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SYLLABUS:

Introduction - Inadequacy of classical mechanics - Dual nature of light - Dual nature of matter;
De-Broglie wavelength - Experimental detection of wave properties of material particles based on
diffraction of electrons; Davisson and Germer experiment -Normal incidence and oblique incidence
- GP. Thomson’s experiment - Wave velocity and Group velocity for De-Broglie waves - Wave
packet-Relationship between particle velocity and Group velocity for De-Broglie waves - relation
between phase velocity and group velocity for a non-relativistic free particle.

INTRODUCTION:

Quantum mechanics, also known as quantum physics or quantum theory, is a branch of
physics dealing with physical phenomena where the action is of the order of Planck constant;
quantum mechanics departs from classical mechanics primarily at the atomic and subatomic scales,
the so-called quantum realm. It provides a mathematical description of much of the dual
particle-like and wave-like behavior and interactions of energy and matter. In advanced topics of
guantum mechanics, some of these behaviors are macroscopic and only emerge at very low or very
high energies or temperatures. The name "quantum mechanics™ derives from the observation that
some physical quantities can change only by discrete amounts, or quanta in Latin. For example, the
angular momentum of an electron bound to an atom or molecule is quantized.[1] In the context of
qguantum mechanics, the wave—particle duality of energy and matter and the uncertainty principle
provide a unified view of the behavior of photons, electrons and other atomic-scale objects.

The mathematical formulations of quantum mechanics are abstract. A mathematical
function called the wavefunction provides information about the probability amplitude of position,
momentum, and other physical properties of a particle. Mathematical manipulations of the
wavefunction usually involve the bra-ket notation, which requires an understanding of complex
numbers and linear functionals. The wavefunction treats the object as a quantum harmonic
oscillator and the mathematics is akin to that of acoustic resonance. Many of the results of quantum
mechanics are not easily visualized in terms of classical mechanics; for instance, the ground state
in the quantum mechanical model is a non-zero energy state that is the lowest permitted energy
state of a system, rather than a more traditional system that is thought of as simply being at rest
with zero Kinetic energy. Instead of a traditional static, unchanging zero state, quantum mechanics

allows for far more dynamic, chaotic possibilities, according to John Wheeler.
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The earliest versions of quantum mechanics were formulated in the first decade of the 20th
century. At around the same time, the atomic theory and the corpuscular theory of light (as updated
by Einstein) first came to be widely accepted as scientific fact; these latter theories can be viewed
as quantum theories of matter and electromagnetic radiation. The early quantum theory was
significantly reformulated in the mid-1920s by Werner Heisenberg, Max Born, Wolfgang Pauli and
their associates, and the Copenhagen interpretation of Niels Bohr became widely accepted. By
1930, quantum mechanics had been further unified and formalized by the work of Paul Dirac and
John von Neumann, with a greater emphasis placed on measurement in quantum mechanics, the
statistical nature of our knowledge of reality and philosophical speculation about the role of the
observer. Quantum mechanics has since branched out into almost every aspect of 20th century
physics and other disciplines such as quantum chemistry, quantum electronics, quantum optics and
quantum information science. Much 19th century physics has been re-evaluated as the classical
limit of quantum mechanics, and its more advanced developments in terms of quantum field theory;,
string theory, and speculative quantum gravity theories.

Inadequacy of classical mechanics:

The History and Limitations of Classical Mechanics Chapter 1.1 Introduction Classical
mechanics is the mathematical science that studies the displacement of bodies under the action of
forces. Gailieo Galilee initiated the modern era of mechanics by using mathematics to describe the
motion of bodies. His Mechanics, published in 1623, introduced the concepts of force and
described the constant accelerated motion of objects near the surface of the Earth. Sixty years later
Newton formulated his Laws of Motion, which he published in 1687 under the title, Philosophiae
Naturalis Principia Mathematica (Mathematical Principles of Natural Philosophy). In the third
book, subtitled De mundi systemate (On the system of the world), Newton solved the greatest
scientific problem of his time by applying his Universal Law of Gravitation to determine the
motion of planets.

Newton established a mathematical approach to the analysis of physical phenomena in which
he stated that it was unnecessary to introduce final causes (hypothesis) that have no experimental
basis, “Hypotheses non fingo (I frame no hypotheses), but that physical models are built from
experimental observations and then made general by induction. This led to a great century of
applications of the principles of Newtonian mechanics to many new problems culminating in the

work of Leonhard Euler. Euler began a systematic study of the three dimensional motion of rigid
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bodies, leading to a set of dynamical equations now known as Euler’s Equations of Motion.
Alongside this development and refinement of the concept of force and its application to the
description of motion, the concept of energy slowly emerged, culminating in the middle of the
nineteenth century in the discovery of the principle of conservation of energy and its immediate
applications to the laws of thermodynamics. Conservation principles are now central to our study
of mechanics; the conservation of momentum, energy, and angular momentum enabled a new
reformulation of classical mechanics. During this period, the experimental methodology and
mathematical tools of Newtonian mechanics were applied to other non-rigid systems of particles
leading to the development of continuum mechanics. The theories of fluid mechanics, wave
mechanics, and electromagnetism emerged leading to the development of the wave theory of light.
However there were many perplexing aspects of the wave theory of light, for example does light
propagate through a medium, the “ether”.

A series of optics experiments, culminating in the Michelson-Morley experiment in 1887 ruled
out the hypothesis of a stationary medium. Many attempts were made to reconcile the experimental
evidence with classical mechanics but the challenges were more fundamental. The basics concepts
of absolute time and absolute space, which Newton had defined in the Principia, were themselves
inadequate to explain a host of experimental observations. Einstein, by insisting on a fundamental
rethinking of the concepts of space and time, and the relativity of motion, in his special theory of
relativity (1905) was able to resolve the apparent conflicts between optics and Newtonian
mechanics. In particular, special relativity provides the necessary framework for describing the
motion of rapidly moving objects (speed greater than v > 0.1c ). A second limitation on the validity
of Newtonian mechanics appeared at the microscopic length scale. A new theory, statistical
mechanics, was developed relating the microscopic properties of individual atoms and molecules to
the macroscopic or bulk thermodynamic properties of materials. Started in the middle of the
nineteenth century, new observations at very small scales revealed anomalies in the predicted
behavior of gases. It became increasingly clear that classical mechanics did not adequately explain
a wide range of newly discovered phenomena at the atomic and sub-atomic length scales. An
essential realization was that the language of classical mechanics was not even adequate to
qualitatively describe certain microscopic phenomena.

By the early part of the twentieth century, quantum mechanics provided a mathematical

description of microscopic phenomena in complete agreement with our empirical knowledge of all
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nonrelativistic phenomena. In the twentieth century, as experimental observations led to a more
detailed knowledge of the large-scale properties of the universe, Newton’s Universal Law of
Gravitation no longer accurately modeled the observed universe and needed to be replaced by
general relativity. By the end of the twentieth century and beginning of the twenty-first century,
many new observations, for example the accelerated expansion of the Universe, have required
introduction of new concepts like dark energy that may lead once again to a fundamental rethinking
of the basic concepts of physics in order to explain observed phenomena.
The Dual Nature of Light:
A. Light has a dual nature

1.Sometimes it behaves like a particle (called a photon), which explains how light travels in
straight lines

2. Sometimes it behaves like a wave, which explains how light bends (or diffracts) around
an object

3. Scientists accept the evidence that supports this dual nature of light (even though it
intuitively doesn't make sense to us!)
B. Quantum Theory

1. Light is thought to consist of tiny bits of energy that behave like particles called photons

a. Particles explain how light travels in straight lines or reflects off of mirrors

de Broglie concept of matter waves: dual nature of matter

MATTER WAVES : DE-BROGLIE CONCEPT:

In 1924, Lewis de-Broglie proposed that matter has dual characteristic just like radiation. His

concept about the dual nature of matter was based on the following observations:-

@) The whole universe is composed of matter and electromagnetic radiations. Since both are

forms of energy so can be transformed into each other.

(b)  The matter loves symmetry. As the radiation has dual nature, matter should also possess

dual character.
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According to the de Broglie concept of matter waves, the matter has dual nature. It means when the
matter is moving it shows the wave properties (like interference, diffraction etc.) are associated

with it and when it is in the state of rest then it shows particle properties. Thus the matter has dual

nature. The waves associated with moving particles are matter waves or de-Broglie waves.

WAVE LENGTH OF DE-BROGLIE WAVES:
Consider a photon whose energy is given by

E=hv=hc/A --()

If a photon possesses mass (rest mass is zero), then according to the theory of relatively ,its energy

is given by

E=mc2 ——(2)

From (1) and (2) ,we have

Mass of photon m= h/ch

Therefore Momentum of photon

P=mc=hc/cA=h/A )

Or A=h/p

If instead of a photon, we consider a material particle of mass m moving with velocity v,then the

momentum of the particle ,p=mv. Therefore, the wavelength of the wave associated with this

moving particle is given by:

h/mv -
Or A=h/p (Buthere p=mv) 4)
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This wavelength is called DE-Broglie wavelength.

Special Cases:

1. de-Broglie wavelength for material particle:

If E is the Kinetic energy of the material particle of mass m moving with velocity v,then

E=1/2 mv2=1/2 m2v2=p2/2m

Or p=\2mE

Therefore the by putting above equation in equation (4), we get de-Broglie wavelength equation for

material particle as:

A =h"2mE ——(5)

2. de-Broglie wavelength for particle in gaseous state:

According to kinetic theory of gases , the average kinetic energy of the material particle is given by

E=(3/2) kT

Where k=1.38 x 10-23 J/K is the Boltzmann’s constant and T is the absolute temperature of the

particle.

Also E = p2/2m

Comparing above two equations, we get:
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p2/2m = (3/2) KT

or p=/\N3mKT
Therefore  Equation (4) becomes

A=h/N3mKT

This is the de-Broglie wavelength for particle in gaseous state:

3. de-Broglie wavelength for an accelerated electron:

Suppose an electron accelerates through a potential difference of V volt. The work done by electric
field on the electron appears as the gain in its kinetic energy

That is E = eV

Also E = p2/2m

Where e is the charge on the electron, m is the mass of electron and v is the velocity of electron,
then

Comparing above two equations, we get:

eV=p2/2m

or p= \2meV

Thus by putting this equation in equation (4), we get the the de-Broglie wavelength of the electron

as
A =hA2meV 6.63 x 10-34/N2 x 9.1 x 10-31 x1.6 x 10-19 V
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A=1227\V A

This is the de-Broglie wavelength for electron moving in a potential difference of V volt.
Normal incidence:

The condition in which a wave-front is parallel to an interface, such that the ray path is
perpendicular (normal) to the surface. The angle of incidence is zero.
Oblique incidence:

Interface between dielectric media. Consider a planar interface between two dielectric media. A
plane wave is incident at an angle from medium 1. = The interface plane defines the boundary
between the media.
Experimental detection of wave properties of material particles based on diffraction of
electrons; Davisson and Germer experiment :

The Davisson—Germer experiment was a physics experiment conducted by American
physicists Clinton Davisson and Lester Germer in 1923-1927, which confirmed the de Broglie
hypothesis. This hypothesis, advanced by Louis de Broglie in 1924, says that particles of matter
such as electrons have wave-like properties. By demonstrating the wave—particle duality, the
experiment was an important historical development in the establishment of quantum mechanics
and of the Schrédinger equation.

Davisson began work in 1921 to study electron bombardment and secondary electron emissions. A

series of experiments continued through 1925.

Experimental setup:
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Davisson and Germer experiment

The experimental arrangement of Davisson Germer experiment is discussed below:

An electron gun was taken, which comprised of a tungsten filament F, coated with barium
oxide and heated by a low voltage power supply.

Electrons emitted from this electron gun were accelerated to a desired velocity by applying
suitable potential difference from a high voltage power supply.

These emitted electrons were made to pass through a cylinder perforated with fine holes
along its axis, thus producing a fine collimated beam.

This beam produced from the cylinder is made to fall on the surface of a nickel crystal. This
leads to scattering of electrons in various directions.

The intensity of the beam of electrons is measured by the electron detector which is
connected to a sensitive galvanometer (to record the current) and can be moved on a circular
scale.

The intensity of the scattered electron beam is measured for different values of angle of
scattering, 0 (angle between the incident and the scattered electron beams) by moving the

detector on the circular scale at different positions.

Observations of Davisson Germer experiment:

Observations of Davisson Germer experiment are listed below:
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. By varying accelerating potential difference, we finally obtained the variation of the intensity

(I) of the scattered electrons with the angle of scattering, 0. The accelerated voltage was varied
from 44V to 68 V.

. A strong peak was noticed in the intensity (1) of the scattered electron for an accelerating
voltage of 54V at a scattering angle 6 = 50°.

. This peak can be explained as a result of the constructive interference of electrons scattered
from different layers of the regularly spaced atoms of the crystals.

. The wavelength of matter waves was calculated with the help of electron diffraction, which
measured to be 0.165 nm.

Co-relating Davisson Germer experiment and de Broglie relation:

According to de Broglie, wavelength A associated with electrons is given by,
A=h/p

A= 122754\ =0.167 nm
Thus, Davisson Germer experiment confirms the wave nature of electrons and the de Broglie

relation.

In 1927, Davisson and Germer at the Bell Telephone Laboratories investigated the scattering of
a beam of electrons from a nickel crystal. Figure shows, schematically, the essentials of their

apparatus.
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Experimental arrangement for the Davisson-Germer electron diffraction

experiment.

Electrons from the heated filament F, were accelerated through a potential difference of order
100V to a plate P with a small diameter hole. A narrow beam of electrons emerged from the
opening in P and was incident normally on the face of the nickel crystal C. The electrode E was
connected to a sensitive galvanometer and measured the intensity of the electrons scattered by

the nickel crystal at various angles .

Some of the experimental results are shown in Fig. 6. These are “polar plots” of the beam
intensity as a function of the angle [ for various accelerating voltages which correspond to the
wavelengths indicated. In each plot, a line drawn from the origin to any point on the curve
makes the angle [J; the length of a line is proportional to the electron beam intensity at that

angle [J.
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Figure 6: Polar plot of Davisson and Germer's data for the scattered electron beam
intensity as a function of scattering angle for different incident electron

energies.

As the voltage was increased from 44 to 88 volts, a characteristic peak gradually appears and
then disappears. It reaches a maximum for electrons with an energy of 54 eV (.167nm) at an
angle of 50° . Davisson and Germer concluded that this peak was due to Bragg reflection from

a set of regularly spaced atomic planes within the crystal as shown in Fig. 7.

Figure 7: llustrating the Bragg condition for electron waves scattered from plane of

atoms in the nickel crystal used by Davisson and Germer.
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The angle ¢ =2y is measured in the experiment. The diffracting planes must be normal to the

¢

bisector of [, so W:E' The angle of incidence 6 between the beam and the scattering

planes is given by

9:90"—://:90"—%5

The spacing between the planes involved in the diffraction is d. From x-ray measurements, the
spacing D between the surface atoms was known to be 0.215nm. If the diffraction planes

make an angle ¢ with the surface, then d = D sin ¢.
Therefore, the measured scattering angle of ¢ = 50° determines d as
d =D sin [0 =0.215 sin (50° /2) = 0.215 sin (25°) .

The crystal is apparently oriented such that the angle of incidence is
C0090° - 50°/2 = 65°

The Bragg condition for the first order reinforcement then says the electron wavelength is
2 =2dsin 0= 2[0.215sin 25° fin65° =.165nm.

The electron wavelength calculated from the de Broglie relation using the known energy of the

beam is

= L =0.167nm .
mv

This close agreement convinced Davisson and Germer that they had observed the diffraction of
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electron waves from the nickel crystal.

In this experiment and in a number of subsequent ones, Davisson and Germer observed that
while agreement was close between the observed and calculated diffraction data, there was
usually a small discrepancy that was larger for the low energy (longer wavelength) electron
beams. They were able to show that this discrepancy was due to the fact that the electrons were
refracted as they entered the crystal. The index of refraction, u, of a crystal was greater than 1,
due to the fact that the electrons gained energy on entering the crystal. For those low energy

beams where u (E) differs significantly from 1, the Bragg relation is modified to

1

N4 =2d(u? - c0s26)?

Thus far, only single crystals have been considered. Most materials are polycrystalline. They
are composed of a large number of small crystallites (single crystals) that are randomly oriented.
An electron diffraction sample may be a polycrystalline thin film, thin enough so that the

diffracted electrons can be transmitted through the film.

G.P THOMSON EXPERIMENT:

Vacuum
pump Anode with

Cathode

Fluorescent screen

|
High voltage supply
~ Fig. 1. The discharge tube and the cathode rays
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G.P Thomson performed experiments in which electrons are accelerated from 10,000 to
50,000 volts. In these experiments the generation of electrons are considered analogous to X-Ray
obtained by diffraction pattern. The diffraction pattern is obtained by only when wave is associated

with particle. Hence Thomson explains the concept of matter
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The electrons are emitted from the filament and only some accelerated electrons are passing
through cathode ‘C’. Next these electrons are passed through two slits S1 and S2 and a thin pencil
beam of electrons is obtained. This electrons beam allowed to fall on a thin foil ‘G’ of gold or
Aluminium of order10® cm . The photograph of electron beam from the foil is recorded on the
photographic plate ‘P’. Hence a pattern consists of concentric rings. The complete apparatus is kept
in high vacuum chamber so that the electrons may not lose their energy y colliding with molecules
of air or any inside the tube.

To conclude that, this pattern is due to the electrons and not due the X-Rays. The cathode rays
inside the tube are affected by the magnetic fields. The beam shifting considerably along the field is
observed. Hence we can conclude that the pattern obtained is due to electrons only since x-Rays are
not affected by electric and magnetic field

Phase and Group Velocities of the de Broglie Wave:

The group of wave need not have the same velocity as the individual one.

The amplitude of the de Broglie wave is associated with the moving body represents the probability of
finding a body at a particular time and space. The wave equation y = A cos (rot- kx) does not represent
the de Broglie wave. The de Broglie wave is represented by the Combination of several such waves.
Thus, the de Broglie waves can be obtained by the superposition of the several waves. Hence the
mathematical expression of the de Broglie waves is obtained by the superposition of number of waves
or group of waves or wave group of The diagramatic representation of the de Broglie wave may be

shown in the form of wave packet or wave group.

Wave group
or
Wave packet

Let us find the velocity of the wave packet or de Broglie wave. We assume that the wave packet (or
group) is formed due to combination of the two waves having equal amplitude and different their

angular frequency by dw and wave velocity dk. The waves are represented mathematically as

Page 16 of 23
N.GEETHA KAHE,COIMBATORE-21
ASSISTANT PROFESSOR
DEPARTMENT OF PHYSICS


http://www.physics-assignment.com/wp-content/uploads/2012/11/189.png

B.SC PHYSICS
2017-2018(0DD) UNIT-I CLASSICAL AND QUANTUM PHYSICS
(15PHU502)

y1= A cos (wt — kx)
y2 =A cos [ (w +dw ) t — (k +dKk) x]

where k=2n /A ,w2mv.

According to the superposition principle, the resultant displacement Y at any time t at any point X is

the sum of two displacements

Y =y ty2

=A [cos (wt—kx) +cos{{w +dw )t —(k +dk ) x}]
=2cos[ (2w +dw )t — (2k +dk ) x]/2,cos [dwt—-dk x ]/ 2

dw and dk are very small as compared to w and k
2w + dw = 2w and 2k + dk = 2k
oS

Hence Y = 2A cos (wt-kx) cos (dwt/2—dk x /2)

This equation represents a wave of angular frequency w and wave number k moving in the same
direction superimposed by a modulated wave of angular frequency dw and wave vector dk. Thus, the

superposition of the two waves results a new waves and successively they form a new wave.

Equation (1) describes the de Broglie wave or wave packet or wave group.
Form Equation (1), two types of velocities are defined as :

The phase velocity of the de Broglie waves is defined b
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Vp=w/k

o i g A
S D el
AEAEATANATE
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and the group velocity of the de Broglie wave is defined as

v g =dw /dk

The group velocity of the de Broglie wave depends upon the manner in which the phase
velocity of the medium varies or constant.

The phase velocity is defined by

Vp=w/k=2nv/2n/A=v

Vp=vh=v

where v = velocity of wave.

This shows that the phase velocity of the de Broglie wave is same as the
wave-velocity. in other words, the phase velocity is also called wave velocity.

N.GEETHA
Assistant Professor KAHE-Coimbatore-21
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CLASSICAL AND

Let us consider a de Broglie wave associated with a moving particle of a rest mass

m o and velocity v. The angular frequency of the de Broglie wave is given by

W =2 nv
W=2nE/h

2nc? m,

0y

Similarly the wave vector k is given by

W=

K=2=n/A

Using de Broglie relation A =h/p
K=2np/h
K=2mmv/h

K=2nv/h

m()
2
c
The phase velocity of the de Broglie wave
Vp=w/k
N.GEETHA

Assistant Professor KAHE-Coimbatore-21
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Substituting the value of w and k from equations (5) and (6), we get

Vi2rnc?/h, mol (1-v2/c? )y h(1-v2/c? )12/ 2mvm o

V=c?/v=> vp=(civ)c

C/v >>1, for material particle

Vo>c

This shows the phase velocity of the de Broglie wave is greater than the velocity of

light.
The group velocity of the de Broglie wave is defined as

Vg = dw /dk

Relation between the Phase Velocity and Group Velocity of the de - broglie

Wave:

The wave velocity is given by v = vA
=2nv M 2w
v=w/k

v=w/k =V p
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where w = 2ntv = angular frequency and 27t / A wave number.

This shows that the phase velocity of the de Broglie wave is equal to the wave velocity

and hence phase velocity is also known as wave velocity

Phase velocity is defined by

Vp=wk =>w=kvp

The group velocity of a de Broglie wave is defined by

Vg=dw / dk

Putting the value of w = kv p in equation (2), we get

Vy=d/dk (kv )

Vg=Vp +k dv p /dk

Putting the value of k

N.GEETHA
Assistant Professor KAHE-Coimbatore-21
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Now d(1/0)=—1/2d:

Vg=vp—-Advp/dir

This is a relation between the phase velocity and group velocity for a dispersive

medium.

For normal dispersion the quantity dv , /dA is a positive quantity. Therefore for
normal dispersion, group velocity is less than the phase velocity. For anomalous
dispersion, the quantity Dv p / d\ is a negative quantity, the group velocity is greater

than the phase velocity.

For non-dispersive medium vp =w /k =constant .. dv , d =0 . Hence vy = v, - Hence for

nondispersive medium the group velocity is equal to the phase velocity. For
electromagnetic waves in vacuum, the speed of light (c) is constant. Therefore group

velocity vg and the phase velocity v, of the light radiations are same.
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POSSIBLE QUESTIONS:

PART B: (8 MARK)

What are the Inadequacy of classical mechanics?

Explain the Dual nature of light.

Describe the G.P.Thomson experiment.

Explain the Wave velocity and Group velocity for De-Broglie waves

Explain the relationship between particle velocity and Group velocity for De-Broglie
waves.

Explain the relation between phase velocity and group velocity for a non-relativistic

free particle.
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QUESTIONS optl opt2 opt3 opt4 ANSWER
UNIT-1
The phenomena of interference, diffraction and polarization can only be explained based wave theory of light photoelectric effect. compton effect. quantum theory of light. wave theory of light

Which is not characteristics of Planck's quantum theory of radiation?

Radiation is associated with
energy

Energy is not absorbed or
emitted in whole number or
multiples of quantum

The magnitude of energy
associated with a quantum is
proportional to the
frequency

Radiation energy is neither
emitted nor absorbed
continuously but in small
packets called quanta

Radiation is associated with
energy

Einstein's theory of photoelectric effect is based on

Newtons corpuscular theory

Huygen's wave theory of

Maxwell's electromagnetic

Planck's quantum theory of

Planck's quantum theory of light

of light light theory of light light

The equation E= hv was deduced by: Heisenberg de Broglie Einstein Planck Einstein
De Broglie wavelength (1) associated with moving particles, mass, m, and velocity v is h/mv h/A2mEk hA2mqV hA2mkT h/mv
The wavelength associated with a 54eV is 1.61A 1.63A 1.67A 1.69A 1.67A
The propagation constant (k) = A 2m/A 2\ A/2n 2n/\
Based on quantum theory of light, the bundles of energy = hv hA h/v h/A hv
De Broglie wavelength ()) associated with moving particles of K.E is h/mv h/\N2mEk h\2mqV h/\N2mkT h/mv
Wave nature is not observed in daily life because we are using Microscopic particles macroscopic particles molecules atoms macroscopic particles
Group velocity (u) = do dk dodk do/dk do/dk

year De Broglie proposed that the idea of dual nature. 1921 1922 1923 1925 1923
Ee Broglie wavelength () associated with charge q and potential difference of V volts my hA2mEK hA2mgV WA2mKT hmy
The interplanar distance of gold crystal is A, 4.02 4.04 4.06 4 4.06
In relativistic particle, the group velocity (G) is equal to v u 1/u v u
The wave velocity (v) = w/k ok k/o ® w/k
What is the interplanar distance of gold crystal (A)? 4.02 4.04 4.06 4 4.04
In non-relativistic particle, the group velocity (G) is equal to v/4 v/2 v 2v v/2

Classical physics could not explain the behavior of a black body radiator at very short
wavelengths. What was this problem called?

Absorption failure

Ultraviolet Explosion

Wavelength decrease

Photoelectric Effect

Ultraviolet Explosion

The photoelectric effect was explained by Albert Einstein by assuming that:

light is a wave.

light is a particle.

an electron behaves as a

an electron behaves as a

light is a particle

wave. particle.
The Compton Effect supports which of the following theories? Sp 010{31;1;1;3;?}/ of Light is a wave. Thomsoztomr(;dcl of the Light is a particle. Light is a particle.
How does the energy of a photon change if the wavelength is doubled? Doubles Quadruples Stays the same Is cut to one-half Is cut to one-half
How does the momentum of a photon change if the wavelength is halved? Doubles Quadruples Stays the same Is cut to one-half doubles
Wthltl one of the following objects, moving at the same speed, has the greatest de Neutron Electron Tennis ball Bowling ball electron
Broglie wavelength?
Which of the following formulas can be used to determine the de Broglie wavelength? A=hmv A =h/mv A=mv/h A=hm/c A =h/mv

The value of Plank’s constant is

6.62 X 10-34JS2

)6.62 X 10-31JS

6.62 X 10-34JS

6.62 X 10-31JS2

6.62 X 107" JS

that uses quantum physics?

The idea of dual nature of light was proposed by Plank De Broglie Einstein Maxwell De Broglie

Which of the following t fers to th lecul delli tational method . . . .
1ch of tie ToTlowing tetms relers to He molecuiar modefing computational meto Quantum mechanics Molecular calculations Molecular mechanics Quantum theory Molecular mechanics

that uses equations obeying the laws of classical physics?

Which of the following t fers to th lecul delli tational method . . . .
1ch ot the Tollowing terms relers fo the mofecuiar modelimg computational metho Quantum mechanics Molecular calculations Molecular mechanics Quantum theory Quantum mechanics

According to the de Broglies hypothesis of matter waves, the concepts of energy,
momentum and wavelength are applicable to

moving particles but not to
radiation (photon)

moving particles as well as
to radiation (photon)

radiation (photon) but not to
moving particles

neither to moving particles
nor to radiation (photon).

moving particles as well as to
radiation (photon)

Experimental verification of de Broglies matter waves was obtained in

Einstein“s Photoelectric
experiment

Davisson and Germer
Experiment

Compton"s Experiment

Plank

Davisson and Germer Experiment

A pattern of alternate dark and bright bands is obtained in the double slit experiments on

Single photon at a time

Single electron at a time

Single bullet at a time

Electron Beam

Electron Beam

Probabilistic interpretation of matter waves (as in the double slit experiment) was given
by

Einstein

De Broglie

Max Planck

Davisson

Davisson




Phase velocity Vp of a wave is expressed as

Vp =0 /k where © =
Angular frequency, k =
propagation constant of the

where L = wavelength and
T = period of the wave

Vp = E/p where E = Energy,
p= Momentum of the

No relation between Phase
velocity and Group velocity

Vp = o/ k where ® = Angular
frequency, k = propagation

particle constant of the wave

wave
The quantum theory of radiation was proposed by Einstein De Broglie Max Planck Davisson Max Planck
The wave nature of electron was experimentally verified by Einstein De Broglie Max Planck Davisson Davisson
Classical mechanics could not explain the stability of atoms proton neutron electron atoms
Classical mechanics correctly explain the motion plantes stars atoms both a and b both a and b
Classical mechanics could not explain the variation of specific heat of metals and . - .

solids gases liquids inert gas gases
The first experimental evidence for matter waves was given by Einstein de Broglie Plancks Davisson and Germer Davisson and Germer
The acclerated potential difference for Davisson and Germer experiment was 30 to 1000 V 30 to 100 eV 30to 100 V 3to 100 V 30to 100 V
The type of crystal used in Davisson and Germer experiment was Ni Al Cu Fe Ni

The wavelength of bullet of mass 1 g moving with a velocity of 1000 m/ s is given by

6.625x 10> nm

6.625 x 10>*m

6.625 x 10**m

6.625x 10>*°m

6.625x 10**m

In davisson and germer experiment the angle of incidence relative to the family of Bragg

. 65 56 54 48 65

Iplane is

In G.P.Thomson experiment the thickness of gold foil is 10 pm 10 nm 10® cm 10* m 10* m

A ball of mass 10 g has velocity 100 m/sec. Calculate the wavelength associated with it. 6.62x 10 m 6.62x 10> °m 6.62x10%*m 6.62x 10°2cm 6.62x 10"’ m
Calculate the wavelength asociated with an electron subjected to a potential difference 04m 044m 044 0.14 A 04 A

of .25 kV

Calculate the de Broglie wavelength associated with a proton moving with a velocit

ghe wavelengt P ¢ Y 2.62x10™m 6.62x10™m 262x10™m 0262x10™m 262x10™m

equal to 1/20 th of the velocity of light

The wave property for momentum is energy frequency velocity wavelength wavelength
The wave property for energy is momentum frequency velocity wavelength frequency
The particle property for wavelength is momentum frequency velocity energy momentum
The particle property for frequency is momentum wavelength velocity energy energy

In Wave velocity the cosine factor represents a slowly varying function of W k X x and t x and t
G.P. Thomson exhibited the wave nature of high energetic electrons proton neutron nucleus electrons
Which type of foil is used in G.P.Thomson experiment? platinum gold nickel diamond gold

In the transmission process light (radiation) behaves as a Wave Particle Wave-particle matter Wave

‘the moving particles behave like waves’ was first theoretical established by Einstein De Broglie Davison & Germer Plancks De Broglie

‘the material particles behave like waves” was irst experimentally extablished by Einstein De Broglie Davison & Germer Plancks Davison & Germer

The de Broglie wavelength a particle of a particle of mass m and charge e subjected to a
potential difference V volt is

A=h/(2eV)1/2

A=h(Q2meV)1/2

A=h@V)12

A= h/(meV)1/2

A=h(Q2meV)1/2

the de Broglie wavelength wave length of a moving electron subjected to a potential V
is

1.26/V1/2

12.26/V1/2

12.26/V

2.26/V1/2

12.26/V1/2
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SYLLABUS:
Introduction-statement of the uncertainty principle - Physical significance of

Heisenberg’s uncertainty relation - Illustration of uncertainty principle - Examples of position,
momentum, uncertainty - Heisenberg’s Gamma ray microscope. Diffraction of a beam of
electrons by a slit - Application of the uncertainty principle - The non existence of the electron in

the nucleus - The radius of the Bohr’s first orbit of H2 atom and energy in the ground state.

INTRODUCTION:

In classical physics it is generally assumed that position and momentum of a moving object can
be simultaneously measured exactly i.e. no uncertainties are involved in its description. But in
microscopic world it is not possible. It is found that however refined our instruments there is a
fundamental limitation to the accuracy with which the position and velocity of microscopic
particle can be known simultaneously. This limitation was expressed by a German physicist
Werner Heisenberg in 1927 and known as ‘'Heisenberg's uncertainty principle'.
In microscopic  particles we can observe two type of uncertainties viz.
v Uncertainty in position and momentum
# Uncertainty in energy and time

STATEMENT:

L 4 Uncertainty in position and momentum
According to Heisenberg's uncertainty principle:

It is impossible to determine both position and momentum of an electron simultaneously.
If one quantity is known then the determination of the other quantity will become impossible.
MATHEMATICALREPRESENTATION :

Let

Dx = uncertainty in position
DP = uncertainty in momentum

According to Heisenberg's uncertainty principle:
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The product of the uncertainty in position and the uncertainty in momentum is in

the order of an amount involving h, which is Planck’s constant.

DP x Dx3h/2p ------- Q)

EXPLANATION:

It is not difficult to understand the phenomenon of uncertainty. Consider an example in which
we are going to see the position of an electron. We measure the position an electron is measured
with light and observing the light that it reflects. The light disturbs its momentum.
Heisenberg considered an electron that has a definite, known momentum and that passes under a
powerful microscope. He realized that measuring the position of an elementary particle alters its
momentum in a random manner.

This technique allows the position to be specified with an accuracy comparable to the
wavelength of light used in the experiment. However, when the photons are scattered from the
electron, they alter its momentum, because the photons have a momentum of their own. The
observer cannot calculate the extent of this disturbance, which is random.

Increasing the wavelength decreases the disturbance, because photons of longer wavelength have
less momentum and energy. However, increasing the wavelength reduces the precision of the
measurement of position. Decreasing the wavelength allows better position measurement, but

increases the disturbance to the momentum.

UNCERTAINTY IN TIME AND
ENERGY:

Similar to uncertainty in position there is another principle of uncertainty which limits the
accuracy in the measurement of time i.e. if DE is the energy uncertainty in time Dt then we have
an expression similar to equation (i)
ie.

DE x Dt?3h/2p ------- (i)
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RESULTS OF UNCERTAINTY

PRINCIPLE:

¢ It is impossible to chase an  electron around the  nucleus.
@ The principle describes the incompleteness of Bohr's atomic theory.
@ According to Heisenberg's uncertainty principle there is no circular orbit around the
nucleus.

¥ Exact position of an electron can not be determined precisely.

LIMITATIONS OF PRINCIPLE:

Heisenberg's uncertainty principle is not applicable in our daily life. It is only applicable on
micro objects i.e. subatomic particles.

The reason why the uncertainty principle is of no importance in our daily life is that Planck's
constant 'h' is so small (6.625 x 10 joule-seconds) that the uncertainties in position and
momentum of even quiet small (not microscopic objects) objects are far too small to be
experimentally observed. For microscopic phenomena such as atomic processes, the

displacements and momentum are such that the uncertainty relation is critically applicable.

Heisenberg’s Gamma ray microscope.:

Heisenberg had a peculiar approach towards the nature of physics. He believed that the
concepts which are not defined on the basis of actual or possible experimental observations
should have no place in science e.g. he discarded the concept of orbits in the Bohr's atomic

model since they were never observed in the laboratory.

Heisenberg has expressed his view in his paper on uncertainty principle (1927): If one
wants to be clear about what is meant by "position of an object,” for example of an electron...,

then one has to specify definite experiments by which the "position of an electron” can be
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measured; otherwise this term has no meaning at all.

To examine the uncertainty principle, W. Heisenberg proposed a hypothetical experiment
(thought experiment or a gedanken experiment) on the Gamma Ray Microscope which was later
modified by N. Bohr. Usual optical parts used in the conventional light microscope cannot focus
the gamma-rays used in the experiment. Hence it was not possible to carry out such an
experiment in practice at that time. However, the experiment can be imagined and it enables to

illustrate the underlying principle.

The aim of gamma-ray microscope experiment is to detect and measure the position
of a microscopic point particle like an electron as exactly as possible. The apparatus consists of a
microscope which uses high-energy and high frequency (very short wavelength) electromagnetic
radiation like gamma rays. The radius of the atom is of the order of 10~ !'m. For the tolerance
(an uncertainty) of about 10% (i.e. 10~ '?m) in the determination of the position, the wavelength
of radiation needs to be of the order of 10~ '?m. Gamma rays are having wavelength in that
region. Hence it was necessary and appropriate to employ gamma rays to “see” the electron with

necessary resolving power of the microscope.

A gamma ray microscope has a source of radiation in the form of a monochromatic,
narrow beam of gamma rays to ‘illuminate’ the electron. A beam of gamma ray photons traveling
along the y axis is incident on the free electron at rest kept directly under the center of the
microscope's objective lens. An imaginary cone can be drawn with the electron at its apex which
subtends an angle 20 with the diameter of the circular lens as its base. The gamma ray photon
which is scattered into any angle within the cone of angle 20 enters the objective lens and
enables to see the electron.The incident and scattered gamma ray photons are shown by wave

packets in the figure.

Page 4 of 13
N.GEETHA KAHE,COIMBATORE-21
ASSISTANT PROFESSOR
DEPARTMENT OF PHYSICS



B.SC PHYSICS
2017-2018(0DD) UNIT-II CLASSICAL AND QUANTUM PHYSICS
(15PHU502)

Objective Lens

Scattered Gamma 1 e /
Ray Photon ﬁ Y
T

Uncertainty in the position —=p O Recolled Electron

of Electron AX
Incident Gamma Ray _—
Photon

Fig. Thought Experiment on Gamma Ray Microscope to
derive Heisenberg's Uncertainty Relation

Fig. Thought Experiment of Gamma Ray Microscope

After striking the electron, the gamma ray photon gets scattered and the position of the
electron gets disturbed due to its impact. The very act of measurement introduces uncertainty in
the determination of position of electron. Since a gamma ray photon acts like a particle, the
interaction between the gamma ray photon and the electron can be considered as a collision
between two particles as in the Compton scattering experiment. Due to the gain in momentum
obtained from the gamma ray, the electron recoils. The direction along which the electron recoils
may be taken as the x-axis. The image of the electron as seen in the microscope is a diffraction

pattern consisting of a central bright disc surrounded by alternate dark and bright rings.

The electron may be found anywhere within the central disk. The uncertainty in the

position of the electron is having a value equal to Ax, the diameter of the central disc.

The total momentum p of the incident gamma ray photon is related to its wavelength A by

the formula

p=h/A,where h is Planck's constant.
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In the scattering process the total momentum, p of the scattered gamma ray photon is

reduced and the wavelength is changed accordingly.

According to the Rayleigh’s criterion in physical optics, the resolving power of a
microscope (i.e. the minimum distance Ax between two points in an object that is necessary to
distinguish their images or see as separate in a microscope) is the distance between the peak
intensity and the first minimum in the diffraction pattern and it is given by the formula,

Resolving Power = R.P. = Ax = /2sin 0

where 20 is the angle subtended by the electron with the objective lens . The maximum value of
the scattering angle of gamma ray photon (semi-vertical angle of the cone 0) occurs in two
extreme cases- when the gamma ray gets diffracted exactly along the right or left edges of the

cone.

If the gamma ray gets diffracted to the right edge of the cone, the total momentum in the

x direction would be given by the sum of momenta of electron and gamma ray as follows
= the electron's momentum p1x + the gamma ray's momentum in the x direction

=plx + (h sin 0)/A1

where Al is the wavelength of the gamma ray diffracted to right edge

In the other extreme case, the observed gamma ray photon gets diffracted just along the
left edge of the cone (i.e. scattered backward). Then the total momentum in the x direction is

given by
= p2x -(h sin 0)/A2, where A2 is the wavelength of the gamma ray diffracted to left edge.

However, according to the conservation of momentum, the component along x axis of
final momentum in each case must equal the component along the x axis of initial momentum.

Therefore, the components along x axis of final momenta are equal to each other.
plx + (h sin 8)/A1 = p2x - (h sin 6)/A2
If 0 is small, then the wavelengths in both possibilities are approximately equal. Then
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Al ~A2 ~A

p2X - plx = Apx ~ 2h sin /A

However, the formula for Resolving Power according to the Rayleigh's criterion is

Ax = M(2 sin 0)

Apx ~ h/Ax
or
AxXApx ~ h

Thus there is a reciprocal relationship between the minimum uncertainty Ax in the
measured position of the electron along the x axis and the uncertainty Apx in its momentum in
the direction. If the x position is measured more precisely i.e. Ax is made minimum then Apx
becomes maximum i.e. measurement of value of p is more uncertain and vice a versa. However

the product AxAp remains constant of the order of value of h.

The thought experiment shows that electron's position and momentum obey the

uncertainty relation which Heisenberg had derived mathematically.

The experiment shows that to measure the properties of a particle such as an electron, a
measuring device usually light or radiation is needed. But the energy in the radiation affects the
particle being observed. At the subatomic level the act of observing alters the reality being

observed and thus it imposes limits on the physical knowledge.

Implications of the Uncertainty Principle:

The uncertainty relations are not just mathematical relations, they have profound
scientific and philosophical implications. These can be understood during the study of the

microworld only by modifying our common sense beliefs and classically trained views.
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According to classical mechanics there is no limit in principle to the precision with which
the dynamical variables can be measured. If the position and momentum at time t=0 is known
then the subsequent motion can be described precisely by a definite trajectory. The precision of

any measurement is limited only by the accuracy of the instruments of the experimenter.

However, these classical concepts cannot be applied to microscopic objects. In quantum
mechanics, the values of variables at any time (either at initial time t=0 or any other later time t)
cannot be stated precisely. Hence the notion of trajectory of a particle has no meaning. Even
though instruments used may have high precision, there is a certain minimum limit on the

precision of simultaneous measurement of certain pairs of properties.

Heisenberg wrote in his paper (1927) that “Every concept has a meaning only in terms of
the experiments used to measure it, we must agree that things that cannot be measured really
have no meaning in physics”. According to the Heisenberg’s Uncertainty Principle, it is not
possible to simultaneously and precisely measure some properties (i.e. canonically conjugate

variables) of a particle.

In classical physics, if present position and momentum and all of the forces acting upon a

particle are known then its future motion can be exactly predicted, or "determined,"

According to Heisenberg’s uncertainty principle, the precise position and momentum of a
particle at a given instant is not known exactly, so its future motion cannot be determined
precisely. He has written: In the sharp formulation of the law of causality-- "if we know the
present exactly, we can calculate the future"-it is not the conclusion that is wrong but the

premise.

Indeterminism in measurement is not due to imperfection in measuring instruments or
method but due to the indeterminism inherent in the quantum world itself. According to the
probabilistic interpretation of Max Born, quantum physics cannot give exact results or
deterministic answers, but can state only the probabilities for the occurrence of a variety of

possible results.
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The principle of complementarity:

According to Heisenberg’s uncertainty principle, position and momentum are
complementary variables. Momentum has direct relation to wavelength according to de Broglie
relation. It indicates that the particle aspect (conferred from position) and wave aspect (from
wavelength)are complementary. Thus matter has a dual- i.e. a wave-like and a particle-like
nature but only one is exhibited in any measurement and that will be decided by the nature of the
measurement. This is the principle of complementarity developed by Bohr.

The views of Heisenberg and Bohr were compatible. They were known together as the
Copenhagen interpretation. It was accepted by majority of physicists with some exceptions like
A. Einstein.

Richard Feynman in 1985 has put with forcefulness the uncertainty principle in its
historical perspective in following words, ‘If you get rid of all the old fashioned ideas

(that is, the jelly bean fallacy), there is no need for an uncertainty principle’.

Application of the uncertainty principle:
N The non existence of the electron in the nucleus :
The diameter of nucleus of any atom is of the order of 10-14m. If any electron is confined

within the nucleus then the uncertainty in its position (Ax) must not be greater than 10-14 m.
According to Heisenberg’s uncertainty principle,

Ax Ap>h/2n

The uncertainty in momentum is Ap > h / 2nAx,

where Ax = 10-14 m

Ap > (6.63X10-34) / (2X3.14X10-14)

i.e. Ap>1.055X10-20 kg-m /s
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This is the uncertainty in the momentum of electron and then the momentum of the electron

must be in the same order of magnitude.

(I1)  The radius of the Bohr’s first orbit of H2 atom and energy in the ground state:

If Ax and Apx are the uncertainties in the simultaneous measurements of position and momentum

of the electron in the first orbit, then from uncertainty principle

AXApx =h
Where h = h/2[]

Or Apx="Th/Ax

As Kinetic energy is given as

K = p?/2m

Then uncertainty in K.E is

AK :APZXIZm

Put equation (i) in above equation

AK="R? 2m(Ax)? (2)
As potential energy is given by

AV=-1/4 |0 Z&*/Ax

The uncertainty in total energy is given by adding equations (2) and (3), that is

AE= AK+AV

= h2 /2] J(Ax)? —Ze?/4] JeoAX

If Ax = r=radius of Bohr’s orbit, then
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AE=R? [2mr? —Ze?/4] Jeor (4)

The Uncertainty in total energy will be minimum if

d(AE)/dr=0 and d?{(AE)/dr? is positive
Differentiating equation (4) w.r.t. r, we get

d(AE)/dr=0= — B 2/mr3+Ze%/4n gor? (5)

For minimum value of AE

d(AE)/dr=0= — h 2/mr?+Ze?/4m gor?

or Ze?/4m gor’="R?*/mr?

or r=4m g0 T 2/me? (6)
Further differentiating equation (5), we get

d?(AE)/dr?=3 R 2/mr*-2Ze?/4n gor®

By putting value of r from equation (6) in above equation, we get positive value of

d2(AE)/dr?

Therefore equation (4) represents the condition of minimum in the first orbit.

Hence, the radius of first orbit is given by

r=4m g0 2/me?=0.53 angstrom (For H atom Z=1)

Put value of r in equation (4), we get

Emin: -13.6eV

This value is same as determined by using Bohr’s theory.
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Therefore, with the help of Heisenberg’s uncertainty principle, one can determine the radius of

the Bohr’s first orbit.

(111)  Width of spectral lines (natural Broadening):

Whenever a photon interacts with matter the atoms get excited and the excited atom
gives up its excess energy by emitting a photon of certain frequency which leads to the
spectrum. The broadening in the spectral lines is observed due to the indeterminateness in the

atomic energies. According to Heisenberg’s uncertainty relation
AE = h 2t At

where AE is the uncertainty in the measurement of energies and At is the mean life time of
the level is finite (10-8 secs). Therefore AE must have a finite energy spread that means the

energy levels are not sharp and hence the broadening of the spectral lines
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POSSIBLE QUESTIONS:
PART B: (8 MARK)

e State and explain the uncertainty principle.

e Give the short note on physical significance of Heisenberg’s uncertainty relation.
e Give a detailed account on Heisenberg’s Gamma ray microscope

e Diffraction of a beam of electrons by a slit

e Application of Uncertainty principle:

e The non existence of the electron in the nucleus-justify.

e The radius of the Bohr’s first orbit of H, atom and energy in the ground state
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QUESTIONS optl opt2 opt3 optd ANSWER
Unit-11
Heisenberg’s uncertainty principle states for the energy and time is AEAt=h AEAt=h/2n AEAt = 2nth AEAt=2n/h AEAt = h/2n
Based on optical theory, the limits of distance between two points (Ax) is A/2sine A/sine A2sine Asine A2sine
The angular frequency (0) = Vk/m Vm/k vk Vm Vk/m
In which of the following is the radius of the first orbit minimum? hydrogen atom A tritium atom Triply ionized beryllium Doubly ionized helium hydrogen atom
The Kinetic energy of electron of mass (m) is given by (T) p/2m p2/2m 2mp 2mp2 p2/2m
Heisenberg’s uncertainty principle states for the angular momentum and angle is AJAe=h AJAe =h/2n AJAe = 2rth AJAe=2m/h AJAe =h/2n
The radius of the nucleus of any atom is of the order of m 10-8 m 10 -14 cm 10-14m 10-10 m 10-14m
The minimum energy of harmonic oscillator (Emin) = sho ho -ho [0) Ysho
Which of following formula satisfy the diffraction pattern? n\= 2dsine nA= 2sine/d n\= sine/2d nA= 2d/sine n\= 2dsine

Heisenberg’s Uncertainty Principle states:

The more precise a particle’s
energy can be measured, the
less precise its position can be
measured. (b)

A particle’s position can be
measured exactly

A particle’s energy can be
measured exactly

The more precise a particle’s
momentum can be measured,
the less precise its position can
be measured.

The more precise a particle’s
momentum can be measured,
the less precise its position can
be measured.

Heisenberg’s uncertainty principle states for the position and momentum is ApAgq=h ApAq =h/2n ApAq = 2nth ApAq=2m/h ApAq =h/2n
The'producl of the uncertainties in determine the angular momentum and angle of the — v <h Sh 2vh — v
particle can never be smaller that the number of order

The uncertainty in the total energy (AE) is AT + AV AT - AV AT AV AT + AV
What is the radius of Bohr’s first orbit (r) ? Aq Ap r AV r

Based on the uncertainty principle, the minimum momentum (Pmin) = b/l h hl I/h h

‘Who proposed the uncertainty principle? Bohr De Broglie Heisenberg Schroedinger Heisenberg
The kinetic energy of electron in the atoms is 4 Mev 6 Mev 8 MeV. 97 Mev 97 Mev

A particle has position (X, y,

z) and corresponding momenta (px, py, pz). According to

Heisenberg™s Uncertainty principle, following observables cannot be measured

The shorter the lifetime of an
excited state of an atom, the
less accurately can its energy

An electron in an atom cannot
be described by a well-defined

The momentum of an electron
cannot be measured exactly

Measurement of one variable in
an atomic system can affect
subsequent measurements of

Measurement of one variable in
an atomic system can affect
subsequent measurements of

principle:

imult ly. bit ) .
stmuitancousty be measured. ( orot other variables. other variables.
What is the atom life time in the excited states? 10-8 sec 10-8 min 10-10 sec 10-10 min 10-8 sec
Planck’s constant has the same units as angular momentum The Hamiltonian quantum number frequency angular momentum
‘Which of the following is NOT a correct consequence of the Heisenberg uncertainty

x and px x and py py and pz xand z x and z

According to Heisenberg™s Uncertainty principle, Indeterminism in the measurement of
canonically conjugate variables is due to

imperfection in measuring
instruments

imperfection in measurement
methods

the interminisim inherent in the
auantum world itself

imperfection in measuring
instruments

photon

Potential energy of Hydrogen atom in the ground state is negative zero imfinity cannot be determined zero
The value of h is 6.625 x 10 nm 5x10% nm 1.055 x 10**nm 1.0555 x 10™*nm 1.055 x 10**nm
mass of an electron is 9x 10%*nm 9% 10°' m 6x 10° nm 6.625 x 10" nm 9x 10°'m
Compute the de Broglie wavelength of an electron that has been accelerated through a B 26 22

L .. 1.3x10-11 1.7x103 >
potential difference of 9.0 kV. Ignore relativists effects. X m 1.7x 10" m 12x10""m * m 1.7x10" m

If we measure the position of a particle accurately then the uncertainty in measurement . .
. 0|Infinity 1{constant Infinity
of momentum at the same instant becomes
If we measure the energy of a particle accurately then the uncertainty in measurement 0| nfinity 1|constant Infinity
of the time becomes
If a photon and the electron have the same wavelength, then the energy of an electron is |Smaller than that of a photon Greater than that of a photon 0|Equal Greater than that of a photon
. . . . |Much ller than that of Much ller than that of

For a photon and an electron with equal energy, the Broglie wavelength of the electron is uch smatier fhan that ot a Much greater than of a proton 0| Equal uch smatier than that ot a

photon

Prepared By-N.Geetha,Assistant Professor,Department Of Physics.




B.SC PHYSICS
2017-2018(0DD) UNIT-III CLASSICAL AND QUANTUM PHYSICS
(15PHU502)

SYLLABUS:

Physical interpretation of the wave function - Equation of motion of matter wave (i) Time-
independent Schroedinger equation (ii) Schroedinger equation for a free particle and (iii) Time
dependent Schroedinger equation-Solution of the Schroedinger equation -Orthogonal,
normalized and orthonormal of wave function - Expectation values of dynamical qualities,
probability current density, particle flux-Ehrenfest’s theorem. Eigen function, Eigen value and
Eigen value equation - orthogonality of Eigen function - Reality of energy Eigen value.

WAVE FUNCTION:

Wave function is defined as that quantity whose variations make up matter waves. It is

represented by Greek symbol y(psi), y consists of real and imaginary parts.

Y=A+iB

PHYSICAL SIGNIFICANCE OF WAVE FUNCTIONS (BORN’S INTERPRETATION):
Born’s interpretation

The wave function v itself has no physical significance but the square of its absolute
magnitude |y?| has significance when evaluated at a particular point and at a particular time [y?|
gives the probability of finding the particle there at that time.

The wave function y(x,t) is a quantity such that the product

P(x,)=y (X,Hw(x,0)
Is the probability per unit length of finding the particle at the position x at time t.

P(x,t) is the probability density and v (x,t) is complex conjugate of y(x,t)

Hence the probability of finding the particle is large wherever v is large and vice-versa.
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EQUATION OF MOTION OF MATTER WAVE:

According to de-broglie theory, a material particle associated with a wave . So a
mathematical reformation using a wave function associated with matter waves needed such a
mathematical formation known as wave mechanics or quantum mechanics was developed in
1926 by Schrodinger. Schrodinger described the amplitude of matter waves by a complex
quantity y (, , ,) xyzt known as wave function or state of the system. It describes the particular

dynamical system under observation.
(DTIME —INDEPENDENT SCHROEDINGER EQUATION:

We start with the one-dimensional classical wave equation,

u 1 0w (10)

By introducing the separation of variables

u(z,t) = ¢(z)f(t) (1)

we obtain
OL R LRI @
If we introduce one of the standard wave equation solutions for f(t) such as £ (the constant

can be taken care of later in the normalization), we obtain
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2.0 2
d '95("_'7) W ’!;f’(:ﬂ) (13)
dr? 2

Now we have an ordinary differential equation describing the spatial amplitude of the matter

wave as a function of position. The energy of a particle is the sum of kinetic and potential parts

2

E=L vz (14)

2m

D
which can be solved for the momentum, , to obtain

p={2m[E - V(z)]}* =

Now we can use the de Broglie formula (4) to get an expression for the wavelength

h h

A== (16)
p {2m[E - V(z)]}'?
W2 2
The term in equation (13) can be rewritten in terms of A if we recall
that W = 27V and YA =
w? A%t 4wt 2m[E — V(z)] (17)
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When this result is substituted into equation (13) we obtain the famous time-independent
Schrodinger equation

d(z) 2m L
o T lE- V(z)le(z) =0 (18)

which is almost always written in the form

R ey

2m dz?

+ V()i (e) = By(z) .

This single-particle one-dimensional equation can easily be extended to the case of three

dimensions, where it becomes

20 + Vi) = Eule @)

A two-body problem can also be treated by this equation if the mass XL is replaced with a
reduced mass

It is important to point out that this analogy with the classical wave equation only goes so far.
We cannot, for instance, derive the time-dependent Schrddinger equation in an analogous fashion

(for instance, that equation involves the partial first derivative with respect to time instead of the
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partial second derivative). In fact, Schrédinger presented his time-independent equation first, and

then went back and postulated the more general time-dependent equation.

(1) Time Dependent Schrodinger Equation:

The time dependent Schrodinger equation for one spatial dimension is of the form

—h* *W(x,1)
2m  ox’

dW(x.t)
dt

For a free particle where U(x) =0 the wavefunction solution can be put in the form of a plane

+U(x)¥(x,t) = ih

wave

[_IJ‘(I f) _ Aefkl'—.fmf
For other problems, the potential U(X) serves to set boundary conditions on the spatial part of the

wavefunction and it is helpful to separate the equation into thetime-independent Schrodinger

equation and the relationship for time evolution of the wavefunction

J¥ —h* °¥(x)

HY =ih— — + U(x)¥(x)= E¥i(x)
dt 2m  dx”
Time evolution Time independent equation
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(IH)SCHROEDINGER EQUATION FOR A FREE PARTICLE:

Free Particle

So let’s begin our exploration of solutions to the Time-Independent Schrodinger’s
equation with the simplest situation. Let the time independent potential be a constant
with respect to position. Then. we know that the value of the constant has no impact on
the behavior of the particle. so we set the value to zero. V(x) =V = 0. Then. the TISE

becomes:

heod (0

2m  dx
The general solution to this differential equation (which can be found by integrating
twice) is:

. . [2mE
u(x) = Ae™ + Be ™ k = %
i

and we recover the free particle wave function that we postulated earlier:

£

W(x, 1) = wix)@(t) = (Aeih + }3‘@:?_"'“)e_"‘z"r = Ade'F ™) 4 peg i@l o — p
1

Here. k can take on any positive value (depending upon the value of E). We can let k
take on both positive and negative values. where k = 0 corresponds to waves traveling to
the right. and k < 0. to the left. We then have:

Y(x, 1) = Ae'==)
as before. or. in terms of k alone:

{ee-22,)

Wo(x, f) = de' )

Now. this wave function should really bother you. It doesn’t? OK. then. normalize it:

So that these wave functions cannot represent real particles, at least with single values of
the wave number k. since the probability to find the particle extends to plus/minus
infinity. We can address this by remembering that the general solution is a linear
combination of the separable solutions. Then. as before. we can add wave functions with
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a distribution of wave numbers together to form a wave packet, such that the total wave
function vanishes at infinity and is therefore normalizable. Then, as before, we have for
the general solution:

P(x, 1) = [ #(k) ¥, (x. t)dE,

-

where @(k) now represents the constants ¢, that we saw in the general solution. but is a

continuous set, rather than having discreet indices so we integrate rather than sum. We
find the set of constants in the usual way:

¥(x,0) = J’ gk, (x)dk,

and the ¢(k) can be found by the inverse Fourier transform.

SOLUTION OF SCHROEDINGER EQUATION:

Schroedinger Equation:

The Schroedinger equation plays the role of Newton's laws and conservation of energy in
classical mechanics - i.e., it predicts the future behavior of a dynamic system. It is a wave
equation in terms of the wavefunction which predicts analytically and precisely the probability of
events or outcome. The detailed outcome is not strictly determined, but given a large number of

events, the Schroedinger equation will predict the distribution of results.
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Kinetic = Potential _
+ =
Energy = Energy

Classical 1 1 : .
2 2 Harmonic oscillator
i —mve+ —kx< =E
{Ejrc:grsge?rvatmn of ) 5 example.
Newton's Laws F=ma = -kx
Quantum 02 The energy l:?eccmes
Conservation of o+ 5 kx 2 the Hamiltonian operator
Energy 2m iJ] o Wavefunction
Schrodinger —
Equation H kP - ElP . )
‘\ Energy "eigenvalue
In making the h 9 for the system
transition to P> T_x X = X Y .
a wave equation, 5 s The form of the Hamiltonian
physical variables —h 1 f
take the formof H¥»—— + —kx? ﬂperatu!' o alquamum
"operators". 2m ox* 2 harmonic oscillator.

The kinetic and potential energies are transformed into the Hamiltonian which acts upon the

wavefunction to generate the evolution of the wavefunction in time and space. The Schroedinger

equation gives the quantized energies of the system and gives the form of the wavefunction so

that other properties may be calculated.

NORMALIZATION CONDITION:

The probability per unit length of finding the particle at position x at time t is

P=y " (x,))y(x,t)

So, probability of finding the particle in the length dx is

Pdx=y " (x,t)y(x,t)dx

Total probability of finding the particle somewhere along x-axis is
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fpdx =l v (x.Hw(x,H)dx

If the particle exists , it must be somewhere on the x-axis . so the total probability of finding the

particle must be unity i.e.

W xOw(x,hdx=1 (1)
This is called the normalization condition . So a wave function y(x,t) is said to be normalized if

it satisfies the condition(1)

ORTHOGONAL WAVE FUNCTIONS:

Consider two different wave functions wymand wnsuch that both satisfies Schrodinger
equation.These two wave functions are said to be orthogonal if they satisfy the conditions.

Or [ yn" (x,t) Ym(x,t) dV=0 for n#m] (1)

[ ™ (x,t) wm(x,t) dV=0 for m#n ]

If both the wave functions are simultaneously normal then
.[ Ym \I/m* d VZI:J.\IIn\lfn* dv (2)
Orthonormal wave functions:

The sets of wave functions, which are both normalized as well as orthogonal are called

orthonormal wave functions.
Equations (16) and (17) are collectively written as

[ myndV={ 0 if m#n
=[1 if m=n
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EHRENFEST THEOREM:

Ehrenfest’s Theorem
Ehrenfest’s theorem simply states that expectation values of quantum mechanical
operators obey the laws of classical mechanics. Classically, the hamiltonian for a
single particle of mass m,
5
v .
H = _—+V(r
oy T V()
leads to the equations of motion,
dx oH o dp, oH av

dt — Op. m’ dt dr Ox
In quantum mechanics we can calculate the rate of change of expectation value of =,

40— 2 [are oz

N [
_/d" [(’)t TY+Y ff).]

_ R T (N0 s bt (V20
= o / @ [= (V20%) 9 + v* = (V29)].

In the last step (25) we have made use of Schrédinger equation for ¢* and +». Upon
partial integration, we observe that,

[ar vz = [arv - (Voran) — [arver V)

/ drV - (Vb zy) — / drV - (" V(@) + / drip* V2 (zp).

Using divergence theorem. the first two integrals can be converted to surface integrals
and can be made to vanish on suitably choosen large surfaces using the well-behaved
nature of the wave functions. As for the third term, we notice that,

Vizy) = 2& -V 4+ 2V

where = in this context is the unit vector in z-direction. Using this expression in the
equation (25), we get,

d ih
% = % / dr [=2¢~ & -V — "z V24 4 otz V2 1]
1

= /df?,.-:‘*:e (—ih V)9

m .
1 &

= — fdry* | —h— ) ¥
m / ne ( ! ”a:c) *
1 /' e

= — dry™ gy .

Therefore, instead of classical expression, we have for the first equation of motion,

dz) _ (px)
dt om
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In the same way, using Schrodinger equation and divergence theorem, we can show

dp) _ [ oV
dt Oz |~

In general terms, the time variation of expectation value of any arbitrary quantum
mechanical operator (or dynamical variable) is given by,

dt
_ [ JF |:C}U @ﬂf , C)Tt‘:',‘:|
] ot ot ot

v 1 Loty Lo
(8 o ()0 (03)

Making use of time-dependent Schridinger equation (5), H = ko /0t and its
complex counterpart, we arrive at
d{a) <ti'ﬂf

1 R
I E>+E '[dr-w (aH — Ha)a)

& = () e ).

The above equation (29) is known as Heisenberg’s equation of motion and the quantity
v, H | is called commutator of o and H. If two different observables or dynamical
variables be represented by the operators A and B, then the commutator of A and
B is defined as

AB—BA = A, B]
Heisenberg's equation of motion (29) closely resembles the corresponding classical
equation of motion in terms of Poisson bracket,

- JAOB 0AOB
W

dqg dp  dp dg
which is,
dA A
= [A‘ H]pb
dt ot
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Eigenvalues and Eigenfunctions:

The wavefunction for a given physical system contains the measurable information about the
system. To obtain specific values for physical parameters, for example energy, you operate on
the wavefunction with the quantum mechanical operator associated with that parameter. The
operator associated with energy is the Hamiltonian, and the operation on the wavefunction is
theSchrodinger equation. Solutions exist for the time independent Schrodinger equation only for

certain values of energy, and these values are called "eigenvalues*" of energy.

Corresponding to each eigenvalue is an "eigenfunction*". The solution to the Schrodinger
equation for a given energy i involves also finding the specific function ¥ which describes

that energy state. The solution of the time independent Schrodinger equation takes the form
Hup]m =Ey,;

The eigenvalue concept is not limited to energy. When applied to a general operator Q, it can

take the form

fmgenfunctia:un
Qu;: Vi=4;V,
< ,

operator eiganvalus

if the function ¥ is an eigenfunction for that operator. The eigenvalues gi may be discrete, and
in such cases we can say that the physical variable is "quantized™ and that the index i plays the

role of a "quantum number" which characterizes that state.

*"Eigenvalue" comes from the German "Eigenwert" which means proper or characteristic value.

"Eigenfunction” is from "Eigenfunktion” meaning "proper or characteristic function™.
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Reality of Energy Eigenvalues:

To obtain specific values for energy, you operate on the wavefunction with the quantum
mechanical operator associated with energy, which is called the Hamiltonian. The operation of
the Hamiltonian on the wavefunction is the Schrodinger equation. Solutions exist for thetime-
independent Schrodinger equation only for certain values of energy, and these values are called

"eigenvalues" of energy.

For example, the energy eigenvalues of
the quantum harmonic oscillator are given

Quantum harmonic oscillator by

Potential enargy

of form Eng
oy E,=(n+1)ho n=0123..

Transition
anargy /

E = 2n(frequency)
n=4 T
; [ [f]‘ / =

0
fi = Planck's constant /27

Ep=in+ %]'hm
III / Energy . . . .
sigenvalues T he lower vibrational states of diatomic

E - 1f molecules often fit the quantum harmonic
p=2"

Internuclear separation X oscillator model with sufficient accuracy to

permit the determination of bond force

constants for the molecules.

While the energy eigenvalues may be discrete for small

Energy eigenvalues may values of energy, they usually become continuous at high
be discrete or continuous. ] .
enough energies because the system can no longer exist as a

‘1 (Z2iL L0 o] bound state. For a more realistic harmonic oscillator potential
Level spacin . . .
dweas:s aE (perhaps representing a diatomic molecule), the energy
dissociation energy . .
approached. eigenvalues get closer and closer together as it approaches the
Lower levels approximate dissociation energy. The energy levels after dissociation can

guantum harmonic oscillator
take the continuous values associated with free particles.
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PROBABILITY CURRENT DENSITY:

Let R be some region in space.
(Notation: the boundary of K that is, the surface surrounding R is often denoted dR.)

Suppose a particle has a wave function ¥(x,¢). We are interested in the probability of
finding the particle in the region [

Prob(R}=f|t;'J|2d3$
R

Since there is some chance of the particle moving into or out of R, this probability can

change in time. Its time derivative is (since |1|? = ")
d aih® LOUY 4
—Prob(R) = — 1+ — | d 1
g o) fﬂ(aﬁ” t‘”as) * 1)
Now use the Schrédinger equation and its complex conjugate:
L, O [
zh'at__%vLJr‘L
dr* B
_ih— _ __vE ¥ Vbt 2
o om Thw 2)
Solve for C;—'; and % and insert into (1) to obtain
r:f—]:'rc:)’t:u[R} =— ih (VWi — V) dPr = — [ V-Idz (3)
dt p2m ' ' ' R
where
J = T—h{ bN ™ — *"Vab) (4)
= 5, WV =97V

(Check the last equality in equation (3)—do the derivatives!) Then by Stokes theorem (or
Green’s theorem), equation (3) becomes
d

—Prob(R) = — J-nd’x (5)
dt aR

(Depending on the place yvou learned this, you may have seen the last term written instead

as — [J-dA or — [J-dS.)

Equation (5) should look familiar from E&M: it’s the same form as the equation for charge
conservation. It says that the probability in R can change only by an amount equal to
the flux of the “probability current” J through the surface surrounding f. The current
J therefore describes the flow of probability, the nearest thing we have in quantum me-
chanies to a description of the motion of a particle. We will be using this a lot in this course.
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Expectation Values of Dynamical Qualities:

To relate a quantum mechanical calculation to something you can observe in the laboratory, the
"expectation value" of the measurable parameter is calculated. For the position x, the expectation

value is defined as
(x)= J'lp * (D) xy(x,t)dx

This integral can be interpreted as the average value of x that we would expect to obtain from a
large number of measurements. Alternatively it could be viewed as the average value of position
for a large number of particles which are described by the same wavefunction. For example, the
expectation value of the radius of the electron in the ground state of the hydrogen atom is the
average value you expect to obtain from making the measurement for a large number of

hydrogen atoms.

While the expectation value of a function of position has the appearance of an average of the
function, the expectation value of momentum involves the representation of momentum as

a quantum mechanical operator.
I h o
= Fla ) ——yr(x, 1)
(P) _j'mw X0y

_h o

fetel erator i a_ X

where
is the operator for the x component of momentum.

Since the energy of a free particle is given by
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(3]

_ _ P
=5 thrern CEY = Y-

and the expectation value for energy becomes

— S
{E)ﬁeg purrir_‘fe'_ Jf 2m 6‘,1:2

for a particle in one dimension.

In general, the expectation value for any observable quantity is found by putting the quantum

mechanical operator for that observable in the integral of the wavefunction over space:

<Q} = IW * Q{)perah)rwdv
—e integral over
all space

Orthogonality Of Eigen Function:

|Eigcnfunction:s corresponding to distinct eigenvalues must be orthogonal.

Precise statement: suppose XJ] + A, X, = 0and X, + A\ X = 0ona < x < b, and that X,
and X, both satisfy the same type of BC. If A, # A, then X, and X,, are orthogonal:

b
[ No(o) X (x)de = 0,
Proof. By the Integration Lemma, we have

/b Xo(z) X (x) doe

Ja )
TN — A
= 0 under Dirichlet BCs, because X, (a) = X, (b) = 0 and X,,(a) = X,.(b) =0
=0 under Neumann BCs, because X/, (a) = X (b) = 0 and X/ (a) = X/, (b) =0
= 0 under Mixed BCs, for similar reasons.

(Xn(z)X],(x) — X1 () X ()"

T

For periodic BCs, we use that X, (b) = X, (a) and X/ (b) = X (a) and so on, to see

[(Xn(z)X], (z) — X (2) Xon(2)]h = [Xn(B) X/, (B) — X,,(b) Xm(b)]
— [Xn(a)X],(a) — X/(a) Xm(a)] = 0.
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POSSIBLE QUESTIONS:
PART B: (8 MARK)

e Describe the Physical interpretation of the wave function.

e Explain about the Equation of motion of matter wave (i) Time-independent Schroedinger
equation.

e Derive the schroedinger equation for a free particle and Time dependent Schroedinger
equation.

e Derive the solution of the Schroedinger equation

e Write a short note on Orthogonal, normalized and orthonormal of wave function

e Explain the expectation values of dynamical qualities,probability current density, particle
flux.

e State and explain the Ehrenfest’s theorem.

e Write a short note on Eigen function, Eigen value and Eigen value equation

e orthogonality of Eigen function and Reality of energy Eigen value-Expalin.
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UNIT-III
forms of Schroedinger’s equation describe the motion of non-relativistic material particle. Hy =Ey Hy # Ey Hy < Ey Hy > Ey Hy = Ey
If w1 and y2 are two different wave functions, both being satisfactory solution of wave equation for a
given system, then these functions will be normalized, if yj*yjdr =1 yjFyjdt # 1 yj*yjdr > 1 yj*yjdt < 1 yj*yjdr =1
Schroedinger suggested seeking solutions of the waves equation which represents Waves. non-progressive _|[progressive non-standing standing standing
Newton’s law may be written as (dp/dt) > -gradV_ [(dp/dt) <-gradV |(dp/dt) # -gradV [(dp/dt) = -gradV |(dp/dt) = -gradV
Kinetic energy operator is (-h2/2m)2 (—2m/h2)2 (—2mh2)2 (—2h2)2 (=h2/2m)2
Momentum operator in Schroedinger equation (Pop) is h/i hi i/h h h/i
The minimum energy of a particle in a box (E) is h2/ml2 h2/2ml2 ml2/h2 2ml2/h2 h2/2ml2
The Schroedinger time-dependent wave equation is Hy = Ey Hy # Ey Hy <Ey Hy > Ey Hy = Ey
The time-dependent Schroedinger equation is partial differential equation having  variables. 1 2 3 3
A2y + A2y + A2y + A2y + A2y +
The Schroedinger equation for a free particle is Cn/h2)(E)y =0 [2m/h2)(E)y #0 |Cm/h2)(E)y <0 |2m/h2)(E)y >0 [2m/h2)(E)y =0
If the eigen functions corresponding to eigen values E1 and E2 are orthogonal i.e. E1-E2=0 E1-E2#0 El1-E2<0 E1-E2>0 E1-E2#0
The average or expectation value may be defined as the average of the result of a number of
measurement on independent system. single double large Zero large
The time independent form of Eop is H \ U T H
a complex an imaginary
Wave function ¥ of a particle is real quantity quantity quantity any one of these [real quantity
Probability Probability
Probability of a  |Density of a Current of a
Wave function ¥ (particle having |particle having  [particle having  |Wave function ¥
Which of the following quantities are complex quantities? of a particle Wave function ¥ [Wave function ¥ |Wave function ¥ |of a particle
goes through
repeating,

The wave function W of the particle is

solution to the
wave equation

not a variable
quantity

periodic maxima
and minima or
oscillations

solution to the
wave equation

The probability current of a particle is

dependent on time

number of
particles per unit
volume per unit
time

not a real quantity

always positive

number of
particles per unit
volume per unit
time

can be derived

from time-
is a partial involves only one |dependent has solutions involves only one
differential independent Schrodinger which are the independent
The time-independent Schrodinger equation equation variable r equation stationary states |variable r




probability the expectation  [the general probability

distribution of values of time- solution is a linear|distribution of

finding the measurements of |independent combination of  [finding the

particle is time  |total energy yield |operators are separable particle is time
In the Stationary states independent different values |dependent on time|solutions independent

intrinsically

includes the unit

of imaginary

numbers, hence
cannot describe

equates first order

is a more general

is the Eigenvalue
equation for the

is a more general

the physical space derivative [and fundamental |energy operator |and fundamental
reality of the with second time |postulate of (Hamiltonian postulate of
Time dependent Schrodinger equation micro-world derivative quantum physics |operator quantum physics
are used to are nonlinear, are used to
translate corresponding to (hermitian translate
are used to equations in canonically corresponding to [equations in
represent physical [classical physics |conjugate classical classical physics
observables in into equations of |variables dynamical into equations of
Operators in quantum physics classical physics [quantum physics |commute variables quantum physics

equation of the

the conservation

conservation of  [continuous the conservation [of momentum of |the conservation
The continuity equation in quantum physics implies energy functions of wavefunction the particle of wavefunction
Divergence

The time evolution equation of the expectation values of position and momentum of a quantum Continuity Ehrenfest’s theorem (Green’s [Schrodinger Schrodinger
mechanical particle is given by Equation Theorem Second Theorem) |equation equation
Wave function is represented by i E H A i
Schroedinger attempt the physical interpretation of y in terms of volume density  |current density  |density charge density charge density
In wave function, energy per unit volume is equal to A’ E? e \y2 A’
Photon density is hv A’h AN A’/hv A’lhy
Photon density is proportional to hv A’ h v A’
Particle density is proportional to hv v h v v
Complex conjugate of wave function is E H W \y* \|1*
To remove the above discrepancy another physical interpretation of wave function generally accepted at

: Max Bohr] : Max Bohr]
present was suggested by Bohr Dirac Heisenberg
To remove the above discrepancy another physical interpretation of wave function generally accepted at
present was suggested by Max Born in the year 1923 1927 1926 1929 1926
The total probability of finding the particle in the entire space is unity 0] vary unity
At x = o0 then y*y = 1 0] vary !
Normalising factor is N 1NN 2N N 1/AN
Normalised wavefunction is vy N 1AN /AN yAN
If probability distribution of finding the particle is time independent the it is said to be orthogonal noramalised stationary state  |orthonormal stationary state




Characteristic function is also called as wave function eigen value noramalised stationary state  |wave function

Which law is used in Ehrenfest theorem? Newtons law joules law ohms law Keplers law Newtons law
of a dynamical quantity is the mathematical expectation for the result of a single

measurements expectation value |eigen value noramalised stationary state  |expectation value
In electromagnetic wave system if A is amplitude,then energy density is A’ E’ i v A’

|y"2 | is the measure of volume density  |current density  |particle density  |density particle density

is the measure of particle density [E~2 | [H"2 | v | (4= <l

Square of absolute value of ¢ is a measure of volume density  |current density  |particle density  |density particle density
Probability density of the particle in the state ofd \|1\|/* ] \|1* 0 \|1\|/*
The operator for momentum is (h/i) A (h) A pA iA (h/i) A
The probability amplitude for the position of the particle is represented by P H E ] ]

Prepared By-N.Geetha,Assistant Professor,Department Of Physics.
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SYLLABUS:

Constraints and degrees of freedom-generalized coordinates-generalized displacement-
velocity-acceleration-momentum-force-potential-D’ Alembert’sprinciple-Lagrangian
differential equation from D’Alembert’s principle-Application of Lagrangian equation of

motion to linear harmonic oscillator, simple pendulum and compound pendulum.

1. 0 INTRODUCTION

Mechanics is the study of the motion of physical bodies .The possible and actual
motions of physical objects, whether large or small, fall under the domain of mechanics.
In the present century the term “Classical mechanics” has come in to wide to denote this
branch of physics in the contradiction to the newer theories especially quantum
mechanics. “Classical mechanics has been customarily used to denote that part of the
mechanics which deals with the description and explanation of the motion of the objects,
neither too big so there exists a close agreement between theory and experiment nor too
small interacting objects, more precisely like the systems on molecular or subatomic
scale.” We shall follow this usage, interpreting theories the name to include the type of
mechanics. Classical mechanics may be classified in to three subsections (i) Kinematics
(ii) Dynamics (iii) Statics.

In this unit we deals with the structure and law of mechanics with the
applications, starting from basic fundamental concepts .Having established the essential

pre-requisites, the Lagrangian formulation known for its mathematical elegance.

1.1  OBJECTIVES

After completing this unit we will able to,

e Define constraints, its types and Generalised coordinates.

N.GEETHA KAHE,COIMBATORE-21
ASSISTANT PROFESSOR
DEPARTMENT OF PHYSICS
Page 1 of 20



B.SC PHYSICS
2017-2018(0ODD) UNIT-IV CLASSICAL AND QUANTUM PHYSICS
(15PHU502)
e State the D’Alembert Principle.
e Derive the Lagrangian equation from-
(1) Velocity dependent potentials (ii) Rayleigh dissipation function.
e State and define the Variational principle.

e Derive the Euler —Lagrange Equation.

1.2 CONSTRAINTS

Constraints are the geometrical or kinematical restrictions on the motion of the particle

or system of the particles. Systems with such constraints of motion are called as

Constrained systems and their motion is known as constrained or restricted motion.
Some examples of restricted motions are-
e The motion of the rigid body is restricted to the condition that the distance
between any two particles remains unchanged.
e The motion of the gas molecules with in the container is restricted by the walls of
the vessels.
e A particle placed on the surface of a solid sphere is restricted so that it can only

move either on the surface or outside the surface.

1.2.1 Classification of Constraints

The constraints can be classified in to the following categories:

(1) Holonomic and non-holomonic constraints (ii) Scleronomic and rhenomic constraints
Holonomic constraints:-Constraints are said to be holomonic if the conditions of all the
constraints can be expressed as equations connecting the coordinates of the particles and

possible time in the form

f (LI T t) =0 (1.1)
- o> N
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Where ry, 12, I3........,In represent the position vectors of the particles of a system and t

the time. In Cartesian coordinates equation (1.1) can be written as,

f (X1, Y1, Z1; X2, Y2, 2250 evnn Xn, Yn, Znt) =0 (1.2)

Examples of holonomic constraints:-

1. The constraints involved in the motion of rigid bodies. In rigid bodies, the
distance between any two particles is always constant and the condition of
constraints are expressed as-
|Fi)'Fj)|2'Cij2 =0 (1.3)

2. Constraints involved in the motion of the point mass of a simple pendulum.

3. The constraints involved when a particle is restricted to move along any curve
(circle or ellipse) or in a given surface.

Non-holonomic constraints: - If the conditions of the constraints can not be expressed
as equations connecting the coordinates of particles as in case of holomonic, they are
called as non-holomonic constraints. The conditions of these constraints are expressed in
the form of inequalities. The motion of the particle placed on the surface of sphere under
theaction of the gravitational force is bound by non-holonomic constraints, for it can be
expressed as an inequality, r?-a?> 0.

Examples of non-holonomic constraints

1. Constraints involved in the motion of a particle placed on the surface of a solid
sphere

2. An object rolling on the rough surface without slipping.

3. Constraints involved in the motion of gas molecules in a container.

(ii) Scleronomic and Rhenomic Constraints: - The constraints which are independent
of time are called Scleronomic constraints and the constraints which contain time

explicitly, called rhenomic constraints

N.GEETHA KAHE,COIMBATORE-21
ASSISTANT PROFESSOR
DEPARTMENT OF PHYSICS
Page 3 of 20



B.SC PHYSICS

2017-2018(ODD) UNIT-IV CLASSICAL AND QUANTUM PHYSICS
(15PHU502)

Examples: - A bead sliding on a rigid curved wire fixed in space is obviously subjected

to Scleronomic constraints and if the wire is moving is prescribed fashion the constraints

become Rhenomic.

1.3 GENERALISED COORDINATES

Generalised co-ordinates:- These are the coordinates which are used to eliminate the
dependent coordinates and can be expressed in another way by the introduction of (3N-p)
independent coordinates of variables called the Generalised coordinates, where N
represent the number of particles of a system and p represent the holonomic constraints.
Thus any ‘g’ quantities which completely define the configuration of the system having
‘f” degree of freedom are called Generalised co-ordinates of the system and are denoted

by 01, 02, Qa,...... qgr,or just qi( =1,2,3,4...1)

Principles for the choosing a suitable set of Generalised co-ordinates - For this three
principles are used —
1. They should specify the configuration of the system.
2. They may be varied arbitrarily and independently of each other, with out violating
the constraints on the system.

3. There is no uniqueness in the choice of the generalised coordinates

It may be noted that generalised co-ordinates need not to have the dimensions of length
or angles. Generalised co-ordinates need not to be Cartesian co-ordinates of the particles
and the condition of the problem may render some other choice of co-ordinates which
may be more convenient.

1.3.1 Generalised Notations

Q) Generalised Displacement — A small displacement of an N particle system is

defined by changes _8>ri in position co-ordinates 7 (i =1,2,3....,N) with time ‘t’ held fixed.

- -

-
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An arbitrary virtual displacement dri, remembering that r; ’s are function of generalised

co-ordinates i.e. ri = ri (g1, q2,..... gan,t), can be written by using Euler’s theorem as,

ori= g—;‘l da; (1.5)
dq; is called the generalised displacement or virtual displacement. If g; is an angle co-
ordinate, 4q; is an angular displacement.

(i)  Generalised velocity — The time derivative of the generalised g« ,is called
generalised velocity associated with particular co-ordinates gk for an unconstrained
system,

=T (g1, 2,..... gant),

Then, 3N .
5 o on
??=. oq |+ ot

(1.6)

If N-particle system contains k-constraints, the number of generalised co-ordinates are

3N-k=f and,
an ﬁ (L.7)
f Z oqj ai+

(iii) Generalised Acceleration- components of generalised acceleration are obtained by

differentiating equation (1.6) or (1.7) w.r.t. time and finally we obtain the expression

LN NN . .
- li .. [ fi '_ li
ri= — 5
| o ZZ T o ZZ gt
j=1 j=1k=1
(1.8)
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From the above equation it is clear that the cartesian components are not linear functions
of components of generalised acceleration g; alone, but depend quadratically and linearly
on generalised velocity component gj as well.

5
(iv) Generalised Force — Let us consider the amount of work done 3W by the force ZF;

N
during an arbitrary small displacement Zari of the system

sW=Y Fidni= 2 Fi 2 g;'l 50 = 2 2 Fi. gg}. 80

3N
:; Q; .0q; (1.9
N -
2 Or (1.10)
Q = Fi.——
Where, ; gle]

Here we note that Q; depends on the force acting on the particles and on the co-ordinate g
and possibly on time t. Therefore, Qj is called the generalised force.

1.3.2 Advantages of Generalised co-ordinates

The main advantage in the formulating laws of mechanics in terms of generalised co-
ordinates and the associated mechanical quantities is that the equation of motion looks
simpler and can be solved independently of each other since generalised co-ordinates are
all independent and constraints have no effect on them. The equations of motion are then
called Lagrange’s equation of motion.

1.4  D’ALEMBERT’S PRINCIPLE

This method is based on the principle of virtual work. The system is subjected to an
infinitesimal displacement consistent with the forces and constraints imposed on the

system at a given time t. This change in the configuration of the system is not associated
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with a change in time i.e., there is no actual displacement during which forces and
constraints may change and hence the displacement is termed virtual displacement.
From the principle of virtual work

N
Eﬁ’iaﬁizo

-

(1.11)
N
Here Fi® represent the applied force and 6r; denote the virtual displacement.
To interpret the equilibrium of the systems, D’ Alembert adopted an idea of reverse force.
He conceived that a system will remain in equilibrium under the action of a force equal to
the actual force E. plus reversed effective force pi. Thus
S (1.12)
Fi+ (-P)=0

-
or, Fifﬁ: 0

Thus the principle of virtual work takes the form,
Z(ﬁi ) m)-%ri =0
I

> > -

Again writing Fi = F2 + f;

Z(ﬁ‘ “P) 5, + 61, = 0

Dealing with the systems for which the virtual work of the forces of constraints is zero,

we write

(—>ai‘—.>i) i—;
ZF PiSr = 0

Since force of constraints are no more in picture, it is better to drop the superscript ‘a’.

Thus E(I—EI - Hu)g;’. =0
N.GEET KAHE,COIMBATORE-21
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(1.13)

The equation (1.13) is called D’élembert princiR}e. To satisfy the above equation, we can
not equalate the coefficient of ori to zero since dr; are not independent of each other and
hence it is necessary to transform &r; in to generalised co-ordinates , dq; which are

independent of each other .The coefficient of 5g; will then equated to zero.

15 DERIVATION OF LAGRANGE’S EQUATION

The Lagrange’s equations can be obtained from Hamilton’s variational principle, velocity
dependent potentials and also by Rayleigh’s dissipation function. In the present article we
shall discuss the derivation of Lagrange’s equations from velocity dependent potential
and by Rayleigh’s dissipation function.

1.5.1 Lagrange’s Equations from velocity dependent potential

The co-ordinate transformation equations are

F=n(quae...... ,qnt)

So that,
di _ dridg O dge  dni dt
dt ~  ogudt o dt ot dt
So that

o an

Vi:JZaqj Qj+ ot (1.14)

—

Further infinitesimal displacement dri can be connected with 6q;
Lo -
ori =Z oqj 00+ ari ot
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But the last term is zero since in virtual displacement only co-ordinate displacement is
considered.and not that of time. Therefore,

ofi
Sri —Z— )
2q] 0

Now we write equation (1.13) as,

Z(FI p) Z ah 8qj =0,

Zf:"ggj 00 E Pi. ggj 0Q

(1.15)

or;
Fi. —L Sq;
We deflneZ aQJ & =Q; as the component of generalised force. So the above

equation becomes

ZQJBQJ Z pi g;'] g =0 (1.16)

Lagrangian Mechanics

The evaluation of second term in equation (1.16) gives the expansion as

%, 8?. - d 12 iVi _ Q 1/2 i i2 .
4 pi . a—qjsqj Z [dt{a I(E(/) miVi } {aqj(Z( ) miv }J 0

(1.17)

With this substitution equation (1.16) becomes

Sosa-3 (4[]~ £ Ja-
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Where 2(1/2) mivi? = T, is written since it represents the total kinetic energy of the

system, further the above equation may be
d (oT oT _ o
> (&(&) - & @m0

Since the constraints are holonomic, g; are independent of each other and hence to satisfy

above equation the coefficient of each &g; should necessary vanish, i.e.
[ d [ aT] aT] - Q
Tl aa | T g T Y
dt | 0g; 0q; (1.18)

As jranges 1 to n, there will be ‘n’ such second order equations.

If potential are velocity dependent, called generalised potentials, then through the system
is not conservative, yet the above form Lagrange’s equations can be obtained provided
Qj, the components of the generalised force, are obtained from a function U(q;,d;) such
that

Q =—— ﬂi[ﬂ]
"= 5qj dtlagj (1.19)

Hence the from equation (1.18) and equation (1.19) ,we have

d (a(T-U)) a(T-U) _
d_t[ aq; ]_ aqj =0

If we take L = T-U, the Lagrangian function, where U is generalised potential, then above

equation hecomes
df oL |} oL _ 0
at | "oy oq; (1.20)

Which are the Lagrangian equations for holonomic constraints systems.
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1.5.2 Lagrange’s equations from Rayleigh’s dissipation function

It can be shown that if a system involves frictional forces or dissipative forces, then in
suitable circumstance, such a system can also be described in terms of extended
Lagrangian formulation. Frictional forces are found to be proportional to the velocity of
the particle so that in cartesian co-ordinates components are,

Fo = - ki, (1.21)
Where k;j are constants. Such frictional forces are defined in terms of a new quantity
called Rayleigh dissipation function given as,

3 =(1/2)zkix

Which yields

03
Fi=- 0 (1.22)

Writing equation (1.18) in cartesian co-ordinates, assuming that this still holds for such a
system,

d (oL oLY_ A
&%) - &)°

Where L contains the potential of conservative forces as described earlier; Q; represents

the forces which do not ariseafrom a potential, i.e.
o3

de = Fjd - _ aX]
(1.23)

Thus equation (1.18) can be written as,
d (L) oL 03 _
[dt [akj] GXJ * OXi =0

The above equation may be expressed as in terms of generalised co-ordinates g;

d [aL] oL 03
=== - + & -
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(1.24)

Thus for such a system, to obtain equations of motion, two scalar L and 3 are to be

specified.

1.6 VARIATIONAL PRINCIPLE
to

(T-V)dt
This principle state that the integral “t1 shall have a stationary value or extremum

value, where T, kinetic energy of the mechanical system, is a function of co-ordinates and
their derivatives and V is the potential energy of the mechanical system, is a function of
co-ordinate only. Such a system for which V is purely a function of co-ordinates is called
conservative system.

Statement: The variational principle for the conservative system is stated as follows

“The motion of the system from time t1 t0 time t2 is such that the line integral
t2

t2
1= [(Tvydt = | L,
t1 ty is extemum for the path of motion” .Here L=T-V is

the Lagrangian function .
1.7 EULER -LAGRANGE EQUATION

The integral I, representing a path between the two points 1 and 2 will be written as

t2
| = It F Y200 V2 ey Y2 e X]dx
1
(1.25)
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Now to account for all possible curves between the two pointsl,2,we assign different
values of a parameter o to these curves, so that y; will also be a function of a, i.e. curves
being represented by y; (X, o). The family of the curves may be represented as

yi(x,a) = yi(x,0) + oanu(x)

y2(x,a) = y2(x,0) + omz(x)

Where m1 and 2 etc. are completely arbitrary functions of x,which vanishes at end points
and the curves y1(x,0), y2(x,0) etc. for a=0 are paths for which the integral I is extemum

The integral I will be the function of o and hence its variation can be represented as

t
o), _ [Gf Y of oy ]
“—Hda=| g|=— 2L da + — =& do |dX
0 (ar) jtli oyj 0 (o) oyi 0 (a)

Integrating by parts the second term of the integrand we get,

t2
0 1(a) [af Wi g ] of oy 2 d (8fydYigy d
do )y dx do > Jdo aX
@ TGy o @ T ™ |, Lll wloy) 7a
(1.26)
Lagrangian and Hamiltonian Mechanics
i _
Since at end points, which are held fixed, all paths meet,so oo |, ~ . Therefore

equation (1.26) becomes

t2
@)y, Iz[af M g ]dx_ s d [5f]5yldadx
td

0 (o) oy 0 (a) ty ) dx oY) da
to d (0f )Y dad
— = X
=| Z [ dx[ay,]] Ba
bl "o
oYi
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Let us put
ol _ OYi g4y = sy
&xd(x—fil & 2a da oY
So that
t2 d of
—— [= dx
s=] 3 [# dx[ay,-]] o,
1

For the integral to be extremum

t2 d (of
_ 49 sydx =0
si=| = [_&f dx[ay,-]] M

J
b oY

Since dyj are independent of each other, coefficient of dy; should separately vanish if
above equation is to be satisfied. Trhus.
_d 9t gm0
a_f_ dx[ayJ] 7_] 9%y )"'n
i (1.27)
The set of differential equations represented by equation (1.27)are known as Euler-
Lagrange differential equations. Thus solutions of Euler-Lagrange equation represent

2
those curves for which the integral I:_[ f (y;, yj, X)dx assumes an extremum value.
1

1.8 DERIVATION OF LAGRANGE’S EQUATION FROM HAMILTON’S
PRINCIPLE

According to Hamiltonian’s variational principle, motion of a conservative system from

time ty to time tz is such that the variation of the line integral

tz
| = j L [qi®), G, t]dt s zero
ty
- tz .
he 5|:5L L [oi(t), qi(t), t]dt =0 (1.28)
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Now we shall show that Lagrange’s equations of motion follow directly from Hamilton’s
principle. If we account for all possible paths of motion of the system in configuration
space and label each with a value of a parameter a,then since paths are being represented

by gj(t,a),l also becomes a function of a so that we can writ,

t _ (1.29)
|@=] Lo, 6 o, o
So that, dl(a) _ oLog, oLogy - oLay .
0 (o)~ [6q,6a og oo T ot o ]

Since in & variation, there is no time variation along any path and also at end points and
hence (0l/0a) is zero along all paths. Therefore, on multiplying by da.,, above equation is

o), oL aq oL &
o () J ¥4 o de dt+ I T o a0 (1.30)

Integrating second term of L.H.S. by parts

LA g gras Ok aq, g
= o
J‘tl ] aqj ZJ qj

t _J‘tzz %t

t b

OL ) _Migg, dt
8qj oo

The middle term is zero since 6 variation involves fixed end points.

t2 t2
0 1(01) g = Z[—é—h—éq]da]dt 3 d [a'-] 9ligq dt
S0, Btoy O Nag 0 (o) a4

(oL _ d aLyog
_ I [a_q,- dt [aq,ﬂat t (1.31)
tljz

Since g; are independent of each other, the variations 8q; will be independent. Hence

0 1(o))=0 if and onliéf the coeé‘f 5@ ojoéqj separately vanish, i.e.
=0
G
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(1.32)

Which are Lagrange equations of motions for a conservative system. It is obvious that

these equations follow directly from Hamilton’s principle.

1.9 Application Of Lagrange’s Equation Of Motion:

1.9.1 Simple Pendulum:

Consider a simple pendulum of mass m which is deflected by an angle 66 from its mean
position. Let | be the length of the pendulum and x be its linear displacement fro
equilibrium position.

From fig we have,

The kinetic energy of the system is,

T=12mx?

=12ml2p?

The pendulum gains height AC at extreme position so that its potential energy is,

V=mgAC

=mg(OA-0C)

=mg(l-1cosb)

V=mgl(1—cos0)

The Lagrangian of the pendulum is,

N.GEETHA KAHE,COIMBATORE-21
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L=T—-V=1/2ml?0 >~mgl(1—cos0)

The equation of motion is given by,

d/dt(3L/50")-5L/56=0
Here, SL/56'=mlI0" and SL/56=—mglsin®

So, equation of motion becomes,

ddt(ml26°)+mglsin6=0

ml26~+mglsin6=0

10" +gsing6=0

0" +glsing6=0

For small angle 6 , sinf=6
0"+w26=0
where, m*=glo?=g/I
and T=2n/w=2mV1/g,which is the equation of motion of simple pendulum.

1.9.2 Compound Pendulum:

Compound pendulum is a rigid object capable of oscillating in a vertical plane about

horizontal axis.

Consider a compound pendulum of mass m oscillating in xy plane. In the figure the point
'0' is the point of suspension through which the horizontal axis passes and C is the center

of mass.

Now the Kinetic energy of system is
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T=1/21?
=1/210°2.--(1)

Where 0" is the generalized co-ordinate for the system.
and potential energy (v)=—mglcos6--(2)
So Lagrangian of system is

L=T-V
=1/210"2+mglcosf

We have, lagrangian equation of motion is

d/dt(SLISq j)~dL/5qj=0

In this case, d/dt(6L/66")—36L/66=0

SO,

dL/66=—mglsinB

and

d/dt(SL/00")=10"

Now the Lagrangian equation of motion reduces to

[67+mglsinf=010"+mglsin6=0
[6"+mgl6=0 [~For small6]]

0"+mgl0I1=0---(3)
IN equation (3) mgl/I refers to w?

o?=mgl/1

T=2m\l/mgl———--(4)
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Equation (4) gives the time period of compound pendulum.
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POSSIBLE QUESTIONS:

PART B: (8 MARK)

e What are Constraints? Explain its various types of Constraints.

e Explain about the Degrees of freedom.

e What are the Generalized co-ordinates? Derive the various notation for the
momentum, force ,potential.

e Explain the concept of D’ Alembert’s principle.

e Derive the lagrangian differential equation from D’Alembert’s principle

e Describe the application of Lagrangian equation of motion to linear harmonic
oscillator.

e Simple pendulum.

e Compound pendulum.
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MULTIPLE CHOICE QUESTIONS
QUESTIONS optl opt2 opt3 opt4 ANSWER
UNIT-IV
Rigid body has the following constraint: Rheonomic Holonomic Unilateral Dissipative Holonomic
Which constrains has the deformable bodies. Scleronomic Holonomic Unilateral Conservative Unilateral
constraint for gas filled hollow sphere. scleronomic non-holonomic [bilateral Dissipative non-holonomic
If the system has N-Particles subjected to k independent constraints, the number of degrees
of freedom f are: 3N-K 6N-K 2N-K N-K 3N-K
Particles moving
Which system is the angle which the pendulum makes with vertical line through point of Hydrogen on inside surface
suspension? Fly-wheel Simple pendulum [molecules of a cone. Simple pendulum
Hydrogen Beads of an Beads of an
Which system is the cartesian co-ordinate along the horizontal wire? Fly-wheel Simple pendulum |molecules abacus abacus
Particles moving |Particles moving
Beads of an on inside surface |on inside surface
Which system has the usual polar angle of a point on the sphere? Fly-wheel Simple Pendulum|abacus of'a cone of a cone
The simple pendulum with period (@) = 2ml/g /g 2mVg/1 g/l 2ml/g
The compound pendulum with period (®) is Vmgl/ T\Nmgl/I 2mVmgl/I \I/mgl \I/mgl
Simple pendulum with rigid support has the constraint. Rheonomic non-holonomic |bilateral Dissipative Rheonomic
Pendulum with variable length has the following constraint. Scleronomic non-holonomic |Unilateral Dissipative Scleronomic
An expanding or constricting spherical container of gas have the constraint. Scleronomic Holonomic bilateral Conservative bilateral
Newton’s second |[Newtons third  |Einstein mass

D’Alembert’s principle, alternative form of Newtons first law|law of motion law energy relation  [Newtons first law
D’Alembert’s principle is based on the principle of heat sound force work work
In D’Alembert’s principle the change in the configuration of the system is not associated
with a change in force posistion time velocity time
In D’ Alembert’s principle there is no actual during force and constraints
changes. force posistion time displacement displacement
When the system is in equilibrium the total force on every particle is Zero 1]—o vary Zero
To interpret the equilibrium of the system, D’ Alembert’s principle adopted an idea of a

time reverse force force work reverse force
The effective force called reversed force of inertia is represented by pi —pi qi #REF! —pi
D’Alembert’s principle is valid for Scleronomic rheonomic Unilateral Both and b Both and b

cyclic co- cylindrical co-  [polar co- spherical polar co{polar co-
If the Lagrangian of the system does not contain a paricular co-ordinate q, then it is ordinates ordinates ordinates ordinates ordinates




The path adopted by the system during its motion can be represented by a space of

dimensions. 3N 6N 9N N 6N

Path in phase space almost refers to actual path. stastical N 3N dynamical dynamical

The Lagrange’s bracket is under canonical transformation. invariant varient not applicable varient

Lagrange’s equation of motion are second order equations with degrees of

freedom. n+1 n 2n+1 3n 3n

Degree of freedom to fix the configuration of a rigid body is 3 6 4

These are most useful set of generalised co-ordinates for a rigid body and are angles Lagrangian angle | azimuthal angle |Euler’s angle Euler’s angle

A rigid body with N particles have degrees of freedom. 2N 3N N 4N 3N

The number of independent ways in which a mechanical system can move without violating|action-angle generalized degrees of degrees of

any constraint which may be imposed is called the variables variables freedom co-ordinates freedom

Co-ordinate transformation equations should not involve explicitly. Time position momentum velocity Time

statistical

The generalized co-ordinate conjugate to Jj are called action variable  [dynamic variable |variable angle variable action variable

Generating function have forms. Four two three five three

In new set of co-ordinates all Qj are . Rotational irrotational cyclic variable cyclic

The configuration of a rigid body with respect to some cartesian co-ordinate system in angular

space momentum inertia orientation momentum orientation
virtual virtual

The virtual work done by the constraints force along the must be zero displacement direction velocity time displacement
Bar pendulum at [compound simple pendulum [pendulum in Bar pendulum at

The example for stable equilibrium. rest pendulum at rest |at rest motion rest
The virtual work done by the constraints force along the virtual displacement must be
infinity constant Zero one Zero
Homogeneous  |heterogeneous homogeneous |quadratic heterogeneous
Canonical form is also called as form form quadratic form [equation form
Which type of constraints not use equations to eliminate dependent co-ordinates in general? |holonomic non- holonomic [rheonomic scleronomic non- holonomic
Velocity dependence potential is represented by H Q \Y U U
Without a system of N particles has degrees of freedom IN 2N 3N 6N 3N
If a system has k constraints equation its DOF reduces to 3N +k 3N-k 3N+3k 3N-3k 3N-k
With  constraints we introduce 3N-k independent generalised co-ordinates holonomic Non-holonomic |rheonomic scleronomic holonomic
Which of the following is not Generalised co ordinate angle momentum units |force energy units force
The choice of a particular set of generalized co-ordinates is unique not unique vary constant not unique

Prepared By-N.Geetha,Assistant Professor,Department Of Physics.
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SYLLABUS:

Phase Space - Hamiltonian function - Hamilton’s variational principle - Hamilton’s canonical
equations of motion - Physical significance of H - Application of Hamiltonian equation of

motion to simple pendulum, compound pendulum and linear harmonic oscillator.

PHASE SPACE:

The origin of the term phase space is somewhat murky. For the purpose of this
explanation let's just say that in 1872 the term was used in the context of classical and statistical
mechanics. It refers to to the positions and momenta as the Bewegungsphase in German - phase
motion. It is often erroneously cited that the term was first used by Liouville in 1838.

In classical mechanics, the phase space is the space of all possible states of a system; the
state of a mechanical system is defined by the constituent positions p and momenta g. p and ¢
together determine the future behavior of that system. In other words if you know p and q at time
t you will be able to calculate the p and g at time t+1 using the theorems of classical mechanics -
Hamilton's equations.

To describe the motion of a single particle you will need 6 variables, 3 positions and 3
momenta. You can imagine a 6 dimensional space; three positions and three momenta. Each
point in this 6 dimensional space is a possible description of the particles' possible states, of
course constraint by the laws of classical mechanics.

If you have N particles to describe the system, you have a 6N-dimensional phase space.

Let's make a simple example. The Pendulum. The Pendulum consists of a single particle
mass that swings in a plane. The pendulum is thus fully described by one position and one
momentum. Its momentum is zero at the top and maximum at bottom. The position perhaps is
denoted by angle and varies between plus/minus a. If you draw states p and a in a Cartesian
plane coordinate system you will get an ellipsoid (or if chose adequate coordinates a circle) that

fully describes all possible states of the pendulum.

Page 1 of 15
N.GEETHA KAHE,COIMBATORE-21
ASSISTANT PROFESSOR
DEPARTMENT OF PHYSICS



2017-2018(0ODD) UNIT-V CLASSICAL AND QUANTUM PHYSICS
(15PHU502)

In quantum mechanics the term phase re-appeared: it refers to the complex phase of the complex

numbers that wave functions take values in.

In quantum mechanics, the coordinates p and q of phase space normally become operators in a

Hilbert space.

A quantum mechanical state does not necessarily have a well-defined position or a well-
defined momentum (and never can have both according to Heisenberg's uncertainty principle).
The notion of phase space and of a Hamiltonian H, can be viewed as a crucial link between what
otherwise looks like two very different theories. A state is now not a point in phase space, but is
instead a complex valued wave function. The Hamiltonian H becomes an operator and describes
the observable quantity.

HAMILTONIAN FUNCTION:

Hamiltonian function, also called Hamiltonian, mathematical definition introduced in
1835 by Sir William Rowan Hamilton to express the rate of change in time of the condition of a
dynamic physical system—one regarded as a set of moving particles. The Hamiltonian of a
system specifies its total energy—i.e., the sum of its kinetic energy (that of motion) and its
potential energy (that of position)—in terms of the Lagrangian function derived in earlier studies
of dynamics and of the position and momentum of each of the particles.
The Hamiltonian function originated as a generalized statement of the tendency of physical
systems to undergo changes only by those processes that either minimize or maximize the
abstract quantity called action. This principle is traceable to Euclid and the Aristotelian
philosophers.
When, early in the 20th century, perplexing discoveries about atoms and subatomic particles
forced physicists to search anew for the fundamental laws of nature, most of the old formulas
became obsolete. The Hamiltonian function, although it had been derived from the obsolete
formulas, nevertheless proved to be a more correct description of physical reality. With
modifications, it survives to make the connection between energy and rates of change one of the

centres of the new science.
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HAMILTON’S VARIATIONAL PRINCIPLE:

Lagrange’s equations have been shown to be the consequence of a variational principle, namely,
the Hamilton’s principle. Indeed the variational method has often proved to be the preferable
method of deriving equations, for it is applicable to types of systems not usually comprised with
in the scope of mechanics. It would be similarly advantageous if a variational principle could be

found that leads directly to the Hamilton’s equation of motion.

Hamilton’s principle is stated as

ol=0 r Ldt
t

Expressing L in terms of Hamiltonian by the expression by the expression

H= Z pigi — L,
We find,

¥)
6|=6J'2{| ﬂH(qupirt) }dt
6]
| ¥)

t
SJ' Y o dg - SIH (g, pi, )dt =0
t

1I t

The above equation is some times is referred as the modified Hamilton’s principle. Although it
will be used most frequently in connection with transformation theory ,the main interest is to

show that the principle leads to the Hamilton’s canonical equations of motions.
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The modified Hamilton’s principle is exactly of the form of the variational problems in a space

of 2n dimensions as
t

dl=% f(a,q,p p, t)dt=0
t1

For which the 2n Euler-Lagrange equations are

d [ of ] of

dt ~ oa Ba J=123...n
d af] of
dt =~ p; o J=1,2,3...n

The integrand f as given as (2.29) contains g;j only through the pig; term, g; only in H. Hence

equation (2.30) leads to

. OH
pt+ — =0

Odi

On the other hand there is no explicit dependence of the integrand in equation (2.30) on p;. The
above equation therefore reduce simply to

. OH
- — =0

oni
The above two equations are exactly Hamilton’s equations of motion .The Euler —Lagrange
equations of the modified Hamilton’s principle are thus the desired canonical equations of

motion .From the above derivation of Hamilton’s equations we can consider that Hamiltonian
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and Lagrangian formulation and therefore their respective variational principles, have the same

physical content.

Hamilton's Equations:

The equations defined by

JH
. 1
dH
h=——, 2
b= @

where p=dpfdt and g=dq/dt is fluxion notation and # is the so-called Hamiltonian, are

called Hamilton's equations. These equations frequently arise in problems of celestial mechanics.
The vector form of these equations is

g = Hp, (1,0, p) (3)

f-J‘l = _H.'._.', I:Fr q. P} (4)

(Zwillinger 1997, p. 136; lyanaga and Kawada 1980, p. 1005).

Another formulation related to Hamilton's equation is

dJr
- 5
P 3’ ®)

where L is the so-called Lagrangian.
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HAMILTON’S CANONICAL EQUATIONS OF MOTION:

Theorem 6 : Define the Hamiltonian and hence derive the Hamilton's canonical
equations of motion.

Proof : We know the Hamiltonian H is defined as

H=H(g.p,t)=Y.pd,~L. (1)
l

Consider  H=H ('qj., pat). . (2)

We find from equation (2) that

dH = Z—Hd Zjd +—dr .03
P i Y;

Now consider H=} p.g;-L.
j

Similarly we find
dH =% g,dp;+ dg;p;-dL,
j j

> dH = Zq dp, +Ea’q D, —Z{%q Zd—La’q —j—idr. (4

Iy

We know the generalized momentum is defined as
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dq,
Hence equation (4) reduces to
dH:;‘%’dpi_E%dqi_%dr ... (5)
Now comparing the coefficients of dp;,dq; and dt in equations (3) and (5) we get
=, L AL H ®
dp, dq; dgq; ot o
However, from Lagrange’s equations of motion we have
p;= d—L
dqj.
Hence equations (6) reduce to
;| dJH
Q;:aa Pj:—a—% . (7)
These are the required Hamilton's canonical equations of motion, These are the set of
2n first order differential equations of motion and replace the n Lagrange’s second
order equations of motion.
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PHYSICAL SIGNIFICANCE OF H:
L. For conservative scleronomic system the Hamiltonian H represents both a
constant of motion and total energy.
2. For conservative rheonomic system the Hamiltonian H may represent a

constant of motion but does not represent the total energy.

Proof : The Hamiltonian H is defined by

HZZP;‘;"J'_L- (D
j
where L is the Lagrangian of the system and
dL
P,=— N [2]
i dq}_

is the generalized momentum. This implies from Lagrange’s equation of motion that

 d[dJL )| oL
Pi=—l=— =5 -(3)
dt| dg; | dq,
Differentiating equation (1) w. r. t. time t, we get
dH dL oL dL
—=Npg > pd.—-> —G,—-> —ij,—— ... (4
dr ;piqi ;IJIL gd‘r J ZC}J ) CJT [ ;I
On using equations (2) and (3) in equation (4) we readily obtain
dH _ dL
— = . (5)
dt ot
Now if L does not contain time t explicitly, then from equation (5), we have
ﬁ: D
dt
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This shows that H represents a constant of motion.

However, the condition L does not contain time t explicitly will be satisfied by
neither the kinetic energy nor the potential energy involves time t explicitly.

Now there are two cases that the kinetic energy T does not involve time t explicitly.

1. For the conservative and scleronomic system :

In the case of conservative system when the constraints are scleronomic, the
kinetic energy T is independent of time t and the potential energy V is only function
of co-ordinates. Consequently, the Lagrangian L does not involve time t explicitly
and hence from equation (5) the Hamiltonian H represents a constant of motion.
Further, for scleronomic system, we know the kinetic energy is a homogeneous

quadratic function of generalized velocities.
T=3%a,q,4;. .- (6)
ik

Hence by using Euler’s theorem for the homogeneous quadratic function of

generalized velocities we have

JaT
G,~——=2T. (D)
Z quj'

For conservative system we have

oL oT

P = a = C}—Q-'J . . (8)
Using (7) and (8) in the Hamiltonian H we get
H=2T —(T-V),
H=T+V=E. - (9)

where E is the total energy of the system. Equation (9) shows that for conservative

scleronomic system the Hamiltonian H represents the total energy of the system.
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2. For conservative and rheonomic svstem :

In the case of conservative rheonomic system, the transformation equations
do involve time t explicitly, though some times the kinetic energy may not involve
time t explicitly. Consequently, neither T nor V involves t, and hence L does not
involve t. Hence in such cases the Hamiltonian may represent the constant of motion.
However, in general if the system is conservative and rheonomic, the kinetic energy

is a quadratic function of generalized velocities and is given by

Tzzt:aﬁqjqk+2ajqj+a ..(10)
1+ ¥
where
a :Zlms _8.?;. .aﬁ .
i 2 C}n‘.j'j qu
L L. (1)
dr, dr;
ﬂ‘f:Zm‘. - —,
i dqj. dt
1 for Y
a= —nt | —= | .
Zz [ dt |

We see from equation (10) that each term is a homogeneous function of generalized
velocities of degree two. one and zero respectively. On applying Euler’s theorem for

the homogeneous function to each term on the right hand side, we readily get

24,5 =25 +T, ..(12)
J

where
T,= Z a,q;4;
ik

n= gaﬂj,

I,=a
are homogeneous function of generalized velocities of degree two, one and zero
respectively. Substituting equation (12) in the Hamiltonian (1) we obtain

H=T,-T,+V
showing that the Hamiltonian H does not represent total energy. Thus for the
conservative rheonomic systems H may represent the constant of motion but does not
represent total energy.
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APPLICATION OF HAMILTONIAN EQUATION OF MOTION TO

())SIMPLE PENDULUM:

Lz%miléz—mg.-’(]—cos&}, (D

where the generalized momentum is given by

dL 5 - . p
pﬂzﬁszrﬁ?j 6"=m;‘3. .(2)
The Hamiltonian of the system is given by
H=pb6-1L,
- H= pﬂé—%milél +mgl(1—cos@).
Eliminating & we obtain
H=P—H_j—mg.r'{]—(:056'}. .3
2ml”
Hamilton’s canonical equations of motion are
q;= TJH . ;)J.z—ﬂ.
dp; dq,
These equations give
6 = p“j, p,=—mglsind. (@
ml~
Now eliminating p, from these equations we get
é+§sin9:0. )

Now we claim that H represents the constant of motion.
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Thus differentiating equation (3) with respect to t we get

ﬁ:@hrng.-’sinéﬁ 8.
dt ml”
= ml*66 + mglsin 60

:m.-’zé. §+%sin§ J

This proves that H is a constant of motion. Now to see whether H represents total

energy or not, we consider

|
T+V :Emi‘ﬁ" +mgl(1-cosf).

Using equation (4) we eliminate & from the above equation, we obtain

7

T+V = p"‘*_j+mg.-‘{]—l:os£?}. ...(6)
2ml” '

This is as same as the Hamiltonian H from equation (3). Thus Hamiltonian H

represents the total energy of the pendulum.
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(ILINEAR HARMONIC OSCILLATOR:

Solution: The one dimensional harmonic oscillator consists of &L/l Ad i dda/idis

a mass attached to one end of a spring and other end of the
spring is fixed. If the spring is pressed and released then on
account of the elastic property of the spring, the spring exerts a

force F on the body in the opposite direction. This is called FT

M
restoring force. It is found that this force is proportional I‘
to the displacement of the body from its equilibrium position.
Focx
F=-kx

where k is the spring constant and negative sign indicates the force is opposite to the

displacement. Hence the potential energy of the particle is given by

V:—[Fdx,
V= [kmix+c,
V:EM:',

2

where c is the constant of integration. By choosing the horizontal plane passing
through the position of equilibrium as the reference level, then V=0 at x=0. This
gives c=0. Hence potential energy of the particle is

1
V=—kx". |
5 (1)

The kinetic energy of the one dimensional harmonic oscillator is

1 5
T=—mi". .
5 (2)
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Hence the Lagrangian of the system is

L=lm~:z—lk~f. (D
2 2

The Lagrange’s equation motion gives

i+ax=0, afzi. ()
m

This is the equation of motion. @ is the frequency of oscillation.
The Hamiltonian H of the oscillator is defined as

H=xp —-L,

] ] ]. ]
H=xp ——mi~+—kx-,
P 2 2

where

dL _ P,
p,=—=mi=> i=—.
T ot m
Substituting this in the above equation we get the Hamiltonian

=P e .5
2m 2

Solving the Hamilton’s canonical equations of motion we readily get the equation (4)

as the equation of motion.
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POSSIBLE QUESTIONS:
PART B: (8 MARK)

e Define Phase Space. Explain?

e Derive an expression for Hamilton’s variational principle.

e Describe the Hamilton’s canonical equations of motion.

e What are the physical significance of H.

e Give any two application of Hamiltonian equation of motion.
e Discuss about the simple pendulum.

e Linear harmonic oscillator.
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QUESTIONS optl opt2 opt3 opt4 ANSWER
UNIT-V
Hamiltonian H is a function of H(qj, qj, t) H(qj, pj, t) H(pj, pj, ©) H(qj, qj, 0) H(qj, pj, ©)
The ‘phase space’ has the dimensions. 2N 3N 6N N 6N

If H does not involve time, H may be a

Constant of motion but not the
total energy

Constant of motion but also the
total energy

Not constant of motion but not
the total energy

Not constant of motion but the
total energy

Constant of motion but not the
total energy

If a given co-ordinate is cyclic in Lagrangian, it will be
Hamiltonian.

Cyclic

non-cyclic

cyclic & non-cyclic

none

Cyclic

The Hamiltonian system be conservative i.e.

potential energy is co-ordinate
dependent and not velocity
dependent.

potential energy is co-ordinate
independent and not velocity
dependent

potential energy is co-ordinate
dependent and not velocity
independent

potential energy is co-ordinate
independent and not velocity
independent

potential energy is co-ordinate
dependent and not velocity
dependent.

Hamiltonian scheme and are placed at equal

footing. Co-ordinate and co-ordinate Co-ordinate and momenta Momenta and momenta Co-ordinate and time Co-ordinate and momenta
The Hamiltonian is H = T+V T-V T/V TxV T+V

The Lagrangian is L = . T+V T-V TV TxV T-V

Hamilton’s principal function is denoted by H Hj IL Lj H

How many dimensions are in the ‘phase space’? 2N 3N 6N N 6N

The Hamilton’s principle function is a generating function, which give rise to

both constant moments and co-

both constant moments and co-

canonical transformation involving ordinates constant moments only co-ordinates only position co-ordinates ordinates

L and P represent the matrices of Lagrange and Poisson brackets respectively, then[LP = 1 LP=-1 LP="% LP=-1/2 LP=-1

The frequency of Harmonic oscillator is given by [l/2p(k/m)5/2] [l/2p(k/m)3/2] [l/2p(k/m)”2] [1/2p(k/m)] [l/2p(k/m)l/2]

Hamilton equation of motion is convergent divergent variant invariant invariant

Hamilton’s principal function is the generator of a contact transformation involving |sinusoidally exponentially proportionally inversely proportional sinusoidally

For non-interacting particle in a quantum state the energy E is given by p/2m p2/m p/m p2/2m p2/2m

Hamilton’s characteristic function W is identified as kinetic energy potential energy work action A action A

Hamilton’s characteristic function is denoted by S k W H W

If H is conserved then the new Hamiltonian K is . same variable different constant of motion constant of motion
In point transformation one set of co-ordinates g; to a new set Q; can be

expressed as Q=Qi (gt Q=-Qi(gs 1) Q=P Qi =-Pi(gt Q=Qi (gt

If the Lagrangian of the system does not contain a paricular co-ordinate g, then

cyclic co-ordinates

cylindrical co-ordinates

polar co-ordinates

spherical polar co-ordinates

cyclic co-ordinates

Hamilton’s principal function is denoted by H K B S S

If the system is conservative then the P.E. is co-ordinate_dependent velocity dependent time dependent momenta dependent co-ordinate_dependent
When the system is conservativer, it not co-ordinate dependent velocity dependent time dependent momenta dependent velocity dependent

tis in hamiltonian for constant of motion dynamical cyclic vary non - cyclic cyclic

Prepared By-N.Geetha,Assistant Professor,Department Of
Physics.
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Date: Maximum: 50 marks
PART - A (20 x 1 = 20)

Answer all the questions:

1. The propagation constant (k) =

a.2m A b. 2n/A c.A  d.A/2n

2. The phenomena of interference, diffraction and
polarization can only be explained based on

a. quantum theory of light  b.photoelectric effect

c. Compton effect d. wave theory of light.

3. Wave nature is not observed in daily life because we
are using

a. Microscopic particles. b. macroscopic particles

c. molecules d. atoms

4. In De Broglie proposed that the idea of dual
nature.
a. 1921 b. 1922 c. 1923 d. 1925

10.

11.

12.

In relativistic particle, the group velocity (G) is equal to
a. v b.u c. lu d. v

In non-relativistic particle, the group velocity (G) is
equal to phase velocity.

a. v/4 b. v/2 C.V d. 2v

Based on quantum theory of light, the bundles of
energy =

a. hv b. hA c. hiv d. h/A
De Broglie wavelength (L) =

a.h/mv b.h/A2mEx c¢.h/A\2mqV d. h/A\2mkT
The wavelength associated witha54eVis

a. 1.61A b. 1.63A c. 1.67A d. 1.69A

What is the energy of a gamma ray photon having
wavelength 1A?

a) 1.24x10*MeV b) 1.24 x 10*MeV
b) c)1.24x 10%V  d)1.24x10%eV

The Kkinetic energy of electron in the atoms is

a. 4 MeV b. 6 MeV c. 8 MeV d. 93 MeV

Heisenberg proposed the uncertainty principle in

a. 1921 b. 1923 c. 1925 d. 1927




13.

14.

15.

16.

17.

18.

19.

20.

The product of the uncertainties in determine the
position and momentum of the particle can never be
smaller that the number of order

a. >%h b. <%h c.=%h d. #%h
The radius of an atom is

a. 10¥m b. 10 m c.10%cm  d. 10%cm
The radius of Bohr’s first orbit (r) =

a. Aq b. Ap c. AE d. AV

Heisenberg’s uncertainty principle states for the angular
momentum and angle is

a. AJAe=h b. AJAe =h/2=n

c. AJAe =2rh d. AJAe=2n/h

Based on the uncertainty principle, the minimum
momentum (Pmin) =

a. b/l b.h c. hl d.I/h
The uncertainty in the total energy (AE) is
a. AT+AV  b.AT-AV  c. AT d. AV

Heisenberg’s uncertainty principle states for energy and
time is

a. AE.At=h b. AE.At=h/2n
c. AE.At=2nh d. AE.AAt=2 7 /h

The angular frequency (®) =

a. Vk/m b.vm/k  c.Vk  d.Vm

PART-B

Answer the following questions briefly:

21. a) Define wave velocity and group velocity and obtain

the relationship between them.

(or)

b) Explain the dual nature of light and matter waves.

22.a) Briefly discuss about Davisson and Germer

experiment.

(or)

b) Explain the wave properties of material particles
based on diffraction of electrons using G.P.Thomson’s

experiment.

23. a) Explain diffraction of a beam of electron by a slit.

(or)

b) Discuss about Heisenberg gamma ray microscope.

Al the Best

(3 x 10= 30)
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11.
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ANSWER KEY
PART - A
Answer all the questions:
The propagation constant (k) =
a.2m A b. 2a/\ c.A d.A2m

(20 x 1 = 20)

The phenomena of interference, diffraction and polarization can only be explained based on

a. quantum theory of light  b. photoelectric effect

phase velocity.

c. Compton effect d. wave theory of light.

Wave nature is not observed in daily life because we are using
a. Microscopic particles. b. macroscopic particles

c. molecules d. atoms

In De Broglie proposed that the idea of dual nature.
a. 1921 b. 1922 c. 1923 d. 1925

In relativistic particle, the group velocity (G) is equal to

a. v b.u c. 1/u d. iv

In non-relativistic particle, the group velocity (G) is equal to
a. v/i4 b. v/2 C.V d. 2v

Based on quantum theory of light, the bundles of energy =

a. hv b. hi c. hiv d. h/A

De Broglie wavelength (A) =

a. h/mv b. WA\2mEx c¢. hA\2mqV  d. WAN2mkT
The wavelength associated witha54eVis

a. 1.61A b. 1.63A c. 1.67A d. 1.69A

What is the energy of a gamma ray photon having wavelength 1A?

1.24 x 10*MeV b) 1.24 x 10*MeV

1.24 x 10%V d)1.24x10%eV

The kinetic energy of electron in the atoms is

a. 4 MeV b. 6 MeV c. 8 MeV d. 93 MeV
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13.

14.

15.

16.

17.

18.

19.

20.

21.
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Heisenberg proposed the uncertainty principlein

a. 1921 b. 1923 c. 1925 d. 1927

The product of the uncertainties in determine the position and momentum of the particle can never
be smaller that the number of order

a. >%h b. <l4h c.=%h d. #4h

The radius of an atom is

a. 10%m b. 10 m c.10%cm  d. 10%cm
The radius of Bohr’s first orbit (r) =

a. Aq b. Ap c. AE d. AV

Heisenberg’s uncertainty principle states for the angular momentum and angle is

a. AJAe=h b. AJAe =h/2xn

c. AJAe =2mh d. AJAe=2m/h

Based on the uncertainty principle, the minimum momentum (Pmin) =
a. b/l b. h c. hl d.Vh

The uncertainty in the total energy (AE) is

a. AT+AV b.AT-AV  c. AT d. AV

Heisenberg’s uncertainty principle states for energy and time is

a. AE.At=h b. AE.At=h/2n

c. AE.At =2nh d. AEAAt=27/h

The angular frequency (0) =
a. Vk/m b.vmk  c.vk  d.Vm
PART-B (3 x10=30)

Answer the following questions briefly:

a) Define wave velocity and group velocity and obtain the relationship between them.

The phase velocity is: vp = ® / k. The function w(k), which gives o as a function of k, is known
as the dispersion relation. If o is directly proportional to k, then the group velocity is exactly equal
to the phase velocity. A wave of any shape will travel undistorted at this velocity.

The group velocity of awave is the velocity with which the overall shape of the waves'
amplitudes—known as the modulation or envelope of the wave—propagates through space.
Relation between wave velocity and Group velocity:

The wave velocity is given by v = vA

=2nv M 2m

v=w/k

v=w/k =V p
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where w = 2nv = angular frequency and 27t / A wave number.
This shows that the phase velocity of the de Broglie wave is equal to the wave velocity
and hence phase velocity is also known as wave velocity
Phase velocity is defined by

Vp=wk =>w=kvp

The group velocity of a de Broglie wave is defined by
Vg=dw / dk

Putting the value of w = kv p in equation (2), we get
Vg=d/dk (kv p)

Vg=V p +k dv p /dk

Putting the value of k

27 dl)p

vg=vp+ _——2717
€

o
1 dy,
z\—l’;ﬁ}td(l)
A

Now d(1/))=-1/A%dxn

Vg=vp—-Advp/dir
This is a relation between the phase velocity and group velocity for a dispersive medium.
For normal dispersion the quantity dv , /dA is a positive quantity. Therefore for normal dispersion,
group velocity is less than the phase velocity. For anomalous dispersion, the quantity Dv p / dA is a
negative quantity, the group velocity is greater than the phase velocity.
For non-dispersive medium vp =w /k =constant .. dv , d =0 . Hence vg = v, - Hence for
nondispersive medium the group velocity is equal to the phase velocity. For electromagnetic waves
in vacuum, the speed of light (c) is constant. Therefore group velocity vg and the phase velocity v,
of the light radiations are same.
(or)
(b) Explain the dual nature of light and matter waves.
The Dual Nature of Light:
A. Light has a dual nature
1.Sometimes it behaves like a particle (called a photon), which explains how light travels in

straight lines
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2. Sometimes it behaves like a wave, which explains how light bends (or diffracts) around an
object

3. Scientists accept the evidence that supports this dual nature of light (even though it intuitively
doesn't make sense to us!)
B. Quantum Theory

1. Light is thought to consist of tiny bits of energy that behave like particles called photons

a. Particles explain how light travels in straight lines or reflects off of mirrors

de Broglie concept of matter waves: dual nature of matter
MATTER WAVES : DE-BROGLIE CONCEPT:
In 1924, Lewis de-Broglie proposed that matter has dual characteristic just like radiation. His
concept about the dual nature of matter was based on the following observations:-
(@) The whole universe is composed of matter and electromagnetic radiations. Since both are
forms of energy so can be transformed into each other.
(b) The matter loves symmetry. As the radiation has dual nature, matter should also possess dual
character.
According to the de Broglie concept of matter waves, the matter has dual nature. It means when the
matter is moving it shows the wave properties (like interference, diffraction etc.) are associated
with it and when it is in the state of rest then it shows particle properties. Thus the matter has dual
nature. The waves associated with moving particles are matter waves or de-Broglie waves.
WAVE LENGTH OF DE-BROGLIE WAVES:
Consider a photon whose energy is given by
E=hv=hc/A -—()
If a photon possesses mass (rest mass is zero), then according to the theory of relatively ,its energy
is given by
E=mc2 ——(2)
From (1) and (2) ,we have
Mass of photon m= h/ch
Therefore Momentum of photon
P=mc=hc/cA=h/A ——(3)
Or A=h/p
If instead of a photon, we consider a material particle of mass m moving with velocity v,then the
momentum of the particle ,p=mv. Therefore, the wavelength of the wave associated with this

moving particle is given by:
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h/mv —

Or A=h/p (But here p =mv) 4)

This wavelength is called DE-Broglie wavelength.

Special Cases

1. de-Broglie wavelength for material particle:

If E is the kinetic energy of the material particle of mass m moving with velocity v,then

E=1/2 mv2=1/2 m2v2=p2/2m

Or p=\2mE

Therefore the by putting above equation in equation (4), we get de-Broglie wavelength equation for
material particle as:

A=hA2mE ——(5)

2. de-Broglie wavelength for particle in gaseous state:

According to kinetic theory of gases , the average kinetic energy of the material particle is given by
E=(3/2) kT

Where k=1.38 x 10-23 J/K is the Boltzmann’s constant and T is the absolute temperature of the
particle.

Also E = p2/2m

Comparing above two equations, we get:

p2/2m = (3/2) KT

or p=/\N3mKT

Therefore Equation (4) becomes

A=h/N3mKT

This is the de-Broglie wavelength for particle in gaseous state:

3. de-Broglie wavelength for an accelerated electron:

Suppose an electron accelerates through a potential difference of V volt. The work done by electric
field on the electron appears as the gain in its Kinetic energy

That is E = eV

Also E = p2/2m

Where e is the charge on the electron, m is the mass of electron and v is the velocity of electron,
then

Comparing above two equations, we get:

eV=p2/2m

or p=\2meV
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Thus by putting this equation in equation (4), we get the the de-Broglie wavelength of the electron

as
A =hA\2meV 6.63 x 10-34/42 x 9.1 x 10-31 x1.6 X 10-19 VV
A=12.27\V A

This is the de-Broglie wavelength for electron moving in a potential difference of V volt.

22.a) Briefly discuss about Davisson and Germer experiment.

The Davisson—Germer experiment was a physics experiment conducted by American
physicists Clinton Davisson and Lester Germer in 1923-1927, which confirmed the de Broglie
hypothesis. This hypothesis, advanced by Louis de Broglie in 1924, says that particles of matter
such as electrons have wave-like properties. By demonstrating the wave—particle duality, the
experiment was an important historical development in the establishment of quantum mechanics
and of the Schroédinger equation.

Davisson began work in 1921 to study electron bombardment and secondary electron emissions. A
series of experiments continued through 1925.

Experimental setup:

- - +
|
\ H.T. ’
AAAA
?
l F A Electron Beam ., _+ Nickel
3 {__, } RES B larget
e
{F <«—Electron —» %
LT gun Z
. Diffracted | _vacuum
Movable —» clectron Chamber
collector beam
~
To galvanometer

Davisson and Germer experiment

The experimental arrangement of Davisson Germer experiment is discussed below:

An electron gun was taken, which comprised of a tungsten filament F, coated with barium oxide
and heated by a low voltage power supply.

Electrons emitted from this electron gun were accelerated to a desired velocity by applying suitable

potential difference from a high voltage power supply.
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These emitted electrons were made to pass through a cylinder perforated with fine holes along its
axis, thus producing a fine collimated beam.

This beam produced from the cylinder is made to fall on the surface of a nickel crystal. This leads
to scattering of electrons in various directions.

The intensity of the beam of electrons is measured by the electron detector which is connected to a
sensitive galvanometer (to record the current) and can be moved on a circular scale.

The intensity of the scattered electron beam is measured for different values of angle of scattering,
0 (angle between the incident and the scattered electron beams) by moving the detector on the
circular scale at different positions.

Observations of Davisson Germer experiment:

Observations of Davisson Germer experiment are listed below:

By varying accelerating potential difference, we finally obtained the variation of the intensity (I) of
the scattered electrons with the angle of scattering, 6. The accelerated voltage was varied from 44V
to 68 V.

A strong peak was noticed in the intensity (1) of the scattered electron for an accelerating voltage of
54V at a scattering angle 6 = 50°.

This peak can be explained as a result of the constructive interference of electrons scattered from
different layers of the regularly spaced atoms of the crystals.

The wavelength of matter waves was calculated with the help of electron diffraction, which
measured to be 0.165 nm.

Co-relating Davisson Germer experiment and de Broglie relation:

According to de Broglie, wavelength A associated with electrons is given by,

A=h/p

A= 122754\ =0.167 nm

Thus, Davisson Germer experiment confirms the wave nature of electrons and the de Broglie
relation.

In 1927, Davisson and Germer at the Bell Telephone Laboratories investigated the scattering of a
beam of electrons from a nickel crystal. Figure shows, schematically, the essentials of their

apparatus.
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Experimental arrangement for the Davisson-Germer electron diffraction

experiment.

Electrons from the heated filament F, were accelerated through a potential difference of order 100V
to a plate P with a small diameter hole. A narrow beam of electrons emerged from the opening in P
and was incident normally on the face of the nickel crystal C. The electrode E was connected to a

sensitive galvanometer and measured the intensity of the electrons scattered by the nickel crystal at

various angles .

Some of the experimental results are shown in Fig. 6. These are “polar plots™ of the beam intensity
as a function of the angle [J for various accelerating voltages which correspond to the wavelengths
indicated. In each plot, a line drawn from the origin to any point on the curve makes the angle [J;

the length of a line is proportional to the electron beam intensity at that angle [J.

o o o o o
Ln P P [} T
o P = L <
)
44 v 43 v 54 v 34 ¥ 85 v

Figure 6: Polar plot of Davisson and Germer's data for the scattered electron beam
intensity as a function of scattering angle for different incident electron

energies.
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As the voltage was increased from 44 to 88 volts, a characteristic peak gradually appears and then
disappears. It reaches a maximum for electrons with an energy of 54 eV (.167nm) at an angle of
50° . Davisson and Germer concluded that this peak was due to Bragg reflection from a set of
regularly spaced atomic planes within the crystal as shown in Fig. 7.

Figure : Illustrating the Bragg condition for electron waves scattered from plane of

atoms in the nickel crystal used by Davisson and Germer.

The angle ¢ =2y is measured in the experiment. The diffracting planes must be normal to the

¢

bisector of (1,50 w = ry The angle of incidence 6 between the beam and the scattering planes is
given by

¢9=9o°—://=9o°—§j

The spacing between the planes involved in the diffraction is d. From x-ray measurements, the
spacing D between the surface atoms was known to be 0.215nm. If the diffraction planes make an
angle ¢ with the surface, then d = D sin ¢.
Therefore, the measured scattering angle of ¢ = 50° determines d as

d =D sin [ =0.215 sin (50° /2) = 0.215 sin (25°) .
The crystal is apparently oriented such that the angle of incidence is

001090° - 50972 = 65° .
The Bragg condition for the first order reinforcement then says the electron wavelength is

A =2dsin 6= 2[0.215sin 25° fin65° =.165nm.

The electron wavelength calculated from the de Broglie relation using the known energy of the

beam is

A= L =0.167nm .
mv
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This close agreement convinced Davisson and Germer that they had observed the diffraction of

electron waves from the nickel crystal.

In this experiment and in a number of subsequent ones, Davisson and Germer observed that while
agreement was close between the observed and calculated diffraction data, there was usually a
small discrepancy that was larger for the low energy (longer wavelength) electron beams. They
were able to show that this discrepancy was due to the fact that the electrons were refracted as they
entered the crystal. The index of refraction, x, of a crystal was greater than 1, due to the fact that
the electrons gained energy on entering the crystal. For those low energy beams where x (E)

differs significantly from 1, the Bragg relation is modified to

1

nA =2d(z? - cos26)?
Thus far, only single crystals have been considered. Most materials are polycrystalline. They are
composed of a large number of small crystallites (single crystals) that are randomly oriented. An
electron diffraction sample may be a polycrystalline thin film, thin enough so that the diffracted
electrons can be transmitted through the film.
(or)
b)Explain the wave properties of material particles based on diffraction of electrons using

G.P.Thomson’s experiment.

Vacuum
pump Anode with

L

..................................................

Cathode

-

-
me e
.
[

Fluorescent screen

|
High voltage supply
 Fig. 1. The discharge tube and the cathode rays

G.P Thomson performed experiments in which electrons are accelerated from

10,000 to 50,000 volts. In these experiments the generation of electrons are considered analogous
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to X-Ray obtained by diffraction pattern. The diffraction pattern is obtained by only when wave is
associated with particle. Hence Thomson explains the concept of matter.

The electrons are emitted from the filament and only some accelerated electrons are passing
through cathode ‘C’. Next these electrons are passed through two slits S1 and S2 and a thin pencil
beam of electrons is obtained. This electrons beam allowed to fall on a thin foil ‘G’ of gold or
Aluminium of order10°® cm . The photograph of electron beam from the foil is recorded on the
photographic plate ‘P’. Hence a pattern consists of concentric rings. The complete apparatus is kept
in high vacuum chamber so that the electrons may not lose their energy y colliding with molecules
of air or any inside the tube.

To conclude that, this pattern is due to the electrons and not due the X-Rays. The cathode rays
inside the tube are affected by the magnetic fields. The beam shifting considerably along the field
is observed. Hence we can conclude that the pattern obtained is due to electrons only since x-Rays
are not affected by electric and magnetic field.

23.a) Explain diffraction of a beam of electron by a slit.

Light is interesting and mysterious because it consists of both a beam of particles, and of waves in
motion.

WAVE PARTICLE DUALITY:

All carriers of energy and momentum, such as light and electrons, propagate like a wave and

exchange energy like a particle.

It wasn't until the 19th century that convincing evidence was found showing that light behaves like
waves.

Before reading on, you may wish to review some wave terminology.

The key to understanding why light behaves like waves is

in INTERFERENCE and DIFFRACTION.

Interference and Diffraction are the phenomena that distinguish waves from particles: waves
interfere and diffract, particles do not.

Light bends around obstacles like waves do, and it is this bending which causes the single slit

diffraction pattern.

Some assumptions must be made for this description of the single slit diffraction pattern:
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The slit size is small, relative to the wavelength of light.

The screen is far away.

Cylindrical waves can be represented in 2D diagrams as cicular waves.

The intensity at any point on the screen is independent of the angle made between the ray to the
screen and the normal line between the slit and the screen (this angle is called T below). This is
possible because the slit is narrow.

Consider a slit of width a, light of wavelength |, and a smaller than I.

When the light encounters the slit, the pattern of the resulting wave can be calculated by treating
each point in the aperature as a point source from which new waves spread out.

Let L represent the distance between the slit and the screen.

Let T represent the angle between the wave ray to a point on the screen

and the normal line between the slit and the screen.

The top part of the figure to the left is an imitation of a single slit diffraction pattern which may be
observed on the screen (there would really be more blending between the bright and dark bands,
see area diffraction pattern at the top of this page).

Below the pattern is an intensity bar graph showing the intensity of the light in the diffraction
pattern as a function of sin T.

Most of the light is concentrated in the broad CENTRAL DIFFRACTION MAXIMUM.

There are minor seconday bands on either side of the central maximum.

The first DIFFRACTION MINIMUM occurs at the angles given by sin T=1/a

the intensity of light is proportional to the square of its amplitude. This will come into play later

on.

With the equation:

sin T =l/a *)
note that the width of the central diffraction maximum is inversely proportional to the width of the
slit. If we increase the width size, a, the angle T at which the intensity first becomes zero
decreases, resulting in a narrower central band. And if we make the slit width smaller, the angle T
increases, giving a wider central band.
But why are there these bands of light?
And how can we derive the equation (*) for the location of the central diffraction minimum?
The equation (*) is the result of analysis of the path difference between light rays coming from the
top and the bottom of the slit, and how this path difference relates to our discussion

on interference.
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Recall that we are considering points within the aperature as point sources from which new waves
spread out. In the diagrams below the waves have been drawn from a side view, rather than a top
view of wavefronts. This is to help us compare the phase of the waves.
The quantity asin T is called the path difference between the two light rays. We can see that along
the parallel wave rays, the bottom wave has already completed about two-thirds of its cycle when
the top wave begins its cycle. This means that in this diagram the two light rays have a path

difference of about 2/3 X 2p or ap/ 3.

Now, remember that the slit width, a, is only a few hundred nanometers in size. And so even the
light waves from the very top and very bottom of the slit are essentially right on top of each other,
as well as all the waves inbetween. This means that they interfere, and the resultant wave's
amplitude equals the sum of the individual wave amplitudes, by the superposition of waves.

This also means that for the top and bottom light waves, their phase difference is equal to their path
difference, which in this example is about dp / 3.
At T =0, when the wave rays follow the normal line directly to the screen, asin T = 0. This means
that the path difference and the phase difference of all the waves is zero. Hence the waves are all in
phase, and constructive interference has the resultant wave's amplitude equal to the sum of all the
individual wave's amplitudes.
This explains the very bright central band around sin T = 0. With all the waves in phase, we have
the largest resultant wave amplitude possible. And since the intensity of light is proportional to the
square of its amplitude, the pattern on the screen has a very intense central band at this angle, that
is when T = 0.
As T varies slightly from zero, asin T also varies slightly from zero, as does the phase difference
of the waves. This results in the interference of all the waves being not totally constructive, and so
the intesity of the central band decreases while moving slightly away from sin T = 0, as we saw in
the intesity bar graph above.
When asin T =1, something special happens. Here the path difference between the top and bottom

light rays equals one wavelength (I). That is, they are in phase. (Left figure)

This means that the path difference between the top ray and the ray just below the midpoint of the
slit (a/2), [ half a wavelength 172). (Right figure)

And a path difference of half a wavelength corresponds to a phase difference of p. That is, the top

N.GEETHA KAHE, COIMBATORE-21
ASSISTANT PROFESSOR
DEPARTMENT OF PHYSICS
Page 13 of 19



B.Sc Physics
2017-2018(0DD) CIA | —ANSWER KEY CLASSICAL & QUANTUM
PHYSICS (15PHU502)

wave, and the wave just below the midpoint of the slit, are out of phase, and therefore cancel each
other out.

Let us consider many point sources, say 2k, equally spaced within the slit opening so that there are
1 to k above the midpoint and k+1 to 2k below. Then when asin T =1, waves 1 and k+1 are out of
phase and so cancel each other out, as do waves 2 and k+2, and 3 and k+3 ... through to waves k
and 2k. And so all waves cancel, and thus the resultant wave has an amplitude of zero. An
amplitude of zero means zero intesity, and so the first diffraction minimum occurs at asin T =1, or
sin T =1/a, which was our *) above.

This argument can be extended to explain the second and third and other diffraction minima. At the
angle when asin T = 2I, we can divide the slit into four regions of point sources, two above the
midpoint and two below. Then, using the argument above, the total intensity of the top two regions
is zero due to cancellation of pairs of sources, and the same goes for the bottom two regions.

And so, the general equation for the points of zero intensity in the diffraction pattern of a single slit
is:

asinT =ml m=1.2.3,...

But usually we are just interested in the location of the first minimum, when m = 1, because most

of the light enery is located in the central diffraction maximum.

INTENSSSIT Y

Let y be the distance from the center of the central diffraction maximum to the first diffraction

minimum.

The angle T is related to this distance y and the distance to the screen, L, by the equation:
tanT=y/L
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Since the angle T is very small, cos T » 1. Thus, tan T » sin T. Then, combining the above equation
with equation (*), we havesin T=1/a»y/L, or
y=Ll/a

And so, given the distance to the screen, the width of the slit, and the wavelength of the light, we

can use the equation y = L |/ a to calculate where the first diffraction minimum will occur in the
single slit diffraction pattern. And we have learned that this is the point where the waves from point

sources in the slit all cancel in pairs that are out ofphase.
(or)

b) Discuss about Heisenberg gamma ray microscope.
Heisenberg’s Gamma ray microscope.:

Heisenberg had a peculiar approach towards the nature of physics. He believed that the
concepts which are not defined on the basis of actual or possible experimental observations should
have no place in science e.g. he discarded the concept of orbits in the Bohr's atomic model since
they were never observed in the laboratory.

Heisenberg has expressed his view in his paper on uncertainty principle (1927): If one
wants to be clear about what is meant by "position of an object,” for example of an electron..., then
one has to specify definite experiments by which the "position of an electron” can be measured;
otherwise this term has no meaning at all.

To examine the uncertainty principle, W. Heisenberg proposed a hypothetical experiment
(thought experiment or a gedanken experiment) on the Gamma Ray Microscope which was later
modified by N. Bohr. Usual optical parts used in the conventional light microscope cannot focus
the gamma-rays used in the experiment. Hence it was not possible to carry out such an experiment
in practice at that time. However, the experiment can be imagined and it enables to illustrate the
underlying principle.

The aim of gamma-ray microscope experiment is to detect and measure the position of
a microscopic point particle like an electron as exactly as possible. The apparatus consists of a
microscope which uses high-energy and high frequency (very short wavelength) electromagnetic
radiation like gamma rays. The radius of the atom is of the order of 10~ !'m. For the tolerance (an
uncertainty) of about 10% (i.e. 10~ 'm) in the determination of the position, the wavelength of
radiation needs to be of the order of 10~ '>m. Gamma rays are having wavelength in that region.
Hence it was necessary and appropriate to employ gamma rays to “see” the electron with necessary
resolving power of the microscope.

A gamma ray microscope has a source of radiation in the form of a monochromatic,
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narrow beam of gamma rays to ‘illuminate’ the electron. A beam of gamma ray photons traveling
along the y axis is incident on the free electron at rest kept directly under the center of the
microscope's objective lens. An imaginary cone can be drawn with the electron at its apex which
subtends an angle 20 with the diameter of the circular lens as its base. The gamma ray photon
which is scattered into any angle within the cone of angle 26 enters the objective lens and enables
to see the electron.The incident and scattered gamma ray photons are shown by wave packets in
the figure.

Objective Lens

Scattered Gamma e J
Ray Photon _)( m
\ /

Uncertainty in the position e——— Q' Recoiled Electron

of Electron AX
Incident Gamma Ray = ———>
Photon

Fig. Thought Experiment on Gamma Ray Microscope to
derive Heisenberg's Uncertainty Relation

Fig. Thought Experiment of Gamma Ray Microscope

After striking the electron, the gamma ray photon gets scattered and the position of the
electron gets disturbed due to its impact. The very act of measurement introduces uncertainty in the
determination of position of electron. Since a gamma ray photon acts like a particle, the interaction
between the gamma ray photon and the electron can be considered as a collision between two
particles as in the Compton scattering experiment. Due to the gain in momentum obtained from the
gamma ray, the electron recoils. The direction along which the electron recoils may be taken as the
x-axis. The image of the electron as seen in the microscope is a diffraction pattern consisting of a
central bright disc surrounded by alternate dark and bright rings.

The electron may be found anywhere within the central disk. The uncertainty in the position
of the electron is having a value equal to Ax, the diameter of the central disc.

The total momentum p of the incident gamma ray photon is related to its wavelength A by

the formula
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p=h/A,where h is Planck's constant.

In the scattering process the total momentum, p of the scattered gamma ray photon is
reduced and the wavelength is changed accordingly.

According to the Rayleigh’s criterion in physical optics, the resolving power of a
microscope (i.e. the minimum distance Ax between two points in an object that is necessary to
distinguish their images or see as separate in a microscope) is the distance between the peak
intensity and the first minimum in the diffraction pattern and it is given by the formula,

Resolving Power = R.P. = Ax = /2sin 0
where 20 is the angle subtended by the electron with the objective lens . The maximum value of the
scattering angle of gamma ray photon (semi-vertical angle of the cone 0) occurs in two extreme
cases- when the gamma ray gets diffracted exactly along the right or left edges of the cone.

If the gamma ray gets diffracted to the right edge of the cone, the total momentum in the x
direction would be given by the sum of momenta of electron and gamma ray as follows
= the electron's momentum p1x + the gamma ray's momentum in the x direction
=plx + (h sin 0)/A1
where Al is the wavelength of the gamma ray diffracted to right edge

In the other extreme case, the observed gamma ray photon gets diffracted just along the left
edge of the cone (i.e. scattered backward). Then the total momentum in the x direction is given by
= p2x -(h sin 8)/A2, where A2 is the wavelength of the gamma ray diffracted to left edge.

However, according to the conservation of momentum, the component along x axis of final
momentum in each case must equal the component along the x axis of initial momentum.
Therefore, the components along x axis of final momenta are equal to each other.
plx + (h sin 0)/A1 = p2x - (h sin 6)/A2
If 6 is small, then the wavelengths in both possibilities are approximately equal. Then
M ~A2~A

p2x - plx = Apx ~ 2h sin 6/A

However, the formula for Resolving Power according to the Rayleigh's criterion is
Ax = M(2 sin 0)

Apx ~ h/Ax

or

AxApx ~ h
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Thus there is a reciprocal relationship between the minimum uncertainty Ax in the
measured position of the electron along the x axis and the uncertainty Apx in its momentum in the
direction. If the x position is measured more precisely i.e. Ax is made minimum then Apx becomes
maximum i.e. measurement of value of p is more uncertain and vice a versa. However the product
AxAp remains constant of the order of value of h.

The thought experiment shows that electron's position and momentum obey the uncertainty
relation which Heisenberg had derived mathematically.

The experiment shows that to measure the properties of a particle such as an electron, a
measuring device usually light or radiation is needed. But the energy in the radiation affects the
particle being observed. At the subatomic level the act of observing alters the reality being

observed and thus it imposes limits on the physical knowledge.
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Date: Maximum: 50 marks
PART - A (20 x 1 = 20)

Answer all the questions:

1. forms of Schroedinger’s equation describe the motion
of non-relativistic material particle.

a.Hy=Ey Db.Hy#Ey c. Hy<Ey d. Hy>Ey

2. The time-dependent Schroedinger equation is partial
differential equation having ___ variables

a. l b.2 c.3 d 4

3. The Schroedinger time-dependent wave equation is

a.Hy=Ey Db.Hy#Ey c.Hy<Ey d.Hy>Ey

4. The minimum energy of a particle in a box (E) is

a. h2/ml2 b.h2/2ml2  c.ml2/h2 d. 2ml2/h2

5. Momentum operator in Schroedinger equation (Pop)
IS

10.

11.

12.

a. h/i b. hi c.i/h d.h
Newton’s law may be written as

a. (dp/dt) > -gradV b. (dp/dt) < -gradV
c. (dp/dt) # -gradV d. (dp/dt) = -gradV

Schroedinger suggested seeking solutions of the waves
equation which represents ___ waves.

a. non-progressive b. progressive
c. non-standing d. standing
Kinetic energy operator is

a. (-h%2m)?  b. ((2m/h?)?
c.(2mh?)?  d.(-2n%?

Normalised wavefunction is

ay b.YN c 1AN d. yAN
Which law is used in Ehrenfest theorem?
a.Newtons law b. joules law
c.ohms law d. Keplers law
Mass of an electron is
a.9x10* nmb.9x 10 m ¢.6x10%* nm
d. 6.625 x 10-30 nm

For a photon and an electron with equal energy, the
Broglie wavelength of the electron is




13.

14.

15.

16.

17.

18.

19.

20.

a. Much smaller than that of a photon
than of a proton c.0 d.Equal

b. Much greater

Planck’s constant has the same units as

a. angular momentum b.The Hamiltonian c.quantum
number d.frequency

Photon density is proportional to

ahv b.A* ch dv

The probability amplitude for the position of the particle is
represented by

ay bP c¢cH dE
Characteristic function is also called as

a. wave function
d. Stationary state

b. Eigen value c.Normalised

|[y”2 | is the measure of

a.volume density b.current density c.particle density

d. density
At x = +oo then y*y =
a. 1l b. c.0 d. vary
Complex conjugate of wave function is
a. H* b.y c.y* d. E*
is the measure of particle density
a. [En2 | b. |H 2 | C. v |

d.|1,'-'J:|

PART-B (3 x 10= 30)

Answer the following questions briefly:
21. a) . Derive time independent Schrédinger equation
(or)
b) State and prove Ehrenfest’s theorem
22.a) Derive time dependent Schrodinger equation
(or)
b) Find the expectation values of dynamical quantities
23. a) Discuss the application of Heisenberg’s Uncertainty
Principle.
(or)
b) Explain about the probability current density.

All the Best
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ANSWER KEY
PART - A (20 x 1 = 20)

Answer all the questions:

1.

10.

forms of Schroedinger’s equation describe the motion of non-relativistic material particle.

a.Hy=Ey b Hy#Ey c.Hy<Ey d Hy>Ey

The time-dependent Schroedinger equation is partial differential equation having __ variables

a.l b.2 c.3 d. 4

The Schroedinger time-dependent wave equation is
aHy=Ey b Hy#Ey c.Hy<Ey d. Hy>Ey
The minimum energy of a particle in a box (E) is

a. h2/ml2 b. h2/2ml2  c. mI2/h2 d. 2ml2/h2
Momentum operator in Schroedinger equation (Pop) is
a. h/i b. hi c. i/h d.h

Newton’s law may be written as .

a. (dp/dt) > -gradV b. (dp/dt) < -gradV

c. (dp/dt) # -gradV d. (dp/dt) = -gradV

Schroedinger suggested seeking solutions of the waves equation which represents _ waves.

a. non-progressive b. progressive
¢. non-standing d. standing
Kinetic energy operator is

a. (-h%2m)?  b. (-2m/h?)?

C. (-2mh?)? d.(-2h?)2

Normalised wavefunction is

a.y  b.AN c 1NN d. yAN

Which law is used in Ehrenfest theorem?

a.Newtons law b. joules law
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

c.ohms law d. Keplers law

Mass of an electron is :

a.9x10% nmb. 9x 103 m ¢ 6x 103 nm

d. 6.625 x 10-30 nm

For a photon and an electron with equal energy, the Broglie wavelength of the electron is

a. Much smaller than that of a photon b. Much greater than of a proton ¢.0 d.Equal
Planck’s constant has the same units as

a. angular momentum b.The Hamiltonian c.quantum number  d.frequency
Photon density is proportionalto

ahv b.A2 ch dv

The probability amplitude for the position of the particle is represented by
ay bP cH dE

Characteristic function is also called as

a. wave function  b. Eigen value c.Normalised d. Stationary state
w2 | is the measure of
a.volume density b.current density c.particle density d. density

At x = £o0 then y*y =

a. 1l b. o0 c.0 d. vary
Complex conjugate of wave function is
a. H* b. y C. y* d. E*

is the measure of particle density

a [EA2 b [H2| o |y| d. /¥

PART-B (3 x 10= 30)

Answer the following questions briefly:

1.

a) . Derive time independent Schrddinger equation

We start with the one-dimensional classical wave equation,

Ou_ 100 (10)

82~ 2 o2

By introducing the separation of variables
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11
u(z,t) = ¢(z)f (2) &
we obtain
f(t:] dz’lfil(‘r} _ i’{i(l‘) dgf(t) (12)
dz? v2 dt?
B } : f(t) ?:I'.df
If we introduce one of the standard wave equation solutions for such as £__ (the constant can be

taken care of later in the normalization), we obtain

d*y(z) _ “‘;21,9(:) (13)

dz? v

Now we have an ordinary differential equation describing the spatial amplitude of the matter wave as a
function of position. The energy of a particle is the sum of kinetic and potential parts

2

E=L 1v(z) (14)

2m

D
which can be solved for the momentum, , to obtain

p={2m[E - V(2)}'’ 4

Now we can use the de Broglie formula (4) to get an expression for the wavelength

h h

A= —= (16)
p {2m[E-V(z)]}}
W2 2
The term in equation (13) can be rewritten in terms of A if we recall
that W = 27V and YA = v
N.GEETHA KAHE,COIMBATORE-21
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w?  Axt? 4dx? 2m[E — V(z)] (17)
U R’

When this result is substituted into equation (13) we obtain the famous time-independent Schrodinger

equation

dz’*ﬂi’(l’) 2m | ~
o T B V(z)l¥(z) =0 (18)

which is almost always written in the form

7 ()

" 9m dz?

+V(e)i(e) = By(z) .

This single-particle one-dimensional equation can easily be extended to the case of three dimensions, where

it becomes

- ) + VEte) = B @

A two-body problem can also be treated by this equation if the mass 1L is replaced with a reduced mass

It is important to point out that this analogy with the classical wave equation only goes so far. We cannot,
for instance, derive the time-dependent Schrédinger equation in an analogous fashion (for instance, that
equation involves the partial first derivative with respect to time instead of the partial second derivative). In
fact, Schrodinger presented his time-independent equation first, and then went back and postulated the more

general time-dependent equation.
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(or)

b) State and prove Ehrenfest’s theorem

N.GEETHA

Ehrenfest’s Theorem

Ehrenfest’s theorem simply states that expectation values of quantum mechanical
operators obey the laws of classical mechanics. Classically, the hamiltonian for a
single particle of mass m,

H = i + V(7
2m
leads to the equations of motion,
dr  OH  p, dp.,  OH 0V
dt Opx m’ dt dr dx

In gquantum mechanics we can calculate the rate of change of expectation value of =,

d{x a )
4 — 2 [arv@oceio

_ pr L, oY
= _/d" [f)t TY+Y rf)t]

ifi

2m

a7 [ (Vo) 2+t z (V7).

In the last step (25) we have made use of Schrodinger equation for * and . Upon
partial integration, we observe that,

/dT (V3 )z = /dTV (V™ zb) — [dTVt":* V(x)

/dTV (V™ zah) — /d'rv (P (xd)) + /d?‘-il.-ir* V2 (xa)).

Using divergence theorem, the first two integrals can be converted to surface integrals
and can be made to vanish on suitably choosen large surfaces using the well-behaved
nature of the wave functions. As for the third term. we notice that,

V2 (zy) = 27 -V + Vi

where = in this context is the unit vector in z-direction. Using this expression in the
equation (25), we get,

d(r) _ ifi - ok o . I 2, I 2
5 = %-/dr [—2?;. -V — oy "zVh 4+ "V 1,)]
1
= — /d-rTﬁ':*i:-{féﬁV}?;'.‘
m
1 d
= — [drfv* | —ih— |
m / n ( ! La“r) ¢
1 /' I
= — dr ™ peb.
m

Therefore, instead of classical expression, we have for the first equation of motion,

dz) _ {pe)

dt m
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In the same way, using Schrodinger equation and divergence theorem, we can show

dip,) [/ OV
dt dr |-

In general terms, the time variation of expectation value of any arbitrary quantum
mechanical operator (or dynamical variable) is given by,

dla) d e .-
dt dt ryay
s de O
= .[{'E?"[dt +U EL + " QE]

dav 1 L o R
<E> T /dr[ (—zﬁ m ) al+U"a (aﬁ, dt)]

Making use of time-dependent Schrodinger equation (5), He» = ihoh) /0t and its
complex counterpart, we arrive at

dla) /o 1 [ s
T <dt> - drw{crH Hn)

%?::<%>+mﬁmﬁb.

The above equation (29) is known as Heisenberg’s equation of motion and the quantity
o, H | is called commutator of o and H. Tf two different observables or dynamical
variables be represented by the operators A and B, then the commutator of A and
B is defined as

AB—BA =14 B
Heisenberg’s equation of motion (29) closely resembles the corresponding classical
equation of motion in terms of Poisson bracket,

o 9AOB  0AOB
A Bl ( ____)

dg dp  Op g
which is,
dA A
+[4, H, -
dat ot
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22.a) Derive time dependent Schrddinger equation
The time dependent Schrodinger equation for one spatial dimension is of the form

—h* "W (x,1) . OP(x,1)
Ux)W(x,0)=ih——"
2m  ox’ U@ = ot

For a free particle where U(x) =0 the wavefunction solution can be put in the form of a plane wave

"IJ(J; f) _ Aef-f.'_l'—.l'mf
For other problems, the potential U(x) serves to set boundary conditions on the spatial part of the wavefunction

and it is helpful to separate the equation into thetime-independent Schrodinger equation and the relationship

for time evolution of the wavefunction

gy =in®Y IO | win = ER)
dt 2m  dx”
Time evolution Time independent equation
(or)

b) Find the expectation values of dynamical quantities
To relate a quantum mechanical calculation to something you can observe in the laboratory, the "expectation

value" of the measurable parameter is calculated. For the position X, the expectation value is defined as

(x)= J'lp’ * (D) xwix,tdx

This integral can be interpreted as the average value of x that we would expect to obtain from a large number of
measurements. Alternatively it could be viewed as the average value of position for a large number of particles
which are described by the same wavefunction. For example, the expectation value of the radius of the electron
in the ground state of the hydrogen atom is the average value you expect to obtain from making the
measurement for a large number of hydrogen atoms.

While the expectation value of a function of position has the appearance of an average of the function, the

expectation value of momentum involves the representation of momentum as a guantum mechanical operator.

I h o
= * - I -k d
(p) me (x.1) - Ox wix.Ddx

_h o

:3pcrurur_ ? a X

where

IN.OCCIMNA NAMLC,CUIIVIDAITUNLC-£1
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is the operator for the x component of momentum.

Since the energy of a free particle is given by

P> {p:
E = Fre EYy =
2rre trern (E) 2 i

T e

and the expectation value for energy becomes

=D

_ L (=h*) 9°
{E>ﬁ¢>t‘ Pu.r'n'r_'fc_ ;LW ) 2m a',r2

for a particle in one dimension.
In general, the expectation value for any observable quantity is found by putting the quantum mechanical

operator for that observable in the integral of the wavefunction over space:

<Q} = IW * Qr)peranu-l‘u—dv
—o integral owver

all space

23. a) Discuss the application of Heisenberg’s Uncertainty Principle.

Application of the uncertainty principle:
N The non existence of the electron in the nucleus :
The diameter of nucleus of any atom is of the order of 10-14m. If any electron is confined within the
nucleus then the uncertainty in its position (Ax) must not be greater than 10-14 m.
According to Heisenberg’s uncertainty principle,
Ax Ap>h/2n
The uncertainty in momentum is Ap > h / 2nAx ,
where Ax =10-14 m
Ap > (6.63X10-34) / (2X3.14X10-14)
i.e. Ap > 1.055X10-20 kg-m /s
This is the uncertainty in the momentum of electron and then the momentum of the electron must be in the

same order of magnitude.

(I1)  The radius of the Bohr’s first orbit of H2 atom and energy in the ground state:
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If Ax and Apx are the uncertainties in the simultaneous measurements of position and momentum of the electron
in the first orbit, then from uncertainty principle

AxApx="h

Where h = h/2[]

Or Apx="h/Ax (1)
As Kinetic energy is given as

K = p?/2m

Then uncertainty in K.E is

AK =Ap>qom

Put equation (i) in above equation

AK="R? 2m(Ax)? (2)

As potential energy is given by

AV= -1/4] [0 Z8%/Ax (3)
The uncertainty in total energy is given by adding equations (2) and (3), that is
AE= AK+AV

= h2 2[J(Ax)? —Ze?/4] JeoAX

If Ax = r=radius of Bohr’s orbit, then

AE="R? [2mr? —Ze?/4]Jeor (4)
The Uncertainty in total energy will be minimum if
d(AE)/dr=0 and d*((AE)/dr? is positive
Differentiating equation (4) w.r.t. r, we get
d(AE)/dr=0= — T 2/mr3+Ze?/4m or? (5)

For minimum value of AE

d(AE)/dr=0= — T 2/mr?+Ze?/4m eor?

or Ze?/4n gor®="R %/mr3

Or r=4m &0 T 2/me? (6)

Further differentiating equation (5), we get
d?(AE)/dr?=3 h ?/mr*-2Ze?/4x gor®

By putting value of r from equation (6) in above equation, we get positive value of
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d?(AE)/dr?

Therefore equation (4) represents the condition of minimum in the first orbit.

Hence, the radius of first orbit is given by

r=4m g0h 2/me?=0.53 angstrom (For H atom Z=1)

Put value of r in equation (4), we get

Emin=-13.6 eV

This value is same as determined by using Bohr’s theory.

Therefore, with the help of Heisenberg’s uncertainty principle, one can determine the radius of the Bohr’s first
orbit.

(111)  Width of spectral lines (natural Broadening):

Whenever a photon interacts with matter the atoms get excited and the excited atom gives up its
excess energy by emitting a photon of certain frequency which leads to the spectrum. The broadening in the
spectral lines is observed due to the indeterminateness in the atomic energies. According to Heisenberg’s
uncertainty relation
AE = h 2w At
where AE is the uncertainty in the measurement of energies and At is the mean life time of the level is finite
(10-8 secs). Therefore AE must have a finite energy spread that means the energy levels are not sharp and

hence the broadening of the spectral lines

(or)
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b) Explain about the probability current density.

Let R be some region in space.
(Notation: the boundary of R—that is, the surface surrounding R—is often denoted 9R.)

Suppose a particle has a wave function ¥(x,t). We are interested in the probability of
finding the particle in the region R:

Prob(R) — f 2dPe
R

Since there is some chance of the particle moving into or out of R, this probability can

change in time. Its time derivative is (since |¢|* = ¢*¢)
d oy oY
—Prob(R) = ot — | d° 1
it PR fﬁ(aﬁ” L&t) * m)
Now use the Schridinger equation and its complex eonjugate:
b . _
h— = — V2 + V¢
ot om * Ve
- 31.'1"}* ﬁ‘z 2.0# 7ol ®
—ih 5 = —zmv P+ Vi (2)
Solve for %—'; and % and insert into (1) to obtain
QT—]:'r.::-b{R} = —/ i (W — V) d'z = — | V- Idx (3)
dt Rr2m ' ' ' R
where
3= vy —vrvy) (4)
= 5, WV — 9"V

(Check the last equality in equation (3)—do the derivatives!) Then by Stokes theorem (or
Green'’s theorem), equation (3) becomes
d

—Prob(R) = —f J - nd*z (5)
di aR

(Depending on the place vou learned this, vou may have seen the last term written instead

as — [J-dA or — [J-dS.)

Equation (5) should look familiar from E&M: it’s the same form as the equation for charge
conservation. It says that the probability in K can change only by an amount equal to
the flux of the “probability current” J through the surface surrounding K. The current
J therefore describes the flow of probability, the nearest thing we have in quantum me-
chanics to a description of the motion of a particle. We will be using this a lof in this course.
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Part-A (20x 1 =20)
Choose the correct answer:
1. The phenomena of interference, diffraction and
polarization can only be explained based on

a) wave theory of light
c)Compton effect
d) quatum theory of light
2. 2. The propagation constant (k) =
a) A b)2w/A c)2mh d)A/2n
3. Based on quantum theory of light, the bundles of
energy = :
a) hv. b)hA c¢)hWA d)hiv
4. In G.P.Thomson experiment the thickness of gold foil is

b) photoelectric effect.

a) 10°pm b)10%nm ¢)10%cm d)10%m

9.

10.

11.

12.

13.

14.

15.

In davisson and germer experiment the angle of
incidence relative to the family of Bragg plane is

a) 65 b) 56 c)54 d)44
The material particles behave like waves’” was first
experimentally established by :
a) De Broglie b) Davisson & Germer
c) Plancks d) Einstein
is the measure of particle density.
a) [E2]  bH2| oy  dy
Based on the uncertainty principle, the minimum
momentum (Pmin) =
a) h/l Db)h c)hl d)V/h
What is the radius of Bohr’s first orbit (1)?.

a) AQ b) Ap c)r d) AV

The radius of the nucleus of any atom is of the order of
m.

a) 10~-8m b)10"14cm  ¢)10M-14m  d)

10M-10 m

The minimum energy of harmonic oscillator (Emin)

a) %ho byho c¢)-ho d)o

Rigid body has the following constraint

a)Rheonomic  b) Holonomic  c¢) Unilateral

d) Dissipative

Which constrains has the deformable bodies

a) Scleronomic b) Holonomic ¢) Unilateral
d) Conservative

constraint for gas filled hollow sphere

b) non-holonomic c) bilateral

a) scleronomic
d) Dissipative.
Rigid body has the following constraint

a)Rheonomic  b) Holonomic  c) Unilateral



16.

17.

18.

19.

20.

d) Dissipative

Which constrains has the deformable bodies

a)Scleronomic b) Holonomic ¢) Unilateral

d) Conservative

constraint for gas filled hollow sphere
b) non-holonomic c) bilateral

a) scleronomic
d) Dissipative.
The Hamiltonian system be conservative (i.e.)

a) potential energy is co-ordinate dependent and not
velocity dependent

b) potential energy is co-ordinate independent and not
velocity dependent

c) potential energy is co-ordinate dependent and not
velocity independent

d) potential energy is co-ordinate independent and not
velocity independent

Hamiltonian scheme and

are placed at equal footing

a) Co-ordinate and co-ordinate b) Co-ordinate
and momenta

¢) Momenta and momenta d) Co-ordinate and time

Which system is the cartesian co-ordinate along the

horizontal wire?

a) Fly-wheel
molecules

b) Simple pendulum c) Hydrogen
d) Beads of an abacus

Part-B (5x8=40)

Answer all the questions briefly:
21.

a) What is called Matter waves? llustrate matter waves
with any one experimental evidence.
(Or)
b) Explain wave and Group velocity. Obtain an
expression for group velocity.

22.

23.

24.

25.

a)Prove the wvalidity of Heisenberg’s uncertainty
principle based on Heisenberg’s gamma-ray
microscope.

(Or)

b) Determine the radius of Bohr’s first orbit.
a) Briefly discuss Schroedinger equation of motion for
time independent and free particle.
(Or)
b) Explain the concept of probability current density.
a) Differentiate holonomic and non-holonomic
constraints.
(Or)
c) Explain the notations for displacement, velocity and
momentum in terms of generalized co-ordinates.
a) Derive Hamilton’s equation of motion for a system
of particles. Hence write down the equation of motion
of a particle in a central force field in space.
(Or)
b) Discuss any two application of Hamiltonian
equation of motion.
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Part-A (20x 1 =20)

Choose the correct answer:
1. The phenomena of interference, diffraction and polarization can only be explained based
on .
a) wave theory of light b) photoelectric effect. c)Compton effect

d) quatum theory of light
2. 2. The propagation constant (k) =
a) A b)2a/h c)2mh d) A /2n
3. Based on quantum theory of light, the bundles of energy =
a) hv b)hh c)h/A d)hwv
4. In G.P.Thomson experiment the thickness of gold foil is
a) 10%pm b)10%nm c¢)10%cm d) 108 m
5. Indavisson and germer experiment the angle of incidence relative to the family of Bragg
plane is
a) 65 b) 56 c)54 d)44
6. The material particles behave like waves’ was first experimentally established

by .

a) De Broglie b) Davisson & Germer c) Plancks d) Einstein
7. is the measure of particle density.

a) [E"2]  b)H2|  o)|wy] d) y*

8. Based on the uncertainty principle, the minimum momentum (Pmin) =

a) h/l Db)h c)hl d)V/h

9. What is the radius of Bohr’s first orbit (r)?.

a) Aq b) Ap c)r d) AV

10. The radius of the nucleus of any atom is of the orderof __ m.

a) 10-8m b)107-14cm  ¢)10M-14m  d) 10M-10m
11. The minimum energy of harmonic oscillator (Emin) =

a %ho bho ¢)-ho do

12. Rigid body has the following constraint

a)Rheonomic  b) Holonomic  c¢) Unilateral

d) Dissipative

13. Which constrains has the deformable bodies

a) Scleronomic b) Holonomic ¢) Unilateral

d) Conservative

14, constraint for gas filled hollow sphere
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a) scleronomic  b) non-holonomic c) bilateral d) Dissipative.
15. Rigid body has the following constraint

a)Rheonomic  b) Holonomic  c¢) Unilateral

d) Dissipative

16. Which constrains has the deformable bodies

a)Scleronomic b) Holonomic c) Unilateral  d) Conservative
17. constraint for gas filled hollow sphere
a) scleronomic ~ b) non-holonomic c) bilateral d) Dissipative.

18. The Hamiltonian system be conservative (i.e.)
a) potential energy is co-ordinate dependent and not veI0(:|ty dependent
b) potential energy is co-ordinate independent and not velocity dependent
c) potential energy is co-ordinate dependent and not velocity independent
d) potential energy is co-ordinate independent and not velocity independent
19. Hamiltonian scheme and are placed at equal footing
a) Co-ordinate and co-ordinate b) Co-ordinate and momenta
¢) Momenta and momenta d) Co-ordinate and time
20. Which system is the cartesian co-ordinate along the horizontal wire?
a) Fly-wheel b) Simple pendulum c¢) Hydrogen molecules d) Beads of an abacus
Part-B (5x8=40)
Answer all the questions briefly:
21.a) What is called Matter waves? llustrate matter waves with any one experimental
evidence.

MATTER WAVES : DE-BROGLIE CONCEPT:

In 1924, Lewis de-Broglie proposed that matter has dual characteristic just like radiation. His

concept about the dual nature of matter was based on the following observations:-

(@) The whole universe is composed of matter and electromagnetic radiations. Since both are

forms of energy so can be transformed into each other.

(b) The matter loves symmetry. As the radiation has dual nature, matter should also possess

dual character.

According to the de Broglie concept of matter waves, the matter has dual nature. It means
when the matter is moving it shows the wave properties (like interference, diffraction etc.) are
associated with it and when it is in the state of rest then it shows particle properties. Thus the
N.GEETHA KAHE, COIMBATORE-21
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matter has dual nature. The waves associated with moving particles are matter waves or de-

Broglie waves.

The Davisson—Germer experiment was a physics experiment conducted by American
physicists Clinton Davisson and Lester Germer in 1923-1927, which confirmed the de
Broglie hypothesis. This hypothesis, advanced by Louis de Broglie in 1924, says that particles
of matter such as electrons have wave-like properties. By demonstrating the wave—particle
duality, the experiment was an important historical development in the establishment of

quantum mechanics and of the Schrddinger equation.

Davisson began work in 1921 to study electron bombardment and secondary electron

emissions. A series of experiments continued through 1925.

Experimental setup:

— b _/’_ L
l UHT,
t AAAA
?
‘ F A __ Electron Beam -, _+ Nickel
3 Femsw | RO 2 larget

L i {
0\
I { +—Electron —»
- gun '
LT. 7 \

Diffracted _Vacuum
Movable —5% clectron Chamber

collector beam
D

To galvanometer 4

Davisson and Germer experiment

N.GEETHA KAHE, COIMBATORE-21
ASSISTANT PROFESSOR
DEPARTMENT OF PHYSICS
Page 3 of 27



B.Sc Physics
2017-2018(0ODD) MODEL EXAM—-ANSWER KEY CLASSICAL & QUANTUM

PHYSICS(15PHU502)

The experimental arrangement of Davisson Germer experiment is discussed below:

e An electron gun was taken, which comprised of a tungsten filament F, coated with
barium oxide and heated by a low voltage power supply.

e Electrons emitted from this electron gun were accelerated to a desired velocity by
applying suitable potential difference from a high voltage power supply.

e  These emitted electrons were made to pass through a cylinder perforated with fine holes
along its axis, thus producing a fine collimated beam.

e  This beam produced from the cylinder is made to fall on the surface of a nickel crystal.
This leads to scattering of electrons in various directions.

o The intensity of the beam of electrons is measured by the electron detector which is
connected to a sensitive galvanometer (to record the current) and can be moved on a circular
scale.

o The intensity of the scattered electron beam is measured for different values of angle of
scattering, 0 (angle between the incident and the scattered electron beams) by moving the
detector on the circular scale at different positions.

Observations of Davisson Germer experiment:

Observations of Davisson Germer experiment are listed below:

e By varying accelerating potential difference, we finally obtained the variation of the
intensity (I) of the scattered electrons with the angle of scattering, 6. The accelerated voltage
was varied from 44V to 68 V.

e Astrong peak was noticed in the intensity (I) of the scattered electron for an accelerating
voltage of 54V at a scattering angle 6 = 50°.

e This peak can be explained as a result of the constructive interference of electrons
scattered from different layers of the regularly spaced atoms of the crystals.

e  The wavelength of matter waves was calculated with the help of electron diffraction,
which measured to be 0.165 nm.
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Co-relating Davisson Germer experiment and de Broglie relation:

According to de Broglie, wavelength A associated with electrons is given by,
A=h/p
A= 1.22754V=0.167 nm

Thus, Davisson Germer experiment confirms the wave nature of electrons and the de Broglie

relation.
(Orn)
(b)Explain wave and Group velocity. Obtain an expression for group velocity.

The phase velocity is: vp= ® / k. The function w(k), which gives ® as a function of k, is
known as the dispersion relation. If @ is directly proportional to k, then the group velocity is
exactly equal to the phase velocity. A wave of any shape will travel undistorted at
this velocity.

The group velocity of a wave is the velocity with which the overall shape of the waves'
amplitudes—known as the modulation or envelope of the wave—propagates through space.
Relation between wave velocity and Group velocity:

The wave velocity is given by v = vA

=2nv M 2n

v=w/k

v=w/k =V p

where w = 2nv = angular frequency and 2t / A wave number.

This shows that the phase velocity of the de Broglie wave is equal to the wave velocity

and hence phase velocity is also known as wave velocity

Phase velocity is defined by

Vp=wk =>w=kvp

The group velocity of a de Broglie wave is defined by
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Vg=dw / dk

Putting the value of w = kv p in equation (2), we get
Vg=d/dk (kv p)

Vg=Vp tk dv p /dk

Putting the value of k

2n dv,,
Sy
2
+)
1 dy,
z\_z‘p+x d(l)
A
Now d(1/2)=-1/A2dxr

Vg=vp—-Advp/dA

This is a relation between the phase velocity and group velocity for a dispersive medium.

For normal dispersion the quantity dv p /dA is a positive quantity. Therefore for

normal dispersion, group velocity is less than the phase velocity. For anomalous dispersion,
the quantity Dv p / dA is a negative quantity, the group velocity is greater than the phase
velocity.

For non-dispersive medium vp =w /k =constant .. dv p d =0 . Hence vg = v - Hence for
nondispersive medium the group velocity is equal to the phase velocity. For electromagnetic
waves in vacuum, the speed of light (c) is constant. Therefore group velocity vg and the phase

velocity v, of the light radiations are same

22.a)Prove the validity of Heisenberg’s uncertainty principle based on Heisenberg’s
gamma-ray microscope.
Heisenberg’s Gamma ray microscope.:

Heisenberg had a peculiar approach towards the nature of physics. He believed that

the concepts which are not defined on the basis of actual or possible experimental
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observations should have no place in science e.g. he discarded the concept of orbits in the
Bohr's atomic model since they were never observed in the laboratory.

Heisenberg has expressed his view in his paper on uncertainty principle (1927): If one
wants to be clear about what is meant by "position of an object,"” for example of an electron...,
then one has to specify definite experiments by which the "position of an electron™” can be
measured; otherwise this term has no meaning at all.

To examine the uncertainty principle, W. Heisenberg proposed a hypothetical
experiment (thought experiment or a gedanken experiment) on the Gamma Ray Microscope
which was later modified by N. Bohr. Usual optical parts used in the conventional light
microscope cannot focus the gamma-rays used in the experiment. Hence it was not possible to
carry out such an experiment in practice at that time. However, the experiment can be
imagined and it enables to illustrate the underlying principle.

The aim of gamma-ray microscope experiment is to detect and measure the
position of a microscopic point particle like an electron as exactly as possible. The apparatus
consists of a microscope which uses high-energy and high frequency (very short wavelength)
electromagnetic radiation like gamma rays. The radius of the atom is of the order of 10~ 'm.
For the tolerance (an uncertainty) of about 10% (i.e. 10~ *m) in the determination of the
position, the wavelength of radiation needs to be of the order of 10~ *m. Gamma rays are
having wavelength in that region. Hence it was necessary and appropriate to employ gamma
rays to “see” the electron with necessary resolving power of the microscope.

A gamma ray microscope has a source of radiation in the form of a monochromatic,
narrow beam of gamma rays to 'illuminate’ the electron. A beam of gamma ray photons
traveling along the y axis is incident on the free electron at rest kept directly under the center
of the microscope's objective lens. An imaginary cone can be drawn with the electron at its
apex which subtends an angle 20 with the diameter of the circular lens as its base. The gamma
ray photon which is scattered into any angle within the cone of angle 26 enters the objective

lens and enables to see the electron.The incident and scattered gamma ray photons are shown
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by wave packets in the figure.

Obijective Lens L S S

Scattered Gamma
Ray Photon

Uncertainty in the position ———3 < Recoiled Elactron
of Electron

Incident Gamma Ray =2
Photon

Fig. Thought Experiment on Gamma Ray Microscope to
derive Heisenberg's Uncertainty Relation

Fig. Thought Experiment of Gamma Ray Microscope

After striking the electron, the gamma ray photon gets scattered and the position of the
electron gets disturbed due to its impact. The very act of measurement introduces uncertainty
in the determination of position of electron. Since a gamma ray photon acts like a particle, the
interaction between the gamma ray photon and the electron can be considered as a collision
between two particles as in the Compton scattering experiment. Due to the gain in momentum
obtained from the gamma ray, the electron recoils. The direction along which the electron
recoils may be taken as the x-axis. The image of the electron as seen in the microscope is a
diffraction pattern consisting of a central bright disc surrounded by alternate dark and bright
rings.

The electron may be found anywhere within the central disk. The uncertainty in the position

of the electron is having a value equal to Ax, the diameter of the central disc.
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The total momentum p of the incident gamma ray photon is related to its wavelength A by the
formula

p=h/A,where h is Planck's constant.

In the scattering process the total momentum, p of the scattered gamma ray photon is reduced
and the wavelength is changed accordingly.

According to the Rayleigh’s criterion in physical optics, the resolving power of a microscope
(i.e. the minimum distance Ax between two points in an object that is necessary to distinguish
their images or see as separate in a microscope) is the distance between the peak intensity and
the first minimum in the diffraction pattern and it is given by the formula,

Resolving Power = R.P. = Ax = A /2sin 0

where 20 is the angle subtended by the electron with the objective lens . The maximum value
of the scattering angle of gamma ray photon (semi-vertical angle of the cone 0) occurs in two
extreme cases- when the gamma ray gets diffracted exactly along the right or left edges of the
cone.

If the gamma ray gets diffracted to the right edge of the cone, the total momentum in the x
direction would be given by the sum of momenta of electron and gamma ray as follows

= the electron's momentum p1x + the gamma ray's momentum in the x direction

=plx + (h sin 0)/A1

where Al is the wavelength of the gamma ray diffracted to right edge

In the other extreme case, the observed gamma ray photon gets diffracted just along the left
edge of the cone (i.e. scattered backward). Then the total momentum in the x direction is
given by

= p2x -(h sin 0)/A2, where A2 is the wavelength of the gamma ray diffracted to left edge.
However, according to the conservation of momentum, the component along x axis of final
momentum in each case must equal the component along the x axis of initial momentum.
Therefore, the components along x axis of final momenta are equal to each other.

plx + (h sin 0)/A1 = p2x - (h sin 6)/A2
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If 6 is small, then the wavelengths in both possibilities are approximately equal. Then
M ~A2~)

p2X - plx = Apx ~ 2h sin /A

However, the formula for Resolving Power according to the Rayleigh's criterion is
Ax =M(2 sin 0)

Apx ~ h/Ax

or

AXApx ~ h

Thus there is a reciprocal relationship between the minimum uncertainty Ax in the measured
position of the electron along the x axis and the uncertainty Apx in its momentum in the
direction. If the x position is measured more precisely i.e. Ax is made minimum then Apx
becomes maximum i.e. measurement of value of p is more uncertain and vice a versa.
However the product AxAp remains constant of the order of value of h.

The thought experiment shows that electron’s position and momentum obey the uncertainty
relation which Heisenberg had derived mathematically.

The experiment shows that to measure the properties of a particle such as an electron, a
measuring device usually light or radiation is needed. But the energy in the radiation affects
the particle being observed. At the subatomic level the act of observing alters the reality being
observed and thus it imposes limits on the physical knowledge
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(Or)
(b) Determine the radius of Bohr’s first orbit.

If Ax and Apxare the uncertainties in the simultaneous measurements of position and

momentum of the electron in the first orbit, then from uncertainty principle
AxApx="h
Where h = h/2[]

Or Apx=Th/Ax (1)

As Kinetic energy is given as

K = p%2m
Then uncertainty in K.E is

AK :Apzx/Zm
Put equation (i) in above equation

AK=R? 2m(Ax)? (2)

As potential energy is given by

AV=-1/4]]e0 Z&?/Ax (3)
The uncertainty in total energy is given by adding equations (2) and (3), that is
AE= AK+AV

=h? /2[](Ax)? —~Ze*/4] JeoAx
If Ax = r=radius of Bohr’s orbit, then

AE="R? [2mr? —Ze?/4] Jor (4)
The Uncertainty in total energy will be minimum if
N.GEETHA KAHE, COIMBATORE-21

ASSISTANT PROFESSOR
DEPARTMENT OF PHYSICS

Page 11 of 27



B.Sc Physics
2017-2018(0ODD) MODEL EXAM—-ANSWER KEY CLASSICAL & QUANTUM

PHYSICS(15PHU502)

d(AE)/dr=0 and d*(AE)/dr? is positive

Differentiating equation (4) w.r.t. r, we get

d(AE)/dr=0= — T 2/mr3+Ze?/4n gor? (5)

For minimum value of AE

d(AE)/dr=0= — ' 2/mr?+Ze?/4n gor?
or Ze?/4m gor’= "R 2/mr?
Or r=4m g0 T 2/me? (6)

Further differentiating equation (5), we get

d?(AE)/dr?=3 T ?/mr*-2Ze?/4n gor®

By putting value of r from equation (6) in above equation, we get positive value of

d?(AE)/dr?
Therefore equation (4) represents the condition of minimum in the first orbit.

Hence, the radius of first orbit is given by

=4 goh 2/me®=0.53 angstrom (For H atom Z=1)
Put value of r in equation (4), we get

Emin: -13.6eV

This value is same as determined by using Bohr’s theory.

Therefore, with the help of Heisenberg’s uncertainty principle, one can determine the radius
of the Bohr’s first orbit.
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23.a) Briefly discuss Schroedinger equation of motion for time independent and free
particle.
We start with the one-dimensional classical wave equation,

Bzu 1 az’[.l!. (10)

By introducing the separation of variables

u(z,t) = ¢(z)f(t) ()
we obtain
s - Ly 12
If we introduce one of the standard wave equation solutions for f(t) such as €2 (the

constant can be taken care of later in the normalization), we obtain

d*(z) _ _"";21)5,("_5) (13)

dz? v

Now we have an ordinary differential equation describing the spatial amplitude of the matter
wave as a function of position. The energy of a particle is the sum of kinetic and potential
parts
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E=— +V(z) (14)

2m

P
which can be solved for the momentum, , to obtain

p = {2m[E — V() }"? 1)

Now we can use the de Broglie formula (4) to get an expression for the wavelength

h h

A= — = (16)
p {2m[E—V(z)]}}?
W2 22
The term in equation (13) can be rewritten in terms of A if we recall
that W = 2TV and YA =
w? B 4y’ _ 42 _ 2m[E — V(z)] 17

2 U 2 }IIE hz

U

When this result is substituted into equation (13) we obtain the famous time-independent

Schrodinger equation
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dz’yf’(I) 2m : (18)

which is almost always written in the form

7 &)

" 9m dz?

+V(@)(x) = By(x) 4

This single-particle one-dimensional equation can easily be extended to the case of three

dimensions, where it becomes

2

—5 V) + V() = B @)

A two-body problem can also be treated by this equation if the mass 12X is replaced with a
reduced mass

It is important to point out that this analogy with the classical wave equation only goes so far.
We cannot, for instance, derive the time-dependent Schrddinger equation in an analogous
fashion (for instance, that equation involves the partial first derivative with respect to time
instead of the partial second derivative). In fact, Schrodinger presented his time-independent

equation first, and then went back and postulated the more general time-dependent equation.
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Free Particle

So let’s begin our exploration of solutions to the Time-Independent Schréodinger’s
equation with the simplest situation. Let the time independent potential be a constant
with respect to position. Then. we know that the wvalue of the constant has no impact on
the behavior of the particle. so we set the value to zero, V(x) =V = 0. Then. the TISE

becomes:

h?odiyw(x
- = LZ = EW‘( X))

2m  dx
The general solution to this differential equation (which can be found by integrating
twice) is:

. . [2mE
w(x) = Ae™ 4+ Be ™ |k = %
)

and we recover the free particle wave function that we postulated earlier:

) . . o i e E
Y(x, t) = wix)e(f) = [Ae’h + Be "“)e i getlmTe)  peTilRTa) 4 — =
i

Here. k can take on any positive value (depending upon the value of E). We can let k
take on both positive and negative values, where k > 0 corresponds to waves traveling to
the right. and k < 0. to the left. We then hawve:

W(x, t) = Ae'=me)

as before. or. in terms of k alone:

PP

W (x, ) = de! )

Now. this wave function should really bother you. It doesn’t? OK. then. normalize it:

= i!kr—":k-xl —ilh——?:k-zl
L Im o L X

= Jdx

—
il:'eu
—_—
a
4
e
o~
#
=
e
=
=
I
o

[
v}

So that these wave functions cannot represent real particles. at least with single values of
the wave number k. since the probability to find the particle extends to plus/minus
infinity. We can address this by remembering that the general solution is a linear
combination of the separable solutions. Then. as before. we can add wave functions with
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a distribution of wave numbers together to form a wave packet, such that the total wave
function vanishes at infinity and is therefore normalizable. Then, as before, we have for
the general solution:

P(x, 1) = Tgﬂ{k}‘l‘k(x. t)dk.

where @(k) now represents the constants ¢, that we saw in the general solution. but is a

continuous set, rather than having discreet indices so we integrate rather than sum. We
find the set of constants in the usual way:

w

¥(x,0) = j gk, (x)dk,

—-x

and the ¢(k) can be found by the inverse Fourier transform.

(Or)
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b)Explain the concept of probability current density.

Let R be some region in space.
(Notation: the boundary of B that is, the surface surrounding /s often denoted JR.)

Suppose a particle has a wave function ¥(x,¢). We are interested in the probability of
finding the particle in the region R:

Prob{R}=/|1;'J|2d3;E
R

Since there is some chance of the particle moving into or out of R, this probability can

change in time. Its time derivative is (since |1|? = "))
d o LOUY
—Prob(R) = — i+ — | d 1
g o) fﬂ(ari*’“” at) ’ (1)
Now use the Schridinger equation and its complex conjugate:
., O R o
ar* B
_ -.?_ 7 _ __v}l i 'L! i* 2
ot om * ¥ +hY )
Solve for C;—“; and d;—; and insert into (1) to obtain
d—Prc:-b{R} =— i (Vi — V) dr = — [ V-Idx (3)
dt p2m ' ' ' R
where
J = T—h{ INP*™ — " Vab) (4)
= 5, (WY =TV

(Check the last equality in equation (3)—do the derivatives!) Then by Stokes theorem (or
Green’s theorem), equation (3) becomes
d

—Prob(R) = — J-nd’z (5)
dt aR

(Depending on the place vou learned this, you may have seen the last term written instead

as — [J-dA or — [J-dS.)

Equation (5) should look familiar from E&M: it’s the same form as the equation for charge
conservation. It says that the probability in R can change only by an amount equal to
the flux of the “probability current” J through the surface surrounding 2. The current
J therefore describes the flow of probability, the nearest thing we have in quantum me-
chanies to a description of the motion of a particle. We will be using this a lot in this course.
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24.a) Differentiate holonomic and non-holonomic constraints.
The constraints can be classified in to the following categories:

(i) Holonomic and non-holomonic constraints (ii) Scleronomic and rhenomic constraints

Holonomic constraints:-Constraints are said to be holomonic if the conditions of all the
constraints can be expressed as equations connecting the coordinates of the particles and

possible time in the form

- > > -
f(ryrars....... ,in,t) =0 (1.1)

- > —
Where ry, 12, 13........ ,In represent the position vectors of the particles of a system and t the

time. In Cartesian coordinates equation (1.1) can be written as,

f (X1, Y1, 215 X2, Y2, Z2,......... Xn, Yn, Znt) =0 (1.2)

Examples of holonomic constraints:-

1. The constraints involved in the motion of rigid bodies. In rigid bodies, the distance
between any two particles is always constant and the condition of constraints are expressed
as-

Iri-rt2-Ci2=0 (1.3)

2. Constraints involved in the motion of the point mass of a simple pendulum.

3. The constraints involved when a particle is restricted to move along any curve (circle or
ellipse) or in a given surface.

Non-holonomic constraints: - If the conditions of the constraints can not be expressed as
equations connecting the coordinates of particles as in case of holomonic, they are called as
non-holomonic constraints. The conditions of these constraints are expressed in the form of

inequalities. The motion of the particle placed on the surface of sphere under theaction of the
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gravitational force is bound by non-holonomic constraints, for it can be expressed as an

inequality, r?-a?> 0.
Examples of non-holonomic constraints

1. Constraints involved in the motion of a particle placed on the surface of a solid sphere
2. An object rolling on the rough surface without slipping.

3. Constraints involved in the motion of gas molecules in a container.

(Orn)
b) Explain the notations for displacement, velocity and momentum in terms of
generalized co-ordinates.

(i) Generalised Displacement — A small displacement of an N particle system is defined by
-

changes &ri in position co-ordinates ri (i =1,2,3....,N) with time ‘t’ held fixed. An arbitrary

virtual displacement or;, remerﬁ)bering that ri ’s aré function of generalised co-ordinates i.e. ri

= 1i (01, Q2. .. ...—>q3NTf), can be written by using Euler’s theorem as,
3N

Sn:Z on dq;

=1 (1.5)

8q; is called the generalised displacement or virtual displacement. If g; is an angle co-

ordinate, 8¢ is an angular displacement.

(i) Generalised velocity — The time derivative of the generalised gk ,is called generalised

velocity associated with particular co-ordinates gk for an unconstrained system,

i = i (01, 02,5 -, q3NY),

Then, 3N R .
N.GEETHA ' (Z - _OKAHE, COIMBATORE-21
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(1.6)

If N-particle system contains k-constraints, the number of generalised co-ordinates are 3N-k=f

and,
_)

f
. on - 8!’?
fi= E, — 4 t— 1.7

i=1 ot

(iii) Generalised Acceleration- components of generalised acceleration are obtained by

differentiating equation (1.6) or (1.7) w.r.t. time and finally we obtain the expression

. 3N N 3N 3N 3N

- 2 : or - z : 2 : o%ri x 2 : or; Al

ri= — 4 o+ — Q% +2 Q9 y —
j=1 B j=1 k=1 Oaidax j=1 oai Ot o0t

(1.8)

From the above equation it is clear that the cartesian components are not linear functions of
components of generalised acceleration g; alone, but depend quadratically and linearly on

generalised velocity component g; as well.
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(iv) Generalised Force — Let us consider the amount of work done 8W by theiforce 2Fi

_)
during an arbitrary small displacement_ZSri of the system

5. oy
dW = 8r.= Z = — Fij=1 88%1
3N
= =0;.8q
(1.9)
N -
- o
Q = i — (1.10)
=1 fole]

Where,

Here we note that Q; depends on the force acting on the particles and on the co-ordinate g; and
possibly on time t. Therefore, Q; is called the generalised force.

25.a) Derive Hamilton’s equation of motion for a system of particles. Hence write down the
equation of motion of a particle in a central force field in space.

Hamilton's Equations:

The equations defined by
g = D (1)
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aH
po= =, 2
i = @

where p=dp/dt and g=dq/dt is fluxion notation and H is the so-called Hamiltonian, are

called Hamilton's equations. These equations frequently arise in problems of celestial

mechanics.

The vector form of these equations is

“'jll Hu'-"': I:F-‘ q. p} (3)

_H.'.:', l:Fr []~I” (4)

i
(Zwillinger 1997, p. 136; lyanaga and Kawada 1980, p. 1005).
Another formulation related to Hamilton's equation is

aL
- 5
P=a5 (®)

where L is the so-called Lagrangian.
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(Or)
b) Discuss any two application of Hamiltonian equation of motion.

APPLICATION OF HAMILTONIAN EQUATION OF MOTION TO

(1))SIMPLE PENDULUM:

L:%mfiéz—mgf{]—cosé?L (1)
where the generalized momentum is given by

oL .- - p
/) :_—_:H'lll_gj g = HjA “‘{2}
Pe =354 mil*

The Hamiltonian of the system is given by
H=p,6-L,

= H= pgé_’—%mfjél +mgl(1—cos@).

Eliminating & we obtain

Ps
—f —+mel(l—cos@). ... (3
5 T msl ) (3)

Hamilton’s canonical equations of motion are
_OH . __H
Y o

These equations give

Ps_

-,
ml”

6= p, =—mglsiné. L. (4)

Now eliminating p, from these equations we get
é+%sin9=0. .5

Now we claim that H represents the constant of motion.
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Thus differentiating equation (3) with respect to t we get

ﬁ:%hrng.-’sirlﬁ-? 8,
d  ml*
= ml*68 + mglsin 66,

J

= m.-’lé_?. é+%sin6 l:,

This proves that H is a constant of motion. Now to see whether H represents total

energy or not, we consider

|
T+V :Emiié?‘ +mgl(1-cosf).

Using equation (4) we eliminate # from the above equation, we obtain

7

T+V = p‘;j+mg.-’|[]—cos§]‘ ...(6)
2ml- '

This is as same as the Hamiltonian H from equation (3). Thus Hamiltonian H

represents the total energy of the pendulum.
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(INLINEAR HARMONIC OSCILLATOR:

Solution: The one dimensional harmonic oscillator consists of LA iAiiedd i iy

a mass attached to one end of a spring and other end of the
spring is fixed. If the spring is pressed and released then on
account of the elastic property of the spring, the spring exerts a

force F on the body in the opposite direction. This is called FT

M
restoring force. It is found that this force is proportional I‘
to the displacement of the body from its equilibrium position.
Focx
F=—kx

where k is the spring constant and negative sign indicates the force is opposite to the

displacement. Hence the potential energy of the particle is given by

V:—[Fdx,
V= [krdx+c,
V:£+C,

2

where ¢ is the constant of integration. By choosing the horizontal plane passing
through the position of equilibrium as the reference level, then V=0 at x=0. This
gives c=(. Hence potential energy of the particle is

V=%kx2. (D)

The kinetic energy of the one dimensional harmonic oscillator is

1 5
T=—mi". (2
5 (2)
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Hence the Lagrangian of the system is

L=lmc2—lkr3. .. (3)
2 2

The Lagrange’s equation motion gives

¥+w'x =0, =k '
m

This is the equation of motion. @ is the frequency of oscillation.

The Hamiltonian H of the oscillator is defined as

H=xp —L,
_ I 5. 1, ,
H=xp ——mx +—kx°,
S 2 2
where
dL _ P,
p,=—=mi—=> xX=—,
T ot m

Substituting this in the above equation we get the Hamiltonian

=P 12 .5
2m 2

Solving the Hamilton’s canonical equations of motion we readily get the equation (4)

as the equation of motion.
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