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Course Objectives 

This course enables the students to learn   

 Mathematical concepts and principles to perform numerical and symbolic computations. 

 To investigate and solve mathematical and statistical problems. 

 To write clear and precise proofs.  

 To communicate effectively in both written and oral form. 

 To demonstrate the ability to read and learn mathematics and/or statistics independently. 

 

Course Outcomes (COs) 

On successful completion of this course, students will be able to 

1. Identify and apply various properties of and relating to the integers including the Well-

Ordering Principle, primes, unique factorization, the division algorithm, and greatest 

common divisors.  

2. Identify certain number theoretic functions and their properties.  

3. Understand the concept of a congruence and use various results related to congruences 

including the Chinese Remainder Theorem. 

4. Solve certain types of Diophantine equations.  

5. Identify how number theory is related to and used in cryptography 

 

UNIT I 
         DIVISIBILITY 

 Introduction - Divisibility - Primes - The Bionomial Theorem  

 

UNIT II 
CONGRUENCES 

Congruences - Solutions of Congruences - The Chinese Remainder Theorem - Techniques of 

Numerical Calculation - Public-Key Cryptography - Prime Power Moduli - Prime Modulus 

  

UNIT III 
CONGRUENCES (CONTINUITY) 

Primitive Roots and Power Residues - Congruences of Degree Two, Prime Modulus - Number 

Theory from an Algebraic Viewpoint - Groups, Rings, and Fields 
 

UNIT IV 
QUADRATIC RECIPROCITY AND QUADRATIC FORMS  

Quadratic Residues - Quadratic Reciprocity - The Jacobi Symbol - Binary Quadratic Forms 

- Equivalence and Reduction of Binary Quadratic Forms - Sums of Two Squares - Positive 

Definite Binary Quadratic Forms 
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UNIT V 
SOME FUNCTIONS OF NUMBER THEORY 

Greatest Integer Function - Arithmetic Functions - The Mobius Inversion Formula - 

Recurrence Functions - Combinatorial Number Theory  

 

 

 

SUGGESTED READINGS 

1. Ivan Nivan and HerbertsZucherman., (1972), An Introduction to Theory of Numbers 

third Edition, Wiley Eastern Limited, New Delhi. 

2. ApostolT.M., (1976), Introduction to Analytic Number Theory, Springer Verlag,. 

3. Kennath and Rosan, (1968).,Elementary Number Theory and its Applications, 

Addison Wesley Publishing Company. 

4. George E. Andrews., (1989)  Number Theory, Hindustan Publishing, New Delhi. 
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(Deemed to be University Established Under Section 3 of UGC Act 1956) 
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LECTURE PLAN 

DEPARTMENT OF MATHEMATICS 

 

Staff name: U.R.Ramakrishnan   

Subject Name: Number Theory     Sub.Code:18MMP302 

Semester: III       Class:  II M. Sc Mathematics 
 

S.No Lecture 

Duration 

Period 

Topics to be Covered Support Material/ Page 

Nos 

UNIT-I 

1.  
1 Introduction  S1: Chap 1: P.No:1-4 

2.  
1 Divisibility –definition and theorems S1: Chap 1: P.No:4-6 

3.  
1 

Greatest common divisor –Definition and 
theorem 

S1: Chap 1: P.No:7-11 

4.  1 Euclidean algorithm with problems S1: Chap 1: P.No:11-15 

5.  
1 

Continuation of problems on Euclidean 
algorithm 

S2: Chap 1: P.No:21-22 

6.  
1 

Least common multiple – definition and 
theorems 

S1: Chap 1: P.No:16 

7.  1 Prime number –definition and theorems S1: Chap 1: P.No:20-23 

8.  
1 

Fundamental theorem of arithmetic and Euclid 
theorem 

S1: Chap 1: P.No:23-28 

9.  1 Problems on fundamental theorem of arithmetic S4: Chap 1: P.No:21-23 

10.  1 Binomial theorem –definition and theorems S1: Chap 1: P.No:35-40 

11.  
1 

Recapitulation and discussion on possible 
questions 

 

 Total no. of hours planned for unit-1 is 11  

UNIT-II 

1.  
1 Congruence-definition and theorem S1: Chap 2: P.No:48-50 

2.  
1 Continuation of theorem on congruence S1: Chap 2: P.No:50-56 
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3.  
1 Solution of congruence-definition and theorem S1: Chap 2: P.No:61-62 

4.  
1 The Chinese remainder theorem  S1: Chap 2: P.No:64-69 

5.  
1 Problems on The Chinese remainder theorem S3: Chap 3: P.No:113-114 

6.  
1 

Continuation of the problems on Chinese 

remainder theorem 
S1: Chap 2: P.No:69-71 

7.  
1 Techniques of Numerical Calculation S1: Chap 2: P.No:74-81 

8.  
1 Public-Key Cryptography S1: Chap 2: P.No:84-90 

9.  
1 

Prime Power Moduli and Prime Modulu 
S1: Chap 2: P.No:91-96 

10.  
1 

Recapitulation and discussion of possible 

questions  

 
Total no. of hours planned for unit-2 is 10 

 

UNIT-III 

1.  

1 
Primitive roots and power residues-definition 

and theorems 
S1: Chap 2: P.No:97-101 

2.  

1 
Continuation of theorems on Primitive roots 

and power residues 
S1: Chap 2: P.No:101-106 

3.  

1 
Continuation of theorems on Primitive roots 

and power residues 
S1: Chap 2: P.No:101-106 

4.  
1 Congruence of Degree Two, Prime Modulus S1: Chap 2: P.No:110-114 

5.  

1 
Number Theory from an Algebraic 

Viewpoint 
S1: Chap 2: P.No:115-119 

6.  
1 Groups, Rings, and Fields -theorems S1: Chap 2: P.No:121-124 

7.  

1 
Continuation of theorems on groups, rings, 

and fields 
S1: Chap 2: P.No:124-126 

8.  
1 

Recapitulation and discussion of possible 

questions  

 Total no. of hours planned for unit 3 is 8  

UNIT-IV 

1.  
1 Quadratic Residues- definition and S1: Chap 3: P.No:131-135 



Lesson Plan 2017 -2020 
Batch 

 

Prepared by U.R.Ramakrishnan ,Department of Mathematics ,KAHE  3/4 
 

theorems 

2.  
1 Quadratic Reciprocity-theorems S1: Chap 3: P.No:137-140 

3.  

1 
The Jacobi Symbol –definition and 

theorems 
S1: Chap 3: P.No:142-147 

4.  

1 
Binary Quadratic Forms- definition and 

theorems 
S1: Chap 3: P.No:150-154 

5.  

1 
Equivalence and Reduction of Binary 

Quadratic Forms 
S1: Chap 3: P.No:155-161 

6.  
1 Sums of Two Squares -theorems S1: Chap 3: P.No:163-169 

7.  
1 Sums of Two Squares -theorems S1: Chap 3: P.No:163-169 

8.  
1 Positive Definite Binary Quadratic Forms S1: Chap 3: P.No:170-175 

9.  
1 

Recapitulation and discussion of possible 

questions  

 
Total no. of hours planned for unit 4 is 9 

 

UNIT-V 

1.  

1 
Greatest Integer function-definition and 

theorem 
S1: Chap 4: P.No:182-184 

2.  

1 
Arithmetic Functions –definition and 

theorems 
S1: Chap 4: P.No:188-191 

3.  

1 
 The Mobius Inversion Formula-definition 

and theorems 
S1: Chap 4: P.No:193-195 

4.  
1 Recurrence Functions-concept and theorems S1: Chap 4: P.No:197-201 

5.  
1 Continuation of theorem on recurrence functions S1: Chap 4: P.No:201-204 

6.  
1 Combinatorial Number Theory S1: Chap 4: P.No:206-210 

7.  
1 

Recapitulation and discussion on possible 

questions 
 

8.  
1 Discuss on previous year ESE question papers  

9.  
1 Discuss on previous year ESE question papers  

10.  
1 Discuss on previous year ESE question papers  
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 Total No of  Hours Planned  for  unit 5 is 10  

 Total Planned Hours-48  

 

SUGGESTED READINGS 

1. Ivan Nivan and HerbertsZucherman., (1972), An Introduction to Theory of 

Numbers third Edition, Wiley Eastern Limited, New Delhi. 

2. ApostolT.M., (1976), Introduction to Analytic Number Theory, Springer 

Verlag,. 

3. Kennath and Rosan, (1968).,Elementary Number Theory and its Applications, 

Addison Wesley Publishing Company. 

4. George E. Andrews., (1989)  Number Theory, Hindustan Publishing, New 

Delhi. 
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Possible Questions 

2 Mark Questions: 

1. Define divisible with example. 

2. Prove that if ba and ca ,then )( cybxa  for arbitrary integers x and y. 

3. Define greatest common divisor with example. 

4. What is relatively prime. 

5. Discuss about Diophantine equation. 

6. Prove that if p is a prime and ,abp then ap or bp . 

7. State Euclid theorem. 

8. Define Linear congruence. 

9. Prove if ,1),gcd( na then the linear congruence )(mod nbax  has a unique solution modulo 

n. 

10. State Chinese Remainder theorem. 

8 Mark Questions: 

1. State and Prove Binomial theorem 

2. Prove that the linear Diophantine equation cbyax   has a solution if and only if cd

,where ),gcd( bad  . If 00, yx is any particular solution of this equation then all other 

solutions are given by 

,)/(0 tdbxx   tdayy )/(0   

for varying integers t. 

3. Determine all the solutions in the integers of each of the following Diophantine equations: 

a) ;407256  yx  

b) ;1813824  yx  

c) ;11791221  yx  
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d) .15643884  yx  

4. Determine all the solutions in the Positive integers of each of the following Diophantine 

equations: 

a) ;3001730  yx  

b) 906;=21y+54x  

c) ;99360123  yx  

5. State and prove fundamental theorem of Arithmetic. 

6. State and prove Euclid Lemma. 

7. Prove that if np is the nth prime number, then .2
12 


n

np  

8. Prove that there are infinite number of primes of the form 34 n . 

9. Prove that the linear congruence )(mod nbax  has a solution if and only if ,bd where 

).,gcd( nad   if ,bd then it has d mutually in-congruent solutions modulo n. 

10. State and Prove Chinese Remainder theorem. 

11. Solve the following linear congruence: 

a) )29(mod1525 x   b) )26(mod25 x  
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UNIT-II 

SYLLABUS 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Congruences - Solutions of Congruences - The Chinese Remainder Theorem - Techniques of Numerical 

Calculation - Public-Key Cryptography - Prime Power Moduli - Prime Modulus 
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Possible Questions 

2 Mark Questions: 

1. What is Fermat’s Factorization method. 

2. Prove that if p is a prime, then )(mod paa p  for any integer a. 

3. Verify that )7(mod1186 k for .3,2,1k  

4. Find the remainder when !15  is divided by 17 . 

5. Write about )(n and )(n with example. 

6. What is multiplicative function. 

7. Prove that if f is a multiplicative function and F is defined by  


nd

dfnF )()( , 

then F is also multiplicative. 

8. Define Dirichlet Product. 

9. Find the remainder when 511 is divided by 7. 

10. Use Fermat’s method to factor 23449. 

 

8 Mark Questions: 

1. State and prove Fermat’s Little theorem. 

2. Prove that if p and q are distinct primes such that )(mod qaa p  and ),(mod paaq  then 

)(mod pqaa pq  . 

3. State and prove Wilson’s theorem. 
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4. Prove that the quadratic congruence ),(mod012 px  where p is an odd prime, has a 

solution if and only if ).4(mod1p  

5. Prove that if rk

r

kk
pppn ...21

21 is the prime factorization of ,1n then the positive 

divisors of n are precisely those integers d of the form 

,...21

21
ra

r

aa
pppd   

where ).,...,2,1(0 rika ii   

6. Prove that if rk

r

kk
pppn ...21

21 is the prime factorization of ,1n then  

a) ),1)...(1)(1()( 21  rkkkn and 

b) .
1

1
...

1

1

1

1
)(

1

2

1

2

1

1

1
21
















r

k

r

kk

p

p

p

p

p

p
n

r

  

7. Prove that the function  and  are both multiplicative functions.  

8. Prove that if ,1),gcd( nm then the set of positive divisors of mn consists of all products 

,21dd where mdnd 21 ,  and ;1),gcd( 21 dd  furthermore, these products are all distinct. 

9. Discuss about Dirichlet Product. 

10. Find the remainder when 100172  is divisible by 31. 

11. Prove that the quadratic congruence )(mod12 px  , p  is a prime, has a solution if and 

only if )4(mod1p . 
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UNIT-IV 

SYLLABUS 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Quadratic Residues - Quadratic Reciprocity - The Jacobi Symbol - Binary Quadratic Forms - 

Equivalence and Reduction of Binary Quadratic Forms - Sums of Two Squares - Positive Definite 

Binary Quadratic Forms 
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POSSIBLE QUESTIONS 

2 Mark Questions: 

1. Define Mobius Inversion Formula. 

2. Prove that the function   is a multiplicative function. 

3. Define greatest positive integer. 

4. If N is a positive integer, then .]/[)(
11





N

n

N

n

nNn  

5. Define Euler Phi function with example. 

6. Find the value of )36000( . 

7. Prove that for 2n , )(n is an even integer. 

8. Prove that for any positive integer ,n ./)()( ddnn
nd

   

9. State Gauss lemma. 

10. Prove that if p is a prime and p does not divides a ,then )(mod11 pa p  . 

8 Mark Questions: 

1. State and prove Mobius inverse formula. 

2. Prove that if F is multiplicative function 

,)()( 
nd

dfnF  

Then f is also multiplicative. 

3. Prove that if n is a positive integer and p is a prime, then the exponent of the highest 

power of p that divides n! is 




1

]/[
n

pkn  

(That is an infinite series, since ]/[ kpn = 0 for kp >n.) 

4. Prove if n and r are positive integers with ,1 nr  then the binomial coefficient 

)!(!

!

rnr

n

r

n











 

is also an integer. 

5. Let f and F  be number-theoretic function such that  

,)()( 
nd

dfnF  

then, prove for any positive integer N , 
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N

k

N

k

kNkfnF  

6. Prove that the function   is a multiplicative function. 

7. Prove that if the integer 1n has the prime factorization ,...21

21
rk

r

kk
pppn  then 

))...()(()(
11

22

1

11
2211 

 rr k

r

k

r

kkkk
ppppppn  

)./11)...(/11)(/11( 21 rpppn   

8. Let 1n and .1),gcd( na  If )(21 ,...,, naaa   are the positive integer less than n and 

relatively prime to n, then  

)(21 ,...,, naaaaaa   

are congruent modulo n  to )(21 ,...,, naaa   in some order. 

9. State and prove Euler theorem. 

10. Prove that for each positive integer ,1n  

,)(
nd

dn   

the sum being extended over all positive divisor of n. 
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UNIT-V 

SYLLABUS 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Greatest Integer Function - Arithmetic Functions - The Mobius Inversion 

Formula - Recurrence Functions - Combinatorial Number Theory  
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Pigeonhole principle 
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POSSIBLE QUESTIONS 

2 Mark Questions: 

1. Evaluate the Legendre symbol  .73/71  

2. Evaluate the Legendre symbol  .383/219  

3. Solve the congruence )11(mod31 42 x . 

4. What is Hash function. 

5. Define Pythagorean triple. 

6. If zyx ,,  is a primitive Pythagorean triple, then prove one of the integers x and y is 

even, while the other is odd. 

7. Give an example of Pythagorean triple. 

 

8 Mark Questions: 

1. State and prove Gauss Quadratic Reciprocity Law. 

2. If p  is an odd prime and ,1),gcd( pa  then prove that e congruence 

),(mod2 npax      1n  

has a solution if and only if   1/ pa . 

3. Let a  be an odd integer. then prove 

(i) )2(mod2 ax  always has a solution. 

(ii) )4(mod2 ax   has a solution if and only if )4(mod1a . 

(iii) )2(mod2 nax  , for ,3n  has a solution if and only if )8(mod1a . 

4. Explain about Public key encryption. 

5. Describe RSA encryption and decryption. 

6. If ,ncab  where ,1),gcd( ba  then prove a  and b  are n th power. this is, there exist 

positive integers 11,ba  for which 
n

aa 1 , .1

n
bb   

7. Find all the solution of the Pythagorean equation 
222 zyx   

Satisfying the conditions 

,1),,gcd( zyx  ,2 x 0,0,0  zyx  

are given by the formulas 
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2222 ,,2 tsztsystx   

for integers 0 ts such that 1),gcd( ts and ).2(modts   

8. Find all primitive solution of 222 zyx   having 300  z . 

9. Prove that the area of a Pythagorean triangle can never be equal to a perfect (integral) 

square. 

10. Prove that the Diophantine equation 444 zyx   has no solution in positive integer 

.,, zyx  

11. Prove that the Diophantine equation 444 zyx   has no solution in positive integer 

.,, zyx  
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PART-A(20X1=20 Marks) 

Answer all the Questions: 

1. If a divides b and b divides c then __________ 

(a) a=c (b) a divides c (c) c divides a (d) a not equal to c 

2. Suppose d divides a and d divides b then d is _____________ 

(a)Factor   (b) any integer (c) common divisor    (d) 1 

3. If (a, b)=1then _______ 

(a) ax+by=1  (b) ax+by=a  (c) ax+by=b (d) ax+by=c 

4. How many prime numbers are less than 50 ? 

(a) 16  (b)15  (c) 14  (d) 18 

5. If a and b are relatively prime then (a, b) = _____________ 

(a) 1  (b) a  (c) b  (d) ab 

6. Any positive integer n can be written in the form________ 

(a) ...... 321
321

nr
n

rrr
pppp   (b) ...... 321 npppp  

(c) ..... 321
321
rrr

ppp   (d) ..... 321 ppp  

7. If a divides b then _______ 

(a) b=ac (b) a=bc    (c)a=b (d) a>b 

8. a and b are co prime if ____________ 

(a) gcd (a, b) = 1  (b) gcd (a, b) = gcd (b, a)  

(c) gcd (a, b) = d  (d) gcd(b, a) = d 

9. In Fermat’s little theorem )(mod11 pa p 
if _______ 

(a) (a, p) = a   (b) (p, a) = p (c) (a, p) = p  (d) (p, a) = 1  

10. The equation axb(mod n) has a solution if ________ 

(a) gcd (a, n) divides b   (b) gcd (a, b) divides n 

(c) gcd (b, n) divides a   (d) gcd (a, x) divides b 

11. (n-1)! -1(mod n) is valid only if__________ 

(a) n is positive   (b) n is prime (c) n is composite   (d) n>2 

12. Gcd (a, b)=d then (a/d, b/d)=__________ 

(a) a  (b) b  (c) 1  (d)  d 

13. The arithmetic progression a, a+b, a+2b, … contains infinitely 

many primes if _______ 

(a) a and b are positive co prime  (b) a and b are co prime  

(c) negative co prime       (d) a=b 

14. )(mod1_________ pp  . 

(a) 0      (b) p  (c) p-1  (d)  1 

15. ______ is the remainder when 8.8.8….(30 times) divided by 

31. 

(a) 0  (b) 1  (c) -1  (d) 30 

16. The number 1729 is called ___________ 

(a) pseudo prime   (b) prime    

(c) composite   (d) special prime 
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17. The quadratic congruence ),(mod12 px  p is a prime, has a 

solution if ________ 

(a) )4(mod1p    (b) )4(mod1p   

(c) )(mod1 pp     (d) )(mod1 pp   

18. The Euler phi function _______)( p for any prime p. 

(a) p  (b) 1p  (c) 1p   (d) 
2p  

19. The integer 701 is ________ 

(a) composite    (b) prime  

(c) special prime   (d) either prime or composite 

20. _________ are  all primes is of the form of 4n+3 

(a) 2, 3 and 5  (b) 7, 11, 19 (c) 7, 11, 15    (d) 7, 11, 17 

 

PART-B (3X2=6 Marks) 

Answer all the Questions: 

21. Define primitive root. 

22. State Wilson’s theorem. 

23. Define Legendre symbol. 

PART-C (3X8=24 Marks) 

Answer all the Questions: 

24. (a) State and prove division algorithm. 

(OR) 

(b) Using Euclidean algorithm and find the greatest common 

divisor g of 1819 and 3587, and then find integers 𝑥 and 𝑦 

to satisfy 1819𝑥 + 3587𝑦 = 𝑔. 

25. (a) Prove that the following statements 

i. 𝑎𝑥 ≡ 𝑎𝑦(𝑚𝑜𝑑 𝑚)if and only if 𝑥 ≡ 𝑦 (𝑚𝑜𝑑
𝑚

(𝑎,𝑏)
) . 

ii. If 𝑎𝑥 ≡ 𝑎𝑦(𝑚𝑜𝑑 𝑚) and (𝑎, 𝑚) = 1, then 𝑥 ≡
𝑦 (𝑚𝑜𝑑 𝑚). 

iii. 𝑥 ≡ 𝑦 (𝑚𝑜𝑑 𝑚𝑖) for 𝑖 = 1,2, … , 𝑟 if and only if 

𝑥 ≡ 𝑦 (𝑚𝑜𝑑[𝑚1, 𝑚2, … , 𝑚𝑟]). 

(OR) 

(b) Prove that the congruence 𝑓(𝑥) ≡ 0(𝑚𝑜𝑑 𝑝) of degree 

n has at most n solutions. 

26. (a) State and prove binomial theorem. 

(OR) 

(b) State and prove Euler’s generalization theorem. 
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PART-A(20X1=20 Marks) 

Answer all the Questions: 

1. __________)(lim 


n
n

  

(a) 0  (b) 1  (c)    (d) not defined 

2. The number of divisor function is __________ 

(a) Regular   (b) irregular   

(c) real valued function  (d) onto  

3. The order of 2 modulo7 is _________ 

(a) 2  (b) 7  (c) 3  (d) 6 

4. If )(mod1 nak   and )(mod nba  then __________ 

(a) k is the order of n   (b) n is order of k  

(c) b has order k   (d) a has order n 

5. For the Legendre symbol, __________








p

ab  

(a) 1    (b) 









p

a  (c) 








2p

ab  (d) 

















p

b

p

a  

6. If p is odd prime then _____ 

(a) 1
1

1














p

n p

n

    

(b) 0
1

1














p

n p

n

     

(c) 1
1

1














p

n p

a  (d) 0
1

1














p

n p

a  

7. _______)( 1 kp  is the property of Euler phi function. 

(a) 1p   (b) p   (c) )( kpp   (d) 
kp  

8. The value of __________)15(   

(a) 4  (b) 24  (c) 6  (d) 39 

9. )(mod1 nak  and a and b has same order if ____________ 

(a) )(mod nba     (b) )(mod kba   

(c) )(mod nka     (d) )(mod kna   

10. If an integer a  has order )(n  modulo n and 1),( na  then a  

is ______ 

(a) prime    (b) order of n    

(c) a primitive root of n  (d) root of n 

11. There exists a primitive root for 
kp  when p is _________ 

(a) even prime    (b) prime    

(c) odd prime     (d) special prime 

12. If p is a prime and a is an integer co prime to p then a  is 

called quadratic residue if __ 

(a) )(mod2 pax  has a solution  

(b) )(mod2 pax  has no solution 

 (c) )(mod pax  has a solution  

 (d) )(mod pax  has no solution 

13. If n = 100 then the number of divisor is _______ 
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(a) 9  (b) 10  (c) 8  (d) 11 

14. The notation )(n is denoted by _________ 

(a) number of divisors (b) number of co primes  

(c) sum of co primes  (d) sum of divisors 

15. The Mobius inversion formula for a positive integer n, 

________)( n for n = 1 

(a) 1  (b) 0  (c) -1  (d) (-1)k 

16. The value of _______)15(   

(a) 5  (b) 8  (c) 3  (d) 1 

17. If n is _____ then )()2( nn   . 

(a) even integer   (b) odd integer  

(c) prime    (d) composite  

18. In the property of Legendre symbol, 








p

a2

___________ 

(a) a   (b) 1  (c) 









p

a  (d) 









p

1  

19. If p is ___________ then 0
1

1














p

n p

n  

(a) any prime      (b) odd prime  

(c) even prime   (d) special prime 

20. If )(mod mba  then ________ 

(a) 1








p

a    (b) 1








p

b   

(c) 1
















p

b

p

a    (d) 


















p

b

p

a  

PART-B (3X2=6 Marks) 

Answer all the Questions: 

21. Define Legendre symbol 

22. Define Congruence. 

23. What is the value of  𝜙(500)? 

 

PART-C (3X8=24 Marks) 

Answer all the Questions: 

24. (a) State and Prove Chinese Remainder theorem. 

(OR) 

(b) Find the least positive integer 𝑥 such that  

𝑥 ≡ 5(𝑚𝑜𝑑 7), 𝑥 ≡ 7(𝑚𝑜𝑑 11) and 𝑥 ≡ 3(𝑚𝑜𝑑 13). 

25. (a) State and prove Gaussian reciprocity law. 

(OR) 

(b) For any odd prime 𝑝 let (𝑎, 𝑝) = 1.  Consider the 

integers 𝑎, 2𝑎, 3𝑎, … , {
𝑝−1

2
} 𝑎  and their least positive 

residue modulo 𝑝. If n denotes the number of these residues 

that exceed 
𝑝

2
, then prove (

𝑎

𝑝
) = (−1)𝑛. 

26. (a) If 𝑝 is a prime then prove there exist 𝜑(𝑝 − 1) primitive  

  roots modulo p. 

(OR) 

(b) In any group 𝐺, 𝑎𝑏 =  𝑎𝑐 implies b= 𝑐, and likewise 

𝑏𝑎 = 𝑐𝑎 implies 𝑏 = 𝑐. If 𝑎 is any element of a finite group 

𝐺 with identity element 𝑒, then prove that there is a unique 

smallest positive integer rsuch that 𝑎𝑟 = 𝑒. 
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