorem
If x and y are any two orthogonal vectors in a Hilbert space H then we can show that
Ix+yIP =lx-yIE=lx 7+ yIP
Proof:
[+ [P =(x+y, x+y)
= (%X) +(y.x) +(x.y)+(y.y)

= |Ix P+ y | +0+0
[since x L yi.e., x,y=0]

= Ix P+ yI?
similarly, [| -y II* =l x |+ y |

Hence proved.

Definition:

Let S be a nonempty subset of a Hilbert space H the orthogonal compliment of S
written as S* is defined by

St={xeH:xLly VyeS}
Theorem:

The following statement follows directly from the orthogonal compliment of the set
definition.



i) {0} =H
ii) H * ={0}
iiS NS+ c {0}
iV) Slg S, = Slj' QSZJ' .
v) S ™isaclosed linear subspace of H, a X1 +p X1 € S .
vi) Sc St

Proof:

St={xeH/x 1Ly}

i) To prove{0} = H

{0} ={x eH/x L0}

{x eH/ (x ,0) = 0}
H.

i)  Toprove H*={0}
Let xe H ~then by definition (x,y) =0 Vy € H.

Taking y=x, (x,x) =0
=[x [F=0=x=0

= x {0}
Then, H * ={0}
iii)To prove SNS* < {0}

Letxe SNSt=xeS &
xeS*t/(xy)=0 VyeS.

If S is orthogonal to x itself, then (x,x) =0 = || x ||* = 0 = xe {0}.
Then, SN S+ < {0}
iv)To prove S;c S, = S;™ oS,+

Let xe S, = x is orthogonal to every vector in S,
= X is orthogonal to every vector in S;.



= xe St
Then, Si™ oS,"
v)To prove S*isaclosed linear subspace of H, o x; +f x; € S*.
Let Xy, X, € St then (x1,y) =0 & (X, ¥) =0 Vy e S.
(o X1+ X2,y) = aulX1,y) +B(X2,Y)
(o Xy +B X2 ,y;Oe S
To prove S is closed:

Let x be a limit point of S*. Then, to prove x e S *. By definition of limit point there exist
{xn} in S *such that {x,} - x.i.e.,, (Xn,y) =0 Vy € S.

|(Xa=y)-(xY)I = | (%=X, V)l
< - lyll—0
lim(x, , y) =(x.y)

= xe St

vi) To prove S = S*+

Stt={x/(xy)=0 Yy €S}

Ifx €S, then(x,z2)=0vzeS™ .

= xe St

Hence the proof.
Theorem:
Let M be a closed linear subspace of a Hilbert space H. Let x be a vector not in M & let d be

the distance from x to M. Then there exist a unique vector y, € M such that
[ X- Yo =d.
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Proof:
Since M is closed, the set c= x+M is a closed convex set.
To prove c is closed:

Let {x+y} be a limit point of x+M then to prove
{x+y} € x+M.

There exist a {x+xp} in x+M such that {x+x, } — x+y.

Now {x, } is a sequence in M and {x, }—> .
But M is closed.

LetyeM . Thus {x+y} € x+M.
Since d is the distance from x to M , dis the distance from the origin to c.
By previous theorem there exist a unique vector zy in ¢ such that || z ¢ || =d.

Now, the vector y, = X- Zp is in M and
I x- Yo |l =I zo || =d.

Uniqueness of yp:
It follows from the fact that y; is a vector in Msuch that
y1 #Yo and || X —y; || =d. then zg =X-yjq is in ¢ such that
z1 #Zp and || z; || =d.

Which contradict the uniqueness of zo.

Hence the proof.

Theorem:
If M is a proper closed linear subspace of a Hilbert space then there exist a non-zero vector
Zoe H, zo L M.
Proof:
Let x be avector not in Mand let d be the distance from x to M.

By previous theorem there exist a unique vector yo, € M such that || x- yo || =d.

We define zy by zg =X-Yo .

11



Izo I =lI X - yo || =d.
=27, IS anon zero vector.

We conclude the proof by showing that if y is an arbitrary vectorin M, then zo L y.
For any scalar oo we have

| Zo- ay || =[| X~ (Yotay) |> d =20l

= |20 -y |-z |f >0.

= (z0-ay, 20-a0y) —(20,20) 20

= (20, 20) (o, Y) - &l 20, ) +orc (v.y) (20, 20) 2 0

It is true for every scalar a.

Let o =B (zo ,y) where B is an arbitrary real number.

Then o = B (z0,y) sub the values of a and?x in (1) we have
Bl@o W) =0. oo )
The equation (2) is true for real .
Suppose (2o ,y) # 0. Then taking j as positive and so small that 8 || y |* < o,
.. We must have (zo, y) =0 which means that zo 1. M.
Hence the proof.
Theorem:

If M and N are closed linear subspaces of a Hilbert space H such that M L N, Then the linear
subspace M+N is closed.

Proof:

Let Z be limit point of M+N such that Z € M+N such that Zn — Z.

12



Since Z is alimit point of M+N there exist a {Zn} in M+N such that Zn—Z.
Since M L N, M N = {0}. i.e., M and N are disjoint so each Zn can be written

uniquely in the form.

Zn = {X, +yn} where x, eM and y, eN. Consider two vectors { Zm =Xy + Yym & ZNn =X, +
Yn } €{Zn}.

Let us consider ,
Zm-Zn =(Xm - Xn)+ (Ym - Yn )

Where X, - Xn € Mand ym - Yo € N.

AndM L N. ..(Xm-Xn) L (Ym-VYn).

Then by the pythogorian theorem we have

I Zm-2Zn|? =]l (m - Xa) [P+ 1| (Y = Yo ) |-

Now {Zn } is a Cauchy sequence in H. Every convergent sequence is a cauchy sequence.
-.we have || Zm-Zn|* — 0 as m,n — .

= || (Xm - Xa) [P = 0 || (Ym - ¥ ) IF = 0.

= {Xn } &{yn } are the Cauchy sequence in M & N respectively.

Since, H is complete , M & N are closed subspaces of H.

..M & N are complete . Hence the Cauchy sequence X, & Yy, in M& N are convergent
sequences in M & N.

Then there exist a sequence X & y in M & N such that x, > X & y, - V.
Now, Z=lim Zn
= lim(x, +Yn )
=Xx+y € M+N.

Thus if Z is alimit point of M+N then Ze M+N.

13



.M +N is closed.
Hence the proof.
Theorem : ( Orthogonal decomposition theorem)

If M is a closed linear subspace of a hilbert space H then H is the direct sumof M & M *ie.,
H= M+ M".

Proof:

Since M & M* are orthogonal , closed linear subspace of H, then by previous theorem shows
that M and M is also a closed subspace of H.

We must prove that M+ M* = H.If possible let we assume that M+ M* = H.
Then , M+ M™is a proper , closed linear subspace of H. Hence by theorem” If M is a
proper closed linear subspace of a Hilbert space then there exist a non-zero vector zo € H, z

Y

There exist a vector zo= 0 in H, zo L M + M.
i.e., (Zo,x+y) =0 where x eM and y € M*.

(or) (Zo x) =0 & (Zo,y) =0
(o) Zoe Mt & Zye (MY =M
. Zo € M A M ={0} . This is not possible as Z; is anon-zero vector.
Thus we conclude that M+M™ is not a proper closed linear subspace of H.
~ M+M"=H.
Since Mn M* ={0} , Hisadirect sumof M & M*. i.e, =M @& M".
Hence the proof.
Theorem:

If M is a linear subspace of a Hilbert space , Show that it is closed iff M=M"".
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Proof:

Let us assume that
M=M= (M")*=S" where S=M *.

S+ is aclosed subspace of H. M is a closed linear subspace of H.

Conversely, M is a closed subspace of H.
Claim: M=M *+*+

McM-*-
Assume that the inclusion M = M * * is proper M= M *+
M is a proper closed linear subspace of M * *.

Hence by theorem” If M is a proper closed linear subspace of a Hilbert space then there exist
anon-zero vectorzpe H,zg L M.”

There exist a vector zo= 0 in M+ 4, zy L M™.
=Zye M M+ +={0}.
There exist a contradiction .
ThenM=M"*"+.
Hence the proof.
Orthonormal set:

A non-empty set {e;j} of a Hilbert space H is said to be an orthonormal set if
Nizj=eLe(ie,)(e,gg)=0 Vizj

=1 Vig
i) fle[|=1 Wi
Theorem:
Let {e1, es,......... en} be a finite orthonormal set in a
Hilbert space H . If x is any vector in H,
then

15



n
iz:1|(x,ei)|2 < NIX NP (1)

Further,
n

X- _Zl(x, ei)ej L e foreach j.
1=

[ Bessel’s inequality for finite orthonormal set]

Proof:
We have
n
0< [IX-Z(xe)eil?
n =t n

=(x-Z (x,e)€.X-Z(X€)¢ )
i=1 =1

n n n -
=X 12-2 (x e)xe) -2 (x &) (x8) +Z (. e)(x.e)
i=1 i=1 i=1
n
0< [Ix | 2- 2| (x, &)
=1
which gives

n
Slxe)f < x|
To conclude the proof, we observe that
n n
(X-Z (x,e)eie )=(xg)-Z (X e)eie)
i=1 i=1
= (x,g) —(x,g) =0
n
= X-X (X, &) ejLeforeach].
i=1
Hence the proof.

Theorem:
If {ei} is an orthonormal set in a Hilbert space, H and if X

16



is any vector in H then the set S ={e; : (X, € ) # 0} is either empty or countable.
Proof:
For each positive integer n, consider the set

sn={ei: I(xe)* >[xI*n}

By Bessel’s inequality Sn contain atmost n-1 vectors .For if Sn contains say n vectors {e;,

Ix, &) > ||x||?/mn foreachi=12......... n
Adding up we get

Sl e’ >nfx 1%/

2 2
=[x el > [[x|

This contradicts

n
Z(x, e < Ix|°?
=1

Thus for each positive integer n the set Sn is finite.Now suppose, the set {e; } €S then (x,g;)
#0. However small be the value of |(x, )] , we can take n so large that

x &) > lx 1% /n.

If {&; } € S then e; must belong to some Sn. So we can

0

write S= uUSn.
n=1

Hence S is expressed as a countable union of finite set.

17



.S itself is a countable set.

If we have (x,e; ) =0 V¥ | then S is empty.
Hence the proof.

Theorem: Bessel’s inequality

If {&; } is an orthonormal set in a Hilbert space H, then
2|, e < |Ix ||? forevery vector x in H.

Proof:
Let S={e; : (x,ei ) # 0} >By the previous theorem either S is empty (or) it is countable.

If S is empty, then we have (x,e; ) =0 V i. In this case we define = |(x, )] to be the
number 0 and we have
0 < ||x ||%.ThusifS is empty then we have

i) < x|

Now,we assume that S is not empty,. Then either S is finite or it is countably finite. If S is
finite then we can write
S={ey, €s......... en} for some positive integer n.

In this case we define
n

S |(x &) = Z|(x, e)* whichis < ||x || % by bessel’s
i=1

inequality.

For Finite case:
Finally, assume that S is countably infinite. Let the vectors in S be arranged in a
definite order
S={e1, ez,......... [ }.By the theory of absolutely
o0
convergent series if X |(x, e,) converges then every series
n=1

obtained from this by rearranging its term also converges and all series have the same sum.

We define therefore X |(x, ;)] to be
2|, en) .....(1).

Hence this sum will depend only on the set S and not on the rearrangement of its
vectors.

18



Now by the bessels inequality in the finite case, we have
n

TIPS X 12 )

i=1

For various values of n, the sum on the left side of (2) are non negative . So they form a
monotonic increasing sequence. Since this sequence is bounded above by || x || 2
It converges.

Since this sequence is the sequence of the partial sum of the series on the right side of (1) it
converges and we have

Fore; € S,
o0
zl(x e = 2)(x, enf’< [1x |2
Hence the proof.
Complete:

An orthonormal set {e; } in a Hilbert space H is complete if it is not possible to adjoint a
vector e to {e; } in such a way that {e; , e} is an orthonormal set which properly contains {e;

1.

Theorem:
Let H be a Hilbert space and let {e;j} be an orthonormal set in H then the following
conditions all are equivalent to one another.

) {ei} is complete.

i) x 1 {ei}= x=0

iii) If x is an arbitrary vector in H then
X=2 (X, €) €.

iv) If X is an arbitrary vector in H then

Ix|1?=21(x e)l” .
Proof:
()= (i)

If (ii) is not true there exist a vector x= 0 such that x L {e;}. we now define e by e=
x!'|| x || & we observe that {e; , e} is an orthonormal set which properly contains {e; } .
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This contradicts the completeness of e;.
(i) = (iii)
It is given that x L {e;}= x=0. we have to show that if x is an arbitrary vector in H then x =

Z (X, ei) €j.

By the previous theorem the vector x - 2. (X, €;) €; is orthogonal to every vector in the set
€i
e, Xx-2(X,e)e Le.

Therefore by hypothesis
X-Z(X, ei)ei :0:>X-Z(X, ei) €.

(iiii) = (iv)

It is given that for any vector xe H. We have

X =Y (X, &) & . We have to prove that || x || %=X | (X, &)|?

X117 = (x.x)
= (2 (x edei, 2 (X &)

=YX (X, &) (Tej) (e, &)
= Y| (x &)l
(iv) = (i)

Suppose {e; } is not complete. Then {e; } is a proper subset of an orthonormal set {e; , e}.
By hypothesis we have

lell?=%1 (e &)l *=0
Since e 1 e for each i.
Now, || e || 2= 0 which contradicts the fact that e is a unit vector,
.. The orthonormal set {e; } must be complete.
Hence the proof.
Conjugate space H*:

Let H be a Hilbert space . A continuous linear transformation from H into c is
called a continuous linear functional or more briefly a functional of H.
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The elements of H* are called continuous linear functional

H*={ff :H->C}

Theorem:

Let y be a fixed vector in a Hilbert space H. Let fy be a scalar valued function defined on H as

fy (X) = (x,y) for every xeH. Show that fy is functional in H* and

Iy =1yl

Proof:

Since inner product (x,y) is a scalar , clearly f, : H— C.

To prove that fy is functional on H.we must show that fy is linear and continuous.

i)To prove fy is linear:
Let X1, X2 eH and o, €C.
We have

fy (axa+Bx2 ) = (ax1+BX2 ,Y)
= (OLX]_,y) +( BXZ ’y)
=a fy (x0) +Bfy (x2)

= fy is linear

if) To prove fy is continuous:

For every x eH, f, (X) = (X,y) .

= [y 0 =[x, Y
<l

Since y is a fixed vector in H.

Let |y || =k.
Then |fy (X) |< k|| x]] VxeH.

= fy is bounded.
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= fy is continuous.
fy is norm preserving:
To prove that [|f, | = |y |
[y [ =sup {ll fy COIl = lix |l =1}
<sup{ I x [y = lx ]l < 13
=y Il supL i [l fix I < 13

Thusfy < ||y |l .ccovnennnnnn (1)

Now we show that the relation takes the form an equality. If y=0 then || y || =0.

Also, if y=0 then f, (x) =(x,y) =(x,0) =0 V¥ x € H.
Then fy is a zero functional & || fy || =O0.
Thus if y=0; then fy, = || y || =0.
Now let us take y= 0. then H is not a zero space .
We have || fy | =sup {|[ fy C)Il - lIx || <1}
Since y=0; y /||y || is a unit vector
Takingx=y/|ly]|l .
we havefy > ||yl ...ocooentns 2)
From (1) & (2) we have
Iyl =1yl
Hence the proof.
Theorem : Riesz Representation theorem

Let H be a Hilbert space and let f be an arbitrary functional
In H then there exist a unique vector ye H such that
f(x) =(x,y) Vv xinH.

Proof:

First we shall show that if there exist a vector y such that f(x) =(x,y)

v xin H.

22



Then y is necessarily unique.
Suppose Y1,y are any two vectors satisfying the property we have
fX)=(x,y1) VxinH.
& f(X)=(x,y2) VxinH.
- we have (X,y1) =(X,y2 ) V xin H.
= XYy1-Y2)=0 VxinH.
=VY1-Y =0> Y1 =Y.
If f is a zero functional then f( x) =0 V x in H.
Also, if y=0 then f(x) =(x,y) =(x,0) =0.
If f is a zero functional then the vector y=0 such that
f(x) =(x,y) V xinH.
Suppose f is not a zero functional. Let M be the null space of f. i.e., M= {x /f(x) =0} . Then
M is aproper subspace of H.Also the null space of any continuous linear transformation is
closed.
Hence M is a proper closed linear subspace of a Hilbert space H.
We claim that for some suitably chosen scalar o, the vector y= a Y.

Case(i)

We take any value for scalar o in the vector y= a Y.
Satisfies the property (1) for every x € M.

If Xx € M thenf(x) =0.Also if x € M, then
(X’y) = (X, a Yo ) = O(,(X,yo) =0.
Thusif x e M & if y = a yp then we have f(x) =(x,y) =0.
Hence case (1) is satisfied.

Case(ii)
Let us try to choose the scalar o in such a way that
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The vector y=a Yy satisfies equation(1) for x=yo. Then

f(Yo) =(Yo. o Yo) = & (Yo, Yo) = & || o IF>.

Here we take g =f(yo) / || Yo |I*. then the veactor y =a. y, satisfies
for every x e M & for every x =y, then it must satisfy (1) for every
X € H.

Let x be an arbitrary vector in H. Since M ~ M * ={0} and
Yo is anon zero vector belongsto M *.

" Yo & M. Then
= f(x) - B f(yo) =0.

=>X-BYoeM
=X- BYo=m € M

Thus xeH = x =m+ 3 yo where 3 is some scalar &
m € M. now,

f(x) = f(m+ B yo) = f(m) +B f(yo) = (M.y) +B (Yo, )

= (m+ B yo.y) = (Xy)

Thus if a vector y satisfying (1) for every x € M & for every x =yp
then it must satisfy (1) for every x € H.

Hence y = a Yo the required vector where

a=f(yo)/ || Yo ||2 .

Hence the proof.

*hkhkkkhkhkkkhhkkkhkhkkkhkhkkhkhhkkhkihkkhkiikikk
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Question

Every inner product space is a........

is orthogonal to any vector.
The relation of orthogonality in a Hilbert space is

The zero vector is the only vector which is

if thereisani

to itself.
A complex banach space is said to be a

nner

product which satisfies the three conditions.
For the space |," we use cauchy inequality to prove
............ inequality.

Two vectors x and y in a hilbert space H are said to

be orthogonal

if

If x is orthogonal to y then every scalar multiple is

The d is the distance from

is orthogonal to every vector.

If M is a closed linear subspace of ahilbert space H

then H is the

of M and M perp
If M and N are closed linear subspace of ahilbert

space H such

that

M-LN then the linear subspace M+N is.........
The scalars in a Hilbert space are usually

numbers.

The distance property in inner product space is

(ax+by, Z) =.

The distance property in inner product space is

The set S is finite or
The orthonormal set is either

countable.

The orthonormal set is either empty or

A nonempty set {e;} of a hilbert space H is said to

be an orthonormal set if

for all i=j

A nonempty set {e;} of a hilbert space H is said to

be an orthonormal set if

for all i#j

If H contains only the zero vector then it has no

If H contains a nonzero vector and if we normalised

x then ||e ||=

If (x,y) are any two vectors in a Hilbert space then

The sum of Z and Z conjugate is equal to.........

. . 2
Every inner product space is expressed as a || X ||

A close convex subset of a hilbert space H contains

a unique vector of

smallest
A close

subset of a hilbert space H contains

a unique vector of
smallest norm.

Parseval's equation is otherwise called as parseval's

Opt 1
normed
linear space
product

asymmetry

asymmetry

Banach space

minkowski's
(x,y)>1
parallel

product

center

product

closed

Irrational
a(x,2)+b(y,z)

a(x,z)+b(y,z)

product
countable

countable
countable
(ei, &) >0

(61, &) >0

orthonormal
set

Zero

I iy

2imZ

(xy)>1

metric

concave

transform

Opt 2
hilbert space
scalar

symmetry

symmetry

hilbert space

schwartz
(x,y)=0
symmetry

scalar

vertices

scalar

open

algebraic
a(x,x)+h(y.x)

a(x,x)+b(y,x)

scalar
uncountable

uncountable
uncountable
(ei, ej) =0

(ei, &) =0

orthonormal
basis

four

I 1/l

2Rez

(x.X)

space

convex

fourier

Opt 3
banach space
zero vector

abelian
orthogonal

Inner product
space

triangle
(xy)=1
orthogonal

zero vector

edges

zero vector

open subset

complex
a(xvz)_b(ylz)

a(x,2)-b(y.2)

zero vector
countably

finite

finite

(e ) =1
(e;e) =1
Banach space
five

(YR
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vy)

subset

linear

identity

Opt4
continuous
real value

commutate

direction

linear space

cauchy
triangle

(xy)<1
perpendicular
real value
origin

direct sum

open set

rational
a(x,z)+b(x,z)

a(x,z)+h(x,z)

real value
countably

empty
empty

(e ) <1
(e ) <1
hilbert space

one

[ A+l

Re z

(v.x)

norm

metric

subscript

Answer
normed
linear space
zero vector

symmetry

orthogonal

hilbert space

schwartz
(xy)=0
perpendicular
zero vector
origin

direct sum

closed

complex
a(x,2)+b(y.2)

a(x,z)-b(y.2)

zero vector
countably

empty
countable
(ei, eJ) =1

(ei, &) =0

orthonormal
set

one

I Al

2Rez
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convex
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Let x be anarbitrary vector in H the numbers (x,ei)
are called the ,,,,,,,,,

coefficient of x.

The set of all continuous linear functional on H is H . H* T* H*
denoted by ...............

parseval fourier schwartz bessels fourier



UNIT 4
Adjoint In Banach Spaces

Adjoint of an operator :

Let T be an operator on a Hilbert spaces H. We define the adjoint of T denoted by T*
on H as follows whenever (X, y) € H. We have
(Tx, y) = (x, T*y)

The mapping T* is unique:

If T’ is any mapping of H into itself such that
(Tx,y)=xTy) V(X y)eH.

Then, (x,T’y) = (Tx,y) = (x, T*y)

= (x, T'y) = (x, T*y)

= (x, T'y- T*y) =0

=, (T-T¥y)=0 V xeH.
= (T-T*)y=0

= T =T*.
Thus T is unique.
The adjoint mapping T*is linear and bounded :

Let y; and y, be any two vectors in H and let a,  be any 2 scalars . For any vector X ¢ H
we have

(X, T* (ay1+ B y2)) =(Tx, (ayit By2))
= a(Txy1) + B (Tx.y2).
= a(x, THya) + B (x, THy).

= (X, aT*y1) + (X, B T*y2)



= (X aT*yr + B T*y,)

= T* (ay1t By2) =a T*y1 + BTy,
= T*is linear.

To prove T* is bounded:

For any vector y in H. we have

[ [Tyl 12 = (T*y, T*y)

=(TT*y.y)

=| (TT*yy)

< [ 1711yl [ .| Iyl
< LITHo byl oyl |
= [Tyl < [Tl Ilyll.

. Tisbounded .| | T| | <k, where k is finite. Hence we
get | | T*y| [<kl|yl|V yeH.
= T* is bounded.
= T*is a bounded linear operators on H.
= T* ¢ B(H) where B(H) is the set of all bounded linear operators on a Hilbert space H.
Theorem:
The adjoint operator T to T* on B(H) has the following properties.
1) (Ti+T)* =Ty* + Ty*
i) (oT)* =0, T
) ( Ty To)*=To* T,*

iVT**=T
MITI=IT



Proof:
D(Tr+T2)*

= (% (T1+T2)*y)
=((T1+T2) X,y)
= (Tlxvy) + (sz’y)

= (X Tr*y) + (X, T2*y)
= (X, Tl*y +T2*y)
= (Xv(Tl* + Tz*)y)

(T To)* = To* + To*
Hence (i) proved.

(x, (aT)*y)

= (aTx,y)
a(TX ,Y)
(X , T*y)

= (x oT*y)
(oT)*=a T»
Hence (i) proved.
i) (x, (T T2 )* ):/)((Tsz ) X,Y)
= (Tox , Ti*y)
= (XT* , Tr*y)
(To To)*=To* To*
Hence (iii) proved
YT = 06 (T97)

= (T*Xy)

= (y, T*X)

= (Ty,X)




= (x.Ty)
T**=T
Hence (iv) proved.
v) Toprove || T [|= || T* ||
We know that || T*y [[< |IT|IY]V yeH.
ST AT e (1)

Applying (1) to the operator T* we get
)= =0T =0Th< T 2

From (1) & (2)
=0T =17
Hence (v) proved

vi) Toprove ||[T*T| = || T|].

We have, | [T*T|[< | [T*[[. [ T[]
= [ ITI Tl
=Tl |?
Tl < [T 3)
Also,

T | 12 =(Tx,Tx)

= (T*Tx,X)
= (T*Tx,x)|

<[ IT*7x!|[. | [x]|
< IT=Tl [ Ix]l?
= [ITI12< [|T*T[ ] ..cc.... 4)
From (3) & (4)
IT=T| =T

Hence (vi) proved



Problem:

Show that the adjoint operaion on B(H) is 1 to 1 and onto.

Solution:

Let ¢ : B(H)—> B(H) such that ¢ (T ) =T*

dpisl—1:
Let T1 , T2 EB(H), then (I)(Tl) = Tl*; (I)(Tz) = Tz*;
0(T1) = §(T2) ; = To* = To*

= (To*)* = (T2*)*
= T]_ = T2 .

For every element T* eB(H) then ¢ (T* ) =(T*)* =T
Hence solved.

Problem:
Show that 0* =0 & I* =I.

Solution:
(0*x, y) =(x,0y) = (x,0) =0 = (0x,y)
= 0*=0.

(I*x,y) = (x,1y) = (X, ) =(IX,y).
= I* =

Hence solved.

Problem:
If T is nonsingular operator on H then T* is also nonsingular then (T*)™* =(T*)*
Solution:

If T is nonsingular
Now T* is nonsingular when T is non singular, then

TTi=TiT=1



(TTH*
=(TT)*=1*=1.

(TH*T* =TT H* =1,
= T*is non singular.
(T = (T

Hence solved.

Self Adjoint operator:

An operator T in B(H) is said to be self adjoint. If T= T*.
clearly, 0 and 1 are self adjoint operators.

Theorem:
The self adjoint operators in B(H) form a closed real linear subspace
of B(H) and therefore a real banach space which contains the
identity transformation.
Proof:
Let S be the set of all self adjoint operators on a Hilbert space H.
To prove that S is aclosed real linear subspace of B(H). Let T; &T,
e Sthen
T*=T, and T,*=T,.
For any a,  we have
(oTat B T2) * = (aTy)* +(BT2)*

=aT* +pTy*

=al;+ BTQ

=Ty + BTQ



= ol + BTZ e S.

= S is areal linear subspace of B(h) . next, we show that S is closed. Let A be
a limit point of s. Then to show that

Ae S.

Since Ais a limit point of S.there exist {An} in S such that
A, — A.

We have || A- A* || =|| A- An +A, -A* ||
< [[A-An [+ An -Ax |
Since A, € S, Ay* =A, .
| A-An ||+l Ar* -A* ||
I A-An ||+ [ (An -A)* |

A= An ||+ An -A
:2 ”A‘An H —>0 aSAn—>A.

= A =A*and so A € S .Then S is a closed real linear subspace of B(H) and
hence s is a real banach space. Also
| € Sas lisself adjoint .
Hence the proof.
Theorem:
If A1 & A; are self adjoint operator on H then their product A; A; is self
Adjoint iff A; A= AA;.
Proof:
Let A; A, = Az Ag and also it is given that A;*= A; &
Az*: Az.
Now, (A1A2)* = Ag*A*
= A2 Al.
= A1 Az.
Conersely, let A; A, be a self adjoint and show that they commute.
By hypothesis, (A1A2)* =A1As......... (1)
But (A]_Az)* = Az*Al* = A2 A1 .............. (2)
From (1) & (2) we have
A1 A2 = A2 A1

Hence the proof.



Theorem:

If T is an operator on H for which (Ty,x) =0, VxinH
iff T=0.

Proof:
Suppose T=0 then xe H.

We have, (Tx,x) =(0x,X)
= (0,x)
=0.

= (Tx,x) =0.

Given that T is an operator on h, for which (Tx,x)=0,
vV X e H.

To prove : T is zero operator on H.

If o, be any 2 scalars and x,y are anu two vectors in H.

Then we have ,
(T(ox+By), oax+By )= (o TX +B Ty, ax+By)

=(a TX, ax)+(a TX, By)
+HBTy, a TX)+( BTy, By)

= latl 2 (Tx )+ aB(Txy) + Ba(Tyx) +|B12 (Tyy)
By hypothesis , (Tx,x) =0 ¥ x < H.
aB(TX.Y) + Ba(TY.X) =0 o..o.oo .. (1)
Put o =1, B =1 in (L) we have,
(TX,3) HTYoX) 0. oo, 5

Puta =i, =1in (1) we have,

i(TX,Y) — i(Ty.X) =0. ooverenn 3)
2)xi,we get

i(Tx,y) +i(Ty,x)=0 ..o, (4)
(3) +(4)

2i(Tx,y) =0 ¥V x ,ye H.



(Tx,y) =0 ¥V x ,ye H.
~ T=0
.. T is a zero operator on H.
Hence the proof.
Theorem:
An operator T on a Hilbert space H is self adjoint if (Tx,x) is real Vx.
Proof:
Let T be self adjoint then T=T*.
To prove:

(Tx,x) is real.

Now, (Tx,X) = (X,T*x)
=(x,Tx)

(Tx,x) = (Tx,X)

. (Tx,x) is real.

Conversely, Let (Tx,x) isreal VX.
To prove: T on H is self adjoint.

_(Tx,x) = (Tx,X)

= (X, T*x)

=(T*x,X)
(TXX)-(T*X,X) =0V X e H.
((T-T*)x,x) =0
T-T* =0

T=T*

T on H is self adjoint.

Hence the proof.



Normal Operator:
An operator N on H is said to be normal if it commutes with its adjoint.

I.e., NN*=N*N

Remark:

Every self adjoint operator is normal. Since T is self adjoint then T=T*, we have
TT*=T*T is true so that T is normal.

Theorem:

The set of all normal operators on H is a closed subset of B(H) which contains the
set of all self adjoint operators and is closed under scalar multiplication.

Proof:

Let M be the set of all normal operators on ahilbert space H.

To prove: H is a closed subspace of B(H).

Let N be a limit point of M. We have to show that N € M.Since N is a limit point of
msuch that a sequence {Nx } of disjoint points of M such that Ny— N as K — o

Consider ,

| NN*- N*N ||
= || NN*- NgNi* + NgNie* - NK*NK+ NK*NK-NN* ||

< || NN*- NNi* || + [INkNi* - NK*NK][+ [[INK*Nk-NN* ||
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Hence || NN*-N*NJ| =0
= NN*=N*N and so NeM.

=M is a closed subset of B(H). we know that every
self adjoint operator is normal.

.M is closed subset of B(H) which contains the set of
all self adjoint operators.

To prove: H is closed under scalar multiplication.

i.e, If aisascalar & N eM.then aN € H.

(@N)( aN)* =(aN) (@ N*) =(at o) (NN*)

(@N)*(aN) = (o N*) (@N) =(o o)(N*N)

Since, N is normal we get,

(aN)(aN)* = (aN)* ( aN)

This proofs if N is normal , (aN) is also normal

for any scalar.

Hence M is closed under scalar multiplication.
Hence the proof.

Theorem:

If N1 and N are normal operators on H with the property that either commutates with the

adjoint of the other, then

)N + Ny

i) N1 and N are normal

Proof:

Given that N; &N, are normal operators.

<Ny Ni* = Ng* N; and

N2 No* = No* N

N1 N2* = No* Ny

11



And N:* No = Ny N *

(N1 + N2) (N1 + Np)*
= N1 Ni* + No Ny*+ Ny No*+ No No*

= N1*( N1 +N2 )+N2*( N1 +Ny)
=(Nz+N2)* (Nz +N2)
= (N1 +N; ) is normal.
i) (N1N2)(N1N2) * = (N1N2)(N2*N1*)
= Nl(NzNz*) Nl*
= (N2 *N1*)(N1 Np)
= (N1N2)*(N1N2)

= (N1Ny) is normal

Hence the proof.

Theorem:
An operator T on H is normal iff || T*x || = || Tx || Vx.
Proof.:

IT=x = TxIl < [ T*x|F=]Tx|?

< (T* x, T*X) =(Tx,Tx)
< (TT*X,X) = (T*Tx,X)
S ((TT* -TT*)x,x) =0
STT* -TT* =0

o TT* = TT*

Hence the proof.

Theorem:
If N is a normal operator on H, then || N?|| =[N 2.

Proof:
We have || Tx || =] T*x || VX

12



Replace T by N & Nx in place of x. we have,
[ NCNX) ] =11 N*(Nx) |

= [|N*x || = || N*Nx | V¥ x.

Now, || N® || =sup{ [|N°|| :[Ix || <1}
= sup{ [IN*Nx |- [ x || < 1}
= [IN*N|

But we know

IT=TIF=)TIP
Hence || N[ =[N ||°.
Hence the proof.

Theorem:
If Tis an operator on H, then T is normal iff its real and imaginary parts commutes .

Proof:
Claim : T is normal if AB=BA.

If A& B are the real and imaginary parts of T, so that
T=A+iBand T* = A-iB.

Then, TT* =(A+iB) (A-iB)
= A%+ B? +i( BA- AB) .....(1)
T*T = (A-iB) (A+iB)
= A% +B% +i( AB-BA) ....... )
Suppose AB=BA then from (1) & (2). We have
TT* =T*T = Tisnormal .
Conversely , suppose that T is normal then

TT* =T*T

13



From (1) & (2) we have
A%+ B? +i( BA- AB)= A%+ B? +i( AB- BA)
= BA-AB = AB-BA
—=2BA=2AB
= AB= BA.
Hence the proof.

Definition :

Let A;,A; be two self adjoint operators. We say that A; < Az if  (A1x, X) < (A2 X,X)

V X.

Theorem:

The real banach space of all self adjoint operators on a Hilbert space H is a partially
ordered set whose linear structure and order structure are related by the following

properties.

i If A1 < Azthen Aj+A < Ay+A for every AeS.
ii.If Ar< Arand a > 0 then aA;1 < oAy

Proof:

Let S be the set of all self adjoint operators on H. If AeS
Then (AXx,X)

e, (Ax,xX) = (Ax,x) .. A<A.

Hence” < “ is reflexive .

Suppose A; <A, and A; < A3

Then (Ax,X) < (A2 X,X) & (A2 X,X) < (AzX,X) VX eH.

= (A1x,X) < (A3 X,X)

=A< Az

Hence “<*“is transitive.

Suppose if A; <A, and A, <A;. Then

(Ax,X) < (A2 X,X) & (A2 X,X) < (A1 X,X)
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= (Ax,X) = (A2%,X)

= ((A1-A2) x,x) =0

= A1 -A; =0.

= A1 =A,.

Hence “<*is antisymmetric.

So <is a partially ordered set in S.

i) Suppose A; <A, Then (AiX,X) < (A2 X,X) .
Hence (A1x,X) +(AX,X) < (Az X,X) +(AX,X).
= ((A1+A) x,X) < ((Az+A) X,X)

= A;+A < Ay+A for every AeS.

i) Given A; < Ayand o >0
then (Ax,X) < (A2 X,X)
=a(AX,X) <a (A2 X,X) V xeH.
=((aAL)XX) < ( (o0 Az )X,X)
= oA < adAo.

Hence the proof.
Positive operator:

The self adjoint operator “ A” is said to be positive if A >0 i.e., (Ax,X) >0 V
xeH.

Theorem:
If A is a positive operator on H then If A is non-singular. In particular I+ T*T and
I+TT™* are non-singular for any arbitrary operator T on H .

Proof:

To prove that I1+A is non — singular . We have to show that 1+Ais 1to 1, onto
mapping of H into itself.

15



I+Ais 1 to 1. First we show that (1+A) x=0 = x=0.

We have (I+A) x=0 = x+Ax =0.

AX = -X
= (AXX)=(-xX) =-|x |~

Since A is a positive operator.
i.e., (Ax, x) > 0. Hence given - || x |* > 0.which cannot be unless || x || =O0.
This proves that x =0.
Thus (I+ A)x =0 = x=0.
Now (I+A) x = (I+ A) y = (I+A) (x-y) =0
= X-y =0

=S>XZY.
Hence I+A is 1 to 1.

Now, we show that I+A is into.If M is the range of 1+A then I+A is onto if M=H.
For every vector xeH. We have
I (1+A) X | = || x +AX |[* = (x+ AX, X+AX)
= (x,X) + (X,Ax) +(Ax,X) +(AX,AX)

= |Ix [P+ (AxX) + (Axx) + || Ax |

= |IxIP +2(Axx) + | Ax [P > [1x |
Thus ||x ||I< ||(FA) X || VX e H. .......... (1)
Let {(1+A)x,} be a Cauchy sequence in M.
|| (I+A) Xp — (I+A ) Xm || > 0as m,n »oo.
= (I+A) X, > (I+A) x.

& (I+A) x € M. Thus every Cauchy sequence {(I+A)xn} in M coverges to {(I+A)x} in M.
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. M is complete. But every complete subspace is closed. Hence M is closed.

Now M is a proper closed subspace of H. Then by an earlier theorem there exist a
nonzero vector Xo € H such that xo L M.

Now {(I+A)Xo}is In M & Xxo L. M.
-:> (Xo ,( (|+A)Xo) =0
:>(X0,X0)+(X0,AXO) =0

:>(AX0,X0):-(X0,X0) ........ 2)
Since A is a positive operator.

(AXo , Xo ) > 0. 50(2) gives - || Xo |* > 0 which implies

| o |I> < 0. which cannot be unless || xo |* =0.s0 that
Xo =0.

Contradicting the fact that X, is anon zero vector.
~.M=H.

= (I+A) H=H

= (I+A) is onto.

Hence I+A is non singular.

If T is any operator in B(H). We notice that T*T and TT*
Are both positive operators . Then by the first part of the
Theorem it follows that

I+ T*T and I+TT* are both Non singular.

Hence the proof.

Unitary operators:
An operator U on H is said to be unitary
if UU*= U*U =l.

17



Theorem:
If T is an operator on Hilbert space H, then the following conditions are equivalent to one
another.

L T*T =1

I.(Tx,Ty) =(X,y) Vx,y e H.
i T || = || x || ¥X.

Proof:

()= (i)

Let T*T =I. Thus for any x,y € H.
(Tx, Ty) = (x, T*Ty)

= (x.ly)

=(x,y)

(i) = (iii)
Suppose (Tx, Ty) = (X,y) VXy € H.

In particular if we take y =x.
We have (Tx,Tx) = (X,X)

2 _ 2
= Tx[" =] x|
= [ITx] =[xl

(i) = (i)

Let [TxX]| =[x][ VX
SITxIE=] xIP

= (T, TX) = (X,X)

= (T*TX, X ) =(X.X)

= ((T*T-1)xx) =0
= T*T-1=0

= T*T =l

Hence the proof.
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Theorem:

An operator on Hilbert space H is unitary iff T is unitary. It is an isometric isomorphism
of H onto itself .

Proof:
Let T be an unitary operator then TT* =T*T=I.

Which implies that the mapping T is onto. Since T*T =I. It follows from the previous
theorem that || T x|| = x|

Thus T is 1to 1, onto and preserves norm.
. T is an isometric isomorphism of H onto itself.
Conversely, if T is an isometric isomorphism then
ITX| =|x]| Vx.= T*T =I by the previous theorem and it is given that T is an
isomorphism.
- T exist. Hence T*T=I
ST T =T =T
=>T*=T".
Using this we can easily by premultiplying and post multiplying we have
TT* =T*T=I.
Which proves that T is unitary.
Hence the proof.

Projections:

A projection on abanach space B is an idempotent operator and which is
continuous.T: B—B is a projection if T> = T and T is continuous.

If P is a projection on a banach space and if M & N are the range and the null
space of P then M & N are closed linear subspaces of B such that B= M® N.

M is the range of P. M= { P(x) :xe B}={x: p(x) =x}
& N is the null space of P. N={ x /P(x) =0}.
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Projections on a Hilbert space:

A projection P on a hilbert space H is said to perpendicular projection on H. If the
range M and the nullspace N of P are orthogonal.

Theorem:

If P is a projection on Hilbert space H, with range M and null space N, then M L N < P is
self adjoint and in this case N = M™* .

Proof:

Suppose P is a projection on a hilbert space H with range M and nullspace N.

Then H=M® N.

First we show that if M L N then P is self adjoint.

Let Z be any vector in H, then z can be uniquely written as Z = x+y where x e Mand y €
N.

We have, (Pz, 7) =(x,2)
= (x.xty)
= (%, X) +(xy)
= (x,X)
Also, (P* 2,2) =(z, Pz) = (z,X)
= (X+y, X)
= (X.X) +(y.x)
= (x,X)
(Pz,2) = (P*2,2) Vz eH.
= ((P-P*)2,2) =0 = P- P* =0 = P=p*
= P is self adjoint.

Conversely if P is self adjoint. Let x be any vector in M and y be any vector in N.
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Then, (x,y) =(Px.y)
= (x,P*y)
= (x, Py)
=(x, 0) =0
=MLN

Hence the proof.

Note:

An operator P on a Hilbert space H is aprojection on H which satisfies the condition
P2=P &P*=P.
Theorem:
If P is a projection on a closed linear subspace M of H iff I-P is the projection on M* .
Proof:
Suppose P is the projection on H then P2 =P & P* =P.

We have,
(I-P) *=1*-P* =|-P

& (1-P)? =(I-P) (I-P)
= (I- PI—PI+ P?)
= |-P —P+P
=I-P
(I -P) is the projection on H.

Now, we have to show that if M is the range of P then M* is the range of 1—P. Let N be
the range of I-P .

Thenx e N= (1 -P) x =x = x-Px =x
= Px=0

= X is the null space of P.
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Uy

=X e M
N c Mt

Again x € M* = Px =0 = x- Px = x
= (I-P) x =x

= X is the range of I-P.
xeN

M* < N.

Hence M+ = N.

Conversely, suppose I-P is the projection on M*. Then by the 1 st part of the theorem , | —
(1-P) .i.e., P is the projection on (M) - = M+ +.

But M is closed = M+ + =M.
.. P is the projection on M.

Hence the proof.
Definition:

Let T be an operator on H. A closed linear subspace M(H) is invariant under T, if T(M)
c M.

If both M and M* is invariant under T then T is said to be reduced by M or M reduces T.

Theorem:

A closed linear subspace M(H) is invariant under an operator T iff M™ is invariant under
T*.

Proof:

Let us assume that M is invariant under T. We have to show that M~ is invariant under T*.

Let y be an arbitrary vector in M*, (y,x) =0 ¥ x € M.It is enough to show that T* y € M.
This is clear since
(T*y, x) =(y,Tx) =0
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Thus M* is invariant under T*.

Conversely, if M* is invariant under T* then (M™) * is invariant under (T*)* .

Since M is closed.
(MJ_)J_: MEE =M.
And (T*)* = T**=T.
Hence, M is invariant under T.
Hence the proof.
Theorem:
A closed linear subspace M(H) reduces an operator T iff M is invariant under both T and
T*.
Proof:
If M reduces T then M and M™ are invariant under T. If M* is invariant under T.

By the above theorem (M) * is is invariant under T*. i.e., M is invariant under T*.

Conversely, If M is invariant under T* then again by above theorem M is invariant under
(T*)*=T** =T,

It is given that M is invariant under T. Thus both M and M* is invariant under T.
. Mreduces T.
Hence the proof.
Theorem:
If T is a projection on a closed linear subspace M of H , then M is invariant under an
operator T << TP =PTP.

Proof:

If M is invariant under T and x is an arbitrary vector in Hthen to prove x is in M. So
P(TPx)=TPx & PTP =TP.
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Conversely , if TP=PTP & x is a vector in M, then
Tx=TPx=PTPx isalsoin Mand so M is invariant under T.

Hence the proof.

Theorem:

If Pisa projection on a closed linear subspace M of H , then M reduces an operator T < TP
=PT.

Proof:

M reduces T iff M is invariant under T and T*.
Iff TP=PTP & T*P =PT*P
Iff TP =PTP & PT= (T*P)*

= (PT*P)*

= P* (T*)*p*

=PTP
iff TP =PT.

Hence the theorem.

Theorem:
If Pand Q are the projections on a closed linear subspace M and N of Hthen M L N iff
PQ=0iffQP=0.

Proof:
Since P and Q are the projections on a Hilbert space H. Therefore P*=P & Q* =Q.

First we observe that

PQ=0< (PQ)* =0*
P Q*p* =0*
QP=0
.. To prove the theorem it is sufficient to prove that
M1IN < PQ=0.
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If ML N so that N = M* . then the fact that QZ is on N for

Every Z implies that P(QZ) =0 so PQ=0.

Conversely, suppose that PQ=0 & x € M, ye N. Since M is the range of P then Px =x
& N is the range of Q.

Then Qy=y.
We've (x,y) =( Px,Qy)

= (X, P*Qy)

= (x, PQy) = (x,0y) =(x,0) =0
—MLN =0.

Hence the proof.
Orthogonal:

Two projections P and Q on a hibert space H are said to be orthogonal if PQ =0.

Theorem:

If Py, Po,.... Py are the projections on a closed linear subspace My, M,,.... M;, of H then
P =P+ Pot....+P, is a projection iff the P;’s are pairwise orthogonal (In the sense that
PiP;= 0 whenever i # j ) and in this case P is the projection on M = M+ Ma+...+M;, .

Proof:
Giventhat Py Py ........... P, are the projection on H. Therefore P2 =P; = P*  for each
=1,2....... n.

Suppose that P; P; =0 whenever i= j . Then to prove that P is the projection on H.

P*=(Py+Pyt ........... +Po)* = (Py* + Py*+. ... ... +P, *)
- Pj_ + P2 ........... +Pn
=P
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And P>=P.P

= (Pl +P2+ ........... +Pn) (P]_ +P2+ ........... +Pn)
= P2 +P +P,2
= (Pr+Prt ... +Py) =

Thus, P*= P= P? . Therefore P is a projection on H.

Suppose P is a projection on H. Then P? = P =P*. we have

to prove that P; P; =0 whenever i j .
Let x be a vector in the range of Pjso that P x = x .

n
Then || x |*= I Pix |*< 2 | P x |I

n
= z ( Pj X, X)
=1
= (Pl X1X) +(P2 X,X) +o..
+( Pp X,X)
= ((Pl +Pot+ +Pn) X,X)
= (Px, x)
= [IPx|P
< | x|
n
. Wehave 3 ||P;x|f=]Pix|f
=1
= || Pjx|?=0 whenever j# i.
= P; x=0 if j=i.

= X is the null space of P; for j=i.

Range space of P; is contained in the null space of P; for j=i.

Mi Mj + for jil

i.e., Mij L M; forevery j=i.
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Then by the previous theorem we have P; P; =0. i.e., P; ‘s are pair wise orthogonal .
Finally , we have to show that P is the projection on M . i.e., Range space of P is M.
Let x be a vector in the range space of P then

X=Px= (P1 +Pot+ +Pn) X E(M1+M2+ ........ +Mn)
=M.

.. Range of P c M.

Conversely, since ||Px || =] x || for every x in M;, each M; is contained in the range of P.

S M=Mp+ Mat+ L +M, is also contained in the range of P.
Hence M =R(P).

Hence the proof.
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Question

The null space of any continuous linear
transformation is ............

Let M ={x / f(x)=0} then M is the
.................... of f.

Let the adjoint of T denoted by

The adjoint of operator T to T* on B(H)

The adjoint of operator T to T* on B(H)
isT**= . ...
The adjoint of operator T to T* on B(H)

The adjoint of operator T to T* on B(H)

operators
If T is an arbitrary operator on a hilbert
space H then T=0 iff ..................

If T is an arbitrary operator on a hilbert
space H then (Tx,x)=0 iff ..................

The adjoint operator 0*= ..............
The adjoint operator 1*= ..............
If A is a positive operator on a H then

| SN

+T*T are............. for any arbitrary
opratoron TonH .

The self adjoint operator A is said to be
positive if ....................

Every complete subspace of a complete
SPACE IS .evivrinrinnnnns

An operator N on H is said to be

............. if it commutes with its
adjoint.

An operator N on H is said to be normal
Ifit coooiininnn. with its adjoint.

The normal operator is

NN*=_. ...

Every ......oooooiiiiil operator is normal
Anoperator TonHis ................ Iff
Tl =[T x|

If T is an operator on H then T is normal
iff its real and imaginary parts ......

An operator U on H is said to be
........... If UU*=U*U=1
An operator U on H is said to be unitary

Every unitary opeartor is a
.................. operator.
.............. operators are precisely
nonsingular operators.

Opt1l

closed
range
H
(Txy)
a(m)*
a(m)*
HE
HE
adjoint
(Txy)

T=1

6
6

singular
singular
(Ax,x) =0

closed

complete

singular

N*
adjoint

complete
singular

complete

Uu*=U*U=1

complete

complete

Opt 2

open
linear
H**

(x,T*y)

Conjugate of a
(M=

T1+T2*
]
]

commutate

(x,T*y)

T=0

2
2

nonsingular
nonsingular
(Ax,x) >=0

open

closed

nonsingular

nonsingular
commutate

closed
nonsingular
closed
u*u=0
closed

closed

Opt3

open subset
nullspace
H*

(T*x.y)
Tl*+a

T

T*

T*

self adjoint
(T*x.y)
T=T*

0
0

commutate

commutate
(A*x.y)

open subset

normal

commutes

N
self adjoint

normal
commutes
normal
u=1
normal

normal

Opt4

open set
open subset
T*
(Tx,Ty)
T*
T*
T
2

Il

symmetric

(Tx,y)=0

T=Tx

1
1

self adjoint
self adjoint
(Ax,y)=0

open set

open

self adjoint
N*N
symmetric
open

self adjoint

unitary
U=0
unitary

unitary

Answer

closed
nullspace
T*

(x,T*y)

Conjugate of a
(m*

T
I
'

self adjoint

(Tx,y)=0

T=0

0
1

nonsingular
nonsingular
(Ax,x)>=0

closed

normal

commutes
N*N
self adjoint

normal
commutes
unitary
Uu*=U*U=1
normal

unitary



Unitary operator inverse equals theirs
Unitary operators are precisely
................... operators.

A closed linear subsapce M(H) is
............ under T if T(M) [ M

Two projectionP and Q on ahilbert space
H are said to be......... if PQ=0
IfPisa............... on a closed linear
subspace M of H then M reduces an
operator T iff TP=PT.

adjoint
singular
invariant

invariant

projection

commutate
nonsingular
commutate

commutate

commutate

self adjoint
commutes
self adjoint

orthogonal

self adjoint

symmetric
self adjoint
idempotent

idempotent

idempotent

adjoint
nonsingular
invariant

orthogonal

projection



UNIT 5
SPECTRAL THEORY

Finite dimensional spectral theory:
If T is an operator on a Hilbert space H ,then the simplest thing T can do to a vector is to
transform it into a scalar multiple of itself.

A non zero vector x is such that eq(1) for some scalar A is called an eigen vector of T and for
some nonzero X is called an eigen value of T.The expression (2) is called spectral resolution of T.

T=MP1+APot. +AmPm ........ (2)
T* :;1p1+7?2P2+ .............. +;um.
T*T =[Aq[?Py+ha/ Pt +am[*Pm.
Matrices:
Let B={e1,e2,......... en}be an ordered basis for H, so that each vector in H is uniquely

expressed as alinear combination of the ei’s. If T is an operator on H, then for each ej, we have

n
Tej= Zaij €]
i=1
[T] 11 OL12  ceeiiiinnnnns Olin
21 22  ceveiiininnnns Olon
................................. = [aij]
Oln1 Ohn2  ceereeininnnns Olnn

The Spectral theorem:
Let T be an arbitrary operator on H.The distinct Eigen value of T forms a nonempty
finite set of complex numbers.



Let A, hoeeinnennnnnn. ,Am be the eigen values.Let M;,Mo............. M, be their
corresponding eigen spaces. Let P1,Po,............ Pm be the projection on these eigen spaces.

1) The Mi’s are pairwise orthogonal and span H.

i1) The Pi’s are pairwise orthogonal ,

m m
1= X Pi, and T= X Ai Pi
i=1 i=1
Theorem:

If T is normal then x is an eigen vector of T with eigen

value A iff x is an eigen vector of T* with eigen value A.

Proof:
Since T is normal , then the operator T- A | is also normal for every scalar A.

Then we have , _
| TX-AX || =[] T*X-A X ||

Hence the proof.
Theorem:

If T is normal then the Mi’s are pairwise orthogonal.

Proof:
Let x; and X; be vectors in M; and M; for i# j, so that Tx; = A; X and TX; = A Xj .
The preceding theorem shows that

Ay x) = (haixin X)) =(TXi, %)
= (Xi, T*Xj) =(Xi,7_»ij)
=2 (Xi,Xj).

& since A #A;, itis clear that we have (x;, X;) =0.

Next we say that Mi’s span H when T is normal.
Hence the proof.



Theorem:
If T is normal then each Mi reduces T.

Proof:
Each Mi is invariant under T . It is enough to show that Mi is also invariant
under T*.
As we know If x; is avector in Mi, so that

TX; = Ai X, then T* x; = A; X;. Finally we can say that M; reduces T.

Hence the proof.
Theorem:
If T isnormal thenthe Mi’s span H.

Proof:

The Mi’s are pair wise orthogonal .

We know that M = Mj+My+............ +Mp, is aclosed linear subspace of H and that its
associated projection is
P=P+Py+............ +Pm

Since each Mi reduces T . we seethat TPi=P; T V P;.
It follows from the fact that TP=PT, so M reduces T.

Consequently M~ is invariant under T. If
M+ # {0}then since all the eigen vector of T are contained in M, the restriction of T to M*
is an operator on a nontrivial finite dimensional Hilbert space which has no eigen vectors
and hence no eigen values.

It means that M* # {0} and so M= H and the Mi’s span H.
Hence the proof.
Banach algebras:

A banach algebra is a complex banach space which is also an algebra with
identity 1 and which the



structure is related to the norm by the following condition.

1) [Ixyll <[] iyl

i) ||| =1.

Example

The set of all complex numbers is a Banach algebra.

Notation :

Let A be a banach algebra .we denote the set of all regular elements in A by G and its
compliment the set of singular elements is denoted by S. Clearly, the identity element in A
is invertible and so | €G.

Theorem:
Every element x for which ||x -1 | <1 is regular and the inverse of such an element is
given by the formula

(e8]
x'=1+ £ (1x)"
n=1
Proof:
Putr=|x-1| sothatr<1.
Consider,
1(2-X)" || = ||(1-X) (1-X)......... 1-x) ||
S @) @) - | (2-x) |
<@ " =r"
consider , next oo n
S (1—x)",then Sp= = (1-x)
n=1 k=1
Then for n>m,
Sn - Sm || = [|(1-x)™+ (11-x)"‘+2+....2.....+ (1"
< @) 1™ @) " SO (@) "

< rm+1+ r m+2 +
Since X r"is convergent then there exist an integer such that ||S,-S || <& ¥ n,m>N.



{Sn } is a Cauchy sequence in A. But A is complete. This partial sum converges to an
element of A. we denote this by

Q0
> (1—x)".
n=1
If we defineybyy= 1+ S (1 x)"............ (1)
n=1

Then the joint continuity of multiplication in A such that,

y-xy = y(1-x) = (1-x)(1+ 2 (1 x)") =2 (1-x)" = (y-1)

Then x has an inverse in A and so X is regular. The inverse of x is given by (1) .

Hence the proof.

Theorem:

G is an open set and therefore S is a closed set.

Proof:
Let Xo be an element in G and X is any other element in A so that
I x=xo [| <2/ |
Note that Xo # 0 . Now,

X" x—1 | :||Xo'1i<—xo'1xo 1= %™ (X = Xo) |
< %o |l (X —=Xo) |

<lxo" || A% | =1,
e, | xo™x—1 [|<1. Since x= xo(Xo™* X) . It follows that x is also in G . So G is open.
Then S= A-G, where S is the set of all singular elements. Since G is open in A. Then its

complement S is closed in A.

Hence the proof.



Theorem:
The mapping x— x* of G into G is continuous and its therefore a homeomorphism of G
onto itself.

Proof:

Clearly , the maspping x— x* is 1 to 1 and onto from G into itself. Let X, be an
element of G, and x be another element of G such that,

Ix=Xo [ <1/ 2| xo™ |

Note that Xo # 0 . Now,

%™ —1 | :HX0'11<—X0'1X0 1= %™ (X —Xo) |
< %o IF I (X =%o) |l

<[ x| 12 x| =1/2 <1.

ie., | xotx—1 |<1.
By the theorem xo™ x € G and

Xt x) = 1+ T (1 —xo™x)"
X1xo= 1+ T (1 %o )"

Now, || X xo™ || = || X xox™* = xo™ |
< [ x| (X %0-1) ||
< x| 12 (1-%0™x)" |
<% IE) (1% %) "

- -1 -1
= 1% 12 1-xgx |
= 1ot 121%™ ] x|

Hence when x— o, || X~ %™ || = 0.

= x> x¢? .i.e., The mapping is continuous . also the inverse mapping is continuous.



It is a homeomorphism of G onto Itself.
Hence the proof.
Topological divisors of Zero:

The element Z in abanach algebra A is called a topological divisors of zero.If
there exist a sequence {z, } inA such that || z, || =1 and either zz, > 0 orz,z— 0.
Clearly , even divisor of zero is a topological divisor of zero.There exist z' —
zz' =0.
Choose z, =2/ || ' || suchthat || z,|| =1
and zz, =zz'l' || ' || > 0. Hence z is a topological divisor of zero. We denote theset of all
topological divisor of zero by z.

Theorem:
Z is a subset of S.

Proof:

Let z is in Z. Then there exist a sequence z, such that
Il zn || =1 and zz, — 0 .If z is in G then by joint continuity of multiplication we have,

z7Yzz,) = (z%2)z, - 0

=7,—0.
Which contradicts the fact that || z, || =1.
S.Zhe S.
nZcS.

Hence the proof.

Theorem:
The boundary of S is a subset of Z.

Proof:

Since S is closed, its boundary consist of all points in S which are limits of
convergent sequence in G.We show that if z is such a point (i.e.,) if z € S there exist {r, }
e Gsuchthatr, > z,thenz eZ.

Now, (rn_l z-1)= (rn_1 Z- rn_lrn) = rn_l( Z-1)



The sequence r,* is unbounded. For otherwise if the sequence r,™ is bounded then there
exist a number M such that || r,|<M.Also r, >z = |[r,—2] < 1/M.

Now, | ratz—21 < ||l z- rn || < M.(1/M)=1.
Also, 1tz e G.thusz=r, (.} z) € G.

This is a contradiction to the fact that z € S.
~{r,t }is unbounded. We can take || ryt || = o0 as n— .

Letz, =1,/ || r,Y, then|| z, || =1 and

2=z | = - Q2] R

= [+ @- et 1R

=1 Y +(z-1m)za—0 asr, — zand
| Y — oo,

So, zz, — 0 which means that z is a topological divisor of zero.i.e.,z € Z.
Hence the proof.
The Spectrum:
If H is a nontrivial Hilbert space then the spectrum of t is
o(t) = {A € c: T- A l is singular } where T is an operator on H. If x is an element of an
banach algebra A then the spectrum of x is given by
o(X) = {A : x- A l is singular }. We write o(X) as oa(x).

Theorem:
For every element x in a banach algebra A, o(x) is non-empty and compact.

Proof:

Consider the function ¢ : C — A defined by A — x- A I. this function is continuous.
Also, Sisclosed in A.

= The inverse image of closed set is closed if the function is continuous.
={\ e c: T- A lis singular } is closed.
=0o(X) is closed.



To prove o(X) is bounded:
Claim:
If A eo(x)then L < | x]|.
If the claim is proved then o(X) is bounded .Suppose A € Csuchthat| A |> || X]||
Then, || x/A ] <1.

= (1-(x/ 1)) is regular , A(1-(x/ 1)) is regular, A I —x is regular A ¢ o(x) . Hence the
claim is proved. Since o(X)is closed and bounded, o(x) is compact.

To prove o(X) is hon-empty:

o(x) is asubset of C. The compliment of o(X) is
c-o(X) = p (X) is called the resolvement of x. Since o(x) is closed, p (x) is an open subset
of the complex plane and it contains the set {Z: |Z | >||x|[}.

Suppose A € p (X) = A ¢ o(X).
= X- A lis regular
= (x- A | )" exists.

Define the resolvement of x is the function p (xX) — A given by x(A )= (x-A )™,

This is a continouous function .Also,
x(L)= A - 1) 0.

= X(A)—> 0as A— oo.

If A and pare both in p (x). then,
X(A) = XQ) (1) (x-p 1)

LX) =x(w) = (A -p ) X()x(w)

This relation is called the resolvement equation . Let f be functional on A. i.e., f €
conjugate space A* .

Define f(A) = f(x(X)) , x € A, A € p (X).



It has a derivative at each point of p (x).

Also, [f(A)| = [f(xQ))I= [Ifl IX()I[. As A—> oo, [f(R)[—0.
Assume now o(X) is empty.

Then p (X) = C- o(x)= C (whole complex plane)

By Liouville’s theorem, we conclude that f(A) =0 for all
Ae p (X). Since f is an arbitrary functional on A.

—=x(A)=0 Vi

This is impossible , for no inverse can equal to zero and therefore it cannot be true
that o(x) is empty.

Hence the proof.
Regular:
A division algebra is an algebra with identity in which nonzero element is regular.

Theorem: Gelfand Mazur theorem:
If A'is a division algebra then it equals the set of all scalar multiples of the identity.

\F/)\;(;Orféve to prove that if x is an element of A then x equals A I.Suppose on the contrary
that x = A | for every A, then

X- A 1 =0 for every A.

= Xx- A lisregular for every A and therefore o(x) is empty.

This contradicts that o(n ) = ¢ .

. X=X forsome A.

Hence the proof.
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Theorem:
If ‘0’ is the only topological divisor of zero in abanach algebra A then A=C.
Proof:

Let x € A, o(X) is non-empty and closedset it has a boundary point in A, then x- A I is a boundary point of tk
a singular elements.
Since the boundary of S is a subset of Z. It follows that x- A | € Z. i.e., x- A | is a topological divisor
Thenx-A1=0 = x=Al.
Every element x € A is of the form A 1 where A € C.
. A=C.
Hence the proof.
Theorem:
If the norm in a banach algebra A satisfies |[x y|| > K|x ||||y]|
for some positive constant, then A=C.
Proof:
If Z is atopological divisor of zero then there exist a sequence z, such that || z, || =1 and zz, > 0.
By hypothesis || z z, || > K]z || ||znl| = K]| Z ||.

Since K>0,= || z||=0.

= 0 is the only topological divisor of zero.
=A=C.

Hence the proof.

*hkhkkkhkhkkhkkikhkkkhhkkkhhkhkihkhiikik
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Question

A non zero vector x such that Tx=I x is true for some

scalar 1 is called an
A scalar | such that Tx=Ix holds for some nonzero x

is called an.....

of T.

Each eigen vector corresponds precisely to

Each eigen value has one or more

associated with it.
Eigen value are otherwise called as

If T is an operator on hilbert space H, then T to a
vector X is to transform it

into a scalar multiple

If T has different Eigen values then each one is
........... to one another
The image of the identity operator is the ............

matrix.

The ........... Matrix is 1's down the main diagonal
and zero elsewnhere.

Two matrices in An are ............

matrices of a single operator .
on H relative to different bases
of S is a subset of Z.

The set of all

The set of all complex number is a...

Algebra.

iff they are the

divisor of zero by z.

The regular element is the compliment of

............... element.
A banach algebra is acomplex

also an algebra
with identity 1.

LetAbea.............

LetAbea.............

Number.

...... which is

algebra then the set of all
reular elements in A by G.
algebra then the set of all
reular elements in A by S.
The set of all values in a banach algebra is ...........

G is an open set and therefore s is an

The compliment of spectrum is called the

of x.

For every element x in a banach algebra A the
........... of x is nonempty and

compact.

A division algebra is an algebra with identity in
which each non zero element

iS veveiiiienn,
Oistheonly ...............

algebra then A=C.
0 is the only topological divisor of zero in a banach

algebrathen ...........

divisor of zero in a banach

A banach algebra is called a banach* algebra if it

hasan..........

The element x* is called the

. of x and so

asubalgebra of A is said to be self adjoint if it
contains the adjoint of each of its elements.

An element xIA is

element y such that xy=yx=1.

An element xIA is

element y such that yx=1.

if there exist an

if there exist an

Opt1l

eigen value
eigen value
eigen value

eigen value

characterestic
value

characterestic
value

Tx=Ix

corresponding
singular

singular

similar

boundary
identical

Ring

singular

Banach space

Ring
singular
complex
closed

resolvement

resolvement

singular

identical
A=C
involution
adjoint

singular

singular

Opt 2

eigen vector
eigen vector
eigen vector

eigen vector

characterestic
vector
characterestic
vector

Tx =0

same
identity

identity

asimilar

resolvement
topological

hardy

identity

Hilbert space

hardy
identity
real
open

spectral

spectrum

nonsingular

topological
A=1

topological

commutate

left regular

left regular

Opt 3

scalar
scalar
scalar
scalar
eigen vector

eigen value

Tx=1

distinct
nonsingular

nonsingular

vary

spectral
boundary

banach
nonsingular

Inner product
space

Banach
nonsingular
inverse
open subset

distinct

distinct

commutate

boundary
A=0

boundary

self adjoint

right regular

right regular

Opt4

idempotent
idempotent
idempotent
idempotent
scalar

scalar

I x=1

identity
null

null

distinct

distinct
resolvement

functional

null

Linear space

functional
null
scalar
open set

identity

identity

regular

resolvement
A=V

resolvement

idempotent

regular

regular

Answer

eigen value
eigen vector
eigen value

eigen vector

characterestic
value
characterestic
vector

Tx=Ix

distinct
identity

identity

similar

boundary
topological

banach

singular

Banach space

Banach
singular
complex
closed

resolvement

spectrum

regular

topological
A=C
involution
adjoint

regular

left regular



An element X{A is ............ if there exist an

element y such that xy=1.
Every maximal left ideal in A is

If x is not right regular then it is called

If x is not left regular then it is called

If x is both right and left regular then it is called

A is the intersection of all its ....
A maximal left ideal in A is a proper left ideal which

is not properly contained if their
ideal.

....... left ideal.

left

singular
closed

right singular
left singular
left singular

maximal

maximal

left regular
open

left regular
left regular
left regular

minimal

minimal

right regular
open subset
right regular
right regular
right regular
right regular

proper

regular
open set
regular
regular
regular

regular

regular

right regular
closed

right singular
left singular
regular

maximal

proper
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