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UNIT-I

1 1 Introduction and definition of a matrix. R4:Chap-15 Pg.No:280-281

2 1 Types of matrices R4:Chap-15 Pg.No:281-284

3 1 Algebra of matrices R4:Chap-15 Pg.No:285-286

4 1 Calculation of values of determinants up to third R4:Chap-15 PgN0:297-301
order;

5 1 Tutorial-1

6 1 Adjoint of a matrix R4:Chap-15 Pg.No:306-307

7 1 JPoricl)l‘t:lems on finding inverse of a matrix through ad R4:Chap-15 Pg.No:307-313

2 1 Cont}nuatlon on pr'olz')lems on finding inverse of a R6:Chap:1:Pg No: 1.9-1.14
matrix through ad joint

9 1 Apphcatlons of matrlpes to solution of simple R6:Chap:4:Pg.No:4.1-4.2
business and economic problems

10 1 Tutorial-11

11 1 Simple and compound interest Rates of interest R6:Chap:4:Pg.No:4.3-4.15

12 1 Contmua@on on Simple and compound interest R6:Chap:4:Pg No:4.32-4.35
Rates of interest

13 1 Problerps on Compounding and discounting of a R6:Chap:4:Pg.No:4.13-4.22
sum using different types of rates
Continuation of problems on Compounding and ) . )

14 ! discounting of a sum using different types of rates R6:Chap:4:Pg No:4.22-4.31
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15 Tutorial-111
16 Recapitulation & discussion of possible questions
Total No of Hours Planned For Unit I=16

UNIT-II

1 Introduction of Mathematical Functions R6:Chap:2:Pg.No:2.3-2.4

) Types of.Mathematlcal Eunctlons: linear, quadratic, R6:Chap:2:Pg No:2.4-2.5
polynomial formula and its problems

3 Concept of limit of a function R4:Chap:17:Pg.No:363-364

4 Concept of Continuity of a function R4:Chap:17:Pg.No:364-365

5 Tutorial-I

6 Concept of differentiation R4:Chap:17:Pg.No:366-371

7 Problems on differentiation R4:Chap:17:Pg.No:372-377

8 Rules of differentiation- simple standard forms R6:Chap:2:Pg.No:2.6-2.8

9 Continuation rules of differentiation- simple R6:Chap:2:Pg.N0:2.8-2.10
standard forms

10 Tutorial-11

1 Applications of Differentiation in elasticity of R7:Chap:6:Pg.No:285-286
demand and supply

12 Maxima and Minima of functions R7:Chap:6:Pg.No:287-286
Maxima and Minima of functions (involving

13 second order derivatives) relating to cost, revenue | R7:Chap:6:Pg.No:288-290
and profit
Maxima and Minima of functions (involving third

14 order derivatives) relating to cost, revenue and R7:Chap:6:Pg.No:293-294
profit

15 Tutorial-111

16 Recapitulation & discussion of possible questions

Total No of Hours Planned For Unit II=16

UNIT-V

1 Introduction on index numbers Meaning and its R5:Chap:17:Pg No:587-590

uses
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2 Construction of index numbers R5:Chap:17:Pg.No:598-599
3 Problems on unweighted price index R5:Chap:17:Pg.N0:599-602
4 Problems on weighted price index R5:Chap:17:Pg.No:605-607
5 Tutorial-1
6 Tests of adequacy of index numbers R5:Chap:17:Pg.No:617-618
7 Continuation of tests of adequacy of index numbers | R5:Chap:17:Pg.No:617-619
8 Construction of consumer price indices. R5:Chap:17:Pg.No:632-634
9 Com.popenjts of time series; additive and R5:Chap: 16:Pg.No:550-552
multiplicative models
10 Tutorial-11
1 Trend analysis: Finding trend by moving average R5:Chap: 16:Pg.No:565-566
method
Fitting of linear trend line using principle of least
12 squares R5:Chap:16:Pg.No:566-567
13 Recapitulation & discussion of possible questions
14 Discussion of previous ESE question papers
15 Discussion of previous ESE question papers
16 Discussion of previous ESE question papers
Total No of Hours Planned for unit V=16
Total
Plann
ed 48
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COURSE CODE: 18BAU202 UNIT: 1 BATCH-2018-2021
UNIT -1
SYLLABUS

Matrices & Basic Mathematics of Finance

Definition of a matrix.Types of matrices; Algebra of matrices. Calculation of values of determinants
up to third order; Adjoint of a matrix; Finding inverse of a matrix through ad joint; Applications of
matrices to solution of simple business and economic problems- Simple and compound interest Rates
of interest — nominal, effective and continuous — their interrelationships; Compounding and
discounting of a sum using different types of rates
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Matrix

An array of mn numbers arranged in m rows and n columns and bounded by square bracket [ ] brackets
( )or| | is called m by n matrix and is represented as

;.  ap Ay a;, ap; a,
Ay Ay A a, a, a,,
a3 A a3,
A = = (D)
a a, a,
il i2 in
a;  dyp A
_aml ) amn_ Al Amo A
(1) is known as m x n matrix in which there are m rows and n columns.Each member of m X n matrix is known
as an element of the matrix.

Note:

1. In general, we denote a Matrix by capital letter A = [a;;], where a; are elements of Matrix in which its position
is in i" row and j™ column i.e. first suffix denote row number and second suffix denote column number.

2. The elements a;;, a,...,a,, in which both suffix are same called diagonal elements, all other elements in which
suffix are not same are called non diagonal elements.

3. The line along which the diagonal element lie is called the Principal Diagonal.

Different types of Matrices
Zero Matrix or Null Matrix. A Matrix in which each elements is equal to zero is called a zero matrix or null
matrix.

0 0 0 0 0
0 00

e.g., or[0 Ofor[O0O O O
0 0 O

0 0 0 0 0

are zero matrix respectively of order 2 x 3; 3%2 and 3x3.

In general we denote zero matrix of order mX n by O, « ,. Matrix other than Zero Matrix are called Non- Zero
Matrix.

Square matrix. Matrix in which number of row becomes equal to number of column is called square matrix i.e.

If matrix A is of type m x n, where m = n then the matrix is called square matrix otherwise it is called rectangular
matrix.

Row Matrix. A matrix of type 1 x n, having only one row is called row matrix. For example (1 -2 3) is a row

matrix.
1
Column Matrix.A matrix of type m x 1, having only one column is called column matrix. For example | =2 | is a
3

column matrix.

Diagonal Matrix. A square matrix in which all non diagonal elements are equal to zero is called diagonal matrix
Le.

A square matrix A = [a;], is diagonal matrix if a; = 0 for i# j. Thus
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2 0 0
2 0 . .
0 or| 0 =7 0| are diagonal matrices.
0 0 3

Scalar Matrix. Diagonal matrices in which all diagonal elements are equal are called scalar matrix i.e.
A square matrix A = [a;], is scalar matrix if a; = 0 for i#j and a; =k, for i =j .Thus

2 00
0 2 0 |is scalar matrix.
0 0 2

Unit Matrix or Identity Matrix. A scalar matrix in which all diagonal elements are unity are called Unit matrix or
Identity matrix generally denoted by I,..
A square matrix A = [a;], is Identity matrix if a; = 0 for i#j and a;; = 1, for i =j .Thus

1 00
0 1 0],isidentity matrix of order 3 x 3.
0 0 1

Triangular matrix are of two types:
(a) Upper Triangular Matrix. It is a matrix in which all elements below the principal diagonal are zero

2 4 8
e.g. 0 -7 -3
0 0 3
(b) Lower Triangular Matrix. It is a Matrix in which all elements above the principal diagonal are zero
2 0 0
e.g. 4 -7 0
-6 5 3

Sub Matrix: A matrix B obtained by deleting some rows or some column or both of a matrix A, is called a sub
matrix of A.

2 1 5
2 1 215
For example.If A=| 0 —7 9 | then the matrices (0 7} (0 . 9J etc. are sub matrix of A.
-3 4 3

Transpose of a matrix

If matrix A is of type m x n, then the matrix obtained by interchanging the rows and the columns of A is known as
Transpose of Matrix A, denoted by A" or A” i.e.

A= [a;] of m x n order then

A" or A'=[a;] of n x m order Matrix,

Now if A’, B’ be the transpose of matrix A and B respectively, then

(1) A =(A") i.e. the transpose of transpose of a matrix A is matrixA itself.

(i) (A +B)' =A’'+ B’ i.c. the transpose of the sum of two matrices is equal to the sum of their transposes.
(i) (kA)'=k A’, where k is a scalar.

(iv) (AB)' =B’A’ i.c. the transpose of the product of two matrices is equal to the product of their transposes, taken
in reversed order.

Conjugate of a Matrix
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If A be a matrix of order m x n, over complex number system, then the matrix obtained from A by replacing each
of its elements by their corresponding complex conjugates is called the conjugate of A and is denoted by A, where
A is also of same order m x n. If A, A be the conjugate matrices of A, B respectively, then

i ()=

(i1) (A B) A + B, where A and B are conformable for addition.

(iii) (kA) =k.A, where k is any complex number.

(iv) AB= A.B, where A and B are conformable for multiplication.
Transpose Conjugate of a Matrix
The transpose of the conjugate or conjugate of the transpose of a matrix A is called Transpose conjugate of A and is

denoted by Ae_T hus

A"=(A) =(A).
IfA°, B® denote the transposed conjugate of A, B respectively, then
() (A7) =A

(i1) (A+B)? = A’ + BY ,where A and B are conformable for addition.
(iii) (kA)’ = k.A?, where k is any complex number.
(iv) (4B)’ =B’.4°, where A and B are conformable for multiplication.

Adjoint of a Square Matrix
If A is an n- rowed square matrix, then adjoint of A is defined as a transpose of matrix obtained by replacing each
of its elements by its cofactors.

Theorem 1.1: If A be an n-square matrix, then A(adj.

order n.
Theorem 1.2: If A and B are square matrix of the same order n, then adj. (AB)=(adj.B)(adj.A) .

Inverse of Square Matrix
Let A be n-square matrix, if there exist an n-square matrix B such that

AB =BA =1 , then the matrix A is called invertible and the matrix B is called inverse of A. Inverse of a square
matrix is denoted by A™.

Note. 1. From definition it is clear that A is the inverse of B.

2. A non-square matrix does not have any inverse.

Singular and Non Singular Matrices

A square matrix A is said to be singular or non singular according as |A| =0 0r|A| #0.

Orthogonal Matrix

Any square matrix A is said to be orthogonal if AA~A'A=I, this indicates that the row vectors (column vectors)
of an orthogonal matrix A are mutually orthogonal unit vectors.
Unitary Matrix

Any square A with complex elements is said to be unitary if A.A*=A"A=I.
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Symmetric And Skew Symmetric Matrices
Symmetric Matrix

A square matrix A = [a;] is said to be symmetric if a;; = a;; for all 1 and j.
a h g 1 2 3
Examples h b f|, [2 5 4
g f ¢ 3 47
Skew Symmetric Matrix
If a square matrix A has its elements such that a; = —a;; for i and j and the leading diagonal elements are
0 2 -3 0 h g
zeros, then matrix A is known as skew matrix. For example -2 0 1], —h 0 —-f| are skew
3 -1 0 -g £ O
symmetric matrices.
Example
Some examples of matrices are:
4 -1 6
B 5 =2 C=|2 7 -4
A=(-4 3 -6 9) _(3 —7} 0 1 -3

L+ B) gieen A:(—48 B _69JB:(_35 3 :ﬂ

4+-5 -3+6 6+-2 -1 3 4
A+B= A+B=
=

Solution: -8+3 5+7 -9+-4 -5 12 -13
6 -7 -8 3
A=|-4 5 |B=| 3 -1
2. (A)_(B) Given: o 2 -8
6-——-8 —-7-3 14 -10
A-B=|-4-3 5-—-1 A-B=|-7 6
Solution: —3-2 2-8)5 -> 10

5[—4 3} (—20 15}
3. 6 -2)= Solution: 30 -10

Prepared by : Dr. Santhosh Kumar, Asst Prof, Department of Mathematics, KAHE Page 5/31




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 1 B.B.A. COURSE NAME:BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 18BAU202 UNIT: 1 BATCH-2018-2021
2 -3
y [6 -2 3JB= 4 -5
4, (A)(B) Given: -4 25 I -6
1 0 -2 1
2. Given: A= and B=
3 -5 4 -3
Find:
-1 1
(a) A+B A+B=
7 -8
8 -3
(b) 2A-3B 2A-3B =
-6 -1
-2 1
(c) AB AB =
-26 18
-1 4
(d) AB-+BA AB +BA =
-31 33

(e) ATB (where AT denotes the transpose of A)

(10 -8]
A'B=
|20 15
10 —20]
f) BTA BTA =
-8 15
2 1
A’B A%B =
(©) 124 —87}
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ay
3.Given: A=|a,| and B=[b; b, b;]
as

Find AB and BA

aby aby abs
AB == 82b1 82b2 azb3
asby azb, azbs

BA = bja, + bya, + byas (Note, a scalar)

4. Find the determinant, all minors and cofactors, and the inverse of each of the following
matrices:

-1
(@)

AN -
O N -

3
0

Determinant = 20

0 12 -8
Matrix of minors: 0 4 44
5 5 0
0 12 -8
Matrix of cofactors (= signed minors): 0 4 4
5 -5 0
0 0 0.25
Inverse matrix: 06 0.2 -0.25
-04 02 O
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2 -1 -1
(b) 2 0 3
4 0 4
Determinant: —4
0O 4 0
Matrix of minors: 4 12 4
3 8 2
0O 4 O
Matrix of cofactors (=signed minors) 4 12 -4
3 -8 2
0 -1 0.75
Inverse matrix: -1 -3 2
0 1 -05
5 2 -1
(c) 2 -1 4
2 0 2
Determinant: —4
2 -4 2
Minors 4 12 -4
7 22 -9
2 4 2
Cofactors (= signed minors): -4 12 4
7 -22 -9
05 1 -1.75
Inverse matrix: -1 -3 55
-05 1 225
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10 5 1
d [2 -1 4
4 0 4

Determinant: 4

-4 -8 4
Minors: 20 36 -20
_21 38 -20
4 8 4
Cofactors: 20 36 20
| 21 -38 -20
-1 -5 525
inverse matrix: 2 9 95
1 5 5

The Cofactor Expansion for Determinants

Every square matrix has a determinant. All matrices with zero determinant are singular.
All matrices with non-zero determinant are invertible.

The determinant of a (1x1) matrix A [ g ] isjust detd = a.

a b

c d

From section 2.3, the determinant of a (2x2) matrix is detd = ad - bc .

The determinants of all higher-order matrices can be expressed in terms of lower-order determinants.
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UNIT: I

Determinants and Inverse Matrices

For any set of square matrices of the same dimensions, the determinant of a product is the product of the

determinants:
det (AB) = (detAd) (detB),

It then follows that
det(Ak) = (detA)k

1
det 4

det(A_l)

det (4BC) = (detd) (detB) (detC),

A4 =1 = det(AA-1)=1 =N detAdet(A-1)=1 =N

etc.

The adjugate (or adjoint) of any square matrix A4 is the transpose of the matrix of cofactors of A:

adj (4) = [ ¢ (4)]

Example 1

[The 2x2 case is

A=|0

Compute adj (4), Aadj (4) and det (A4) for

The matrix of cofactors is

+

2 0 0 0
- +

-4 2 1 2

9 1 I 1

-4 2 |

9 1 1 1
- +

2 0 0 0

9
2
4 2
0 2]
1 -4
1 9
1 -4
19
'

4 0
=22 1
-2 0

-2
13
2
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4 -22 2
adjA=C"=| 0 1 0
-2 13 2
9 1 4 22 -2 2 00
Aadj4=0 2 0 0O 1 O0|=|0 2 0|=21
-4 21| -2 13 2 0 0 2
Expand along the middle row to find det4 :
detA =0+2xc,+0=2
I adj 4
Note that Aadj (4) = (det (4)) ] det 4

Associated with every square matrix is a value called the determinant. This value for a 2% 2 matrix is the
number that results from the difference between the products of the numbers in each diagonal of the
a b

matrix. If ¢ d represents any 2 X 2 matrix, then the determinant is the result of ad — be. The

. A
determinant of A can be represented as detA or as | | .

a
detA4 =
c

b
‘ =ad —bc
Notation: d

Examples: Find the determinant of each of the following matrices:

L gksl 65 LG

(5)2)-(7)3) (6)-3)—-(2)-4) (4)5)- (3)-2) (-3)(-4)- (- 2)(8)
10-21  -18--8 20--6 12--16
11 ~10 26 28
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a b
The inverse of a 2% 2 matrix can also be determined. If ¢ represents any 2 X 2 matrix, then the

d -b
A = det4A detA4
—C a
detA det4

inverse of A, written as A'l, is found by:

(1 Oj
When a 2% 2 matrix is multiplied by its inverse, the result is the identity matrix 01 .

Examples: Find the inverse of each of the following matrices:

A=
1 5 -4

Solution: The first step is to find the determinant of (A).

|4 =-12--10
|4 =-2
-4 2
a_|-2 -2
S
-2 =2
4 -2
- — (2 -1
A_lzg _2 or[é —_3}
= — 2 2
2 2

Do not leave a negative sign in the denominator of any fraction. Apply the rule for division of integers
and place the resulting sign in the numerator of the fraction.

When using the inverse matrix to solve a system of linear equations, it is best to leave all the elements in
fraction form. To confirm that the answer is correct, multiply the matrix by its inverse.
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~10 6
5 6+—- 3+ 6-5 -3+3)_(1 0
3 -2 = =
( ](5 3] 10+ =20 12 10-10 —-5+6 0 1
5 4= — +— =-5+—
Check: 2 2)= 2 2 The product of

-1
(A) % (A) is the identity matrix. Therefore the inverse matrix is correct.
A=
7. 1 3

Solution:  The first step is to find the determinant of (A).

|4 =6--6
4 =12
R 1
a_|12 12 a_| 4 2
S T i B
12 12 12 6

When using the inverse matrix to solve a system of linear equations, it is best to leave all of the elements

in fraction form with the same common denominator as shown in the first inverse rather than as reduced
fractions as shown in the second inverse.

36 6 6 12 12) (12 0
2 -6) 12 | |12 12 12| 2|10
13-t 2y 13 3 6, 6710 120 {0 1
Check: 2 12) 2 12 12 12) 12 12

-1
The product of (A)X (A) is the identity matrix. Therefore the inverse matrix is correct.

The multiplication above was done using A" in which all the elements had the common denominator 12.
Therefore, the resulting products could be manipulated in order to produce the identity matrix.

[—10 4}
A=
3. 5 2

Solution: The first step is to find the determinant of (A).
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|4/ =-20-20
|4 =-40
2 -4
_| —40 —40
A7=1"25 o
—40 —40
-2 4 -1 1
-1 _| 40 40 -1 _ 20 10
A = i & ord™ = l l
40 40 8 4
-2 4 20 20 —40 40 40 0
40 40 4040 40 40| |40 a0|_(1 O
(—10 4)1 1017110 1020 20 |7} 0 40\ 7o 1
Check: 5 2)U40 40 40 40 40 40 40 40

-1
The product of (A)x (A) is the identity matrix. Therefore the inverse matrix is correct.

52
A:
4. 5 -2

Solution:  The first step is to find the determinant of (A).

|4 =-12--15
|4 =3
1 A
A_l—ég 0rA1=§ )
3 3 3
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-2 3 —-12 15 18 18 3 0
3 3033 330403 310
f*yﬁéj;&£112:93301
Check: O —2JU3 3 33 3 3 33

-1
The product of (A)x (A) is the identity matrix. Therefore the inverse matrix is correct.

1. Find the determinant of each of the following matrices:

2 -3

4 —10 (7 3} [5 —2} (—8 5}
a) b) -4 -2 o) -3 2 d) -4 3
Solution :

2 -3

4 —10 [7 3} [5 —2} (—8 5}
a) b) -4 -2 o) -3 2 d) -4 3
det=-20-+12 det =-14--12 det=10-+6 det -24- - 20
det =-32 det=-2 det=4 det=-4

2. Find the inverse of each of the following 2 x 2 matrices. Check your solution by
-1

performing the operation of (4)x (4)".

4 3 6 -3 5 0 -9 3
a) A= b) A= c)A= d) A=

-1 =2 7 —4 -4 2 5 =2
Solution :

4 3 6 -3 5 0 -9 3
a) A= b) 4= c)A4= d) A=

-1 =2 7 -4 -4 2 5 =2

|4 =—-8—-3|4|=-24—--21|4]=10-0]4=18-15
|4 =-5|4=-3]4=10|4=3

-2 =3 -4 3 2 0 -2 =3
-1 _| -5 =5 -1 -3 -3 -1 _110 10 -1 3 3
S B o S T K I S K B )
5 _5 3 -3 10 10 33
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2 3 4 -3 1 -2
505 3 3 5 ° N
-1 _ -1 -1 _ -1 _
i e R e A2 e B Rl B R
5 5 3 3 5 2 3
1 1 -1
a7,
3
Minors and cofactors of a Matrix
a; a4y
LetA=|a, a, a,
sz Ay Ay
Minor of a, =M,
is determinant obtained by deleting ith row and jth column.
a a
M, =| * | isdeterminant obtained by deleting I st row and Ist column
Ay, Az
y, Ay ) Ay ay dp
M11 = aMlz 7M13 =
asy s as;; Ay as;; A
ap, dp a;,  ap a;, ap
le_ aMzz_ 7M23_
asy Az Qs dy a; dasp
a; dyp a;, A4, a, ap
M13_ 9M32_ 5M33_
a4y ay Ay a, dp

Cofactorof a; =C, =(-1)"" M,

Signs of Cofactors

For 2x2 — matrix F j
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+ - +
For 3x3 —matrix |- + -
+ - 4+
+ - 4+ -
ol + -+
For 4x4 — matrix
+ - 4+ -
+ - +

Example:1. Find all minors and cofactors of the matrix

3 4 -1
A=|1 0 3
2 5 -4
Solution:
0 1 1 0
My=| " f=-15Mp =l C=-10.M = =5
4 -1 3 -1 3 4
My=|o =My =l =100y = ]=7
My = e vy =P et My = Y-
31 0 3_ > 32_1 0_ > 33_1 0_
Cofactorof a; =C, =(-1)""M,
c,=-15 C,=10, C,=5
C, =11, C,=-10, C,=-7
C;, =12, C,, =-10, C,=-4
—-15 10 5
NOTE: Matrix of cofactors, C=| 11 -10 -7
12 -10 -4
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NOTE: Determinant of matrix of Cofactors by the method of Cofactors

det(4) = a,,C,, +a,C, +a;C;
det(A4) = a,,C,, +a,,C,, +a,;,Cy;
det(A4) = a;,C;, +a;,Cy, +a;;,Cyy

The above equations can be used to check that the cofactors are found correctly as the values of
determinants found must be equal, we open matrix from any row or column.

Example: 2 .Find the determinant of the matrix A by method of cofactors,

3 4 -1
A=|1 0 3
2 5 -4

Solution: :Using the cofactors found in the last example

det(4) = a,,C,, + a),C,, +a,;,C;
=3(-15)+4(10)+(-1)(5)
—45+40- 5=-10

NOTE: 3.We can find determinant by opening matrix from second or third
row or first column, the value of the determinant will be same

det(A4) = a,,C,, +a,Cy, +a,Cyy
—(1)(11)+0(-10)+3(-T)=11 — 21 =-10

det(A4) = a,,C;; +a,,Cy, +a5,Cg
= 2(12) +5(-10)+(-4)(-4) =24 — 50 +16 = -10

NOTE : 4. Determinant of A can be obtained by multiplying any row or any column of matrix A
with the corresponding row or column of the matrix of cofactors.

NOTE: S. Determinant of matrix A = |a,, a,, a,
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a a a a a a
detA= a, 2 4o a, 21 Ay ta, 2 Ay
as; Az as; Ay 31 A3

Inverse by method of Cofactors:

a, 4, a;
A= a, A, A, |detA#0.

as; 4z Ay

Step:1. Find Matrix of cofactors

C'1 1 ClZ Cl3
C = C21 C22 C23
C31 C32 C33

Step : 2.  Find Adjoint of matrix A, adj(A)

T

Cll C12 C113
Adj(A) =G, G, Gy
C31 C32 C33

Step: 3.

If A is an invertible matrix, det(A)= 0, then

47" =L adi(a))

det 4
Example: 3 . Find A" of matrix A
2 0 3
A=]0 3 2 |bythe method of cofactors.
-2 0 -4
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Solution: Cofactors of the matrix A are

‘3 2‘ ‘0 2‘ ‘0 3‘
C, = =-12,C,, =— =—4,C,, =6
0 -4 -2 -4 -2 0
c :_‘o 3‘20 c :‘2 3‘:_2 _‘2 0‘:
o4 7 TR 2 4 TR 2 0
c :‘o 3‘:_9 c :_‘2 3‘:_ _‘2 0‘:6
31 3 2 H 32 0 2 > 33 0 3
-12 -4 6
Matrix of cofactors, C=| 0 -2
—9 -4 6
-12 0 -9
Adjoint of matrix A, adj(A)=|-4 -2 -4
6 0 6

det(4) = a,,C,, +a,,Cy, +a,;,C;
=2(-12)+0(-4)+3(6)

=24 +18=-6=% 0
Inverse of matrix A is
A, 1 [ d'(A)] . -12 0 -9
R a = | _a _» _
det 4 Y -6 4 2 -4
6 0 6

NOTE: If we can find A", then solution of linear system

AX =B is X=A"B
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Adjoint:

The adjoint is the transpose of the cofactors (cT)

To find the cofactors you find the ‘minor’ of each element (and use the alternate signs as shown above).

The minors of each

a b ¢ element
IfA=|d e f
g h i - m —
Matrix of cofactors = +|e f |— |d f + Yy
hli g i g h
b c|,|1@ ¢ Ja b
o RS M R
b ¢ a ¢ a b
tle f_ld f|+|d el
Nb. To find the adjoint we then need to transpose this matrix.
2 1 5
1. Find the inverse of the following matrix: A=|3 3 2]
4 1 1
. . _ 3 21 413 2 3 3
Determinant: |[A|] = +2|1 1| 1|4 1|+5|4 1
=2(1) —1(=5) +5(-9) =—38
3 2 3 2 3 3
ol Tle o1 Fla
15 .25 _|21 L5 9
Cofactors = — + - = 4 -18 2
1 1 4 1 4 1 13 11 3
n 1 5 |2 5 N 2 1 B
3 2 3 2 3 3
1 4 -13
Adjoint(CT): = 5 -—-18 11
-9 2 3
- . 1 4 -13
Inverse: A meadj =~ 5 -18 11
-9 2 3
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Simple Interest

The price to be paid for the use of a certain amount of money (called principal) for a certain period is
known as Inferest. The interest is payable yearly, half-yearly, quarterly or monthly.

The sum of the principal and interest due at any time, is called the Amount at that time.

The rate of interest is the interest charged on one unit of principal for one year and is denoted by 1. If the
principal is¥ 100 then the interest charged for one yearis usually called the amount of interest per annum,
and is denoted by r [ = Pi).

e.q. if the principal is ¥ 100 and the interest T 3. then we say usually that the rate of interest is 3 percent per
annum (orr=23 %]

Here i= = 0.03(i.e. inferest for 1 rupee for one year).

100

Simple interestis calculated always on the original principal for the total period forwhich the sum (principal)
is used.

Let P be the principal (original)

n be the number of years for which the principal is used
r be the rate of interest p.a.

| be the amount of interest

| be the rate of interest per unit (i.e. interest on Re. 1 for one year]]

i T
NMow |=Pi.n, where i= 00

Amount A=P+|=P+P.i.n=P(1+in)ie. A=P(1 +n.i

SOLVED EXAMPLES :
1 Amit deposited I 1200 to a bank at 9% interest p.a. find the total interest that he will get at the

end of 3 years.

&}

= i=—=0.0%n= =2
Here P = 1200, 100 =3l

I=P.in=1200 x 0,09 x 3 = 324.
Amit will get T 324 as interest.

1
5 Sumit borrowed T 7500 at 14.5% p.a. for 25 years. Find the amount he had te pay after that

period.

14.5 1
= i=——=0.143, n=2—=25A=%
P = 7500, 700 5

A= P(1+in)=7500 (1+ 0.145 x 2.5) = 7500 (1+0.3625)
=7500 = 1.3625=10218.75
Regd. amount =% 10218.75.
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3. Find the simple interest on< 5400 at 127% p.a. from July 15 to September 24, 2013.
Time = number of days from July 15to Sept. 26

=16 (July) + 31 [Aug.) + 26 (Sept.)= 73 days.

- 73 B
P :56{][}, === =D_12r N= = '_'- F. =——VWT.
100 A" T
R
SI.=P. i.n.=5600x0.12 x — =134.4

5
~. Reqd. S.. =T 134.40.

To find Principle :

4. What sum of money will amount to ¥ 1380 in 3 years at 5% p.a. simple interest?

5
— =3 i=—=005P=¢
Here A =1380.n=3, 00 :

From A =P (1 +0.05x3) or, 1380 =P (1+0.15)
1380
1.15

Or, 1380=P (1.15) or, P = = 1200

-~ Reqd.sum =% 1200
Problems to find rate % :

1
At what rate percent will a sum, become double of itself in 5; years at simple interest?

1
A = 2P, P = Principal, n=55,1=?
. i
A =P (1 + ni) or,QP=P[l+E i)

5 _alle 5 B
Qor, = EIDL_H

.9
or, ﬁ=ﬁxlﬁﬁ=18-18|{0ppmx]; Reqd. rate = 18.18%.

Problems to find time :
6. In how many years will a sum be double of itself at 10% p.a. simple interest.
.10
A=2P,P=PFPrncipal, I=— =0.10, n=2
5 100
A=P(1+nijor,2P=P[1+n(.10)] or, 2=1+n (.10)

1
10) = , n=——=10 .
or. n{.10)=1  or. n=-g ~. Read. time = 10 years.
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COMPOUND INTEREST

Interest as soon asitis due after a certain period, is added to the principal and the interest for the succeeding
period is based vpon the principai and interest added together. Hence the principai does not remain
same, but increases at the end of each inferest period.

A year is generally taken as the interest-period, butin most cases it may be half-year or quarter-year.
Symbols :

Let P be the Principal (original)

A be the amount

i be the Intereston Re. 1 for 1 yvear

n be the Number of years (interest period).
Formula : A= P(1 +i)" .... (i)

Cor. 1. In formula (i) since P amount to A in years, P may be said to be present value of the sum A due inn
yeqrs.

o

(1+i)"

P= = A(1+i) "

Cor.2. Formula (1) may be written as follows by using logarithm :
log A =logP+nlog [l +i)

FEW FORMULAE :

Compound Interest may be paid half-yeary, quarterly, monthly instead of a year. Inthese cases difference
in formulae are shown below *

(Taken P = principal, A = amount, T = total interest, i = interest on Re. 1 for 1 year, n = number of years.)

Time Amount I=A-F
(i) Annual A=P[1 +)" =P {(1 +i)"=1}
. Bn . - i |
(i) Half-Yeary A=P ]+§I =P ]+I§ ~1
| 4an i an i
(iii} Quarterty A=F |_+; =P 11-_1 -1

pn

|
In general if C.l. is paid p times in a year, then A=P HE

ie. :letP=T 1000, r=5%ie. i=0.05 n= 24 yrs.
If interest is payable yearly the A = 1000 [1 + 0.5)2*
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2w

0.05

If int. is payable hali-yearly the A = 1000 1+

2
l:}':\ dxdd
If int. is payable quarterly then A = 1000 1+ '4“

=

Note. orr= 1001 = interest per hundred.

If r=6% then If, howeveri=0.02then, r= 100 = 0.02 = 2%.

SOLVED EXAMPLES..

1 Find the compound interest on ¥ 1,000 for 4 years at 5% p.a.

Here P=< 1000, n=4,i=0.05 A=¢
We have A =P (1 +i)"
A =1000 [1+0.05)*

Orlog A =log 1000 + 4log (1 + 0.05) =3 + 4log (1.05) =3 + 4 (0.0212) = 3 + 0.0848 = 3.0848

A =antilog 3.0848=1215
C.lL=F1215-F 1000 =% 215

7. In what time will a sum of money double itself at 5% p.a. C.l.

Here, P=P.A=2P,i=0.05n=2
A=P(1+i)" or,2P =P(1 + 0.05)"=P (1.05)"
or,2=(1.05"orlog2=nlog 1.05

_ log2 03010

— - =142 vears (Approx)
log 1.05  0.0212 years (Approx)

3. The difference between simple and compound interest on a sum put out for 5 years at 3%

was £ 446.80. Find the sum.
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letP=100,i=.03, n=5.From A=P (1 +i)",
A=100(1+.03)*=100 (1.03)

log A=log 100 + 5log (1.03) =2 + 5 (.0128) = 2 + .0640 = 2.0640
s A=anfilog 20640=1159 .~ ClL=1159-100=15.9
AgainS.l.=3x5=15. . difference 15.9-15=0.9

46.80
Diff. Capital =100 % —5=== 5.200
0.9 100

46.80 X

- original sum =3 5,200.
4. Whatis the present value of X 1,000 due in 2 years at 5% compound interest, according as the

interest is paid (a) yearly. ['b] half-yeary ¢

wt

(@) Here A =% 1,000, i=ﬁ=[}.05,ﬂ=2,P=?
A=P(1+i)"or 1000 =P (1 +.05)%=P(1.05)2
Al 1[]{}':}2: 1000 _ 907 03

(1.05) 1.1025

. Present value =T 207.03

]
(b) Interest perunit per half-year 7 005 =0.025

an

i
From A =P HE we find.

22

005
1,000 =P 1+ =P (1 +.025)*=P (1.025)*
1000
ey S
2" hees)t

- log P =log 1000 - 4log (1.025) = 3— 4 [0.0107) = 3-0.0428 = 2.9572
. P = antilog 2.9572 = 906.1.

Hence the present amount =3 204.10
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Present value of an annuity :

Definition : Present value of an annuity is the sum of the present values of all payments (or instalments)
made at successive annuity periods.

Formula :

(i) The present value V of an annuity P to continue for n years is given by

: H {1, 44D
Vi= !—{ 1—(1+1) } Where i = interest per rupee per annum.

(ii) The Present value ¥V of an annuity P payable half-yearly, thien

oP i

"-._.". S T_ ] T
i 2
[ii) The Present value V of an annuity P payable quarterly, then

® ml ™
i 4
SOLVED EXAMPLES :

A man decides fo deposit ¥ 20,000 at the end of each year in a bank which pays 10% p.a. compound
intferest. If the instalments are allowed to accumulate, what will be the total accumulation at the end of ¢ years?

Solution :
LetT A be the total accumulation at the end of ? years. Then we have

_.é..=T—{[I—|']P—1}

Here P=T 20,000, i= %: 0.1. n =% years.
5 Z%G]OG {(1+.07-1}=2.00.000{ (1.1 - 1} =2.00,000 (23579 - 1)

=2,00,000x 1.3579 = T 2.71.590
.. The required total accumulation =% 2,71,570.
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Nominal and Effective Interest

An interest rate takes two forms: nominal interest rate and effective interest rate. The nominal interest rate
does not take into account the compounding period. The effective interest rate does take the compounding
period into account and thus is a more accurate measure of interest charges.

A statement that the "interest rate is 10%" means that interest is 10% per year, compounded annually. In this
case, the nominal annual interest rate is 10%, and the effective annual interest rate is also 10%. However, if
compounding is more frequent than once per year, then the effective interest rate will be greater than 10%.
The more often compounding occurs, the higher the effective interest rate.

The relationship between nominal annual and effective annual interest rates is:

L,=[1+@/m)]™-1

where "1," is the effective annual interest rate, "r" is the nominal annual interest rate, and "m" is the number
of compounding periods per year.

Example: A credit card company charges 21% interest per year, compounded monthly. What effective
annual interest rate does the company charge?

r=0.21 per year

m = 12 months per year

L=[1+(21/12)]1"-1

=[1+0.0175]1"-1

=(1.0175)"?-1=1.2314-1

=0.2314=23.14%

It may be desired to find the effective interest rate for a period other than annual. In this case, adjust the
period for "r" and "m" as needed. For example, if the effective interest rate per semi annual period (every 6
months) is desired, then

r = nominal interest rate per 6 months

m = number of compounding periods per 6 months

and the effective interest rate, is,, per semi-annual period, is:

ia=[1+@/m)]™-1

2. If a lender charges 12% interest, compounded monthly, what is the effective interest rate per quarter?
Hint: m = number of compounding periods per quarter

Let i = effective interest rate per quarter.
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Choose an answer by clicking on one of the letters below, or click on "Review topic" if needed.

Ai=[1+(0.12/3)]13-1=(1.04)>-1=0.1249 = 12.49%

Bi=[1+0.03]%-1=(1.03)1?-1=0.4258 = 42.58%

Ci=[1+(0.03/3)]%-1=(1.01)>-1 = 0.0303 = 3.03%

Di=[1+(0.03/12)]13%-1=(1.0025)°-1 = 0.0075 = 0.75%

Continuous Compounding

Single payment formulas for continuous compounding are determined by taking the limit of compound
interest formulas as m approaches infinity, where m is the number of compounding periods per year. Here
“e” is the exponential constant (sometimes called Euler's number).

With continuous compounding at nominal annual interest rate r (time-unit, e.g. year) and n is the number of
time units we have:

F=Pe'"F/P

P=Fe ""P/F

i,= e '- 1 Actual interest rate for the time unit

Example 1: If $100 is invested at 8% interest per year, compounded continuously, how much will be in the
account after 5 years?

P=§100

r=8%

n =135 years

F=Pe""=($100) ¢ "

=($100) ¢ ** = ($100)(1.4918) = $149.18

Example 2: If $100 is invested at 0.667% interest per month, compounded continuously, how much will be
in the account after 5 years?

P=5§100

r=0.666667%

n =5 years * 12 months

F=Pe™=($100) ¢ 0060666760

=($100) ¢ **=($100)(1.4918) = $149.18
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POSSIBLE QUESTIONS

2 MARK QUESTIONS

. What is an upper triangular matrix? Give example.
. Write the formula for calculates Simple interest and compound interest?
. Find the simple interest on the sum of Rs.6,000 at 10% p.a. for 3 years?

. Find the inverse of A= (553 2)

. What is singular matrix and non singular matrix?
_ 3 5 A YA

A= [1 9] then show that (4")' = A

6 4 2
7 1 3
0 -1 6

_[5 4

] and B = [3 4], then find (A+B), (A-B).

8 MARK QUESTIONS

AN DN BN W=

7. Evaluate A =

1 4

8. IfA = [2 ;

1 0 -2
2 2 4
0 0 2

1.If A= , Find the inverse of A.

2. Mr. Ravi borrows Rs.20000 at 4% compound interest and agrees to pay both the
principal and the interest in 10 equal installments at the end of each year. Find the
amount of these installments.

2 35 3 1 2
3.fA= |4 7 9|andB= |4 2 5|, Show that5(4+ B) =54 + 5B.
1 6 4 6 —2 7

4. Mr. Puthiyanayagam has two daughters A and B aged 10 '2 and 16 years. He has
Rs.180, 000 with him now but he wants that both of them should get an equal amount when they are 18
years old. How he should divide the money if it were to be deposited with his friend who gives only 5

% p.a.
1 2
2 0

-1 1

1 1 2

5. Verify that BTAT = (AB)”, when A = [2 Lo

] and B =

6. 1) If a term deposit of Rs.4000 earns an interest of Rs.2500 in 50 months find the rate of
interest.
i1) Find the present value of Rs.695 due 2 years from now receiving simple interest at 5% per
annum.
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1 -1 1
7.IfA= |2 3 0], find the inverse of the given matrix A.
18 2 10

8.1) Find the effective rate of interest percent per annum equivalent to a nominal rate 12% per annum the
interest being payable half yearly.
i1). Find the simple interest on the sum of Rs.3000 at 5% p.a. for 2 years?

1 2 2
9. Show thatA =2 1 leatisﬁes the equation A% — 44 — 51 = 0.hence deduce the inverse of A.
2 21

10. A person has two daughters A and b aged 13 and 16 years. He has Rs.40, 000 with him now but
wants that both of them should get an equal amount when they are 20 years old. How he should divide
the money if it were to be deposited in a bank giving 9% compound interest p.

11. Find the effective rate of interest equivalent nominal rate of 12% p.a., compounded monthly. Further,
find the effective rate when interest is compounded continuously.
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optl

opt2

opt3

opt4

optS

opté

Answer

A rectangular arrangement of numbers in rows and columns is called ---------

set

matrix

order

sub matrix

matrix

A scalar matrix in which all the leading diagonal elements are unity is called-

square matrix

unit matrix

null matrix

Identity matrix

unit matrix

A diagonal matrix in which all the diagonal elements are equal is called ------

diagonal matrix

scalar matrix

unit matrix

null matrix

scalar matrix

[3 8 9 -2]is arow matrix of order------------------- 4x1 1x 4 Ix 1 4x4 1x 4

A square matrix such that A’ = A is called------------------ symmetric skew symmetric | hermitilan scalar symmetric

An association of a real numbers with a matrix is known as ----------- . real matrix complex matrix | null matrix unit matrix real matrix
The number of elements in an m xn matrix is --------------------- mn n m? n? mn

If in a square matrix A, a;; = 0 for i>j, then it is called a --------------- matrix. |lower triangular [upper triangular |diagonal scalar matrix upper triangular
) = — . Al AT A 1/A A

A matrix A is said to be Orthogonal matrix if --------------- ) AAT =1 AAT =0 A=A" A=1/A AAT =1

The addition  of two matrices are possible only when they are ----------- .| of same order |of any order scalar matrices| unit matrices of same order
A square matrix is said to be singular if its determinant is =~ ------------------- 0 1 2 -1 0

If A is non singular ,its inverse is ---------------- AdjA/|A] | |Al/Adj A 1/Adj A 1/|A| Adj A/|A]




Questions optl opt2 opt3 opt4 optS opté Answer
The condition for existing of A™ is --------------- A is non singulafA is singular A'is singular A square matrix A'is non singular
in a square matrix A, a;; = 0 for i <j, then it is called a --------------- matrix.  |lower triangular |upper triangular | diagonal triangular lower triangular
A Square matrix such that A’ = — A is called -------------- symmetric skew symmetric [hermit ion scalar skew symmetric
The sum of the diagonal elements in a matrix A is the ------------- Trace of A unit of A Transpose of A | inverse of A Trace of A
If a square matrix A of order n is of the form A" = 0, then it is an ----------- m4q Identity Idempotent Nilpotent Orthogonal Nilpotent
If a square matrix A of order n is of the form A" = A, then it is an ----------- m| Identity Idempotent Nilpotent Orthogonal Idempotent
[N R — A B! A'B”! B'A™ B'A™
[*A = e A 0 Identity matrix | Zero matrix A
An identity matrix is also found as a ------------- matrix Scalar Diagonal triangular scalar and diagonal scalar and diagonal
In a 3x3 square matrix the minor and the cofactor of the element a,; have ---{Same sign and sdsame sign and dif| Opposite sign and opposite sign and different values Opposite sign and sar
Every matrix A and its transpose A" have --------------- determinant value  |Different same one as the negatiy one as the multiple of other same
The determinant value of the unit matrix of order 2 is ------------------ 1 0 -1 2 1
If A is singular ,its inverse is ---------------- null matrix does not exist| 1/Adj A 1/1A| does not exists




Questions optl opt2 opt3 opt4 optS opté Answer
A rectangular matrix will not possesses-------------- inverse cofactor determinant transpose inverse
For any square matrix (adj A).A = A. (adj A) is -------------- |A] I |A | 1/1A] A" |A] I
For any two square matrices A and B (adj AB) = ------------—--- (adj A). (adj B) [(adj B). (adj A) [ (adj BA) (adj B +adj A) (adj B). (adj A)
The formula for computing simple Interest is ------------------ . pnr/ 100 ptn+r /100 p-n-r /100 ptntr pnr/ 100
Simple interest will be an income for ------------------ . lender borrower customer creditor lender
The simple interest on Rs. 5000 at 10 % for 3 years is ---------------- . Rs.500 Rs.1000 Rs.1500 Rs.2000 Rs.1500
If the simple interest for 2 years at 12 % is Rs. 3000 the principal is ---------- 20,000 3,000 12,500 10,000 12,500
The formula for compound interest is ------------------ PNR /100 P(1+1/100)"—P | A/(1+i)n CI/(I+D)n P(141/100)" —P
The compound interest on Rs. 1000 at 12 % for one year is ---------------- . |Rs.150 Rs.175 Rs.120 Rs.126 Rs.120
The formula for calculating principal under compound interest. is------------- A /(1+)" P(1+i)" Pni CI/(1+i)" A /(1+)"
If the principal isRs.5000 ,Interest is Rs.100 then amount A=------------- Rs.5100 Rs.4900 Rs.5000 Rs.6000 Rs.5100
If Rs.6,000 amounts to Rs.8,940 then the interest is ------- 2940 Rs.3450 Rs.4560 Rs.3540 2940
The simple interest on Rs.6,000 at 10% for 2 years is-------- Rs.1200 Rs.1000 Rs.2000 Rs.1250 Rs.1200




Questions optl opt2 opt3 opt4 optS opté Answer
The formula for simple interest is ------- Pni P-n-r/100 P+n+r/100 Pn Pni
The formula for calculating amount under compound interest is ------- P(1+1/100)" P(1+1/100)n-1 | Pni P P(1+1/100)"
Compound interest is more than --------- Principal amount simple interest [compound interest simple interest
Formula for rate of interest under compound interest is ------------ 100[(A/P)"™-1] | P(1+A /100)n-1 | P(1+])n P(1+) 100[(A/P)"™-1]
In compound interest the formula for period is-------- log A-log P/log(| log A-log P/(1+r{log A+log P/(1+r} A+P log A-log P/log(1+1/
Compound interest for Rs.2,500 for 4 years at 8% per annum is ------ Rs.801.32 Rs.701.22 Rs.601.42 Rs.901.22 Rs.901.22
The effective rate of compound interest is ------- 100[(1-r/100m)"] 100[(1+1/100m)|P(1+i) " P 100[(1+1/100m)™ -1
In the effective rate of interest, a unit of time m is quarterly means m= ------ 4 2 3 1 4
In the effective rate of interest, a unit of time m is half yearly means m= -----1 4 2 3 1 2
Interest is compounded continuously means m is ------- large small middle first large
When interest is compounded continuously A is ----- Pe™ Pe-in - Pe™ P Pe™
When interest is compounded continuously P is ----- Pe™ Pe-in - Pe™ P Pe-in
When interest is compounded continuously, effective rate of interest S is--{Pe™ N - pe™ 100(ei -1) 100(ei -1)




Questions optl opt2 opt3 opt4 optS opté Answer
In what time a sum of Rs.1234 amount to Rs.5678 at 8% p.a. compound inter|18.72 years 19.27 years 19.72 years 17.95 years 19.27 years
Under compound interest , interest earns------- interest principal amount discount interest
The simple interest on a sum of Rs.2000 for two years at 5% p.a. is---------1 Rs.800 Rs.700 Rs.1000 Rs.1200 Rs.1200
If the simple interest is Rs 150 ,number of years is 6 and the rate if interest is|Rs. 500 Rs. 300 Rs.1000 Rs. 500 Rs. 500
If the simple interest is Rs 72 , the rate if interest is 4 % p.a the principal is |3 4 5 1 3

Compound interest i§-----------=-------

Amount - princif

Amount + princif

principal —Amoul

Amount x principal

Amount - principal

The amount of money deposited or borrowed is called the ------------------ principal interest amount discount principal
The extra money which we get or which we pay is called----------------- principal interest amount discount interest
The simple interest on a sum of Rs.1225 for4 years at 11% p.a. is-----------| Rs.539 Rs.700 Rs.100 Rs.120 Rs.539
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SYLLABUS

Differential Calculus

Mathematical functions and their types — linear, quadratic, polynomial; Concepts of limit and
continuity of a function; Concept of differentiation; Rules of differentiation — simple standard
forms. Applications of differentiation — elasticity of demand and supply; Maxima and Minima of
functions (involving second or third order derivatives) relating to cost, revenue and profit.
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Concept of Functions

Let A and B be any two non—empty sets. Then a function ‘ff* is a rule or law which associates each
element of ‘A’ to a unique element of set ‘B’.
Notation:

(i) A function is usually denoted by small letters, i.e. f, g,hf,g,h etc. and Greek letters,
i.e. o,B,Y,d,Wo.B,y.0,yetc.

(i) If “ff" is a function from ‘A’ to ‘B’ then we write f:A—Bf:A—B.
Ordered Pair:

Let ‘a’ and ‘b’ be any two elements then an element(a,b)(a,b) is called an ordered pair.

Constant Function:

Let ‘A’ and ‘B’ be any two non—empty sets, then a function ‘ff* from ‘A’ to ‘B’ is called a constant

function if and only if the range of ‘ff is a singleton.
Algebraic Function:
A function defined by an algebraic expression is called an algebraic function.

e.g. f(x)=x2+3x+6f(x)=x2+3x+6
Polynomial Function:
A function of the form P(X)=amXn+an-1Xn-1+---+a1x+aoP(x)=amxn+an—1Ixn—1+--+alx+a0

where ‘n’ is a positive integer and an,an—1,**+,a1,a0an,an—1,:--,al,a0 are real numbers is called a
polynomial function of degree ‘n’.

Linear Function:

A polynomial function with degree ‘tt” is called a linear function. The most general form of a linear
function is

f(x)=ax+bf(x)=ax+b

Quadratic Function:

A polynomial function with degree ‘2’ is called a quadratic function. The most general form of a
quadratic equation is f(X)=ax2+bx+cf(x)=ax2+bx+c

Cubic Function:

A polynomial function with degree ‘3’ is called a cubic function. The most general form of a cubic
function is f(X)=ax3+bx2+cx+df(x)=ax3+bx2+cx+d

Identity Function:

Let f:A—Bf:A—B be a function then ‘ff is called an identity function if f(X)=X,VXEAf(x)=x,Vx€A.
Rational Function:

A function R(X)R(x) defined by R(X)=P(x)Q(x)R(x)=P(x)Q(x), where both P(X)P(x)andQ(X)Q(x) are
polynomial functions is called a rational function.
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Trigonometric Function:
A function f(X)=Sian(x)=sin X, f(X)ZCOSXf(x)Zcos x etc., then f(X)f(x) is called a trigonometric
function.
Exponential Function:
A function in which the variable appears as an exponent (power) is called an exponential function
e.g. (i) f(X)=axf(x)=ax (ii) f(X)=3xf(x)=3x.
Logarithmic Function:
A function in which the variable appears as an argument of a logarithm is called a logarithmic function.

e.g. f(x)=loga(x)f(x)=loga(x).

LIMIT AND CONTINUITY

Limit of a Function at Infinity

lim f(x)=/¢
Defintion Let f(x) be a function defined on R. wa means that for any €> 0, there exists X
xX)—l<e&
> 0 such that when x > X, ‘f() ‘ .
Theorem UNIQUENESS of Limit Value

If lim f(x) = aand lim f(x) = b,then g =b.

X—>00

Theorem Rules of Operations on Limits

If lim f(x) and lim g(x)exist, then
(a) lim[ f(x) £ g(x)] = lim f(x) + lim g(x)
(b) lim f(x)g(x) =1lim f(x)-lim g(x)

lim f(x)
lim ) — =2 e ) £ 0.
e g(x)  limg(x) <=

(©)
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(d) For any constantk, lim[Af(x)] = k lim f(x)-

(e) For any positive integer n,

O lim{ £ = [lim f(x)]

() Timy/f () = \/lgg f(x)

DERIVATIVES

Definition: The derivative of a function f at a point a, denoted by f'(a), is

fla+h)- f(a)
h

J'(a) =lim
provided that the limit exists.

If we denote y = f(x), then f'(a) is called the derivative of f, with respect to (the
independent variable) x, at the point x = a.

Recall that the value of this limit is, if it exists, is the slope of the line tangent to the curve
y = f(x) at the point x = a. As well, it also represents the instantaneous rate of change,
with respect to x, of the function /" ata. Therefore, a positive f'(a) means that the function f
1s increasing at a, while a negative f'(a) means that fis decreasing at a. If f'(a) = 0, then f
is neither increasing nor decreasing at a.

Equivalently, the derivative can be stated as

fl(a) — lim f(X) — f(a)

xX—a x-a

ex. Let f(f)=¢ + 6¢, find f'(a).
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_ 5 5
7'(a)=lim fla+h)— f(a) _lim [(a+h) +6(a+h)]—[a” +6a]
h—0 h h—0 h
[@® +5a*h+10a’h* +10a*h’ +5ah* + h° + 6a + 6h]—[a’ + 6a]

=lim
h—0 h

— bm 5a*h+10a’h* +10a’h’ +5ah* + b’ + 6h
h—0 h

— lim h(5a* +10a’h+10a°h’> +5ah’ + h* + 6)
h—0 h

=lim (5a* +10a’h +10a’h> + 5ah’> +h* +6)=5a" + 6

h—0

ex. Let f(x)=+4x*+5 |, find f(a). Write an equation of the line tangent to y = f (x)

whena=1.

h—0 h

f'(a)zlhil’rol f(a+h2_f(a) —lim \/4(a+h)2+5_\/4a2+5

lim \/4(a+h)2+5—\/4a2 +5 .\/4(a+h)2 +5++4a> +5
10 h JAa+h)? +5++4a> +5

. Aa+h) +5—(4a’ +95) . 4a’ +8ah+4h> +5—4a” -5
=lim =lim
0 hl\4a+h) 5 +4a” +5) 0 W4+ )’ +5 +4a” +5)
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. Sah+4h® . 8a+4h
=lim =lim

h=0 h(\/4(a+h)2 +5++/4a +5) h=0 \/4(a+h)2 +5+~/4a’ +5

_ 8a + 4(0) N 8a _ 4a
V4@ +0) +5+/4a> +5 2M4a*+5 4a® +5

At a =1, the point on the curve, (a, f(a)) is (1, 3), and the slope of the tangent line is
4
!/ 1 —
Q) 3

The equation of the line is, in point-slope form, therefore
4
-3==(x-1
Y ;=D

or, in slope-intercept form,

S22
y 3573

Let /()= _find f(a)
éx. (] = 1n a).
\/x2+3 ’

! 1
o By ST
1 N
=lim Via+h)’ +3 \/a2+3,\/(a+h)2+3\/a2+3
h—0 h \/(a+h)2+3\/a2+3
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_ANa*+3—J(a+h)+3
=lim
0 h(J(a+h)? +3)(a® +3)

, \/a2+3—\/(a+h)2+3 \/a2+3+\/(a+h)2+3
=1lim .
0 p(J(a+h)? +3)(Na® +3) Na® +3+4J(a+h)’+3

. (a*+3)—(a’+2ah+h>+3)
h—0 h(\/(a+h)2+3)(\/02+3)(\/a2+3 +\/(a+h)2+3)

i —2ah—-h’
PO h((a+h)? +3)a® +3)a® +3+1(a+h)* +3)

. 2a—h P
—1 _
0 (J(@+h)? +3)Wa* +3)Wa* +3+:J(a+h)> +3)  (a® +3)(Na> +3)2Va> +3)
—a
T (@243

Basic Differentiation Formulas

Suppose f* andg are differentiable functions, c is any real number, then

d
1. E(C)-O
> %[f(xﬂg(x)]:%f(xﬂ%g(x)
3. %[f(x)—g(x)]=%f(x)—%g(x)

4 %[cf(x)]w-%f(x)
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s.giﬂmﬂmhfu#ﬁgmhgu#ﬁﬂ@]
X dx dx

d d
" i|:f(x):|: g(x)g[f(x)]_f(x)a[g(x)]

dx| g(x) [g()T

Or, in short-hand notations:
1. (¢)’=0
[ fx) +g)] = f(x) + g'(x)
) —g)] = f(x) —g'(x)
- ef )] =¢f ')
- [f )] =1 (x)g'(x) + glx)f"(x)

!

{ﬂﬂ}:ﬂwf@%f@mh)
g(x) [g(0)]

2
3
4
5

o

The Power Rule: For any real number #,

d n n—1
—\X =nx
. (x")

d _
For n =1, this means that E(x)=1-x1 '=x"=1,

d d _
And if n =0, then a(x )= E(l) =0-x""=0 , Which is consistent with the

constant rule of differentiation (rule #1 above).
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ex. The instantaneous rate of change of a line
Suppose f(x) =mx + b, where m and b are constants, then

J'(x) = (mx)"+ (b)' = m(x)" + (b)’ =m(1) + 0 =m
Therefore, any linear function has a constant derivative equals to the slope of its graph,
which is a line of slope m. It says that the instantaneous rate of change of a linear function
is constant, and that the tangent line to the graph of a line is always the line itself (because

the tangent line has the same slope as the line, and they obviously contain one common
point, therefore they have the same equation and are therefore the same line).

ex. Differentiate y=2£ —t"+¢>+9
Y =20 = () + () O) =268) ~at T+ (= 207) 0
=6 —mt" ' -2t

2
ex. Differentiate S(¢) = 5t o R

it

This would be easier to do if we first rewrite s(¢) in terms of powers of x.

s(t)=5t"2 =2t + 4+ then

1 -1 1 -1 -3 )
s'(t)=5 lt(2 2 _—lz‘(2 g lt(3 ) :étz +12 +ft3
2 2 3 2 3
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) ) x*+3x+2
ex. Differentiate f(X)=—F—F——=
x =3x+2

() = (x> =3x+2)(x* +3x +22)'—(x2 -|—23x+2)(x2 —3x+2)
(x*—3x+2)

B (x* =3x+2)(2x+3)—(x* +3x+2)(2x —3)
- (x> =3x+2)

2x° +3x* —x+5
x2

ex. Differentiate g(x) =

The easiest way to do this is to rewrite g(x) as

g(x):2x+3—l+ >
x

—, then
X

g'(xX)=2(x)+B) —(x") +5(x7) =2+0—(=x")+5(-2x")

=2+x°-10x" :2+L2—2
X x

ex. Differentiate y =/x (x> —=5x+2)

Simplify first: y=x""— 5x"% + 2x".

3 :ixs/z _5 EXI/Z ) lx_wz :éxs/z _1_5x1/2 L2
2 2 2 2 2

Prepared by : Dr. Santhosh Kumar, Asst Prof, Department of Mathematics, KAHE Page 10/21




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 1B.B.A. COURSE NAME:BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 18BAU202 UNIT: II BATCH-2018-2021

The longer way to do this is by using the product rule:

V' =x(x? =5x+2) + (x> = 5x +2)(Wx) =Jx 2x=5) + (x° —5x+2)(%x”2)

— %2 (2x = 5) + (x? —5x + 2)(%x1/2) 032 _ 5,102 +%x3/2 _%xuz 42
:éxyz _1_5x1/2 412
2 2

Derivatives of logarithmic and exponential functions

Formula. The exponential rule. For the function of the type f(x)=a", where a is a constant, then
f'(x)=a"Ina. Derivative of f(x)=¢e"is f'(x)=e" .

Example 1.Find @ )
dx

a. f(x)=3x"+10" b. f(x)=e" +e™

Solution.a. ﬁ =60x" +10" In10, b.i =e" +5¢"
dx dx

1
~

Formula. For the logarithmic function f(x) =1Inx, f'(x) =

1

xlna

Derivative of f(x)=1log, xis f'(x)=

Example 2.Find % .
dx

a. f(x)=3Inx+10 b. f(x)=logx+3

Solution.a. b _ E, b i

dx x ‘dx  xInl0

Example 1.Find @ or y'.
dx

a.3y> —=5xy+9x-2=0 b. y* =logx+3
5y-9
6y —5x

Solution.a. 6yy'-5y -5x+9=0= y'=

'

b. 2 '——1 = ——1
ST im0 7T 20
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Example 2.Find the slope of the tangent line to the curve 3xy —2x> =7 at (1, 3). Also compute the
second derivative.

4x-3y _41)-33) _ 5
3 3 3

For the second derivative we consider again 3xy'+3y —4x =0

4-6y" 6y—4x 14
3x 3% 3

Solution.3xy'+3y —4x=0= y'=

Taking derivative we find 3xy"+3y'+3y'-4=0= y"=
DEMAND AND SUPPLY

The market and its economic agents

Purpose of this lesson: to study the behaviour of people as they interact with one another in markets.

Market: a group of buyers and sellers of a particular good (or service).

Demand: represents the behaviour of buyers.
Supply: represents the behaviour of sellers.

Main assumption that we will use for the time being: markets are competitive.

Characteristics of a competitive market:

a) Goods offered for sale in one market are all the same.
b) Buyers and sellers are so numerous, that they individually cannot influence the market price. We
say that both buyers and sellers are price takers.

Not all markets are competitive. If sellers are few and individually can influence the market price, then we
say that markets are not competitive (oligopoly, monopoly).

The concepts of demand and supply

To be specific let us concentrate on one particular market: for example, the market for butter.
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Demand

® Factors that determine the quantity demanded of butter:

a) The price of the good. The higher the price, the lower the quantity demanded. This is the Law of
demand.
b) Income. Normally, the richer people are, the more of a good they will buy. Let us call income m.
c) Prices of related goods.
x and y substitutes. Think of butter (x) and margarine (y).

P, ! = yT = xJ; Therefore p, and x positively related.

x and y complements. Think of butter (x)and bread (y)
D, I = T = xT. Therefore p, and x negatively related.

d) Tastes. Some people like butter, others like olive oil.

® The demand curve

Suppose that we give a mathematical form to the relationship between butter (x) and the factors that
determine the quantity demanded of butter.

x=10-4p +0.005m+2p,

Discuss signs.

Normally we do not want to work with so many variables. The ones we are interested in depend on the
problem at hand. Suppose we are only interested in the price and quantity of butter, and that we are given

m =3,000€; p, =0.5€

the values of the other variables . Then,

x=10—-4p_+0.005(3,000)+2(0.5)
x=(10+15+1)-4p,
x=26-4p.
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The expression in the box 1s the demand curve (or the demand function).
Suppose we have a market with three buyers: Ana, Victor and Pilar. Each has the following demand
curve:

Ana: X4 =10-2p,
x, =20—-4p.
X, =15-3p,

Victor:

Pilar:
We obtain the aggregate demand curve by adding horizontally (adding the x’s).

X=X,+Xx, +Xp

=(10-2p,)+(20-4p,)+(15-3p,)
—45-9p.

Therefore, the aggregate demand curve is

x=45-9p,

2. A consumer buys 100 units of a product when the price is €1. When the price is increased to €1.25 the
consumer buys 80 units. Calculate the Price Elasticity of demand for this consumer.

P1+ P2 AQ
S, ¥
Q1+ Q2 AP
1+1.25 X -20
100 + 80 +0.25
=1

Demand for this good is unitary elastic as the answer is equal to 1

MAXIMA AND MINIMA

You are aware that m any transaction the total amount paid mereases with the number of items

purchased. Consider a function as f(x)=2x +L x > 0. Let the fimction f(x) represent the

amount required for purchasing 'x' number of items,

The graph of the function y=f(x)=2x+1.x>0 for different values of x 1s shown mn
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Ol 1 23 Numberof items
—_—
W

A look at the graph of the above function prompts us to believe that the function 1s mereasing for
positive values of x 1.e., for x>0 Can you think of another example in which value of the function

decreases when x mereases 7 Any such relation would be relationship between time and
manpower/person(s) mvolved. You have leamt that they are inversely propotional . In other:

words we can say that tune requured to complete a certain work mereases when number of:
persons (manpower) invovled decreases and vice-versa. Consider such similar function as
2
glx)=— x>0
X
The values of the function g (x) for different values of x are plotted

¥
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All these examples. despite the diversity of the variables involved. have one thing n common :
function 1s erther inereasing or decreasing,

INCREASING AND DECREASING FUNCTIONS

Leta function f(x) be defined over the closed interval [a.b].
Let X, X, [a.b] . then the function f{x) is said to be an increasing fimetion in the given interval |
if f(x))=f (x ) whenever X5 >X;. It is said to be strictly mcreasing if f(x;|> f(x;)for all
Xy > X;. Xp. X, €[a.b].
% T

2

InFig. 25.3, sinx increases from -1 to +1 as x increases from —= to +

MY

Fig. 25. 3

Note : A function 1s said to be an increasing function 1n an interval if f(x+ h)>{
(x) for all x belonging to the interval when h 1s positive.

A function f{x) defined over the closed mnterval [a. b] 1s said to be a decreasing function m the
given interval. if f(x, ) < f(x;). whenever x, > Xx;. X;. X, €[a.b] . It is said to be strictly

decreasing if (x; ) > f(x,) forall x, >x,;. x. X, €[a.b].
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In Fig. 25.4. cos x decreases from 1to -1 as x increases from 0 to 7.

o y
fix)=cos x
£ >
x1 :ﬂ O lﬂ' ¥
L'
Fig. 25.4

Note : A function is said to be a decreasing in an intemnal if f(x+h) <f(x) for all x
belonging to the mterval when h 1s positive.

Prove that the function f(x)=4x 47 is monotonic for all values of x e R

Solution : Consider two values of x say X1.X» €R
such that Xamdy 0 e (1)

Multiplymng both sides of (1) by 4. we have 4x, > 4% sk
Adding 7 to both sides of (2). to get

4%, + 7 > 4x;+7

We have f {1: ) = f{xi)
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Thus. we find f (x5 ) > f(x;) whenever x, > x;.

Hence the given function f(x)=4x+7 is monotonic function. (monotonically increasing).

Show that
f [1) =%

»
-

1s a strictly decreasing function for all x < 0.
Selution : Consider any two values of x say x;. x, such that

Xy > Xq. 530 000 e (1)
Order of the mequality reverses when i1t 1s multiplied by a negative number. Now multiplymng (1)
by x,. we have

Xy Xp< X1-Xy
of. }L% <xiXp e (11)
Now multiplying (1) by x,.we have

Xp X0 < X1 Xy
or. Ky Xy <K oo (111)

From (u) and (1), we have

2 %
X <KX, <Xy

o7, X:; < }{12
or., f{xz){f{xl}

Thus. from (1) and (1v). we have for

XE}KI"

f(xy)<f(x)

Hence. the given function 1s strictly decreasing for all X <0.
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3

Find the mterval in which f (x)=2x" 3x

3 3x2 12x 46

2 12x 46 is INCIeasing of Jeereasing,
Solution : f(x)=2x %
f(x)=6x" -6x 12
=5(x3 = 9]
=6(X 2 }x 1)
For I (x) to be mereasing function of x.
f'(x)>0
ie. 6(x—2)(x+1) >0 or (x—2)(x+1) >0

Suce the product of two factors 15 positive, this unplies either both are positive or both ars

negative.
Either x—2>0 and x+1 >0 or Xx—2<0and x H 9
LE. x>2and x>-1 Le. x<2and x = 1
x>2 implies x> -1 X < -1 implies x <2
x>=2 3w =—1

Henee f (x) 1s mcreasing forx > 2 or x <—1.
Now, for { (x) to be decreasing,
f'(x)=<0
ofr., 6 (x-2) (x+1)<0 or, (x=2) (x+1)<0
Since the product of two factors 1s negative. only one of them can be negatrve. the other positive.

Therefore,
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Either or
x—2>0andx+1<0 x—2<0andx+1>0
1.€. x>2andx<-1 1e x<landx>-1
There 15 no such possibility This can be put in this form

that x = 2 and at the same time

o)
s

K-ei_]_ _1:::'};'_4

. The function is decreasing n—1<x < 2.

Example
X - . " .
f(x)= —5 . Is mcreasing or decreasing.

Determune the mtervals for which the fimetion x4+

(-xz +1}d_x —x i(Je;2+ 1)

Solution : Fixj= dx d,’,x
[32 +l]

()

g
As {:{2 - 1) 15 positive for all real x.

Therefore, if —1< X <0.(1 =) is positive and (1+X) 1s positive, so f (X )> O

o | 0<x <L(l =x) ispositiveand (14 X) 1s posttive. so £ '(x)> O
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POSSIBLE QUESTIONS
2 MARK QUESTIONS

. What are the types of Functions?

. Define derivative.

If f(x)=(x*-7)?, find f (x).

. Find the derivative of x>-3x*+4x+3

. Define limit of a function.
Find limy_; ———

- rmn X=1 ox245x=3

. Define elasticity of supply.

. Define elasticity of demand.

. ady.
. Find Ey,lfy = (2x +5)3

O 03 &N UKW

8 MARK QUESTIONS

1.A firm sells a product at Rs.3 per unit. The total cost of the firm for producing x units is
given by C=20+0.6x+0.001x>. How many units should be made to achieve maximum
profit? Verify that the condition for a maximum is satisfied.

2. If the demand law is x = % find the elasticity of demand at the point when p=3.
3. Find the elasticity of supply from the function p = -2+5x.
4.Find 2 i) x? + y2 = 1 i) xy = c?
3_ 2
SIff(x) = === find f'(5) and f'(10).
6.Differentiate the following with respect to x
(i) x>-3x*+4x+3 (ii) x° + 3logx - 4¢*

7.Differentiate the following with respect to x

2
(1) y= (xz + 5)(3X’ + 1) (ll)y = :;Cx_l
. { (1+x)%-1
8.Flndhmx-—>0 (1+x)2_1
9. Find lim, o o
X% +x—12

10. Find lim,,

x%—x—6
11. If the demand law is x = ﬁ, find the elasticity of demand at the point when p=3.

12. Find for what values of x, the following expression is maximum and minimum respectively.
2x3 — 21x% 4+ 36x — 20.find also the maximum and the minimum values.
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Questions optl opt2 opt3 opt4 opt5| opt6 Answer
titi hich take th lues t i i igati
CQalﬁl;i ities which take the same values throughout particular investigation are Constants Variables Functions Integers Constants
titi hich ch that is diffi i i igati
Quantities which change that is different values in an investigation are Constants Variables Functions Integers Variables
called
Th fit dd d the sal the vol fa sph . . .
Iy e gross profit ddepends on the sales and the volume of a sphere depends on Circle Square Radius Diameter Radius
Two variables x and y are said to be function of each other when the values of Independent ropotional  |depend dicul depend
one of them on those of ther. other pende propotio °pe perpendiculat P
If corresponding to each value of x, there is only one value of y then y is Single many wo three Single
called Valued
If corresponding to each value of x, there existsmore than one value of y then | ..
. Single many two three many
y is called Valued
The relati t t iabl i =
. e relation between two variables can be expressed in the form y=f(x), y implicit explicit odd even explicit
The relati t t iabl i =
’ e relation between two variables can be expressed in the formf(x,y)=0, y implicit explicit odd even implicit
If f(-x)=f(x) then f(x) is called odd even implicit explicit even
If f(-x)=-f(x) then f(x) is called odd even implicit explicit odd
y=al+alx+.......... anxn is called function. odd even implicit polynomial polynomial
Limit x tends to a f(x)=1 is function. limit even implicit polynomial limit
Limit h tends to 0 f(a-h)=I1 is limit Right hand Left hand finite infinite Left hand




Questions optl opt2 opt3 opt4 opt5| opt6 Answer
Limit h tends to 0 f(ath)=l11 is limit Right hand Left hand finite infinite Right hand
If left hand limit = right hand limit then limit does not exists [zero exists one exists
If the limit is in indeterminant form then apply the method of Induction lf)rilzil)n Integration factorization factorization
If the limit is in indeterminant form then apply the method of rationalisation |Induction partial fraction |Integration rationalisation
If the limit is in indeterminant form then apply the method of Induction lf)rilri?(l)n Substitution  |Integration Substitution
If the limit is in indeterminant form then apply the method of Induction lf)rilri?(l)n Integration L'Hospitals L'Hospitals
If the limit is in indeterminant form then apply the method of Induction lf)r?:iil)n Integration Infinite Limit Infinite Limit
The rate of change of the object is called Derivative Induction Integration Velocity Derivative
The process of finding derivatives are called Integration Eifferentiatio Induction Acceleration Differentiation
Derivative of exponential is algebra exponential  [logerthms function exponential
Derivative of constant is one two three Zero zero
One of the rule of differentiation is addition commutative |assiciative closure addition
One of the rule of differentiation is commutative |assiciative closure Difference Difference




Questions optl opt2 opt3 opt4 opt5| opt6 Answer
One of the rule of differentiation is commutative |Product closure assiciative Product
One of the rule of differentiation is closure assiciative Quotient commutative Quotient
If x is function of t and y is function of t then it is in form. closure assiciative Quotient Parametric Parametric
Process of finding second derivative ,third derivative etc is called .. . . .
. - Initial final Successive Single Successive
differentiation.
. . C .. Simple -
One of the application of Differentiation is Boundary Elasticity Interest Compound Interest Elasticity
If the graph of the function rises then the function is function Decreasing Increasing rising falling Increasing
If the graph of the function fallss then the function is function Decreasing Increasing rising falling Decreasing
If the first dereivative zero and the second derivative less than zero then - . . . .
. Minima Maxima Optima Extrima Maxima
function is
If the first dereivative zero and the second derivative greater than zero then .. . . . o
£ Minima Maxima Optima Extrima Minima

function is
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Time-based Data: Index Numbers and Time-Series Analysis

Meaning and uses of index numbers; Construction of index numbers: Aggregative and average
of relatives — simple and weighted, Tests of adequacy of index numbers, Construction of
consumer price indices. Components of time series; additive and multiplicative models; Trend
analysis: Finding trend by moving average method and Fitting of linear trend line using
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1

Index Numbers

Introduction:

An mdex number is a statistical device for comparing the
general level of magnitude of a group of related variables m two or
more situation. If we want to compare the price level of 2000 with
what 1t was m 1990, we shall have to consider a group of variables

such as price of wheat, rice, vegetables, cloth, housc rent cte., If

(the changes are m (he same ratio and the same direction, we [ace 1o
difficulty to find out the general price level. But practically, if we
think changes m different variables are different and that too,
upward or downward, then the price is quoted m different units 1.e
mulk for litre, rice or wheat for kilogram, rent for square feet, ete
Uses of Index numbers

Index numbers are mdispensable tools of ecomomic and
busmess analysis. They are particular useful n measurmg relative
changes. Themr uses can be appreciated by the following points.

1. They measure the relative change.

2. They are of better comparison.

3. They are good guides.

4. They are economic barometers.

5. They are the pulse of the economy.

6. They compare the wage adjuster.

7. They compare the standard of living.

8. They are a special type of averages.

9. They provide guidelines to policy.

10. To measure the purchasing power of money.
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Notation: For any mdex number, two tune periods are nzeded for
comparison. These are called the Base period and the Current
period. The period of the wvear which i1s used as a basis for
comparison is called the base year and the other 1s the current year.
The varicus notations used are as given below:

P; = Price of current year Py = Price of base year

q1 = Quantity of current year qe = Quantity of base year

10.4 Problems in the construction of index numbers
No mdex number 1s an all pupose mdex nunber. Heuce,
there are many problemns mvolved m (he consiruction of mdex
numbers, which are to be tackled by an economist or statistician.
They are
1. Purpose of the index numbers

2. Selection of base period

3. Selection of items

4. Selection of source of data
5. Collection of data

6. Selection of average

7. System of weighting
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10.5 Method of construction of index numbers:
Index numbers may be constructed by various methods as

shown below:
INDEX NUMBERS
Un weighted Weighted
Simple Simple Weighted Weighted
aggregate average aggregate average
Index of price index of price
numbers relative number relative

10.5.1 Simple Aggregate Index Number

This 1s the simplest method of construction of index

numbers. The price of the different commodities of the current vear
are added and the sum is divided by the sum of the prices of those

commodities by 100. Symbolically,

Simple aggregate price index = Py; =

Where .

X

=
~Po

Ypo = Total prices for the base year

Example 1:

3p; = total prices for the current year

x 100

Calculate index numbers from the following data by siumple
aggregate method takmg prices of 2000 as base.
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Commodity Price per unit
(in Rupees)

2000 2004
A 50 a5
B 50 60
C 90 100
D 30 45

Solution:
Commeodity Price per unit
(in Rupees)

2000 2004

(Po) (Py)
A 80 95
B S0 60
5 90 100
D 30 45
Tortal 250 300

s g _ _ 2P
Smple aggregate Price index = Py = x 100
2 Po
= 200 x 1080 =120

250

10.5.2 Simple Average Price Relative index:

In this method, first calculate the price relative for the
various commodities and then average of these relative 1s obtained
by usmg arithmetic mean and geometric mean. When arithmetic
mean 1s used for average of price relative, the formula for
computmg the mdex 1s
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Sunple average of price relative by arithmetic mean

s 21100

2O
7

Po1 =

P; = Prices of current year

Pg = Prices of base vyear

n = Number of items or commmodities

when geometric mean 18 used for average of price relative, the
formula for obtaining the index is

Sunple average of price relative by geometric Mean

A
T log(=~x100)
Py

n

Po1 = Antilog

Example 2:

From the following data, construct an mdex for 1998 taking 1997
as base by the average of price relative using (a) arithmetic mean
and (b) Geometric mean

Commodity Price mm 1997 Price m 1998
A 50 70
B 40 60
% 80 100
D 20 30
Solution:

(a) Price relative index number using arithmetic mean

Commodity Price in 1997 Price m P
(Po) 1998 o E
(P1) ,
A 50 70 140
B 40 60 150
C 80 100 125
D 20 30 150
Total 565

Prepared by: Dr. S. Santhosh Kumar, Asst Prof, Department of Mathematics, KAHE Page 6/48




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 1B.B.A.
COURSE CODE: 18BAU202

COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS
UNIT: V BATCH-2018-2021

Sunple average of price relative by arithmetic mean
= 21100

h, _;"‘0 J
¥

Po

P; = Prices of current year

Po = Prices of base year

n = Number of items or commodities

when geometric mean i1 used for average of price relative. the
tormula for obtammg the index 1s

Siumple average of price relative bv geometric Mean

T log(Pl «100)
Po
1

Por = Antilog

Example 2:

From the following data, construct an mmdex for 1998 taking 1997
as base by the average of price relative usmg (a) arithmetic mean
and (b) Geometric mean

Commodity Price in 1997 Price in 1998
A 50 70
B 40 60
B 30 100
D 20 30
Solution:

(a) Price relative index number using arithmetic mean

Conmunodity Price m 1997 Price m P
(Po) 1998 iy
(P1) i
A S0 70 140
B 40 60 150
C 80 100 125
D 20 30 150
Total 565
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Sunple average of price relative by arithmetic mean
> 21 100
) J
7

P; = Prices of current year

Po = Prices of base year

n = Number of items or commodities

when geometric mean 18 used for average of price relative, the
fornmla for obtaining the index is

Sunple average of price relative by geometric Mean

T log(PL <100)
P,

n

Por = Antilog

Example 2:
From the following data, construct an index for 1998 taking 1997

as base by the average of price relative usmg (a) arithmetic mean
and (b) Geometric mean

Commodity Price in 1997 Price m 1998
A 50 70
B 10 60
C 80 100
D 20 30
Solution:

(a) Price relative index number using arithmetic mean

Commodity Price in 1997 Price i P,
(Po) 1998 i
(P1) ?
A 50 70 140
B 40 60 150
C 80 100 125
D 20 30 150
Total 565
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E[&xmo}
% ;

Sunple average of price relative mdex — (Pgy) —

4
=, S 141 25
4
(b) Price relative index number using Geometric Mean
Commodity | Price m Price n P, P,
1997 1998 — = 100 | log( — =< 100)
®) @) | =
A 50 70 140 2.1461
B 40 60 150 2.1761
C 80 100 125 20969
D 20 30 150 21761
lotal 8.5952

Smumple average of price Relative mdex
> 1Dg[ﬂ x1 {m}
P,

n
)57

(Po1) — Antilog

J

. &.5
= Anfilog

LY i

I

N

= Anfilog [ 2.1488] = 140.9
10.5.3 Weighted aggregate index numbers
In order to attribute appropriate mportance to each of the
items used m an aggregate mdex number some reasonable weights
must be used. There are various methods of assigning weights and
consequently a large number of formulae for constructing mdex
numbers have been devised of which some of the most mmportant
ones are
1. Laspevre’s method
2. Paasche’ s methad
Fisher’ s ideal Method
Bowley’ s Mcthod
Marshall- Edgeworth method
Kelly’ s Method

S o W
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1. Laspeyre’s method:

The Laspeyres price mdex 1s a weighted aggregate price
mdex. where the weights are deternmmmed by quanliiies m ihe based
period and is given by

=
=P1%
by
=Po90

Laspeyre’ s price index = Po;' = x 100

2. Paasche’s method

The Paasche’s price mdex is a weighted aggregate price
mdex mn which the weight are determined by the quantities i the
ciumrent year. The formmlae for constrimeting the mmdex 1s

Paasche’ s price index number = Py,F = s = 100
2pPod;
Where
Py = Price for the base year P, = Price for the current year

qo — Quantity for the basc year q; — Quantity for the current ycar
3. Fisher’s ideal Method

Fisher’ s Price index nmmber is the geomefric mean of the
Laspeyres and Paasche mdices Symmbohcally

Fisher’ s ideal index number = Pg;f = /L x P

’EPl (o « Ipq % 100
V2podo 2Py

It is known as ideal index number hecause

(a) It 1s based on the geometric mean

(b) It 1s based on the current vear as well as the base vear

(¢) It conform certain tests of consistency

{d) 1t 1s free from bias.
4. Bowley’s Method:

Bowleyv’s price mdex number 1s the arithmetic mean of

T.aspeyre’ s and Paasche’ s method. Symbolically

L+P
=

—

— i |:Ep1q0 E Ipiql:| ~ 100
2 [ ZPod, ZPoq,

> = = B‘
Bowley’ s price mdex number = Py, =
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5. Marshall- Edgeworth method
This method also both the current year as well as base year
prices and quantities are considered. The formula for constructing

the mmdex 1s

- .
— PO]]M:E — —‘("1[] + q_l )pl ¢ 100
2(qe +9;)Po
P90 T 2P g

3 podo + TPy

Marshall Edgeworth price mdex

6. Kelly’s Method
Kelly has suggested the followmg formula for constructing

the mdex number
N
k- =P19 100

Kelly’ s Price mdex number = Py,
3 -
~Po4

qQp + 44
5

P

Here the average of the quantities of two years i1s used as weights

Where = q =

Example 3:
Comnstruct price mdex number from the following data by applying
1. Laspeyere’s Method

2. Paasche’ s Method
3. Fisher’ s ideal Method
. gz 2000 2001
Commodity Price Qty Price Qty
A 2 8 4 5
B 5 12 6 10
C 4 15 5 12
D 2 18 4 20
Solution:
Commodity Po do P1 @ P00 | Pod P19% | P1 @
A 2 8 4 5 16 10 32 20
B 5 12 6 10 60 50 T2 60
C 4 15 5 12 60 48 75 60
D 2 18 4 20 36 40 T2 80
172 148 251 220
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N— L_ <P
Laspeyre’s price index = Py~ = = x 100
=Py
251
= — x 100 =14593
172

T
Paasche price mdex number = P01P= 2Bl x 100
2Po4,
220
- x 100
148
=148 .7
Fisher’ s ideal index number = /L xP

= J145.9)x (148.7)

= 4/21695.33

= 147 3
Or
v 3
Fisher’ s ideal mdex number = \j “Pi% , =Pih 100
Epoqlo Ep{:uch
5 22
=\/2“1>< 220 x 100
172 148
= J(1.459) x (1.487) x 100
= f2.170 % 100
= 1473 x 100 = 1473
Interpretation:

The results can be mterpreted as follows:
If 100 rupees were used in the base year to buy the given
commodities, we have to use Rs 145.90 m the current year to buy

the same amount of the commodities as per the Laspeyre’s
formula. Other values give similar meaning .
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IV. Weighted Average of Price Relative index.
When the specific weights are given for each commodity. the
weighted mdex number is calculated by the formula.

. : .. XpwW
Weighted Average of Price Relative index = P

XW
Where w = the weight of the commodity
P = the price relative mdex

- P 100

Po
When the base year value Pyqg 1s taken as the weight 1.e. W=Pgq,
then the formula s

[11 xl{lﬂ]xpﬂqu
B

Weighted Average of Price Relative index = =
=Py

o
=Pl % 100
b3 o s A

This 1s nothing but Laspeyre’ s formula.
When the weights are taken as w = pgq;. the formula is

Weighted Average of Price Relative index =

This 1s nothing but Paasche’ s Formula.
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Example 6:
Compute the weighted index number for the following data.

Commodity Price Weight
Current Base
vear yvear
A 5 4 60
B 3 2 50
C 2 1 30
Solution:
Commodity P P W PW
’ L : p=21 100
Py
A 5 4 60 125 7500
B 3 2 50 150 7500
e 2 1 30 200 6000
140 21000
: oo c Xpw
Weighted Average of Price Relative index = -
Iw
_ 21000
140
=150

10.7 Tests of Consistency of index numbers:

Several formmlae have been studied for the construction of
mdex number. The question arises as fo which formula 1s
appropriate to a given problems. A number of tests been developed
and the important among these are

1. Unit test
2. Time Reversal test
3. Factor Reversal test
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1. Unit test:

The unit test requires that the formula for constructing an
mdex should be mdependent of the units m which prices and
guantities are quoted. DIxcept for the smmple aggregate index
(unweighted) . all other formulae discussed m tlis chapter satisty
this test.

2. Time Reversal test:
Time Reversal test is a test to determine whether a given

method will work both ways m tune. forward and backward. In the
words of Fisher, “the formula for calculating the index number
should be such that it gives the same ratio between one pomt of
comparison and the other, no matter which of the two is taken as
base”. Symbolically, the followmg relation should be satisfied.

Por x Pip=1
Where Py; 1s the index for time 17 as tume 0’ as base and P;q1s the
mdex for time ‘0’ as time ‘1’ as base. If the product is not unity,
there 1s said to be a time bias i1s the method. Fisher’s ideal mdex

satisfies the time reversal test.
By = E’pl(h} . Eplfh
P4y =Py
0o | 2P0
Zpq; P9,
2p;qy y 2p,q; " 2Poq, xzpo%
2PoQy 2Poq, Ipiqy Ipe9p

Pio=

Then Pg; x Pio=
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— \/I =1
Therefore Fisher ideal index satisfies the tune reversal test.
3. Factor Reversal test:

Another test suggested by Fisher i1s known s factor reversal
test. It holds that the product of a price mdex and the quantity
mdex should be equal to the correspondmng value mdex. In the
words of Fisher, “Just as each formula should permut the
mterchange of the two times without giving imconsistent results, so
it ought to permut mterchanging the prices and quantities without
giving inconsistent result, 1e, the two results multiphed together
should give the true value ratio.

In other word, if Pp; represent the changes m price m the current
yvear and Qg represent the changes in quantity in the current year.
then

2P,
2PoQo
Thus based on this test, if the product 1s not equal to the value ratio,

there i1s an error i one or both of the index number. The Factor
reversal test is satisfied by the Fisher’ s ideal index.

Po1 x Qo1 =
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" 5
1€. Pm = Tplqg Tplql
ZP¢q0 2ZPoq4

Zq; P
2qoPy
P, ><

ZPoqy

&
Qo1 = Tfhpu g
=sPo

Zq,P,
Zqup;

Zq1Po

ZdyPo

ZpPi9,
ZPodo

Then Po; x Qo1 = \/

-
e %
=P1q,

[ ZPoo
Ipq,

YPsds

Zp,qy

2pod,
the Fisher’ s ideal mdex.

Smce Pgy x Qpp = . the factor reversal test is satisfied by

Example 8:
Construct Fisher’ s 1deal mdex for the Following data. Test whether
1t satisfies tune reversal test and factor reversal test.

Base vear Current year
Commodity Quantity Price Quantity Price
A 10 1D §2
B 15 7 20 5
& 5 5 8 9
Solution:
Commodity | qq Po o P Poqo | Pot: | P10 | P10
A 12 10 15 12 120 | 150 | 144 | 180
B 15 7 20 5 105 | 140 75 | 100
& 5 3 8 9 25 40 45 5
250 (330 | 264 | 352
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Y 5
Fisher ideal index number Pgy;" = “Pido P 4

2Pedy  ZPod;

264 352
:\{ 64>< x 100

= J(1.056)x(1.067) x100

=  1.127 x100
=1.062 x 100 =106.2
Time Reversal test:
Tiume Reversal test 1s satisfied when Pg; x Pig =1
P19, « 2p,q,

ZPod =P

Por =

=T
=1
Hence Fisher ideal index satisty the tume reversal test.
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Factor Reversal test:
2pq,

Factor Reversal test 1s satistied when Pgy x Qo = =
“pr;aqt:.

219, = P9,

2Pede  2Pod;

Now P'Dl ==

Then Py; x Qo = X X X

1pq,
2P0
Hence Fisher ideal index number satisfy the factor reversal test.
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10.8 Consumer Price Index

Consumer Price index 1s also called the cost of hiving mdex.
It represent the average change over tune m the prices paid by the
ultimate consumer of a specified basket of goods and services. A
change m the price level affects the costs of living of different
classes of people differently. The general index number fails to
reveal this. So there is the need to construct consumer price mdex.
People consume different fypes of commodities. People’s
consumption habit 1s also different ficm man to man. place to place
and class to class 1.e richer class. middle class and poor class.

The scope of consumer price i1s necessary, to specify the
population group covered. For example. working class. poor class,
middle class, richer class, etc and the geographical areas must be
covered as urban, rural. town, city etc.

Use of Consumer Price index
The consumer price indices are of great significance and is
given below.

1. This 1s very useful in wage negotiations, wage contracts
and dearness allowance adjustment in many countries.
2 At government level, the mdex numbers are used for

wage policy, price policy, rent control, taxation and
general economic policies.

3. Change m the purchasmg power of money and real
mcome can be measured.
4. Index numbers are also used for analysmg market price

for particular kmds of goods and services.

Method of Constructing Consumer price index:
There are two methods of constructing consumer price
mmdex. They are
1. Aggregate Expenditure method (or) Aggregate method.
2. Family Budget method (or) Method of Weightad
Relative method.
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1. Aggregate Expenditure method:

This method i1s based upon the Laspeyre’s method. It is
widely used. The quantities of commodities consumed by a
particular group in the base year are the weight.

ZP1%
2P
2. Famuly Budget method or Method of Weighted Relatives:

This method 1s estimated an aggregate expenditure of an
average famuly on various items and 1t 1s weighted. The formula 1s
Xpw

The formula 1s Consumer Price Index number = = 100

Consumer Price index number =
W

P 100 for each item. w = value weight (1.e) poqo

Po
“Weighted average price relative method” which we have studied
before and “Family Budget method” are the same for finding out
consumer price index.

Where P =

Example 9:
Construct the consumer price index number for 1996 on the
basis of 1993 from the followmng data using Aggregate expenditure

method.
Price mn
Commodity Quantity consumed 1993 1996
A 100 8 12
B 25 6 7
C 10 5 8
D 20 15 18
Solution:
Commodity Qo Po P Podo P10
A 100 8 12 800 1200
B 25 6 7 150 175
B 10 5 8 50 80
D 20 15 18 300 360
Total 1300 1815

Consumer price index by Aggregate expenditure method
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_ IPi9,

Zp,d,
1815

1300

=< 100

<100 = 139.6

Example 10:
Calculate consumer price mdex by usmg Family Budget
method for vear 1993 with 1990 as base year from the following

data.
Price m
Items Weights 1990 1993
(Rs.) (Rs.)
Food 35 150 140
Rent 20 75 90
Clothing 10 25 30
Fuel and lighting 15 50 60
Miscellaneous 20 60 80
Solution:
Items W P, P, P = PW
P1 100
Po
Food 35 150 140 93.33 3266.55
Rent 20 Fiz 90 120.00 2400.00
Clothing 10 25 30 120.00 1200.00
Fuel and
lighting 15 50 60 120.00 1800.00
Miscellaneous 20 60 80 133.33 2666.60
100 I'I3335 15
. " : Zpw
Consumer price index by Family Budget method =
Zw
LW
100
= 11333
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Introduction:

Arrangement of statistical data i chronological order 1e.. in
accordance with occurrence of time, is known as “Time Series”.
Such series have a unique mportant place m the field of Economic
and Business statistics. An economist 1s mterested m estimatmg the
likely population m the coming year so that proper planning can be
carried out with regard to food supply, job for the people etc.
Similarly, a busmess man 1s mterested m finding out his likely sales
m the near future. so that the busmessman could adjust his
production accordingly and avoid the possibility of madequate
production to meet the demand. In this connection one usually deal
with statistical data, which are collected, observed or recorded at
successive mtervals of time. Such data are generally referred to as
‘time series’ .

Definition:

Accordmg to Mooris Hamburg “A time series is a set of
statistical observations arranged in chronological order™

Ya-Lun- chou defining the time series as “A tune series
may be defined as a collection of readings belonging to different
time periods, of some economic variable or composite of variables.
A tune series is a set of observations of a variable usually at equal
mtervals of time. Here tune may be yearly. monthly, weekly. daily
or even hourly usually at equal mtervals of tune.

Hourly temperature readmng, daily sales, monthly production
are examples of time series. Number of factors affect the
observations of time series contmuously. some with equal mtervals
of time and others are erratic studying, interpreting analyzing the
factors is called Analysis of Tune Series.
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8.2 Components of Time series:

The components of a time series are the various elements
wlnch can be segregated o the observed data. The [ollowmg are
the broad classification of these components.

Components
| | |
Long Term 5 hf. rt Term
Secular Trend Cycheal Seasonal Irregular
i P (or)
™~ Erratic
Regular

In tune series analysis, 1t 1s assumed that there 1s a
multiplicative relationship between these four components.

Symbolically,

N1 S el o]
Where Y denotes the result of the four elements: T = Trend
S = Seasonal component; C = Cyclical components; I = Irregular
component

In the multiplicative model it is assumed that the four
components are due to different caunses but theyv are not necessarily
mdependent and thev can affect one ancther.

Another approach 1s to treat each observation of a time
scrics as the sum of these four components. Symbolically

¥ =T rarCE]

The additive model assumes that all the components of the
time series are mdependent of one ancther.

1) Secular Trend or Long - Term movement or simply Trend
2) Seasonal Variation

3) Cycheal Variations

4) TIrregular or erratic or random movements(fluctuations)
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8.2.2 Methods of Measuring Trend:

Trend 1s measured by the following mathematical methods.

1. Graphical method

2. Method of Semi-averages

3. Method of moving averages
4. Method of Least Squares

Method of Moving Averages:
This method is very simple. It is based on Arithmetic mean.

Theses means are calculated from overlappmg groups of successive

time series data. Each moving average is based on values covering
a fixed time mterval, called “period of moving average” and is
shown agamst the center of the mterval

The method of © odd period of moving average is as follows.

: : +  atbte
( 3 or 5) . The moving averages for three vears is ——
b+c+d ctdte

. etc
3 3

a ibhde T4 e
i ;

The formula for five vearly moving average is

bretdrresl wradrerb e

5 5

elc.
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Steps for calculating odd number of years.

1. Find the value of three vears total. place the value against the
second year.

Leave the first value and add the next three vears value (1e 2nd,
3" and 4™ years value) and put it against 3" year.

Contmue this process until the last year’ s value taken.

4. Each total is divided by three and placed m the next column.

(]

fad

These are the trend values by the method of moving averages

Example 4 :
Calculate the three yearly average of the following data.

Year 1975 | 1976 | 1977 | 1978 | 1979 | 1980

Production | 5 36 43 45 39 38
n (tones)

Year 1981 | 1982 | 1983 | 1984

Production 33 12 11
in (tones)

3
Jea
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Solution:
. Production 3 years 3 vears moving
(in tones) moving fotal average as
Trend values

1975 50 - -

1976 36 129 43.0

1977 43 124 41.3

1978 45 127 42.3

1979 39 122 40.7

1980 38 110 36.7

1981 33 113 37.7

1982 42 116 38.7

1983 41 117 39.0

1984 34 - -

Even Period of Moving Averages:

When the moving period is even. the nuddle period of each
set of values lies between the two tune points. So we must center
the moving averages.
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The steps are
L

L

L

Find the total for first 4 years and place it against the nuddle of
the 2 and 3™ year in the third column.

Leave the first year value, and find the total of next four-year
and place it between the 3 and 4™ year.

Contmue this process until the last value 1s taken.

Next, compute the total of the fust two four year totals and
place it against the 3™ year in the fourth column.

Leave the first four years total and find the total of the next two
four years’ totals and place it agamnst the fourth vear.

This process 1s contmued till the last two four years’ total is
taken mto account.

Divide this total by 8 (Since if is the total of 8 years) and put it
in the fifth column.

These are the trend values.

Example 5 :
The production of Tea i India 1s given as follows.
Calculate the Four-yearly moving averages

Year 1993 | 1994 | 1995 | 1996 | 1997 | 1998
Production | 464 | 515 518 | 467 502 540
(tones)

Year 1999 | 2000 | 2001 | 2002

Production | 557 | 571 586 | 612

(tones)
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Solution:
Year Pl_'oduc:tiou 4 years Total of Trend
(i1 tones) Moving Two four Values

total years

1993 464 - -

1994 515
1964

1995 518 3966 495 .8
2002

1996 467 4029 503.6
2027

1997 502 4093 511.6
2066

1998 540 4236 5295
2170

1999 557 4424 553.0
2254

2000 571 4580 5725
2326

2001 586

2002 612
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8.3 Method of Least Square:

This method i1s widely used. It plays an important role m
findmg the trend values of economic and busmess time series. It
helps for forecasting and predicting the future values. The trend
line by this method is called the line of best fit.

The equation of the trend line is v = a + bx, where the
constants ¢ and b are to be estimated so as to mmimize the sum of
the squares of the difference between the given values of v and the
estimate values of y by using the squation. The constants can be
obtamed by solving twe normal equations.

b i/ e ) R )
Yy =aXx + hXx* ... (2)
Here x represent tune pomnt and y are observed values. ‘n’ 1s the
number of pamr- values.
When odd number of years are given
Step 1: Writing given years m column 1 and the corresponding
sales or production etc in column 2.
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Step 2: Wnite m column 3 start with 0. 1. 2 .. agamst column 1 and
denote it as X

Step 3: Take the nuddle value of Y as 4

Step 4: Find the deviations u = X' — 4 and write in column 4

Step 5: Find n’ vahies and write in column 5.

Step 6: Colunm 6 gives the product uy

Now the normal equations become

Xy = na + bxu (1) where u = X-A
Sy = aXu + b’ (2)
Since 2# =0, From equation (1)
&
n
From equation (2)
Suy = b
2uy
+. E"r = '}
b/

. The fitted straight line 1s
v=a+bu =a+b(X-4)
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Example 6:
For the following data, find the trend values by using the
method of Least squares

Year 1990 1991 1992 1993 1994
Pfroduct'mn 50 55 45 52 54
(m tones)
Estunate the production for the year 1996
Solution:

Year Production | X=x-1990 | u=X-A u’ uy Trend

(x) (y) =X-2 values
1590 50 0 -2 4 -100 50.2
1991 55 1 -1 1 =55 50.7
1992 45 2 A 0 0 0 512
1993 52 3 1 1 52 517
1594 54 4 2 4 108 52.2
Total 256 10 5

Where A 1s an assumed value

The equation of straight Iime 1s

Y = o+ bX

= a+bu. whereu=X -2
the normal equations are
by Vs [ g s B T SR 1 [
Tuv = aZu +bXu’ .. (2)
since Zu = 0 from(1) Zv = na
b T 25
a= Y =2°° _512
11 >
From equation (2)
Suy — bZar”
5 =10b
b= — = 0.5
10
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The fitted straight line is
Y =it i B
y=3512+0.5(X-2)
y=512-+08% -1.0
y=502+0.5X
Trend values are, 50.2, 50.7, 51.2, 51.7, 522
The estimate production m 1996 1s put X = v — 1990
X —1996 —-1990 — 6
¥ =502+ 0.53X =502 H).5(6)
=30 243.0 =53 2 tonnes.
60 -
50 1—e——— - ¢

40
30
20
10

u | | | | | | | ]
1990 1991 1992 1993 1994

Year

production

When even number of vears are given
Here we take the mean of muddle two values of X as A
X—A
142
odd number of years.

Then u = 2 (X-A). The other steps are as given m the
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Example 7:

Fit a straight line frend by the method of least squares for the

followimng data.

Year 1963 | 1984 | 1985 | 1986 | 1987 | 1988
Sales
(Rs. in lakhs) 3 8 7 9 Il 14
Also estimate the sales for the year 1991
Solution:
Year Sales | X = u u2 uy Trend
(%) (y) x-1983 | =2X-5 values
1983 3 0 -5 25 -15 3.97
1984 8 | -3 9 -24 5.85
1985 7 2 -1 1 -7 7.73
1986 9 3 | 1 9 9.61
1987 11 4 3 9 33 11.49
1988 14 5 5 25 70 13.37
Total 52 0 70 66
X-A
u=
1/2
=2(X-25)=2X-5
The straight line equation 1s
y=a+bX =a+bu
The normal equations are
Ey=ig ....])
Suy =bZu’ ...(2)
From (1) 52 = 6a
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52
a=_=
o
= 8.67
From (2) 66=70Db
r— 39
70
= (.94
The fitted straight line equation 1s
yv=albu

7 = 8.67+0.94(2X-5)
y=8.67+ 1.88X - 4.7

=397+ 1.88X ----—------ (3)
The trend values are
PatX=0.y— 397 X=1, y— 585
X =2 y= T.73 X =3 Y= 96l
A =4, y=—11.49 X=5 v=13.37
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The estumated sale for the year 1991 1s; put X =x —1983
=1991 - 1983 =8
y=397+188 x8
=19.01 lakhs
The following graph will show clearly the trend lne.

16
14
ow 10
s 5 el
B 6 /.“\“"*"'"'
4 Vi
- ¥
0 1 1 1 1 1
1983 1984 1985 1986 1987 1988
Year
Parabolic Trend Model

The curvilinear relationship for estimating the value of a dependent variable
yfrom an independent variable x might take the form

3" =a + bx + ¢ex”.This trend line is called the parabola.

For a non-linear equation " = a + bx + ¢x’, the values of constants a, b, and ¢ can be
determined by solving three normal equations.
Yy = nat+ bXx + cXx2
Yxy = aXx + bXx2 + cxx3
Xx2y = aXx2 + bXx3 + cXx4
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When the data can be coded so that Xx = 0 and Xx3 = 0, two term in the above expressions
drop out and we have

Xy =na+t cXx2

Yxy = bXx2

Xx2y = aXx2 + cXx4

To find the exact estimated value of the variable y, the values of constants «, b, and ¢ need
to be calculated. The values of these constants can becalculated by using the following
shortest method:

Ty—cxx*  Xxy n¥x’y—YXx*Yy
a= b = andc =

n Y x2 — nYxt— (X x?)?

Example : The prices of a commodity during 1999-2004 are given below. Fit a parabola to
these data. Estimate

the price of the commodity for the year 2005.

Year Price Year Price
1999 100 2002 140
2000 107 2003 181
2001 128 2004 192

Solution: To fit a parabola y" = a + bx+ cx2, the calculations to determine
the values of constants a, b, and ¢ are shown in table
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Calculations for Parabola Trend Line

Year Time Price x° x> x* xy x%y Trend
Scale §%) Values
(%)
0)
1999 -2 100 4 -8 16 -200 400  97.72
2000 -1 107 1 -1 1 -107 107 110.34
2001 0 128 0 0 0 0 0 126.68
2002 1 140 1 1 1 140 140 146.50
2003 2 181 4 8 16 362 724  169.88
2004 3 192 9 27 81 576 1728  196.82
3 848 19 27 115 771 3099 847.94

(1) Zy= na- bXx+ cxx2
848 = 6a +3b + 19¢
(1) Zxy= aXx+ bXx2 + cXx3
771 =3a+ 19b + 27c¢
(1ii) Xx2y = aXx2 + bXx2 + cXx4
3099 =19a +27b + 115¢
Eliminating a from eqns. (1) and (ii), we get
(iv) 694 =35b + 35¢
Eliminating a from eqns. (i1) and (ii1), we get
(v) 5352 =280b + 168c¢
Solving eqns. (iv) and (v) for b and ¢ we get b =18.04 and ¢ = 1.78.
Substituting values of » and c in eqn. (i), we get a = 126.68.
Hence, the required non-linear trend line becomes
y =126.68 +18.04x + 1.78x”
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Conversion of Trend Equation
Trend equation depends on:
1. The origin of time reference
2. The units of time viz., weekly, monthly, yearly etc.
3. The time series value relate to annual figures or monthly averages.
Trend values can be computed by the straight line method. For simplicity and
convenience, the following methods are also used. They are
1. Shifting of origin
2. Conversion of annual trend equation to monthly trend equation when the y
values are in annual totals and are given as monthly averages
Conversion of annual trend values to monthly trend equation
We calculate monthly tend equation from annual trend equation. When Y unit are
annual total and X units are in year then the annual trend equation can be converted into

monthly trend equation i.e. ; we divide ‘a’ by 12 and ‘b’ by 144. Y = % + %X. If the
time unit of X in the trend equation represents only 6 months, then ‘b’ is divided by 72 i.e.,
y=24+2%x
12 72
The annual trend equation trend equationis Y =a+b X
a

The monthly trend equationis Y = — + L2 x
12 144

Example:
The trend of annual production of a company described by the following equation
Y.=18+0.6X
Origin 1988; X-unit = 1 Year; Y-unit = annual production. Convert the equation to a
monthly trend equation.

Solution:
Monthly trend equation:
Y, = 18, 06
12 144

=1.50+0.0041 X
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Exponential Trend Model

When the given values of dependent variable y from approximately a geometric
progression while the corresponding independent variable x values form an arithmetic
progression, the relationship between variables x and y is given by an exponential function,
and the best fitting curve is said to describe the exponential trend. Data from the fields of
biology, banking, and
economics frequently exhibit such a trend. For example, growth of bacteria, money
accumulating at compound interest, sales or earnings over a short period, and so on, follow
exponential growth.
The characteristics property of this law is that the rate of growth, that is, the rate of change
of y with respect to x is proportional to the values of the function. The following function
has this property.
y=abcx,a>0

The letter b is a fixed constant, usually either 10 or e, where a is a constant to be
determined from the data.

To assume that the law of growth will continue is usually unwarranted, so only short
range predictions can be made with any considerable degree or reliability.
If we take logarithms (with base 10) of both sides of the above equation, we obtain
Logy=loga+ (clogb)x(7.2)
For b =10, log b =1, but for b=e, log b =0.4343 (approx.). In either case, this equation is of
the form y’' =c + dx
Where y' = log y, c=log a, and d = c log b.

Equation (7.2) represents a straight line. A method of fitting an exponential
trend line to a set of observed values of y is to fit a straight trend line to the
logarithms of the y-values.
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In order to find out the values of constants a and b in the exponential
function, the two normal equations to be solved are
Y logy =nloga+log bXx
Yxlog y = log aXx+ log bZx2

When the data is coded so that Xx= 0, the two normal equations become
Elogyznlogaorlogaziill ogy

andZxlog y = log b Zx’or log b = 23;1%

Coding is easily done with time-series data by simply designating the center
of the time period as x =0, and have equal number of plus and minus period
on each side which sum to zero.

Example :

The sales (Rs. In million) of a company for the years 1995 to 1999 are:

Year: 1995 1996 1997 1998 1999

Sales : 1.6 4.5 13.8 40.2 125.0

Find the exponential trend for the given data and estimate the sales for 2002.
Solution:

computational time can be reduced by coding the data. For this consider u = x-3. The
necessary computations are shown in table
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Fitting the Exponential Trend Line

Year Time u=x-3 u>  Salesy Log y ulogy
Period x

1995 1 -2 4 1.60 0.2041 -0.4082

1996 2 -1 1 4.50 0.6532 -0.6532

1997 3 0 0 13.80 1.1390 0

1998 4 1 1 40.20 1.6042 1.6042

1999 5 2 4 125.00 2.0969 4.1938
10 5.6983 4.7366

loga =% log y = =(5.6983) = 1.1397
Sulogy 4.73 66

logh = S = 0.4737x

Therefore log y=log a + (x+3) log b =1.1397 + 0.4737x
For sales during 2002, x =3, and we obtain

logy=1.1397 + 0.4737 (3) = 2.5608
y = antilog (2.5608) = 363.80

Seasonal Variations:

Seasonal Variations are fluctuations within a vear during the

season. The factors that cause seasonal variation are
1)  Chlmate and weather condition.
11) Customs and traditional habits.

For example the sale of ice-creams increase in summer, the
umbrella sales mcrease m ramy season, sales of woolen clothes
mercase in winter scason and agricultural production depends upon
the monsoon etc.,
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Secondly m marriage season the price of gold will mcrease,
sale of crackers and new clothes mcrease n festival times.

So seasonal wvanations are of great importance to
busmessmen, producers and sellers for planning the future. The
mwam objeciive of the measureimnent of seasonal vanations is (o
study their effect and isolate them from the trend.

Measurement of seasonal variation:
The following are some of the methods more popularly used

for measuring the seasonal variations.
1. Method of sumple averages.

2. Ratio to trend method.

3. Ratio to moving average method.
4. Link relative method

Method of simple averages

The steps for calculations:

1) Arrange the data season wise

11) Compute the average for each season.

111) Calculate the grand average. which is the average of
seasonal averages.

1v) Obtam the seasonal imdices by expressing each season
as percentage of Grand average

The total of these mdices would be 100n# where *#n” 1s the

number of seasons m the vear.

Example

Find the seasonal vamations by simple average method for
the data given below.

Quarter
Year I I1 II1 IV
1989 30 40 36 34
1990 34 32 50 44
1291 40 58 54 48
1992 51 76 68 62
1993 S0 92 86 &2

Prepared by: Dr. S. Santhosh Kumar, Asst Prof, Department of Mathematics, KAHE Page 43/48




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.B.A. COURSE NAME: BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 18BAU202 UNIT: V BATCH-2018-2021
Solution:
Quarter

Year I IT IIT v

1989 30 40 36 34

1990 34 52 50 44

1991 40 58 54 48

1992 54 76 68 62

1993 80 92 86 82
Total 238 318 294 270
Average 47.6 63.6 58.8 54
SEannat 85 113.6 105 96.4
Indices

47.6+63.6+58.8+54

Grand average = 5

224
A
Seasonal Index for

First quarterly Average
I quarter = - ‘ =— x 100
Grand Average

_ N — 3%
56
Seasonal Index for
IE Giseter = Second quarterly Average —
Grand Average

=56

= 28 100 =119
56
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Seasonal Index for
Third guarterly Averace
z ' §° %100

IIT quarter =

Grand Average
— 2B 100 —105
56

Seasonal Index for
Fourth quarterly Average
=< 100

Grand Average

IV quarter =

= 2% 100 =964

56

Ratio to Trend Method

The steps for calculation:
(1)By applying the method of least squares, we can obtain the trend values.

(11))We must divide the original data of time series for each season (month quarter) by
the corresponding trend values and multiply these ratio by 10, i.e.

Tx9xEx1%100 = Sx € xI1x 100. Thus the trend eliminated values are

T
obtained. This percentage will include seasonal, cyclical and irregular

fluctuation.
(iii)In order to eliminate the irregular and cyclical movement, the seasonal

figures are averaged with any one of the measures of central tendency,
mean or median. Thu we obtain the indices for seasonal variation for
different season.

(iv)Thee indices are adjusted to a total of ,200 for monthly data or 400 for quarterly

data by multiplying each index by a suitable factor

( 1200 r 400 )
thesumofthe 12 monthlyvalues = thesumofthe 4 quarterlyvalues

Thus we get Seasonal Index.
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Ratio to Moving Average Method
The steps for calculation:
(1)Calculate12 month moving average , which eliminates seasonal and irregular
fluctuations and represents trend and cycle. i.e., T.C.
(i1)Express the original values a percentage of centres moving average values for all

month, 1.e.,
Original Value TSCI
—£ x 100 = —=x100
Moving Average vlue TC
=SIx 100

(i11)As in the above said two methods, arrange these percentages according to year and
months. By averaging these percentages for each month, we can eliminate irregular
factors. Mean or Median can be used for averaging.

(iv)The sum of thee indices should be 1,200 (400) for monthly or quarterly data. If it is
not so, an adjustment is made to eliminate the discrepancy; i.e.,

1200 400
(Sum of monthl yindices or sum of quarterl yindices)
This express the preliminary index as a percentage of their arithmetic mean.
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POSSIBLE QUESTION

2 MARK QUESTIONS

1.Write any two characteristics of index numbers.

2..Find the trend, where Y1 = 140 + 20( X — 1981),if x = 1979,1980.
3.What are the types of secular trend?

4.Write the formula for laspeyre’s and pasche’s method.

5.What is moving average?

8 MARK QUESTIONS
1.Compute Price Index based on the simple average of price relatives by using Arithmetic Mean.
Commodity A B C D E F G H

Price 1997 (in Rs.): 40 120 140 130 60 70 65 75
Price 1998 (in Rs.) 60 140 170 135 100 80 75 80
2.Draw a trend line by the method of semi averages.
Year :1987 1988 1989 1990 1991 1992 1993
Production: 90 110 130 150 100 150 200
3. Construct the Cost of Living Index number for the following data:

Item Base Year Price | Current Year Price | Weight
Food 39 47 4
Fuel 8 12 1
Clothing 14 18 3
House rent 12 15 2
Miscellaneous 5 30 1
4. Fit a linear trend equation by the method of least squares and estimate the
net profit in 2003.
Year : 1995 1996 1997 1998 1999 2000 2001
Net profit : 32 36 44 37 71 72 109
(Rs.)
5.Calculate the Price Index by Weighted G.M method for the following data.
Item A B C D E
Weight 40 25 15 10 10
Price 2001 (in Rs.): 25 50 40 10 20
Price 2011 (in Rs.) 40 80 60 20 40
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6. Using the four year moving averages determine the trend and short term fluctuation.

Year: 1981 1982 1983 1984 1985 1986 1987 1988 1989 1990
Production : 464 515 518 467 502 540 557 571 586 612

7. Fit a linear trend equation by the method of least squares and estimate the net profit in 2003.

Year 21995 1996 1997 1998 1999 2000 2001
Net profit : 32 36 44 37 71 72 109
(Rs.)
8.FindLaspeyre’s, Paasche’s and Fisher’s Price Index for the following data:
) 2003 2004

Commodity |y e (Rs) | Quantity (00) | Price (Rs) | Quantity (00)
Erasers 05 25 06 30
Pencils 10 05 15 04
Markers 03 40 02 50
Ball Pens 06 30 08 35

9. Calculate the price index numbers by (i) Simple G.M method (ii) Weighted G.M method
for the following data.

Item A B C D E

Weight 40 25 15 10 10
Price in 1991(Rs.) 25 50 40 10 20
Price in 2001(Rs.) 40 80 60 20 40

10. Fit a straight line trend equation to the following data by the method of Least squares .
Year: 1979 1980 1981 1982 1983
Sales (Rs.): 100 120 140 160 180
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Questions optl opt2 opt3 opt4 opt5 opt6 Answer
A - is an arrangement of statistical data in a chronological order. forecasting evaluation comparison all the above all the above
Time series helps in ---------- . 3 4 2 5 4
There are ------- types of components of a time series. multiplicative secular additive cyclical additive
The ------------ model assumes that the observed value is the sum of four e . . e
. . multiplicative secular additive cyclical multiplicative
component of time series
The ---------- model assumes that the observed value is obtained by 5 1 7 3 1
multiplying the trend by the rates of three other components
- . . . . growth of weather and social weather and social
Seasonal variations repeat during a period of----- years. depression in business . none of these
population customs customs

The most important factor causing seasonal variations is-----

ratio to trend method

simple average
method

ratio to moving
average method

none of these

simple average method

If the trend is absent, the seasonal indices are known by--------

trend is not clear

the trend is linear

trend is not linear

none of these

trend is not linear

The trend can be found by the method of least squares if the --------

rate of growth is positive

growth rate is
constant

growth is not constant

none of these\

growth rate is constant

The trend is linear if ---------

ratio to trend method

link relative

ratio to moving
average

none of these

ratio to moving average

The most widely used method of measuring seasonal variations is

graphic method

method of least
squares

semi average method

moving average
method

method of least squares

The ---------------- may be used either to fit a straight line trend or a
parabolic trend.

which year was selected as
the origin?

what is the unit of
time represented
by X?

In what kind of units is
Y being measured?

all the above

all the above

Whenever we fit any straight line trend by the least squares
method,which things should be specified?

linear trend

secular trend

non-linear trend

none of the
above

non-linear trend




Questions optl opt2 opt3 opt4 opt5 opt6 Answer
The simplest example of the --------- is the second degree parabola. 1 2 3 0 0
In second deree parabola when time origin is taken between two middle . . . . .
P g straight line non-linear curve |either a or b none of these eitheraor b
years Y X would be -------- .
Trends may also be plotted on a semi-loarithmic chart in the form of a---- 1 ) 3 4 )
How many types of trend are usually computed by logarithms? exponential tends growth curves both a and b none of these both a and b
The types of trend usually computed by logarithms are ---------- seasonal secular cyclical irregular seasonal
A e variations repeat during a period of 1 year. time series data correlation index number time series
The------ helps in forescating,evaluation and comparison. non-linear linear clear none of these linear
The trend is ----------- if growth rate is constant. seasonal secular cyclical irregular seasonal
The most important factor causing -------- variations is weather and . .
. p & ellipse parabola hyperbola circle parabola
social customs.
averages percentages economic activity time series time series
The simplest example of the non-linear trend is the second degree -----
Index numbers are special type of ---------- current past future arbitrary current
The base period should not be too distant from the ----- unit test time reversal test [factor test and circular |all the above all the above

test

A good index number is one that satisfies

Index numbers

averages

time series

trend

Index numbers




Questions optl opt2 opt3 opt4 opt5 opt6 Answer
--------------- help to calculate the real wages AM GM HM both A.M and GM
G.M
The best average to calculate index number is -------------- simple A.M method Kelly’s method Laspeyre’s method Fisher’s Fisher’s method
method
Current year quantity is used in -------------- Base year quartiles Current year Both of them Average of Base year quartiles
quartiles current and
base year
Laspeyre’s index is based on Laspeyre’s method Paasche’s Fisher’s method Bow ley’s Fisher’s method
method method
Time Reversal test is satisfied by: 8 90 111.11 110 90
If the price of a commodity is Rs.80 in the base year and Rs.72 in the current year base year future year arbitrary year base year
current year, the Price index number is-------
In Laspeyre’s index number, importance is given to the quantity of------ Bow ley’s formula Laspeyre’s Paasche’s formula Fisher’s Paasche’s formula
- formula formula
The current year quantities are taken as weights in------ P01 xP10=0 Py; xPjp<1 Py xPyp =1 Py xPyp > 11 Py xPyp =1

Time reversal test condition is--------

Py1Qo1 = &p1q:/ 8poqo

Py1Qoi< épiq//
dpodo

Py1Qo1> 8p1q1/ &poqo

P1Qo1 = dpiqy

Py1Qo1 = &p1q:/ 8poqo

Factor reversal test condition is = ---------- an upward bias a downward bias | either upward or no bias an upward bias
downward bias
Paasche’s index number is generally expected to have-------- a log P/N aP/N N/ap aP/log N aP/N

The formula for unweighted averages of relatives’ method by using
AM,,

arithmetic mean of
Laspeyre’s and Paasche’s
index

geometric mean of
Laspeyre’s and
Paasche’s index

median of Lasoeyre’s
and Paasche’s index

all of the above

geometric mean of
Laspeyre’s and
Paasche’s index

Fisher’s ideal index is--------

151

150

151.61

125.2

151.61




Questions

optl

opt2

opt3

opt4

opts

opt6

Answer

If 4p,is 3100 and &p, is 4700 then Py, =------------—-

Laspeyre’s formula

Paasche’s formula

Fisher’s formula

both a) and b)

Fisher’s formula

P= \/POI L X POIP T ——

consumer Laspeyre’s Paasche’s Fisher consumer
Family budget method is a method to calculate ----- price index. median geometric mean  |arithmetic mean mode geometric mean
The best average in the construction of index number is value index price index quantity index quality index quantity index
Commodities which show considerable price fluctuation could be best . .

factor reversal test time reversal test  |t-test f-test time reversal test
measured by a

. . . . . . fixed un .

The circular test is an extension of the weighted fixed weighted un weighted weighted weighted

Most frequently used index number formulae are

base year quantities

current year

base year qualities

current year

base year quantities

quantities qualities

, . . , , . .. Marshall- ,
Laspeyre’s index is based on Kelly’s Walsch’s Fisher’s price Edgeworth’s Walsch’s
——————— index numbf:r. uses the. geometric mean of the base year and Value index Laspeayre’s index |Paasche’s index Flsher ideal Value index
current year quantities as weights. index
----- is the sum of the values of a given year divided by the sum of the (p1/p-0)+100 (p1/ Q) +100 (G1/p-1)+100 (p1/ Q) 100 (p1/p-0)-100
values of the base year.
Formula for price relative or price index number of a commodity P is----- |Ideal economic special commercial Ideal

Fisher’s formula is called --------- index number formula

Laspeyre’s method

Paasche’s method

Fisher’s method

both a) and b)

Fisher’s method

Factor reversal test is satisfied by------------

current

base

average

calculated

current




Questions optl opt2 opt3 opt4 opt5 opt6 Answer
The year for which index number is calculated is called --------- year. P Po do q P
Notation of price of a commodity in the current year is------- Time series Mean Mode Index number Index number
---------- are the pulse of an economy 100/Price index Price index /100  |Money wage/Price Price index 100/Price index

index *100 *100

Purchasing power = ------------ P: Po do q Po
Notation of price of a commodity in the base year is------- p1 Po do q q
Notation of quantity of a commodity in the current year is------- 25% 10% 125% 35% 25%
If the price of a commodity is Rs.40 in the base year and Rs.50 in the Py x Py xPyy =1 P, xPy =1 Py xPp, =1 Py x Py x Py Py x Py xPyy =1
current year, the Price has increased by------- =0
By circular test --------------- current year base year arbitrary year previous year base year

Link relative is a price or quantity relative with the condition that ---------

Consumer price

Consumer price

Consumer price index

price index

Consumer price index

--- is the preceding year. index number number number number

Cost of living index number is also known as ----------- price quantity both neither price price
nor quantity

In Factor reversal test Py, gives the relative change in ----------- price quantity both neither price quantity

nor quantity

In Factor reversal test Q,; gives the relative change in -----------

Time reversal test

Factor reversal test

Fisher’s test

botha and b

Time reversal test

----------- satisfies the Kelly’s test.

Time reversal test

Factor reversal test

Fisher’s test

botha and b

botha and b




Questions optl opt2 opt3 opt4 opt5 opt6 Answer
Fisher’s index satisfy ------------ price multiplied by quantity | quantity both price price multiplied by
quantity
In Factor reversal test Py; x Qg gives the relative change in -----------
ratio percentage fraction mean percentage

Index number are expressed in

base year quantities

current year
quantities

base year qualities

current year
qualities

current year quantities

Paasche index is based on

forecasting

evaluation

comparison

index numbers

Index numbers
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UNIT — 111

SYLLABUS

Uni-variate Analysis

Measures of Central Tendency including arithmetic mean, geometric mean and harmonic mean:
properties and applications; mode and median. Partition values - quartiles, deciles, and
percentiles. Measures of Variation: absolute and relative. Range, quartile deviation and mean
deviation; Variance and Standard deviation: calculation and properties.

Measures of Central Tendency:

In the study of a population with respect to one in which we
are interested we may get a large number of observations. It is not
possible to grasp any idea about the characteristic when we look at
all the observations. So it is better to get one number for one group.
That number must be a good representative one for all the
observations to give a clear picture of that characteristic. Such
representative number can be a central value for all these
observations. This central value is called a measure of central
tendency or an average or a measure of locations. There are five
averages. Among them mean. median and mode are called simple
averages and the other two averages geometric mean and harmonic
mean are called special averages.

Characteristics for a good or an ideal average :
The following properties should possess for an ideal average.

1. It should be rigidly defined.

2. It should be easy to understand and compute.

3. It should be based on all items i the data.

4. Its definition shall be i the form of a mathematical
formula.

5. It should be capable of further algebraic treatment.

6. It should have sampling stability.

7. It should be capable of being used i further statistical

computations or processing.
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Arithmetic mean or mean :
Arithmetic mean or simply the mean of a variable is defined

as the sum of the observations divided by the number of

observarions. If the variable x assumes n values X;. X, .. X, then the

mean, X. is given by

X+ X, + X L+ X

N

X =
n

1
=3
ni=

This formula is for the ungrouped or raw data.

—

Example 1 :
Calculate the mean for 2. 4. 6. 8. 10

Solution:
i 2+4+6+8+10
o 5
5

Short-Cut method :

Under this method an assumed or an arbitrary average
(indicated by A) is used as the basis of calculation of deviations
from individual values. The formula is

_ >d
s e (U i
n

where, A = the assumed mean or any value in x
d = the deviation of each value from the assumed mean

Example 2 :
A student’ s marks i 5 subjects are 75, 68. 80, 92, 56. Fmd his
average mark.
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Solution:
X d=x-A
75 7
A |68 0
80 12
92 24
56 -12
Total 21
N
§=A+:i
7
— B4
5
= 68 +6.2
= 74.2

Grouped Data :
The mean for grouped data is obtained from the following formula:
5 f
N
where x = the mid-point of individual class
f= the frequency of individual class
N = the sum of the frequencies or total frequencies.

Short-cut method :
s S A
x:A+“f

N

x—A
C
A = any value in X
N = total frequency
¢ = width of the class mterval

X =

X C

where d =
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Example 3:

Given the followmg frequency distribution, calculate the
arithmetic mean

Marks 1 64 63 62 61 60 59
Number of
. o)
Students } : 8 18 12 2 7 6
Solution:
X F fx d=x-A fd
64 8 512 2 16
63 18 1134 1 18
62 12 744 0 0
61 9 549 —1 -9
60 7 420 ) —14
59 6 354 _3 ~18
60 3713 -7
Direct method
_ =~ - -
o= S 3T s
N 60
Short-cut method
_ AR
x:A+“jd =62 — i = 61.88
N 60

Example 4 :
Following is the distribution of persons according to
different mcome groups. Calculate arithmetic mean.

Income 0-10 10-20 | 20-30 30-40 40-50 50-60 | 60-70
Rs(100)

Number of 6 8 10 12 7 4 3
persons
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Solution:
Income Number of Mid X—A Fd
ClI Persons (1) X d = c

0-10 6 5 -3 -18
10-20 8 15 -2 -16
20-30 10 25 -1 -10
30-40 12 A 0 0
40-50 7 45 1 7
50-60 4 55 2 8
60-70 3 65 3 9
50 -20
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— N (-]
Mean= x=A+— f
N
20
=35 ——
50 X 10
=35-4
=31

Merits and demerits of Arithmetic mean :
Merits:
1. It 1s rigidly defined.

2. It is easy to understand and easy to calculate.

3. If the number of items is sufficiently large, it is more
accurate and more reliable.

4. Tt 1s a calculated value and is not based on its position i the
series.

5. It 1s possible to calculate even if some of the details of the

data are lacking.

6. Of all averages. it is affected least by fluctuations of
sampling.

7. It provides a good basis for comparison.
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Demerits:
1. It cannot be obtained by inspection nor located through a
frequency graph.

2. It cannot be in the study of qualitative phenomena not
capable of numerical measurement i.e. Intelligence. beauty.
honesty etc..

3. It can ignore any single item only at the risk of losing its
accuracy.

4. Tt is affected very much by extreme values.

5. It cannot be calculated for open-end classes.

6. It may lead to fallacious conclusions, if the details of the
data from which it 1s computed are not given.

Median :

The median 1s that value of the variate which divides the
group mto two equal parts, one part comprising all values greater.
and the other. all values less than median.

Ungrouped or Raw data :

Arrange the given values m the increasing or decreasing
order. If the number of values are odd. median is the middle value
If the number of values are even. median i1s the mean of muddle
two values.

By formula

: L.
Median = Md = (%]mnem.

s /

Example 11:
When odd number of values are given. Find median for the

following data

25, 18,27, 10, 8, 30, 42, 20, 53
Solution:

Arranging the data in the increasing order 8. 10, 18. 20, 25,
27.30,42, 53
The middle value is the 5™ item i.e.. 25 is the median
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Using formula

item.

[ 0
= | — | ®item
2

5°

IT'E]]l

I~
L

Example 12 :

When even number of values are given. Find median for the
following data
5,8, 12,30,18; 102,22
Solution:
Arranging the data in the increasing order 2. 5, 8, 10, 12,
18,22, 30
Here median is the mean of the middle two items (ie)

mean of (10.12) ie

10+12)
;J L]
2
s.median = 11.
Using the formula
. n+l) .
Median = (”ﬂ, ™ jtem.
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8+1%. .
2T |t tem.

s

K,

"9 i .
:] Bitem = 4.5 ®item

L, -

A

{Sth item — 4™ item)

. 1
= 4™ jtem + [:

-

.-’1-\
= — I
10 +[\2J[1h 10]
= 10 +[l
2,
= 10 +1
~ 11

.

i

Example 13:
The followmg table represents the marks obtamed by a
batch of 10 students m certain class tests m statistics and

Accountancy.

Serial No 1 2 3 4 5 6 7 3 9 |10
Marks 53 |55 |52 |32 |30 |60 |47 |46 |35 |28
(Statistics)

Marks 57 |45 |24 |31 |25 |84 |43 |80 |32 |72
(Accountancy)

Indicate n which subject is the level of knowledge higher ?
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Solution:

For such question, median is the most suitable measure of central
tendency. The mark m the two subjects are first arranged in

increasing order as follows:

Serial No 1 2 3 4 5 6 7 8 9 10
Marks n 28 130132135146 |47 |52 |53 |55]|60
Statistics

Marks 24 125131132143 |45 |57 |172 |80 | 84
Accountancy

Median = [ i :l )‘h 1tem = I+l & item =5.5% item

.} -

/
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h . h .
_ Value of 5" item+value of 6" item

9)
Md (Statistics) = ﬂ = 46.5
43 +45
Md (Accountancy) = # = 44
There fore the level of knowledge in Statistics is higher than that in
Accountancy.
Grouped Data:

In a grouped distribution. values are associated with frequencies.
Grouping can be in the form of a discrete frequency distribution or
a continuous frequency distribution. Whatever may be the type of
distribution , cumulative frequencies have to be calculated to know
the total number of items.

Cumulative frequency : (cf)

Cumulative frequency of each class is the sum of the frequency of
the class and the frequencies of the pervious classes. ie adding the
frequencies successively. so that the last cumulative frequency
gives the total number of items.

Discrete Series:
Stepl: Find cumulative frequencies.
N+1 )

Step2: Find (

e /

Step3: See m the cumulative frequencies the value just greater than

N+11
.

L /

Step4: Then the corresponding value of X is median.
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Example 14:
The following data pertaining to the number of members m
a family. Find median size of the family.

Number of | 1 21314 6 71819110 |11 |12

members x

Lh

Frequency |1 3|56 /|10 (13 (953 |2 2 |1
F
Solution:
X f cf
1 1 1
2 3 4
3 5 9
4 6 15
5 10 25
6 13 38
7 9 47
3 5 52
9 3 55
10 2 57
11 2 59
12 1 60
60 .
Median = size of( ‘N:I l h jtem
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. (60+1) ..
= size Dt{TjL thitem

=30.5" item
The cumulative frequencies just greater than 30.5 is 38.and the

value of x corresponding to 38 is 6.Hence the median size is 6
members per family.

Continuous Series:

The steps given below are followed for the calculation of
median in contmuous series.

Stepl: Find cumulative frequencies.
N ]

2

)

Step2: Find (

Step3: See in the cumulative frequency the value first greater than

J r \
[T . Then the corresponding class interval is called the Median

)

class. Then apply the formula

N
5 —1Im
Median = /+‘"T X C
Where [ = Lower limit of the median class

m = cumulative frequency preceding the median
¢ = width of the median class

f =frequency in the median class.

N=Total frequency.

Example 15:
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The following table gives the frequency distribution of 325
workers of a factory. according to their average monthly income in
a certain year.

Solution:

Income group (in Rs) | Number of workers
Below 100 1
100-150 20
150-200 42
200-250 55
250-300 62
300-350 45
350-400 30
400-450 25
450-500 15
500-550 18
550-600 10
600 and above 2
325
Calculate median mcome
Income group | Number of | Cumulative
(Class-interval) workers frequency
(Frequency) c.f
Below 100 1 1
100-150 20 21
150-200 42 63
200-250 55 118
250-300 62 180
300-350 45 225
350-400 30 255
400-450 25 280
450-500 15 295
500-550 18 313
550-600 10 323
600 and above 2 325
325
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162.5-118
Md = 250+{ \ % 50
62 J
= 250+35.89
= 285.89
Example 16:

Following are the daily wages of workers in a textile. Find
the median.

Wages Number of

(in Rs.) workers
less than 100 5
less than 200 12
less than 300 20
less than 400 32
less than 500 40
less than 600 45
less than 700 52
less than 800 60
less than 900 68
less than 1000 75
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Solution :

We are given upper limit and less than cumulative
frequencies. First find the class-mtervals and the frequencies. Since
the values are increasing by 100, hence the width of the class
mterval equal to 100.

Class f cf
mterval
0-100 5 5
100-200 7 12
200-300 8 20
300- 400 12 32
400-500 b 40
500-600 5 45
600-700 7 52
700-800 8 60
800-900 8 68
900-1000 7 75
75
(:f} =(7—:J =375
N
——m
Md =7+ < C
S
= 400 + [ u x 100 = 400+ 68.75 = 468.75

. i
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Merits of Median :
1. Median is not influenced by extreme values because it is a
positional average.

2. Median can be calculated i case of distribution with open-
end mtervals.

3. Median can be located even if the data are incomplete.

4. Median can be located even for qualitative factors such as

ability. honesty etc.

Demerits of Median :

1. A slight change in the series may bring drastic change in
median value.
In case of even number of items or continuous series.
median is an estimated value other than any value in the
series.
It 1s not suitable for further mathematical treatment except
its use m mean deviation.
4. It is not taken mto account all the observations.

2

)

Mode :

The mode refers to that value m a distribution. which
occur most frequently. It 1s an actual value, which has the highest
concentration of items in and around it.
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Computation of the mode:
Ungrouped or Raw Data:

For ungrouped data or a series of individual observations,
mode is often found by mere inspection.
Example 29:

2.0 005,10 17.8,.10.2
.. Mode =My =10

In some cases the mode may be absent while in some cases

there may be more than one mode.

Example 30:
1. 12.10. 15, 24, 30 (no mode)
2. 7,10,15,12,7, 14, 24, 10, 7, 20, 10

the modes are 7 and 10

Grouped Data:
For Discrete distribution, see the highest frequency and

corresponding value of X is mode.

Continuous distribution :
See the highest frequency then the corresponding value of class

mnterval is called the modal class. Then apply the formula.
AV

Mode = Mo=1+ — xC
A +A,

[ = Lower limit of the model class
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A 1= fl-Io
[\ =h-1

f; = frequency of the modal class

fp = frequency of the class preceding the modal class

t, = frequency of the class succeedmg the modal class
The above formula can also be written as

fl 'fn

Mode =17+ %
2f -1, -1,
Example 31:
Calculate mode for the following :
C-1 f
0-50 5
50-100 14
100-150 40
150-200 91
200-250 150
250-300 87
300-350 60
350-400 38
400 and above 15
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Solution:

The highest frequency 1s 150 and corresponding class interval is
200 — 250, which is the modal class.

Here [=200.1;=150.1=91. £;=87. C=50

Mode = M= 1+_ b
o, -1, -1,
50-
= 200+ 150-91 x 50
2%150— 9187
295
— 200+ 2220
122

= 200 +24.18 =224.18

Determination of Modal class :
For a frequency distribution modal class corresponds to the

maximum frequency. But in any one (or more) of the following
cases
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1.If the maximum frequency is repeated
1. If the maximum frequency occurs in the beginning or at the
end of the distribution
111.If there are nregularities in the distribution, the modal class

1s determined by the method of grouping.
Steps for Calculation :
We prepare a grouping table with 6 columns

1. In column I. we write down the given frequencies.

2. Column IT is obtained by combining the frequencies two
by two.
Leave the 1% frequency and combine the remaining
frequencies two by two and write in column ITI
4. Column IV is obtained by combining the frequencies
three by three.
Leave the Ist frequency and combine the remaining
frequencies three by three and write in column V

6. Leave the 1st and 2** frequencies and combine the

remaining frequencies three by three and write in
column VI

Mark the highest frequency m each column. Then form an
analysis table to find the modal class. After finding the modal class
use the formula to calculate the modal value.

)

N
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Example 32:
Calculate mode for the followmg frequency distribution.

Class 0- [5- | 10- | 15- | 20- 25- 30- | 35-
interval 5 10 |15 |20 25 30 35 |40
Frequency | 9 12 |15 16 17 15 10 | 13
Grouping Table

€1 f 2 3 4 5 6

0- 5 9 71

5-10 12 7 36

10-15 15 31 % 43

1520 | 16 7 3 48

20-25 17 37 48

35-.3(_) 15 - 25 42 38

30-35 10 23

35-40 13
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Analysis Table

Columns | 0-5 5-10 | 10-15 | 15-20 | 20-25 | 25-30 | 30-35 | 35-40
1 1
2 1 1
3 1 1
4 1 1 1
5 1 1 1
6 1 1 1
Total 1 2 4 5 2

The maximum occurred corresponding to 20-25, and hence
it 1s the modal class.

A x C

-1
AN
Here/ = 20: & = f,—f, =17-16 =1

A= ff, =17-15 =2
1

142
= 20+1.67 =21.67

Mode =Mo =17+

X 5

S I\‘IO = 20+

MEASURES OF DISPERSION

Characteristics of a good measure of dispersion:
An ideal measure of dispersion is expected to possess
the following properties
1.1t should be rigidly defined
2. It should be based on all the items.
3. It should not be unduly affected by extreme items.

o]
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4. It should lend itself for algebraic manipulation.
5. It should be simple to understand and easy to
calculate

Absolute and Relative Measures :
There are two kinds of measures of dispersion, namely
1.Absolute measure of dispersion
2.Relative measure of dispersion.

The wvarious absolute and relative measures of
dispersion are listed below.

Absolute measure Relative measure
1. Range 1.Co-efficient of Range
2.Quartile deviation  2.Co-efficient of Quartile deviation
3.Mean deviation 3. Co-efficient of Mean deviation

4.Standard deviation 4.Co-efficient of variation

7.3 Range and coefficient of Range:

7.3.1 Range:

This is the simplest possible measure of dispersion and
1s defined as the difference between the largest and smallest
values of the variable.

In symbols. Range =L —S.
Where L = Largest value.
S = Smallest value.
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In mdividual observations and discrete series, L and S
are easily identified. In contmuous series. the following two
methods are followed.

Method 1:
L = Upper boundary of the highest class
S = Lower boundary of the lowest class.
Method 2:
L = Mid value of the highest class.
S = Mid value of the lowest class.
7.3.2 Co-efficient of Range :

Co-efficient of Range = o
L+S
Examplel:
Find the value of range and its co-efficient for the following
data.
7.9, 6, 8 11.10.4
Solution:
L=11,S =4.
Range =L—-8 =11-4=7
Co-efficient of Range = L
L+S
_11-4
11+4
7
= — =0.4667
15
Example 2:
Calculate range and its co efficient from the following
distribution.
Size: 60-63 63-66 66-69 69-72 72-75
Number: 5 18 42 27
Solution:
- L = Upper boundary of the highest class. STy
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S = Lower boundary of the lowest class.
= 60
Range=1L—-S =75-60=15
L-S
L+S
_75-60

75460
15
=0.1111

135
7.3.3 Merits and Demerits of Range :
Merits:
1. Tt is simple to understand.

Co-efficient of Range =

2. It is easy to calculate.

3. In certam types of problems like quality control. weather
forecasts, share price analysis, et c., range is most widely
used.

Demerits:

1. It 1s very much affected by the extreme items.

2. It is based on only two extreme observations.

3. It cannot be calculated from open-end class intervals.
4. Tt is not suitable for mathematical treatment.

5. Tt 1s a very rarely used measure.
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7.6 Standard Deviation and Coefficient of variation:
7.6.1 Standard Deviation :

Karl Pearson mtroduced the concept of standard deviation
in 1893. It is the most important measure of dispersion and is
widely used in many statistical formulae. Standard deviation is also
called Root-Mean Square Deviation. The reason is that it is the
square-root of the mean of the squared deviation from the
arithmetic mean. It provides accurate result. Square of standard
deviation is called Variance.

Definition:

It is defined as the positive square-root of the arithmetic
mean of the Square of the deviations of the given observation from
their arithmetic mean.

The standard deviation is denoted by the Greek letter & (sigma)

7.6.2 Calculation of Standard deviation-Individual Series :
There are two methods of calculating Standard deviation in
an individual series.
a) Deviations taken from Actual mean
b) Deviation taken from Assumed mean

a) Deviation taken from Actual mean:
This method is adopted when the mean is a whole number.
Steps:
1. Find out the actual mean of the series ( x)
. Find out the deviation of each value from the mean
k=X -X)
3.Square the deviations and take the total of squared
deviations >x*

2

"
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oA

X%
4. Divide the total ( 2x7) by the number of observation [ = }
n

N2

] 1s standard dewviation.

/

The square root of{
1

Thusco =

b) Deviations taken from assumed mean:

This method is adopted when the arithmetic mean is
fractional value.

Taking deviations from fractional value would be a very
difficult and tedious task. To save time and labour, We apply short
—cut method: deviations are taken from an assumed mean. The
formula is:

5
\ &

b2 G (Zd

o =] = J
\ N N

Where d-stands for the deviation from assumed mean = (X-A)

Steps:
1. Assume any one of the item in the series as an average (A)
2. Find out the deviations from the assumed mean: i.e.. X-A
denoted by d and also the total of the deviations >.d
Square the deviations: i.e.. d”and add up the squares of
deviations. i.e. 3.d°
4. Then substitute the values m the followmg formula:

)
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|z AN
o = _{ |

H n J

Note: We can also use the simplified formula for standard
deviation.

]. { 3 7
c=—ynxd —(Zd)
11

For the frequency distribution

C |I ¥ 7
o= INTfd® (T fd)
N (>fd)
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Example 9:

Calculate the standard deviation from the following data.
14, 22. 9, 15, 20, 17, 12,11

Solution:

Deviations from actual mean.

Values (X) X -X (X - f)z

14 -1 :

22 7 49

9 -6 36

15 0 0

20 5 25

17 2 4

12 -3 9

11 -4 16

140
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Example 10:

The table below gives the marks obtained by 10 students in
statistics. Calculate standard deviation.

StudentNos: 1 2 3 4 S 6 7 8 9 10

Marks 43 48 65 57 31 60 37 48 78 59

Solution: (Deviations from assumed mean)

Nos. Marks (x) d=C-A (A=5T) d*
1 43 -14 196
2 48 -9 81
3 65 3 64
4 57 0 0
5 31 -26 676
6 60 3 9
7 3 -20 400
8 48 -9 81
9 78 21 441
10 59 2 4

n=10 > d=-44 >d*=1952

=.1952 — 1936
= 17584 =13.26
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7.6.3 Calculation of standard deviation:
Discrete Series:

There are three methods for calculating standard deviation
in discrete series:

(a) Actual mean methods

(b) Assumed mean method

(c) Step-deviation method.

(a) Actual mean method:
Steps:
1. Calculate the mean of the series.
2. Find deviations for various items from the means 1.e..
X-v =d.
Square the deviations (= d*) and multiply by the respective
frequencies(f) we get fd*
4. Total to product (Xfd*) Then apply the formula:
p——
(2 fd”
V =f

L)

G:
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(b) Assumed mean method:

Here deviation are taken not from an actual mean but from
an assumed mean. Also this method is used, if the given variable
values are not m equal mtervals.

Steps:

1. Assume any one of the items in the series as an assumed
mean and denoted by A.
Find out the deviations from assumed mean. i.e. X-A and
denote it by d.
Multiply these deviations by the respective frequencies and
get the > fd
4. Square the deviations (d*).
Multiply the squared deviations (d* by the respective
frequencies (f) and get Xfd*
6. Substitute the values m the following formula:

2

)

N

2
\ <

_|zf (T
V= =t J
Whered=X-A., N=3f

o)

Example 11:
Calculate Standard deviation from the following data.

b & 20 22 25 31 35 40 42 45
& 5 12 15 20 25 14 10 6
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Solution:
Deviations from assumed mean
X f d=x-A d- fd fd-
(A=31)
20 5 -11 121 -55 605
22 12 -9 81 -108 972
25 15 -6 3 -90 540
31 20 0 0 0 0
35 25 4 16 100 400
40 14 9 81 126 1134
42 10 11 121 110 1210
45 6 14 196 84 1176
N=107 Yfd=167 | Xfd?
=6037
_|zfd® (zfdY’
- (58
_ 6037 B [’167 =
107 107 )
= J5642 - 244
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7.6.4 Calculation of Standard Deviation —Continuous series:

In the contmuous series the method of calculating standard
deviation 1s almost the same as m a discrete series. But i a
contiuous series. mid-values of the class intervals are to be found
out. The step- deviation method 1s widely used.

The formula is.

12 152
e Z}f;i _[21?) « C

m-A ;
d = — . C-Class mterval.
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Steps:
1.Find out the mid-value of each class.
2.Assume the center value as an assumed mean and denote
it by A

. m T ;A
3. Fmdoutd =

4 Multiply the deviations d Dby the respective frequencies and
get X1fd

5.Square the deviations and get d 2

6.Multiply the squared deviations (d *) by the respective
frequencies and get Yfd *

7.Substituting the values in the following formula to get the
standard deviation

12 | 2
= Zlil —[Zl\f:] XC

Example 13:
The daily temperature recorded i a city in Russia in a year
is given below.

Temperature C ° No. of days
-40 to 30 10
-30 to 20 18
-20 to -10 30
-10 to O 42

0 to 10 65
10 to 20 180
20 to 30 20

365

Calculate Standard Deviation.
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Solution:
Mid No. of d =
Temperature value days m- (-5*) | fd fd -
(m) f 100
-40 to -30 -35 10 -3 -30 90
-30 to -20 -25 18 -2 -36 72
-20 to -10 -15 3 -1 -30 30
-10 to -0 -5 42 0 0 0
0 to 10 5 65 1 65 65
10 to 20 15 180 2 360 720
20 to 30 25 20 3 60 180
N=365 Zfd = | =fd °
389 | =1157
12 2
o \/}:fd _(Zfd) -
N N
:\/1157 j (389] wil
365 365,

= 4/3.1699 - 1.1358 x 10

= /2.0341 x 10

= 1.4262 x 10
= 14.26°¢
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7.6.6 Merits and Demerits of Standard Deviation:
Merits:
1. It is rigidly defined and its value is always definite and
based on all the observations and the actual signs of
deviations are used.

2. As it is based on arithmetic mean. it has all the merits of
arithmetic mean.

3. It is the most important and widely used measure of
dispersion.

4. Tt is possible for further algebraic treatment.

5. Tt is less affected by the fluctuations of sampling and hence
stable.

6. It is the basis for measuring the coefficient of correlation
and sampling.

Demerits:

1. Tt is not easy to understand and 1t is difficult to calculate.

2. It gives more weight to extreme values because the values
are squared up.

As it i1s an absolute measure of variability. it cannot be used
for the purpose of comparison.

)
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7.6.7 Coefficient of Variation :

The Standard deviation is an absolute measure of
dispersion. It is expressed in terms of units in which the original
figures are collected and stated. The standard deviation of heights
of students camnot be compared with the standard deviation of
weights of students. as both are expressed in different units. ie
heights in centimeter and weights m kilograms. Therefore the
standard deviation must be converted mto a relative measure of
dispersion for the purpose of comparison. The relative measure is
known as the coefficient of variation.

The coefficient of variation is obtained by dividing the
standard deviation by the mean and multiply it by 100.
symbolically.

Coefficient of variation (C.V)= =x100

L
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If we want to compare the variability of two or more series.
we can use C.V. The series or groups of data for which the C.V. is
greater indicate that the group is more variable. less stable. less
uniform, less consistent or less homogeneous. If the C.V. is less. it
indicates that the group is less variable. more stable, more uniform.,
more consistent or more homogeneous.

Example 15:

In two factories A and B located in the same mdustrial area.
the average weekly wages (in rupees) and the standard deviations
are as follows:

Factory Average Standard Deviation | No. of workers
A 345 5 476
B 28.5 4.5 524

1. Which factory A or B pays out a larger amount as weekly

wages?
2. Which factory A or B has greater variability in individual
wages?
Solution:

Given N; = 476. X =

)

4.5, G — 5
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N, =524, X,=28.5, 62-4.5

1. Total wages paid by factory A
=34.5 x 476
=Rs.16.422

Total wages paid by factory B
=28.5 x 524
= Rs.14.934.

Therefore factory A pays out larger amount as weekly wages.

2. C.V. of distribution of weekly wages of factory A and B are
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O,

o]

C.V.(A) = « 100

1

345

=14.49

x 100

CV (B) = =2
X

4.5
28.5
=15.79
Factory B has greater variability in individual wages, since
C.V. of factory B 1s greater than C.V of factory A

x 100

ra

x 100

N

f

Example 16:
Prices of a particular commodity in five years m two cities are

given below:
Price m city A Price m city B
20 10
22 20
19 18
23 12
16 15

Which city has more stable prices?
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Solution:
Actual mean method

City A City B
Prices Deviations dx’ Prices | Deviations dy’
(X) from X=20 (Y) |fromY =15
dx dy

20 0 0 10 -5 25

22 2 4 20 5 25

19 -1 1 18 3 9

23 3 9 12 -3 9

16 -4 16 15 0 0
Yx=100 | Xdx=0 | Zdx’=30 | Ty=75 > dy=0 >dy?
=68
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— N
citya: x==% =100 _»

n 5

gl J136 =369
c,
C.V.(y) =2 x 100
:\‘
3.69
= 2 100
15
—24.6%

City A had more stable prices than City B. because the
coefficient of variation is less in City A.
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2 MARK QUESTIONS

1.Find the Arithmetic Mean for the following data.
60 75 50 42 95 46
2.Find Median and Mode for the following data.
13 16 17 15 18 14 19 15 12
3.Write the relation between Standard Deviation and Variance.
4. Calculate the Range and its Coefficient for the following data.
X : 12 14 16 18 20
f : 1 3 5 3 1
5. Define Quartile Deviation?
6. Find the Standard Deviation for the following data:
240 260 290 245 255 288 272 263 277 251

8 MARK QUESTIONS
1.Find median ,quartiles,9"decile and 56" percentile on the basis of the following data.
Marks: 20-29 30-39 40-49 . 50-59 60-69 ~70-79  80-89 90-99
No. of students: 7 11 24 32 9 14 2 1

2. Calculate the Standard Deviation and Coefficient of Variance (CV) for
the following data.

X 0-10 10- 20 20-30 | 30-40 | 40-50
f 2 5 9 3 1
3.Calculate the G.M and H.M are shown below.
value 0-10 | 10-20 | 20-30 | 30-40 | 40-50
frequency 8 12 20 6 4
4.Find the Mean deviations , Median of the following data.
Marks 20-29 | 30-39 {40-49 | 50-59 | 60-69 | 70-79 | 80 -89 | 90 - 99
No. of students 7 11 24 32 9 14 2 1

5. Calculate the Median for the following Continuous Frequency Distribution.
Wages (in Rs.) : 0-19 |20-39140-59[60-79 | 80-99

No. of Workers: 5 20 35 20 12
6.The income distribution of 102 persons is given.Calculate the quartile deviation and its
coefficient.
Income (Rs.) 200 250 300 350 400 700
No.of persons 10 16 30 21 15 10
7.Calculate the Arithmetic Mean ,median and mode for the following data.
Height (cms): 160 161 162 163 164 165 166
No. of Persons : 27 36 43 78 65 48 28
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8. Calculate the Coefficient of Variance for the following data.
77 73 75 70 72 76 75 72 74 76

9.Calculate the Median for the following.
Hourly Wages (in Rs.) |40-50| 50-60 | 60-70 70 - 80 80-90 | 90-100

Number of Employees 10 20 15 30 15 10

10. The following data give the details about salaries (in thousands of rupees) of seven
employees randomly selected from a Pharmaceutical Company.
Serial No. 1 2 3 4 5 6 7
Salary per Annum ( ‘000) | 89 | 57 | 104 { 73 | 26 | 121 | 81
Calculate the Standard Deviation and Coefficient of variance of the given data.

11. i) Calculate the range and its coefficient for the following data.
7 4 10 9 15 12 7 9 7
ii) Calculate the standard deviation for the following data.
X:20 22 25 31 35 40 42 45

f:5 12 15 20 25 14 10 6
12. Calculate the Coefficient of Variation for the following data.
X 12 15 15 18 20
F 5 7 10 4 2

Prepared by K.Aarthiya & R.Gayathri, Asst Prof, Department of Mathematics, KAHE Page 46/46




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 1 BBA COURSE NAME:BUSINESS MATHEMATICS AND STATISTICS
COURSE CODE: 18BAU202 UNIT: IV BATCH-2018-2021

UNIT — IV

SYLLABUS

Bi-variate Analysis

Simple Linear Correlation Analysis: Meaning, and measurement. Karl Pearson's co-efficient and
Spearman’s rank correlation Simple Linear Regression Analysis: Regression equations and
estimation. Relationship between correlation and regression coefficients

CORRELATION

Introduction:

The term correlation 18 used by a common man without
knowmg that he 1s making use of the term correlation. For example
when parents advice then children to work hard so that they may
get good marks. they are correlating good marks with hard work.

Thus Correlation refers to the relationship of two variables
or more. (e-g) relation between height of father and son. vield and
ramfall. wage and price mdex, share and debentures etc.

Definitions:
1. Correlation Analysis attempts to determine the degree of
relationship between variables- Ya-Kun-Chou.
2. Correlation is an analysis of the covariation between two
or more variables.- A.M.Tuttle.
Correlation expresses the inter-dependence of two sets of
variables upon each other. One variable may be called as (subject)
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independent and the other relative variable (dependent). Relative
variable is measured i terms of subject.

Uses of correlation:
1. It is used in physical and social sciences.
2. It is useful for economists to study the relationship between
variables like price. quantity etc. Businessmen estimates
costs, sales, price etc. usimg correlation.

. It is helpful in measuring the degree of relationship
between the variables like income and expenditure. price
and supply. supply and demand etc.

4. Sampling error can be calculated.

5. Tt is the basis for the concept of regression.

)

Scatter Diagram:

It is the simplest method of studying the relationship
between two variables diagrammatically. Omne variable is
represented along the horizontal axis and the second variable along
the vertical axis. For each pair of observations of two variables, we
put a dot in the plane. There are as many dots in the plane as the
number of paired observations of two variables. The direction of
dots shows the scatter or concentration of various points. This will
show the type of correlation.

1. If all the plotted pomts form a straight line from lower left hand
corner to the upper right hand corner then there is
Perfect positive correlation. We denote this as » =+1

Perfect positive Perfect Negative
Correlation Correlation
r=-1
¥ Y
0 X axis 0] X axis " Page2/37
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1. If all the plotted dots lie on a straight line falling from upper
left hand corner to lower right hand corner, there is a perfect
negative correlation between the two variables. In this case
the coefficient of correlation takes the value » = -1.

2. If the plotted points in the plane form a band and they show
a rising trend from the lower left hand corner to the upper
right hand corner the two wvariables are highly positively
correlated.

Y Y

O X axis O X axis

1. If the pomts fall in a narrow band from the upper left
hand corner to the lower right hand corner. there will be a
high degree of negative correlation.

2. If the plotted points in the plane are spread all over the
diagram there is no correlation between the two
variables.

No correlation

(r=0)
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]

Merits:
1. It is a simplest and attractive method of finding the nature
of correlation between the two variables.

2. It 1s a non-mathematical method of studying correlation. It
is easy to understand.

3. It is not affected by extreme items.

4. Tt 1s the first step in finding out the relation between the two
variables.

5. We can have a rough idea at a glance whether it is a positive
correlation or negative correlation.

Demerits:

By this method we cannot get the exact degree or
correlation between the two variables.
Types of Correlation:
Correlation 1s classified mto various types. The most
important ones are
1) Positive and negative.
i1) Linear and non-linear.
111) Partial and total.
1v) Simple and Multiple.

Positive and Negative Correlation:

It depends upon the direction of change of the variables. If
the two variables tend to move together in the same direction (ie)
an increase in the value of one variable is accompanied by an
increase in the value of the other. (or) a decrease in the value of one
variable is accompanied by a decrease in the value of other. then
the correlation is called positive or direct correlation. Price and
supply. height and weight. yield and rainfall. are some examples of
positive correlation.

If the two variables tend to move together in opposite
directions so that mcrease (or) decrease in the value of one variable
is accompanied by a decrease or imcrease i the value of the other
variable. then the correlation is called negative (or) mverse
correlation. Price and demand, yield of crop and price. are
examples of negative correlation.
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Linear and Non-linear correlation:
If the ratio of change between the two variables is a
constant then there will be linear correlation between them.
Consider the following.

X 2 B 6 8 10 12

Y 3 6 9 12 15 18

Here the ratio of change between the two variables is the
same. If we plot these points on a graph we get a straight line.

If the amount of change in one variable does not bear a
constant ratio of the amount of change in the other. Then the
relation is called Cwrvi-linear (or) non-lmear correlation. The
graph will be a curve.

Simple and Multiple correlation:

When we study only two variables. the relationship is
simple correlation. For example, quantity of money and price level,
demand and price. But in a multiple correlation we study more
than two variables simultaneously. The relationship of price,
demand and supply of a commodity are an example for multiple
correlation.

Partial and total correlation:

The study of two variables excluding some other variable is
called Partial correlation. For example. we study price and
demand eliminating supply side. In total correlation all facts are
taken mto account.

Computation of correlation:

When there exists some relationship between two
variables. we have to measure the degree of relationship. This
measure is called the measure of correlation (or) correlation
coefficient and it is denoted by ‘1.

Co-variation:

The covariation between the variables x and y is defined as
S(x=x)(r—)
n
x and yand ‘n’ is the number of pairs of observations.

ov( Xy) = 'here x, y are respecti ans of
Cov( x where x. y are respectively means of
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Karl pearson’ s coefficient of correlation:

Karl pearson. a great biometrician and statistician,
suggested a mathematical method for measuring the magnitude of
linear relationship between the two variables. It i1s most widely
used method m practice and it is known as pearsonian coefficient of
correlation. It is denoted by “ 7’ . The formula for calculating * " is
(1) r = Cov(x,y) where 6 . 6 are SDofxandy
G,.C, ‘
respectively.

2 Xy

(u) p= '/_‘—
n G, G,

T XY _
G — i _ Rt 3 7= 55

when the deviations are taken from the actual mean we can apply
any one of these methods. Simple formula is the third one.

The third formula is easy to calculate. and it is not
necessary to calculate the standard deviations of x and y series
respectively.

Steps:
1. Fmnd the mean of the two series x and y.
2. Take deviations of the two series from x and y.

X=x—x,Y=y—y
Square the deviations and get the total, of the respective
squares of deviations of x and y and denote by XX .

Y’ respectively.

4.  Multiply the deviations of X and y and get the total and
Divide by n. This is covariance.

Substitute the values m the formula.

)

N

cov(x.¥) _ Z(x—x) (¥ - ¥)/n

E=
: GX.GY >(x—x)° \/z(.v ) YT
n I
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The above formula is simplified as follows

2 XY = =
r = ., X=x—-x.,Y=y-y

Example 1:

Find Karl Pearson’s coefficient of correlation from the following
data between height of father (x) and son (y).

X 64 65 66 67 68 69 70

) 66 67 65 68 70 68 72
Comment on the result.
Solution:
x |¥ |R—w=x | X |0y | ¥ |B¥
X~=%-67 Y =y-68
64 66 -3 9 -2 4 6
65 67 -2 4 -1 1 2
66 65 -1 1 -3 9 3
67 68 0 0 0 0 0
68 70 1 1 2 4 2
69 68 2 4 0 0 0
70 72 3 9 4 16 12
469 | 476 0 28 0 34 28
Y=
25 25
r = = = 0.81
952 30.85

Since r = + 0.81, the variables are highly positively correlated. (ie)
Tall fathers have tall sons.
Working rule (i)
We can also find » with the following formula
Cov(x.y)
G,.0,

We have r=

Sx-x)(-y) _ Z(y+xy—yx—xy)

Cov( xy) =
n n
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XXy yZx XXy XY
= = e +
n n n n
b 3 A _ b %
3 X — - - pey) —_
Cov(xyy) = ——-— )/Z = X Pk )917 = ——— X)
n n
2 7 le —2 ) 2 Yy© —3
ox = =X Ty =— -y
n n
Cov(x.v
Now r= (x.9)
G,.C,
xy —
—— X}

nXxy - (Zx) (Zy)

\/[112\‘2 — () [1Zy* -Cy)*]
Note: In the above method we need not find mean or standard
deviation of variables separately.

Example 2:
Calculate coefficient of correlation from the following data.

X | 2 3 4 5 6 7 8 9
4 9 8 10 12 11 13 14 16 15
% y X v Xy
1 9 1 81 9
2 8 4 64 16
3 10 9 100 30
4 12 16 144 48
5 11 25 121 55
6 13 36 169 78
7 14 49 196 98
8 16 64 256 128
9 15 81 225 135

. 45 108 285 1356 597
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B nxxy - (2x) (Zy)
e - (@0 - ()]
) 9 x 597 - 45 x 108
\/(9x285—(45)2 ).(9%1356 — (108)*)
5373 - 4860
J(2565—2025)(12204—11664)
513 513

= = = 095
540 x 540 540

Iz

].4

Working rule (ii) (shortcut method)
Cov(x,v)
G,.C,

We have r=

x—x)(y—y
where Cov( x.y) = (x—x)(y—y)
n
Take the deviation from x as X — A and the deviation from y as
y-B

Covty) = LGN [0-5)- G- B)

1 ==
= 2 [(x-4) (y-B) - (x-4) (y-B)

- (x=A4)(y-B)+(x—A)(y - B)]

- lsw-9 -8B - G-By 25D

1
 GopZ-B) I A= B)
‘ ) n n
X(x-A4)(v-B) B (_\_'—B) (;__ nA)
- n n
= iy B 2 =
! ~ (x—4) (_1‘—”T)+(.\‘—-4) (y—B) _
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S(x-A)(y-B)
= ¥
~ =4y B)+ (= B)
(x - A)(v - B)

- (v-B) (x- 4)

- ~(x— 4) (»-B)
n
Letx-A=u,; yv-B =1 x—A=u, yv—-B=v
Yoy ——
: 2
SCov(xy) = ——uv
n
2 E”z —2 y
oxX, =———U =0CU
H
2
) XV = 2
oF, = -V =0V

73
’ n

nZuv —(Zu)(Zv)

o \/[HE“? - (Eu)l]-[{ﬂzvl)— (E")zj

Example 3:

Calculate Pearson’ s Coefficient of correlation.

X |45 |55 |56 |58 |60 |65 |68 |70 |75 |80 |85
Y |56 |50 |48 |60 |62 |64 |65 |70 |74 |82 |90

X |Y |u=x-A |v=y-B |u v uv

45 56 -20 -14 400 196 280

55 50 -10 -20 100 400 200

56 48 -9 -22 81 484 198

58 60 -7 -10 49 100 70

60 62 -5 -8 25 64 40

65 64 0 -6 0 3

68 65 3 -5 9 25 -15

70 70 5 0 25 0

75 74 10 4 100 16 40

30 32 15 12 225 144 180

85 90 20 20 400 400 400
: 2 -49 1414 1865 1393 —
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nXuv —(Zu) (Zv)

r=

\,'[n_u ~(Zu?)] [nZv' -(Cv)’]
. 11 x1393—2x(—49)

J(1414x11—(2)*) x (1865 x 11— (—49)*)

542 542
_ 15421 _ 15421 1092
V15550 x 18114 16783.11

Limitations:

1. Correlation coefficient assumes linear relationship regardless
of the assumption is correct or not.

. Extreme items of variables are being unduly operated on
correlation coefficient.

. Existence of correlation does not necessarily indicate cause-
effect relation.

o

)

Interpretation:

The following rules helps m mterpreting the value of ‘1.

1. When r = 1. there is perfect +ve relationship between the
variables.

. When r = -1. there 1s perfect —ve relationship between the
variables.

. When r = 0. there 1s no relationship between the variables.

. If the correlation is +1 or —1. it signifies that there is a high
degree of correlation. (+ve or —ve) between the two variables.

If r 1s near to zero (ie) 0.1.-0.1. (or) 0.2 there is less correlation.

o

)

=
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Rank Correlation:

It 1s studied when no assumption about the parameters of
the population is made. This method is based on ranks. It is useful
to study the qualitative measure of attributes like honesty. colour.
beauty., mtelligence, character, morality etc.The individuals in the
group can be arranged in order and there on. obtaining for each
individual a number showing his’/her rank in the group. This
method was developed by Edward Spearman in 1904. It is defined

6XD’

n =M
Note: Some authors use the symbol p for rank correlation.
¥D” = sum of squares of differences between the pairs of ranks.
n = number of pairs of observations.

The value of r lies between —1 and +1. If r = +1, there 1S
complete agreement in order of ranks and the direction of ranks is
also same. Ifr =-1. then there is complete disagreement in order of
ranks and they are in opposite directions.

Computation for tied observations: There may be two or more
items having equal values. In such case the same rank is to be
given. The ranking is said to be tied. In such circumstances an
average rank is to be given to each imdividual item. For example if
the value so is repeated twice at the 5 rank. the common rank to

: : . 5+6 . .
be assigned to each item is = = 5.5 which is the average of 5

—

a8 ©£=4- 1 = rank correlation coefficient.

and 6 given as 5.5, appeared twice.
If the ranks are tied, it is required to apply a correction

factor which is % (m'-m). A slightly different formula is used

when there is more than one item having the same value.

The formula 1s

2 1 3 1 3
3 —_— — —
6[XD" + S (m™ —m)+ i (m™—m)+....]

] 1.: 1_ — = ——

] 113 Gt { Page 14/37
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Where m 1s the number of items whose ranks are conunon
and should be repeated as many times as there are tied
observations.

Example 6:

In a marketing survey the price of tea and coffee in a town based on
quality was found as shown below. Could you find any relation
between and tea and coffee price.

Price of tea 88 90 95 | 70 | 60 75 50
Price of coffee | 120 | 134 | 150 | 115|110 | 140 | 100
Price of Rank Price of Rank D D’
tea coffee
88 3 120 4 1 1
90 2 134 3 1 1
95 1 150 1 0 0
70 5 115 5 0 0
60 6 110 6 0 0
75 4 140 2 2 4
50 7 100 7 0 0
YD =6
72
1‘=1—6;D = 1- 6q><6
no—n 7 =7
~1-2% — 1 o107
ol
=0.8929

The relation between price of tea and coffee is positive at
0.89. Based on quality the association between price of tea and
price of coffee is highly positive.

Example 7:
In an evaluation of answer script the following marks are awarded
by the examiners.
1* 88 95 70 960 |50 80 75
2™ 184 [90 |88 |55 [48 |8 |82 |72 “Page 16/37
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Do vou agree the evaluation by the two examiners is fair?

X R1 y R2 D D’
88 2 84 4 2 4
95 1 90 1 0 0
70 6 88 2 4 16
60 7 55 7 0 0
50 8 48 8 0 0
80 4 85 3 1 1
85 3 75 6 3 9
30
61D’ 6x 30
r=1-— =1-—
no—n 8 -8
180 0357 = 0.643
504

r = 0.643 shows fair in awarding marks in the sense that uniformity
has arisen m evaluating the answer scripts between the two
examniners.

Example 8:

Rank Correlation for tied observations. Following are the marks
obtamed by 10 students in a class in two tests.

Students | A B C D E F G H I T
Test 1 70 |68 |67 |55 |60 |60 |75 |63 60 | 72
Test 2 65 | 65 80 |60 |68 |58 |75 |63 60 | 70
Calculate the rank correlation coefficient between the marks of two tests.
Student | Test 1 R1 Test 2 R2 D D’
A 70 3 65 5.5 -2.5 6.25
B 68 4 65 5.5 -1.5 2.25
C 67 5 80 1.0 4.0 16.00
D 55 10 60 8.5 1.5 2.25
E 60 8 68 4.0 4.0 16.00
F 60 8 58 10.0 -2.0 4.00
G 75 1 75 2.0 -1.0 1.00
H 63 6 62 7.0 -1.0 1.00
I 60 8 60 8.5 0.5 0.25
T 72 2 70 3.0 -1.0 1.00
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60 1s repeated 3 times in test 1.
60.65 is repeated twice in test 2.
m=3m=2:m=2

o M B I s s B
SR = 3 _ = 30 g NS 3
6[2D" - 5 (m” —m) + = (m” —m)+ - (m” —m)

1.: 1— o 3_ s
1 -—n
I 5 e Bl
L B QJ_Q Ll o2 ﬁ)_" o ‘)J_‘)
_ 1_6[30+12(3 D)elz(- -)+12(— 2)]
10° —10
_ | _6[50+2+0.5+05]
990
6x53 672
= 12222 _ 22 _ g8
990 990
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9.1 Introduction:

After knowing the relationship between two variables we
may be mterested i estimating (predicting) the value of one
variable given the value of another. The variable predicted on the
basis of other variables is called the “dependent™ or the ‘ explained’
variable and the other the * independent” or the * predicting” variable.
The prediction is based on average relationship derived statistically
by regression analysis. The equation. linear or otherwise. is called
the regression equation or the explaining equation.

For example. if we know that advertising and sales are
correlated we may find out expected amount of sales for a given
advertismg expenditure or the required amount of expenditure for
attaining a given amount of sales.

The relationship between two variables can be considered
between. say. rainfall and agricultural production, price of an mput
and the overall cost of product. consumer expenditure and
disposable mcome. Thus, regression analysis reveals average
relationship between two variables and this makes possible
estimation or prediction.

9.1.1 Definition:

Regression is the measure of the average relationship
between two or more variables m terms of the original units of the
data.

9.2 Types Of Regression:
The regression analysis can be classified mto:
a) Simple and Multiple
b) Linear and Non —Linear
¢) Total and Partial
a) Simple and Multiple:
In case of simple relationship only two variables are
considered. for example, the influence of advertising expenditure
on sales turnover. In the case of multiple relationship. more than
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two variables are involved. On this while one variable is a
dependent variable the remaining variables are independent ones.

For example, the turnover (y) may depend on advertising
expenditure (x) and the income of the people (z). Then the
functional relationship can be expressed as y =1 (X.z).

b) Linear and Non-linear:

The linear relationships are based on straight-line trend. the
equation of which has no-power higher than one. But. remember a
linear relationship can be both simple and multiple. Normally a
linear relationship is taken mto account because besides its
simplicity, it has a better predective value. a linear trend can be
easily projected mto the future. In the case of non-linear
relationship curved trend lines are derived. The equations of these
are parabolic.

¢) Total and Partial:

In the case of total relationships all the important variables
are considered. Normally, they take the form of a multiple
relationships because most economic and business phenomena are
affected by multiplicity of cases. In the case of partial relationship
one or more variables are considered. but not all. thus excluding the
influence of those not found relevant for a given purpose.

9.3 Linear Regression Equation:

If two wvariables have linear relationship then as the
independent variable (X) changes, the dependent variable (Y) also
changes. If the different values of X and Y are plotted. then the two
straight lines of best fit can be made to pass through the plotted
points. These two lines are known as regression lines. Again. these
regression lines are based on two equations known as regression
equations. These equations show best estimate of one variable for
the known value of the other. The equations are linear.

Linear regression equation of Y on X is
Y=a+bX...(1)
And Xon Yis
X =ag+bY....A2)
a, b are constants. Page 21/37
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From (1) We can estimate Y for known value of X.
(2) We can estimate X for known value of Y.
9.3.1 Regression Lines:

For regression analysis of two variables there are two
regression lines, namely Y on X and X on Y. The two regression
lines show the average relationship between the two variables.

For perfect correlation, positive or negative i.e.. 1=+ 1.
the two lines coincide i.e., we will find only one straight line. If r =
0. 1.e., both the variables are independent then the two lines will cut
each other at right angle. In this case the two lines will be parallel
to X and Y-axes.

> =

YA

> >
O X O X

Lastly the two lines intersect at the point of means of X and
Y. From this point of mtersection. if a straight line is drawn on X-
axis. 1t will touch at the mean value of x. Similarly. a perpendicular
drawn from the poimnt of intersection of two regression lines on Y-
axis will touch the mean value of Y.

A Y,
Y] r=0 L
(x.y)
@) » X '8) ’X
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9.3.2 Principle of © Least Squares’ :

Regression shows an average relationship between two
variables. which is expressed by a line of regression drawn by the
method of “least squares”. This line of regression can be derived
graphically or algebraically. Before we discuss the various methods
let us understand the meaning of least squares.

A line fitted by the method of least squares i1s known as the
line of best fit. The line adapts to the following rules:

(1) The algebraic sum of deviation m the individual
observations with reference to the regression line may be
equal to zero. 1.e..
2(X-Xc)=0o0orX(Y-Yc)=0

Where Xc and Yc are the values obtained by regression analysis.

(11) The sum of the squares of these deviations is less than
the sum of squares of deviations from any other line. i.e..
MY =Yo)< X (VM)

Where Ai = corresponding values of any other straight line.

(111)  The lmes of regression (best fit) intersect at the mean

values of the variables X and Y, ie.. intersecting pomt 1s

X,V.
9.4 Methods of Regression Analysis:
The various methods can be represented in the form of chart
given below:

Regression methods

Graphic ‘ Algebraic
(through regression lines)  (through regression equations)

Scatter Diagram

Regression Equations Regression Equations
(through normal equations)  (through regression coefficient) Page 24/37
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9.4.1 Graphic Method:
Scatter Diagram:

Under this method the poimnts are plotted on a graph paper
representing various parts of values of the concerned variables.
These points give a picture of a scatter diagram with several points
spread over. A regression line may be drawn in between these
points either by free hand or by a scale rule m such a way that the
squares of the vertical or the horizontal distances (as the case may
be) between the points and the line of regression so drawn is the
least. In other words, it should be drawn faithfully as the line of
best fit leaving equal number of points on both sides m such a
manner that the sum of the squares of the distances is the best.

9.4.2 Algebraic Methods:
(1)  Regression Equation.
The two regression equations
for XonY: X=a +bY
And for YonX: Y=a+bX
Where X. Y are variables. and a.b are constants whose
values are to be determined

For the equation, X =a + bY
The normal equations are
>X=na +bXY and
YXY =aXY +bTY’
For the equation, Y=« + bX. the normal equations are
>Y =na+ b2 X and
>XY =aXX +brX’
From these normal equations the values of @ and b can be

determined.
Example 1:
Find the two regression equations from the following data:
X: 6 2 10 4 8
) & 9 11 5 8 7
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X XV X2 \."2 my
6 9 36 81 54
2 11 4 121 22
10 5 100 22 50
4 8 16 64 32
8 7 64 49 56
30 40 220 340 214

Regression equation of Y on X is Y =« + bX and the
normal equations are

2Y =na+b2X

>XY =aXX + bXX
Substituting the values, we get

40 = 5a+30b.... (1)

214 = 30a +220b .....(2)
Multiplying (1) by 6

240 = 30a + 180b.....(3)

2)—-(3) -26 = 40D

’.
or b=- 20 =-0.65

4

Now. substituting the value of * 5" in equation (1)
40=>5a-19.5
5a=59.5
995

5
Hence, required regression lime Yon X1s Y=11.9-0.65 X.
Again. regression equation of X on Y is

X =a+ bY and

a =11.9

The normal equations are
>X = na+5bXY and
>XY =aXY + bXY>
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Now. substituting the corresponding values from the above table.
we get
30= S5a + 40b...(3)
214 =40a + 340b ...(4)
Multiplying (3) by 8, we get
240 =40a + 320 b ...(5)
(4) —(5) gives

-26=20b
2

b=-20 =13
20

Substituting b = - 1.3 in equation (3) gives
30="5a-52

5a =82
82
a=— =164
5
Hence, Required regression line of X on Y is
X=164-13Y

(ii) Regression Co-efficents:

: : i, ; = G, =
The regression equation of Yon Xis y, =y +r—L(x—x)
G
X

Here, the regression Co.efficient of Y on X is

G
b= b—l—
G

X
y,=y+b(x—x)
The regression equation of X on Y is
- o) i
X, =x+r—=0(-y)
c

y

Here, the regression Co-efficient of X on Y

b, =b, =rx
Gy

.= f+b3(_1’ ~7)
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If the deviation are taken from respective means of x and y
_2EX-5F-Y) _ 2w
> (X=X 2

Z(.Y X)Y-Y) =Z.\;-
T Z()'-)) >y

where x =X - X, y=Y-— Y
If the deviations are taken from any arbitrary values of x and y
(short — cut method)

5 = an —21121
nZu —(Zu)

b 712111'—21121‘
HZ\'Z—(Z\‘)_

whereu=x—-A:v=Y-B

A= anyvalue n X
B= anyvaluemY

and

bl_ vx =

9.5 Properties of Regression Co-efficient:

1. Both regression coefficients must have the same sign. ie either
they will be positive or negative.

2. correlation coefficient is the geometric mean of the regression
coefficients ie. » = +,/Db,

)

. The correlation coefficient will have the same sign as that of the
regression coefficients.

4. If one regression coefficient is greater than unity, then other
regression coefficient must be less than unity.

. Regression coefficients are independent of origin but not of
scale.

6. Arithmetic mean of by and b, is equal to or greater than the

5 2 - ; : b +b
coefficient of correlation. Symbolically % >

o
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7. If 1=0, the variables are uncorrelated . the lines of regression
become perpendicular to each other.

8. If r=+1. the two lines of regression either coincide or parallel to
each other

: . . 1 nm,—m
9. Angle between the two regression lines is 6 = tan L‘—’:|
-+ m,m
I

where my and.m, are the slopes of the regression lines X on Y
and Y on X respectively.

10.The angle between the regression lines indicates the degree of
dependence between the variables.

Example 2:

. ) 4 9
If 2 regression coefficients are by=— and b, =— .What would be

the value of 1?2

Solution:
The correlation coefficient , r = i,/ b,b,
4 9
— S X .
5 20
( 36
100 10
Example 3:

g
Given b; = % and b, =

| W
ny|
E.
(R
[y

Solution:

8

7 It is not possible since r, cannot be greater than one. So the given
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Example 4:
Compute the two regression equations from the following data.
X |1 |2 3 (4 |5
Y |2 |3 5 |4 |6
If x =2.5. what will be the value of y?

Solution:
X Y x=X-X | y=Y-Y | X y Xy
1 2 -2 -2 4 4 4
2 3 -1 -1 | | -1
3 5 0 0 | 0
4 4 1 1 0 0
5 6 2 2 4 4 4
15 20 20 10 10 9
- AR o
_‘J:“:1 _1 =3
n 5
FI¥_20_
7 5
Regression Co efficient of Y on X
xy 9
=—=—=—=09
O >x* 10

Hence regression equation of Y on X 18
Y=Y+b, (X-X)

=4+09 (X-3)

=4+09X-27

=1.3 +0.9X
when X =2.5

Y=13+09+x25
=3.55
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Regression co efficient of X on Y
>xy 9

by = =2 =—=09

Yy? 10

So. regression equation of X on Y 18

X=X+b (Y-T)

= 3+09(Y—-4)
=3+09Y -3.6
= 0.9Y-0.6
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Example 6:

In a correlation study. the following values are obtained

X X
Mean 65 | 67
SD 25 | 35

Co-efficient of correlation = 0.8
Find the two regression equations that are associated with the
above values.
Solution:
Given,
X =65,Y =67,0:,=25,64~3.5,r=038
The regression co-efficient of Y on X is

_ o
byx_ bl—l—

e}

.

OS]
N

=

8x——==112

12
1

The regression coefficient of X on Y is

3.5
Hence. the regression equation of Y on X is

Y, =Y +h(X-X)
=67 +1.12 (X-65)

=67+1.12X- 728
=1.12X-5.8
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The regression equation of X on Y is
X,=X+b,(Y-7)
=65+0.57 (Y-67)

=65+0.57Y —38.19
=26.81+0.57Y

9.7 Uses of Regression Analysis:

1. Regression analysis helps in establishing a functional

relationship between two or more variables.

2. Since most of the problems of economic analysis are based on
cause and effect relationships. the regression analysis is a highly
valuable tool in economic and business research.

. Regression analysis predicts the values of dependent variables
from the values of independent variables.

4. We can calculate coefficient of cormrelation ( r) and coefficient of
determination ( r°) with the help of regression coefficients.

. In statistical analysis of demand curves. supply curves,
production function, cost function. consumption function etc..
regression analysis is widely used.

)

N
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9.8 Difference between Correlation and Regression:

S.No Correlation Regression

1 Correlation is the relationship Regression means

between two or more variables, | going back and it is a

which vary in sympathy with the | mathematical measure
other in the same or the opposite | showing the average
direction. relationship between
two variables

Both the variables X and Y are Here X 1s a random

random variables variable and Y is a

fixed variable.
Sometimes both the
rariables may be

o

random variables.

3 It finds out the degree of It mdicates the causes
relationship between two and effect relationship
variables and not the cause and between the variables
effect of the variables. and establishes

functional relationship.
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4

It 1s used for testing and
verifying the relation between
two variables and gives limited
mformation.

Besides verification it
is used for the
prediction of one

ralue. in relationship
to the other given
value.

h

The coefficient of correlation is
a relative measure. The range of
relationship lies between —1 and
=i |

Regression coefficient
is an absolute figure. If
we know the value of
the independent
variable. we can find
the value of the
dependent variable.

There may be spurious
correlation between two
variables.

In regression there 1s
1no such spurious
regression.

It has limited application,
because it 1s confined only to
linear relationship between the
variables.

It has wider
application, as it
studies linear and non-
linear relationship
between the variables.

It is not very useful for further
mathematical treatment.

It 1s widely used for
further mathematical
treatment.

If the coefficient of correlation is
positive, then the two variables
are positively correlated and
vice-versa.

The regression
coefficient explains
that the decrease mn one
variable 1s associated
with the increase m the
other variable.
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2 MARK QUESTIONS

1. Define Correlation.

2. Define Standard Error and Probable Error.

3.Give any two points on merits and Demerits of Spearman’s Rank correlation and Regression
4. Distinguish between correlation and Regression

8. Msntig hs-ditfsrent R kiR Hlati®&ression equstions.

7.1fr =0.78,0, = 2.5,0,, = 3.5 then find by,
8. write the formula for Rank correlation

8 MARK QUESTIONS

1. Distinguish between correlation and Regression ( minimum 8 Points)
2. Marks obtained by 8 students in Accountancy (X) and Statistics (Y) are given
below. Compute Rank Correlation Coefficient.

X 25 20 28 22 40 60 20
Y 40 30 50 30 20 10 30
3. You are given the following data:
X Y
Arithmetic mean 36 85
Standard deviation 11 8

Correlation coefficient between X and Y = 0.66
1)Find the two regression equations.
ii) Find r.

4. Find Karl Pearson s coefficient of correlation from the following data .
X : 100 101 102 102 100 99 97 98 96 95
Y : 98 99 99 97 95 92 95 94 90 91
5. From the data given below find the two regression lines.
X: 10 12 13 12 16 15
Y: 40 38 43 45 37 43.
1) Estimate ¥ when X = 20.
ii) Estimate X when Y = 25.
6. Find the Karl Pearson’s coefficient of correlation from the marks secured by 10
students in Accountancy and statistics.
Marks in Accountancy (X): 45 70 65 30 90 40 50 75 85 60
Marks in statistics (Y): 35 90 70 40 95 40 60 80 80 50.
7. In a correlation study, the following values are obtained

X Y
Mean 65 67
S.D 2.5 3.5

Coefficient of correlation = 0.8
Find the two regression equations.
8. Find the Spearman’s rank correlation coefficient for the following data.
X: 68 64 75 50 64 80 75 40 55 64
Y: 62 58 68 45 81 60 68 48 50 70
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9. Following are the rank obtained by 10 students in two subjects. Find the Spearman’s
rank correlation coefficient.
Statistics: 1 2 3 4 5 6 7 8 9 10
Maths: 2 4 1 5 3 9 7 10 6 8
10. Develop the Regression Equation that best fit the data given below using annual
income as an independent variable and amount of life insurance as dependent variable.
Annual Income (Rs. in 000’s) 62|78 |41 |53]|85]| 34
Amount of Life Insurance (Rs. in 00’s) 251301015 |50| 7
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