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Chapter 1

Sets and functions

1.1 Introduction

I Set theory is a branch of mathematical logic that studies sets,
which informally are collections of objects. Although any type of
object can be collected into a set, set theory is applied most often to
objects that are relevant to mathematics. The language of set theory
can be used in the definitions of nearly all mathematical objects.

The modern study of set theory was initiated by Georg Cantor
and Richard Dedekind in the 1870s. After the discovery of para-
doxes in naive set theory, such as the Russell’s paradox, numerous
axiom systems were proposed in the early twentieth century, of
which the Zermelo — Fraenkel axioms, with the axiom of choice,
are the best-known.

Set theory is commonly employed as a foundational system for
mathematics, particularly in the form of Zermelo — Fraenkel set

theory with the axiom of choice. Beyond its foundational role, set
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theory is a branch of mathematics in its own right, with an active re-
search community. Contemporary research into set theory includes
a diverse collection of topics, ranging from the structure of the real

number line to the study of the consistency of large cardinals.

1.2 Basics of sets
Definition 1 A collection of well defined objects is called a set.
Definition 2 Objects of a set are called elements or members.

Remark 1 e [fxis an element of A, we say that x € A.
o [f x is not an element of A, we say that x ¢ A.
Example1 o A ={x: xis an integer}
e N ={1,2,3,4,---}, set of all natural numbers.
e Z={...,-2,-1,0,1,2,...}, set of all integers.>
e Q= {%: D.q € Z and q # O}, set of rational numbers®

Definition 3 A set that contains no elements is called the null set.

It is denoted by 0.

Definition 4 A set consisting of only one element is called a sin-

gleton set.

27 is for Zahlen - the German word for integers.
3Q is for quotient - which is how rational numbers are identified.
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Definition 5 If every element of a set A also belongs to a set B, we

say that A C B (or) B 2 A.

Definition 6 A set A is a proper subset of B if A C B and there is

atleast one element of B which is not in A.

Definition 7 Two sets A and B are said to be equal if A C B and
B C A.

Definition 8 The union of sets A and B is the set AU B = {x: x €
A or x € B}.

Example 2 Since N is the set of all natural numbers and Z is the

set of all integers, we have N = {1,2,3,---}andZ ={--- ,-2,-1,0,1,2,---}.
ThenNUZ ={---,-2,-1,0,1,2,---}.

andNUZ =27

Remark 2 (i) [fA C B, then AUB =B
(ii) Since ) C A, then D U A = A.

(iii) Union of two sets is commutative.

Definition 9 The intersection of the sets A and B is the set AN B =

{x: x€ Aand x € B}.

Example 3 Suppose A = {1,2,3} and B = {-2,-1,0,1}. Then
ANB=1{1}.

K. Kalidass 6
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Definition 10 The complement of B relative to A is the set A— B =
{x: x€e Aand x ¢ B}.

Example 4 Suppose A = {1,2,3,4}. and B = {-2,-1,0,1}. Then
A—-B={2,3,4}.

Theorem 1 For any three sets A, B and C, we have
(i) AUA=A

(i) AUD=QUA=A

(iii) AUB=BUA
(iv)AU(BUC)=(AUB)UC
(v)AUB=Bifand onlyif AC B

Proof
(iv) Let x € A U (B U C) be arbitrary

x€eA(or)xe(BUC)
xeA(or)xeB(or)xeC
(xeA(or)xe B)(or)xe C
x€(AUB) (or)xeC
xe(AUBUC

LG v v v Ul

Ae(BUC)C(AUBUC (1.1)

K. Kalidass 7
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(xeAuxeB)(or)xeC
x€eA(or)xeB(or)xeC
x €A (or) (x € B(or) x € C)
x€A(or)x € (BUC)
x€AU(BUC)

L 2

(AUB)UCCAUBUC) (1.2)

From (1.1) and (1.2), we have
Ae(BUC)=(AUBUC

Theorem 2 For any three sets A, B and C, we have
(i)ANA=A.

(i) AND=0NA=A.

(iii) AN B=BNA.

(V) AN(BNC)=ANBNC
(v)ANB=Bifandonlyif A CB

Definition 11 Two sets A and B are said to be disjoint if AN B = ¢
Example 5 Let A = {1,3,4} and B=1{5,8,9} then AN B = ¢

Remark3 /. x¢ AUBS x¢Aandx ¢ B
2 x¢ANBo x¢A(or)x¢ B

Theorem 3 If A,B and C are sets then
(i)A—(BUC)=(A-B)N(A-0C)
(i) A—(BNC)=(A-B)UA-0C)

K. Kalidass 8
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Proof
(i) Let x € A — (B U C) be arbitrary

xeAand x ¢ (BUC)
x€Aandx¢ Band x ¢ C
xeAandx¢ BandxeAand x ¢ C
xe€(A-B)andxe(A-0C)

U

xe(A-B)N(A-C)

Therefore, A—(BUC)C(A-B)NA-0)
similarly, we can prove
A-B)NA-C)cCA-BUO)

From the above, we have
A-(BUC)=A-B)NA-0)

(i1) Let x € A — (B N C) be arbitrary

xeAandx ¢ (BN C)
x€eAandx¢ Borx ¢ C
x€Aandx ¢ Borx € Aandx ¢ C
xe(A-B)orxe(A-0C)

T

X€EA-B)UA-0)

Therefore, A—(BNC)C(A-B)UA-0C)

similarly, we can prove

K. Kalidass 9
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A-BUMA-C)CA-(BNO)
From the above, we have
A-(BNC)=(A-B)UA-0)

Hence proved.

Definition 12 If A and B are nonempty sets, then the cartesian
product of A and B is denoted by AXB and is defined by AXB =
{(a,b): a € Aandb € B}

Definition 13 A set S is said to be finite if it is either empty set (or)

it has n elements for some n € N.

1.3 Functions

Definition 14 Let A and B be nonempty sets. A function f: A — B

which assigns to each element a € A, a unique element b € B.
Remark 4 The element b is called the image of a under f.
Remark S The element a is called preimage of b under f.

Remark 6 The set A is called domain of f and the set B is called

co domain of f.

Remark 7 The set {f(a): a € A} is called range of f, and is de-
noted by R(f).

K. Kalidass 10
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Definition 15 A function f: A — A is given by f(x) = x Vx, is

called identity function.

Definition 16 A function f: A — B is given by f(x) = ¢, a con-

stant is called constant function.

Remark 8 e The range of constant function is always singleton

set.

e Suppose f: A — B is an identity function, then A = B or
ACB.

Definition 17 A function f: A — B is one-one (injective) if dis-

tinct elements of A have distinct image in B.

Remark 9 f is one-one if f(x) = f(y) = x=y.

Remark 10 f is one-one if x # y = f(x) # f(y).

Definition 18 A function f: A — B is onto(surjective) if range of

f is equal to B.

Definition 19 A function f: A — B is called bijection if f is both

one-one and onto function.

Example 6 Let f: Z — 7Z such that f(x) = |x| Vx € Z.
Here f(=2) = f(2) but =2 # 2

Therefore, f is not one-one.

K. Kalidass 11
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Example 7 Consider f: Z — Z given by f(x) = x+ 3V x € Z.

Suppose
f = fO)
x+3 = y+3
X =y

Therefore, f is one-one. Also Ry = Z

Therefore, f is onto. Hence, f is bijection.

Definition 20 Let f: A — B be a bijection. Then for each b € B,
there exists a unique element a € A such that f(a) = b.
Define f~': B — A by f~'(b) = a Therefore, f~' is called the

inverse function of f.

Remark 11 Suppose f : A — B is a bijection. Then A and B are

said to be equivalent.

1.4 Countable sets

Definition 21 A set S is said to be countably infinite if there is a

bijection between N and S,

Example 8 Let E = {2n : n € N} is a even function.

Let f: N — E such that f(x) = 2x.

K. Kalidass 12
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suppose

fx) = f»
2x = 2y
X =y

Therefore, f is one-one.
Also, Ry = {2,4,6,---} = E
Therefore, f is onto.

.. f is bijection.

.. E is countably finite.

Example 9 Let A = (1,3, -}
Solution

Let f be a function from N — A, such that

Jf(n) = 5.
Suppose
fn) = f(m)
no_m
n+l  m+1
nm+1) = mn+1)
nm+n = mn+m

clearly f is one-one and onto function.
Therefore f is bijection.

Hence A is countably infinite.

K. Kalidass
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Remark 12 A subset of a countable set is countable.

Theorem 4 N X N is countable

Proof

N XN ={(a,b): a,b € N}

Take all orederd pairs (a, b) such thata + b =2

There is only one element namely (1, 1)

Take all ordered pairs (a, b) such thata + b =3

we have (1,2) and (2, 1).

Next take all the ordered pairs (a, b) such thata + b = 4

we have (1,3),(2,2)and (3, 1)

Proceeding like this and listing all the ordered pairs together from
the begining, we get

{(1,D),(1,2),(2,1),(1,3),---}

The set contains every ordered pair belonging to NxN exactly once

.. N X N is countable (or) countably infinite.

Remark 13 If A and B are countable sets then A X B is also count-

able.

Remark 14 The set of all natural numbers is countable.

Definition 22 A set which is not countable is called uncountable.

Theorem 5 (0, 1] is uncountable.

K. Kalidass 14
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Proof
Suppose (0, 1] is countable.
The elements of (0, 1] can be listed.

1e., (0,1] = {xy,x2,...}, where

X1 0.61110126113 “e

Xy = O.Clzlazzazg “e

with0 <a;; <9

Lety =0.b1bybs ..., clearly y € (0, 1]

Now for each positive integer n select b, such that 0 < b,, < 9 and
b, # au,

Here y is different from each x; atleast in the i place.

Which is contradiction to every elements of (0, 1]/isted.

Hence, (0, 1] is uncountable.

Remark 15 The set of all real numbers R is uncountable.

Remark 16 The set of all irrational numbers is uncountable.

1.5 The absolute value of a real number

Definition 23 The absolute value of a real number a is denoted by

la| is defined by

K. Kalidass 15
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_[a if a>0
lal={Za if a<0

Remark 17 Suppose a is a real number |a| > 0
Remark 18 |a| = | — 4|

Theorem 6 (a) |ab| = |a||b|foralla,b € R
(b) lal* = a*>foralla € R
(c)Ilfc>0,thenla|<ce —-c<a<c

(d) —|a| < a < |a| for all a € R.

Proof (a) Case (i): Suppose

a =0
lal = 0O
lal - 1b] = 0-1b|
=0
la-b| = 10-b|
= 10|
=0
Hencelab| = |al|b|

Case (i1): Suppose b = 0
bl =0

K. Kalidass
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lal.|b| = |al.0 =0

la.b| =1a.0] =10 =0

lab| = 0 = |al.|b|

|lab| = |allbl

Case (1): Supposea >0 and b > 0
la| = a and |b| = b

lab| = ab , (ab > 0)

= lallb|

|lab| = |allD]

Case(iv): Suppose a > 0and b <0
Therefore, |a| = a and |b| = —b

we have ab < 0

labl = —(ab)
= a.(-b)
= |allD|

lab| = |al|b| case(v): Suppose a < 0and b < 0

Therefore, |a| = —a and |b| = —b

we have ab > 0

lab| = (ab)

= (-a).(-b)

= lallbl

lab| = |a||b| Hence |ab| = |a.b| for all a,b € R (b) Let a € R be
arbitrary

Then ¢ > 0

K. Kalidass 17
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Now |a?| = a?

=a.a

= |allal

= |al?|

Hence, |a|* = a*> foralla € R

(c) Let us assume ¢ > 0

Suppose a < 0

Then we have botha < cand —a < ¢
since,a < cand —a < ¢
—c<as<s-a<c

—c<a<c

conversely, suppose —c < a < ¢

since —c < a,c > —a

s.wehavea <cand —a <c,Thenla| <c
(d) Let a € R be arbitrary , Then |a| > 0
Let ¢ = |a| we know that, |a| < |q|

So—lal < a < g

1.6 Triangle inequality

Theorem 7 If a,b € R, then |a + b| < |a| + |b|

Proof By (d) —|a| < a < |a| and —|b| < b < |b]

By adding above inequalities

K. Kalidass
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—la| = |b| < a+b < |a|l + b
—(lal +|b)) < a+ b < |a| + |b]|

|la + b| < lal + |bl(by (c))

Remark 19 |a + b| = |a| + |b| iff ab > 0

Theorem 8 If a,b € R be arbitrary (a) ||la| — |b|| < |a — b| (b)

la — b| < |a| + |b|.

Proof (a) Let a, b € R be arbitrary

Now
a=a-b+b
la| = la — b + b|
lal = |(a — b) + b|
la| < |a — b| + |b|(Bytriangleinequality)
la| — |b| < |a — b| (1.3)
Now

K. Kalidass 19
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b=b-a+a
bl = |b—a+ da
bl =1(b—a) +dl
|b| < |b — a| + |a|(Bytriangleinequality)
bl = lal < b - al
—|b| + la| > —|b — al (1.4)

From (1.3) and (1.4)

—la — bl < la| - 10| < |a — b]

= Alal =161l < la — bl

Hence proved.

(b) Let @ and b be any real numbers

since b € R, —b € R (by triangle inequality)
Sla+ (=b) < lal + |- bl

la — b| < lal| + |b|

Hence proved.

Let S be a non-empty subset of R.

1.7 Bounded sets

Definition 24 Let S is said to be bounded above if there exists a
number u € R such that s < uVs < S. Each such number u is

called an upper bound of S .

K. Kalidass 20
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Definition 25 The set S is said to be bounded below if there exists
a number u € R such that u < s¥Vs € S. Each such number u is

called as lower bound of S .

Definition 26 A set S is said to be bounded if it is both bounded

above and bounded below.
Definition 27 A set S is said to be unbounded if it is not bounded.

Example
LetA={xeR:0<x<1}=(0,1)
since all the elements of A > 0.
Therefore, A is bounded below.
since all the elements of A <1
Therefore A is bounded above

Hence A is bounded.

Remark 20 /. Every interval of the form (a,b),[a,b),(a,b] and
la, b] are bounded subsets of R.
2. Any finite subset of R is a bounded set.

Definition 28 Let S be a nonempty subset of R. If S is bounded
above, then a number u is said to be supremum (or) a least upper
bound of S if (i) u is an upperbound of S. (ii) if v is an upperbound

of S, thenu <v

Definition 29 Let S be a nonempty subset of R. If S is bounded

below, then a number w is said to be infimum (or) a greatest lower

K. Kalidass 21
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bound of S if (i) w is an lowerbound of S . (ii) if v is an lowerbound

of S, thenv <w

Remark 21 . There can be only one supremum (infimum) of a
given subset of R.
2. If the supremum (or) the infimum of a set S exists, we will denote

them by supS or infS.

1.8 The completeness property of R

(1) Every nonempty set of real numbers that has an upper bound
and also has an supremum in R.
(i1) Every nonempty subset or real numbers that has a lower bound

also has an infimum in R.

Example 10 Let S = {dfracln: n € N}
S ={1,dfracl2,dfracl3,...}
infS =0and SupS = 1.

1.9 Some properties of the supremum

Theorem 9 Let S be a nonempty set of real numbers with a supre-
mum, say bsup S. Then for every a < b there is some x € S such
thata < x < b.

Proof

Letb =sup S.

K. Kalidass 22
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Then we have x < b forall x € S.

To Prove: a < x < b for somea € S and a < b.
Suppose x < aforall x € S and a < b.
Therefore x is an upper bound of S and a < b.
Which is =<« b is a least upper upper bound.

x > a for atleast one x € S. O

Definition 30 Let S be a nonempty subset of R that is bounded

above and let a be any number in R. Define s = {a+ s: s € S}.

Theorem 10 S be a nonempty subset of R. Suppose S is bounded

above and a € R. Then prove that sup(a +S) = a + supS.

Proof

Let S be a nonempty bounded above subset of R. Therefore S has
an upper bound. By completeness property of R, we have supre-
mum of § exists.

Letu € supS ,Thenx e uforall x € §

Therefore,a+ x <u+a¥x e S

.. u+ ais an upperbound of a + §.

Let

m = sup(a+3S)

m<u+a (1.5)

suppose v is an upperbound of a + §

La+x<vforallxeS

K. Kalidass 23
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Lx<v-—aforalxes

Therefore v — a is an upperbound of S
usv-—a

a+u<vy

since v is an upperbound of a + S

a+u<m (1.6)

From (1.4) and (1.5), we get
a+u=m

a+ supS = sup(a+S).

Theorem 11 Suppose that A and B are nonempty subset of R, such
thata <bVa€ Aand b € B
Then supA < infB.

Proof

Let B be arbitrary .

Thena < bforallac A

b is an upper bound of A

supA < b

Therefore sup A is a lower bound of B

- supA <infB

K. Kalidass 24
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1.10 Archimedian property

If x € R then there exist n, € N such that x < n,
Proof

Let x € R be an arbitrary

To prove : There is atleast one n, € N such that x < n,
Suppose n < x foralln € N

.. x 1s an upper bound of N.

By completeness property of R

supN exists.

Let u = supN

Then u — 1 is not an upper bound of N

. m € N such that

u—-l<m,u<m+1
sincem+1eN,wemusthavem+1 <u

.". there exist n, € N such that x < n,,

Example 11 f(x) = 0, if xis even,
fix)=1,if xisodd. .. Range of f = Ry ={0,1} C R.

Example 12 f(x) = |x|
Range of f = Ry =1{0,1,2,...} CR

Definition 31 Given a function f : D — R, we say that f is
bounded if the set f(D) = range of f = {f(x): x € D} is bounded

K. Kalidass
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above in R. similarly, the function f is bounded below if f(D) is
bounded below in R. we say that, f is bounded if f(D) is bounded
below and bounded above (or) |f(x)| < B, B € RR

Example 13 Let f : N — Q be a function defined by f(n) = -5
The range of f = Ry ={dfracl2,dfrac23,dfrac34,...} C Q
SupRy = supf(N) =1

infRy = inff(N) =%

.. The given function is bounded.

1.11 Multiple choice questions

1. LetA = {1,2). Then A X A is
A {(1,1),(2,2)) B. {(1,2), (2, 1)}
C.{(1,1),(2,2),(1,2)} D.{(1,1),(2,2),(1,2), (2, 1)}

2. Let A = {1,2} and B = {a, b, c}. Then number of elements in
AXBis
A.2 B.3
C. 23 D.2x3

3. Suppose number of elements in A is n and number of elements
in B is m. Then number of elements in A X B is
A.n+m B.nxm

C.n" D.m"

4. Let A ={1,2,3}and B = {a, b, c}, then which of the following

element does not belongs to A X B

K. Kalidass 26
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A.(1,a) B.(3,0)
C. (¢,2) D.(1,¢)

5. Identify the domain of this relation
{(9,10),(6,-1),(6,10),(7,-2),(11,5)} is
A.{6,7,9,11} B. {6,7,9,10}
C.{-1,-2,5,10} D.{-1,-2,5,11}

6. Identify the range of this relation
{(9,10),(6,-1),(6,10),(7,-2),(11,5)} is

A.{6,7,9,11} B. {6,7,9,10}
C.{-1,-2,5,10} D. {-1,-2,5,11}

7. Let f : Z — Z be a function defined by f(x) = x> where Z is
a set of all real numbers. Then the range of f is
A.Z B.N
C.W D.{0,1,4,9,---}

8. The set of all positive integers {1,2,---}1s
A. finite B. infinite

C. countable D. uncountable

9. Greatest lower bound of set of all positive even integers is
A.2 B.0
C. 1 D.4
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10.

11.

12.

13.

14.

15.

16.

Let S be a bounded above set of real numbers and sup S = u.
Then for x € §, we have
A x>u B.x<u

C.x<u D.x>u

Which equation does not represent a function?
Ay=2x B.y=x*+10
C.y=% D.x*+y>=95

Let f : R — R be a function defined by f(x) = x. Then f is
A.one-one B. onto

C. bijection D. neither onto nor one-one

Which of the following sets is countable?
A. (0, 00) B.R

C. set of all irrational numbersD. set of all Fibonacci numbers

B-(B-A) =Aif
A.BCA B.ACB
C.AUB=A D.AUB=A

Let A = {a,b} and B = {1,2,3}. Then the number of distinct
functions from A into B is

A.8 B.9
C.6 D.5

sup{l—%:neN}:
A. -1 B.1
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17.

18.

19.

20.

21.

1
C.0 D.!

Let A be the set of letters in the word “trivial” and let B be the
set of letters in the word difficult. Then A — B =

A. {a,rv} B.{d, f,c,u}
Cli,l 1t} D.{a,i, L rt, v}

Let S be the set of all 26 letters in the alphabet and let A be
the set of letters in the word "trivial”. Then the number of el-

ements in A€ is

A. 19 B. 20 C.21 D.22
LetA ={1,2}. Then A X A is

A AL 1), (2,2)} B.{(1,2), (2, 1)}

C.{(1,1),(2,2),(1,2)} D. {(1,1),(2,2),(1,2), (2, 1)}

Let A ={1,2,3} and B = {a, b, ¢}, then which of the following
element does not belongs to A X B

A.(1,a) B.(3,0)
C.(c2) D. (1,¢)

Let F be a function and (x,y) € F and (x,z) € F. Then we

must have
A y#z By<z
C.y>z D.y=z
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22.

23.

24.

25.

26.

27.

Let f : A — B be a function and the range of f denoted by
Z(f). Which of the following is always is true?

A . Z(f)+ B B.Z#(f) < B
C.Bc Z(f) D. B C %(f)

If a function f : A — B is such that Z(f) # B then f is a/an ?
A. into function B.onto function

C. surjective D. many to one

If a function f : A — Bis such that Z(f) = B then f is a/an ?
A. into function B. onto function

C. one to one function D. many to one

Iff:{1,2,---} - {0,%1,+£2,---} defined by
2 x is even
f = { (1), xis odd
then £~1(100) =
A. 100 B. 199
C. 200 D. 201

The function f : R — R defined by f(x) = sinx is
A. one-to-one B. onto

C. bijection D. many to one

Let f: X — Y be a function. If f~! is a function then f~!
A. from Z(f) to X B.from Y to X
C.fromXto Y D.Z(f)toY
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28.

29.

30.

31.

If £~ is a function then
A. f 1s one-to-one but not ontoB. f is onto but not one-to-one
C. f is both one-to-one and onto D. f is neither onto nor

one-to-one

Let f : A — B be a function. We call f as a sequence in B if
A.A={0,1,2,---} B.A={1,3,5,---}
CA={1,2,3---}D.A=1{0,2,4,---}

A set S is countable if it is

A. both finite and countably infinite B. either finite or
countably infinite

C. neither finite nor countably infinite D. finite but not

countably infinite

Let R be the set of all real numbers. Then number of elements

inRis
A. countably infinite B. uncountable
C. finite D. zero

1.12 Two marks questions

1.

2.

3.

Define an uncountable set.
Define countable set and give an example.

Give two examples for uncountable sets.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

. State the triangle inequality
. Define bounded set.

. Define supremum of a set

. Define infimum of a set.

. Define unbounded set.

. Give two examples for unbounded set

Give two example for bounded set

Prove that |a + b| = |a| + |b|iffa=b =0

State archimedian property of R

Define cluster point

Prove that R is uncountable

LetS = {1 - % ‘ne N}. Find sup § and inf §

Prove that the set of all rational number is countable.

If a,b € R, ptove that |a + b| < |a| + |b|

OR State and prove triangle inequality

State and prove Archimedean property.

Let S be a subset of R and a € R. Prove that a + supS =

sup(a +S)

K. Kalidass
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20. Prove that the set of all real numbers is uncountable.
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UNIT I

The set of all points between a and b is called ------------ integer interval elements
The set {x: a < X < b} is -=------------ (a, b) [a, b] (a, b]

A real number is called a positive integer if it belongs to ----------- interval open interval  closed interval
Rational numbers is of the form =---------------- pq p+q p/q

€S =mmmmmmmmmnneen rational irrational prime

An integer n is called ----------- if the only possible divisors of n are 1 and r rational irrational prime

A set with no upper bound is called ------------ bounded above bounded below prime

A set with no lower bound is called ------------ bounded above bounded below prime

The least upper bound is called ----------- bounded above bounded below supremum
The greatest lower bound is called ----------- bounded above bounded below supremum
The supremum of {3, 4} is ---------- 3 4(3,4)
Every finite set of numbers is ---------- bounded unbounded prime

A set S of real numbers which is bounded above and bounded below is c. bounded set  inductive set  super set

The set N of natural numbers is ---------- bounded not bounded irrational

The infimum of {3, 4} is ------------ 3 4(3,4)

set

[a, b)

inductive set

composite

composite

function

function

infimum

infimum

[3,4]

bounded above

subset

rational

[3,4]

interval

(a, b)

inductive set

p/a

irrational

prime

bounded above

bounded below

supremum

infimum

bounded

bounded set

not bounded



Sup C = Sup A + Sup B is called -------------- property approximation additive archimedean  comparison additive

For any real x, there is a positive integer n such that ----------- n>x n<x n=x n=0 n>x

If x>0 and if y is an arbitrary real number, there is a positive number n st approximation additive archimedean  comparison archimedean
The set of positive integers is ------------- bounded above bounded below unbounded abo unbounded belc unbounded abo'
The absolute value of x is denoted by --------------- |x] [Ix] | x<0 x>0 |x]

If x < 0 then |x] = [Ix] | =1x] | Ix]| =-x x| =x |x] =-x

If S =10, 1) then sup S = ---------------- 0 1(0,1) [0,1] 1
Triangle inequality is ------------------- |al + |b| greate |a] > |a+b]| |b| >]a+b| |a+b]lessthar|a+Db]| lessthar
[x +y| greater than equal to --- [x] + |yl [x] 1yl [x] -1yl [ x| -1yl | [ Ix] -1yl

If (x, y) belongs to F and (x, z) belongs to F, then ------------- X=2 X=y Xy=2 y=z2 y=z

A mapping S into itself is called ------------ function relation domain transformation transformation
If F(x) = F(y) implies x =y is @ --------------- function one-one onto into inverse one-one
One-one function is also called ----------- injective bijective transformation codomain injective

S = {(a,b): (b,a) isin S} is called --------------- inverse domain codomain converse converse

If A and B are two sets andif there exists a one-one correspondence betw denumerable uncountable finite equinumerous equinumerous

A set which is equinumerous with the set of all positive integers is called - finite infinite countably infinit countably finite countably infinit



A set which is either finite or countably infinite is called ------------ set
Uncountable sets are also called ------------- set
Countable sets are also called --------------- set

Every subset of a countable set is ------------

The set of all real numbers is --------------—-

The cartesian product of the set of all positive integers is ----------

The set of those elements which belong either to A or to B or to both is cz

The set of those elements which belong to both A and B is called -----------

Union of sets is --------------

The complement of A relative to B is denoted by --------------

If Aintersection B is the empty set, then A and B are called --------

RN (T W) EET——

B - (intersection A) = -------mmmmmmmmmneeeee

Union of countable sets is -----------------

The set of all rational numbers is ---------------

The set S of intervals with rational end points is ---------- set

countable

denumerable

denumerable

countable

countable

countable

complement

complement

commutative

commutative

union (B -A)

union (B -A)

uncountable

uncountable

uncountable

uncountable  similar equal
non-denumerat similar equal
non-denumerat similar equal
uncountable  rational irrational
uncountable  rational irrational
uncountable  rational irrational
intersection union disjoint
intersection union disjoint

not commutativ not associative disjoint

not commutativ not associative disjoint

B - (intersection intersection (B - {}

B - (union A)

infinite

infinite

infinite

intersection (B - {}

countable disjoint
countable disjoint
countable disjoint

countable

non-denumerab

denumerable

countable

uncountable

countable

union

intersection

commutative

disjoint

intersection (B -

union (B -A)

countable

countable

countable



The product of two prime numbers will always be

even number odd number  neither prime n composite composite

Let A be the set of all prime numbers. Then number of elements in ,

countable uncountable finite empty countable

Arc



Chapter 2

Real sequences

2.1 Sequences and their limits
Definition 32 A sequence in R is a function from N into R.

Remark 22 (i) The sequence is denoted by the symbol {s,} or (s,).

(ii) The image of of n, s, is called the n™ term of the sequence.

Example 14 Let f be function from N — R such that f(n) =0
Range of f ={0}

Definition 33 If b € R, the sequence B = {b,b,b,...} is called

constant sequence.

Definition 34 The Fibnacci sequence F' = (f,) is given by

=1
HLo=12
fn+1 = fn+fn—1, n>?2

34
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Definition 35 A sequence (x,) in R is said to converge to x € R or
x is said to be a limit of (x,) if for every € > 0 there exists a positive
integers N such that |x, — x| < € for alln > N.

If a sequence has a limit, we say that the sequence is convergent, if

it has no limit, we say that the sequence is divergent.

Remark 23 Suppose a sequence (x,) has limit x, Then we can
write

limx, =xorx, > xasn — o

Theorem 12 Let (x,,) be a sequence of real numbers and let x € R.
If (a,) be a sequence of positive real numbers with lima, = 0 and
if for some constant ¢ > 0 and some m € N we have

|x, — x| < ca,¥n > m, then lim x, = x

Proof suppose let € > 0 be given, then £ > 0
Given that lima,, = 0

Therefore for £ > 0, there exist a positive integer N such that

€
la, -0 < -
c
€
|an| < =
c
€
a, < - Vn>=N
c

Suppose for some m € N such that

|x, — x| < ca, Yn>N

€
Cc.—
c

IA

= €
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SoXy DX

Example 15 If a > 0, then lim(-) = 0

1+
Solution Sincea >0, na > 0,0 <na <1+ na
1 1

" na 1+na
Now
1 1
-0 =
|1 + na | 1+ nal
1 1
= < —
1+na na
1 11
_ 0 < —(-
|1 + na | a(n)
Since lim(3) = 0, lim(-) = 0

Remark 24 Convergence of (|x,|) need not imply the convergence

of (xp).

Consider a sequence ((—1)")
Then (J(=1)") = (1,1,...)
Clearly, lim |x,| = 1

Now (1)) =(-1,1,-1,1,...)

This is not a convergent sequence.

2.2 Limit theorems

Theorem 13 If0 < b < 1, then lim(b") = 0

Proof Suppose 0 < b < 1
Then b = ﬁifa>0

K. Kalidass
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" -0 = b
= b

[—1 1"
 "l+a

(1+a)y

(1 + a)"

1 + na
< lna

. 2.1)
n

Since lim x,, = 0 and by previous theorem, lim(b") = 0

Theorem 14 If ¢ > 0, then lim(c)=!

Proof Case(i) suppose ¢ = 1

Then (05) is a constant sequene and lim(c%) =1
Case(ii) suppose 0 < c < 1

Then ¢r = ﬁ where h,, > 0

(ch)" = (™!

_ 1
T (14hy)"

1
< n.h,

Cc

Now |ex~!| = |1 = ¢

_ 1
=11 - L
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_ 1+h,—-1
U 1+h,
hy, |
1+h,

< h,

since ¢ < n—;ln,h,, < %
fer—11< L
since % > 0 and
lima, = 0ifa, = 1

Then

lim(ci) = 1

case(iii)

suppose ¢ > 1

Thencr = 1 + d, where d,, > 0
Now ¢ = (1 + d,)"
=1l+nd,+---+d,"

> 1+ nd,

Sc—1>nd,

<l >d,

Now |ci™!| = |d,|
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2.3 Bounded sequences

Definition 36 A (x,) of real numbers is said to bounded if there

exists a real number M > 0 such that

|x,| < M forallne N, -M < x, <M
Theorem 15 A convergent sequence of real numbers is bounded.

Proof

suppose that

lim(x,) = x

Lete=1>0

Then there exists a positive integer N such that |x,—x| < 1ifn > N
Now |x,| = |x, — x + x|

<|x, — x| + |x]|

<l+|xlifn>N

Then |x,| < M foralln > 1

Therefore (x,) is bounded.

Definition 37 If x = (x,,) and y = (y,) are sequences of real num-
ber, we define their sum to be the sequene x +y = (x, + y,), their
difference to be the sequence x —y = (x,, — y,) and their product to
be the sequence xy = (x,y,) .

If c € R, we define the sequence cx = (cx,)

If z = (z,) is a sequence of non-zero real numbers, then we define
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the quotient of x and Z to be the sequence

% = anZn)

Theorem 16 Let X = (x,) and Y = (y,) converge to x and y re-
spectively and ¢ € R. Then the sequence x +y x —y, xy and cx

converge to x +y, x —y, xy and cx respectively.

Proof

Let €> 0 be given. suppose x, — xand y, — y
5>0andx, — x

There exist a positive integer N; such that

X — x| < 5

since 5 > 0and y, — y

Thereexist a positive integer N, such that

yn =y <5Vn2N,

Now [(x, + yn) = (x + V)l = [(xp = X) + G = Y)
< 1% = x| + [y = VI

let N = max{N;, N»}

|60 +y0) —(x+ V<5 +5

=€

Therefore, (x, +y,) = x+y

By using similar arguments, we have

The sequence (x,, — y,) converges to x — y
consider |x,y, — xy| = |x,yn — X,y + Xy — XY

= |xn(yn -Y) +y(xn —x)|
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< X (n = W+ [y — x|

= [Xallyn = ¥ + [Yllxn — x|

since (x,) — x, Thereexist a positive real number M, such that
|x,| < M,¥n > 1

Hence |x,y, —xy| < M , [y, — y| + Yllx, — x

let M = sup{M, |y|}

[Xnyn = xy] < yMyn =yl + M|x, — x

let €> 0 be given

since (x,) — Xx, there exist a positive integer N; such that
X, — x| < 55; Y = N

since (y,) — Y, there exist a positive integer N, such that
Vu =Y < 537 ¥ 2 N>

N = sup{Ni, N,}

Therefore |x,y, — xy| < MéZM) + Mé2M) ifn>N
Therefore |x,y, — xy| <€ifn > N

r.e., (x,yn) — Xy

Let (y,) be a constant sequence(c)

Then (y,) — ¢

By the above argument, (x,y,) — xc

1.e.,(x,c) = xc

ie.(cx,) — cx

Theorem 17 If X = (x,,) converges to x and 7 = (z,,) is a sequence

of non-zero real numbers that converge to z and if 7 # 0, then the
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X

. Xn
) —
quotient sequence (Zn )= 2

Proof

Leta = % >0

since (z,) — z, there exist a positive integer N such that |z,—z] < @
ifn> N;

—|z, — z| > —a if n > N; Therefore, —a < —|z, — z| < |z,4| — |z] if
n>N;

—a < |z, = lzlifn > N,

Nzl =1zl - dlal

=zl —a

<zl if n > N,

%|Z| <zyifn > N

Z > L ifn> Nl
|zl |zl
Now |+ -1
Zn Z
_ =zl
T zazl
— lmwl oz 2
[zallzl =zl "zl
— 2w=2
e

let €> 0 be given

since (z,) — z; there exist a positive integer N, such that
2 — 2l < §lzl*if n > N,
Hence |3 — 1| < h€lz’2if n = N = sup{N, N2}

Therefore, (117) N (%)

Theorem 18 If (x,) is a convergent sequence of real number and
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if x, 20 foralln € N, then x = lim(x,) > 0.

Proof

suppose (x,) — x

To prove

x>0

suppose x < 0

Then —x > 0

Lete=-x>0

since (x,) — x, There esixt a positive integer N such that
|x, — x| < —xifn>N

Thenx < x,—x<—-xifn>N

Therefore, x, —x < —xifn >N

X, <—x+xifn>N

X, <0ifn>N

1e., xy <0,xy41 <O, ...

= x,>0Vn

Hence x, > 0

Note

(i) suppose sequence (x,) is convergent to x and x, > 0. Then

lim(x,) = x need not be greater than zero.

Theorem 19 If (x,) and (y,) are convergent sequence of real num-

bers and if x, <y, forall n € N, then lim(x,) < lim(y,).
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Proof Let z, = y, — x,,

Then (z,) is a sequence of real numbers and z,, > 0.
By previous theorem,

lim(z,) > 0

lim(y, = x,) >0

lim(y,) — lim(x,,) > 0

lim(y,) > lim(x,)

Theorem 20 If (x,) is a convergent sequence and if a < x, < b for

alln € N, then a < lim(x,,) < b.

Proof Let (y,) be q sequence such thaty, = b¥n € N
sincea < x, <b,wehaven <y,VneN
By previous theorem, lim(a) < lim(y,) < lim(b)

2.4 Squeeze theorem

Theorem 21 suppose that (x,), (v,) and (z,,)) are sequences of real
numbers such that x, <y, <z, ¥n € N
and lim(x,) = lim(z,)

lim(x,,) = lim(y,) = lim(z,)

Proof Given that lim(x,,) = lim(z,)
Then lim(x,) = lim(z,) = w

Let €> 0 be given.
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Then there exist positive integer N such that

lx, —w|<€eifn>N

and |z, —w| <€eifn >N

Also given that x, <y, <z,, Thenx, - w<y,—-w<z,—-w
E< X, — WLy, —w<Z,—w<E€

— €<y, —w<E€

vy, —w|<eiftn>N

Therefore, lim(y,) = w

Theorem 22 Let the sequence (x,) converges to x. Then the se-

quence (|x,|) of absolute values converges to |x|.

Proof Let €> 0 be given

There exist a positive integer N such that
|x, — x| <eforalln > N

Now, [|x,| — [x]| < [x, — x| <€

s lim(xy,) = |«

2.5 Monotone sequence

Definition 38 Let (x,,) be a sequence of real numbers. we say that

sequence (xp) is increasing if x; < xp < -+ <X, < Xpyp < ...

we say that sequence (x,) is decreasing if x; < x, < -+ < x,, <
Xn+1 < ..., we say that (x,) is monotone if it is either increasing or
decreasing.
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Problem

Give an example of two divergent sequences X and Y such that (i)
sum x + y converges (i1) Product X.Y converges.

Solution

LetX = (-1)"=(-1,1,-1,1,...) Y = (=1)""! = (-1,1,-1,1,...)
clearly X and Y are divergent

Now X +Y =(0,0,0,...) converges

XY =(-1,-1,-1,...) converges

Problem 1 Show that if X and Y are sequences such that X and Y

X + Y are convergent then Y is convergent.

Solution Given X and X + Y are convergent. Then X + Y — X is also

convergent. i.e., Y is convergent.

2.6 Monotone convergence theorem

Theorem 23 A monotone sequene of real numbers is convergent if
and only if it is bounded. Moreover (i) If X = (x,) is a bounded
increasing sequene, then lim(x,) = sup{x,: n € N} (ii) If Y = (y,)

is a bounded decreasing sequence, then lim(y,) = inf{y,: n € N}

Proof Suppose a monotone sequence is convergent then the se-

quence is bounded. conversely, suppose a monotone sequence is
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bounded. since given sequence is monotone, we have either in-
creasing or decreasing.

(1) Let X be a increasing sequence and bounded.

since, X is bounded, there is a real number M such that x, < M
VneN

Therefore, {x,,: n € N} is bounded above.

By completeness property of R, there exist the sup{x,: n € N}
€> 0 be given

Then x*— € is not an upper bound.

Therefore there exist a member of set x,, such that x*— € | x;
Then x*— e< x, Vn > k

Hence x*— e< x; < x, < X" < x"+ €

—e<x,—x"<eifn>k

|x, — x*| <eifn >k

lim(x,) = x*

(i1) Let Y = (y,) be a bounded decreasing sequence

Then X = —Y = (—y,) is an increasing sequence

By (1) lim(-y,) = sup{-y,: n € N}

= —infly,: n € N}

limX = —inf{y,: n € N}

lim(-y) = —inf{y,: n € N}

—lim(y) = —inf{y,: n € N}

lim(y) = inf{y,: n € N}
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Problem 2 show that 1im(¢) =0

Solution 1im(#) = xand x = (%)
_(ly L

Now X.X = (-)(;

= (# — 0)

Therefore x> = 0 and x = 0

Problem 3 consider a (x,) with x; = 2 and x,.; = 2 + xin, n € N.

Find the limit of the sequence (x,).

Solution Let lim(x,) = x

since x,, > 0 VYn, we have x > 0
Moreover x,, > 2 and x # 0
Now x = lim(x,,)

= lim(x,41)

= lim(2 + xin)

Lety,=2andz, =1

Then lim(y,) = 2 and lim(z,) = 1
x = lim(y, + i—’;)

= lim(y,) + lim(i—z)

= lim(y,) + s

x=2+ %

x?=2x+1

¥ -2x-1=0

Therefore, x = 1 + \/E(or)x: 1-v2<0
Problem 4 Show that (—1)" is divergent
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Solution Suppose sequence (—1)" is convergent and lim(—1)" = a
Lete=1>0

There exists a positive integer N such that
(-1)"—al<1iftn>=N

suppose n is even

1 —aljlifn>N
-1<l-a<lifn>N
-2<—-a<0ifn>N
2>a>01ifn > N suppose n is odd
|-1—-al;jlifn>N
-l1<-1-a<lifn>N
-l+1l<-a<l+1ifn>N
O0>a>-2ifn>N

Therefore we have a > 0 and a < 0

Hence (—1)" is diverges.

Theorem 24 Let (x,) be a sequence of positive real numbers such
that lim(x;—:‘) = Lexists. If L < 1, then (x,) converges and lim(x,,) =

0

Proof since (x,) is a sequence of positive real numbers. we have
(x;—:‘) is also a sequence of positive real numbers.

By previous theorem, L > 0

suppose L < 1,then0 < L < 1

letr e Rsuchthat L<r <1
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lete=r—-L>0
since (1) converges, there exist a positive integer N, such that
n
|2 — [ <€ifn > N
Then = <€ +Lifn > N
n
2L <(r—=L)+Lifn>N
el < rifn> N
Xn
Therefore x,,1 < rx,ifn>N
0L Xy < FXy < FPPxpq < oo < PNy
LetC =%
p
50 < xppq < C*l

since0 <r <1, lim(x,) =0

Problem 5 Consider a sequence {x,} with x, = %.Discuss about

the convergent of (x,) and find the limit of the sequence.

n+l

Solution Given x, = 7. Then x,41 = 557

Xoe1 | o+ 12"

X, - n+l ;
2"n+1
2" 2n

n+1

2n
. Xn+1 1
| = =<1
m{2t) = 12

By previous theorem, we have (x,) converges and lim(x,) =0

Problem 6 Let a > 0 and construct a sequence (s,) of real num-

bers such that lim(s,) = Va
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Solution Let s; > 0 be arbitrary and define s,,; = %(sn + <) for

nenN

Now
1 s2+a
S+l = = )
2 s,
s2+a
28001 =
Sn
_ 2
284418, = S, +a
) =0
s, Spe1-Sp+a =

since the quadratic has real roots, we must have (n € N)

4.2 —4a > 0

n+l — =

45> > 4a

n+l =
2
sn+1 2> a
Now
1 a
Sn — Sn+l = sn_z(sn"i_%)
l(s,%—a)
2 s,
Sp = Sp+l 2 0
Sy > Sp+1, NEN

clearly (s,) is a monotone decreasing sequence.

.. (s,,) 1s convergent
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Let lim(s,) = s

lim(s,,)

2s°
§2
S

- lim(sy,)

1im(sn+1)

lim{3 (5, + 1

. | al
llm[z(sn + Es_n)]

1 a 1

= lim(s,) + <.
[ misa) + 5 5G]
1 N al
_s —_-.—

2 2s

1
S+
s> +a
a

Va or - +a

va since s > 0

Theorem 25 Lete, = (1 + %)", n € N then, lim(e,) = e

Proof Given ¢, = (1 + 1)

since, the expression for e, contains n+ 1 terms, and the expression

for e, contains n + 2 terms and each term appearing in e,, < €,,41.

Therefore (e,,) is monotone increasing sequence

since 2! < p!, (p=1,2,...,n)

1 1

7T 25
Hence2 <e, =3
.. (e,) 1s bounded.

Hence (e,) is convergent and lim(e,) lies between 2 and 3. We

K. Kalidass
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define the number e to be the limit of this sequence.

clim(e,) = e
2.7 Multiple choice questions

1. Suppose lim(x,) = x and lim(—x,) = x. Then x =
A. 1l B.
C.0 D. -1

2. Suppose lim(x,) = x. For every € > 0, there is a +ve integer
N such that we have
A x—e<x, B.x+e€e>x,

C. both A and B D. neither A nor B

3. The sequence (%) 1S
A. convergent B. bounded

C. both A and B D. neither A nor B

4. The sequence ((—1)") 1s
A. convergent B. bounded

C.both A and B D. neither A nor B

5. Constant sequence is
A. increasing B. decreasing

C. both A and B D. neither A nor B

6. If X = ((=1)") and Y = ((—1)"“)) then X + ¥

A. coverges B. diverges

K. Kalidass 53



Real Analysis K. Kalidass

10.

11.

12.

13.

C.both A and B D. neither A nor B

. If X and X + Y are convergent, then Y

A. coverges B. diverges

C.both A and B D. neither A nor B

If x; = 8and x,,1 = F +2, (x,) is
A.monotone B.bounded

C. both A and B D. neither A nor B

.Ifz, = (@ + 0" and 0 < a < b, then lim(z,) =

A.0 B.1
C.a D.b

If X converges to x and XY converges then Y converges if
A.x#0 B.x,#0
C. both A and B D. neither A nor B

A sequence (x,) in A is a function from —- to A
A.R B.Z
C.N D. W

The range of a real sequence is

AR B.Z
C.N D. W
lim (222 =

Al B.2
C.3 D. 4
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14. lim(b™) = 0 if
A b>1 B.0O<b<1
C.h>1 D.O<b<1
15. lim () = 0 if
A.a>0 B.0<ac<l1
C.a>0 D.O<ax<1
16. lim (a7) = 0 if
A.a>0 B.0<ac<l1
C.a>0 D.O<ax<1
17. The n* of the sequence 1 —%, % <e- 18
1 (G
A 5 B. =
(_1)n+1 (_1)n+1
C. on D. ol
18. lim(b") =
A.0 B.2
C.3 D. 1
19. The sequence (a,) where a, = 3; is
A. increasing B. decreasing
C. both A and B D. neither A nor B
20. lim(%) _
A.0 B.2
C.3 D. 1
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21.

22.

23.

24.

If y1 = 1 and y,41 = 3 2y, + 3) forn > 1, lim(y,) =

1 3
Al B.3
1 2
C. g D. 3
If s; > 0 and s, = %(sn + —) forn > 1, lim(s,) =
A.a B. Va
1 1
C D. -

If s, = (1 + %)n forn > 1, lim(s,) =
A rm B. vr
C. D.e

Q |=

Letx; =a>0and x,,| = xn+xi for n > 1. Then the sequence

(xn) 18
A. increasing B. decreasing
C. both A and B D. neither A nor B

2.8 'Two marks questions

. Give an example for unbounded sequence.
. Define a bounded sequence.
. Define a convergent sequence.

. Give an example for bounded sequence need not be a conver-

gent sequence

. Define a sequence.
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6.

10.

11.

12.

13.

14.

15.

16.

Give an example monotonic sequence need not be a conver-

gent sequence

. Given an example for a monotonic sequence which is conver-

gent

. Prove thatif ¢ > 0, limcn = 1

. State and prove squeeze theorem

If a > 0, then prove that lim —— = 0

1+na

Prove that a convergent sequence of real numbers is bounded.

Also prove that the converse is need not be true.
Prove that limn: = 0

Let X = (x,) and Y = (y,) be sequence of real numbers that
converges to x and y respectively. Prove that the sequences

X + Y and XY converge to x + y and xy, respectively.
State and prove uniqueness theorem on limit.
Prove that a convergent sequence of real numbers is bounded

Prove that a sequence in R can have at most one limit.
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UNIT I

If A is the set of even prime numbers and B is the

which relation is not a function?

Ais a subset of B

{(2,5),(3,6).(4,7)}

Given the relation A={(5,2),(7,4),(9,10),(x,5)}. Which of 7

Let A be the set of letters in the word " trivial" and let {a,r,v}

Let S be the set of of all 26 letters in the alphabet and 14"¢

Let A={1,2}. Then AX A =

{(1,2),(2,2)}

Let A={1,2} and B={a,b,c}. Then number of elements in 2

Suppose n(A)=a and n(B)=b. Then number of elements a

Let A={1,2} and B={a,b,c}. Then which of the following (1,a)

Let F be a function and (x,y) in F and (x,z) in F. Then w x=y

If the number of elements in a set S are %. Then the nt 5

If range of f is equal to codain set, then fis

Converse of function is a function only if f is

Inverse function is always

into

into

into

If A and B contains n elements then number bijection I n!

Bis asubset of A Aand B are disjoin A and B are not dis A and B are disjoint

{(21),(3,2).(4,7)} {(2,2),(2,3).(3,4),(4{(2,1),(3,3),(4,1)} {(2,1),(2,3).(3,4),(4,1))}

{d,f,cu}

{(1,2),(2,1)}

(3,c)

onto

onto

onto

{1,1.t}

21

{(1,1)(1,2),(2,1),(2,{(1,1),(2,2),(2,2)}

2%2%2

ab

(c,2)

16

one-one

one-one

one-one

n+1

{allrtv}

22

2*3

a+b

(1)

32

many to one

bijection

bijection

n-1

{a,r,v}

21

{(1,1)(1,2),(2,1),(2,2)}

2*3

ab

(c,2)

32

onto

bijection

bijection

n!



Let f be a function from A to B. Then we call f as a seq set of positive inte set of all real numl set of all rationals set of irrationals

Two sets A and B are said to be similar iff there is a fur into

If two sets A={1,2,...,m} and B={1,2,..,n} are smilar ther m<n

Which of the following is an example for countable?

Number of elements in the set of all real numbers is

set of real number set of all irrational

finite

The union of elements A and B is the set of elements k either A or B

The set of elements belongs A and not in B is

The set of elements belongs B and not in A is

Countable union of countable set is

N XN is

ZXRis

RxRis

The set of sequences consists of only 1 and 0 is

Every subset of a countable set is

Every subset of a finite set is

Fibonnaci numbers is an example for

uncountable

uncountable

uncountable

uncountable

uncountable

uncountable

uncountable

uncountable set

one-one

n<m

countably infinite

neither A not B

countable

countable

countable

countable

countbale

countable

countable

countable set

onto

set of all rationals

10000000000

both A and B

B-A

B-A

finite

finite

finite

finite

finite

finite

finite

finite set

bijection

n>0

(0,2)

uncountable

AandnotinB

A-B

A-B

countably infinite

countably infinite

countably infinite

countably infinite

countably infinite

countably infinite

countably infinite

infinte set

set of positive integers

bijection

set of all rationals

uncountable

either Aor B

A-B

B-A

countable

countable

uncountable

uncountable

uncountable

countable

finite

countable



Suppose A and B is countable then AX B is

AXBis similar to

The set of all even integers is

(0,1]is

{1,2,.....,100000}

uncountable

uncountable

uncountable

uncountable

countable

countable

countable

countable

Suppose fis a one to one function. Then x not eqaul y f(x) is not equal tc f(x)=f(y)

Suppose fis a one to one function. Then f(x)=f(y) impl x=-y

Let f be a bijection between A and B and A is counatbl uncountable

Let f be a function defined on A and itself such that f(x onto

Constant function is an example for

Stricly increasing function is

Strictly decreasing function is

If g(x) =3x + x + 5, evaluate g (2)

A= {x: x # x }represents

onto

an onto function

an onto function

{1}

If a set A has n elements, then the total number of subsets of A n!

y=x+10

countable

one to one

one to one

one to one

one to one

2n

finite

finite

finite

infinite

f(x)<fly)

X=y

finite

bijection

many to one

many to one

many to one

13

{o}

infinite

AXB

infinite

countably infinite

countably infinite

f(x)>f(y)

x is not eqaul y

similar to R

countable

AXB

countable

uncountable

countable

f(x) is not equal to f(y)

X=y

countable

neither one to one bijection

bijection

bijection

bijection

17

{2}

many to one

one to one

one to one

13















Chapter 3

Infinite series

3.1 Introduction

If x = (x,) is a sequence in R then the infinite series or series

generated by x is the sequence s = s, defined by

s = X
S2 = X1+ X2
§3 = X1+ X2+ X3
Remark 25 /. clearly
S, = X1t+txp+---+Xx,

= X1t+xo+---+ X1+ X,
= S-1t+x,
2. The numbers x, are called the terms of the series and the num-

bers s, is called the partial sum of this series.
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3. Iflim S exists, we say that the series is convergent and this limit
is the sum or the value of this series.

4. If this limit does not exists, we say that the series is divergent.
5. It is convenient to use symbols such as ),(x,) to denote the infi-

nite series.

Example 16 consider the series ), ﬁ

Solution )’ G +1)
11 1
Nown(nﬂ)—ﬁ_m
Then
_ + ! +
= 12723
= (1 1)+(1 1)+
B 27 2 30T
B 1
B n+1

1
lims, = hm( 1)

= lim(1) — hm( )

R
R o iy i) 18 converges.

3.2 Geometric series

Example 17 Consider the series Y 7" =1 +r+r* + ...

Solution
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Sn
s,(1 —7r)
s,(1 =7r)
Sn
1
Sy —
1-r
1
Sy —
1-r
1
li =
1m(s T r)
lim s,

n—1

l+r+r+-+7r

l+r+r+ -+ = +r+r~+--

= 1t converges if [r] < 1

3.3 The n” term test

Theorem 26 [f the series ), x,, converges then lim(x,) = 0

Proof Suppose )’ x, converges

Let s, be the partial sum of }] x,,

By definition of convergence of )| x,,, we have lim(s,) = x

K. Kalidass
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Now
Sp—S1 = (x1+x20+--4+x)—(xX1+x+...x,21)
= xn
1.€.,X, = Sp— Sy—1
lim(x,) = lim(s, — s,-1)

= lim(s,) — im(s,-1)

= x—x=0
Therefore lim(x,) = 0

Example 18 Consider Y, —

r(r+1)

Clearly the series converges.Also

i ! —L+L+ + ! +
L r(r+1) 12 23 r(r+ 1)
1 1 1
li = lim(- -
m r(r+1)) lm(r r+1)
= lim(-) — lim(——)
=0

Example 19 Consider the series Y. 1", |r| < 1

Clearly the series converges. Also

Zrn = A+rle
n=1
lm(*") = 0
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Example 20 Consider ) ,(—1)"

D

lim(s,,) does not exist.

M+ +. ..
I-1+1-1+1-1+...

There fore the sereis diverges.

Remark 26 Iflim x,, # O, then the series ), x, cannot converge.

n=1

Theorem 27 Let (x,) be a sequence of nonnegative real numbers.

Then the series ), x,, converges if and only if the sequence s =

(sx) of partial sums is bounded. In this case ), x, = lim(sy)

sup{si: k € N}

Proof since x,, > 0, we have

51

$2

$2

53

53

= X1+ x2

= Sl+x2

> 5

= X1 +Xx2+ X3
= S+ X3

D)

."., the sequence of partial sums satisfies s; < 55 < 53 < ...

.. (5x) 1s monotone sequence.

K. Kalidass
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Suppose }’ x,, converges

By convergence definition, (s;) converges.

.. (s%) 1s bounded.

Conversely (s;) is bounded

1.e., (s;) 1s monotone and bounded.

By monotone convergence theorem, (sx) converges
Therefore ), x; converges.

Moreover, lim(sg) = sup{si: k € N}

S X = sup{Sy: k € N}

Example 21 Consider the series Y(1)

SolutionHere
51 =1
1 3
:1 _= -
) +2 >
_ o, L1
BT T3 T

Therefore s| < s, < ...
clearly (sy) is not bounded.

Z(%) is divergent.

Problem 7 Show that 3, zyor; = 1

K. Kalidass
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Solution
_ + 1 4ot :
T 12723 n+ D(n+2)
R 1 | |
= - mnce = -
n+2 T A Dm+2) (4 l) n+2)

Therefore, sequence of partial sums (s,) bounded. Hence ), m

converges.

Also

1
lim(s,, lim(l — ——
m(s;,) 1my( — 2)
1
= lim(1) — lim(——=
im(1) 1m(n n 2)
1
= 1-1lim(-)
n
= 1
1 —
Hence Z m =1
Theorem 28 The p-series ), nl—p diverges when 0 < p <'1

Proof We know that

n’ < nif 0<p<l1

1 1
n?  n
1 1
l.e.— < —
n npP

Since the harmonic series, ), % diverges, we have ) ni,, diverges.
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3.4 Cauchy criterion

Theorem 29 The series ), x,, converges if and only if for every €>
0 there exist M(€) € N such that if m > > M(€) then |S,, — S,| =

|xn+1 + Xpy2 + 000 xml <€

3.5 Comparison test

Let X = (x,) and Y = (y,) be real sequences and suppose that for

some k € N we have 0 < x, <y, forn >k
(a) Then the convergence of )y, implies the convergence of )] x,,.
(b) The divergence of ), x,, implies the divergence of ) y,.

Proof (a) suppose that )’ y, converges.

By cauchy criterion, for given € > 0 there exist M(e) € N such that

|yn+l+yn+2+"'+ym| < eif m>n2M(e)
Ynel T Vi + oo+ Y < €

Xntl tXpp2 + -+ X < Yurl T Va2t -+ Ym
Xpsl FXp2 +-+x, < €if m>n> M(e)

|Xps1 + Xpg2 + -+ x| < €

By cauchy criterion, )’ x, converges.
(b) Suppose 3’ x, diverges
To prove )y, diverges

suppose .y, converges
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by(a) ) x,, converges
=< to ) x, diverges.

"), yn diverges.

3.6 Limit comparison test

Theorem 30 suppose that X = (x,) and Y = (y,) are strictly pos-
itive sequences and suppose that the following limit exists in R.

r= hm(y—:)
(@) If r # O then ), x, is convergent if and only if )y, converges.

(b) If r =0 and if ). y, is convergent the ), x, converges.

Proof (a) Suppose r = lim(’y‘—") and r # 0O then, clearly r > 0.

By convergence of sequence (;‘—"), for 5 > O there exist a N such
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that

|ﬁ—ﬂ<§ifn2N

n

o< <Dy
—+r<—-r+r<—<-+r
2 Vn 2

rox, 3r
—_ _<_
2 vy, 2
X, 3r

< <7<2r

r

2y,
- < — < 2r

2y,

r
Ey" < x, <2r.yy

Suppose }’ y, convergent.

>.(2r)y, converges.

By comparison test, ), x,, converges.
By comparison test, > (5)y, converges.
Therefore )y, converges.

(b) Suppose r = lim(%) andr =0

For €= 1 > 0, there exist N such that

< 1 iftn=N
Vn

X
=l < 1
Yn

Xn < Yn

Suppose )’ y, converges, by comparison test, ), x,, converges.

K. Kalidass
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Theorem 31 } % is convergent.

Proof Letk; =2'-1=2-1=1
Sy, = S1=1(sum of first term)

Letky=2>-1=4-1=3

1 1
Sk2 = S3—1+22+¥
1 1
< Skz—S3—1+?+?
2
= 1+§
1
= 1+
2
Therefore Sk, < 1+ (3)"
Sks; = 7 sum of first 7 terms
1 1 1

< 1+ =+ ! ! !
20 42 42 42 4
I 1

< I+=-+-
2 4

= 1+1+1
2 22

Therefore Sk3 < 1+ (3)' + (3)°
By mathematical induction , Sk; <1+ 1+ (3)* + -+ (3)/!
Since the terms in the ( R.H.S) is a partial sum of a geometric series

Srwithr=3<1
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Also

i(%) ) 1—1< )

1
n=0 2
= 2

.. The partial sum of }; n% is bounded also s; < s, < ...
.. The sequence of partial sum is monotone.

By previous theorem, ), n—lz converges.

Problem 8 Prove that ) converges.

1
n2+n
1

Solution clearly 0 < ——

<nl—2,n€N

1
n2+n

since the series ) n‘—z converges, by comparison test, | con-

verges.

Problem 9 Prove that the series Y, 1n*> — n + 1 is convergent.

Solution Let x, = —— and y, = &

Then
1
Xn o o+l
Yn %
C om2-n+1
. X . 1
lim (—) = lim — )
Yn 1 - n + 7z
= 1+#0

By limit comparison test, since )’ # converges, we have

1
2. -7 converges.
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. 1 . .
Problem 10 Prove that the series )’ T divergent.
. | — L
Solution Let x, = Py and y, = v
Xn 1 1
Yn n+1 \/ﬁ
__\n
n+1
3 |
1+1
= 1+0

By limit comparison test, since ), % diverges then }; ﬁ is also

divergent.

3.7 Root Test

Theorem 32 Given a series ), a, of non-negative terms, Let p =
lim </a,

(@) The series ), a, converges if p < 1

(b) The series ), a, diverges if p > 1

(¢) The test is inconclusive if p = 1

Proof (a) suppose p < 1

Let x be a real number such that p < x < 1 given that p = lim </a,
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Therefore there exist a positive integer N such that

{fa, <p forall n>N
fa, < x <1

a, <x'<1

Since ), x"* converges, we have ) a, converges.
(b) Suppose p > 1
Then

(an)% > 1 for infintely many
(a,) > 1 for infintely many

lim(a,) > 1#0

" ), ay, diverges.

(c) Consider the series ) % and ) %

For both series p = 1

Clearly, 2 % diverges and ), % converges

Therefore, the test is inconclusive.

Problem 11 Discuss about the convergence of Z‘,[ﬁ]"2

K. Kalidass
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Solution Let a, = [

Therefore,

Therefore, p < 1

By root test, Z[#]"2 converges.

Problem 12 Discuss about the convergence of ) (logn)™

K. Kalidass

L]”
n+1

lim </a,
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Solution Let
a, = (logn)™
(’/Cl_n = (an);
= (logn)™
1
~ logn
1
lim+/(a,) = lim(—) <1
m \/Za ) my( logn)
p < 1

By root test, > (logn)™ converges.

3.8 Ratio test

Theorem 33 Let Y a, be a series of positive terms such that lim 2L =

L ’
(@) The series ), a, converges if L < 1.

(b) The series ), a, diverges if L > 1.

(¢) The test is inconclusive if L = 1

Proof (a) suppose L < 1

Let x be areal number suchthat L < x < 1
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Then there exist a positive integer N such that

Ap+1
™ < x forall n>N
ap
il xn+l
<
a, X"
a
n+1%n
apy1 < X n
X
n+1aN
< X'""'— forall n >N
N

. ay
Qpey < c.XVif ¢ = N

Since x < 1 and )} x" converges for |x| < 1, we have ), a, con-
verges.

(b) suppose L > 1

Ap+1

> 1 for infinitely many
an

ap+1 > a, for infinitely many

. 2, ay diverges.

(c) consider the series )’ % and #

For both series L = 1

Clearly, 2, % diverges and ), niz converges.

.. The test is inconclusive.

Remark 27 Let 3’ a, be a series of positive terms such that lim = =

n+1
L
(@) The series ), a, converges if L > 1
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(b) The series ), an diverges if L < 1
(¢) The test is inconclusive if L = 1
Problem 13 7est the convergence of the series ), Sn—:l

Solution Here

a, = n"term
Sn—l
- n!
Aps1 = n'™term
— fSn
 (n+ 1)
— fsn
 nln+1)
an 5T nl(n+ 1)
ap+1 -~ nl 5n
_on+l
-5
im-%) = im s
an+1 5

. n—1
Therefore, by ratio test, ), 57 converges

2"
n3+1

Problem 14 Test the convergence of the series ),

2n
n3+1

Solution Here a,, = nterm =

n+l

ayey = nterm =

(n+1)3+1
ay_ = ( a" )(n+1)3+1
any1 | Sm3+17° 212
_1
=5<1
K. Kalidass
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lim2 =1
An+1 2

By ratio test ), nfﬁ is divergent.

Problem 15 7est the convergence of the series }, (n::#

Solution a, = )] (mtl)?

n!
_ (n+2)71+l
Antl = 2 Gyt

a,  _ (n+D)" nl(n+l)
any1  onl o (n2)r!
_ (n+D)m!

T (n+2)n]

_ (n+1)n+l

T [(n+1)+1]
1
[1+#]n+l

ay 1. 1

An+1 e

.. By ratio test ), % 1s diverges.

Problem 16 7est the convergence of the series % + % +...
. |
Solution Here a, = (";1)'
_ (n+2)!
a}’l+l - 3n+l
n 3
Ap+1 - n+2
1 An — 13 i —
hm(m) =lim(;35)=0<1
(D) o 1
= 18 diverges.

Problem 17 Test the convergene of the series — + ﬁ +...

1+2
Solution Here a, = 15
_  n+l
ap+1 = 1+2n+1
a, _ n(1+2"1)
ane1 | 142%(n+1)
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lim-=- =
Ap+1

n(1+2")
1+2"%(n+1)

=2>1

lim

.. The above series is convergent.

3.9 Alternating series

The series Y.(=1)""'a, = a; —a, + a3 —as +. .. is alternating series

where each ag > 0.

3.10 Leibniz’s rule

Theorem 34 If{a,} is an monotone decreasing sequence with limit
0, the alternating series Y,(=1)""'a, converges. If S denotes its
sum and S ,, its n'" partial sum, we also have 0 < (=1)"(S = §,) <

any foralln > 1

Proof

The partial sums S, form an increasing sequence.

Sonsa =S =(a1—ax+as—as+ - —aoy + A1 — A2p42) — (a1 —
a +az—---+day-1 —an

= Aops1 — Aops2 > 0

=Som+2—82,>0

S8 > S
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Also the partial sums S,,_; form a decreasing sequence.

Both sequenes are bounded below by S, and bounded above by S ;.
.. Each sequence (S ;,) and (S ,,-1) are monotone and bounded.

.. By monotone convergence theorem (S ,,) and (S ,,-1) converges
- limS,, =S and limS,,_; =S
Now, S = S" =1limS,, — lim S5,

= 1im(S2, — S20-1)

= lim(-ay,) = —limay, =0
Therefore S' = §” = S Therefore sequence of partial sums con-
verges.

- Y (=1)""'a, converges.

since (S 2,) i1s a monotonicallly increasing sequence, we have
S <SS

since (S 2,-1) 1s a monotonically decreasing sequence, we have
Son < Son2 < S

.. we have

0<8-1 =8 <S0u-1 =82 = a1

and0<S,,.1—-8 <S0,-1 =82, =ay,

Hence we have. 0 < (=1)*(S = S,) < a,41

3.11 Absolute convergence

Let X = (x,) be a sequence in R. we say that the series ) x, is

absolutely convergent if |x,| is convergent in R.
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Conditional convergent
A series is said to be conditionally convergent but not absolutely

convergent.

(Gl
n

Example 22 Consider a series ),
By Leibnitz’s test, % converges.

Now I%I =) % =D, % diverges is conditionally convergent.

Remark 28 A series of positive terms is absolutely convergent if

and only if it is convergent.

3.12 Two marks questions

1. Define a geometric series.

2. Define a geometric sequence.

3. Define a harmonic sequence.

4. State the nth term test.

5. Prove that the converse of the nth term test need not be true,
6. Define alternating harmonic series.

7. Give an example for alternating series

8. Define p-series

9. Estabilish the convergence or the divergence of the series whose

: n
nth term is W
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

1

o0 1 _
Show that ngl m =z

n2+n

Show that 3 !
n=1
State and prove limit comparison test.

00 1 B
Show thatngo m =1

o 1
Prove that n; ——— converges
Prove that if )| x,, converges then lim x,, = 0
Prove that the 2-series converges.

State and prove the comparison test for the series

Discuss about the series (i) 2 —— (il) X +;
State and prove the nth term test for series

State and prove Cauchy criterion for series.

Prove the p-series converges if p > 1.

K. Kalidass
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UNIT Il

sequence sequence
seqgeunce converges to converges to
converges to sup of its sequence sequence sup of its
If an increasing sequence is bounded above then inf of its range range converges to 1 converges to 0 range
sequence
segeunce converges to sequence
convergesto sup of its sequence sequence converges to
If an decreasing sequence is bounded below then inf of its range range converges to 2 converges to 1 inf of its range
anincreasing a decresing constant bounded an incresing
Fibonacci sequence is sequence sequence sequence sequence sequence
atleastone  more than atmostone  more than atmost one
A sequence in a metric space (S,d) can converge point two point point three point point
Suppose a sequence in a metric space (S,d) converges to both a and
b. Then we must have a<b a>b a-b=1 a=b a=b
In a metric space (S,d), a sequence converges to p. Then range of the
sequence is bounded unbounded finite infinite bounded
countably
The range of a constant sequence is infinite infinite uncountable singltonset  singleton set
an not an
Suppose in a metric space (S,d), a sequence converges to p. Then an adherent accumulation anisolated adherent an adherent
the point p is point of S point of S point of S point of S point of S
an not an an
Suppose in a metric space (S,d) , a sequence converges to p and the an adherent accumulation an isolated accumulation accumulation
rnage of the sequence is infinite. Then p is point of S point of S point of S point of S point of S
every subsequence subsequence some subsequence
sequence ina of convergent of convergent sequenceina of convergent
metric space  sequence sequence metric space  sequence
Suppose in a metric space, a sequence converges. Then converges converges converges converges converges
A sequence is said to be bounded if if its range is unbounded bounded countable uncountable  bounded
The range of the sequence {1/n}is finite {1} {} infinite infinite
The range of the sequence {1/n} is unbounded bounded {} {1,0} bounded

The esequence {1/n} converges diverges oscilates converges to 1 converges



In Euclidean metric space every cauchy sequence is

Every convergent sequence is a

The sequence {n*2}

The range of the sequence {n"2}is

The range of the sequence {n"2} is

The sequence {i*n}

The range of the sequence {i*n} is

The range of the sequence {i*n}is

The sequence {1}

The range of the sequence {1} is

The range of the sequence {1} is

convergent

constant

segeunce

converges

unbounded

finite

converges

unbounded

finite

converges

{

bounded

divergent

cauchy

sequence

diverges

bounded

{1}

diverges

bounded

infinite

diverges

{1}

unbounded

oscilates

increasing

sequence

oscilates

oscilates

oscilates

{1,0

{1,0}

convergent to
0 converges

decreasing cauchy

sequence sequence

converges to 2 diverges

{0.1} unbounded

infinite infinite

converges to O diverges

{0,1} bounded

{0,1} finite

converges to 0 converges

{1,2,3} {1}

{0} bounded










Chapter 4

Subsequences

4.1 Subsequences

Definition 39 Let X = (x,) be a sequence of real numbers and let
ny < np < n3 < ... be a strictly increasing sequence of natural
numbers. Then the sequence X = (x,k) given by (Xnys Xnys - o) 1S

called a subsequence of X

Example 23 Consider a sequence X = (1, %, %, coL)

LetX =(3,1...)

clearly, X is a subsequence of X. note thatn; = 2,n, = 4,...

Definition 40 [f X(x1, x5, ...) is a sequence of real numbers and if

m is a given natural numbers, then the m-tail of X is the sequence.

Xm = (xm+la Xm+2s - - )

Remark 29 A tail of a sequence is a special type of subsequence.
(ii) Not every subsequence of a given sequence need be a tail of the

sequence.
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Theorem 35 If a sequence X = (x,), of real numbers converges
to a real number x, then any subsequencece x = (x,,) of x, also

converges to Xx.

Proof
Given that,
limx, = x

.. for given €> 0, there exist a positive integer N such that |x, —
x| <eifn>N

Let X = (xn,) be a subsequence of X. The n; < n, < n3z < ...
clealy ny > k

suppose k > N, then ny > N

|x,, — x| <€

Therefore (x,,) converges to x

Definition 41 For a sequence (x,), we say that the m™ term x,, of

(x,) if Xy = X, foralln > M.

Remark 30 In a decreasing sequence, every term is peak and in

an increasing sequence no term is peak.

4.2 The cauchy sequences

Definition 42 A sequence X = (x,) of real number is said to be a

cauchy sequence if for every €> 0, there exist a natural number N
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such that |x, — x| €if n,m > N

Theorem 36 If X = (x,) is a convergent sequence of real numbers

then X is a cauchy sequence.

Proof

Let X = (x,) be a convergent sequence. Let lim x,, = x

Let €> 0 be arbitrary, then for 5 > 0, there exist a positive integer
N such that

X, —xl <5ifn>N

Letnm>N

Now |x, — Xl = |%, — x + X — x|

Slxn—x|+|x—xm|;§+§=e

|x, — x| <€ifn,m >N

Therefore (x,) is a cauchy sequence.

Theorem 37 A caushy sequence of real number is bounded

Proof

Let X = (x,) be a cauchy sequence

Let €= 1, then there exist a positive integer N such that
X, — x| < 1ifn,m>N

In particular, |x, — x,,| < 1ifn,m > N

Now |x,| — |xn| < |x, —xy| < 1ifn >N

Sxal = lxnl < lifn> N
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|x,| < 1+ |xylifn>N

Let M = sup{|xil, |x2l, ..., [xns1l, 1+ |xnl}
Then |x,| < M for all n

Therefore —M < x,, < m for all n

Therefore (x,) is bounded.

4.3 Cauchy convergence criterion

Theorem 38 A sequence of real number is convergent if and only

if it is cauchy sequence.

Proof

Suppose X = (x,,) is a convergent sequence

by previous theorem, X is a cauchy sequence.

Conversely suppose X = (x,) is a cauchy sequence. by previous
theorem, X is bounded

By Bolzono theorem, X has a convergent subsequence.

Let x,, — x

claim x,, — x

since X is cauchy sequence, for given 5 > 0, there exist a positive
integer N such that

X0 = Xl < 5 ifn,m >N

since (x,) converges to x, for 5 > 0, there exist a positive integer
k > N such that

i —xl<5ifn>N
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Now |x,, — x| = |x, — xx + xx — x|
< xn = x| + e — x|= €
1,e., |x, — x| <€ if n > N, therefore x, — x

1.e., X is a convergent sequence.

. : 1,1
Problem 18 Discuss the convergence of the series 1 — Bt G

Solution
Given series is an alternating series.

Leta, = #

_ 1
Ap+l = N
1

an+1_\7n_: Vil
_ Aln—Vn+l
= vt <0

ape1 —a, <0

<=

An+1 < ay

.. {a,} 1s monotonically decreasing also lima,, = # =0
.. The given Solution satisfies all the conditions of Leibnitz rule.

The given series converges.
Problem 19 Discuss the convergence of % - % + % — ...

Solution
Given series is an alternating series
_ 2n+43
LEta, = =
a _ 2(n+1)+3
n+l = )

_ 2n+5
 2n+2

o _ 6
Qn+l = Qn = 30,9y < 0
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Qp+1 < Ap

.. {a,} 1s monotonically decreasing. Also

lima, = 2’5;3
2+0 _

.". the given series does not satisfies one of the condition of Leibnitz
test.

.". the given series diverges.

Problem 20 Discuss the convergence of the series ——— -+ —
log2  log3 ~ log4

Solution
Given series is alternating series

_ 1
Leta, = o
_ 1

An+1 = log(n+2)

S U B
Ans1 = Gn = Ty~ Togtarn) § 0

an+] - an < 0
apy1 < Ay

.. {a,} 1s a monotonically decreasing.

lima,, =

=1L_9

(o)

1
log(n+1)

Therefore the given series satisfies all the condition of leibnitz test.

The given series is convergent.
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4.4 Two marks questions

10.

1.

12.

13.

. Show that the sequence {x,} is monotone, where x,, = 323 for
alln>2
. Give an example of a bounded sequence that is not a Cauchy

sequence.

. Give an example for Cauchy sequence.
. Define Cauchy sequence

. State monotone subsequence theorem.

Define a subsequence.

.Let X ={1,1,3,1 ...} Find any one susequence of X which

509 40

is convergent

. State monotone theorem.

. State Cauchy criterion for a sequence

Show that the sequence {x,} is monotone, where x,, = ;Zf; for

alln>2
State and prove monotone subsequence theorem.
State and prove Cauchy convergence criterion for sequences

State and prove Bolzano- Weirstrass theorem.
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14. Prove that every convergent sequence is Cauchy sequence.

Also prove that the converse need not be true.
15. State and prove monotone subsequence theorem.

16. Prove that a bounded sequence converges to x if every subse-

quence converges to X.
17. Prove that any convergent sequence is a Cauchy sequence.

18. State and prove Cauchy convergence criterion
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Constant sequence converges oscillates diverges converges to 1 Converges
The sequence {1,1,1,1,1,.....} converges oscillates diverges converges to 1 converges to 1
The sequence {1,0,1,0,1,0,...} converges oscillates diverges converges to 1 Oscillates
The harmonic series converges if P=1 p>1 P<1 P=0 p>1
ris not equal to ris not equal to
In limit comparison test both the series converges absolutely if =1 =0 q R=2 q
zero zero
For the absolute convergence of the series, the ratio between n+1th term and nth Less than or equal|Greater than Less than or equal
Less thanr Greater thanr
term must be tor equaltor tor
Less than or equal|Greater than Less than or equal
For the absolute convergence of the series, the nth root of nth term must be Less thanr Greater than r q q
tor equaltor tor
The alternating harmonic series converges oscillates diverges converges to 1 Converges
If a series converges absolutely, the series converges oscillates diverges converges to 1 Converges
A series converges iff converges absolutely if the series consists of ----terms positive negative Non zero Eitheraorb Positive
The series 1-1+1-1+1-1+... converges oscillates diverges converges to 1 Diverges







Chapter 5

Sequences and series of
functions

5.1 Sequences of functions

Definition 43 Let A C R be given and suppose that for eachn € N
there is a function f,,: A — R, we say that (f,) is a sequence of

functions A to B — R.

Definition 44 A sequence (f,) of functions on A C R to R, con-
verges to a function f: A — B if for every €> 0 there exist a
positive integer N(€, x) such that |f,(x) — f(x)| <€ if x € A and
n>N

Remark 31 (i) The positive integer N will depend on both € and
x € A.

(ii) The sequence (f,) converges on A to f, we have f, — f (or)

J(x) = lim f,(x)
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Example 24 Ler f(x) = 2, x € R
Now f(x) =lim f,(x) =

. X
lim(2)

_ limx _ x _
T limn ~ o 0

Therefore, f, — f forall x € R.

Example 25 Let f,(x) = x",x € R
f(x) = lim f,(x) = lim x"
= f(0)=0,-1<x<1(or) f, > f(x)=1,x=1

Example 26 f,(x) = *0%, x € R
£(x) = lim f,(x) = lim S0t

5.2 Uniform convergence

A sequence (f,) of functions on A C R to R converges uniformly
on A to a function f : A — R if for every €> 0 there exist a positive
integer N such that |f,(x) — f(x)| <€ifn > N

Uniform norm

IfACRand f : A — B is afunction an f is bounded we define

the uniform norm of f on A by ||f]|4 = sup{|f(x)| : x € A}

Example

Let f(x) = fraclx
Then ||f]| =1
Note

Suppose €> 0, and ||f]|4 <€
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By definiton of norm of f,
LIl = sup{lf(x)|: x € A} < €
lf(ol <€

suppose |f(x)| < €

forallxe A

Ifll <€

Hence, ||f|lla <€ & |f(x)| < eforall x € A

Theorem 39 A sequence (f,) of bounded function on A C R con-

verges uniformly on A to f < ||f, — fll = O.

Proof

Suppose f, — f uniformly on A. Then for €> 0, there exist a pos-
itive integer N such that [f,(x) — f(x)| <€ if n > N

by previous theorem, ||f,, — f|| <€ ifn > N

Ifo = fII =0

conversely suppose || f, — fll = 0

on A

Then for given €> 0, thereexistapositiveintegerN such that
Idlf = fID -0l <€ifn > N

fn — fll <€ifn> N

ie,|lf,— fll<eifn>N

ie., [fu(x) — f(x)| <eifn>N

. fn = f uniformly on A.
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5.3 Series of functions

Definition 45 If (f,) is a sequence of functions defined on a subset
D of R with values in R, the sequence of partial sums (S ,) of the
infinite series ) f, is efined for x in D by

Si(x) = filn)

S2(x) fi(x) + f2(x)

S3(0) = filx) + fax) + f(x)

In case, the sequence (S ,,) of functions converges on D to a function
f, we say that the infinte series of functions ), f, converges to f on

D.

Definition 46 If the series ), |f,(x)| converges for each a in D, we

say that Y, f, is absolutely convergent on D.

Definition 47 If the sequence (S,) of partial sums is uniformly
convergent on D to a function f, we say that ), f, is uniformly

convergent on D to f.

5.4 Weierstross M - test

Theorem 40 Let (M,,) be a sequence of positive real numbers such
that |f,(x)| < M, for x € D,n € N
If the series ), M, is convergent, then ), f, is uniformly convergent

on D.
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Proof

Suppose m > n

[frr1(X) + fraa(X) + - + fin()]

< faet QO+ e (O + -+ - + | fin(X)]

<My + Mo+ + My,

By cauchy criterion for series, The series }; x, converges if and
only if for every €> O there exist a positive integer M that if
m > n > M(€) then

ISm = Sal = X1 + X2 + - + x| <€

since € M,, converges, M1 + M2 + -+ + M| <€

M, +M,p+---+M, <€

Therefore |f,+1(x) + fur2(x) + -+ + fr(x)| <€

By cauchy criterion for sequence of functions |f,,+1(x) + fr+2(x) +

o+ fu(0)] <€

.. 2. f» uniformly convergent on D.

5.5 Power series

Definition 48 A series of real functions )’ f, is said to be a power
series around x = c if the function f, is of the form f,,(x) = a,(x—c)"

where a, and c belong to R and where n = 0,1,2,3,...

Definition 49 Let )’ a, X" be a power series. If the sequence (Ianli)
is bounded, we get p = lim sup(lanlﬁ

If this sequence is not bounded, we get p = +0o. we define the ra-
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dius of convergence of Y, a,x" to be given by

R=0ifp=+c0
= 2if0<p < oo
:ooifp:()

Remark 32 The radius of convergence of the series ), a,x" is also
given by

lim(laa—"]) provided the limits exists.
n+

Problem 21 Find the radius of convergence of the series ), a,x"

there a, = %

Solution

n+l = Gy

ap | — 11 (nt+D)!
|$|_ n!x 1 |

=n+1l=n+1
lim La,1| = lim(n + 1) = o0

Therefore, The radius of convergence is +o0

5.6 Cauchy-Hadmard Theorem

Theorem 41 If R is the radius of convergence of the power series
> a,x", then the series ), a,x" is absolutely convergent if |x| < R

an is divergent if |x| > R
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Proof

Suppose 0 < R < +o0 suppose |x| < R

ie.,, 0 < |x| < R, then there is a positive real number ¢ < 1 such
that |x| < ¢.R

Therefore |x| < c.%

= p < ﬁ
= lim sup V]a,| < ﬁ
Therefore |a,| < Ifc_l
= |a,||x|* < "

= |a,x"| < "
since ¢ < 1, the geometric series ), ¢" converges.
By comparison test, )’ |a,x"| converges.
Therefore ), a,x" converges absolutely.

Suppose |x| > R

| x| > %

- im sup va, > I_)lcl

1

[l

= la,| >
= |a,x"| > 1 for infintely many n

By comparison test, )| a,x" diverges.
Problem 22 Discuss the uniform convergence of ), —S"Z;”

Solution

Given f,(x) = *3*

()] = [
__ |sinnx|

= n2
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1
< =
_nz

2

since Y - converges, we have Y sinnxn? converges uniformly.
n

5.7 Cluster Point

Definition S0 Let A C R. A point C € R is a cluster point of A if
for every €> 0 there exist atleast one point x € A, x + C, such that

|x — c| <€

Example 27 Let A = {1,2} I and 2 are not cluster point of A.

Moreover A has no cluster points of A.

Remark 33 Finite set has no cluster points. Cluster point is also

called limit point.

5.8 'Two marks questions

1. Define uniformly convergent of a series.
2. Define radius of convergence.

3. Define power series.

4. Define absolutely convergent of a series.

[o¢]
5. Find the radius of convergence of the power series }; a, x",
n=1
nn

where a, = 5
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6. Find the radius of convergence of the series 3 n? 3" "
7. State M-test
8. Define uniform norm of a function
9. State Cauchy criterion for sequence of functions
10. State and prove Weierstrass M test
11. State and prove Cauchy Hadamard theorem

12. If R is the radius of convergence of the power series )’ a,x",
prove that the series absolutely convergent if |x] < R and di-

vergent if |x| > R.

13. If 3} a,x" and ) b, X" converges on some interval (—r,r),r > 0,

to the same function f, then prove that a,, = b, for all n? > N.
14. State and prove Cauchy criterion for series of functions.

15. State and prove Weierstrass M test
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UNITV

If R is the radius of convergence of the series, the series SR R <R Less than or <R
converges absolutely if |x| - equal toR
If rho=infinity, the radius of convergence R is 0 1 2 3
If rho=0, the radius of convergence R is 0 1 2|infinity Infinity
Reciprocal Reciprocal of
If rho is finite, the radius of convergence R is OJRho P infinity P
of rho rho
If R is the radius of convergence of the series, the series Less than or
. . >R =R <R >R
diverges if |x| equal to R
If R is the radius of convergence then the interval of
. (-R,R] [-R,R] (-R.R) [-R,R) (-R.R)
convergence is
The sequence of functions (x/n) converges to a function x= 0 1 2 3
The sequence of functions x power n converges to a function
. d . P & land2 -land 1 Oand1 -land O -land1
x=0if x lies between
. n . converges [converges |both Aand |neither A
A series of positive terms converges then the series both A and B
only absolutely B nor B
A convergent series contains only finite number of negative |converges [converges [both Aand |neither A converges
terms then it is only absolutely B nor B absolutely
A convergent series contains only -------- number of negative | . . . .
. infinite finite countable [finite
terms then it is converges absolutely
10
A convergent series contains only finite number of --------- . . .
. negative positive zero negative
terms then it is converges absolutely
1
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Class: I B.Sc Mathematics

19MMU202

Karpagam Academy of Higher Education
Coimbatore-21
Department of Mathematics
Second Semester- I Internal test
Real Analysis

Time: 2 hours
Max Marks: 50

Answer ALL questions
PART - A (20 X 1 = 20 marks)

. Let f : Z — Z be a function defined by f(x) = x

where Z is a set of all real numbers. Then the range

of fis

A Z B.IN
CW D. {0/1/4/91}
The set of all positive integers {1,2,---} is

A. finite B. infinite

C. countable D. uncountable

If f:{1,2,---} = {0,£1, 2, ---} defined by

=)

x is even

f) = x is odd
then f~1(100) =

A. 100

C. 200

B. 99
D. 201

Let S be a bounded above set of real numbers and
sup S = u. Then for x € S, we have
A x>u
C.x<u

B.x<u
D.x>u

10.

11.

12.

13.

Which equation does not represent a function?
Ay=2x B.y=x2+10
Cy=2l D.x*+y? =95
Let f : R — R be a function defined by f(x) = x.
Then f is

A.one-one B. onto

C. bijection D. neither onto nor one-one

Which of the following sets is countable?

A. (0, ) B.R
C. set of all irrational numbers D. set of all
Fibonacci numbers

B-(B-A)=Aif

A.BCA B.AcCB
C.AUB=A D.AUB=A
Let A = {a,b} and B = {1, 2,3}. Then the number of
distinct functions from A into B is

A8 B.9
C.6 D.5
sup{l—%:neN}:

A. -1 B.1
C.0 D. 1

Which of the following is not true?
A.7Z~{0,1,2,---} B.{1,2,3,---}~1{2,4,6,---}
C- {1/2/3/}'\/(0100) D {1/2/3/}’\’{1/3/6/}

Two sets A and B are similar iff there exists a func-
tion f such that
A. f is one-to-one only
C. f is onto only

B. f is bijection
D. f is many one

1f{1,2,3--- ,m}~1{1,2,3,--- ,n} then
A-m<n Bm=n
C.m>n D. m—n



14.

15.

16.

17.

18.

19.

20.

21.
22.

The cardinal number of @ is
A1l
C.both A and B

B.0
D. neither A nor B

A set S is countable if it is
A. finite
C.both A and B

B. countably infinite
D. neither A nor B

Let R be the set of all real numbers. Then number
of elements in R is
A. finite

C. uncountable

B. countably infinite
D. zero

The union A; N A, is the set of those elements be-
longs

A A B.B
C.both A and B D. either A nor B

If a function f : A — B is such that Z(f) = B then
fis a/an

A. one to one B. onto
C.both A and B D. neither A nor B

Let f : RtoR be a function defined by f(x) =
[x]*> + [x + 1]3 where [] denotes greatest integer
function, then f(x) is
A. manyone into

B. manyone onto
C. oneone into

D. oneone onto
The total number of points of undefined points of
f(x)inx € [2,2] are
Al

B.3
C.4 D. infinite
Part B-(3 X 2 = 6 marks)

Ifa,b € R, prove that |a + b| = |a| + |b] iffab > 0

State the order properties of R

23. Let S ={1,2} and T = {a, b, c}. Determine all differ-

24.

25.

26.

ent injections from S into T

Part C-(3 x 8 = 24 marks)

a) (i) State and prove triangle inequality. (4)
(ii) State and prove Archimedian property
of R

OR

b) Prove that Z is countable

a) State and prove Bernoulli’s inequality
OR

b) Prove the following

(i) Ifa € Rand a # 0, then a? > 0.
(i) 1> 0.
(iii) If n € IN, then n > 0.
a) Prove that there does not exist a rational
number 7 such that 72 = 2.
OR

b) State and prove Cantor’s theorem
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Answer ALL questions
PART - A (20 X 1 = 20 marks)

. Suppose lim(x,) = x and lim(-x,) = x. Then x =
Al B.
C.0 D. -

—_N =

. Suppose lim(x,) = x. For every € > 0, there is a
+ve integer N such that we have

A x—e<ux,
C.both A and B

B.x+e>x,
D. neither A nor B

. The sequence (%) is
A. convergent
C.both A and B

B. bounded
D. neither A nor B

. The sequence ((-1)") is
A. convergent
C.both A and B

B. bounded
D. neither A nor B

. Constant sequence is
A. increasing
C.both A and B

B. decreasing
D. neither A nor B

10.

11.

12.

13.

14.

15.

If X = (-1)")) and Y = ((~1)"*1)) then X + Y
A. coverges B. diverges
C.both A and B D. neither A nor B

If X and X + Y are convergent, then Y
A. coverges
C.both A and B

B. diverges
D. neither A nor B

A sequence in R has - one limit

A. atmost B. atleast
C.no D. all the above
5. Fibonacci sequence is a —— sequence

A. Bounded B. decreasing

C. increasing D. constant

{x,} is a constant sequence if x, = ¢, —
A. for somen € N B.foralln € N
C.fornon €N D. for only onen € N

11m(1%) =——=

Al B. -1
C.0 D. o
lim (2n/(n +2)) = - — -

Al B. -1
C.0 D. oo
If lim|x,| = 0 then limx, = — — —

Al B. -1
C.0 D. oo
If lim|x,| = 0 then limx, = — — —

Al B.-1
C.0 D. oo
lim (A7) = -~ —— A1 B.-1
m n2+1) — . .
C.0 D. oo



16.

17.

18.

19.

20.

21.

22.
23.

24.

25.

(2") is —
A. convergent
C. both A and B

(1) is —
A. convergent
C.both A and B

( 3%,) is —
A. convergent
C.both A and B

((-2)"n?) is —
A. convergent
C.both A and B

(-1)") is —
A. monotonic
C.both A and B

B. divergent
D. Either A or B

B. divergent
D. Either A or B

B. divergent
D. Either A or B

B. bounded
D. Either A or B

B. bounded
D. either A or B

OR
b) Prove that im(Vin +1— vn) =0
26. a) Provethatif 0 <b < 1andlim(b") =0
OR

b) State and prove uniqueness of limit of a se-
quence

Part B-(3 X 2 = 6 marks)

Give an example of an unbounded sequence that
has a convergent subsequence

Prove that im (%) =0

State Fibonacci sequence
Part C-(3 X 8 = 24 marks)

a) Prove that convergent sequence of real num-
bers is bounded.

OR
b) Prove that if ¢ > 0 then lim(c'n) = 0

a) Find lim (;‘—f)
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1. Let A ={1,2}. Then A X A is
A.{(1,1),(2,2)} B. {(1,2),(2,1)}
C{(1,1),(2,2),(1,2)} D.{(1,1),(2,2),(1,2),(2, 1}

2. LetA={1,2}and B = {a,b, c}. 3@( number of elements
inAXBis
A.2 B.3

C.28 ‘o* D.2x%3
W

3. Suppose number ofﬂ%é?nents in A is n and number of
elements in B is m. Then number of elements in A X B is
An+m & B.nxXm
C.n" < D. m"

4. Let A ={1,2,3} and B = {a,b,c}, then which of the fol-
lowing element does not belongs to A X B
A.(1,a) B. (3,¢)
C.(c,2) D.(1,¢)

5. Identify the domain of this relation
{(9,10), (6, -1),(6,10), (7, -2),(11,5)} is

A.{6,7,9,11} B. {6,7,9,10}

C.{-1,-2,5,10} D.{-1,-2,5,11}
6. Identify the range of this relation

{(9,10), (6, -1), (6,10),(7,-2),(11,5)} is

A.{6,7,9,11} B. {6,7,9,10}

C.{-1,-2,5,10} D. {-1,-2,5,11}
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7.

10.

11.

12.

13.

14.

15.

Let f : Z — Z be a function defined by f(x) = x> where
Z.is a set of all real numbers. Then the range of f is
AZ B.IN
C W D. {011/4/9/}
. The set of all positive integers {1,2,---} is
A. finite B. infinite
C. countable D. uncountable
. Greatest lower bound of set of all positive even integers
is
A.2 B.0
C.1 D. 4
Let Sbe abounded above set of real numbersand sup S =
u. Then for x € S, we have
A x>u 5 B.x<u
C.x<u & D.x>u
Which equation does not rep@éent a function?
A y=2x ! B.y=x>+10
Cy=121 \}Qv D.x2+y*=95
Let f : R — Rbe Q_flﬁ?r;ction defined by f(x) = x. Then f
is 5
A.one-one B. onto
C. bijection D. neither onto nor one-one
Which of the following sets is countable?

A. (0, c0) B.R
C. set of all irrational numbers D. set of all Fibonacci
numbers

B-(B-A)=Aif

A.BCA B.AcCB
C.AUB=A D.AUB=A
Let A = {a,b} and B = {1,2,3}. Then the number of
distinct functions from A into B is

A.8 B.9
C.6 D.5

Page 2
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16.

17.

18.

19.

20.

21.

22.

23.

24.

sup{l-1:neNj=
A.-1 B.
C.0 D.

NI p—

Let A be the set of letters in the word “trivial” and let B
be the set of letters in the word difficult. Then A — B =

A. {a,r,v} B.{d, f,c,u}
Cli,lt} D.{a,i,l, 1t v}

Let S be the set of all 26 letters in the alphabet and let
A be the set of letters in the word “trivial”. Then the
number of elements in A€ is

A.19 B. 20 C.21 D. 22
Let A=1{1,2}. Then A X A is

A ((1,1),2,2)) B (1,2), 2.
C.{(1,1), (2,2),(1,2)} D. {(1, 1)@2) 1,2),

Let A =1{1,2,3} and B = @‘b ¢}, then which of the fol-

lowing element does n@%elongs to AX B

A (1,a) w B. (3,¢)
C. (c,2) @‘— D. (1,¢)

Let Fbe a funct@n and (x,y) € F and (x,z) € F. Then we
must have

A y+z B.y<z
Cy>z D.y=z

Let f : A — B be a function and the range of f denoted
by Z(f). Which of the following is always is true?

A.Z(f)+ B B. %(f) € B
C. B c Z(f) D. B € Z(f)
If a function f : A — B is such that #Z(f) # B then f is
a/an?

A. into function B.onto function
C. surjective D. many to one

If a function f : A — B is such that Z(f) = B then f is
a/an?

Page 3
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25.

26.

27.

28.

29.

30.

31.

A. into function B. onto function
C. one to one function D. many to one
If f:{1,2,---} = {0,+1,£2,---} defined by

X is even

fx) = {E’(%), x is odd

then f71(100) =

A. 100 B. 199

C. 200 D. 201

The function f : R — R defined by f(x) = sinx is

A. one-to-one B. onto

C. bijection D. many to one

Let f : X = Y be a function. If f ‘%31“2 a function then f1

A. from Z(f) to X D B. from Y to X

C.from XtoY C)?» D. Z(f)toY
% \

If £~ is a function then"

A. f is one-to-one butwot onto B. f is onto but not

one-to-one «%{-

C. f is both one@—dne and onto D. f is neither onto nor
one-to-one

Let f : A — Bbe a function. We call f as a sequence in B
if

A A=(0,1,2-) B.A=1{1,3,5,---}
CA = {1,2,3"'}D-A = {0/2/4/”.}

A set S is countable if it is

A. both finite and countably infinite  B. either finite or
countably infinite

C. neither finite nor countably infinite D. finite but not
countably infinite

Let R be the set of all real numbers. Then number of
elements in R is

A. countably infinite B. uncountable
C. finite D. zero

Page 4
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Suppose lim(x,) = x and lim(-x,) = x. Then x =

Al B. %
C.0 D. -1
Suppose lim(x,) = x. For every € > 0, there is a +ve

integer N such that we have

A.x—e<x, B.x+e>x,

C.both A and B D. neither A nor B

The sequence (%) is

A. convergent B. bounded

C.both A and B D. neither A nor B

The sequence ((—1)") is

A. convergent B. bounded

C. both A and B . D. neither A nor B
‘\/\

Constant sequence is Q\é‘&

A. increasing §\ B. decreasing

C.both A and B %Oy D. neither A nor B

?’
If X = (-1)")) and Y ;}@—1)%1)) then X + Y

A. coverges e B. diverges
&

C.both A and B D. neither A nor B

¢
If X and X + Y are convergent, then Y

A. coverges B. diverges
C.both A and B D. neither A nor B
If x1 =8 and x41 = 3 +2, (x,) is

A.monotone B.bounded
C.both A and B D. neither A nor B
Ifz,=(@@" +b")"and 0 < a < b, then lim(z,,) =

A. 0 B.1
C.a D.b

If X converges to x and XY converges then Y converges
if

A.x#0 B.x, #0
C.both A and B D. neither A nor B

Page 5
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42. A sequence (x,) in A is a function from — to A

43.

44. i

45.

46.

47.

48.

49.

50.

51.

A R
C.N
The range of a real sequence is
A R

lim(b") = 0 if
Ab>1
C.b>1

. 1
lim ( 1+na

A.a>0
C.a>0

):Oﬁ

1m¢ﬁ):0ﬁ
A.a>0
C.a>0

The n' of the segtience 1, -1
1

A. (2_” o
—1ym+

c.t2

lim(b") =
A.0
C.3

The sequence (a,) where a,, = 2”7, is
A. increasing

C.both A and B

. 1) _
hm(W) =
A.0
C.3

=N

B.
D.

=N

B.
D.

=N

[esNaw]
ANAN
japllag
AN ZAN
—_ =

U w

[esNaw]
A IN
ANRVA
—_ =

O
SN

O =
O
ANZAN
QD
ANZAN
—_ =

(0
B. =5~
)n+1

D. 5
B.2
D.1

B. decreasing
D. neither A nor B

O w
— N
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52.

53.

54.

55.

If 1 =1and yu41 = % 2y, +3) for n > 1, lim(y,) =

Al B. 3
5 )

C.3 D. %

Ifs; > 0and s,41 = %(sn + Si) forn > 1, lim(s,) =

A.a B. Va

1 1

C’ a D %

Ifs, = (1+1) forn>1,lim(s,) =

A7 B. Vn

C. % D.e

Let x; = a > 0 and x,41 = ¥, + - for n > 1. Then the
sequence (x,) is °

A. increasing G B. decreasing
C.both A and B §\ D. neither A nor B

Page 7
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Real Analysis

Unit1

Define an uncountable set.

Define countable set and give ag\@?%ample.

Give two examples for uncowgt}able sets.
% \
State the triangle inequ

gle ineq ngy
Define bounded se%t%.?’
Define supremdﬁ%'of a set
Define infimum of a set.

Define unbounded set.

Give two examples for unbounded set

. Give two example for bounded set

. Prove that|a+b| = |a| + |b|iffa=b=0
. State archimedian property of R

. Define cluster point

. Prove that R is uncountable

.LetS= {1—%:n€lN}. Find sup S and inf S

Page 1



Real analysis Dr. K. Kalidass

16.
17.

18.
19.

20.

B~ W N =

Q1

10.
11.

12.

. Define a bounded sequence.

X
. Define a convergent sequenceQ\é\{b

Prove that the set of all rational number is countable.

Ifa,b € R, ptove that |a + b| < |a| + |b|
OR State and prove triangle inequality

State and prove Archimedean property.

Let S be a subset of R and 4 € R. Prove thata +sup S =
sup(a + S)

Prove that the set of all real numbers is uncountable.

Unit 11

. Give an example for unbounded sequence.

@

. Give an example for bou@ga sequence need not be a

convergent sequence Q?v
\

. Define a sequence. {_Yy

. Give an examplemonotonic sequence need not be a con-

vergent sequence

. Given an example for a monotonic sequence which is

convergent

. Prove that if ¢ > 0, lim ci =1

. State and prove squeeze theorem

If a > 0, then prove that lim —— = 0

1+na

Prove that a convergent sequence of real numbers is
bounded. Also prove that the converse is need not be
true.

Prove that lim nv = 0

Page 2
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13.

14.
15.

16.

A

v ©® N 9

10.

11.

12.

Let X = (x,) and Y = (y,) be sequence of real numbers
that converges to x and y respectively. Prove that the
sequences X + Y and XY converge to x + y and xy, re-
spectively.

State and prove uniqueness theorem on limit.

Prove that a convergent sequence of real numbers is
bounded

Prove that a sequence in R can have at most one limit.
Unit III

Define a geometric series.
Define a geometric sequence. S
&
Define a harmonic sequence. Q\Q\
State the nth term test. 5"
X

Prove that the conver?slévof the nth term test need not be

true, L

. e
Define alternatifg harmonic series.
Give an example for alternating series
Define p-series

Estabilish the convergence or the divergence of the series
whose nth term is m

1

o0 1 _
Show that El nAl)(+2) 4

nZ+n

Show that Y -
n=1

State and prove limit comparison test.
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13.

14.

15.
16.
17.
18.
19.
20.
21.

AL

N

*®

. Show that the seque@@) X, }is monotone, where x,, =

(0] 1 _
ShOW thatn§0 m =1

Prove that Z converges

n2—n+1 n+1

Prove that if ) x,, converges then limx, = 0
Prove that the 2-series converges.

State and prove the comparison test for the series

Discuss about the series (i) ), n21+n (ii) ), %

State and prove the nth term test for series

State and prove Cauchy criterion @é@r series.

Prove the p-series converges ibp > 1.
Un‘,EJ?V

3n+1
2n-3

foralln >2 &«g

Give an example of a bounded sequence that is not a
Cauchy sequence.

Give an example for Cauchy sequence.
Define Cauchy sequence
State monotone subsequence theorem.

Define a subsequence.

Let X = {1, %,3, 411' --}. Find any one susequence of X
which is convergent

State monotone theorem.

. State Cauchy criterion for a sequence

Page 4
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10.

11.
12.

13.
14.

15.
16.

17.

18.

= LN

Show that the sequence {x, } is monotone, where x,, = 3241

foralln >2

State and prove monotone subsequence theorem.

State and prove Cauchy convergence criterion for se-
quences

State and prove Bolzano- Weirstrass theorem.

Prove that every convergent sequence is Cauchy se-
quence. Also prove that the converse need not be true.

State and prove monotone subsequence theorem.
Prove that a bounded sequence converges to x if every

subsequence Converges to x.
&

> .
Prove that any convergent s&q‘henee is a Cauchy se-

quence. >
O
State and prove Cauch@nvergence criterion

x) .
&e{-?’Umt \Y%

. . > .
Define umforml? convergent of a series.
Define radius of convergence.

Define power series.

Define absolutely convergent of a series.

(o]
Find the radius of convergence of the power series )| a, x",
n=1
_n
where a, = 75

. Find the radius of convergence of the series ), n? 3" 2"

State M-test

. Define uniform norm of a function

Page 5
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13.

14.
15.

. State Cauchy criterion for sequence of functions
10.
11.
12.

State and prove Weierstrass M test
State and prove Cauchy Hadamard theorem

If R is the radius of convergence of the power series
Y. a,x", prove that the series absolutely convergent if x| <
R and divergent if |x| > R.

If " a,x" and }} b,x" converges on some interval (-7, 7), r >
0, to the same function f, then prove that a, = b, for all
n? > N.

State and prove Cauchy criterion for series of functions.

State and prove Weierstrass M test
¥
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