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19BEEE201 Semester-11
Mathematics — 11 4H-4C
(Linear Algebra, Transform Calculus and Numerical Method)
Instruction Hours/week: L:3 T:1 P:0 Marks: Internal:40 External:60 Total:100

End Semester Exam:3 Hours

Course Objectives

e The objective of this course is to familiarize the prospective engineers with techniques
in Linear Algebra, Transform calculus and Numerical methods.

e The syllabus is designed to develop the use of Matrix algebra techniques which is
needed by Engineers for practical applications.

e It aims to equip the students in numerical methods to solve engineering problems,
Fundamentals of numerical methods/algorithms to solve systems of different
mathematical equations will be introduced.

e To learn numerical methods to obtain approximate solutions to mathematical problem.

e To learn Basic concepts of Laplace transforms.

Course Outcomes
The students will learn:

1. To solve the problems in engineering using Matrix algebra Techniques.

Derive numerical methods for various mathematical operations and tasks such as
interpolation, differentiation and integration.

To analyze and evaluate the accuracy of solution for ordinary differential equations.

To implement numerical methods to solve Partial differential equations.

To solve problems using Laplace Transforms.

To improve facility in numerical manipulation.
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UNIT I - Matrices

Inverse and rank of a matrix, rank-nullity theorem; System of linear equations;
Symmetric, skew-symmetric and orthogonal matrices; Determinants; Eigenvalues and
eigenvectors; Diagonalization of matrices; Cayley-Hamilton Theorem, Orthogonal
transformation. Simple Problems using Scilab.

UNIT II - Numerical Methods

Solution of polynomial and transcendental equations — Bisection method, Newton-
Raphson method and Regula-Falsi method. Finite differences, Interpolation using Newton’s
forward and backward difference formulae. Central difference interpolation: Gauss’s forward
and backward formulae. Numerical integration: Trapezoidal rule and Simpson’s 1/3rd and 3/8
rules.



UNIT Il - Numerical Methods

Ordinary differential equations: Taylor’s series, Euler and modified Euler’s methods.
RungeKutta method of fourth order for solving first and second order equations. Milne’s And
Adam’s predicator-corrector methods.

UNIT IV -Numerical Methods

Partial differential equations: Finite difference solution two Dimensional Laplace
equation and Poisson equation, Implicit and explicit methods for one Dimensional heat
equation(Bender-Schmidt and Crank-Nicholson methods), Finite difference Explicit method for
wave equation.

UNIT V - Transform Calculus

Laplace Transform, Properties of Laplace Transform, Laplace transform of periodic
functions. Finding inverse Laplace transform by different methods, convolution theorem.
Evaluation of Integrals by Laplace transform, solving ODEs and PDEs by Laplace Transform
method.

SUGGESTED READINGS
1. P.Kandasamy,K.Thilagavathy., K.Gunavathy (2008), Numerical Methods,S.Chand Ltd,.

2. B.S. Grewal, (2010), Higher Engineering Mathematics, 36th Edition, Khanna Publishers

3. D. Poole, (2005),Linear Algebra: A Modern Introduction, 2nd Edition,Brooks/Cole.

4. N.P. Bali and Manish Goyal, (2008), A text book of Engineering Mathematics, Laxmi
Publications.

5. Hemamalini. P.T, (2014), Engineering Mathematics, McGraw Hill Education (India)
Private Limited, New Delhi.
6. V. Krishnamurthy, V. P. Mainra and J. L. Arora,(2005), An introduction to Linear

Algebra, Affiliated East-West press.
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Unit No. List of Topics

No. of Hours

Matrices

Inverse and rank of a matrix

Rank-nullity theorem

System of linear equations

Symmetric, skew-symmetric and orthogonal matrices

Determinants

Eigenvalues and eigenvectors

Tutorial. 1: Symmetric, skew-symmetric and orthogonal matrices, Eigenvalues and

UNIT -1 eigenvectors

N

Diagonalization of matrices

Diagonalization of matrices

==

Cayley-Hamilton Theorem

Orthogonal transformation.

Orthogonal transformation.

Simple Problems using Scilab

Tutorial 2: Problems based on Diagonalization, Cayley-Hamilton Theorem, Orthogonal
transformation

TOTAL
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Numerical Methods

Solution of polynomial and transcendental equations

Introduction and Problems for Bisection method

Introduction and Problems for Newton-Raphson method

Introduction and Problems for Regula-Falsi method

Introduction and Problems for Finite differences

Interpolation using Newton’s forward difference formulae

Tutorial 3: Problems based on types of numerical methods

UNIT - 11
Interpolation using Newton’s backward difference formulae

Introduction and Problems for Central difference interpolation

Introduction for Gauss’s forward and backward formulae

Problems based on Gauss’s forward and backward formulae

Numerical integration: Trapezoidal rule

Numerical integration: Simpson’s 1/3rd and 3/8 rules.

Tutorial 4: Problems based on types of numerical methods
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TOTAL
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Numerical Methods

Introduction to using numerical methods in ordinary differential equations

Introduction to Taylor’s series

UNIT - 111 Problems based on Taylor’s series

Problems based on Taylor’s series

Introduction to Euler and modified Euler’s methods.

Problems based on Euler and modified Euler’s methods.

Problems based on Euler and modified Euler’s methods.

Tutorial 5: Problems based on types numerical methods in ODE’s

Introduction to Runge-Kutta method

NGRS




Problems based on RungeKutta method

Introduction to Milne’s And Adam’s predicator-corrector methods

Problems based on Milne’s And Adam’s predicator-corrector methods

Problems based on Milne’s And Adam’s predicator-corrector methods

Tutorial 6: Problems based on types numerical methods ODE’s

N

TOTAL

UNIT - IV

Numerical Methods

Introduction to using numerical methods in partial differential equations

Introduction to Finite difference scheme

Solution of 2-D Laplace equation using Finite difference scheme

Solution of 2-D Laplace equation using Finite difference scheme

Solution of 2-D Poisson equation using Finite difference scheme

Implicit and explicit methods for one Dimensional heat equation: Bender-Schmidt method
and Crank-Nicholson methods

NG

Introduction to Bender-Schmidt method.

Problems based on Bender-Schmidt method

Tutorial 7: Problems based on numerical methods in PDE’s

Introduction to Crank-Nicholson methods

Problems based on Crank-Nicholson methods

Introduction to Finite difference Explicit method for wave equation.

N

Problems based on Finite difference Explicit method for wave equation.

Tutorial 8: Problems based on numerical methods in PDE’s

TOTAL

UNIT -V

Transform Calculus

Introduction of Laplace Transform

Properties of Laplace Transform

Laplace transform of periodic functions

Laplace transform of periodic functions

Finding inverse Laplace transform by different methods

Finding inverse Laplace transform by different methods

convolution theorem

Tutorial 9: Problems based on Laplace Transform and convolution theorem

Evaluation of Integrals by Laplace transform

Evaluation of Integrals by Laplace transform

Solving ODEs and PDEs by Laplace Transform method.

ARG

Solving ODEs and PDEs by Laplace Transform method.

Tutorial 10: Problems based on Solving ODEs and PDEs by Laplace Transform method.

Discussion of previous years ESE Questions

TOTAL

14

TOTAL NO. OF HOURS

70
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Questions optl opt2 opt3 optd Answer

The sum of the main diagonal elements of a matrix is trace of a quadrati eigen canonic trace of
called------ matrix c form value a matrix
al form

The orthogonal transformation used to diagonalise

: o N'AN N'A NAN' NA N'T AN
the symmetric matrix A is----

A, A Agyeenenen A, are the eigen values of A ,then
kA, kb, K, ... kA, are the eigen values of ------ kA kA2 kA™! A kA
. o . . . real
Diagonalisation of a matrix by orthogonal reduction .. triangula real
. . diagonal . scalar  symmet
is true only for a ----- matrix. r symmetric ric
If atleast one of the eigen values of A is zero, then 0 | 10 5 0
det A = -—--
. characte
characterist characte uadratic canonic ristic
det (A- ML) represents------ ic ristic 1
olynomial equation form al form - polyno
polyn q mial
If A 1L,A2,03,......... A_n are the eigen values
of A jthen 1/A_1,1/X 2,1/A 3,......... I/A_n are AN-1 A A™n 2A AN-1
the eigen values of --------
IfA LA 2,A3,......... A_n are the eigen values of
A then A 17p, A 2°p, A 3p,......... A n"p arethe A"-1 AN2 A™p A A™p
eigen values of
The eigen values of a ---------------------- matrix are its . skew- triangul triangul
. diagonal ~ symmetr .
diagonal elements e matrix ar ar
. T skew- .
In an orthogonal transformation N° AN=D , D . orthogo . diagona
. diagonal symmetric symmetr
refers to a ---------- matrix. nal i 1
In a modal matrix, the columns are the eigen vectors Al A2 A adiA A
4]
. 2 2 2 - positive . positive
+ + — -
If the eigen values of 8x,” + 7 x, . 3 x3 1.2 X Xp pOSltl'Ve semidefi indefinite negat'lve semidef
8 X, X3 +4 x5x; are 0,3 & 15, then its nature is----------- definite . definite . .
nite nite
a . =1la ap =-1, a =1 a apn=1, a;=
The elements of the matrix of the quadratic form x12 _121 . ’ f ap=-2, _1; a) E anp=4, l,a,=2
+3x22+4x1X2are ------------ ' 21_ an=2, ’ 2 an=3,,a,=2
2,a5,=3 4,a,=3
ap=3 ap=1 ,ap=3
If the sum of two eigen values and trace of a 3x3 AIX2 0 ! 5 0
matrix A are equal, then det A = -------—- A3
If 1,5 are the eigen values of a matrix A, then det A = 5 0 )5 6 5
If the canonical form of a quadratic form is Syl2 +6 0 5 ] 5

y22 , then the rank is --------

latent  column  orthogo latent

The eigen vector is also known as------- latent value
vector  value nal vector
value
If 1,3,7 are the eigen values of A, then the eigen 137 1921 26,14 1949 26,14

values of 2A are ---------—-—-



If the eigen values of 2A are 2, 6, 8 then eigen values
of A are

The number of positive terms in the canonical form is
r

called the of the quadratic form.

If all the eigenvalues of A are positive then it is
called as

If all the eigenvalues of A are negative then it is
called as

A homogeneous polynomial of the second degree in
any number of variables is called the

The Set of all eigen values of the matrix A is called
the of A

A Square matrix A and its transpose have

eigen values.

The sum of the of a matrix A is equal to
the sum of the principal diagonal elements of A.

The product of the eigenvalues of a matrix A is equal
to

The eigenvectors of a real symmetric are

If the eigen values of 2A are 2, 6, 8, then eigen
values of A are

The eigen values of a triangular matrix are --------

The main diagonal elements of a triangular matrix

If atleast one of the eigen values of A is zero, then
det A=

If the eigen values of A are 2, 3, 4 then the eigen
values of A is

If the sum of two eigen values of matrix A are equal
to the trace of the matrix, then the determinant of A
is

Sum of the principal diagonal elements

1,3,4 2,6,8 1,9,16 1243 1,34
. . indefinit .
ank index  Signature len M S dex
Positive Negativ P051.tlve . Negativ N
definite e semidefini e Positive
definite te semidefi definite
nite
. .. Negati .
. Negativ Positive ceatlv Negativ
Positive . .
definite N semidefini semidefi N
definite te . definite
nite
characterist characte . . .
. i quadratic canonic quadrati
ristic
. . form al form ¢ form
polynomial equation
. . 1,
rank index  Signature spectu Islll)ectru
. T
different Same  Inverse Seransp © Same
characterist characte . . .
. .. eigen eigen  eigen
ristic
. . values vectors values
polynomial equation
. S f S f .
Sumof  Determi gm © umo Determi
. minors of the
main nant of . nant of
diaconal A Main cofactor A
& diagonal sof A
ymmetr
equal unequal real isc N real
1,3,4 2,68 1,916 1243 134
: last main
main first .
. first row column diagona
diagonal column
elements element |
elements elements
aleman
characterist characte . . .
. .. eigen eigen  eigen
1c ristic
. . values vectors values
polynomial equation
ymmetr triangul triangul
S r ian rian.
square . ¢ symmetri g g
ic ar ar
c
0 1 10 5 0
(-1/2,-
1/2,1/3, 1/2,
2,3,4 -2,-3,-4 1/3,-
1/4 1/3, 1/4
/ 1/4) /3,1/
1 2 0 3 0

product of product sum of
eigen of eigen eigen
values vectors values

product sum of
of eigen eigen
values values



If 1 and 2 are the eigen values of a matrix A, then the
eigen values of A’ are

The eigen vector is also known as

If all the eigen values of a matrix are distinct, then
the corresponding eigen vectors

A matrix is called symmetric if and only if ----------

If a matrix A is equal to AT then A is a --------
matrix.

A matrix is called skew-symmetric if and only if --------

If a matrix A is equal to -A"T then A is a --------
martrix.

A matrix is called orthogonal if and only if -----

A matrix is called ------------ if and only if AAT=AN-1.

The equation det (A-Al) = 0 is used to find ----------

If the characteristic equation of a matrix A is A"2 — 2
= 0, then the eigen values are -------

If 1,3,7 are the eigen values of A, then the eigen
values of 2A are ------------
If 1,5 are the eigen values of a matrix A, then det A =

Eigen value of the characteristic equation A*2-4 =0

is

Eigen value of the characteristic equation A"3-

6 2+11A-6 =0 is

Largest Eigen value of the characteristic equation A"3-
3V2+20=0is

Smallest Eigen value of the characteristic equation
M3-TAV2+36 =0 is

Sum of the principal diagonal elements =

Product of the eigen values =

A Square matrix A and its transpose have

eigen values.

If 1 and 2 are the eigen values of a 2X2 matrix A,
then the eigen values of A2 is

If 1 and 2 are the eigen values of a 2X2 matrix A,
then the eigen values of A*-1is

If a real symmetric matrix of order 2 has --------- then
the matrix is a scalar matrix.

2,3 3,5 1,4 1,2
latent column row latent
square vector vector vector
li |
linearly . _|neary
dependent tnique unique indepen
dent
A=AT A=AN-1 A=-ANT A=A
non
symmetric symmetr skew- singular
e symmetric £
A=AT A=AN-1  A=-ANT A=A
non
symmetric symmetr skew- singular
Y o symmetric g
AT=_AA. AT=-AA.
ArT=And AR pnpopng ATTEA
1 2
non )
. triangul
orthogonal square symmetri ar
c
characterist characte .
. . eigen eigen
1c ristic
. . values vectors
polynomial equation
Qr12),- . ..
2,2 (-2,-2) 27(112)) (21,-2i)
1,3,7 1,921 26,14 1,9,49
5 0 25 6
2,4 2,-4 2,2 2,2
1,2,3 1,-2,3 1,2,-3 1,-2,-3
1 0 2 4
3 3 2 6
product of product sumof  sumof
eigen of eigen eigen eigen
values vectors values vectors
(-1A]) vAl UAD A
different Same  Inverse ;Feransp ©
2,4 34 5,6 1,4
2,172 1,172 1,2 4,12
. different equal different
equal eigen . . .
eigen eigen eigen
vectors
vectors values values
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latent
vector
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A=ANT

symmet
ric
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symmet
ric
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5
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-2

sum of
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values

A

Same
1,4
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equal
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values



. . . . different same different same
If A and B are nxn matrices and B is a non singular ~ same eigen

. eigen eigen eigen eigen
matrix then A and BA-1AB have vectors & & & g
vectors values values  values
. characte orthogon charact
characteris | . ..
. P . ristic al . eristic
Every square matrix satisfies its own ---------- tic . canonic .
. equatio transform equatio
polynomial . al form
n ation
eigen eigen eigen eigen eigen
. & & vectors of & &
In a modal matrix, the columns are the ----------- vectors of vectors | values vectors
A ofadjA "% ofA  ofA
ofA
. inverse
inverse
and higher eigen eigen uadrati and
Cayley -Hamilton theorem is used to find ------------ & 8 & g higher
powers of values vectors cform
powers
A
of A
If the canonical form of a quadratic form is 5y12 -6
g y 4 0 2 1 1

y22 , then the index is --------
The non =singular linear transformation used to

transform the quadratic form to canonical form is ---- X= NTY X=NY Y=NX NXA X=NY

. . latent latent  column  orthogo latent
The eigen vector is also known as-------
value vector value nal vector
value
. characte
o characteris . . . . .
The sum of the of amatrix Aisequalto . ristic eigen eigen eigen

L K tic i
the sum of the principal diagonal elements of A. . equatio values vectors values
polynomial "

Sum of Sum of

. . Sum of Determi . Determi
The product of the eigenvalues of a matrix A is equal . minors of the
main nant of . nant of
to . Main cofactor
diagonal A .
diagonal sof A
. . symmet
The eigenvectors of a real symmetric are equal unequal real i real
When the quadratic form is reduced to the canonical
o . . . . . spectru
form, it will contain only r terms, if the of Ais rank index Signature " rank
r.
The excess of the number of positive terms over the
. . . . . . spectru .
number of negative terms in the canonical form is rank index Signature m Signatu
called the of the quadratic form. re

If all the eigen values of A are less than zero and Negativ Positive  Negativ Negativ

. . . Positive o
atleast one eigen value is zero then the quadratic . e semidefin e e
T definite S - .
form is said to be definite ite semidefi semidef
nite inite
If all the eigen values of A are greater than zero and Positive Negativ Positive  Negativ Positive
atleast one eigen value is zero then the quadratic - e semidefin e semidef
o definite o P
form is said to be definite ite semidefi inite
nite

Negativ Positive
e semidefin indefinit indefini
definite ite e te

If the quadratic form has both positive and negative Positive
terms then it is said to be definite



2.1 Bisection Method

The bisection method is the easiest to numerically implement and almost always
works. The main disadvantage is that convergence is slow. If the bisection method
results in a computer program that runs too slow, then other faster methods may
be chosen; otherwise it is a good choice of method.

We want to construct a sequence xp, X1, X2, .- - that converges to the root x = r
that solves f(x) = 0. We choose xg and x7 such that xo < r < x1. We say that xg
and x1 bracket the root. With f(r) = 0, we want f(xp) and f(x1) to be of opposite
sign, so that f(xp)f(x1) < 0. We then assign x; to be the midpoint of xq and x1,

that is xp = (xp +x1)/2, or
X1 —Xp
Xy =X + > .

The sign of f(x2) can then be determined. The value of x3 is then chosen as either
the midpoint of xp and x> or as the midpoint of x; and x1, depending on whether
xp and x; bracket the root, or x» and x1 bracket the root. The root, therefore,
stays bracketed at all times. The algorithm proceeds in this fashion and is typically
stopped when the increment to the left side of the bracket (above, given by (x7 —
x0)/2) is smaller than some required precision.

2.2 Newton’s Method

This is the fastest method, but requires analytical computation of the derivative of
f(x). Also, the method may not always converge to the desired root.

We can derive Newton’s Method graphically, or by a Taylor series. We again
want to construct a sequence xg, x1,x2, ... that converges to the root x = r. Consider
the x,, 11 member of this sequence, and Taylor series expand f (xy41) about the point

x,. We have
Flxng1) = fF(xn) + (xap1 —xa) f (xn) ...

To determine x,, 1, we drop the higher-order terms in the Taylor series, and assume
f(xn41) = 0. Solving for x,, 1, we have

f(xn)

Xp+1 = Xn — f;(xﬁ)'

Starting Newton’s Method requires a guess for xp, hopefully close to the root x = r.
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Unit-Il Interpolation

Questions

The process of computing the value of the function
inside the given range is called

If the point lies inside the domain [x_0, x_n], then
the estimation of f(y) is called

The process of computing the value of the function
outside the given range is called

If the point lies outside the domain [x_0, x_n], then

the estimation of f(v) is called
Interpolation is the process of computing

values of a function from a given set of tabular values

of a function
The estimation of values between well-known

discrete points are called

is the process of finding the most appropriate
estimate for missing data.
For making the most probable estimate the changes in
the series are must be within a period.

For making the most probable estimate the frequency
distribution must be

Lagrange’s interpolation formula can be used when
the values of independent variable x are

To find the unknown value of x for some y, which
lies at the unequal
intervals we use ------------------- formula.

If the values of the variable y are given, then the
method of finding the unknown

variable x is called ---------——em——-
In Newton’s backward difference formula, the value

of n is calculated by ------- .

In Newton’s forward difference formula, the value
of n is calculated by ------- .

In the forward difference table y 0 is called

element.
In the forward difference table forward symbol

((y_0)), forward symbol(*2(y_0)), .. are called

difference.
The difference of first forward difference is called

Formula can be used for interpolating the
value of f(x) near the
end of the tabular values.

optl opt2
Interpolation extrapolation

extrapolation
Interpolation

Interpolation extrapolation

Interpolation extrapolation

positive negative
Interpolation extrapolation

uniform Normal

Normal uniform

equally — unequally —
spaced spaced

Newton’s  Newton’s
forward backward

Newton’s  Newton’s
forward backward

n=(x—x_,) n=(x_,X)

/h /h

n= (Xfx_n) n= (X_nfx)

/h /h

leading ending

leading ending

divided 2nd forward
difference  difference

Newton’s  Newton’s
forward backward

opt3 optd
reduction expansion

reduction expansion

reduction expansion

reduction expansion

intermedia
constant te
reduction expansion

Exponent periodic
ially

periodic  Exponenti
ally

both positive

equally

andunequ

ally —

snaced

Newtons inverse

divided interpolati

differenc on

e

interpolat inverse

ion interpolati
on

n= n=

(x—xX¢)/h (x_¢x)/h

n= n=
(x—=x¢)/h (x_¢—x)/h

middle  positive

middle  positive

3rd 4th
forward forward
differenc difference
o

stirling
Lagrange

Answer

Interpolatio
n

Interpolatio
n
extrapolatio
n

extrapolatio
n

intermediat
e
Interpolatio
n

uniform

Normal

both
equally
andunequall
y — spaced

Newtons
divided
difference

inverse
interpolatio
n

n=

(xx_,)/h

n = (xX—Xg)
/h

leading

leading

2nd
forward
difference

Newton’s
backward



Gregory Newton forward interpolation formula is
also called as Gregory Newton

forward formula.
Gregory Newton backward interpolation formula is

also called as Gregory Newton

backward formula
Gregory Newton backward interpolation formula is

also called as Gregory Newton backward

formula .
The divided differences are in their

arguments.

In Gregory Newton forward interpolation formula 1st
two terms of this series give the result for the

interoolation.
Gregory Newton forward interpolation formula 1st

three terms of this series give the result for the

internolation.
Gregory Newton forward interpolation formula is

mainly used for interpolating the values of y near the
of the set of tabular values.

Gregory Newton backward interpolation formula is
mainly used for interpolating the values of y near the

of the set of tabular values.
From the definition of divided difference (u-u_0)/(x-

x 0) we have =
If f(x) =0, then the equation is called

If the values x, =0, y, = 0 and h = 1 are given for
Newton’s forward method, then the value of x is ------

The n ™ order difference of a polynomial of n o
degree is ------------ .

What will be the first difference of a polynomial of
degree four?

A function which satisfies the difference equation is
a of the difference equation.

The degree of the difference equation is

The degree of the difference equation is

The difference between the highest and lowest
subscripts of y are called of the difference
equation

Elimination iteration differenc distance difference

e
Elimination iteration differenc distance difference
e
Elimination iteration differenc distance difference
e
constant symmetrical varies singular
symmetrical
Ordinary ordinary parabolic central Ordinary
linear differential linear
Ordinary ordinary parabolic central parabolic
linear differential
beginning end centre side beginning
beginning  end centre side end
(v.y_0) (xy) (x_0, (xx 0)  (x_0,y_0)
y 0)
Homogenou non- first second Homogeno
S homogenous order order us
0 1n X n
constant ZEeTro constant
polynomi polynomia
al in first 1inn-1
degree  degree
Polynomial Polynomial
of of Polynomi Polynomia Polynomial
degree one degree two  al of lof of
degree  degree degree three
three four
Solution general complem particular Solution
solution entary solution
solution
The highest The The The The
powers of  difference  differenc highest highest
y’s between the e value of x powers of
arguments  between y’s
ofy the
constant
2 0 1 3 1
degree order power  value order



Which of the following is the central difference
operator?
1+(forward difference operator)=

u is called the operator

The other name of shifting operator is
operator
The difference of constant functions are

The nth order divided difference of x n will be a
polynomial of degree .
The operator forward symbol is

backward  forward u ) forwarddiff
difference  difference erence
operator operator operator
E n ) )
backward E u ) E
difference
symbol
Central average backward displacem average
ent
Central average backward displacem displaceme
ent nt
0 1 2 30
0 1 p 32

homogenous heterogeneou linear a variable linear
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unit-lll
Numerical differentiation and Integration

Questions

Formula can be used for interpolating the
value of f(x) near the
end of the tabular values.

Formula can be used for interpolating the
value of f(x) near the
beginning of the tabular values.

In Numerical integration, the length of all intervals is
in ----------- distances.

When the function is given in the form of table values
instead of giving analytical expression we use

is the process of computing the value of the
definite integral from the set of numerical values of
the integrand.

Numerical integration is the process of computing the
value of a from a set of numerical values
of the integrand.

Numerical evaluation of a definite integral is called -----

What is the value of h if a=0,b=2 and n=2.

Integral (f(x) dx)=(h/2) [Sum of the first and last
ordinates + 2(sum of the remaining ordinates)] is called

If the given integral is approximated by the sum of ‘n’
trapezoids, then the rule
is called as ---------------- .

optl
Newton’s
forward

Newton’s
forward

Greater
than the

other
numerical

differentiati
on

numerical
differentiati
on

indefinite
integral

integration

1

Constant
rule

Newton's
method

opt2 opt3
Lagrange
Newton

s

S
Thanlxra
Lagrange
Newton
’s
hackwa
less equal

than

the
numeric approximati

al on
eliminat

ion

numeric Simpsons
al rule
integrati

on

definite expression

integral

differen interpolatio
tiation n
2 3

Simpso Trapezoidal
nsrule rule

Trapezo simpson's
idal rule rule

opt4
stirling

stirling

not equal

addition

Trapezoi
dal rule

equation

triangula
risation

4

Romberg
s rule

none

Answer
Newton’s
backward

Newton’s
forward

equal

numerical
differentiat
ion

numerical
integration

definite
integral

integration

1

Trapezoida
lrule

Trapezoida
lrule



What is the formula for finding the length interval h in
trapezoidal tule?

The accuracy of the result using the Trapezoidal rule
can be improved by --------

The order of error in Trapezoidal rule is ------------- .

Simpson’s rule is exact for a ----------------- even
though it was derived for a
Quadratic.

The order of error in Simpson’s rule is ----------
For what type of functions, Simpsons rule and direct

integration will give the same result?

Simpson’s rule gives exact result if the entire curve
y=f(x) itself is a

To apply Simpsons one third rule the number of
intervals must be

The end point coordinates y 0 and y n are included in
the Simpsons 1/3 rule, so it is called
formula.

Simpson’s one-third rule on numerical integration is
called a --------- formula.

The order of error in Simpson’s formula is

In two point Gaussian quadrature Formula n =

In Simpsons 1/3" rule, the number of ordinates must
be .

h=(b-a)/n

Increasing
the
interval h

h

cubic

h

parabola

parabola

odd

Newton’s

closed

odd

h=(b/a)/
n

Decreas
ing the

| P

h"2

less
than
cubic

h"2

hyperb
ola

hyperb
ola

cven

open

open

even

h=(b*a)/n  h=(b+a)/
n

Increasing  altering

the the

number of  given

M3 hha

linear quadratic

h"3 h”4

ellipse cardiod

ellipse cardiod

equally unequal

spaced

closed Gauss

semi closed semi
opened

3 4

3 4

0 3

h=(b-a)/n

Decreasing
the length

B T

h"2

linear

h”4

parabola

parabola

cven

closed

closed

odd



In three point Gaussian quadrature Formula n =

Two point Gaussian quadrature Formula requires only
functional evaluations and gives a good
estimate of the value of the integral.

formula is based on the concept that the
accuracy of numerical integration can be improved by
choosing the sampling wisely , rather than on the basis

of eanal enacino
Gauss Quadrature formula is also called as

The 2 point Gauss-quadrature is exact for the
polynomial up to degree

The 3 point Gauss-quadrature is exact for the
polynomial up to degree

Integrating f(x)=5x"4 in the interval [-1,1] using
Gaussion two point formula gives

The modified Eulers method is based on the
of points

prior values are required to predict the
next value in Milne’s method

prior values are required to predict the
next value in Adams method

1 2 3 4

1 2 3 4

Newtons eliminat Gauss hermite
ion quadrature

. Newton’s  Gauss- Gauss- Gauss-

Legendr seidal Jordan

1 2 3 4

1 5 3 4

1/2 9/5 10/9 5/9

sum multipli average subratcti
cation on

1 2 3 4

1 2 3 4

The Eulers method is used only when the slope at point (x(n), y) (%, y(n)) (x(n), y(n)) (0, 0)

in computing is y(n+1)

Gauss
quadrature

Gauss-
Legendre

3

10/9

average

(x(n), y(n))



The Runge Kutta method agrees with Taylor series
solution upto the terms

Runge Kutta method agree with solution
upto the terms h"4

method is better than Taylor’s series
method
Taylors series method belongs to
method
If all the n conditions are specified at the initial point
only then it is called a problem
The problem dy/dx = f(x,y) with the initial condition
v(x(0)) = y(0)is problem
The solution of an ODE means finding an explicit
expression for y, in terms of a number of

elementarv fiinctions of x
The solution of an ODE is known as

solution

The differential equation of the 2" order can be solved

by reducing it to a differential equation

The Eulers method is used only when the slope at point

(x(n), y(n)) in computing is

The Eulers method is used only when the slope at point

in computing is y(n+1)

The modified Eulers method is a
method of predictor-corrector type

The modified Eulers method has greater accuracy than
method
The formula y(n+1) = y(n) + hf(x(n), y(n)) is
formula

Modified Eulers method is the Runge-kutta method
of order
Modified Eulers method is same as the

method of 2™ order

h"™2

Taylor
Series

Runge Kutta
Single step
Initial value
initial value

finite

infinite

lower order

y(n+1)

(x(n).y)

Self-
correcting

Taylor’s

Euler’s

lst

Eulers

h"3 h"4 h*r
Eulers Milnes Adams
Milnes Adams Eulers
multi  step by step liminatio
step n

final  boundary semi
value  value defined
final boundary  multistep
value  value

infinite positive negative
open- closed-form negative
form form
higher- partial simultan
order eous
y(n-1) (dy/dx)(n+1 (dy/dx)(n

) -1
(x, y(m) (x(n), y(n)) (0, 0)

Self- Self- Self-
starting evaluating predictin
Picard’s Euler’s Adam’s
modifie Picard’s Taylor’s
d

Euler’s

2nd 3rd 4th

Taylors Picards Runge
Kutta

h”r

Taylor
Series

Runge
Kutta
Single step

Initial
value
initial
value
finite

closed-
form

lower
order

y(n+1)

(x(m), y(n)

Self-
starting

Taylor’s

Euler’s

an

Runge
Kutta



The process used in Eulers method is very slow and to
obtain reasonable accuracy we need to take a

value of h
The process used in Eulers method is very slow and to

obtain reasonable accuracy we need to take a smaller

value of

The formula is given by y(i+1) = y(i) +hf

(x(i), v(i))

The predictor formula and

and the same

The formula is used to improve the value of

The formula is given by y(i+1) = y(i) +
h/2[f(x(i), v(i)) + fix(i+1), v(i+1))1,i=1,2,3.....

The formula is used to predict the value
y(i+1) of yat x(i+1)

y(it+1)

In predictor corrector methods, prior values of y
are needed to evaluate the value of y at x(i+1)

In methods, 4 prior values of y are needed to
evaluate the value of y at x(i+1)
In predictor corrector methods 4 prior values of

are needed to evaluate of values of are
needed to evaluate of value of v at x(i+1)

formula are one

Smaller

h

Taylors
Taylors
Taylors
Predictor

Predictor

Taylor’s

Larger negative

h"2 h"3

predicto Corrector

r

Eulers Modified
Eulers

predicto Corrector

r

Correct Corrector

or

Correct Taylors

or

2 3

predicto Predictor-
T corrector
y2 y*3

Positive

4

Eulers
Eulers
Picards
Picards

Picards

Euler’s

yh4

Smaller

Eulers

Eulers

Corrector

Predictor

Corrector

4

Predictor-
corrector
Y
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Questions

If BA2-4AC = 0, then the differential equation
is said to be

If BA2-4AC > 0, then the differential equation
is said to be

If BA2-4AC < 0, then the differential equation
is said to be

The differential equation is said to be
parabolic, if

The differential equation is said to be elliptic, if BA2-4AC 0

The differential equation is said to be
hyperbolic, if
The differential equation is said to be
in a region R if BA2 - 4AC >0
at all points of a region.
The differential equation is said to be
inaregionRif BA2-4AC<0
at all points of a region.

The differential equation is said to be

in aregion Rif BA2-4AC=0
at all points of the region.
One dimensional heat equation is the
example of equation.
One dimensional wave equation is the
example of equation.

Two dimensional heat equation is the
example of equation.

Poisson equation is an example of

equation is an example of
parabalic equation.

equation is an example of
hyperbolic equation.

equation is the example of elliptic
equation.

(f(x+h)-f(x))/h is known as the
The equation del*2(u) =0 is
equation.

eqt Parabolic

optl opt2
parabolic elliptic
parabolic elliptic
parabolic elliptic
BA2-4AC >
BA2-4AC O
BA2-4AC >
BA2-4AC >
BA2-4AC O
Parabolic elliptic
Parabolic elliptic
Parabolic elliptic
Laplace Poisson
elliptic
elliptic

elliptic

opt3

hyperbolic

hyperbolic

hyperbolic
BA2-4AC
<0
BA2-4AC
<0
BA2-4AC
<0

hyperbolic

hyperbolic

hyperbolic

Parabolic

rectangular | Parabolic

rectangular | Parabolic

hyperbolic

One dimens One dimensi Poisson

One dimens One dimensi Poisson
equation is an example of elliptic ec One dimens One dimensi Poisson

One dimens One dimensi Poisson

difference c average

Laplace Poisson

derivative

Heat

opt4 Answer
equally
spaced parabolic

equally hyperboli
spaced ¢

equally selliptic
BA2-

4AC=0 B"2-4AC
BA2- BA2-4AC
4AC=0 <O

BA2- BA2-4AC
4AC=0 >0

rectangt hyperbolic

rectangt elliptic
rectang
ular
hyperb
olic
Hyperb
olic
Hyperb
olic

Parabolic
Parabolic

Hyperboli

Hyperb
olic
rectang
ular

elliptic
elliptic

One

dimensio
Laplace nal heat
One
dimensio
Laplace nal wave
Laplace Poisson

Laplace Laplace
differenc
e

f(x) quotient

Wave Laplace



[x f(xx)+yf(yy)]=0 x>0, y>0is ____ type of
equation.

[f(xx)-2f(yy)]=0, x>0, y>0is ____ type of
equation.

The equation del” 2(u) = f(x, y) is known
as equation

process is used to solve two
dimensional heat equations
One dimensional heat equation can be solved

using method.

One dimensional heat equation can be solved

using method.
One dimensional wave equationcan be solved
using method.

Poisson equationcan be solved using

Liebmanns iteration process is used to solve ---

........ equations.

equation can be solved using
Crank-Nicolson method.

equation can be solved using
Bender-Schmidt method.

equation can be solved using
Explicit method.

equation can be solved using Liebm Parabolic

Crank-Nicolson method is also called as

Bender-Schmidt method is also called as

Liebmanns iteration process is used to solve ---

........ equations.

equations can be solved using
Crank-Nicolson method.

elliptic Poisson Parabolic Hyperbo elliptic
Hyperb
elliptic Poisson Parabolic olic Hyperbolic
Gaussia
Poisson Newtons Jacobis n Poisson
Liebma
nns Liebman
Bender- Crank- iteratio ns
Explicit Schmidt Nicolson n iteration
Crank- eliminatio Crank-
Newtons  Nicolson n Liebman Nicolson
Liebma
nns
Bender- eliminatio iteratio Bender-
Newtons  Schmidt n n Schmidt
Explicit Bender-Schn Crank-Nico Liebman Explicit
Liebman
ns
1 Explicit Bender-Schn Crank-Nico Liebman iteration
two
dimensio

One dimens One dimensitwo dimen Paraboliinal heat

One
dimensio
One dimens two dimensi One dimen Poisson nal heat
One
dimensio
One dimenstwo dimensi One dimen Poisson nal heat
One
dimensio
two dimens One dimensi One dimen Poisson nal wave
One dimensi Poisson  One dim Poisson
Implicit eliminatior reductio Implicit
Implicit eliminatior reductio Explicit
rectang
ular
hyperb
hyperbolic olic
rectang
ular
hyperb
hyperbolic olic

Explicit
Explicit

Parabolic elliptic elliptic

Parabolic elliptic Parabolic



rectang

ular
equations can be solved using hyperb
Bender-Schmidt method. Parabolic elliptic hyperbolic olic Parabolic
rectang
ular
equatios can be solved using hyperb hyperboli
Explicit method. Parabolic elliptic hyperbolic olic o
rectang
ular
hyperb
Diagonal five point formula and standard five p: Parabolic  elliptic hyperbolic olic elliptic
The number of conditions required to solve
Laplace equationis____ . 4 3 2 1 4
The number of conditions required to solve
Poisson equationis___ . 4 3 2 1 4
The number of conditions required to solve
One dimensional heat equationis___ . 4 3 2 1 3
The number of conditions required to solve
one dimensional wave equationis___ . 4 3 2 1 4
The error in solving Poisson equation by
methods is of order hA2. Difference iteration  eliminatior interpol Difference
The error in solving equation by
difference method is of order h”2. Newton’s Jacobi’s Poisson  Gaussiar Poisson
The error in solving Poisson’s equation by
difference methods is of order . h hn2 hn3 hh4 hA2
Liebman
The formula is used to Liebmann reducti ns
complete the improved value of u, Newtons elimination siteration on iteration
The value of u can be improved by Liebmann reducti Liebman
process Newtons elimination siteration on ns
The value of u is obtained at any
lattice points which is the
arithmetic mean of the values of u at 4 lattice
points near to it interior exterior positive negative interior
The value of uj; in the difference equation are
defined only at the points equal unequal apex lattice lattice
The points of intersection of these families of
lines are called points equal unequal apex lattice lattice

the solution decrease with the increasing
value of k a (ka)/h k/h (ka)/h



If (ka)/h <1, itis stable but the accuracy of
the solution decrease with the increasing

value of

SUIITIUL TS UTUU USIUTIES WU

type

The value of u;; is the average of its value at
the neighbouring diagonal mesh
points

The value of u(i,j) is the of its

values at the four neighbouring diagonal
mesh points

The value of u(i,j) is the average of its values

at the four neighbouring
mesh points

The mesh points are also called
The points of intersection of the dividing lines
are called

k

explicit

sum

Square
grid point

bisection

a k/h

implicit elliptic

difference average

rectangle  diagonal

(ka)/h (ka)/h

hyperbo explicit

product average

column diagonal

starting poin Ending poil bisectior grid point

mesh points vertex

end poin mesh poin
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UNIT V

LAPLACE TRANSFORMS

1.1 Introduction

The knowledge of Laplace transforms has in recent years become an
essential part of mathematical background required of engineers and scientists.
This is because the transform methods provide an easy and effective means for
the solution of many problems arising in engineering.

This subject originated from the operational methods applied by the
English engineer Oliver Heaviside (1850-1925) to problems in electrical
engineering. Unfortunately, Heaviside’s treatment was unsystematic and lacked
rigour, which was placed on sound mathematical footing by Bromwich and
Carson during 1916-17. It was found that Heaviside’s operational calculus is best
introduced by means of a particular type of definite integrals called Laplace
transforms(Pierre Simon Marquis De Laplace, French Mathematician (1749-
1827) used such transforms much earlier in 1799, while developing the theory of
probability).

Laplace transform is useful since

Q) Particular solution is obtained without first determining the general
solution.

(i) non homogeneous equation are solved without obtaining the
complementary integral.

(iii)  Laplace transform is applicable not only to continuous functions
but also to piecewise continuous functions, complicated periodic
functions, step functions and impulse functions.

Before the advent of calculators and computers, logarithms were
extensively used to replace multiplication (or division) of two large numbers by
addition (or subtraction) of two numbers. The crucial idea which made the
Laplace transform, a very powerful technique is that it replaces operations of
calculus by operations of algebra.

Laplace transformation when applied to the initial value problem
consisting of a single or a system of linear, ordinary differential equations,
converts it into a single or a system of linear, algebraic equations in terms of the
Laplace transform of the dependent variable. This equation is called the
subsidiary equation. The initial conditions are automatically absorbed during the
derivation of this algebraic equation. The solution of this algebraic equation gives
the expression for the Laplace transform of the dependent variable. Taking the
inverse Laplace transformation, we find the solution of the original initial value
problem.

In the case of partial differential equations in terms of two independent
variables, the Laplace transformation is applied with respect to one of the
variables, usually the variable t(time). The resulting ordinary differential equation
in terms of the second variable is solved by the usual methods of solving ordinary
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differential equations. The inverse laplace transform of this solution gives the
solution of the given partial differential equation.

One of the important applications of Laplace transformation is the solution
of the mathematical models of physical systems in which the right hand side of
the differential equation, representing the driving force is discontinuous or acts for
a short time only or is a periodic function (which is not necessarily a since or a
cosine function).

1.2 Laplace transform
Let f(t) be a given function defined for allt>0. Laplace transform

of f (t)denoted by L(f (t)) or Simply L(f)is defined as
L(f(t)= j:oe*t f(t)dt = F(s) 1)

L is known as Laplace transform operator. The original given function f(t)
known as determining function depends on t, while the new function to be
determined F(s), called as generating function, depends only ons (because the
improper integral on the R.H.S of (1) is integrated with respect tot).

F(s) in (1) is known as the Laplace transform of f (t). Equation (1) is known
as direct transform, or simply transform in which f (t) is given and F(s) is to be
determined.

Thus Laplce transform transforms one class of complicated functions f (t)to
produce another class of simpler functions F(s).

1.3 Applications

Laplace transform is very useful in obtaining solution of linear differential
equations, both ordinary and partial, solution of system of simultaneous
differential equations, solution of integral equations, solution of linear difference
equations and in the evaluation of definite integrals.

1.4 Sufficient conditions for the existence of Laplace transform of f(t)

The Laplace transform of f (t) exists, when the following sufficient conditions
are satisfied.

Foa

Piece-wise or sectional continuity

A function f(x) is called
sectionally continuous or piece-wise . \4
continuous in any interval[a,b] if itis
continuous and has finite left and right
hand limits in every subinterval [a,, b, ] >
as shown in the graph of the '
function f(x).

Fig. 1
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Functions of exponential order

A function f(x)is said to be of exponential order 'a' as X —o
if Lt e f(x)=finite quantity.

X—0

Example:
2

() Since tEEo;T = finite, f(t)=t? is of exponential order say3 .

t2

. e .. 2, .
(b) Since Lt — = not finite, f(t)=e" is not of exponential order.
—>w @

1.5 Laplace transforms of some elementary functions.
1. L= 1,(3 >0)
s

( ) —, whenn=0,1,2...........
or L(t") n+1 whenn—012 ........
: L(ea‘)zsfa,<s>a>
4. L(sinat)= = iaz (s>0)
5. L(cosat)= = iaz (s>0)
6. L(sin hat)= = faz (s> al)
7. L(coshat)= = iaz (s>1a])

Proof

Lo LF@)]=[ e f(t)dt

e e T
o-frera| ) ]

—2[o-1 -1

Hence L(1)=

w |

In general L(k) = K wheres >0 andk is a constant.
s
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2. Ll [ e £t )t
dx

. X
Putting st = xort =— or dt = —
S

Thus we haveL j e—x( j ax

ie., L = Ie’xxdx

n+l
or L( ):

=X N

(n+1)=n!]

/—\
\_/
\_/

L(sin at :J.0 e 'sin atdt

0

e—St
z{ ———(—ssin at—acosat)}

0

(or)
iat _ ,-iat iat _ ,-iat
L(sin at): L(%} (as sin at = l)
|

2
:i_[l_(eiat _e—iat)]
:%[L(eiat)_ L(efiat)]

_i{l 1}_i 2ia | a
2i|s—ia s+ia| 2i|s*+a’ s?+a?

L(cosat)= _[: e™'.cosatdt

0

S"+a

e—St
{ ———(—scosat—asin at)}

0
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1
T 4al (=)
S

s?+a?

~. L(cosat) =

6. L(sin hat)= .[:e’“ sin hat dt

at . -at
- (_jdt
0 2

:%[J': e—(s—a)t dt _I: e(s+a)tdt:|

Jr 1
2|s—-a Ss+a

L(sin hat) =

s?—a’

7. L(coshat)= J:O e coshat dt

St(eat n e—at Jdt
2

J‘ pStpdt dt+j p-Stgat dt:l

I g (52 dt+j g (sral dt}

=
17
2L
17
2L
1
2

L(coshat) = el

1.6 Laplace transforms of some special functions

Heaviside’s unit step function
The function

u —a)={0’ _if t<a

1, if t>a where a>0
is called Heaviside’s unit step function and

is denoted byu, (t) oru(t —a).
In particular whena =0,

0 if t<O
1 if t>0
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}_ s
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u(r— .:z)
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Multiplying a given function f (t)with the unit step functionu(t—a),several
effects can be produced as shown in the following figure.

£l

st

f (fj ~

L 2

° T 2 o

4/\ /\ f 4r\ [ , 7
\/

Fig. 3
f(t)=4sint f(t) u(t-3) f(t—3)u(t—3)
Given function Switching off and on Shifted to the right by 3

units

Unit impulse function (or Dirac’s Delta function)

When a large force acts for a short time, then the product of the force and
the time is called impulse in Fluid Mechanics.
Impulse of a forces f(t)in the interval

(a,a+re)

= [T f (@)t

Now define the function
0 for t<a

—

l —= Aran =1
1 =
f (t-a)=4= for a<t<ate J /
€
0 for t>a - e >
This can also be represented interms of
two unit step functions as follows. Fig. 4
f.(t-a)=[ult-a)-ult-(a+ )]
€
Note that
00 a a+el 00
[ ft-a)dt=]0+] “dt+ [ 0=1

Thus the Impulse I_ is1
Taking Laplace transform

L. (t-2)] =S Lu(t-a)- ut-(a+ <)
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-eS

=i [e—as . e—(a+e)s ] —g® (1_ €
€S €S
Dirac delta function (or unit impulse function) denoted by

5(t —a)is defined as the limit of f_(t —a)ase— 0.
ie, ot—a)= Lt f_(t-a).

Laplace transform of unit step function
L(u,(t)= J.Oooe‘St u, (t)dt

= J.Ome‘St u, (t)dt+ J.:e‘St u, (t)dt
- I:e’“ dt (by the definition ofu, (t))

e_st © pas

= = ,assuming thats >0

-S S
a

In particular L(u,(t)) =% =L(1).

Laplace transform of Dirac delta function
L(6(t—-a))= Lt L[f_(t-a)]

=Lte™ -e)

e—0 eSS

. L(o(t—a))=e".

1.7 Properties of Laplace transforms
1. Linearity Property
If a,b,cbe any constants and f,g,h any functions oft, then

L[a f(t)+bg(t)—ch(t)]=aL(f(t))+bL(g(t))-cL(h(t))
L.H.S
L[a f(t)+bg(t)-ch(t)]= fe’“ [a f(t)+bg(t)—ch(t)]dt
=aj’oooe‘St f(t)dt+ bJ:Oe‘St g(t)dt — cfe‘“h(t)dt

=aL(f(t))+bL(g(t))-cL(h(t)).
This result can easily be generalized.
Because of the above property of L, it is called a linear operator.

2. First shifting property (or) (Translation on the s-axis or shifting on the

s-axis)
If L(f(t))=F(s)thenL(e® f(t))= F(s—a).
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L.H.S
eatf J‘ pStod §

_ —(s—a)t
_.[o € Fis)

e, Le™ f(t)=F(s —a) (since L f(t)= F(s))

similarly we can prove

L™ f(t)=F(s+a)

Fig. 5
Translation on the s -axis
(first shifting theorem)

3. Second Shifting Property (or Translation on thet —axis)
If L(f(t))=F(s)thenL[f(t—a)u(t—a)]=e*.F(s)

L.H.S

L[f(t—a)u(t—a)]zJ?e’“[f(t—a)u(t—a)]dt
:J.:e’St f(t—a)OdtJrJ-:e’St f(t—a)ldt
= re‘“ f( t—a)dt
—_[ g s(xa) x)dx. (by putting t—a = x,dt = dx .

when t_a,x:O when t =00, X =o0)
g™ .[Owe‘sx f (x)dx
=g J.;Oe’St f(t)dt by changing the dummy variable x ast .
ie, L[f(t—a(t-a)=e*F(s).
4. Change of scale property

IFL(f (1)) = F(s),then L(f(at)):éF(zJ

L.H.S

L(f (at))=fe‘5t f (at)dt

Putat = uthendt = d_u

a
=\ du
=J'0 e f(u);
1 o e 1 (s
:gjo f(u)du =~ 1 e f(u)du _gF(g]
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Note
Application of first shifting property leads to the following results:

1) L(eat):i, L(l):%

2) L(eatt”)=#1 o L)- S?L

3) L(e®sinbt)= (s—a)%’ » Lisin bt) = ﬁ

4) L(e* cosbt):(s_sa)%, »+ L(cosbt)= ;2 Jsrbz
5) L(e* sinh bt)— (S_a;l — Lisinh bt) = —; Ebz
6) L(e* coshbt)= ﬁ, L(coshbt)= " ibz

where in each cases >a.

Periodic function

A function f () is said to be a periodic function of period T > Qif
ft)=ft+T)=ft+2T)=curremnne. f(t+nT).
Examples: sin tand cost are periodic functions of period 27 .

Geometrically, this implies that the graph of the functiony = f(t)repeats

itself after every interval of lengthT .
The following are some examples of periodic functions.

fies
Q) Triangular wave
t , O<t<a !
ft)=17
28—t , a<t<?a | X
a < clz la 3a da i
flt+T)=f(t+2a)=f(t).
Fig. 6
Triangular wave
(i) Square wave o
k , O<t<a
f(t)= :
-k ast<2a

flt+T)=f(t+2a)=f(t)

Fig. 7 Square wave

592



(iii)  Square wave )4
0 , a<t<?2a .
f(t+T)=f(t+2a)= f(t) i i i
o f; ia % 4a =!'

Fig. 8 Square Wave

(iv)  Sawtooth wave
f(t)=t, O<t<a.
ft+T)=f(t+a)= f(t).

[ T —

o 2 da 3o b3

Fig. 9 Sawtooth wave

1.8 Laplace transform of periodic function:
If f(t) is a periodic function with periodT, i.e., f(t+T)= f(t), then

L(f (t)):% [l f(t)d.

Proof
We have L(f(t))= J.:e’St f(t)dt.
T 2T 3T
= [ e f)dt+[ e f)dt+] e F(t)dt+...n

In the second integral putt =u +T, in the third integral putt =u+2T and so on.
Then

L(F@)= e f)dt+ [ e Fu+T)du+ [ e f(u+2T)du+......

=J: e f(t)dt+e" IOT e f(u)du+e*" LT e f(u)du+..........
(since f(u)=fFU+T)=FU+2T )rrrrrrrennne. )
=[e=f(t)dt+e [[e f(t)dt+e ™ [ e f(t)dt+.......

=(1+ e+ 4 )J.OT e f(t)dt

. L(f(t)) #LT e f(t)dt .

= 1_e—ST
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1.9 Laplace Transform of Derivatives

If L((t))=F(s) then L(f'(t))=sF(s)- f(0).
Proof
L(f ()= [ e f'(t)dt
=[e’St i (t)]: —_[: (—s)e™ f(t)dt. (using integration by parts)
Now assuming f (t)to be such that Lte™ f(t)=0
Thus L(f'(t))=—f(0)+s[ e f(t)dt

i.e, L(f'(t)=sF(s)-f(0)
Similarly, L(f"(t))=s? F(s)—sf (0)- f'(0)
L(f"(t))=s"L f(t)—s"*£(0)=s"?£'(0)—s" " (0).......— £"*(0).

1.10 Laplace Transform of t"f(t). (Multiplication byt")

If L(f (1)) = F(s) then L{t" £ ()= (-1 %(F(s)), wheren =1,2.........

Proof

L(f(0)=F(s)= [ e ()t

Differentiating (1) with respect tos, we get

%(F(s)): %U:es‘ f(t)dt} = j:%(e“)f (t)dt
=["(te™) f()dt = ["e (-t f (t))ot
“L-t (D) or L £ ()= (1 L (F(5)
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1.11 Laplace Transform of%f(t) (Division byt)
IfL(f (1)) = F(s) then LE f (t)} — ["F(s)ds, provided Lt E f (t)} exists.

Proof
L(f(t)=F(s)=[ e~ f(t)dt

Integrating on both sides with respect to s, we get,
[ Fes- [ [ 10 o

=[ [ f(t)e dsdt. (changing the order of integration)

=], f(t)[ [Ce ds}dt

—st |®
]2 [a - e ey 1)
’ -t 0 t t

rerce LI 1(9)| - [ F(s)es.

In many problems of electrical engineering, we encounter integro-
differential equations. Consider a series electric circuit. Using the kirchoff’s
second law, we obtain that the flow of current satisfies the integro-differential
equation.

L9 Ri +1Itidr: E, cos wt

dt cJo
Many other integro-differential equations arise in the theory of electrical circuits.
If Laplace transform method is to be applied, we need the formula for the Laplace
transform of an integral. Such a formula is presented as follows.

—AN—
R

e Lc
|

L
Fig. 10 Series electric circuit

C : Capacitance, E : impressed voltage
L : inductance, R : resistance
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1.12 Laplace Transform of integrals

If L(f(t))= F(s), then L[ [! f(t)dt} - % F(s).

Proof
Letg(t)= [ f(t)dttheng'(t)= f(t)and 4(0)=0
We know that
L(#'(t)=sL(g(t)-4(0)
=sL(g(t)) (since 4(0)=0)
or L{g(t)= L)
subsisting the values of ¢(t)and ¢'(t), we get

L[ [! f(t)dt} % L(f(t))
ie., L[I;f(t)dt}:éF(s).

Example 1
Find the Laplace transform ofe® —e™.

Solution
L[eat _ebt]= L(eat)_ L(ebt>
1 1 a-b
= - = : Ans.
s—a s-b (s—a)(s—b) "
Example 2
Find the Laplace transform of 3t* — 2t + 4™ — 2sin 5t + 3cos 2t .
Solution
L[3t* — 2t> + 4e* — 2sin 5t + 3cos 2t
=3L(t*)-2L(t°)+4L(e™)-2L(sin 5t)+3L(cos 2t)
4 3! 1 5 S
=3.——-2.—+4. - 2. 3. : Ans.
s° Y APy ns
Example 3

Find the Laplace transform of [3t° — 2t* + 4e~*' —3sin 6t + 4cos 4t e? .

Solution
L[3t® —2t* + 4™ —3sin 6t + 4cos 4t

=3L(t°)- 2L(t* )+ 4L(e )—3L(sin 6t)+ 4L(cos4t)
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|
32 %yt 3 0 4 S
s® s° S+5 s°+36 s°+16
Applying first shifting theorem,
L{{3t° —2t* + 4e —3sin 6t + 4cos 4t p* |

360 48 4 18
=% o= T T T2
S s° S+5 s°+36 s°+16
360 48 4 18 4s—2)
- - + - + . Ans.

(s—2)° (s—2) (s+3) (s—2/+36 (s—2)+16

with s replaced by s — 2

Example 4
Find the Laplace transform of (i) e™(2cos5t —3sin5t) (i) e* cos®t

(iii) e sin 2tcost .

Solution
()  L{e*(2cos5t —3sin 5t)j= 2L (e cos5t)-3 L( 3 sin 5t)
s+3 5 2s-9
(s+3)° +52 2452 52 +65+34

=

5+3)° +
(i)  Since L(coszt)—%L (1+cos2t) {

. By shifting property, we get

1] 1 s—2
Lle* cos®t)==
e cost) 2{8—2+(s—2)2+4}

(iii)  Since L(sin 2tcost):%L(sin 3t+sint)

R
2 s?2+3% s?+1°

. By shifting property, we obtain

] 1 3 1
Lle* sin 2tcost)== . Ans.
( ) 2{(5—4)2+9+(s—4)2+1}

Example 5
Find the Laplace transform of

1, 0<t<1
ft)=4t, 1<t<?2
0, t>2

Solution
L(F(t)=[ e Ldt+[ etdt+ [ e (0)at
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e—st 1 e—st e—st 2
= +t———
—-S 0 —-S S 1

1_ e—s 2e—25 e—25 e—s e—s
s T s 9|5

3 1 2e72$ e*S e*ZS

R 7

s s s> s

AnS.

Example 6
Find the Laplce transform of t* cosat.

Solution

L(cosat)=

s?+a?

L(t cosat)=(~1)? d” { > }

ds?| s? +a’
_i{(32+a2)1—s(23)} _i{ a’-s’
ds| (s2+a?f ds| (s +a?)
(s> +a?f (- 25)— (a2 — s2)2(s? +a ) 2s)
(s? +a?)
_—2s°-2a’s—4a’s+4s°
(s> +a’)
_ 25(s? -3a%)
B (s*+a2f

1

Ans,

Example 7
Obtain the Laplce transform oft? e'.sin 4t .

Solution

L(sin 4t)= 4

, L(et.sin 4t) = m

s? +16
) . _i 4
o L(tet sin 4t)— s m}
4(2s-2)
(s> =25 +17)
. d 252
L(t2 e'sin 4t)= _4£m
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__ls?=2s+17) 2—(25-2)2fs* ~ 25 +17) (25 -2)
(s? —2s+17)
__l2s?—4s+34-85* +165-8)
(s> —2s+17)
__ 65" +125+26) _8(3s* ~65-13)

= . Ans.
(s> =25 +17) (s? —2s+17)
Example 8
Find the Laplace transform of sin Zt
Solution
Here Lt (Mj exists.
t—0 t
L(sin 2t) =—
L(Sm thz ) 22 .ds=2.1[tan‘1i}
t s 5244 2 2,
:{tanloo—tanli} =7 _tan?t> —cott2, Ans.
2 2 2 2
Example 9
Find the Laplace transform oft?u(t —3).
Solution
t2u(t —3)= |(t—3) + 6(t —3)+ 9 Jult -
=(t—3)’u(t —3)+6(t —3)u(t —3)+9u(t —3)

L(t2.u(t —3))=L(t —3)*.u(t — 3)+ 6L(t — 3)u(t —3)+ 9 Lu(t - 3)

—g % {33 + % +g} . Ans.

s° s* s

Example 10
Evaluate (i) L{ ’tj ﬁdt}

(ii) L{t ['& f'” t dt}

(ii) L{j;j;j;(tsint)dtdtdt}.
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Solution
We know that L(sin t) =

s?+1
L sint :_[w 21 ds =% —tants=cot?s
t 0s°+1 2

{jtﬂdt} = —cot S

Thus by shifting property, L{e“( tﬁdtj} = icot‘l(s +1).
0t s+1

(i) Since L(Smtj =cot™'s

" L[et S'T—t] =cot (s +1)

and L{J.t e’ SIntdt} :%cotl(s+1)

]
Hence L{tljt tsmtdt} _—d Jcot?(s+1)
0 ds S

S|:1+ s 11)2 } —cot™*(s+1)
SZ

s+(s? +25+2)—cot (s +1)

s2(s? +25+2) '

(iii) Since L(sint)=

s?+1

) . d 1 23
. L(tsint)= S 71 (sz+1)2

Thus L{f; [ ] (ksint)dtdt dt}.

:%L(tsint) :%. 25 - = 2 = Ans.
s $° (s> +1f  s*(s?+1)
Example 11
at
Find L{e—cosﬂ and Lltesint]. [AU APR 2011, AU NOV 2011].
Solution

at
Consider tLo{e—COS&}
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Since the limit exists, we can find L{

{ —cosGt}J- Le® —cos6t)d

e® _cos Gt}
t

1 S
0 5% +36

-l 52
{Iog S— a ——Iog(s +36)}

.ds

00

S

=log _s-a i
(s2+36)"* |.

(ii) Tofind L|te " sint]

We know that L(sin t) =

2

s°+1
. 1
. Lle'sint)= ———
| ) (s+1)* +1
1
Lt tl=—-| ———
[e sin ] dst+23+2}
_ —(2s+2) | 2(s+1) 2
(s2+2s+2f | (s+1)" (s+2f°
Example 12

e—at _ e—bt
Find L{f} [AU MAY 2012].

Solution
L(efat_efbt)zi_i
s+a s+b
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-at —bt o
Now 1] £ (L_L}ds
t s{s+a s+b

=[log(s +a)—log(s +b)][*

s+b ( bj
ey

" L(e*at —e™ ) = log {ﬂ} . Ans.
s+a

Example 13
Evaluate Iooote‘2I costdt. [AU MAY 2012]

Solution
J':t e ? costdt = Iow e ?(tcost)dt

=L(tcost) and here s = 2
=(- 1)di L(cost)

: d( SJ
s?+1

s® +1-5(2s) +1 sZs _ | =St

(s? +1f (s? +1f

s : Ans.

e 1)

Example 14
Find the Laplace transform ofe 't sin 2t (or) L(e‘2t t sin 2t). [KU NOV 2011]

Solution

We know that L(sin 2t) =

s? +4
2
(s+2)0+4 s®+4s+8

Then L(te’” sin 2t): —i{#}

3 L(e’z‘ sin Zt):

ds| s> +4s+8
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_ | —2(2s+4)
(s? +4s+8)
_ 4(S+2) . AnS.
(s +4s+8)
Example 15
Find the Laplace transform of the function (Half wave rectifier)
sinwt  for 0<t<Z
f(t)= ‘; .
0 for E <t< —ﬂ- f(f:l“
w w
Solution
Since f(t) is a periodic function with
period 27/ w, we have N
2
L) =— L [ e f()at AN AYS
Tw o T ir i f
l-e -z il
_ 1 — U:/wes‘ sin ot dt + 2”/we’“(o)dt Fig. 11
l1-e @ -
__1 — .[Oﬁ/we’St sin wt dt
l-e ©
1 B —st @
= | 7 (- ssin ot — wcoscot)
1-e @ ~ 0
1 |we?+ow
) P
l1-e 2|
a){1+ e”}
B [ 2
(52+a)2) 1-e @ }
_ @ — . Ans.
(s? + 0?) 1—eW}
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Example 16
Find the transform of the function defined by(triangular wave function)

t O<t<a
f(t): <<
2a—-t a<t<?2a f(f)‘

where f(t+2a)= f(t) [AU OCT 2009,
AU DEC 2009, APR 2011, KU NOV 2011].

Solution
The given function is periodic of period 2a.

L(1(0)=— i [le= ft)at

1 2a
- Io e f(t)dt

=
e
=
Lex
=)
=
=
[
=
=

1 e—st e—st a e*St e*St 2a
= t. — +|(2a—t —
1-e> { -s s° }0 {( )—s s? L
[ a

2 __ 2
L L(f(t)= S%% = Siztan h(%) . Ans.

Example 17
Find the Laplace transform of the rectangular wave given by

f(t)z{l o Ot i ft+2b)= (). [AU NOV 2010, AU
-1 b<t<2b

NOV 2011]

Solution
The given function is periodic of period 2b

Now L( (1)) = ﬁ [le=f(t)dt

1 2b
:]__e——ZbS.[o e f(t)dt
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_ 1 U:e“(l)dHJ:beS‘(—l)dt}

l _ e—ZbS

) _(est jb J{est ij A
- —2bs B
1 -s ) -s ), :

1

—€
:ﬁ _%(ebs _1)+%(e2bs _ets )}

1

—€e

1

—2bs

1

%[e”’S ~2e™ +1] -y
e

sll-e™)ive™)

_l 1_ e—bs

Cs(l+e™

Fig. 13

bs
Multiply and divide bye 2
bs

bs

2 _a 2
Then L(f(t))=%% =%tan h(b—;j Ans.
e? +e ?

Example 18
Find the Laplace transform of the periodic function defined by the sawtooth wave.

ft)=t,0<t<a, f(t+a)= f(t).

Solution
1 T s
L(f(t))= = [ e f(t)dt
1 . . .
= [[tedt. (since f(t+a)=f(t))

e .
1 [ a 1
— __e—as_'__l e—as
|2 l-e”)
:iz_ ae —1.5>0. Ans.
S sil—-e

1.13 Inverse Laplace transform
If L(f(t))=F(s)then f(t) is known as the inverse Laplace transform or

inverse transform or simply inverse of F(s) and is denoted by L™(F(s)).
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Thus f(t)=L"(F(s)). (1)
L™ is known as the inverse laplace transform operator and is such that
LL' =L"L=1.

In, (1), F(s) is given (known) and f (t) is to be determined.

Note
Inverse laplace transform of F(s) need not exist for all F(s).

Some important formulae
1. L* lj =1
S

-1
4, L [sz " =cos hat

5. Ll( 1 - :lsin hat

s?-a a

6. Ll( - 1 - :Esin at
s’ +a a

7. L= > ~ | =cosat
s’ +a

8. L'F(s—a)=e™ f(t)

9. L% 12 :leat sin bt
(s—a)’+b?) b

s—a

10. L* = e® cosht
(s—a)* +b?

11. L? 12 . :leat sinh bt
(s—a)’-b?) b

12. Lt S_za ~ | = e coshbt
(s—a)’-b

13. LT L ~|= 13(sin at —at cosat)
(sz+a2) 2a

14, L* ;2 :itsin at
(sz+a2) 2a
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s? —a?

15. L™ (Sz+a2)zJ=tcosat

2
16. L™ (ZS—Z)ZJzz—la[sin at + atcosat|
s? +a

d
SR r()
18. Linearity property
L™ (aF(s)+bG(s))=aL™(F(s))+bL™(G (s))
19. Multiplication by s

L (s.F(s)) = % t(t)+ £(0) 5(t)
20. Division by s
Ll(@j = j; L (F(s))dt = j; f(t)dt

21. First shifting property
IfL*(F(s))= f(t), then L*(F(s+a))=e L*(F(s))
22. Second shifting property

L™ F(s))= f(t—a)u(t—a)

23. Inverse Laplace transform of integrals
Ll[ [ F(s).ds} = @: % LY(F(s))
(or)
L(F(s)) =t Ll[ ij(s).ds} .

LN

17. L°

S

Example 1
Find L™ log 5 +1
(s-2) )]

Solution

ool )

= L(f(t))=log(s? +1)-log(s ~1)’
Then L(t.f(t)):_%[bg(sz+1)_|og(5_1)2]

:{ 2s 2(5—1)} _ 2 _,.s

s+l (s—1fF | (s-1) “s?+1
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L tf(t)= ULL_J—Z LleerJ

=2.e' —2cost
L f(t)= %[et — cost]. Ans.
Example 2

Find the inverse Laplace transforms of the following
2

(i) Iog[z—jj (ii) |og(s_+i)J (iii) cotl(gj (iv) tanl(sizj. [KU NOV 2011]

s(s+
Solution
() If f(t)=L" Iog(SJrlj

s-1

We know thatt. f (t) = Ll{— % F(s)}

L tf(t)= L‘l{—%.log(z—jj} = —L‘l{% log (s +1)}+ L‘l{% log (s —1)}

=— Ll(i] + Ll(iJz —e ' +e' =2sin ht
s+1 s-1

Thus f(t)= %Zsin ht .

@ 1 fH=1 'Og(%j

t.f(t)=L" {% log (%j}
=" {% log (32 +1)} +L7 {% log s} + Ll{% log (s +1)}

B N NE
s*+1 S s+1

=—2cost+1+e"

Thus f(t)= %(1+ e —2cost).
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Giiy 1 f(t)= Llcotl[gj

- ()

:Ll( > Zzzj =sin 2t
s? +

Thus f(t)= %sin 2t.

(iv) Iff(t)= Ll(tan N 32)

S
d 2 4s
tf(t)=L<——tan?t| = |} =L"
© { ds (szj} {s4+4}

4 4s i 4s
-+ {(s2 +2)2 —(25)2} =t {(s2 +2+ 25)(52 + 2—23)}

_ l{ 1 _ 1 } _L,l 1 _ 1
$°—25+2 S*°+4+2s+2 (s—17+1 (s+1)°+1

=e'sint—e'sint =2sin htsint. Ans.
Example 3
Obtain inverse Laplace transform of
3
0 953:25 L 6532_+220 (i) zjig ) ﬁ ) jsﬂ%)
(vi) ﬁ i) (i) e () (:+3) ) (Se+1)3 .
Solution

. 2s-5 4 2s 5
i L™ =L -
® {932 —25} | 9s? —25 9s? —25}
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S
:gcosh§t—lL’l 3 :
9 3 3 ) 5)
S — —
i 3
:gcosh§t—lsing.
9 3 3 3
. s—2 S 2
i) LY —— 1 =L" —L{ }
(® {652 +20} {652 +20} 6s? +20
=1L_1 S 1. 1
6 . 10 3 2+Q
3
10
—lcos E.t—1 3 L1 3
6 37 3V10" | ., 10
3
—lcos Et——1 sin Et
37 30
(iii) L{—S }i - 19 _377
25+9] 2 | .9
2
o[ 85 ]_3d[ 3], 3,50
2s+9 2 dt 2
11, 3
__ 2T v
4
1
iv) L —|=e™
™ U
1
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e 1 1 L
atamat el

s?+3 s°+9-6 1 6
v) L? - Lt =LY =-
) Lisz+9i} {siserQJ L, sisz+9J

t,
:1—ZIOS|n 3tdt

:1+30033t—E
3 3

=2 osat+ L :£[20053t+1].
3 3 3

N I I
(vi) L L_S}:ﬁ

1 t
h -1 — —2’[._
then L {(84_2)5} e
(vii)

L{;} | S¥2=2 | st2 | a2
s® +4s+13 (s+2) +3° (s+2) +3° (s+2) +3°

2 3
i }—eZ‘.Ll—{
L"‘ +3° 3| s°+3°

—e % cos3t —%e” sin 3t .

SR | T
Vi) L {932+65+J -t {(33+1)2}

5 S 9
(ix) Ll{—s - 3} —e™
+
1|:e 3i| _ ef3(t*ﬂ')u(t 72')
S+
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J 1] e
. &m)a} 2

s 2
then Ll{( ¢ 1)3} :e’("l).(t_l) u(t-1). Ans.
S+

Example 4
s+4

Find the inverse Laplace transform of )
P s(s-1)(s? +4)

Solution
+4

s

s(s-1)(s2+4
s+4 A B GCs+D

s(s—1)(s? +4)_€+s_—1+ s2+4

s+4 = A(s—1)(s? +4)+Bs(s? +4)+(Cs+ D)s(s —1) (1)

Putting s=0, = A=-1

Putting s=1, = B=1

Equating the coefficients of s* on both sides of (1), we get

0=A+B+C = C=0

Equating the coefficients of s on both sides of(l), we get

1=4A+4B-D = D=-1

On putting the values of A,B,C, D, we get
s+4 11 1

s(s—1)(s2+4) s 51 st +4

1 1 1

" L1L(s —Sl)+(s42 +4)} i Ll{_?s_—l_ s +4}

el )
S s-1) 2 S°+2

:—1+e‘—%sin 2t. Ans.

Let us first resolve

)into partial fractions

Example 5
2s* —6s+5

s —6s2+11s—6

Find the inverse transform of
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Solution
2s’-6s+5  2s°-6s+5 A B C

s°—6s2+115—6 (s—-1)(s—2)(s-3) s—1 s-2 -3
2s? —6s+5=A(s—2)(s—3)+B(s-1)(s—3)+C(s-1)(s-2)

= A_1 B=-1C=—= >
2
s* —6s® +11s—6 2 s—-2) 2 s-3
_1 et —et +§e3‘. Ans.
2
Example 6
Find L* 21 .
(s+2)(s* +2s5+2)
Solution
1 A Bs+C

(s+2)(sz+23+2):s+2+sz+25+2
1=A(s? +25+2)+(Bs+C)(s +2)

Puts=-2, = A:%

Equating the coefficients of s* on both sides,

0=A+B = B=—A=—%

Equating the coefficients of s on both sides,
0=2A+2B+C = C=-2A-2B=0
1 1

1 2 2
N =
o (s+2)(s? +2s+2) s12 5742542

Ll{(s + 2)(521+ 25+ 2)} ) % Ll(éj _% L{(ssjl—l)z_iJ

1, 1 4 s+1 1 1
_lem_ Iy _SEL L ipaf 2
2 2 {(S+1)2+1} 2 {(S+1)2+1}

1 1 ]
e —Ee’t cost+ Ee*‘ sint

1
2
%eﬂ —%et (cost—sint). Ans.
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Example 7

. S

Find L™'| ———|.
[s“ +8° +1}

Solution
s S ~ S
s*+s2+1 (52 +1)2 _s? (s -s+1)(s?+s+1)

(e

Lfl S _lLfl l _lLfl l
is4+sz+1i 2 isz—s+1i 2 isz+s+1i

L 1 T !
2 ( 1)2 3) | 2 ( 1)2 BY
S——| 4| — S+ | +| —
2 2 2 2
112 L J3. 2 -t 3
=—| —e?sin—.t———e 2sin —t
2| /3 2 J3 2
= isin ﬁ.tsin h[lj . Ans.
3 2 2
EXERCISE
PART A

1. Define Laplace transform.

2. State the conditions for the existence of Laplace transform of a function.

3. State change of scale property, first shifting property, second shifting
property in Laplace transformation.

4. Find the Laplace transform of unit step function.

5. Find the Laplace transform of unit impulse function.

sin t for O<t<nx
6. Find L(f(t)), if f(t)=
( ( )) ( ) {t for t>nx
7. State the formula for the Laplace transform of a periodic function.
State the relation between the Laplace transforms of f (t)andt.f (t).

9. Find the relation between the inverse Laplace transform of F(s)and its
integral.

©

10. Find the inverse Laplace transform of log [sil] :
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11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

22.
23.

24.

25.

26.

217.

28.

29.

30.

31.
32.

. 1-
Find the laplace transform of cosat :

IfL(f(t)):ﬁfind f(0) and f(w0).

Find L(cos4tsin 2t).

. . 1
Find the inverse Laplace transform OfT_)

sls? +a?)
Find LU;et dt}

T
Find L {m}
IFL(F (1) = -, find f(0).

s(s+a)

State the sufficient conditions for the existence of Laplace transform of

f(t).
1 L(10)= F(s) prove that L(f(at))= 1 F @ |
Find L(e*'sin bt).

Find L{ﬁ}.

Find L(sin*t).

Find Ll(zs;z) .
S +4s+8

t
Find L(l_te j

Define periodic function with an example.

Find L} — > |.
{(5 +2) +1}

Find L(e* sin 3t).

IFL(f (t)) = F(s), then find L[ f (%D

Find Ll( ; _,_53)2)

Find the inverse Laplace transform of

S+2
s2+2s+2°

Find the Laplace transform of e # (1+1)°
IfL(f ()= F(s) what is L{e ™ f (t)).
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33. Write a function for which laplace transformation does not exist. Explain
why laplace transform does not exist.

34. Find L{(tsin 2t).

sin 2t
PART B
1. Find the Laplace transform of the following
(i) sin®2t (i) e"cos’t (iiii) sin 2t cos 3t (iv) sin ht
t?  0<t<?2
(v) f(t)=4t-1 2<t<3
7 t>3
. 48 1 s+1 L 2(s?-5)
Ans. (i I + ii
(Ans- () (s? + )(52+36) ) 2s+2 257 14s+10 " (s +1)(s? +25)
(iv) )——ei2s (2+3s+3s%)+ - (5s-1))
(s2 —liis —-9) 2 '

2. Find the Laplace transform of the following.
(i) tcost (i) t?sint (iii) te*sinat (iv) I;e‘Z‘.tsin3t.dt

(v) t>e™ cost.

s? -1 2(33 ) - 2a(s —a)
(Ans. (') +1)? (1) +1)° (i (s* —2as+2a%)?
.y 3(s+2) 1 1 2(s® +10s? + 255 + 22)
iv —~ Y
W [(s+2)2+9]2 [(s+2)2+1]2] (s +4s+5)° )

3. Find the Laplace transform of the following (i) (cos at — cosbt)

(ii) —sinzt (iii) —(e’t sin t) (iv)sintu(u—4) (v) e'u(t-1).

(Ans. (i) —_|og(ﬂ] (i) Liog S (iii) cot™(s+1)
+b? 4
—4s ) —(s-1)
(iv) = +l(cos 4+ssind) (V) - ).

4. Find the Laplace transform of the following.
(i) f(t)=t?, 0<t<2, f(t+2)=f(t)

. _Jeosat ,  O<t<r/w
(W) f(t)_{o ., 7mlo<t<2r/o
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, 0O<t<1
(i) £ {o Cl<t<2, f(t+2)= 1)
2 . ostsL
) 1(0)=1 .
?(T—t) , EstsT , fE+T)= f(t)
E ., oO<tsh
) 1(0)= _
-E ., SstsT flt+T)= f(t)
2-e% —4se™® —4s%e . S L 1-ef(s+1)
(Ans. (i) S e ) (i) . . — (iii) T e ?)
(s“+w)d—-e )
. 2 sT 1
(iv) TS—ZtanhT—— (v) ;tanh(—))
s(e? +1)
5. Find the inverse Laplace transform of the following.
(i (i) — (iv) — 32
(s+ )—4 (s+2)° -25
(V) 5 (Ans. () —S|n hat (i) cos3t (iii) %ef*‘sin 2t (iv)

e xcosh5t (V) EeE )

6. Find the inverse Laplace transform of the following.

3(s2-2f . 55-10 25 % 4

) i i) ——— iv

® 2s° ) 9s® -16 ( )3s+6 ¢ ) 9
1 .3 1 . D 4 5.

% C(Ans. (i) S-3t2 + 2t (i) 2cosh2t—sin hat

()(3—3)2( W3 ot () geoshgtogsnhy

(iii) %(— 2¢ 7 +1) (iv) —gsin 3gt+1 (v) eit)

7. Find the inverse Laplace transform of the foIIowing

S
() (s 3) ) 1 ) (“I)Sis ) (s+3) +4

s—4 : e 1- cosat ot
(v) m (Ans. (i) E{?_ } (i) ——— (|||)3+cost—1

(iv) e3‘(0032t—gsin 2tj (V) %eg‘ cos 2t—%e3t sin 2t ).
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8. Obtain inverse Laplace transform of the following.
. s+1
(i)

L e 1 .
(s+2)° e M Iog[1+s—2j W (s? +65+13f
1 s? +b’
(V) EIog{—(s_a)z}.

(Ans. (i) e‘(“z)@u(t—Z) (i) —sintu(t—z) (iii)%(l—coswt)

-S s

-3t

(iv) e8 [2tsin 2t + 2t cos 2t —sin 2t] (V) %(eat —cosbt)).
2
9. Find the inverse Laplace transform of (i) w (ii)ZS;2
S s°—4s+13

11s> —=2s+5 16

. 1
2s% —3s? —35+2 () (32 +25+5)2 V) (s-2)(s? +1)
t

(Ans. (i) 1+2t+3t° (i) e* (:053t+%e2t sin3t (i) 2e™ +5e* —gez

(iii)

(iv) e™(sin2t—2tcos2t) (V) %62t —%Cost—ésin t).
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CHAPTER I

CONVOLUTION THEOREM, APPLICATIONS OF LAPLACE
TRANSFORM

2.1 Introduction
Convolution is used to find inverse Laplace transforms in solving
differential equations and integral equations.

Suppose two Laplace transforms F(s)andG(s)are given.  Let
f(t)and g(t)be their inverse Laplace transforms respectively. i.e.,

f(t)=L"(F(s))and g(t)=L"(G(s)). Then the inverseh(t)of the product of
transforms H(s) = F(s)G(s) can be calculated from the known inverse f (t)and

g(t).

Convolution
The convolution or convolution integral of two functions f(t)and g(t)t>0is

defined as the mtegralf —u)du.

e, (f+g)t)=f(t)= g(t):j0 f(u)g(t—u)du.

f = gis called the convolution or faltung of f and g and can be regarded as a
“generalized product” of these functions.

2.2 Convolution Theorem
If  (t)and g(t)are two functions oftand L(f (t)) = F(s)and

L(g(t))=G(s)fort > Othen
L[f (t)* g(t)]= F(s)G(s) (onL*[F(s)G(s)]= f(t)*g(t).

u.ll

Proof
By definition

t)]=[e (f(t)*g(t))dt wse
:j:eSt[I; f(u)g(t—u)du}dt

by the definition of convolution,
—j j e f(u u)dudt (1) Fig. 14

The region of integration for the double integral (1) is bounded by the lines
u=0u=t,t=0and t=o0. Changing the order of integration in (1), we get

t)=g(t) = J.J'e‘“f u)dt du (2)

In the inner integral in(2), on puttingt —u = v, we get
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j J' e’ dvdu
:L e UO e g )dv}du
=I:e‘5“.f(u)du _[:e‘sv g(v)dv
:Lwe’“.f(t)dt. J:Oe’St g(t)dt.
(on changing the dummy variablesu andv)
ie., L[f(t)+g(t)]=L(f(t)L(a(t)).

2.3 Initial value theorem
If the Laplace transforms of f(t)and f'(t)exist and L(f(t))= F(s) then

Lt(f(t) = Lt(sF(s)).

t—0

Proof
We know that L(f'(t))=sF(s)- f(0)

sF(s)=L(f'(t)~+f(0)

_je f'(t)dt+ (0
Lt (sF(s)) Ltje f'( )dt+f(0)

=[ Ll kit + £0)
e Lt(sF)= 1(0) - I;t(f(t))

s L) = Lt (s.F(s))

t—0

2.4 Final value theorem
If the Laplace transforms of f(t)and f'(t) exist and L(f(t))=F(s) then

Li(10)= Li(sF(s),

Proof
We know that L(f'(t))=sF(s)— f(0)

. sF(s)=L(f'(t)+ f(0)

_je f(t)dt+ (0
w. Lt(sF(s) Lt_[ e f(t )dt+f(0)
= [ Ltle )dt+fo)

= [ @)dt+ (0

=[f()] +f(0)
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=Lt f(t)- f(0)+ f(0)

tow

L L (F()= LL(sF(s)).

t—o0 s—0
Example 1
Apply convolution theorem to Evaluate L™ ;2 :
(52 + az)
[AU JUNE 2010, AU MAY 2012]

Solution

1 _ 1.
Let F(s)= ) Ll(F(s)):f(t):gsm at
G(s)= ) L*(G(s))=g(t) = cosat

Now by convolution theorem,

L*(F(s)G(s))= J.::o f(u)g(t—u)du

1,0 .
= [ sinaucosa(t—u)du

B 2_1a ut:O [sin (au + at —au )+ sin (au — at + au )]du
:%I:_O [sin at +sin a(2u —t)]du

1 1 t
=—{u sin at ——cosa(2u —t)}
2a 2a 10

a a 2a
tsin at
2a

:Zi[tsin at—zicosat—0+icosat}

Example 2

Apply convolution theorem to evaluate L{

1
(s+3)(s-1)

Solution
1
F(s)=—— = L*(F(s))=f(t)=e™

6(s)-—=; = L*(6ls)=g)=e¢

By convolution theorem

621
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Ans,



:let(l—e"”). Ans.
4
Example 3
Evaluate L™ — L : by convolution theorem. [KU NOV 2011]
s“+1)\s°+4
Solution
Lt ]:sint;Ll( 1 J:S'” 2t
s°+1 s°+4 2

.. By convolution theorem, we get
Lt 21 . 21 }:J‘tsinu.—Sln 2(t_u)du
1S°+1 s°+4 0 2

:%J'; [cos(3u — 2t)— cos(2t —u) ]du

:%{sin (31;— 2t) sin (i_ u)}t

0

:%E(sin t—sin 2t)+ (sin t —sin Zt)}

:l[ﬂsin t.—isin Zt}
613 3
2, . :
:§(S|n t —sin 2t). Ans.
Example 4
. . i . 1
By using convolution theorem, find the inverse laplace transform of ———— .
(s+1)s+2)
Solution
Lfl 1 :eft . Lfl 1 :e72t
s+1 ’ S+2
. By convolution theorem, we get
Lt 1 . 1 :jte*”,e’z(t*”).du
| S+1 s+2 0
ot _a2tfat ) _at a2t
=e joe du=e (e 1)_e e . Ans.
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2.5 Application to Differential Equations

The Laplace transform method of solving differential equations yields
particular solutions with out the necessity of first finding the general solution and
then evaluating the arbitrary constants. This method is, in general, shorter method
and is especially useful for solving linear differential equations with constant
coefficients and a few integral and intergo-differential equations.

Working procedure
1. Take the Laplace transform on both sides of the differential equation.
Apply the formula and the given initial conditions.
2. Transpose the terms with minus signs to the right.
3. Divide by the coefficient of y , getting y as a known function of s.

4. Resolve this function ofsinto partial fractions and take the inverse
transform on both sides. This gives y as a function oft which is the desired
solution satisfying the given conditions.

Note

Example 1

Solve the Differential equation (D2 +4D +3)y =e . Given y =1,% =lat t=0

using Laplace transforms. [AU NOV 2011]

Solution
Given differential equation is y''+4y'+3y = e, where y'= dy
Taking Laplace transform on both sides,
"y - - 1
s2y(s)- s y(0)— y'(0)+ 4ls y(s)- y(0)|+ 3y (s) = =
- 1
2 +4s+3 -s(1)-1-4=—"-
= (s +4s + )y(s) s(1) 1
= (s? +4s+3)§/(s):s+5+i
s+1
~ V()= s*+6s+6 _ s"+6s+6
(s+1)(s2+4s+3)  (s+1)(s+1)(s+3)
— S +6s+6
S)= T = 1
= Y T g @
2
Consider S°+6s+6 A B C

= +——+
(s+1)°(s+3) s+3 s+1 (s+1f
= s?+65+6+A(s+1)°" +B(s+3)(s+1)+C(s+3)
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Put s=-1 = c:1

Put s=-3 = A= —E
4
Equating the coefficients of s,
1=A+B = B:1—A:1+(§j:Z
4) 4
Ty —G4), ([/4), W2)
1 =
W= y() s+3 +s+l+(s+1)2
Taking inverse transform on both sides,

L (y(s))= y(t)= '—{w} i % L{i} +% L{ : }

s+3 s+1 (s+1)
:—Ee’3t +Ze’t +1te". Ans.
4
Example 2
Solve the equation (D2 +4D +13)y =e'sint,y=0andDy =0 at t=0, where

D= % [AU JUNE 2009]

Solution
Given differential equation is y''+4y'+13y =e'sint .
Taking Laplace transforms and using the given initial conditions, we get

ie., (s2+4s+13Jy(s)=

s?+2s+2
- y6)- 1
d (s2 +2s+2)(s? +4s+13)
As+B ~ Cs+D

s?2+25+2 s +4s+13

_ L[ -2s+7  25-3 }
85|57 +25+2 s?+4s+13
1[-2(s+1)+9 2(s+2)-7
=— +

85| (s+1°+1 (s+2)°+9

" y(t):% e'(-2cost+9sint)+ e‘”(ZcosSt—gsin StH. Ans.

Example 3
Using Laplace transform, find the solution of the initial value problem

y"'+9y = 9u(t —3),y(0)= y'(0)= 0, whereu(t —3) is the unit step function.
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Solution
Given y"+9y =9u(t —3)
Taking Laplace transform on both sides,

— ~ 9e ™
5y ()= ¥(0)-y'(0)+9y(s) = —— (1)
Putting the values of y(0)=0and y'(0)=0 in(1), we get
_ _ -3s
s7y(5)+9y(6)="°
_ -3s
(s> +9)y(s)= 9es

_ 9e—38
y@)-m
9e73s

t)=L"
- -l
LlLZB 9} =sin 3t

+
t

and 3L1{ 23 } =3jtsin3tdt =—(cos3t) =1-cos3t
sis +9i 0 0
—3s
y(t):L{J%ﬂ gives

y(t)=[1—cos3(t—3)Ju(t - 3). Ans,

Example 4
A resistance R in series with inductance Lis connected with e.m.fE(t). The

currenti is given by L% +Ri = E(t).

If the switch is connected att=0and disconnected att=a,find the
currenti interms oft.

Solution
Conditions under which currenti flows are i =0 at t =0,

E , O<t<a
-
0 , t>a
Given equation is L% +Ri = E(t) 1)
Taking Laplace transform of (1), we get.
Llsi—i(0)]+ Ri = ["e E(t)t
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L(si)+Ri=["e™E(t)dt. (sincei(0)=0)

(Ls+R)i=["e Edt= f‘e—st Edt+ [ e~ (0)dt

{ } 0 ~Efi_e=] —E_Equ
s s s
i_ Ee—aS
s(Ls +R) s(Ls+R)
On inversion, we obtain
oo B || EeT ©
s(Ls+R) s(Ls+R)
Consider L‘l
Ls + R
g _Ep
s(Ls + R L
:E.L.L’l i1 (Resolving into partial fractions)
L R s R
s +I

R
:E|:1_ ethi|
R

—as _Ria
and L‘l[ﬁ} :%[1—e ¢ )}u(t—a). (By second shifting theorem)
+

On substituting the values of the inverse transform in(2), we get.

R R
Bl et LB u(t-a)
R R

R

Hencei :%{1— Lt} for 0<t<a,fu(t—a)=0]

R R
=§{1—e L —%{1—e a )} [fort >a,u(t—a)=1

R R R Ra
i:EeL(t )—e Lt :Ee LteL—l. AnS.
R R
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Example 5
Using Laplace transforms solve y"'+5y'+6y =2,y'(0)=0, y(0)=0. [KU NOV
2010]

Solution
Given y'+5y'+6y =2
Taking Laplace transforms on both sides

L(y"(t))+5L(y'(t)+6L(y(t)) = L(2).

5Y(s)-5(0)-y (0)+5lsY(5)- O+ 65(6) =2

Given y(0)=0and y'(0)=0
s?y(s)+5sy(s)+6y(s)=

w N

(s +53+6)§/(s):§
ST E—
s(s? +53+6i
— 2

ie, y(s)= s(s+2)(s+3)

2
yt) = ————
) L(s+2)(3+3J
By using partial fraction,
2 A B C

- =+ 4+
s(s+2)(s+3) s s+2 s+3
2=A(s+2)(s+3)+Bs(s+3)+Cs(s+2)
Puts=-2 = B=-1

Puts=-3 = C:E
3
1
Puts=0 = A=-
3
BT I R T
s(s+2)(s+3) 3s s+2] 3 |[s+3
1 -2t 2 -3t
e, yt)=——e" +—-e". Ans.
y(t)=3 3
Example 6

Solve y"-3y'+2y =4t, y(0)=1, y'(0)=-1 using Laplace transforms. [KU NOV
2011]
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Solution
Given y'"-3y'+2y =4t
Taking Laplace transforms on both sides, we get

L(y")-3L(y')+2L(y)=4L(t)

57y(s)- s y(0)- y'(0)-3ls y(s)- y(0)|+ 2¥(s) = siz
529(5)—S+1—3[s9(s)—1]+29(5):Si2
(52—~'3S+2)§/(s)—s+1+3:Si2

(6 ~35+2)y(5)-(-4)= 5

(62 ~3s+2)yls)= 75 +(s-9)

= Y6)= S—4

s2(s? —35+2)+(32 ~35+2)

4 s—4
t)=L" LY ————
) {szisz—3s+2i}r [32—3s+2}

A 163+218+ (253+19) +L{—2 .3 }
9s2  9(s®-3s+2) s-2 s-1

S ) et
9 s) 9 s2) 9 s?2-3s+2) 9 s?-3s+2
+ L‘l(—_z j+3.|_—1(ij
s-2 s—1
16,5 5 L—l(i)_u(ij L 19 L—l[ij_w(ij e 4 3!
9 9 s—2 s—-1 9 s—2 s—-1
:§+Zt—g[2e2t —et]+§[e2t —e‘]jtg[e2t —e‘]—2e2t +3¢'

:E+m+e‘¥@+§—2 §—E+3
9 9 9 9 9

g, y(t):%+2t— +§e Ans.

EXERCISE
PART A

1. State the initial value theorem in Laplace transforms.
State the final value theorem in Laplace transforms.
3. Define the convolution product of two functions and prove that it is

commutative.

N
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4. State convolution theorem in Laplace transforms.
5. Verify initial value theorem for f (t)=1+ e (sin t +cost).

PART B

st

(32 + a2)2

(i) (iii) (iv) (v) 10
(5 +1)3 ( a’) (s +4)(s +9) (s+1)s2 +4)

(vi) (vii) )2 (viii) s(sz ) (ix) ( 1—a2) (%) 432

1. Obtain the inverse Laplace transform by convolution. (i)

32(3 1) (s +4 s*—a'

(Ans. (i) Etcosat+%sin at (ii) g(B—tz)sint —3tcost
(iii)a—ls[— at+sin hat] (iv) = [cos 2t —cos5t]  (v) 2™ +sin 2t — 2cos 2t
e, 1. 1
(vi) 7[t +4t+6]+t—3 (vii) Z(sm 2t+2tcos2t)  (viii) Z(l—cosZt)
(ix) iz(coshat—l) (x) %(sin hat +sin at)).
a

2. Solve the following differential equations by Laplace transform.
2

Q) d y+y:0, Whereyzl,ﬂzlatx:o.
dx? dx

(i) d” y+2dy+5y:0 where y:2,ﬂ=—4atx=0.
dx dx

dx?
d®y _d%y dy . dy d?y
iii —+2 ———-2y=0given y=—=0, =6atx=0.
(i) ¢ Tk x0T y dx? X
(iv) o” ay, dy —2y=1-2x giveny = OOIy 4atx=0.

dx? dx dx

2
(V) dy 3dy+2y 4x +e* Whereyzl,%:—latx=0.

dx?  dx
(Ans. (i) y =sin X+ cos x (i) y =e™(2cos2x —sin 2x)
(ii)y=e*-3e"+2% (iv) y=e*—e? +x

(V) y:3+2x+%e3X — 28 —%ex)
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Unit 5 Laplace Transforms
Questions
The operator L that transforms f(t) into F(s) is called the --------

operator.
The Laplace transform is said to exist if the integral is --------- for

some value of s; otherwise it does not exist.

If f(t) is --------- on every finite interval in (0,%0) and is of
exponentialorder 'a' for t>0, then the Laplace transform of f(t)
exists for all s>a, ie F(s) exists for every s>a.

If f(t) is piecewise continuous on every -------- and is of

exponentialorder 'a' for t>0, then the Laplace transform of f(t)
exists for all s>a, ie F(s) exists for every s>a.

If f(t) is piecewise continuous on every finite interval in (0,0°) and is

of -—-—--- ‘a' for t>0, then the Laplace transform of f(t) exists for all
s>a, ie F(s) exists for every s>a.

If f(t) is piecewise continuous on every finite interval in (0,°) and is

ofexponentialorder'a’ for t>0, then the Laplace transform of f(t)
exists for all s>a, ie F(s) exists for every s>a. This condition is

L[1] =

L[t n] =
LleMat)] =

LleM(-at)] =
L[sinat]=

L[cosat]=

L[coshat]=
L[af(t) + bg(t)]=

L[af(t) + bg(t)]= aF(s)+bG(s) is called ------ property

optl

Fourier
discontinu

ous

unifromly
continuou
S

closed
interval
[0,1]

exponenti
al order

necessary
nl/

sA(n+1)
2/(s-1)
1/ (s-a)

F(s-a)

a/(s"2
+an2)

nl/

sA(n+1)
S/\S"L -

ar2)
aF(s)+bG(s
)

quasi
linear

opt2

Hankel
divergen
t

piecewis
e
continuo
us

open
interval
[0,1)

quadrati
c order

non
sufficien

t
1/s,s>
0

n!
0

SO f
'(0)
1/(s"2
+ar2)

sM(n+1)
L/(5"5 -

ar3)
aF(s)-
bG(s)
non-
linear

opt3
Laplace
operator

closed

converge
nt
infinite
interval
in (0,°)

cubic
order

Sufficient

1/(t+1)
sA(n+1)

sA(n+1)

1/ (s+a)
(sn2
+an2)

tA(n+1)
s/\s"2

+an2)
bF(s)-
aG(s)

Linearity

opt4d

z
converge

nt

divergent
finite
interval
in (0,2°)

nth
order

both
necessar
y and
sufficient

1/ (s-a)
sM(n+1)
a/(s-a)
n!/
sMn+1)
a/(s"3+a
A3)
s/(s”2
+a’2)

1/a F(s/a)
bF(s) *
aG(s)
homogen
ous

Answer
Laplace

operator
convergen

t

piecewise
continuou
S

finite
interval

in (0,%0)

exponenti
al order

Sufficient
1/s,s>0
ey
sA(n+1)

1/ (s-a)

1/ (s+a)
a/(s"2
+an2)
s/(s”2

+a’2)
S/\S"Z -

ar2)
aF(s)+bG(s
)

Linearity



Llat(t) +  Llat(t) + Llat(t) + Llat(t) +

bg(t)]= bg(t)]= bg(t)]l=  bg(t)]=
aF(s) * aF(s)+bG aF(s)- aF(s)+bG(s
Lineraity property is bG(s) (s) 1/a F(s/a) bG(s) )
aF(s)+bG(s
If L[f(t)]=F(s) then L[e”at f(t)]= ) F(s+a) 1-s F(s-a) F(s-a)
Llf(at)]=
L[erat 1/a sA2 F(s)-s L[erat
First Shifting property is if L[f(t)] = F(s) then ------ f(t)]=F(s-a) F(s/a) f(0)-f'(0) sA(n+1) f(t)]=F(s-a)
First non First
convolut shifting  homogen shifting
If L[f(t)]=F(s) then L[e”at f(t)]=F(s-a) is called ----property linear ion property ous property
First non
Change of convolut shifting homogen Change
If L[f(t)]= F(s) then L[f(at)]=1/a F(s/a) is called property. scale ion property ous of scale
1/a
If L[f(t)]= F(s) then L[f(at)]= F(s/a) F(s/a) F(s-a) aF(s/a) 1/aF(s/a)
L[f(at)]= L[eMat
L[f(at)]=t- 1/(s"3- L[f(at)]= f(t)]=F(s- L[f(at)]=
is called the change of scale property 1 ar3) 1/a F(s/a) a) 1/a F(s/a)

Lif(at)]l=  Llf(at)]= Lf(at)]= Lf(at)]= L[f(at)]=

Change of scale property is ----- 1/a F(s/a) F(s/a) F(a/s) aF(s/a) 1/aF(s/a)
s F(s)-
If L[f(t)]= F(s) then L[f' (t)] = F(s)-f(0) +(0) s F(s)-f(0) F(52)+f(0) s F(s)-f(0)
sl\
sA2 F(s)- F(s)+s
sA2 F(s)-s sf(0)-f sA2F(s)-s f(O)+f s72 F(s)-s
If L[f(t)]= F(s) then L[f" (t)]= f(0) '(0) f(0)+f'(0) '(0) f(0)-f'(0)
1/s,s>
L[5 (t73)] = 1 0 3/(sP4) 30/ (s4) 30/ (sh4)
L6 t] = 6 6/(s"2) 6/s 6-s 6/(s"2)
L[2er(-61)] = 2/(s+6) 2 2/(s-6) 2/s 2/(s+6)
1/s,s>
L[7] = 7/s 0 (-7/s) 7 7/s
2/(s"2+4 20/(s"2+ 20/(s"2+4
L[10 sin2t]= 20/(s2-4) ) 2/(s"2-4) 4) )
7s/(s"2+9

L[7 cosh3t]= 7s/(s"2-9) 7/(s"2-9) s/(s"2-9) ) 7s/(s"2-9)



The inverse laplace transform of 1/s is =
The inverse laplace transform of 1/(s-a) is =
The inverse laplace transform of 1/(s+a) is =

If L[f(t)]=F(s) then f(t) is called -------- laplace transform of F(s)
If Lis linear then -------- is Linear.

If Lis linear then Linverse is --------

The convolution of f*g of f(t) and g(t) is defined as

is called the convolution theorem.
A function f(t) is said to be ----- with period T>0 if f(t+T)=f(t) for all t
L[k] =
L[sinhat]=

L[en(8t)] =

0
e/(-at)
e’(-at)

Linear
L+1

non-linear
(t*g)(t)=]
(from 0 to
t) f(u)
g(t+u) du

\' &/\Y7)
from 0 to
t f(u) g(t-
u) du

even
k/s
a/(s"2 -
a’2)

1/ (s-8)

-1
1/enat)
1/eMat)
non-
linear
LA (-1)

Linear

du

(fre)(t)= (f*g)(t)=e

1-t
projectio
n
k/s,s>
0

1/(s"3 -
ar3)
1/s,s>
0

S+a
e/Mat)

1/eM(-at)

inverse
1/L

divergent
(t™g)(t)=] (t*g)(t)=]
(from0 fromOto
tot) f(u) tf(u)g(t-

u) du

-at)
odd

(-1/s)

a/(s"2
+a’2)

nl/

sA(n+1)

1 1
1/eM(-at) e?(at)
e’\(at) e’\(-at)
quasi

linear inverse

(-1/1) LA(-1)
quasi

linear Linear
(t*g)(t)=] (tg)(t)=]
(from0 (fromO
tot) g(t- tot)f(u)
u) du g(t-u) du

\" &/I\YT)

from 0 to
(F*g)(t)=L tf(u) g(t-
A-1)(1)  u)du

peroidic  periodic

k k/s
a/(s"2 -

1/a F(s/a) a*2)

8/(s-8)  1/(s-8)
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