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KARPAGAM ACADEMY OF HIGHER EDUCATION 

 (Deemed to be University Established Under Section 3 of UGC Act 1956) 

Coimbatore – 641 021.  

         SYLLABUS 

Semester – IV 

18MMP401    MEASURE THEORY         4H – 4C 

 

Instruction Hours / week: L: 4 T: 0 P: 0  Marks: Internal: 40        External: 60 Total: 100 

End Semester Exam: 3 Hours 

Course Objectives 

This course enables the students to learn   

• Perspective on the broader impact of measure theory in ergodic theory. 

• To apply the general principles of measure theory and integration. 

 

Course Outcomes (COs) 

After successful completion of this course the students will be able to:  

1. Get a clear view of the fundamentals of measure theory. 

2. Acquaint with the proofs of the fundamental theorems underlying the theory of 

integration. 

3. Identify the broader impact of measure theory in ergodic theory and ability to 

pursue further studies in this area. 

4. Mastery in the general Lebesgue’s integral and its properties. 
 

UNIT I 

LEBESGUE MEASURE 

Introduction – Outer measure – Measurable sets and Lebesgue Measure – A non measurable set 
– Measurable set – Measurable functions – Littlewoods’s three principles. 

UNIT II 

THE LEBESGUE INTEGRAL 

The Riemann integral – The Lebesgue integral of a bounded function over a set finite measure – 

The integral of a non negative function – The general Lebesgue integral – Convergence in 
measure. 

UNIT III 

DIFFERENTIATION 

Differentiation of monotone function, Functions of bounded variation-differentiation of an 
integral-Absolute continuity. 



Measure Theory                            Syllabus  2018-2020 

 

Bachelor of Science, Mathematics, 2018, KAHE Page 2 
 

UNIT IV 

MEASURE SPACES 

Measure spaces-Measurable functions-Integration-General convergence Theorems. 

UNIT V 

SIGNED MEASURES 

Signed measures-The Radon-Nikodym theorem-the LP spaces. 

 

SUGGESTED READINGS 

1. Royden, H. L, (2008). Real Analysis, Third Edition, Prentice – Hall of India Pvt.Ltd, 

New Delhi. 

2. Keshwa Prasad Gupta, (2005). Measure Theory, Krishna Prakashan Ltd, Meerut. 

3. Donald L. Cohn, (2013). Measure Theory, United States. 

4. Paul R. Halmos, (2008). Measure Theory, Princeton University Press Dover 

Publications,NewYork . 
5. Rudin W, (2017). Real and Complex Analysis, 3 rd Edition, Mcgraw – Hill Education India 

Pvt Ltd, New Delhi. 
 

http://www.amazon.in/s/280-4236018-2747108?_encoding=UTF8&field-author=Paul%20R.%20Halmos&search-alias=stripbooks
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KARPAGAM ACADEMY OF HIGHER EDUCATION 

(Deemed to be University Established Under Section 3 of UGC Act 1956) 

Coimbatore – 641 021. 

LECTURE PLAN 

DEPARTMENT OF MATHEMATICS 
Staff name: V.Kuppusamy  

Subject Name: Measure Theory    Sub.Code:18MMP401 

Semester: IV       Class:  II M.Sc Mathematics 

S.No 

Lecture 

Duration 

Period 

Topics to be Covered 
Support Material/ 

Page Nos 

UNIT-I   

1 1 Introduction – Outer measure 
S1:Chapter3, Sec 3.2 

Pg.No : 56-58 

2 1 Measurable sets and Lebesgue Measure 
S1:Chapter 3, Sec 3.3 

Pg.No : 58-64 

3 1 
Continuation on Measurable sets and Lebesgue 

Measure 

S1:Chapter 3, Sec 3.3 

Pg.No : 58-64 

4 1 A non measurable set 
S1:Chapter 3, Sec 

3.4Pg.No : 64-66 

5 1 Measurable set 
S1:Chapter 3, Sec 

3.5Pg.No : 66-70 

6 1 Measurable functions 
S1:Chapter 3, Sec 3.5 

Pg.No : 70-72 

7 1 Littlewoods’s three principles 
S1:Chapter 3, Sec 3.6 

Pg.No : 72-75 

8 1 Recapitulation and discussion of possible questions  

Total No. of Lecture hours planned-8Hours  

UNIT-II 

1 1 The Riemann integral 
S3:Chapter2, Sec 

2.5Pg.No : 66-73 

2 1 Continuation onThe Riemann integral 
S3:Chapter 2, Sec 2.5 

Pg.No : 66-73 

3 1 
The Lebesgue integral of a bounded function over a 

set finite measure 

S1:Chapter 4, Sec 

4.2Pg.No : 77-85 

4 1 The integral of a non negative function 
S1:Chapter 4, Sec 

4.3Pg.No : 85-89 

5 1 The general Lebesgue integral 
S1:Chapter 4, Sec 

4.4Pg.No : 89-95 

6 1 
Convergence in measure. 

 

S1:Chapter 4, Sec 

4.5Pg.No : 95-97 

7 1 
Continuation on Convergence in measure. 

 

S1:Chapter 4, Sec 4.5 

Pg.No : 95-97 

8 1 Recapitulation and discussion of possible questions  
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Total No. of Lecture hours planned-8 Hours  

UNIT-III 

1 1 Differentiation of monotone function 
S1 : Chapter 5,Sec 5.1 

Pg.No :97-102 

2 1 Continuation onDifferentiation of monotone function 
S1 : Chapter 5,Sec 5.1 

Pg.No :97-102 

3 1 Functions of bounded variation 
S1 : Chapter 5,Sec 

5.2Pg.No :102-104 

4 1 Continuation onFunctions of bounded variation 
S1 : Chapter 5,Sec 5.2 

Pg.No :102-104 

5 1 Differentiation of an integral 
S1 : Chapter 5,Sec 5.3 

Pg.No :104-108 

6 1 Absolute continuity 
S1 : Chapter 5,Sec 

5.4Pg.No :108-113 

7 1 Continuation onAbsolute continuity 
S1 : Chapter 5,Sec 5.4 

Pg.No :108-113 

8 1 Recapitulation and discussion of possible questions  

Total No. of Lecture hours planned-8 Hours  

UNIT-IV 

1 1 Measure spaces 
S4 : Chapter 4,Sec 17 

Pg.No73-76 

2 1 Continuation onMeasure spaces 
S4 : Chapter 4,Sec 17 

Pg.No73-76 

3 1 Measurable functions 
S4 : Chapter 4,Sec 17 

Pg.No76-80 

4 1 Continuation onMeasurable functions 
S4 : Chapter 4,Sec 17 

Pg.No76-80 

5 1 Integration of Measurable functions 
S2 : Chapter 9,Sec 1 

Pg.No138-141 

6 1 General convergence Theorems 
S2 : Chapter10,Sec 1 

Pg.No174-176 

7 1 Continuation onGeneral convergence Theorems 
S2 : Chapter10,Sec 1 

Pg.No174-176 

8 1 Recapitulation and discussion of possible questions  

Total No. of Lecture hours planned-8 Hours  

UNIT-V 

1 1 Signed measures 
S3 : Chapter 4,Sec 

3.1Pg.No :113-122 

2 1 The Radon-Nikodym theorem 
S5 : Chapter 6,Sec 

31.Pg.No :124-128 

3 1 Continuation onThe Radon-Nikodym theorem 
S5 : Chapter 6,Sec 

31.Pg.No :124-128 

4 1 The LP spaces 
S3 : Chapter 4, Sec 4.5 

Pg.No :137-143 

5 1 Recapitulation and discussion of possible questions  

6 1 Discussion of previous year ESE question papers  

7 1 Discussion of  previous year  ESE question papers  

8 1 Discussion of  previous year  ESE question papers  

Total No. of Lecture hours planned-8 Hours  
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SUGGESTED READINGS 

1. Royden, H. L, (2008). Real Analysis, Third Edition, Prentice – Hall of India 

Pvt.Ltd, New Delhi. 

2. Keshwa Prasad Gupta, (2005). Measure Theory, Krishna Prakashan Ltd, Meerut. 

3. Donald L. Cohn, (2013). Measure Theory, United States. 

4. Paul R. Halmos, (2008). Measure Theory, Princeton University Press Dover 

Publications,NewYork . 

5. Rudin W, (2017). Real and Complex Analysis, 3 rd Edition, Mcgraw – Hill 

Education India PvtLtd, New Delhi. 

 

 

 

 

Total Planned Hours 40 

http://www.amazon.in/s/280-4236018-2747108?_encoding=UTF8&field-author=Paul%20R.%20Halmos&search-alias=stripbooks
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Lebesgue Measure: Introduction – Outer measure – Measurable sets and Lebesgue Measure – A non 
measurable set – Measurable set – Measurable functions – Littlewoods’s three principles. 
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Question Opt 1 Opt 2 Opt 3 Opt 4 Answer

 If a and B are two setsin M with AÌB, then MA≤MB 

thisproperty is called………………. Additivity         subadditivity    monotonicity    

translationinva

riant monotonicity    

The outer measure of an interval is its……………………… Length   measure  endpoints   sistance Length   

 If A is countable then m*A=………… 1 0 -2 -1 0

 The set [0,1] is……………. Not countable     countable    un countable    measurable Not countable    

If m*E=0 then E is ………………… outer measure   measurable   borel set   σ - algebra  measurable   

The complement of a measurable set  is ……………… countable set      σ - algebra   borel set    measurable  measurable

The collection M of measurable sets is………………….. σ - algebra   measurable countable set       borel set   σ - algebra  

Every………………………. is measurable. σ - algebra   borel set   countable set      open set  borel set   

The union of a countable collection of mesurable sets 

is……………

outer 

measurable set    σ - algebra  borel set  measurable measurable

Every borel Set  is measurable set then the converse? not true    not false  partially true   partially false not true    

Any element in borel algebra B is called……………… measurable set    borel set  σ - algebra  borel space borel set  

The intersection of any collection of closed sets is 

……………… measure set   open  sub set closed closed

The union of any finite collection of 

…………………………..is closed. measure set  closed set sub set   open set closed set

The set of rational numbers is the union of a countable 

collection of closed set s  each of which contains 

exactly…………………………………. number. Zero     finite  one   infinite one   

A set which is a countable union of ……………….. is 

called an F  sub set  closed set   measure set   open set closed set   

 A Set which is a ……………………. of closed sets is 

called an F

countable 

union  

 countble 

intersection   union    intersection

countable 

union  

The intersection of a countable collection 

of…………………… is callled an G closed seet  subset   open set   measue set open set   

Every isolated set of real number is ………………… finite   uncountable   infinite   countable  countable

The collection B of borel set is the smallest  σ- algebra 

which contains all of the………………… subset     closed set measure set   open set  open set

If A and B are two sets in  whit ACB ,then………………… A  ≥   B mA  ≥   mB mA ≤mB mA=mB mA ≤mB

The sum of the lenghts of the finite subcollection is  

………………………the sum of the lengths of the original 

collection. no less than   less than   

no greates 

than   greater than

no greates 

than  
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Differentiation of monotone function, Functions of bounded variation-differentiation of an integral-
Absolute continuity. 
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Question Opt 1 Opt 2 Opt 3 Opt 4 Answer

A function F defined on a compact interval [a,b] is called 

a …………….

Jump 

function Step function

Characteristic 

function

Continuity 

function Step function

If  E is a measurable set then the complement of the set is 

………………. borel set     open set  σ - algebra  

measurable 

set

measurable 

set

The family  of ……………………. is an algebra of sets  

measurable 

set open set  σ - algebra  borel set    

measurable 

set

 Every set with outer measure Zero is 

………………………….. open set   measurable   σ - algebra  borel set  measurable   

Every convergent sequence of measurable functions is 

……………………….. convergent  

uniformly 

convergent   

 uniformly  

continrous  continuous

uniformly 

convergent   

 Every measurable function is nearly ……………… continuous 

uniformly 

convergent   

 uniformly  

continrous  

discontinuou

s continuous 

The partition of an interval denoted by P then the sets A1, 

A2, A3...An  are called……..of partition P. Compact Closed Open Components Components

A measurable space  is said  to be _________if ϐ 

contains all the subset of set of measure zero complete closed borel set compact complete

Lebesgue measure is________ complete closed borel set compact complete

If μ is a  complete measure & f is a measurable  function 

then f=g ,a.e

g is 

measurable 

f is 

measurable

μ is 

measurable

f & g is 

measurable

g is 

measurable 

Every measurable sub set of a +ve set is_______ itself +ve itself –ve +ve and –ve null set itself +ve

The union of countable  collection of +ve set is_______ negative positive null set

positive and 

negative positive

Hahn decomposition is_______ unique

absolute 

value

not absolute 

value not unique not unique

A measure v is said to be absolutely continuous with 

respect to the measure μ if ________________ vA=0 vA =  0 vA=1 vA=   1 vA  = 1

A collection {Xα } of disjoint measurable subsets of X is 

called a ___________ for μ. Jordan measurable Nikodym 

decompositio

n

decompositio

n

A measurable μ is called ___________ if it has a 

decomposition. measurable

decompositio

n

decomposabl

e Jordan Jordan
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Question Opt 1 Opt 2 Opt 3 Opt 4 Answer

The dependence on the interval [a,b] or on the function f, 

If T<∞,we say that f is of____________ over [a,b] variance

bounded 

variation function 
measure

bounded 

variation

A function f is of bounded variation on [a,b] if and only 

if f is the difference of ___________function on[a,b]

Tow 

monotone 

real valued 

Monotone

Measure

Real value

Tow 

monotone 

real valued 

A monotone function on[0.1] which is discontinuous at 

each ________ continuous discontinuous rational point point rational point

The derivative of the indefinite integral of an integral 

function is equal to the _______almost every where integrand
positive

non integrand
negative

integrand

A real valued function f defined on [a,b] is said to be 

_________on[a,b]

continuous 

countable measure

absolutely 

continuous

absolutely 

continuous

The ______of  tow  absolutely  continuous function is 

absolutely continuous sum
odd

different

sum & 

difference sum

If f is absolutely continuous on [a,b] then it is of 

_______on[a,b] bounded continuous variation

bounded 

variation

bounded 

variation

If f is absolutely continuous on [a,b]&f’(x)=0 a.e ,then f 

is _________ constant bounded variance continuous constant

A function F is an indefinite  integral if and only if it is 

_________

absolutely 

continuous
continuous

bounded measure

absolutely 

continuous

Every absolutely continuous function is the ________of 

its derivative 

indefinite 

integral integral continuous bounded

indefinite 

integral

If X is any uncountable set & ϐ the  family of these 

subset which are either or the complement of a countable 

set then ϐ is a_________ algebra countable uncountable σ-algebra σ-algebra

A measure μ is called _______if μ(x)<∞ finite infinite uncountable countable finite

which one is an _______a finite measure (0,1) [1,1] (1,1) [0,1] [0,1]

which one is an σ-finite measure ______ (-∞,∞) (0,∞) (∞,0) (∞,-∞) (-∞,∞)

the counting  measure on an______is  a measure which is 

not σ-finite uncountable  infinite finite countable uncountable  

Any measurable  set contained in a set  of σ finite 

measure is it self of  ________

infinite 

measurable measurable

σ-finite 

measurable 

finite 

measurable

σ-finite 

measurable 

If μ is _______then every measurable set is of σ-finite 

measure σ-algebra
σ-finite

Borel set countable set
σ-finite

Every σ-finite measure is _______ semi finite constant finite infinite semi finite
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PART-A(20X1=20 Marks) 

Answer all the Questions: 
1. Every measurable function is nearly ……………… 
    a) continuous                             b) uniformly convergent      
    c) uniformly continuous            d) discontinuous 
 
2. Every set with outer measure Zero is ………………………….. 
    a) countable set     b) measurable   c) borel set    d) σ – algebra   
 
3. 4. If A is countable then m*(A)=………… 
     a) 1             b) 0              c) 2              d) -1 
 
4. The complement of a measurable set is ……………… 
     a) countable set   b) measurable       c) borel set     d) σ – algebra 
 
5. The family of ……………………. is an algebra of sets.   
     a) measurable set     b) open set      c) borel set    d) σ – algebra. 
 
6. A non-negative measurable function f is called ………...over the      

measurable set. 
     a) finite     b) continue    c) integrable  d) discontinue 
 
7. Every set with outer measure zero is ………………………….. 
     a) open set      b) measurable    c) σ - algebra    d) borel set 
 
8. If <fn> be a sequence of measurable functions defined on a set E of  
    finite measure if f(x)=lim fn(x) for each x in E…….convergence. 
     a) limit           b) finite      c) bounded       d) infinite 
 

 9. If A and B are two sets in M with AB, then MA≤MB this property is         
called………………. 
     a) additivity      b) subadditivity  
     c) monotonicity                             d) translation invariant 
 
 10. The outer measure of an interval is its……………………… 
    a) length             b) measure       c) endpoints            d) resistance 
 
11.  Every isolated set of real number is ………………… 
     a) finite       b) countable  c) infinite  d) uncountable 

12. A measurable μ is called finite, if______ 
    a) μ(y)>∞         b) λ(y)>∞              c) μ(y)<∞         d) λ(y)<∞  
 
13. The intersection of any collection of closed sets is……………… 
      a) measure set   b)open    c)subset d)closed 

14. The intersection of any collection of closed sets is ……………… 
       a) measure set        b) open     c) subset d) closed 
 
15. Every isolated set of real number is ………………… 
      a) finite   b) countable c) infinite    d) uncountable 
 
16. The collection M of measurable sets is………………….. 
       a) countable set      b) measurable   c) borel set    d) σ – algebra 
 
17. A bounded function f on [a,b] is Riemann integrable if the set of   
      points at which f is………………….…has measure zero. 
      a) continuous          b) discontinuous   c) limit   d) converges 
 
 18. If f is a bounded measurable function defined on a……………..set 
       a) measurable   b) semi open     c) subset      d) closed 
 
 19. A set which is a ……………………. of closed sets is closed. 
     a) countable union      b) countable intersection  
     c) union      d) intersection 
 

20. The non measurability of P with respect to any translation invariant  
countability additive measure M for which M[0,1] is …………. 

      a)1       b)0       c) ∞   d)-1 
    

 
 



PART-B (3X2=6 Marks) 
Answer all the Questions: 
21.Define Outer Measure  
22.If A is Countable then prove that m*(A)=0. 
23.State the Bounded Convergence theorem. 

 
PART-C (3X8=24 Marks) 

Answer all the Questions: 

24.a) Prove that outer measure of an interval is its length. 
(OR) 

     b) If f be an extended real valued function whose domain is           
measurable. Then prove that the following statements are 
equivalent  

           (i)   For each real number α the set {x/ f(x) > α}is measurable. 
           (ii)  For each real number α the set {x/ f(x) ≥α}is measurable. 
           (iii) For each real number α the set {x/ f(x)< α}is measurable. 
           (iv) For each real number α the set {x/ f(x) ≤α}is measurable. 

    These statements are imply for each extended real number α 
the set { x/ f(x)= α}is measurable. 

25.a) If {Ei} be an infinite decreasing sequence of measurable sets.  
         (ie)A sequence with En+1   ⊂ En for each A and mE be finite. Then  
          m(⋂ 𝐸𝑖∞

௜ୀଵ ) = lim
௡→∞

𝑚𝐸 

(OR) 
     b) If f and g are non-negative measurable functions, then    

   prove that the following 
       i) ∫ 𝑐𝑓

ா
 = c∫ 𝑓

ா
, c  > 0 

           ii) ∫ 𝑓 + 𝑔
ா

 = ∫ 𝑓
ா

 + ∫ 𝑔
ா

 
     iii) If  𝑓 = 𝑔 𝑎. 𝑒 𝑡ℎ𝑒𝑛 ∫ 𝑓

ா
 =∫ 𝑔

ா
 

26.a) If f be defined and bounded on a measurable set E with 

          mE finite. Prove that  ௜௡௙
௙ஸట ∫ 𝜓(𝑥)𝑑𝑥

ா
 = ௦௨௣

௙ஹఝ ∫ 𝜑(𝑥)𝑑𝑥
ா

 for all  

           simple functions 𝜑 and 𝜓 it is necessary & sufficient that f must be        
           measurable.   

(OR) 
      b) State and prove lebesgue convergence theorem. 
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PART-A (20×1=20 Marks) 

Answer all the Questions 

 

1. A non-negative measurable function 𝑓 is called __________over the  

     measurable set. 

    a) finite  b) continue  c) integrable  d) discontinue 

2. Every set with outer measure zero is __________ 

    a) open set  b) measurable c) σ - algebra    d) borel set 

3. If {𝑓𝑛} be a sequence of measurable functions defined on a set E of  

   Finite measure if 𝑓(𝑥) = 𝑙𝑖𝑚𝑓𝑛(𝑥) for each x in E_________convergence. 

     a) limit  b) finite   c ) bounded     d) infinite 

 4. The derivative of a function f we first define a set of four quantities  

     called the ________ of f and x. 

     a) derivate  b) non derivate c) function         d) non function 

 5. D+≤(f+g) is _______ 

       a)D-f  – D- g b) D+f  + D+g  c) Dg+ + Df+ d) Df-  + Dg- 

 6. The dependence on the interval [a,b] or on the function f, If T<∞,we say 

that f is  of____________ over [a,b]. 

        a) variance b) bounded variation c) function  d) measure   

 

7. If f is absolutely continuous on [a,b] and 𝑓′(𝑥)  a.e ,then f is _________ 

      a) constant b) bounded         c) variance     d) continuous 

8. If f is a bounded measurable function defined on a__________set 

    a) measurable b) semi open    c) subset d) closed 

9. A function F is an indefinite integral if and only if it is _________ 

    a) absolutely continuous b) continuous  c) Integrable   d) Discontinue 

10.The partition of an interval denoted by P then the sets 𝐴1, 𝐴2, 𝐴3 … . . 𝐴𝑛 

     are called__________of partition P.  

     a) derivate  b) non derivate   c) function     d) non function 

11.  A function f is of bounded variation on [a,b] if and only if f is the  

      difference of ___________function on [a,b].  

      a) two monotone real valued     b) monotone    

      c) measure        d) real value 

 12. The __________of  two  absolutely  continuous function is absolutely 

        continuous 

        a) sum      b) odd    c) different   d) sum &difference 

13. A function F is an indefinite integral if and only if it is _________ 

      a) absolutely continuous   b) continuous          

      c) bounded                d) measure 

14. Every absolutely continuous function is the ________of its derivative 

      a) indefinite integral        b) integral    

      c) continuous             d) bounded 

15. A bounded function f on [a,b] is Riemann integrable if the set of points at 

      which f is__________has measure zero. 

       a) continuous b) discontinuous c) limit         d) converges 

 



16. The f is a non-negative function and {𝐸𝑛}a ________Sequence of  

       Measurable set. 

       a) disjoint        b) union                   c) measurable   d) finite 

17. A measurable μ is called finite, if______ 

      a) μ(y)>∞          b) λ(y)>∞              c) μ(y)<∞        d) λ(y)<∞  

18. If μ is a complete measure & f is a measurable function then  

      f=g a.e ______    

       a) g is measurable            b) f is measurable   

       c) μ is measurable    d) f & g is measurable 

19.The counting measure on an ______ is a measure which is not σ-finite 

     a) uncountable b) infinite                  c) finite            d) countable 

 20. A measurable space is said to be _________if it contains all the subset  

      of set of measure zero. 

     a) complete        b) closed              c) borel set     d) compact 

 

PART-B (3×2=6 Marks) 

Answer all the questions 

21. State Vitali theorem. 

22. Define Step function. 

23. Define the indefinite integral. 

 

PART-C (3×8=24 Marks) 

Answer all the questions 

 

24.a) Prove that a function f is bounded variation on [ a, b] if and only if 

          f is the difference of two monotone real valued functions on [a, b]. 

(OR) 

     b) If f be an integrable function on [a,b] , and suppose that  

          F(x) = F(a) +  ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 then prove that  Fˈ(x) =f(x) for almost  

          all x in [a, b]. 

25.a) If f is integrable on [a,b] and  ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
 =0  for all 𝑥 ∈ [𝑎, 𝑏] then prove 

that f(t)=0 almost everywhere  in  [ a ,b ].  

(OR) 

       b) If f be a bounded function defined on [a,b].If f is Riemann integral on 

           [a,b] then prove that measurable and   R∫ 𝑓(𝑥)𝑑𝑥 = ∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

𝑏

𝑎
.     

 

26.a) State and prove generalization of Lebasque convergence theorem 

(OR) 

     b) If  𝜓 𝑎𝑛𝑑  𝜑 be simple function which vanish outside a set of measure  

         then prove that  ∫ 𝑎 𝜑 + 𝑏𝜓 = 𝑎 ∫ 𝜑 + ∫ 𝜓 and if 𝜑 ≥  𝜓 a.e then 

         ∫ 𝜑 ≥ ∫ 𝜓 . 
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