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Concept and Scope of operation research and . i 2 i

1 1 Phase of OR study and models in OR $5:Chap-1 Pg.No:3-7&11-18

5 1 Advantageg limitations and rules of S5:Chap-1 Pg.N0:30-33
computers in OR
Formulation linear programming models-

3 1 graphical solution of linear programming S1:Chap-3 Pg.N0:25-28
model- problems

4 1 Tutorial-1

5 1 The simplex method —outline and computing $2:Chap-4 Pg.N0:106-115
procedure-problems

6 1 Use of artificial variables and Big-M $5:Chap-2 Pg.No:158-165
method-problems

7 1 Problems on Two phase method S5:Chap-2 Pg.N0:166-176

8 1 Tutorial-11

9 1 Recapitulation & discussion of possible
questions

Total No of Hours Planned For Unit 1=9
UNIT Il

Introduction to Transportation problem and

1 1 initial basic feasible solution to S5:Chap-9 Pg.N0:217-219
transportation cost-Northwest corner rule

9 1 Probler_ns on Least cost method — Vogel’s S5:Chap-9 Pg.N0:219-224
approximation method
Find optimal solution by using Modified

3 1 Distribution method, Degeneracy in TP and | S2:Chap-9 Pg.N0:286-290
unbalanced TP-problems

4 1 Tutorial-I

5 1 Flnd_aIFern_atlv_e optimal solu_tlons and $2:Chap-9 Pg.N0:297-299
maximization in transformation problems
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Assignment problem- Hungarian method of

6 1 A . S2:Chap-10 Pg.N0:317-320
solving assignment problem
Problems on multiple optimum solution on _ i 2R,

7 1 maximization in AP, unbalanced AP and 52:Chap-10 Pg.N0:326-329 &

T 337-339

restrictions in AP

8 1 Tutorial-111

9 1 Recapitulation & discussion of possible
questions

Total No of Hours Planned For Unit 11=9
UNIT 11

Network analysis and construction of

1 1 networks, Components and Precedence S6:Chap-25 Pg.No:763-765
relationship

5 1 Events-Activates-rules of network S6:Chap-25 Pg.No0:765-768
constructions- problems

3 1 Concept on errors and dummies in network. | S4:Chap-6 Pg.No:277-280

4 1 PERT/CPM networks- Project scheduling S7:Chap-15 Pg.No0:15.4-15.8
with uncertain activity times

5 1 Tutorial-I

6 1 Critical Path Analysis-forward and backward | S7:Chap-15 Pg.N0:15.17-15.21
pass method based problems

. 1 Concept on Float(or slack) of an activity and | S6:Chap-25 Pg.N0:795-805
event- time

8 1 Cost trade-offs- crashing activity times based | S6:Chap-25 Pg.N0:795-805
problems

9 1 Tutorial-11

10 1 Recapitulation & discussion of possible
questions
Total No of Hours Planned For Unit 111=10
UNIT IV

1 1 Introduction to inventory model and S5:Chap-12 Pg.N0:880-893
Economic order quality models

9 1 Quantity discount model and stochastic S5:Chap-12 Pg.N0:898-904
inventory model problems

3 1 Multi product models and inventory control | S5:Chap-12 Pg.N0:924-930
models in practices

4 1 Introduction on Queueing models, queueing | S5:Chap-10 Pg.No0:785-789
systems and structure

5 1 Tutorial-I
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5 1 Notation parameter, single server and multi | S6:Chap-25 Pg.N0:591-596
server models problems
Poisson input- exponential service, Constant | S6:Chap-25 Pg.N0:588-590
7 1 rate service and infinite populations
problems
8 1 Tutorial-Il1
9 1 Recapitulation & discussion of possible
questions
Total No of Hours Planned For Unit IV=9
UNIT V
1 1 Intr_oc_juctlon to deC|s_|(_)n models, anatomy of S6:Chap-16 Pg.N0:415-417
decision theory, decision models
Probabilistic decision models , Maximum
2 1 likelihood Rule, Expected payoff creation, S6:Chap-16 Pg.N0:417-419
Competitive decision models problems
Maximin, Minimax, Savage, Hurwicz, ) i A10.
3 ! Laplace decision Models- problems S6:Chap-16 Pg.N0:419-423
4 1 Tutorial-1
Introduction on Game theory and Two
5 1 person zero sum games- graphical sol_utlon, $6:Chap-17 Pg.N0:443-455
Algebraic solutions, linear programming
solution
5 1 Repl_acer_nent models_- models based on S7:Chap-11 Pg.N0:11.2-11.9
service life- economic life
; 1 gmgle/_ Multi varlab_le search technique- $7:Chap-10 Pg.N0:10.1-10.22
ynamic programming
Simulation techniques- introductions and _ p—
8 1 types of simulation- Monte Carlo simulation S7:Chap-17 Pg.No:17.1-17.5
9 1 Tutorial-11
10 1 Recapitulation & discussion of possible
questions
11 1 Discussion of previous ESE question papers
12 1 Discussion of previous ESE question papers
13 1 Discussion of previous ESE question papers
Total No of Hours Planned For Unit 1=13

Suggested Reading

1. Frederick S.Hillier, Gerald J. Lieberman, (2017). Introduction to Operations Research, 10"
Edition, McGraw Hill Education, New Delhi.
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2. Sharma J.K., (2017). Operations Research -Theory Applications, Macmillan India Ltd, 6"
Edition, Lakshmi Publications, New Delhi.

3. Srinivasan G.,(2017). Operations Research -Principles and Applications, PHI, New Delhi.

4. Hamdy A.Taha., (2014).Operations Research-An Introduction, 9™ Edition ,Pearson
Education, New Delhi.

5. Gupta P K., D.S.Hira(1976). Operations Research , Sultan Chand and Sons, New Delhi.

6. Kanthi Swarup, Gupta P.K.,and Man Mohan.,(2016). Operations Research, Sultan Chand
and Sons, New Delhi.

7. Sundaresan V., Ganapathy Subramanian K.S., and Ganesan K.,(2014). Resource

Management Techniques, A. R. Publications, Nagapatinam.

Signature student Representative Signature of the Course Faculty

Signature of the Class Tutor Signature of Coordinator

Head of the Department
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I M.Sc. MATHEMATICS COURSENAME: FLUID DYNAMICS
COURSE CODE; 19MMP206 UNIT; | BATCH-2019-2021
UNIT-I

Velocity — Stream Lines and Path Lines — Stream Tubes and Filaments — Fluid Body — Density
— Pressure. Differentiation following the Fluid — Equation of continuity — Boundary conditions
— Kinematical and physical — Rate of change of linear momentum — Equation of motion of an
in viscid fluid.

INTRODUCTION

Fluid dynamics is the science of treating of fluids in motion. Fluid may be divided into
two kinds
Liquids

Gases

A liquids are incompressible and gases are compressible fluids
COMPRESSIBLE

It means changes in volume whenever the pressure changes.
INCOMPRESSIBLE

It means changes in volume donot change when the pressure changes.
NOTE 1

The term hydro dynamics is often applied to the science of measuring.
Incompressible fluid
NOTE 11

Matter classified into three types
Elasticity
Plasticity

Flow
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VISCOUS AND INVISCID FLUID

Suppose that the fluid element is enclosed by the surface S. Let ds be the surface element
around a point p. Then a surface force acting on the surface. It may be resolved into normal

direction and tangential direction.
Normal forces per unit area is said to be normal stress.(pressure)
The tangential forces per unit area is called shearing stress.

A fluid is said to be viscous (real fluid) when normal stress as well as shearing stress

exists .
Eg: oil for viscous fluid dam water for inviscid fluid.
Velocity of the fluid at a point

At atime ‘t’ a fluid particle is at the point p.

Here OP =rand at a time 7 + & the same particle has reached P’
OP =r+&

And PP =&
The particle velocity q at p is

—limi ; ptir
q 8150 St - 4 dt

Clearly q is displacement on both r and t
So q=q(r.t)
It p has Cartesian coordinates (X,y,z) relative to the fixed point O

. We get q=q(x,y.z,t)
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Ie further suppose u,v,w are the Cartesian components of q in their direction

q=qi+uf+v]'+w/€

In general r is represented by » = xi + )j +zk then g = dr

dt

:%(x?+y]'+zl€)

g =ui +vj +wk
DEFINITION

Fluid dynamics is a branch of science treating the study of fluid in motion
The term fluid is a substance that flows is called solid.
The fluid is divided into two kinds.

Liquids => which are in compression

Gases => which are in compression

LAMINAR FLOW

A flow in which the fluid particles trace out a definite curve and a curve traced by any

two fluid particles do not intersect is said to be laminar flow
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TURBULENTFLOW

A flow in which the fluid particles do not trace out a definite curve and curve traced by

any two fluids will intersect is said to be turbulent flow
STEADY FLOW

A flow in which the flow pattern remains unchanged with time is said to be steady flow

Here p may be velocity, density, pressure, temperature etc.
UNSTEADY FLOW
A flow in which the flow pattern changes with time is said to be unsteady

UNIFORM FLOW

The flow in which the fluid particles possesses equal velocity at each section of the

channel or pipe is called uniform flow
NON - UNIFORM FLOW

The flow in which the fluid particles possesses different velocity at each section of the

channel or pipe called non-uniform flow
ROTATIONAL OR IRROTATIONAL FLOW

A flow in which the fluid particles go on rotating about their own axes while flowing is

called rotational

The fluid particles does not rotate about their own axes while flowing called irrotational

flow

BAROTROPHIC FLOW
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A flow is said to be Barotrophic when the pressure is the function of density

PRESSURE

When a fluid is contained in a vessel. It exaerts a force at each point of the linear side of

the vessel such a force per unit area is called pressure.
VELOCITY OF A FLUID PARTICLE:
Let a fluid particle at a point P at any time t. let it be at Q at the time ¢ + ot such that OP=r.

Then the moment of the particle PQ is or

Hence the velocity g = gm})%
t— t

_dr

T

Here q is a function of r and t or g=f(,t)
u,v,w are the components of then we have g = ui +vj + wk

STREAM LINES:

A stream line is a curve drawn in the fluid. Such that the tangent to the curve gives the

direction of the fluid velocity at a particular point

Let 7 =xi +yj + zk be the position vector of point P and ¢ =ui +vj + wk be the fluid

velocity at the point P. then the equation of the stream line is given by

gxdr=0

(uf+\§+wl€)xd(xf+y]+z§)= 0
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ik

u v w|=0
dx dy dz

i(vdz —wdy) — j(udz — wdx) + k(udy — vdx) =0

i(vdz—wdy) =0

Jj(udz —wdx) =0

k(udy —vdx) =0

i(vdz —wdy) =0

vdz = wdy

dz d

2 _ 8 )
w 1%

udz = wdx

dz dx

e (2)
w u

udy = vdx

dx d

DG, 3)
u A%

dx dy dZ

This is the equation 4 of the stream line thus stream line shows how each particle is

moving at a given instant

If the velocity vanishes at a given point such a point is known as critical point stagnation.
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PATH LINE:

The path traced out by the fluid particle as it moves with evaluation of time is called path

line
THE VELOCITY VECTOR

@ & )
de’ dt’ dt

qz(u,v,w)z(

dx
- = ) 9t
7 u(x,y,z,t)

dy
——=v(xX,),z,t
R SR

@ =w(x, y,z,t)

dt

STREAK LINES:

The locus of all fluid particles which has crossed a particular point at an earlier instant is

called as streak lines.
EXAMPLE:

The powder line formed in the river water when we pour pouder by standing in a

particular place a particular point.
STREAM TUBE:
The stream tube is the collection of number of stream lines forming an imaginary tube.

STREAM FILAMENT:

A stream tube of infinite estimal cross section is known as stream filament.
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Problem 1:

Given the velocity vector g = xi + )/ determine the equation of stream line.

Solution:
The equation of steam line

d_dy_de

Integrate

dx ﬂ
~ 15

logx =log y+logc
logx —logy =logc

X
—=C

Problem 2:

The velocity component in three dimension flow fluid for a incompressible fluid (2x,-y,-

z) determine the equation of steam line passing through (1,1,1)
Solution:

The equation stream line

Prepared by Dr.S.Sowmiya, Asst Prof, Department of Mathematics KAHE Page 8




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I M.Sc. MATHEMATICS COURSENAME: FLUID DYNAMICS
COURSE CODE; 19MMP206 UNIT; I BATCH-2019-2021
dx _dy _dz

u 14 w

d_dy

2x -y

dx _¢dy
2x_J.—y

%logx =—logy+logc
1
Elogx+logy =logc

1

log x2 + logy =logc,

& _dw
dy _rdz
N

—logy =-logz +logc,
—logy+logz =logc,

logz —logy =logc,

b _ds

—z 2x
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& v

-z 2x

1
—logz =§logx+logc3

Problem 3:

find the equation of stream line for the flow g = —i(3y°) — j(6x)
at the point (1,1)
VISCOSITY:

A Fluid which has viscosity is called viscosity fluid.

A Fluid which has no viscosity is called non — viscous fluid or inciscid fluid.
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It is a property of exerting internal resistance to the change in shape is form is called

viscousity
Example:
Honey is more viscous than water

It is clear that there exist a property in the fluid which controls the rate of flow. This

property of flow is called viscousity or internal friction.

DIFFERENCE BETWEEN STREAM LINE AND PATH LINE:

Stream line:

1. A tangent to the stream line gives the direction of velocity of fluid particles at various
point at a given time
2. Stream line shows how each fluid particle is moving at the given instant

3. In steady flow stream lines do not vary with time and co inside with path lines.
Path line:

1. A tangent to path line gives the direction of velocity given fluid particles at various time.

2. The path shows how the given fluid particle is moving at each instant.
THEOREM:

Show that the product of speed and cross sectional area is constant along the stream

filament of a liquid in a steady motion

(or)
Show that the stream filament widest at place where the speed is narrowest and the speed is
greatest.
Solution
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Consider the stream filament of a liquid in steady motion.

Letg, and g, be the speeds of the flow at places where the cross section area o,ando,

The liquid is incompressible in a given time the same volume of fluid must flow out at

one end as flow in at other end
0,49, = 0,4,

The product of speed and cross section area is constant along the stream filament of the

liquid in steady motion.

VELOCITY POTENTIAL OR VELOCITY FUNCTION:

Let the velocity of the fluid the time t be g =ui +vj + wk at any point p further suppose
that at a particular instant t there exists a scalar function ¢(x, y, z,¢) which is uniform throughout

the entire field of flow and such that

dg =- %dx+%dy +%dz+%dt
ox oy oz ot

= —(udx +vdy + wdz)

o

Since -~ =0
ot

Let the expression on the right hand side is exact differential they we have

__%v:_%w:—%an %=0

ox oy oz ot

Hence q:u17+v]'+w/€

= i%+j%dy+k%
ox oy oz
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=-Vg¢

q=-V¢=—gradg

¢1s called the velocity potential.
Here the negative sign indicates the flow taking place flow the higher to lower potential.
VORTEX LINE:

Vortex line is a curve drawn in the fluid such that the tangent to the curve gives the

direction of the vorticity vector.
VORTEX TUBE.:

A vortex line drawn through each point of a closed curve enclosed by the tubular space in

the fluid known as vortex tube
VORTEX FILAMENT:

The vortex tube of infinitesimal cross section is called as vortex filament.
BELTRANIC FLOW:

A fluid motion is said to be Beltranic flow if q is parallel to w
Legxw=0

Here q is called Beltranic vector

ROTATIONAL AND IRROTATIONAL MOTION:

A motion of a fluid is said to be irrotational when the velocity vector of the every fluid

particle is zero.

When the vorticity vector is different from zero then the motion is said to be rotational.

THEOREM:
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Show that the pressure at a point in an inviscid fluid is a scalar quantity

Proof:

Let P,Q.R,S be the tetrahedral of the small of the small dimension with common centroid

o in the fluid.
Let p,and p,be the average pressure on the phase pRS+qRS
Whose areas are o,and o, . Let o be the common area of projection of o,and o, on pq
The component of the pressure stress in the direction of PQ of all phase of tetrahedran
= p,o,—p,0,+0+0
The volume of the fluid within PQRS=/o
Where /is the small length

Let f be the component of external force per unit mass in PQ and f be component of

acceleration of the fluid per unit mass in PQ
By the second law of motion F =ma
We have p,o, — p,o, + Flop = flop
Where p is the density
(py = py)o =I(F - f)op
Here the area 0, = 0, = o is infinite estimal cross section
[ —0 Isapoint
(P =py)o=0

P =D,
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The pressure is a scalar quantity which is independent of direction
The orientation of phase is arbitrary

We conclude that the pressure at o is same for all orientation

THEOREM:

DIFFERENTIATION OF FLUID:

Fluid particles moves from p(x,y,z)at time t to p'(x+dx,y+0y,z+ ) at the time

t+ot

Let f(x,y,z,t)be a scalar function associated with some property of the fluid then

motion

oF =a—F§x+a—F@z +a—F52 +a—F61
ox oy 0Oz Ot

The total of changes of f at p at the time t is the motion

o—0

. (éF dF OF dx OF dy OF dz OF
lim| — |=z=—=—7""—"F+—"—"+——+—
&) dt oxdt dydt Ozdt o

(éFj dF O0F OF OF OF
lim| —|=—=uy—+v—+2 +
o dt ox Oy 0z ot

at—0
Here ¢ =[u,v,w]is the velocity of the fluid particle at p

ar =q.V +g
dt ot

Similarly for a vector function f(x, y,z,t)associated with same property of fluid

We get the differential equation of motion
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From equation (2) and (3) we get operation equivalence

d 0
— =gV 4+— .. 4
a Ty @

Hence the equation (4) is called differential for the fluid.

Note 1:

daf

In equation (3) and (4) i{—F,d— are called particle rate of change
t t

OF of

—,—are called local rate of change.
ot ot

Note 2:

In equation (3) replace F =q

dq _ 0q
—=qVg+—........ 5
il AL e )
This is known as the analytic expression for acceleration
Note 3:

If the fluid is incompressible then ? =0
t

Equation (5) becomes ¢.Vg + Z—q =0
t

EQUATION OF CONTINUITY:

If is based on the law of conservation of energy which states that energy can neither
created nor destroyed. In this case the conservation of mass is interpreted in the following form it
express the fact that the rate of generation of mass within the given volume is entirely due to net

flow volume is enterly due to net flow of mass through the surface enclosing the given volume
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Let us consider the closed surface s enclosing the volume v in the region occupied by the

moving fluid.
Let the 7 be the unit outward drawn normal vector.
Let ds be any elementary surface enclosing the volume dv

Then the elementary mass dm is given by dm = pdv

Where p is the density of the fluid. Now the mass of the fluid within the whole surface s

is jpdv

Now the rate at which the mass is generated as %J‘ pdv............. )

v

This is because the rate refers to the time and = is the total derivative its takes care of changes
t

in both time and position

Now equation (1) becomes I aa_/t) dv

Since the differentiation under the integral sign is allowed

But according to the conservative of mass this should be equal to the mass of the fluid

entering per unit time across the surface S.

The mass of the fluid entering per unit time through the element ds is give by ds = px

length

= p xds x Velocity
= p xds x Velocity component x time

= pxdsx—qnxt
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But time is unity

But the conservation of mass claim’s that (1)=(2)
op .
—dv=—|pxlgxn)xds

I - lp (¢x7)

Now the L.H.S is given in volume integral and R.H.S is given is surface integral.
We should change surface integral and this is done by guass divergent theorem

If s is the closed surface enclosed surface in volume v and n is the unit normal vector

outward to S

j AFds = j V.Fdv
S v

Iaa—fdv = —JV.V(p.q)x dv

_[Z—IZdv+ _!V(p.q)x dv=0

Since v is an arbitrary choosen volume then we get

op
P v(pg)=0
i (pq)

This is called a continuity equation
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Note 1:

Equation of continuity for a steady compressible flow:

Since the flow is steady aa_p = 0 and hence the equation of continuity for a steady
4
compressible flow is V(p.q) =0

Note 2:
Equation of continuity for a incompressible flow:

Since p is constant foe any incompressible fluid we get V.u =0

In other words to check any fluid velocity or to find the velocity of a liquid then we check

Vg=0

Note 3:

Derive the equation of continuity for incompressible fluid

Proof:

The fluid is incompressible fluid so p is constant

By the equation of continuity we have

op
P v(pg)=0
i (p.q)

P _g
ot
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divg =0

THEOREM:

DERIVE EULER’S EQUATION OF MOTION FOR INVISCID FLUID:

OR

DERIVE EQUATION OF MOTION OF AN INVISCID FLUID IN THE

PROOYF:
Consider a fluid of volume v inside a closed surface.

p be the density of the fluid

ds elementary surface area
A unit outward vector

g velocity of the fluid particle
Elementary mass of the fluid = pdv

Linear momentum of elementary mass = g pdv

Linear momentum of entire mass = j‘ q pdv

v

The rate of change of linear momentum = %I q pdv

_ (9
_J.dtpdv ................. )

v
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By Newton’s second law of motion the total force on the body is equal to the rate of change of

linear momentum

The force acting on this area

(1) External force = J‘ Fpdv

Normal pressure= stress of the body
= —J. pnds
N

Here p indicates the pressure

F indicates the force

The total force acting on the body = I Fpdv — I pnds
% S

Equate (1) and (2)

dq (=
_!Epdv— _[dev—JV‘Vpdv
= 1
J.ﬁdv = Jde——JVpdv
v dt v p v
By vanishing the integral over the volume we get

ﬁ:ﬁ_lvp
dt o,

This is the given equation of motion for an inviscid fluid
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UNIT 1
POSSIBLE QUESTIONS

PART-B (6MARKYS)

1. Show that the surface will be a surface of discontinuity of direction of the velocity not of
speed

Derive the equation of motion of an inviscid fluid

Show that the velocity q is a function of r and t

Show that the path lines coincide with the stream lines when the motion is steady.

Discuss about the concept of kinematical boundary condition.

Explain briefly about adherence condition.

Derive equation of motion of an inviscid fluid.

Explain compressible and incompressible fluid.

A S AN A

Given the velocity vector ¢ = xi + )/ determine the equation of stream line.
10. Derive equation of continuity for a incompressible flow

11. Fluid particles moves from p(x,y,z)at time t to p'(x+dx,y+ ),z + &) at the time
t+ot

12. Show that the pressure at a point in an inviscid fluid is a scalar quantity

13. Explain rotational and Irrotational terms.
14. Difference between path lines and steam lines.

15. Explain briefly about the viscous flow with examples.
PART-C (10 MARKYS)

1. Show that the surface will be a surface of discontinuity of direction of the velocity not of
speed
2. Find the rate of change of the momentum as S moves about with the fluid

3. Prove that the pressure at a point in an inviscid fluid is independent of direction
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4. Show that the product of the speed and cross sectional area is constant along a stream
filament of a liquid in steady motion.

. . : o o - 1
5. Derive equation of motion of an inviscid fluid in the form% =F-—Vp
t

Yo,
6. Explain (i) Compressible (ii) incompressible (i)turbulent Flow with examples.
7. Explain the concept of viscous and invicous flow.

8. Define path line and steam line with application.
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KARPAGAM ACADEMY OF HIGHER EDUCATION
(Deemed to be University Established Under Section 3 of UGC Act 1956)

Subject: Fluid Dynamics

Subject Code: 19MMP206

Class :1-M.Sc. Mathematics

Semester : 11

Unit I

Part A (20x1=20 Marks)

(Question Nos. 1 to 20 Online Examinations)

Possible Questions

Questions Optl Opt2 Opt3 Opt4 Answer
The behavior of fluid at rest gives the study of fluid dynamics fluid statics elastic plastic fluid statics
The behavior of fluid when it is in motion without considering the
pressure force is called fluid kinematics fluid mechanics fluid statics fluids fluid kinematics
is a branch of science Wthh deals with the behavior
of fluid at rest as well as motion. fluid mechanics fluid statics fluid kinematics fluids fluid mechanics

The behavior of fluid when it is in motion with considering the

pressure force is called fluid kinematics fluid dynamics fluid statics fluid mechanics fluid dynamics
is the branch of science which deals with the study

of fluids. fluid kinematics fluid dynamics fluid statics fluid mechanics fluid dynamics

If any material deformation vanishes when a force applied

withdrawn a material is said to be elastic plastic deformation fluid elastic

If deformation remains even after the force applied withdrawn the

material is said to be elastic plastic fluid fluid statics plastic

If the deformation remains even after the force applied withdrawn

this property of material is elastic plasticity fluid deformation plasticity
can be classified as liquids and gases. solids pressure fluids forces fluids

The density of fluids is defined as volume. limit per unit solid per time mass per unit forces per unit mass per unit

A force per unit area is known as . force pressure fluid density. pressure

OF is the force due to fluid on Os normal constant force pressure normal

The pressure changes in the fluid beings changes in the dencity of

fluid is called compressible fluid [incompressible fluid |body force surface force compressible fluid

The change in pressure of ﬂuld do not alter the density of the fluid

is called . compressible fluid |incompressible fluid |body force surface force incompressible fluid
are propotional to mass of the body. pressure body force surface force force body force
are propotional to the surface area. body force surface force force mass surface force

The normal force per unit area is said to be normal stress shearing stress stress strain normal stress

The tangential force per unit area is said to be normal stress shearing stress stress strain shearing stress

In a high viscosity fluid there exist normal as well as shearmg stress

is called viscous fluid inviscid fluid frictionless ideal viscous fluid




Which is the velocity of the equation.

q=dr/dt

.q=s/r

v=dx/w

.u=dy/s

q=dr/dt

The differential equation of the path line is .

u=dy/s

v=dx/w

q=dr/dt

.q=s/t

q=dr/dt

A flow in which each fluid particle posses different velocity at each

section of the pipe are called

uniform flow

rotational floe

barotropic flow

non-uniform flow

non-uniform flow

A flow in which each fluid particle go on rotating about their own
axis while flowing is said to be

rotational floe

uniform flow

non-uniform flow

barotropic flow

uniform flow

The pressure is function of density then the flow is said to be

rotational floe

uniform flow

barotropic flow

non-uniform flow

barotropic flow

The direction of the fluid velocity at the point is

called . stream line velocity fluid pressure stream line

is defined as the locus of different fluid particles
passing through a fixed point. stream filament stream line path line stream tube stream line
A stream tube of an infinitesimal cross sectional area is
called stream line stream filament path line stream tube stream filament

cross section speed/cross section  |cross section

The equation of volume is area*speed area area/speed speed cross section area*speed
The equation of speed is time/length length/speed length*time time*speed length/speed

When a fluid particle moves it changes in both

speed and time

time and frequency

speed and position

position and time

position and time

the strem line have same form at all

When the flow is

times. steady unsteady stream surface stream tube steady
When the flow is the stream line changes from instant to

instant. stream tube steady unsteady steady unsteady
If A.f=0 then f'is said to be a solenoid rotation irrotation constant solenoid
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UNIT 11

Euler’s momentum Theorem — Conservative forces — Bernoulli’s theorem in steady motion —
energy equation for in viscid fluid — circulation — Kelvin’s theorem — vortex motion —
Helmholtz equation.

EULER’S MOMENTUM THEOREM:

STATEMENT:

A resultant thrust on the fluid enclosed with a closed surface S is equal to the reserve
resultant of the boundary force enclosed the fluid and rate of flow of momentum outwards across

the boundary S.
PROOF:

Consider a fluid of volume V enclosed with the surface S. let dv be an elementary

volume enclosing the fluid particle p at time t.
dv=elementary volume

p = one point of the fluid particle
g = velocity of the fluid particle at time t
p = density of the fluid

7 =unit outward normal vector

Elementary mass of the fluid= p.dv

Linear momentum of the elementary mass= g pdv

Rate of change of linear momentum of entire ﬂuid=di '[ q pdv
t
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We know that 4 = 2 +qV
dt ot

% [qpdv = 9 [apdv+[@Vygpdv....... )

ot

Using Gauss divergence theorem

j Fonds = j (V.F)dv

The equation (1) becomes

% [apdv = % [apdv+ [(@n)pgds........... (2)

The minus symbol indicates the opposite direction of surface.

The force acting on the fluid body

(1) Normal pressure on the surface j p.n.ds
S

(2) External force (gravity) F per unit mass= J. F.p.dv

The total force acting on the fluid = j p.n.ds+ j F PV 3)
N v

By Newton’s second law the total force acting on the particle = Rate of change linear momentum
(2)=03)
_ — 0 (_ L
Ip.n.ds = —IF.p.dv+—_[quv—j(q.n)pqu .............. 4)
< g ot

NOTE:

When the fluid is at rest the Euler momentum theorem is nothing but the principle of

Archimedes.
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PROOF:

When the particle is at rest then g =0
Equation (4)

J.pﬁ.ds = —J. F.pdv— _[ (g.n)pqds
S %

J-p.ﬁ.ds = —I F.p.dv
S v

This is the principle of Archimedes

CONSERVATIVE FORCE:
The force F is conservative iff there exists a potential function Q such that F = -VQ

BOOK WORK:

Derive the equation of motion in the form ?: —V{ '[ d—p+Q} where the force is
4 p

conservative and derived from potential Q and the pressure is the function of density.

PROOF:

. : n A - = 1
From unit 1 Euler equation of in viscid fluid is 9q =F ——Vpeorven 1)

The force F is conservative

Now F:xf+y]+zl€

Divide p by above equation
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dp _dr—Vp

p p

l(d?.vp) =d j a
P P

l(a’?.Vp) = drV_[d—p
p p

Use equation (2) and (3) in (1)

_q:_m—vjdpv—p vjdp .............. 3)
t p P p
ﬁ_—v{ﬂﬂ'd—p}

dt P

dFV¢zd(x?+y]+zl€{i?+j%+k%j
X

oy 0z
= %dx+%dy+%dz
ox oy oz
arvg=d¢
arv =d

STATE AND PROVE BERNOULLI’S THEOREM

OR
DERIVE BERNOULLI’S EQUATION OF STEADY MOTION IN THE

FORM:

%—(jxf = -V where
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‘P:jd—p+§2+lq2
Yol 2

PROOF:

Equation of motion for inviscid fluid is

Then we know that

dg _dq _ - 1 ,
_— X F =0 i 3
P LR @)

Use equation (2)(3)(4)in(1)

dg _ = 1 2 dp
L _Gxl +=Vg* =-VQ-V|-=£.
] 4 5 Va jp

dg _ = dp 1 2
L _gGxl=-VQ-V|E -—Vv
] g fp 5 Va
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dg _ = dp 1 ,
A _oxl=-VIQO-|X _—
P ¢ ( jp 2(1}

dq— =
——-gx¢ =-V¥
. 4

Where \P:jd—p+9+1q2
Yo, 2

When the motion is steady Z—q =0
¢

g % 5 =VY¥
g x ¢ is normal to the surface W
In this surface ¥ is constant

1
jd—p+Q+§q2 = constant

Yo,

This is known as Bernoulli’s equation for fluid in steady motion.
NOTE 2:
Derive the Bernoulli’s equation of motion for an incompressible fluid

PROOF:

Bernoulli’s equation for fluid in steady motion is ¥ = J. ap +Q+ %qz =constant
Yo,

The given fluid is incompressible

j

a _pr
p P

Bernoulli’s equation for incompressible fluid is

Prepared by Dr.S.Sowmiya, Asst Prof, Department of Mathematics KAHE Page 6




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I M.Sc.MATHEMATICS COURSENAME: FLUID DYNAMICS

COURSE CODE; 19MMP206 UNIT; 11 BATCH-2019-2021

I ,.
P L 01— 4?is constant
P

CIRCULATION:

The line integral of the fluid velocity around of the fluid velocity the closed curve c is

called the circulation.

F:if(j.dr
C

KELVIN’S THEOREM:

If fluid is inviscid and the force are conservative then circulation on any closed curve

moving with the fluid is constant for all the time.

PROOF:

First we want to prove the following lemma.

LEMMA:

The necessary and sufficient condition for the constant ¢ of circulation in a closed curve

moving with the fluid is Vxa =0.

PROOF:

We know that a = a ... (1) and the circulation is

= §cy.dr ............... 2)
C
ar _ i§‘7-d”
dr  di?

Page 7
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dU ¢ dg d
=L+ §g<ar
dt a3 a

dq

=$L a7
v at

Using stroke’s theorem

§F dr = §curl}7 nds
C

S

ff.df = fcurl%ﬁds

From equation (3) it follows that necessary and sufficient condition for constant ¢ of circular in a

closed for constant C of circular in a closed curve moving with the velocity is
curla =0
Vxa=0
Hence the lemma

PROOF OF THE THEOREM:

Equation of motion for an inviscid fluid is

aq =17_le
dt Yo,

Here the forces are conservative
F=-VQ

Sub this value in the above equation
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dq =-VQ- 1 Vp
dt o,
_ 1
a=-VQ-—Vp
yo,

Here a is acceleration value.

Taking curl on both sides

an:Vx(—VQ—inj
Yol

1
=Vx—Vp

Yo,

=-— VlepriVpr}
P P

=— inpr}
P

CASE 1:

For an incompressible fluid p is constant then equation 4 becomes V xa =0
CASE 2:

For compressible fluid p is a function of p.

Let 1 = f(P)
0
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1
Vo= V£ (P)]

.0 . 0 0
—laf(P)ﬂLJEf(P)WLkgf(P)

_dop S TP
dp Ox ~ Op Oy dp Oz

, .Op .0Op op
f (p){l oo 82}

vyl oWV (5)
Yo,

Use (5) in (4)

Vxa=Vpx f'(p)Vp

Vxa=0

If either p is a constant or p is the function of p
We have Vxa =0

From the lemma we can say

dr )
— =0T is a constant
dt

Hence the fluid is inviscid and the forces are conservative then circulation on any closed

curve moving with fluid is constant for all the time.

Hence proved
BOOK WORK:

Derive the equation of motion in Cartesian co-ordination when the force are conservative
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PROOF:

The equation of motion for an inviscid fluid is

F=-VQii.. ()
And we know that
dg dq
—=—+(g.Vqg).......... 3
T (7VG)-oooo..(3)
By (1)(2) and (3)
d ___\ = 1
1 (Gvg)=F -—Vp
dt o,
1
=-VQ-—Vp
0

Let cY:uZT—kv]-i-wl;

V=ii+ji+k£

regen) (i s s gt

ot oy
= — i£+ji+ki Q—le
ox oy Oz o,

a(um;+w%)+(a_u+@+@_wj(uz+v;+wzz)
ot ox Oy Oz
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By equation the co-efficient L,j,k

We get

— | y—FV—tw— =

ot ox oy 0z ow pow
ENERGY EQUATION:
STATEMENT:

The rate of change of total energy of any portion of ainviscid fluid as it moves about is

equal to the rate of at which working is being done by a pressure on the boundary.

PROOF:

Consider any arbitrary closed surface S drawn in the region occupied by the inviscid fluid

and let v be the volume of the fluid with in s.

Let p be the density of the fluid particle p and dv be the volume element surrounding p.

Let g(r,t) be the velocity of p then the Euler equation of motion.

The force is conservative
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F=-VQ

Sub F=-VQin

@ =-VQ- E ......... )

dt o,

Multiplying both sides pg

d \Y
pq.—qz—quQ—pq—p
dt o,
d
qu(f =—-pgVQ—-¢gVp.............. (2)
dq q
—(q. —~+
(9.9) il b
dq
=291
T
1d dq
—— =g, 3
2a,t(q ) 9~ 3)
Sub (3) in (2)

Lo d () =—p(aV)Q-qVp

27 dt
Q_do oo
dt dt

1 dQ
—p= —_pf gV
2pd,() pd qVp

1 dQ
—p— sl v/
2pa,(q) pd qVp
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d(1 ,
Zl=g*+Q|=—qV
pdt(zq j qVp

jp%(%qz + dev = —Iqudv

!p%[éqzjdvvt'[p%()dv = —.[qudv

V(pq) = pVq+qVp
(qV)p=V(pqg)— pVq.................. ®)

Use (5) in (4)

jp%&qzjdwfp%f?dw—I(V(pq)—qu)dv
a1, d_ .
Ipz(gq jdwjpEQdV——IV(pq)dHI(qu}iv

%(T +7)= j plgi)dS + I (pVq v

dl

T : \Y =—
0 prove J.(p q)dv 7

v
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Suppose e is defined as the work done by the unit mass of the fluid against external pressure p in

which p,and p, are the values of the pressure and density respectively.

dE _dE _dp
dt — dp di

aE_p 9
dt p* dt

Multiplying both sides by pdv

A P,
dt p

9E oty =P P g4y
d p dt
Integrating

dE d
JV.Zpdv = !%ﬁd\/
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d p dp

—(Epdv)=|=—"dVv..eevereeaenn..... 6
! - (Epdv) j b (6)

From the equation of continuity

dp

—+ p(V.q) =0we have
dt

Use (7) in (6)

J < (Epay) - 2 Pk

v

=~ p(V.g)av

< Epan =~[ (V.

v

_d
dt

d . dl
—(T+V)= S ——
dt( ) lp(qn)d I

d dl
—T+V)+—= n)dS
T+ !p(qn)d
i(T+V+1)—j (gh)dS
" Spq

This shoes that rate of change of total energy of position of the fluid as it moves about is

equal to the rate of working done by the pressure on the boundary.
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BOOK WORK:

Show that magnitude of the vorticity multiplied by the cross sectional area along the

filament is a constant.
Or

Show that vertex filaments if cannot terminate at a point within the fluid.

Or

Show that vertex filament must be either closed or terminated at the boundary.

PROOF:

Consider the volume of the fluid enclosed between two cross sectional area do,and do,

of the vertex filament

Consider J.E nds = jvg_ dv
S v
j £ ads = j V(V xg)dv
S v
J-E nds =0
N
£ 1 = 0on the walls of the filament

Then we have £,.i, =0
¢y, =0

At the place of the cross sectional areas the above equation becomes
¢ ndo, =0

¢, mdo, =0
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Where £,and ¢, are the vertices at the end of the filaments whose cross sectional areas are do,

and do, .
n,and n, be the unit normal vectors

Then the magnitude value is
Gl = |2 [ o
=[Cdo, =[G ldo,
HELMHOLTZ THEOREM:

Derive Helmholtz equation in the form

PROOF:
We know that E:ﬁ
dt
_ dg _ = 1__,
a=—-gx¢{+=V
AR

_ dg _ - 1__,
Vxa=V|——-gx{ +—-V
{dt qgx¢ 5 q}

=V——V(§x5)+V%V¢72
—2 xq)=Vlgx<
=5 Vx9) v(g=¢)
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=L vx)-[E9)g-@VE -Z(va)+avD)]
- %(wq) ~(EV)g+(@V) +S (V) -q (V<)

L Vxq)- @V + @V + SV -0

[
_4 _(evig+Zova)
dt
We know that Vg = _Ldp
p dt

wadC o A Ldp
Vxa="oo(CN)G+C ]

p dt

va=9S _Fvyz_7Ldp
Vxa="2-({V)g-¢ j

p dt
N R
\% a—pdt(pj (& V)q
() v, ™7
pdt(pj (Vxa)+(£.V)g

i(ij = v xa)+ @) )
p) p

g

Hence the equation (1) indicates the rate of change of =~
Yo,

If the force are consecutive and pressure is a function of density
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a:ﬁz—v{jd—%ﬁ}
dt P

Taking curl on both sides

VXCI_IVXﬁ
dt

Sub (2) in (1)
A Nyears Eva
dt(pj p[(v a)+(£V)q]
AN s v
dl(p p[0+(§.V)q]
d(E)_Lizwag
dt( ° = €]

Hence the proof
NOTE:

In the case of liquid V.g = 0and so g becomes solenoidal we also know that Q is also a

solenoidal.

VxQ=0
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UNIT 2
POSSIBLE QUESTIONS

PART- B(6 MARKS)

1. Show that the vortex filaments must be either closed or terminate at the boundary

2. If w is the area of the cross- section of a stream filament prove that the equation of
continuity is %( W) + %( owq) = 0where Osan element of arc of the filament in is the
direction of the flow and q is the speed.

3. State and prove the Euler’s momentum theorem

4. Show that the mass of the particle remain unaltered as it moves.

5. Derive the equation of motion in the form % = —V{ j ap + Q} where the force is
P
conservative and derived from potential Q and the pressure is the function of density.

6. Derive Helmholtz equation in the form

d(¢) (&)L
(D) (Zo)
dt\ p p
7. Show that magnitude of the vorticity multiplied by the cross sectional area along the
filament is a constant.
8. Derive the equation of motion in Cartesian co-ordination when the force are conservative
9. State and prove energy equation.

10. Show that vertex filaments if cannot terminate at a point within the fluid.

11. Show that vertex filament must be either closed or terminated at the boundary.
12. Derive the necessary and sufficient condition for the constant ¢ of circulation in a closed

curve moving with the fluidis Vxa =0.
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13. State and prove if fluid is inviscidand the force are conservative Then circulation on any

14.
15.

closed curve moving with the fluid is constant for all the time.
Derive the equation of motion.

Explain the concept of rate of change of circulation.

PART-C(10 MARKS)

. Find the equation of motion of an inviscid fluid

Find the rate of change of circulation
Show that the rate of change of total energy of any portion of the fluid as it moves about
is equal to the rate of working of the pressures on the boundary

Show that the rotational motion permanent and so is irrotational motion

Show that he equation of motion in the form 9q = —V{ I ap + Q} is the function of
P

density.

Show that vertex filament must be either closed or terminated at the boundary.

Show that the rate of change of total energy of any portion of ainviscid fluid as it moves
about is equal to the rate of at which working is being done by a pressure on the

boundary.

State and prove Kelvin’s theorem
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Possible Questions

(Question Nos. 1 to 20 Online Examinations)
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Questions Opt1 Opt 2 Opt 3 Opt 4 Answer
A force is said to be -------- if the force can be derivable from the
potential. conservative non conservative acceleration surface conservative
A flow is called a Beltrami’s flow when--- q.E=0 q*E=0 q/E=0 q+E=0 q*E=0
Bernoulli’s equation occurs when the motion is-- unsteady rotational steady irrotational steady
The ---- ------ flow can occurs when the vertex and stream lines
coincide viscous flow beltrami’s flow invisid flow normal flow beltrami’s flow
When the motion is both steady and irrotational then--- V E V*E V+E V-E V E
The product of the cross sectional area and magniyude of the
vorticity is -------- along a vortex filament parallel Zero constant normal constant
When the forces are conservative and the pressure is a function of
the density,then-------- V.a=0 V*a=0 V+a =0 V-a=0 V.a=0
When a force is conservative,there exist a potentialQ such that f=  |f=VQ =V Q = V*Q f=V*Q =V Q
circulation around a closed circuit ‘c’ is defined as Jq.rdr lq.dr Jqx.rdr Jqx-+dr Jq.dr
Euler’s equation of motion is dq/dt=F-VP dq/dt=F dq/dt=F-Vp/P qd/dt=-VQ dq/dt=F-Vp/P
----------- from is called the acceleration potential Q-JoP/p V[l o P/ p] +dp VIl 6P/ p] Q+H P /p QP /p
Beltram’s flow is --------- dq/ 0=V dq/ 0t=-V dq/ 0t=-QV 0q/ 0t=-V p /p dq/ 0t=-V
q*E=0 can become zero when E #0,but q*E can be to each other parallel non parallel Zero normal parallel
The motion is both steady and irrotational if V.y#0 V+y =0 V.y =0 V *a=0 V.y =0
Which is the constant of kelvin’s theorem a p B \ p
Circulation is always defined arounda  ---------- ciruit open parallel closed normal closed
When a conservative force f a potentialQ such that F=VQ F=-VQ F£V*Q F£V.Q F=-VQ
The euler’s equation of motion corresponding to a beltrami’s flow
is 0q/0t=-V y 0q/0t=-V y 0q/0t=-V* y 0q/0t£V vy 0q/0t=-V y
A force is said to be conservative if the force can be derivable from
the --------- potential density area viscosity potential
The euler’s theory is confined only for ideal or inviscid fluid viscid stream inviscid fluid inviscid




The rate of change of linear momentum is equal to the ------- of the
forces acting on a body sum product proportional difference sum
the inward normal is -------- n” F n"

The rate of change of momentum of the fluid body is given by---

p
d/dt(cir ¢)=/B.n ds

q
d/dt(cir ¢)=In ds

d/dt(cir ¢)=[B.n dc

d/dt(cir ¢)=In dc

d/dt(cir c¢)=IB.n ds

is the motion the rate of change of linear momentum
=the sum of the forces acting on the body

Kelvin’s theorem

Energy equation

Newton’s second law

Euler’s theorem

Newton’s second law

rate of change of circulation is

d/ot(cir ¢)= [b.nds

8/0t(cir ¢)= lq.dr

8/0t(cir ¢)=|dg/dt.dr

8/0t(cir c)=[a.dr

8/0t(cir ¢)= [b.nds

Accelaration is given by a=dm/dt a=dq/dt a=dr/dt a=dc/dt a=dq/dt
The ------ is the internal energy per unit mass E F r a E
Density of a fluid is denoted by F p a E p

Absolute value of  [fluid is utilized Fluid discharges

viscosity is inOvercoming through orifice with | Comparison of Comparison of viscosity
In Red wood viscometer detemiined friction negligible velocity  [viscosity is done. is done.

The point of

intersection of

buoyant force and Midpoint between

centre line of the Centre of gravity of |Centric of displaced |C.G. and Centric of displaced
Centre of buoyancy is body the body volume fluid metacentric. volume fluid

In isentropic flow; the temperature

Cannot exceed the
reservoir temperature

Cannot drop and
again increase
downstream

Is independent of
Match number

Is a function of
Match number only

Cannot exceed the
reservoir temperature

The line along which

The line along the

The line of equal the rate of pressure  |geometrical centre of |Fixed in space in Fixed in space in steady
A stream line is velocity in a flow drop is uniform the flow steady flow. flow.
The flow of water in a pure of diameter 3000mm can be measured
by Venturimeter Rotameter Pilot tube Orifice plate Pilot tube
Can never occur in
frictionless fluid Can never occur
regardless of its when the fluid isat  [Depend upon
Apparent shear forces motion rest cohesive forces All of the above All of the above

Weber number is the ratio of

Inertial forces to
surface tension

Inertial forces to
viscous forces

Elastic forces to
pressure forces

Viscous forces to
gravity

Inertial forces to surface
tension

A small plastic boat loaded with pieces of steel rods is floating in a
bath tub. If the cargo is dumped into the water allowing the both to
float empty, the water level in the tub will

water level in the tub will

Rise Fall Remains same Rise and then fall Fall

A flow in which each liquid particle has a definite path and their

paths do not cross each other, is called Steady flow Uniform flow Streamline flow Turbulent flow Streamline flow
Resultant of up Resultant of static
thrust and gravity Resultant force on the |weight of body and  |Equal to the volume |Equal to the volume of

Buoyant force is

forces acting on the
body

body due to the fluid
surrounding it

dynamic thrust of
fluid

of liquid displaced
by the body

liquid displaced by the
body
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Viscous flows — Navier-Stokes equations — Vorticity and circulation in a viscous fluid —
Steady flow through an arbitrary cylinder under pressure — Steady Couettc flow between

cylinders in relative motion — Steady flow between parallel planes.

VISCOSITY AND REYNOLDS NUMBER

Consider the simple type of flow in which a streamline are parallel.
The velocity field is one dimensional and hence the velocity is U

H is the distance between the stream lines and y denotes the normal line of the stream

lines

The velocity profile for this flow is a straight line

In the view of the linear nature of velocity profit the stresses will be determined by the

velocity gradient Z]—u and all higher derivatives of velocity will be zero
y

From (1)
u _U,
dy h

By varying u and h the measures of force experienced by upper plain. It is found that the

tangential stress 7 is direct proportional to the velocity gradients.
du

T0 —
dy
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u
T=—
Y
u
T= e (2)
Y

The constant proportionality x depends upon the physical properties of the fluid and it is

called the co-efficient of viscosity
In many fluids the co-efficient of viscosity u is very small.
Because of the reason the viscosity stress is neglect able in ideal fluid.
In practice the relative magnitude of viscous flow in the form equ (2) is varied

If U typical velocity and 1 is typical length in the flow under consideration then

typical pressure force / typical viscous force =

"

=—wherey:ﬁ
4

Where y = # s called kinematical viscosity
P

The non-dimensional parameter R = vt is called the Reynolds number.
/4
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NAVIER-STROKES EQUATION:

Navier strokes equation are the set of equations which expresses the basic physical

concept of flow of the real fluid they are,
1. Equation of mass continuity
2. Momentum equation

3. Equation of energy conservation
BOOK WORKI1:
Derive the equation of continuity for a real or viscous fluid in cartisian co-ordinates
PROOF:
Consider a fluid of volume v inside a closed surface s

Let pbe the density of the fluid consider an elementary surface ds and 7 be the unit

outward vector.
Let ¢ be the velocity of the fluid particle at p on the elementary surface ds.
The rate at which the mass of fluid flows out of the surface ds is p(q.n).ds
The rate at which the mass of the fluid flows in the surface ds is — p(q.n).ds

The rate of which the mass of the fluid flow into the surface s

j j o(G.ii).ds = — j j j (V. G) TV, 1)

Let us consider the elementary volume dv

The elementary mass = pdv
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The mass of the fluid inside the volume v= I J. I pdv

0
The rate of change of mass—aj;” odv............. (2)

If we assume that the motion of the fluid is created or destroyed inside the volume v the

equation (1) and (2) are same
~[[fcv.piris - . fif ot

< [ ([ s =0

,w(%%r V.péﬁjdv ~0

Since the volume under consideration is arbitrary an d hence the integral must vanish

Which is known as the equation of continuity

Hence the proof
BOOK WORK 2:
In usually notation derive the momentum equation for viscous fluid
PROOF;
Consider the orbitray volume v bounded by the surface s

Let l_/. be the direction cosines of the outward normal from the fluid surface
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Let dv be an elementary volume enclosing a fluid particle at p, where the velocity components

along x,direction at time tis v,
Let p be the density of the fluid
Elementary mass of the fluid= pdv

Linear momentum of the elementary mass =v, pdv

The momentum of the fluid containing within the volume v= J‘ v, pdv

v

D
Rate of change of momenmmzajvi pdv

Dy,
= J. o odv........cu... 1

v

By Newton’s second law of motion the rate of change of momentum is must be equal to the total

force acting upon the fluid within the volume v.

The force acting on the fluid are

(1) External force = I Fpdv............... (2)

Where F,is external force per unit mass

R 3)

i

(i1) The resultant of the fluid stress at the surface S =— '[ p

Where p; is a stress component in x, direction

By Newton second law

V%V;Pdv = J;Epdv—lpyljds
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= ,[Fipd" - J; % pyl;ds

Since the volume is orbitray

Dv. 0
— t=pF ——(p..
Py = Ph ax, (p;)

Divide by p

Dy, 1 0

L= F ———— (D)oo 4
Dt "opox, (Py) “

In case of rectangle cartesian co-ordinates

Dv, 0v, ov,
= +

— =4V, e, 5

Dt o x, ®
Also,

ov, ov,| 2 [ov

P, =PS; —p| —+— |+ = (6, 6

Y / 'L{ﬁxi 8xj] 3”[6)6,{] ! ©
Sub (5) and (6) in (4)

Dy Mg L0 ps P O 2 [ s
o 7 ox, p Ox, 3 ox, ox;) 3" \ox, )"

:F;_li P+%ﬂ% 5i'+vi %4_%
p Ox; 37 ox, )| " ox | ox, ox

It is known as equation for momentum of viscous
DERIVE THERMAL ENERGY EQUATION FOR VISCOUS FLUID:

Consider an orbitray volume B enclosed by the surface S
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Let [.be the direction cosines of the outward from the fluid surface

Let dv be the elementary volume enclosing a fluid particle at p. where the velocity

components along x; direction at time t is v,

Let p be the density of the fluid
The elementary mass of the fluid = pdv

The total energy of the volume is = kinetic energy + potential energy
1 2

= — VXV,
5 AV,

Here potential energy= pdvgh

= pEdv

Where E is the internal energy

The total energy of the entire volume = J-[% vl.2 +E j pdv

v

Rate of change of total energy = %j(%viz +E j odv........... )

From thermo dynamics we know that the rate of change of total energy is determined by the

following fact.

(1) O, - heat conduction
(i1) v,; -pressure thrust

(1)  F;-external force
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. If Qis the heat conduction per unit area in x,direction then —/.Q.dsis

conduction into the elementary surface ds.

The total heat conducted within the volume enclosed by the

. The stress in x, direction upon the fluid on the elementary surface ds is —/, P, ds

The rate at which the elementary surface works upon the fluid is —/, B, dsv,

The total rate of work upon the entire fluid = I LBdsy, i 3)

. The external force in the x;th direction is F;per unit mass
The external force on the mass=F; pdv
The rate of change of work is done by the external force=F, pdvv,

The total rate of change of work done apart the entire fluid = j‘ F pdvv,

Now equation (1)=(2)+(3)+(4)

(%V +Ejpdv——'|.les J-ll P.dsv, +J-devv

G +Ejpdv_ e Sy

The volume under the consideration is orbitray

0, _ap,)
Ox, ox,

1

1
SV +Ejp=<f;pv,-)—
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- A(p,
L lviz"'% p =(F, i)_@_ (py)vi
Dti\2 Dt ox, Ox,
1. Dv. DE 00, 9(p;)
v Sy T = (Fpv ) —— -y 5
P T P (F.pv:) o ox (5)
Dv. DE 00, d(p;)
Ly T p=(Fpyv,)——L Y7
P o T o P hw)ax e

1 1

From the previous bookwork we know that

Dv. 1 o
I e s — Y
Dt ’ Py

Multiply fully by pv,

Dv, 0
—L v, =F.pv, =V, — D 6
(DJW,,WZ,&fU (6)
Equation (5)-(6)
. O(p..
E :_@_ﬁvl_kvl_pl
Dt ox,  Ox, ox,
90, M
Ox, 7 ox,
DE 20, 1
— P ==L =Pl i, 7
Dt P Oox, 2p” Y 0

1

Introducing enthalpy which is defined as

P
[=FE+—
Y2

Differentiating with respect to t we get
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DI _DE E(Pj

= + -
Dt Dt Dt\p

Multiply by p we get

DI_ DE_ D(P
th th thp

Use equation (7) we get

1 DP P DP

DI 80 1
P, =~ 5Pty t
Dt ox;, 2 Dt p Dt

Using equation of continuity

op O

L= (pv)=0
= 6xi(pvl)

O Mg 1

o ox, 72"

o0, ov,
pﬂz_g_’_g_l ijPij+Pl
Dt ox; Dt 2 ox;

(8) =

br__oo 1, , E_l(sﬁpu

P Dt ox, 2

DI DP 00,
— = A P 9
P Dt Dt ox / )

Where ¢=l€ ;(Po,; —P,;)is the rate of description of energy per unit of volume due to

viscousity. If we assume that conduction (Q,is propositional to temperature gradients then

or
=k
0, =kg
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Where k is called thermal conductivity

From equation (9)

DI DP (_kaTj+¢

i " Dr x|,

For perfect gas contains specific

I=C,T
Equation (10)

D DP 0 oT

—I\C T)=———| —k— |+ @ 1s called thermal energy equation.
th( P ) Dt 6xi( 8xij ¢ 8y e
BOOK WORK 4:

Derive the Navier stoke equation for incompressible fluids.
PROOF:
We know for an incompressible fluid p is an constant

1. Equation of continuity:

Equation of continuity for a viscid fluid is

a_p+a(pvi):0
ot ox,

1

Equation of continuity for an incompressible viscous fluid is

0+p—L=0
p@xi
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6Vi —

—=0
ox;

il. Momentum equation:

The momentum equation for a viscous fluid is

Dy, 0 ov, ov,
l:}?’l‘_li P+gﬂi 5[+l 6 Y7, J + V’
Dt p Ox, 3%, |7 pox, ox, Ox,
2 o%v,
Here 0, = A
Ox ,0x,  Ox,0x,
82
2Vk =0
0°x,
Dy, 1_ 0 2 82vk 1 0 8"j ov,
—=F,——|—P+-u— s+ — U -
Dt p|ox; 3 0°x, p Ox; Ox, Ox,
i 2
&_F‘l_l iP+0 517_'_&62‘}1'
Dt p| ox, pOx,
i 2
&:F[_l ip 51"_{_&82‘%
Dt p| ox; T pdix,

iii. Thermal energy equation:

We know the thermal energy equation for viscous fluid

k 6TJ+¢

.a_'xi

2=
P ED Dt oOx

D _DP @
Dt

i

Here % = 0 = the pressure value
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DP

Dr = 0and ¢ = 0 because the rate of description value is zero
¢

The above equation becomes

D 0°T
—(C.T)=k.
P75 1) 2

2
DT_kaT

C —=k.
p p Dt axiZ

DT k 0T

Dt pCp .Gxiz

(Where K =

is called thermo metric conduction)
PC,

BOOK WORK 5:
Derive the momentum equation in the form
o .

— —Vxw=F —grad £+l\7.17 — yeurlw
ot p 2

PROOF:

The momentum equation for incompressible viscous fluid is

Dv, 1| oP o%v,
—F.——{ :|5U.+7/ .................. )

Dt pgj

Where y = Ll
Yo,
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We know that

D Gvp
Dt ot

We know that from the vector identities
Vuv)=wV)yW+OV+uxcurlv +v x curlu
Take u=v

V@) = 2x (V) + ¥ x curly)

%V@i)zﬁiVﬁ+ﬁxawﬁ)

.%vaﬁ»—+vxcwﬁ;:«ﬁvﬁﬁ

Dv _ov 1
—=—+V-(VV) =V X Wrrrrrrae 2
Dt ot 2( ) ®

We consider
V(VY) =V xw=VV .. (3)

For an incompressible fluid

(3) becomes
~V.aw=V?y,

1

Here V°v.is the component of —curl w

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 14




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I M.Sc.MATHEMATICS COURSENAME: FLUID DYNAMICS
COURSE CODE: 18SMMP206UNIT: IV BATCH-2018-2020

From equation (1)

Dy,
Dt plox, |’

In general I th +j th +k th components of momentum equation

by =F, —grad £ yeur............... 4)
Dt yoj

Using (2) and (4)

o . .

—— —Vxw=F—grad £+l\7.\7 — yeurlw
ot p 2

THE BOUNDARY LAYER ALONG A FLAT PLATE:

Let us consider the steady flow of an incompressible viscous fluid past a thin semi
infiniteflate which is placed in direction of a uniform velocity u. the motion is two dimensional
and can be analyzed by using the prandt boundary layer equations. We choose the origin of the
co-ordinates at the leading edge of the plate x-axis along the direction of uniformly stream and y-

axis normal to the plate. The prandt boundary layer equations for this case are

ou ou o’u

U——F V== ) e, (1)
ox oy oy

O @)

ox Oy

Where u,v are the velocity components and v is the kinematic viscosity
The boundary conditions are
U=v=0 when y=0

U=uo when y > o00............. 3)
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In this problem the parameter in which the result are to be obtained are uoo,v,x

So we may take

Y F, v, )= F)eo.. (4)

Uy

Further according to the exact solution of the unsteady motion of a flat plate we have

Where x is the distance travelled in time with velocity uoo. hence the non-dimensional distance

parameter may be expressed as

[7/08]
n=2=2__y " .. (6)
o VX VX
(7100

Thus it can be seen that 7 is (4) is a function of x,y,v, uo in (6)

The stream function i is given by

l//=fudy
u:a_w
oy

_ 9y

Ox

y = fu F(n)—dn

=u, \/:;:‘O j Fmdn = vxu, F@)econen..... (7)
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The velocity components in term of 7 are

81/ 61//677 \/—\/71:()

on oy

= %,/V%F (1) + yvxu, F '(ﬂ)y\/%
v WEEG Sy )
- —%W/v@(\/EyF'(n) —F(n)]
X VX
_ _% (0 (17) = F () e )
X

ou 0y
o oxdy

Also — u, f"(n )

1 ” u, 1
=—§“wf ).y O

_ _%uinf”(n) .................. (10)
X
Z_”:umi £ =, (11)
i oy v
Ou _u
= ). 12
o f( ) (12)
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Using these values of u,v and their derivatives in (1) we obtain
u,, f' (1)

Vi,

(")) - D)., sz"(m —vZ ()
X VX VX

-1 U, " l
[Tgﬂf (77))+ )

S S = ) =
X 2x

X

Or

—nf "+ nff = fF " = 2
Or

2/"+ ff"=0

ZdS—f+fd2]::O .................... (13)

dn’ dn

Thus we have reduced the partial differential equation (1) to ordinary differential

equation (13) known as Blasius equation.
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POSSIBLE QUESTIONS
UNIT 4

PART-B (6 MARKS)

1. Explain inviscid flow past of a circular cylinder

2. Explain steady flow between parallel planes

3. Show that the rate of change of momentum must equal the total force acting upon the
fluid within the volume

4. Deduce the equation for incompressible

5. Explain the concept of boundary layer of a flat plane.

6. Derive the momentum equation .

7. Derive the Navier stoke equation for incompressible fluids.

8. Define thermal equation for viscous fluid.

9. In usually notation derive the momentum equation for viscous fluid.
10. Derive the equation of continuity for a real or viscous fluid.

11. What are the basic physical concept of flow of the real fluid

12. Brief the concept Equation of mass continuity

13. Show that the Derivation of Momentum equation

14. ExpainEquation of energy conservation

15. Derive Navier stoke equation.
PART-C (10 MARKYS)

1. Explain stokes’s flow foe very slow motion

2. Obtain Helmholtz’s equation for the vorticity
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3.

Derive Helmholtz’s equation for vorticity

) D Dp 0 oT
Deduce the thermal energy equation p—(C T)=—-+—| k— |+
! 8y equat th( /) Dt ﬁxl_[ 8xij ¢

Derive the equation of continuity for a real or viscous fluid in Cartesian equation.

—

Derive the momentum equation in the form (Z—V —Vxw=F —grad (5 + %\7.\7 j — yeurlw
t P

Define (i) inviscid flow and (i1) Reynolds number with examples.

Derive the momentum equation for viscous fluid.
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Subject Code: 19MMP206
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Unit IV
Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)

Possible Questions

Questions Opt1 Opt 2 Opt 3 Opt 4 Answer
In the case of a real fluid frictionless resistance is known as ----------
----- shearing stress tangential stress friction stress ideal fluid tangential stress
In the case of -------------- frictionless resistance is known as
tangential stress perfect fluid friction stress real fluid ideal fluid real fluid
On real fluid ,tangential stresses are --------------- large small very small infinite small
The property which causes the tangential stress is known as------- inviscosity real fluid velocity viscosity viscosity
On plane coutte flow if the fluid is perfect the motion of the plates
has-------- on the fluid no effect viscous effect speed no effect
Shearing stress will be proportional to the rate of change of ------- speed pressure force velocity velocity
The force will be proportional to the area upon which it acts and it
is known as ------- shearing stress tangential stress viscosity effect of viscosity |shearing stress
In the effect of viscosity the shearing stress is denoted by -------- W u T Q T
The coefficient of viscosity is denoted by-------- W n Q T n
A typical viscous stress is in the form t=--------- Ou/0y n w(ou/oy) ou u(ou/dy)
The viscous force are of order ---- per unit area U/L u (U/L) pn/L puU p (U/L)
The typical pressure force will be of order------ per unit area U’ pU pU/L pU2 pU2
In a Reynold’s numbers, the kinematic viscosity is ------ y=p/p Y=l y=1/p v=0 y=w/p
The non-dimensional parameter R=UL/y is called ------- viscous force pressure force Reynold’s number kinematic viscosity | Reynold’s number
dplot + Oplot +

The equation of continuity in a real fluid on a viscous flow is ------

(0/0x;)(pv)=0

010t + (8/0x)(pv)=0

(0%/6)(pv)=0

Op/ot + (0/0x;)(p)=0

Op/ot + (0/0%x;)(pv;)=0

In the Navier stokes equation,when the fluid is incompressible,then
p and p are-----

equal

Z€1r0

not equal

constant

constant

The Navier stokes equation in vector form is ---------------

dq/dt=F-Vp/p

dq/dt=F-Vp/ p+yV2q

dg/dt=F+yV’q

dg/dt=F+Vp/p+yV’q

dq/dt=F-Vp/p+yV’q

The equation of an Helmholtz equation of the viscous fluid is-------

de/dt=(e.V)q+ yV’e

de/dt=(e.V)q

ds/dt:yV2£

de/dt=(£.V)q- YV28

de/dt=(e.V)q+ YV28

On the 2-D motion the equation of vorticity is ------

de/dt=(e.V)q+ yV’e

de/dt=(e.V)q

ds/dt:yV28

de/dt=(£.V)q- YV28

ds/dt:yvzs




In a circulation on a viscous fluid the space derivative of the

vorticity vector are-------------- small constant large infinite large

The steady flow through an arbitrary cylinder under pressure is Hagen —Poiseuille

known as --------- flow viscous flow inviscous flow vorticity flow Hagen —Poiseuille flow
In the Reynolds number  is the principal parameter determining

the ------ role of the flow nature of the flow order of the flow type of the flow nature of the flow

The constant of proportionality, u depends entirely upon the

coefficient of

physical properties of the fluid is called typical viscous stress [effect of viscosity viscosity viscosity of a flow |coefficient of viscosity
An arbitrary volume of a fluid,the momentum of the fluid contained
within the volume is ----- Jvidv | pv; dv [ pdv [p?vidv [ pv, dv

The resultant value of an poiseuille’s law is ------

M=(np a*)/4p

M=(npp a°)/6p

M=(rpp a*)/8p

M=(mp a*)/6p.

M=(mpp a')/8p

If we consider two infinite parallel planes.Aflow with pressure
gradient when both planes are at rest then they are called as --------

pressure flow

plane poiseuille flow

coutte flow

plane coutte flow

plane poiseuille flow

If we consider two infinite parallel planes.A flow without pressure
gradient when one plane moves relative to the other such a flow is

plane coutte flow

plane poiseuille flow

infinite plane flow

viscous plane flow

plane coutte flow

A flow is said to be ---------- if all fluid particles moving in one

direction parallel perpendicular nonparallel Zero parallel

A flow is said to be parallel if only one velocity component is -------

-- Zero non zero constant variable non zero

A flow is said to be parallel if all fluid particles moving in----------

direction two three one four one

A flow is said to be parallel if only---------- velocity component is

non zero two four three one one

Skin friction 6= ---------- wh nej pU/h U/h uU/h

Skin friction is also known as --------- per unit area circle sphere square drag drag

In plane couette flow the --------------—--—- is zero temperature gradient | temperature pressure gradient pressure pressure gradient
plane poiseuille

In------emomee - the pressure gradient is zero flow plane couette flow couette flow poiseuille flow plane couette flow
plane poiseuille

In the plates are at rest flow plane couette flow couette flow poiseuille flow plane poiseuille flow

In plane poiseuille flow the plates are at-------- motion rest stable nonstable rest

| (T — for the drag of a sphere is given by D= 6 npaU, [stokes formula Greens formula Gauss formula Laplace formula stokes formula
The stokes formula for the drag of a sphere is given by D= -----------

----- 6 U, 6 nual, 6 mpa 6 aU, 6 npal,

The stokes formula for the drag of a --------------- is given by D=6

npal, circle flux sphere square sphere

In steady flow the flow past a circular cylinder then the stokes

equation reduces to ------- parallel perpendicular Nnonzero Zero Zero
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UNIT V

Boundary Layer concept — Boundary Layer equations — Displacement thickness, Momentum
thickness — Kinetic energy thickness — integral equation of boundary layer — flow parallel to
semi infinite flat plate — Blasius equation and its solution in series.

BOOK WORK 1

Derive the boundary layer equation for the two dimensional flow along a plane all.

PROOF:

Let us take a rectangle Cartesian co-ordinates (X,y) with x measure on the surface in the

direction of flow and y measured normal to the surface.

Let (u,v) be the velocity components then the equation of motion are

ou Ov
-+ — =
ox Oy

The approximate boundary layer equation may be obtained either physically or

mathematically.

Physically we have u is order of U and typical length scale parallel and normal to the wall

are L and o respectively.

Then v is the order of ?where %is the order of Reynolds’s number.
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2

2
The terms in equation (2) are of the order [%} expect the term Z—Z
X

The term may be neglected

Then equation (2) becomes

2
Wy L JOV @)
ax Q pox Oy

And also from equation (3) except the term —lg—pthe remaining terms are of order
p Ox

The pressure gradient normal to the wall is small and the total pressure changes a cross

the boundary layer.
The pressure is the function of x only.
P=p(x)

Equation (4)becomes

2 2
PN L U (6)
ox Oy p Ox ox~ Oy

The equation (1) and (6) are approximate boundary layer equation for u and v

By the continuity equation (1) we may introduce the stream layer function i such that
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0
U= a—"’
; ........................ (7)
A
ox

And equation (6) becomes the equation of 3" order of 7%
The boundary conditions are u=v=0 when y=0

In addition to the velocity u(x,y) we join smoothly onto the main stream velocity for

some suitable value of y
It is found that u = u, (x) atleast the boundary layer solution is concerned

The 3" boundary condition is « =, (x) when y = o

2
Aty—)ooa—u—>0and2—b;—>0
y

Then equation (6) becomes

du,  ¢ldp
Jn o=

1 1 2
PH = C= Pyt Pl

The thermal pressure co-efficient
2

u
=1-1
cp=1 >
Uy

BOOK WORK 2:
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Some important boundary layer characteristics are

1. Displacement thickness o,

2. Momentum thickness o,

3. Kinetic energy thickness o,

4. Skin friction or wall shearing stress 7,

5. Discipation of energy within a boundary layer.

Displacement thickness o,

Let us consider a particular stream line which is at a distance A(x,y ) from the wall.

In this case inviscid flow the stream would have be a distance %, (x,y ) from the wall.

We know that mass of the fluid flowing in unit time between y=0 and y=h is equal to the

mass of the fluid per unit time between y=0 and y = A,

In inviscid flow u = u, (x) for every y

h hi
We have jpudy = jpuldy = pu,; [Y]gl

0 0
h
jp”dy:p”lhi
0
f u
h, = |—dy
L

u

—_
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f u
= j (1 - —jdy
0 u,
It follows that the amount by which the stream line for from the wall is displaced is

lim(h— ;) = 5, (x) = | (1 - i]dy

u,
Hence 6, (x)is called as displacement thickness.

Momentum thickness J, :

It is defined by comparing the loss of momentum due to the way function in the boundary

to the momentum in the free flow region the momentum thickness &, can be calculated as

o0

p“1252 = J.M(pul — pu)dy
0

i(l_l]dy
U U,

pu,’ 8, is equal to the flux of defect of momentum in the boundary layer

5=
0

0, (x)1s called momentum thickness of a boundary layer.
Kinetic energy thickness o :

There is always loss in kinetic energy because of viscosity now the loss of kinetic energy

in the boundary layer at a distance y from the fluid is

P = udy

S ey 8
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If this integral is equaled to the quantity ) pu1353 ,0,can be considered as kinetic energy

flux as the rate of which the kinetic energy loss of a boundary layer

1 3 _001 2 2
P’ = j Pl —uyudy
T u
8, =[5’ —u)dy
o Uy

Skin friction or wall shearing stress 7 :

We considered the stress expectation upon the wall by the fluid in the boundary in 2D

flow the components of the stress are

ov, ov, | 2ufodv
=pS, — | —L+— |+ 25| RS
Py = POy ”[axi 8xj] 3 (axk UJ
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ov
Py =P 24U_2
ox,
ov
=p-2u
p—Zu Py

Within the boundary layer Z—uis of order % and ?is of order % so the ratios of these
) X
2
terms is lz(éj
L
1 ov ) ., Ov
1:R anda— may be neglated by comparison with —
X

. o . Ou O
Also by using 2n from of continuity equation L)
X

Now from equation (1)

ou
P _P—Z,Ua
"
P = Px ﬂay
ov
P :p_zﬂa
ou
=p+2u—
oy

At the wall itself the stress acting on the wall in the direction is simply — p,,

ou
Tw :_p21 =ﬂ5

Here 7 is the skin friction or wall shearing stress.
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The rate of energy destination per unit volume by viscosity or Discipation of energy within a

boundary layer:
1 2
We know ¢ =~ u(¢,)

. Ov,
Where &, :%+ 8x]

J i

From the equation of continuity for the compressible flow

ou
G =0andq,, =-¢,, =2.
ox
ou Ov
Cin =60 =§+§

Sub these values in (1)

¢= l,u 4(6—uj2+4(6—uj2+2 8_u+8_u :
2 ox ox oy Ox
=l,Ll 8(8_74)24_2 a_u+a_u 2
2 ox oy Ox
ox oy Ox
The magnitude of varies terms in this expression is found that is

2
ﬂ[z—ujz = 0(%} And the remaining terms are almost the order of R™'
X

This expression may be neglated

The boundary layer approximation to the equation (1) is ¢ = y(g—ujz
X
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This is the rate of Discipation per unit volume by viscosity
BOOK WORK 3:
Derive the integral equation for the boundary layer

PROOF:

Here there are two types of integral layer
1. Momentum integral
2. Kinetic energy integral equation
Momentum integral:

For 2D flow the momentum equation of the boundary layer is

2
WMy O Ldp o) 1)
ox Oy p dx oy
ou 1 4
i IR - e T )
ox p dx
Sub (2) in (1)

ou  Ou ou, 0’u
+ u, Y\ ==
ox 0Oy ox oy

On integrating w r t y from 0 to oo
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Where 7, = y(ﬁ—uJ

Consider the 2™ integral

. . . . ou .
Since by integral parts first subtraction the zero quantity v— from the integral

Since u=v=0 when y=0 and u = u, when y — co. In above equation the first term becomes zero
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T Ou K Ou
v—dy=|u—-u, )—dy
! o {( )%

Where (i:£+qu

dx Ox
t, ¢ Ou ~ Ou d T (Ou Ou
LT | R L T a Y R V' oy
Yo, '0[(”1 ox u@xjy dx-([u(u ul)y+£u( ﬁxJ
T, ¢f Ou Ou d e Ou
,0 —vg(ulg—ugjdy—agu(u—ul)dy—_!(ula—xl— ajdy
T, d
?:—a.([u(u—ul)dy

Here u and u, are functions of x along

O _ du

Oox dx

r, d ¢ du,
? = _Eu}[(u_ul)dy—i-d_xl-([(ul —u)dy
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Here 6,1s displacement thickness and ¢, is momentum thickness.
Equation (*) is called momentum integral equation.
ii. kinetic energy integral equation:

for a 2d flow the momentum equation of the boundary layer is

2
ou , auz_ld_pw(a ”j ............ )

Uu—+v— —
oy Oy p dx oy’
We know that
du 1 4
i R Q).
dx p dx
ou  Ou du, o’u
U—+v—=u—+y| —
dy Oy dx oy
2
N %wa—f .............. 3)
dy Oy dx oy

Multiply equation (3) by u and integrate w r t y with the limit O to co we have
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T [ Ou du, j T Ou K (82 u ]
uu——u,— ldy+ |uv—dy = | | — |dy.............. (4)
! ( oy dx ! oy J; oy*

Using integration by parts

Since u=v=0 when y=0

U=u, when y=0

Using the equation of continuity
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ov_ ou
oy ox
8 d 1% 8 ou’

u u u u
TERPIN .
0 dx 0 oy o\ Oy

) w0 2
_2£u(ua—u_ 1%}dy—!(u2—ulz)g—udy:2 !(Z—uj dy
) 2
2.([ (uld—?—ug—zjdy—g(ulz—uz)g—udy:27£(2—uJ dy
. ou L 0u ,ou 2(ou)
flom G- o G- S r=2rf(5 ] 0

o(1 s ) FouY
a(gpul @j_ﬂj(ﬁyJ Ao 7

0

Where 0, is the kinetic energy thickness
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o 2
u,0, = Il[l—u—z]dy
o U U

Equation (1) is called kinetic energy integral equation. The rate of change of flux of kinetic
energy defeat with the boundary layer is equal to the rate at which the kinetic energy is

discipated by viscousity

BOOK WORK 4:

Derive Blasius equation at boundary layer
Or

Flow parallel to a semi infinite plate
Or

Boundary layer along a semi infinite plate

Let us consider a semi infinite plate with thickness zero, with velocity u in the stream

study motion along x-axis
The plane is at y=0 and leading edge at x=0

We assume that the stream is neglibility effected by the pressure of the plane expect at

the boundary layer
@_,
Ox

Then the boundary layer equation becomes
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With boundary conditions # =u,at y =0atu =u,(x)aty — o

We show the stream function has the relationship

By using the idea of Blasius we introduce a function

1
W= Qupy )2 f ) 3)
Her fis a function of 7
N
And 77 = (—Oj %
27,
From the equation (2)
u —_ a_w

= o

P!
_9 Jap| Mo
u—ay(2u(>7x) f(2yxj y

u=(2uyr,)" f(z”—j y

X
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A Y 101 1 A
=% Quay )= S =+ S 1) 5 Gugy ) == 2uey

b : b2
_ Yol U _l -3 S'Quyy)
= Quyy,) f(—z J (-5 el

X

b2 P
_ uov _ u07 '
—(—2xj S (ij S

Y
v= (?j f'n-f)
X

ou O
Now — = — !
ow or  ox (uy.f")

ou 0 ,
o 5(“0f )

» 01
=u, f"—
0 ay

P
o 0
=uyf (27“j

Prepared by Dr.S.Sowmiya, Asst Prof, Department of Mathematics KAHE Page 17




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I M.Sc. MATHEMATICS COURSENAME: FLUID DYNAMICS
COURSE CODE; 19MMP206 UNIT; V BATCH-2019-2021

Fu_ ) on
ot " 2m) oy

m MO
=Uu _—
o (Mj

Sub all these in equation (1)

—uof'”—‘)rzf"{ﬂj (nf’—f)uof"(u—“] :vu{”—°jf'"
X 2x 29x

1 == 1"

S =0, @)
3 2
u%+ f 0 { =0
oy oy
With boundary condition

f=f"=00ry=0f"—>l1forn - o
This equation is known as Blasius equation for boundary layer along semi infinite plate.

BOOK WORK 5:

Show that the Blasius equation to the boundary layer along flate is a profile f(y) such that

[C(f'=7)dn = £"(0)

SOLUTION:

The Blasius equation gives
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f"! + ff” — O

Adding f'* on both sides we get

frrr+ffrr+f72 =fr2

Integrate w r t 77 between the limit 0 to oo we get

[(rm+ 7+ 12 Yin = [ £2dn

00

[a(r+g)= ] rdn

0
|:](*”_'_]‘(*](‘I]E)‘O =J.f!2d77

0
Using the boundary condition f = f'asn > f'=0& f'=1n—> ©

[£7(0) + £ ()] =[£"(0) + £(0)] = If’zdn
[0+ f(e0)— /"(0)+0] = If’zdn

£) —If’zdn - 1"(0)

]:fbln = £() = £(0) = £()

[ ran-| r2an=rr)
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[(r'= 12 Yn = 170

POSSIBLE QUESTIONS
UNIT 5§

PART-B (6 MARKS)

1. Explain boundary layer separation

2. Obtain von mises transformation

3. Derive the equation that hold for curved if the radius of curvature is large compared to
the boundary layer thickness

4. Explain the concept of the boundary layer

5. Define integral layer and its types.

6. Show that the Blasius equation to the boundary layer along flate is a profile f(y) such that

[ =r™dn = r"(0)

7. Derive Blasius equation at boundary layer
8. Show that the Flow parallel to a semi infinite plate

9. Derive the concept of Boundary layer along a semi infinite plate
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10. Explain characteristicsof Some important boundary layer

11. Define (1) Displacement thickness &, (il)Momentum thickness &,

12. Explain (i) Kinetic energy thickness o, (i1)Skin friction or wall shearing stress 7,
13. Explain the concept Discipation of energy within a boundary layer.

14 .Derive the boundary layer equation for the two dimensional flow along a plane.

15.State blasius equation and prandfl’s boundary layer with application.

PART-C (10 MARKS)

1. Obtain the Blasius equation
Obtain the momentum integral equation

Derive Prandtl’s boundary layer equation

N

Find the displacement thickness of boundary layer
5. Derive the integral equation for the boundary layer
6. Explain the applications of boundary layer.

7. Define (i) Displacement thickness o, (ii)Momentum thickness o6, (iii) Kinetic energy

thickness &, (iv)Skin friction or wall shearing stress 7,

8. Explain briefly about thickness of boundary layers.
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Subject: Fluid Dynamics
Class :1I- M.Sc. Mathematics

Subject Code: 19MMP206
Semester : 11
Unit V

Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)

Possible Questions

Questions Opt1 Opt 2 Opt 3 Opt 4 Answer

In a boundary layer characteristics which streamlines far from the wall kinetic energy

are displaced then §,(x) is referred to ag-------------- displacement thickness|momentum thickness  |thicknesss friction thifckness displacement thickness

The value of displacement thickness 8, (X)=------------------- Ju(1-(u/uy)) dy 11-(1/y)) dy 11-(ury) dy Juy)(1-(u/y)) dy [1-(uy) dy

When separation ocurrs in which circumstances the boundary layer kinetic energy

approximation is suspect in such case is displacement thickness |momentum thickness [thicknesss friction thifckness momentum thickness

A momentum thickness J,(x) is defined for incompressible flow as ------

- Ju(1-(u/uy)) dy [1-(1/up)) dy [1-(uwuy) dy Jwup-u) dy | Jw/u)(d-(wuy) dy
kinetic energy

A physically significant measure of boundary layer thickness is -------- displacement thickness [momentum thickness  |thicknesss friction thifckness kinetic energy thicknesss

A measuresthe flux of kinetic energy defect within the boundary layer as

compared with--------- viscous flow steady flow inviscid flow incompressible flow

incompressible flow

The kinetic energy thickness is defined as §;(x)=------ Tu(1-(u/uy)) dy 11-(1/uy)) dy 11-(u/uy) dy ) (1-®ud) dy | Jwu)(1-u* %) dy
The wall shearing stress is defined as ------- n o T, s T,

The skin friction t,=------ (ou/oy),, W(ou/dy)y 3(0u/dy),, (@*w/oy), w(ou/dy),,

The onset of reversed flow near the wall takes place at the position of boundary layer boundary layer

zero skin frction.such a position is called a position of ------ boundary layer friction |characteristics separation boundary layer flow [boundary layer separation
Kinematic viscosity is denoted by ----- n=y/p Y=Wwp p=Hy Y=p U y=Wp

Enthalpy is defined as ---- I=E+P I=E-(P/ p) I=E+(P/ p) I=E+(p/P) I=E+(P/ p)

Thermal conductivity is denoted by --------- p I p K K

Reynold’s number is defined as ------- R=U/y R=L/y R=UL/y R=Uy/L R=UL/y

Viscosity is a function of temperature and ----------- pressure mass density viscosity pressure

Kinematic viscosity is a function of ------- and pressure pressure temperature density force temperature

The rate of increases of the boundary layer thickness depends on ------ Op/ox 0q/0x Op/0y 0q/0y Op/ox

The rate of -------- of the boundary layer thickness depends on boundary

gradient change not change increase decrease increase

The layer in which ----- is called boundary layer Ou/Oy Ov/0y Ou/0x Ov/0x ou/oy

Kinetic energy thickness is also known as kinetic energy ---------

linear equation

laplace equation

integral equation

definite equation

integral equation

------- is called the pressure coefficient

c,

Pe

Ve

%

%




-------- have zero velocity at the walls

real fluids

ideal fluid

viscous fluid

inviscid fluid

real fluids

Real fluids have-------- velocity at the walls

negative

positive

Z€ero

nonzero

Z€ro

Real fluids have zero velocity --------

near to the wall

opposite to the wall

at the walls

befor the wall

at the walls

If the pressure has ----then the boundary layer thickness increases rapidly [decreases change nochange increases increases
boundary layer
f the pressure increases then the---- increases rapidly boundary thickness boundary layer boundary surface boundary layer thickness
If the -------------—- increases then the boundary layer thickness increases
rapidly pressure density mass force pressure
If the pressure increases then the boundary layer thickness -------------
rapidly decreases gradually increases increases gradually decreases  |increases
e has no slip conditions real fluids ideal fluid viscous fluid inviscid fluid real fluids

maximum slip

minimum slip

Real fluids has -------- no slip conditions slip conditions conditions conditions no slip conditions
The velocity component is normal to the wall is small if ----- is small 8/2 8/3 8/4 8/5 8/2

The velocity component is normal to the wall is small if 8/2 is ----- normal small parallel perpendicular small

In the equation of boundary layer-------------------- normal to the wall is

small temperature gradient | temperature pressure pressure gradient pressure gradient
In the equation of boundary layer pressure gradient -------------------- to

the wall is small parallel normal tangent perpendicular normal

The relationship between the pressure and main stream velocity can be
obtained by --------

beltramis equation

linear equation

indefinite equation

Bernoulli’s equation

Bernoulli’s equation

------ is the flux of defect of momentum in the boundary layer PG, PI P, %5, o125,

P, 8, is the flux of defect Of------r------mmmeev in the boundary layer acceleration velocity mass momentum momentum

In the equation of boundary layer the velocity component is-----to the

wall parralel perpendicular normal tangent normal
boundary layer

In the equation of ----- the velocity component is normal to the wall boundary thickness boundary layer boundary surface boundary layer

In the equation of boundary layer the velocity component is normal to the

wall is ----- normal parallel small perpendicular small
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