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OBJECTIVES:

e To understand the influence line concepts for indeterminate structures

e To understand the methods of analysis of intermediate trusses for external loads,
lack of fit and thermal effect

e To study behaviour of arches and their methods of analysis

e To know the concept and analysis of cable stayed bridge

e To study the multi storey frames subjected to gravity loads and lateral loads

UNIT I

Indeterminate structures - Slope deflection method - Continuous beams and fixedbeam-—
Simplification of hinged end — support settlement - Simple frames - Portal frames
Consistent-deformation method-continuous beams.

UNIT I

Strain energy method- Castigliano’s theorem- Deflection by strain energy method —
evaluation of strain energy in member under different loading — Application of strain energy
method for Beams and frames - Beams curved in plan.

UNIT 111

Flexibility method -Equilibrium and Compatibility — Determinate vs Indeterminate
structures — Indeterminacy — Primary Structure — Compatibility conditions — Analysis of
indeterminate pin — jointed plane frames, continuous beams, rigid jointed plane frames (with
redundancy restricted to two).

UNIT IV

Stiffness method-Beams-Trusses-Simple  frames-Portal ~ frames-Grids-Lack of  fit-
Temperature stresses-Support settlements-Elastic supports.(Direct approach)- Introduction to
Finite element.

UNIT V

Plastic Analysis of Structures : Statically indeterminate axial problems — Beams in pure
bending — Plastic moment of resistance — Plastic modulus — Shape factor — Load factor —
Plastic hinge and mechanism — Plastic analysis of indeterminate beams and frames.
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COURSE OUTCOMES

On completion of the course, the students will be able to:

e Demonstrate the concepts of qualitative influence line diagram for continuous
beams and frames

e Apply the methods of indeterminate truss analysis.

e Demonstrate the behavior of arches and their methods of analysis.

e Analyse cable suspension bridges.

e Analyse multistory frames subjected to gravity loads and lateral loads.
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UNIT IV
SLOPE DEFLECTION METHOD

4.1 Continuous beams without sway
4.2 Continuous beams with sway
4.3 Rigid frames without sway

4.4 Rigid frames with sway

4.5 Symmetryandantisymmetry

4.6 Simplification for hinged end

4.7 Support displacements

INTRODUCTION

«» The slope deflection method is a structural analysis method for

beams & frames introduced in 1914 by George A.Maney.

«» This method considers the deflection as the primary unknowns,

while the redundant forces were used in the force method . Hence
this method is the displacement method.

« In the slope-deflection method, the relationship is established

between moments at the ends of the members and the
corresponding rotations and displacements.

«» An important characteristic of the slope-deflection method is that

it does not become increasingly complicated to apply as the
number of unknowns in the problem increases. In the slope-
deflection method the individual equations are relatively easy to
construct regardless of the number of unknowns

Assumptions In The Slope- Deflection
Method

» The material of the structure is linearly elastic.
» The structure is loaded with in elastic limit.

» Axial displacements ,Shear displacements are
neglected.

» Only flexural deformations are considered.
» All joints are considered rigid.

SIGN CONVENTION

Clockwise moment and clockwise rotation aretaken as
negative ones.

The down ward displacements of the right end with
respect to the left end of horizontal member is
considered as positive.

The right ward displacement of upper end with respect
to lower end of a vertical member is taken as positive.




Fixed end moments
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General Procedure OF Slope-
Deflection Method

* Find the fixed end moments of each span (both ends left
& right).

* Apply the slope deflection equation on each span &
identify the unknowns.

* Write down the joint equilibrium equations.

* Solve the equilibrium equations to get the unknown
rotation & deflections.

» Determine the end moments and then treat each span as
simply supported beam subjected to given load & end
moments so we can work out the reactions & draw the
bending moment & shear force diagram.

Slope deflection equation

Slope deflection equation for a beam AB,

A w B
(I N .LL \LJ, J..l L[l {4l I‘)

FEM FEM
o Ba=8:= W =0 i

e The moments that would develop at the ends of such a fixed
beam are referred to as fixed-end moments and their expression
can be obtained by setting 8,=6;=W =0; thatis,

We find that the second terms on the right sides of Egs. 6 are equal to
the fixed-end moments.

M, :2—127 Q ,+,- +FEM, ()

My =280(, +2 =3 @)

Equations (1&2), which express the moments at the ends of a
member in terms of its end rotations and translations for a specified
external loading, are called slope-deflections equations.

These equations are valid for prismatic members, composed of
linearly elastic materialand subjected to small deformations.

The deformations due to axial and shear forces are neglected. s




¢ The two slope-deflection equations have the same form and either
end of equations can be obtained from the other simply by switching
the subscript A and B.

M, =210, +, - ” ©)

in which the subscript n refers to the near end of the member where
moment M, acts and the subscript f identifies the far (other) end of
the member.

4.1 Continuous beams without sway
Problem: 1

Analyze two span continuous beam ABC by slope deflection
method. Then draw Bending moment & Shear force diagram. Take
El constant.

Step: 1

Fixed end moments are

Wab® 100 x 4 x 2

Map- — == & = —4444 KNm
Wa’b 100 x 4*x 2
BA= f: = XG: X < = 88.89KNm
Mgc- —% =- —20 1x2 > = —41.67KNm
wl* 20 x 5%
MCB: ﬁ = T= 41.67 KNm

Since A is fixed 6, =0&6z& 6, =0

100 Kk
— L]
A 4 rd <
? b r> 2Mm &m 0
- — —_—t »
10
Step: 2
Slope deflection equations are
Mag = Mgag +?[2&A +05] = —44.44 + %95 = —44.44 + %95 AAAAAA (1)
Mg, = Mm+¥[zeg+ 6,) = 88.89 + %95 = 88.89 + ?es e (2)
Mgc = Mgge +$[265 + 6] = —41.67 + %EISB +?e ...... 3)
2El 4EI 2El
Mcg = Mges +T[28c + 6] = 41.67 + Tec + TB weeeee (4)




Step: 3  Equilibrium equations:

MBA + MBC =0

Mg = 0 as end C is simply supported. '

Step: 4 Final moments

El 20.83) _
Map = —4444 + = (- 25%)= 5138 KNm

88.89 + 2 (- 22%) = 75 KNm
Mgc = —4167 + =(- 22) + (- &) = -75 Km

=

w

=
]

5 El 5
4EI/ 4167\ 2El; 20.83
M.CB.‘.41‘67+?(— EI) ?(— El )‘0
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Mgs + Mpc = 8889+ 65 — 4167+ 105+ 6. = 47.22 + ZElfp +EI8. =
0 weeen (5)
M = 4167+ zﬂec +?eB 0 ©
Solving the equations (5) & (6). we get 65 =— 2083
El
41.67
O, =-— T
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Step: 5 BMD & SFD
100 kN - -
l B 2 KN [
AL =
PR P
5438 5 75
Reactions: Consider the free body diagram of the beam
100 kr
5r-38 l 5 s — Ao kMM
At S e " e
e i
e e ] Ba=T0-604, R €5hm = BS KN,
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Find reactions using equations of equilibrium.

Span AB: M, =0, Rgx6=100x4+75-51.38
~Rg =70.60 KN
IV=0, Rs*Rg=100KN

~R4q=100-70.60=29.40 KN
Span BC: IMc =0, Rgx5 = 20><5><% +75
~Rg=65KN

IV=0 Rg+R¢ =20x5 = 100KN
Re=100-65=35KN

Using these data BM and SF diagram can be drawn

MZCET/CIVIL/V-A&B/CEE501/SA I/IV
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B 5.00KN
7S
29./0 ka 4__{;_’%
- |
SFD
\J
+ 35.00kN
TO~60 kN
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PROBLEM: 2

 Toillustrate the basic concept of the slope-deflection method,
consider the three-span continuous beam shownin Figure below.

30k
1.5 k/ft i
El = constant
ﬂ¢¢¢¢¢¢ b 20000k
1=500ing
L 2o B 10ft | 10ft ¢ 15ft |
I 1 I il

Although the structure actually consists of a single continuous beam
between the fixed supports A and D, for the purpose of analysis it is
considered to be composed of three members, AB, BC, and CD, rigidly
connected at joints A, B, C,and D located at the
supports of the structure. 2918
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Degrees of Freedom
Identify the unknown independent displacements (translations and
rotations) of the joints of the structure. These unknown joint
displacements are referred to as the degrees of freedom of the
structure.
From the qualitative deflected shape of the continuous beam shown
in Figure below, we can see that none of its joints can translate.

30k
1.5 k/ft
Lliiibﬂﬁll =% |]o
* 1 10ft 15ft N

The fixed joints A and D cannot rotate, whereas joints B and C are
free torotate.
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30

Degrees of Freedom

30k
1.5 k/ft
ﬂLLL#hyﬁﬁl J/( H
d ZO&GBBIOft mﬁ """
’ SRR

This beam has two degrees of freedom, 6; and 6., which represent the
unknown rotationsof joints B and C, respectively.

The number of degrees of freedom is sometimes called the degree of
kinematic indeterminacy of the structure. This beam is kinematically
indeterminate to the second degree.

A structure without any degrees of freedom is termed
kinematically determinate. .

MZCET/CIVIL/V-A&B/CE6501/SA I/IV




Equations of Equilibrium
The unknown joint rotations are determined by solving the equations
of equilibrium of the joints that are free to rotate. The free body
diagrams of the members and joints B and C of the continuous beam

are shown.
30k
1.5 k/ft

Lybid el e A,

¢ C
e 20 ft Bs B 10 ft _10ft 15 ft ;.|

1.5 k/ft

- - -« - - Mga p “:Mcs Meo 1MD

e J_ Y  — )

v A B Nﬁ\TB cT 4N Ic D']T %
e HB"“:)BC 4""|c|°“\)I
J
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Equations of Equilibrium
In addition to the external loads, each member is subjected to an
internal moment at each of its ends.

The correct senses of the member end moments are not yet known, it
is assumed that the moments at the ends of all the members are
positive (counterclockwise).

The free body diagrams of the joints show the member end moments
acting in an opposite (clockwise) direction in accordance with
Newton’s law of action and reaction.

1.5 k/ft 30k M
-+ - - - Mg Mecs @ 1MD
s —L ™~ — )
A B ‘\&IB c‘w 4N Ic D']r s
Mo HB"“MBC el
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Equations of Equilibrium

Because the entire structure is in equilibrium, each of its members
and joints must also be in equilibrium. By applying the moment
equilibrium equations 3M; = 0 and M. = 0O, respectively, to the free
bodies of joints B and C, we obtain the equilibrium equations

Mps+ Mpc =0 (173)
Mcp+Mcp =0 (17b)
30k
<1.5'k/ft. M Mas Me Mo
' L Y (/)
Y,
Mg A B Mea M;ac c CB/ iy rc D]T -
lel= ¢ |c|"“:\1|

Mac Mco
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Slope-Deflection Equations
The equilibrium equations Egs. (17) can be expressed in terms of the
unknown joint rotations, 6, and O, by using slope-deflection
equations that relate member end moments to the unknown joint
rotations.

Before we can write the slope-deflection equations, we need to
compute the fixed-end moments due to the external loads acting on
the members of the continuous beam.

To calculate the fixed-end moments, we apply imaginary clamps at
joints B and C to prevent them from rotating.

Or we generally provide fixed-supports at the ends of each member
to prevent the joint rotations as shown.

MZCET/CIVIL/V-A&B/CE6501/SA I/IV




Slope-Deflection Equations

1.5k/ft 30k
A D
e o
FEM,, FEM;, B FEMgc FEM,,C
OR
30k
1.5 k/ft
) A =
i
A B 4f \n B c « Kl c pli +
FEMAB F M, FEM,c FEMc, FEM, FEMoc

The fixed-end moments that develop at the ends of the members of
this fully restrained or kinematically determinate structure can easily
be evaluated by using the fixed-end moment expressions given inside
the back cover of book.
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Slope-Deflection Equations 30k
1.5 k/ft

A D
oS pLea [I
50k-ft  50k-ft B FEMy  FEMqC
OR
1.5 k/ft
™y 7 Y
BA W M! ;ﬂ KL c DH ey
50 k- 50 kft FEMac FEMoo FEMoc
For member AB:
L
FEM 4= v:zz LS (20)2 = s0k—f
wL 1.5(20) 5
FEM;,= = =50k—ft J
BA 12 12 f A ,
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Slope-Deflection Equations 30k
1.5 k/ft
A HD
50k-ft  50k-ft B 75 k-ft 75 k-ft C
OR
1.5k/ft

“e s

MM&H

Formember BC:  pgps,.= PL30(20
8

8 _ask-p ]

FEM PL % -PL3 30020
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Slope-Deflection Equations

The slope-deflection equations for the three members of the
continuous beam can now be written by using Eq. (9).

Since none of the supports of the continuous beam translates, the
chord rotations of the three members are zero (W,; = Wy = Wep
=0).

Also, supports A and D are fixed, the rotations 6, = 6, = 0. By applying
Eq. (9) for member AB, with A as the near end and B as the far end,
we obtain the slope-deflection equation

M, =2EI0+ , —0}+50=0.1EI, + (18a)
20

Next, by considering B as the near end and A as the farend, we

write

M, =2E1(2 , +0-0)-50=02EI, - (18p)

MZCET/C\VIL/V-A&B/CEm; 1/\v




Slope-Deflection Equations
Similarly, by applying Eq. (9) for member BC, we obtain

= 2L L+ )+T5=02EI 4+0.1El #+75 (18¢)
o %(2 ot ,)-T75=02E _+0.1El ,~75 (184
and for member CD,
M, =%(2 )=0267EI (18e)
M, =%( )=0.133EI (18/)
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Joint Rotations

To determine the unknown joint rotations 6; & 6., we substitute the
slope-deflection equations Egs. (18) into the joint equilibrium
equations Egs. (17) and solve the resulting systems of equations
simultaneously for 6, & 6. By substituting Egs. (18b) and (18c) into Eq.
(17a), we obtain

(02E105—50)+ (0.2EI05+0.1E10c+75)=0
or 0.4E10;+0.1E10.=—25 (194)

and by substituting Egs. (18d) and (18e) into Eq. (17b), we get

(02EI0c+01EI0;—75)+0.267EIO-= 0
or  0.1Elfs+ 0.467EI0:=75 (190)

MZCET/CIVIL/V-A&B/CE6501/SA I/IV 30

Joint Rotations
Solving Egs. (19a) & (19b) simultaneously for EIB; and EIB., we obtain

2
El0;=-108.46k ft
EIO=183.82 k- ft,
C

By substituting the numerical values of E = 29,000 ksi = 29,000(12); ksf
and | =500 in.s, we determine the rotations of joints B and C to be

05=-0.011rad or 0.011rad )
6c=0.0018 rad }

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Member End Moments

The moments at the ends of the three members of the continuous
beam can now be determined by substituting the numerical values of
ElBzand ElB.into the slope-deflection equations (Egs. 18).

Mss =0.2(-108.46)-50 =—71.7 k-fi or TL7kft )
Mie=0.2(~108.46)+ 0.1(183.82)+ 75 =71.7k-ft  J

s =0.2(183.82)+0.1(~108.46)—75 =—49.1 k-ft  or49.1 k-fi )
Mcp=0267(183.82)=49.1k-fi |
Mpc =0.133(183.82)=24.4 k+ft ]

M5=0.1(~108.46)+50 = 39.2 k-ft |

MZCET/CIVIL/V-A&B/CE6501/SA I/IV




Member End Moments

To check that the solution of simultaneous equations (Egs. 19) has
been carried out correctly, the numerical values of member end
moments should be substituted into the joint equilibrium equations
(Egs. 17). If the solution is correct, then the equilibrium equations
should be satisfied.

Mpy+ Mpe ==T71.7+71.7=0 Checks
Mes+ Mcep =-49.1+49.1 =0 Checks

The member end moments just computed are shown on the free
body diagrams of the members and joints in Figure on next slide.

Member End Moments

30k
L5 k/ft 71.7 49.1 491 244
Ci— O ()
4 A
N, x C ._'/
2524 B s c‘]'r w DH‘
Su=13.38k  Se B Sac S ¢ S Soc

| ]

B, C,
Member End Shears
The shear forces at the ends of members can now be determined by
applying the equations of equilibrium to the free bodies of members.
For member AB,

+§ My=0392 - 5,5(20)+1.5(20)(10)-71.7=0
Suy=1338k7T
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Member EndShears

1.5 k/ft 717 491 49.1 24.4
f’ E ’*-(\ ;f - B,
3924 B 7‘1@‘% cv o (

Sex 16.62 k B Sec Sce C S Soc
Sss 13.38 k

»
o

For memberAB,
+TYF=0 13.38-1.5(20)+ Sz,=0

Spi=16.62k T
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Member EndShears

For memberBC,

+(X Mc =0 71.7 = Ssc(20)+ 30(10)- 49.1 =0
Spe=16.13 kT
+TYF=0 16.13 =30 + Scz=0

Se=13.87k T
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30k
L5 k/ft 71.7 491 491 244
- = - N
e . Yy —
39.2A B 7‘1@{% cv & (ﬁ tc DH‘ *)
) S&x 16.62 k B so-1387k € 5o Soc
S5 13.38k Su=16.13 K
T Y
B, (e




Member EndShears

1.5 k/ft 717
B

Sex 16.62 k B
551338 k

39.2A

o)

For member CD,

30k
49,1 491 24.4
(= mﬁl if - L:)
S, ct # e dc ol -
71.7 |
Se=13.87k c Seo = 4.9k Soc = 4.9k
Sec = 16.13k

SupportReactions

30k
L5 k/ft 717 49.1 491 24.4
p = mi\ (ﬁ L:)
B 16.62 k16.13 k7&‘\ﬂ' C o e f"c D|
39.2A
Sex 16.62 k B 5. =13.87k c S = 4.9k Spc=4.9k
S 13.38 k S =16.13k
B,=32.75k ¢

From the free body diagram of joint B, we can see that the vertical
reaction at the roller support B is equal to the sum of the shears at
ends B of member AB and BC; thatis

B,= Spi+ Spc=16.62 +16.13=32.75 kT

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Y
+{(> My =0 49.1-Sep(15)+24.4 =0
Sp=49kT
+TXF=0 4.9 + Spe=0
Spc=4.9 ki
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SupportReactions
30k
L5 k/ft 717 491 49.1 24.4
. DT
y o A W,
39.2A B 16.62k16.13k7 \J‘F Cv Eerkaot L C D
Sex 16.62 k B S.=13.87k c S =49k Sy =49k
Sz 13.38k Su=16.13 k
A
B,=32.75k C,=18.77k

The vertical reaction at the roller support C equals the sum of
shears at ends C of members BC and CD.

Cy=Scs+ Scp=13.87+49=18.77k T
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Support Reactions

30k
1.5 k/ft
Callbd b b4 J] b
AN Ay A
39.2 k-ft T B 'I +C
13.38k 32.75k 18.77 k

The reactions at the fixed support A are equal to the shear and moment
at the end A of memberAB.

A,=S;=1338k 7T
MAZMA3= 392 k—ﬁ j
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Support Reactions

30k
1.5 k/ft ﬂ 24.4 k-ft
st ly | 0"
e A 77 -
39.2 k-ft B 'I *C
275k 7 ‘l
13.38 k 3275 1877k 49k

The reactions at the fixed support D equal the shear and moment at
end D of the member CD.

D,=Spc=49k
Mp=M pc=244k—fi

&
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EquilibriumCheck

30k
1.5 k/ft ﬂ 24.4 k-ft
Al iy \ o™
S A Az -
39.2 k-ft B ‘]' +C l
13.38 k 32.75k 18.77 k 4.9k

Tocheck out computations of member end shears and support
reactions, we apply the equations of equilibrium to the free body of
the entire structure.

+TYF=0

13.38 -1.5(20)+32.75 - 30 +18.77 - 4.9=0 Checks
+£ Mp=0

39.2-13.38(55)+1.5(20)(45)-32.75(35)+30(25)

-18.77(15)+ 24.4=-0.1 ~ 0 Checks

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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1.5k/ft 30k 24.4
callbd 1) J D™y
\ % s A

39.2%-f gy *C
13138k 32.75k 18.77k Jr
49k

Using General sign conventions

13.38 16.13

4.9
A F B E ¢——0D

-13.87
-16.62
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Moment Diagram

30k
1.5 k/ft ﬂ 24.4 k-ft
ALl )y o™
'S o e -
39.2 k-ft B ‘] +C ‘l
13.38 k 32.75k 18.77 k 49k

Using General sign conventions

89.7

205 /\ 2.4
B/ C _~—]D
E

A
V ' \/ / \/
39.2 ’ 49.1
717
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39.2 k-ft

13.38k
13.38

A

\JJ 24.4 k-ft
‘A by b r DT’)
N pres usa ~
B ’I +C l
32.75k 1877k
16.13 a9k
4.9
F B E C D

20.5
A

—>
8.92 ft
\ 13.87

-16.62 89.7

-39.2
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l// F * \

-71.7

/\ 24.4
VAR

-49.1
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1. Degree of Freedom

rotation, 8.

Solution

We can see that only joint B of the beam is free to rotate. Thus, the
structure has only one degree of freedom, which is the unknown joint

MZCET/CIVIL/V-A&B/CEE501/SA I/IV

18k
5 H R AT
A - c
6
F 10 ft >|< 15 ft * 30 ft %
El = constant

47

PROBLEM: 3

Determine the reactions and draw the shear and bending moment
diagrams for the two-span continuous beam shown in Figure.

18 k
2 k/ft
Aﬂ ] suuuuﬂc
o
F 10 ft ale 15 ft * 30 ft >|
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2. Fixed-End Moments

By using the fixed-end moment expressions given inside the back

cover of the book, we evaluate the fixed-end moments due to the
external loads for each member.

FEM 4= 2202 - 178(122(15)2 —648k—fi
2

or + 64.8 k-ft
L
FEMy = Yo _180005) _yy s fil or — 64.8k-f1
) 25,
wl, _2(0) -
FEMye = 22 =22 =150k~ fi ) or +150 k-fi
2 12
FEMcs=150k—ft ) or =150 k-ft

Counterclockwise FEM are positive, whereas clockwise FEM are negative.
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3. Chord Rotations

Since no support settlements occur, the chord rotations of both
members are zero; that is, W, = Wec = 0.

4. Slope-Deflection Equations

Torelate the member end moments to the unknown joint rotation, 6,
we write the slope deflection equation for the two members of the
structure by applying Eq. (9).

Mnfzz%l(zn*'f - of (9)

since the supports A and C are fixed, the rotations 6,=6.=0.

MZCET/CIVIL/V-A&B/CE6501/SA I/IV a0

4. Slope-Deflection Equations

Slope-Deflection Equation for Member AB
M, = %551( s )+64.8=0.08E , + (1)

My, =2EI(Q2 ,)-432=0.16E , - )

Slope-Deflection Equation for Member BC

Mye = 23—%1 (2 5)+150 =0.133EI ()
My =2 () 150 = 0.0667E1 =150 )
MZCET/CIVIL/V-A&B/CE6501/SA I/IV ”

5. Equilibrium Equations

The free body diagram of joint B is shown in Figure.
18k

2 k/ft
Aﬂ l Bm;,‘tuuﬂc

M 2 k/ft
Mga = B / Mcs
'@ - =
G J

A B B C
MABT 1 T M My

Member end moments, which are assumed to be in counterclockwise
direction on the ends of members, must be applied in (opposite)
clockwise direction on the free body of the joint in accordance with
Newton’s Third Law.
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5. Equilibrium Equations

The free body diagram of joint B is shown in Figure.
H M 2 k/ft
- J‘%A B;“"HBH‘““\} v 1 o1 o1 1 11 M
¥y E s
=

By applying the moment equilibrium equation YM;=0to the free
body of the joint B, weobtain

MBA+MBCZO (5)
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6. Joint Rotations

To determine the unknown joint rotations, 8;, substitute the slope
deflection equations (Egs. 2 & 3) into the equilibrium equation (Eq. 5).

0.16E1 5—-43.2)+(0.133E[ 5+150)=0

7. Member End Moments

The member end moments can now be computed by substituting the
numerical value of EI6; back into the slope-deflection equation (Egs. 1
to4).

Mi5=0.08(-364.5)+ 64.8 =35.6 k—fi ]

My,=0.16(-364.5)-43.2=-101.5k— fi or 1015kt )
Mpc =0.133(-364.5)+150=101.5k— fi  }
Mes=0.0667(— 364.5)-150 = —174.3k — fi or  1743kfi |

Positive answer for an end moment indicates that its sense is
counterclockwise, whereas a negative answer implies a clockwise
sense. As Mg, and M, are equal in magnitude but oppositein

sense, the equilibrium equation M;,+ M, = 0 is satisfied.

68 54
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or
0.293El ;=-106.8
fromwhich
EI =-364.5k- ft,
B
MZCET/CIVIL/V-A&B/CEB501/SA I/IV 53
18k
~ ﬁ - . 2K/t
|
3§\'6$ BW 1%11.5 1015 T 1015 16158 ¢ 1743

8. Member End Shears

The member end shears, obtained by considering the equilibrium of
each member, are shown in figure below

18k
ﬂ 2 k/ft
f{’f b "\‘ B
/ o 1015 .
35.\9;§ B]T s 1015 e €, 1743
8.16 27.57
9.84 3243

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

9. Support Reactions

The reactions at the fixed support A and C are equal to the forces and
moments at the ends of the members connected to these joints. To
determine the reaction at roller support B, consider the equilibrium
of the free body of joint B in the vertical direction.

B, = Spi+ Ssc=9.84 +27.57=37.41 kT ANS
18k
9.84 27.57 2 k/ft
7 j} I B
3&f 31]’ fgl.s 1015 s 1015 101.5B € as
8.16 9.84 27.57 3243
37.41
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9. Support Reactions

The support reactions are shown in figure below.

18k
JL 2 k/ft
.QD 8} | L”H“L[Ic"\}
o
35.6 k-ft 174.3 k-ft
' 37.41k
8.16 k 32.43k

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

10. Equilibrium Check

To check our calculations of member end shears and support
reactions, we apply the equations of equilibrium to the free body of
the entire structure.

10. Equilibrium Check

To check our calculations of member end shears and support
reactions, we apply the equations of equilibrium to the free body of
the entire structure.

18 k
Jl 2 k/ft
AH Bl ) ). LL.LHC‘\
t\ A
»
35.6 k-ft 174.3 k-ft
37.41k
8.16 k 32.43 k
10ft 15 ft | 30 ft
F » + g
+ E Mc= 0

35.6-8.16(55)+18(45)-37.41(30)+2(30)(15)-174.3=0.2 ~ 0 Checks

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

18 k
2 k/ft
(A i -3 S S PO
L >
35.6 k-ft 174.3 k-ft
37.41k
8.16 k 32.43k
+TXF=0
8.16-18+37.41-2(30)+32.43=0 Checks
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11. Shear Force Diagram
Jl 2 k/ft
C : B A4y
A WY C
S B — "
35.6 k-ft 4 ‘][ 174.3 k-ft
8.16 k 3741k 32.43k
27.57
8.16 16.2 ft
A I D B .
|— E
-9.84
-32.43
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11. Bending Moment Diagram

18k
2 k/ft
- JL S S Il PO
A c
\ E = o
35.6 k-ft : T 174.3 k-ft
8.16k 3741k 3243k
88.7
46
A ) B c
[ D / E ‘\
-35.6
-101.5 -174.3
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PROBLEM: 4

¢ Determine the reactionsand draw the shear and bending moment
diagrams for the continuous beam shown in Figure.

60 kN
15 kN/m

AR EEEEEEEEEETRERE R
B A% c

L 10m N 5m 1 5m |
I ! 2l 21

El =200 GPa

| = 700 (106) mma
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Solution

* From figure we can see that all three joints of the beam are free to
rotate. Thus the beam have 3 degrees of freedom, 6,, 6;, 6,.

e The end supports A and D of the beam are simple supports at which
no external moment is applied, the moments at the end A of the

member AB and at the end D of the member BD must be zero.
60 kN
15 kN/m

pet ATV JrJL Ydidoo
T B 7777 ‘- C /,./

Mga B My =0
~ A T il
Ay (=) 20

My =0 Mep
MZCET/CIVIL/V-A&B/CEB501/SA I/IV

Solution

e The ends A and D can be considered as hinged ends and the modified
slope-deflection equations can be used.

w=sp( - g oA (150

M= 0 (15)

* The modified SDE do not contain the rotations of the hinged ends, by
using these equations the rotations 6,, and 6, of the simple supports
can be eliminated, which will then involve only one unknown joint

rotation, 6;.
60 kN
15 kN/m

PR I A e N A O
Bk . C

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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1. Degree of Freedom
s
2.Fixed-End Moments
FEM 1= @:125 N-m) or +125 kN-m
FEMys =125 kN—-m ) or =125 kN-m
FEMyy= %;0) + @ =200 kN -m § or + 200 kN-m
FEMp; =200 kN —m } or — 200 kN-m
60 kN
15 kN/m
A 4 WV TR b ld Ll o
e BA57 . ¢ o
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4. Equilibrium Equations

By considering the moment equilibrium of the free body of joint B, we
obtain the equilibriumequation

Mea B

Mep
Mpzi+ Mpp= 0 (3)

5. Joint Rotation

Todetermine the unknown joint rotation 8; we substitute the SDE
(Egs. 1 &2) into the equilibrium equations Eq. 3 to obtain

MZCET/CIVIL/V-A&B/CEE501/SA I/IV &7

3. Slope-Deflection Equations

Since both members of the beam have one end hinged, we use Egs.
15 to obtain the slope-deflection equations for both members.

M=0 ANS

M, =311%1( B)+Q—125—1—%—5)\=0.3EI ,—187.5 )
=3EQ1

M,, —50—)( 2 ono+ ;gg)\ =0.6E] ,+300 ()

Mps=0 ANS

60 kN
15 kN/m

L Ll bt
S B . “'zc “u,.»""'

80 g
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6. Joint Rotation

(0.3EI 5-187.5)+(0.6E 5+300)=0
or
0.9EI z=-112.5
Sfromwhich

El =—125kN —-m,

B
7. Member End Moments

The member end moments can now be computed by substituting the

numerical value of EIB; into the slope-deflection equations (Egs. 1 &
2).

MZCET/CIVIL/V-A&B/CE6501/SA I/IV &8




8. Member End Moments
Maa=0.3(=125)-187.5 = —225 kN — m or  225kN-m ) ANS
Map=0.6(~125)+300 =225 kN —m ANS
9. Member End Shears and Support reactions
60 kN
15 kN/m 97.5127.5 15 kN/m
B
T A B L2252 ‘]r 25 s j e ¢
52.5 97.5 127.5 82.5
B, =225
60 kN
15 kN/m
p b b Il bl b
T‘v..______, . B,Ty' . C ] ’T
52.5kN 225 kN 82.5kN 8369

MZCET/CIVIL/V-A&B/CE6501/SA 1/IV

10. Equilibrium Checks

60 kN
15 kN/m
An;&@iwwfyx¢¢;¢¢¢7D
T - WT e T
52.5kN 225 kN 82.5kN

+TXF=0
52.5-15(20)+225-60+82.5=0

+& Mc=0
-52.5(20)+15(20)(10)-225(10)+60(5)=0

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Checks

Checks

11. Shear Force & Bending MomentDiagrams

60 kN
15 kN/m

bbb L

52.5 kN 225 kN 82.5 kN
127.5
52.5
52.5
16.2 ft
A E B D
— C
3.5m -7.5

-82.5
-97.5

60 kN

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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15 kN/m
NRTYESTVEN ST
T T T
52.5 kN 225 kN 82.5 kN

225
91.88
AA B - D
225

11. Shear Force & Bending MomentDiagrams

8672




4.2 Continuous beams with sway
PROBLEM: 1

Determine the member end moments and reactions for the three-
span continuous beam shown, due to the uniformly distributed load

and due to the support settlements of 5/8 in. at B, and 1.5 in. at C,
and % in. atD.

2 k/ft
PO I O 0 N I O O Y
B C
|_ 20 ft L 20 ft Nl 20 ft
A I
El = 29,000 ksi
I=7,800in.4
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2. Fixed End Moments
FEM 45= FEMyc= FEMcp= % =66.7k—ft } or+66.7 k-fi
FEMy,= FEMcy= FEM pc=667Tk—fi  j or — 66.7 k-ft

3. Chord Rotations

The specified support settlements are shown on a exaggerated

scale. 2K/ft
TR EEE R
7% B C
A B ¢ D
'I-HJAB i I. ]4
B" + Wac e Y
y_]iJCD

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Solution
1. Degree of Freedom

Four joints of the beam are free to rotate, we will eliminate the

rotations of simple supports at ends A and D and use the modified
SDE for member AB and CD respectively.

The analysis will involve only two unknown joint rotations, 6; and

B..
2 k/ft
R EEREEE RN EEEE R
A% B T A C
3. Chord Rotations ;i

PR N O A
A B s C

201 201t 20ft

A B c D

8 Was i T
) 1 Wege : }
B ¥ JCD
e
= 2021 4 5006
20

se == 0.0729 =-0.00365
e

w= 1.3 - 0.75=0.00313

MZCET/CIVIL/V-A&B/CE6501/SA I/IV




4.Slope-deflection Equations

Mu=0 ANS

BA

M, = 3,1%L( ,+0.0026)-100 = 0.15E1 4 0.00039EI 100 )

My = ;%[2 s e —3(=000365)]+
=02EI 5+0.1EI ¢+0.0011EI+66.7 ()

Mey = 27195 [ c+ 5-3(-0.00365)]-66.7

=0.1EI , +02EI . +0.0011EI~ G)
M, :33501_( ¢ —0.00313)+100=0.15EI . —0.00047EI (@)
Mpc=0 ANS
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5.Equilibrium Equations

6. JointRotations

0.35E1 3+0.1E] ~=-2,307.24 (7)

* 0.1FE] ,+035E ~=-1,022.93 ®)

» Bysolving Egs. (7) and (8) simultaneously, we determine the
values of EIB, and EIB; tobe

« EI =-6268.81k— /i,
Ele=1,131.57.81 k- f,

7. Member End Moments

To compute the member end moments, substitute the numerical
values of EIB; and EI6. back into the slope-deflection equations (Egs.
1-4) to obtain

MZCET/CIVIL/V-A&B/CEE501/SA I/IV

Mga B Mcs C
I My, +Mye =0 3 (5)
& P,
Mac Mcep+ Mcp=0 Mcp (6)
6.JointRotations
By substituting the slope-deflection equations (Egs. 1—4) intothe
equilibrium equations (Egs. 5 & 6), weobtain
0.35E1 5+ 0.1EI ¢=-0.00149E7+33.3
0.1E7 5+ 0.35E] ¢ =—-0.00063E7—-33.3
substituting El =(29,000)(7,800)/(12)2k-ftzinto the right sides of
the above equationsyields
MZCET/CIVIL/V-A&B/CE6501/SA I/IV 2 .
7. Member End Moments
M= —427.7 k — ft or  R27kfi ) ANS
Mpc=427 k- ft j ANS
Mcs=808 k —ft j. ANS
Mep=-808k=/t 4 or 808 ki ANS

8. Member End Shears and Support Reactions

si3s 8L79 4179204
2K/ft 2K/ft 208 208 2K/ft
B c
A B c D)
JL 427.7 4277 TFB ¢
138 4138 81.79 4179 204 60.4
B 123.17 Gr62.19

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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8. Member End Shears and Support Reactions

9. Shear and Bending Moment Diagrams
2 k/ft

N EEEERE R R R R R,
A7 B C

! ! | I

1.38k 123.17k 62.19k 60.4 k
81.79
41.79
A , D
-1.38 8 ¢
-20.4
-41.38
-60.4 o682

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

2k/ft az BL79 2k/ft 80341'7920'4 808 2k/ft
B C
Vﬂf A B 427.7 427.7 TB ¢ ¢ b
1.38 41.38 81.79 41.79 20.4 60.4
B,=123.17 Gr62.19
2 k/ft
PR O N N A
B c
1.38k 123.17 k 62.19 k 60.4 k
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9. Shear and Bending Moment Diagrams
2 k/ft
LR R EEE R Ry
4B C
1.38 k 123.17 k 62.19 k 60.4 k
808.2
A D
_ B C
-427.6 S
MZCET/CIVIL/V-A&B/CE6501/SA I/IV

4.3 Rigid frames without sway

However the frames are symmetrical in geometry and in loading
and hence these will not sidesway. In general, frames do not side

sway if,
1) They are restrained against side sway.
2) The frame geometry and loading is symmetrical

Y

(]
>

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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PROBLEM:1

& C are hinged. Draw the bending moment diagram.

Analyse the simple frame shown in figure. End A is fixed and ends B

Step: 1 Kinematic indeterminacy
6,=08&6;6.&6,=0

Step: 2 Fixed end moment

Wab* 120 x 2 x4
Mipo ——p—= ———p——= —106.67 KNm
Wah 120 x 2°x 4
Mpse —p— = ——g;—— = 5333KNm
wil? 20 x 4°
Msc= LT - —26.67KNm

wl* 20 x #
- ——=———=26.67
Mg - o ’ 1220 ; 26.67 KNm
W, X
Mps =— -

= _10KNm
= %"' =20—;4= 10 KNm

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

-3“ l =N e = _~me KN w
A4 = x =T i
2 3
. =S AL T
2
R/ B S S T el e, e
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Step: 3 Slope deflection equation
My = Mpzs +%[294 + 65] = —106.67 + 2522” 05
2E1
= —106.67 + TGB (1)
2EI 2E(2D) 4ET

Mpa = M+~ [205 + 6,] = 53.33 + 20, = 5333+ 565 o )

2EI 3EI 3EI

Mpc = Mpac +—~[265 + Bc] = ~26.67 + ——65 +—6c e (3)
Mes = Mecs +21.£[28‘ + 85] = 26.67+ Eec +3E s e (4)
2E! 2E1 2EI
Mgp = Megp +TI26, +6,]=10+ TZB, +Tﬂ,;r
EI
=10+ El6, +Tﬂp ...... (5)
2E1 2E1 2EI
Mps = Mpps +—[205 + 65] = =10 + =26, + -6,
El
=10 +El6y += 65 ceeene (6)

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Step: 4 Equilibrium equation

In all the above equations there are only 3 unknowns O5& 8.& 0p and accordingly the
boundary conditions are

MgA + Msc +M55 =0
Mgz =0
. Mp=0__ -
Mgy + Mpc +Mgp = 53334 58, — 2667+ 260, + 220, + 10+ El6; + 2.6, =
36.66 + ZEI6; +2E16, +26, =0
9 4

: v (7)
Mes = 2667+ -0 + 85 =0 o (8)
Mps ==-10+El6p +Z6,=0 9)
Solving equations (7) & (8) & (9).
883
iy
_ 1336
¢ E
_ 14414

EI
MZCET/CIVIL/V-A&B/CEE501/SA I/IV
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Step: 5 Final end moments
Substituting the values in the slope deflections we have,

My =—106.67 +§(—8.83) =—112.56KNm
3
Mg, =53.33 +§(—8.83) = 41.56KNm
3 3
Mg = —26.67 +5(—8.83) + Z(—13.36) = —49.94KNm

3 3
Mg = 26.67 + 3 (—13.36) + i (—883)=0

1
Mgp = 10— 8.83 + (14:414) = 8.38KNm

Mps =—10 +%(—8.83) +(14414) =0

IRCpn Se o A "
A l - e il o @ mA,
2 = g o
112-5G
B&-28
=
=1
89
MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Step: 6 BMD & SFD

REACTIONS:
SPAN AB:
Ry = 41.56 — 112.:6 +120 x2 — 28.17KN

Ry =120 — Rs =91.83KN
SPAN BC:

4994 +20x4x2

8= ———5 = S2485KN
Re =20 x 4 — Ry = 27.515KN
Column BD:
20x2-8.38
p = ——————— = 7.92KN
4
Hg = 12.78KN

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

i ke
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PROBLEM: 2

Analyse the rigid frame shown. Assume E/ to be constant for all the
members. Draw bending moment diagram and also sketch the
elastic curve.

5kN 10kN
Solution: [
' B .
Step: 1 A ‘
Kinematic indeterminacy of frame is one.
El
)..zm —sle—2m _.J‘...-Zm_.l

MZCET/CIVIL/V-A&B/CEE501/SA I/IV




Step: 2 Fixed end moment

* "\ /a ,mw Dl['f M}, =+5kNm
e | MZ, =-5KNm
Mk, =0kNm
M}.=0kNm
c

v o o

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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Step:3 slope deflection equation

For writing slope-deflection equations two spans must be considered, BC
andBD. Since supports ¢ and D are fixedd. =6, =0. Also the frame is

restrained against sidesway.

2
My, =5+ %[293] =5+ EI6,

2
My, =5+ 'ff [6,]=-5+0.5EI8,
M, = Elf,

M, =0.5EI6,

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Step:4 Equilibrium equation

DMy;=0 = Mg +My-10=0
Substituting the value of M, and M,

5+ EI0, + EI6, —10=0

MZCET/CIVIL/V-A&B/CEE501/SA I/IV

Step: 5 Final end moments
Substituting the values of &,
Mg, =+75kN-m
Mz =-375kN-m
Mg, =+25kN-m

Mo =+1.25kN-m

MZCET/CIVIL/V-A&B/CEE501/SA I/IV




PROBLEM: 3

* Determine support moments using slope deflection method
for the frame shown in figure. Also draw bending moment

diagram.
Solution:
(a)Fixed end moments (FEM):
M= - 2ok
M=

wl?
M¢BA = + 17 = +3.20kN

wl? 12x3
MBD = — o= = — == —45kN

wl )
M¢DB = +—o = +45kN

M(BC = Mge = —10 X 1.5 = —15 kN

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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10 KN

2 4 KN/m
B
c
A

j 4m 15m
4]

a2

() KN

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

(b) Slope — Deflection equation :

2EI 36
Mys = M:AB +T(29A+ 0g 'T)
2El

=-320+=-(0+0; - 0) [“62=0,6=0]

= —3.20+0.5E105 --(1)

2E1 35
Mga = MgBA+; (zeB +0, 7]—)

2E1
=320+ (2054 0-0)

=320+E0g -(2)

MZCET/CIVIL/V-A&B/CEE501/SA I/IV

2EI 38
Mgp = MgBD +T(265 +0p — T)

2EI
= _4'5+T(29E +0-0)

= 45+ 1.333E10; - (3)
2ElL 38
Mpg = MeDB + =~ (291: +05— T)
2EI
= 4.5+T(0+93 -0)

= 45+ 0.67EI0g - (4)

MZCET/CIVIL/V-A&B/CEE501/SA I/IV
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(c) Equilibrium equation :
At joint B,
Mpa + Mpc + Mpp =0

+ (3.20 + E1-08g) — 15 + (—4.5 + 1.333El- 85) = 0

« 2.333E10, = 16.3

_ 6986

~Bg = Bl -+ clockwise

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

(d) Final Moments :

Mag = —3.20 + 0.5EI - 0

6.986
= —3.20 + 0.5EI (—)
El
=0293kN-m (d) Simply supported moments :
= 0.30kN'm
wl?  24x4?
span AB,M = i . 48kN-m
Mgy = 3.20 + EI- Bg
6.986 wl 12x3
73.20+EI(T) span BD,M =T="2 =9kN-m
=10.20kN-m
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(e) Simply supportedmoments

15
10.20
48
A C
4.8 B
0.30
9
D 9.15
B.MDiagram
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4.4 Rigid frames with sway

Causes of side sway :

1 Unsymmetrical loading (eccentric loading) 2

Unsymmetrical out-line of portal frame

3 Different end conditions of the columns of the portal frame . 4
Non-uniform sections (M.1.) of the members of the frame.

5 Horizontal loading on the columns of the frame.

6 settlement of the supports of the frame .
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Mag+ Mgy —Ph
=5

H
a I

wid
B Mep + Mpe + —2'

Hy =
] L

for the equilibrium of the frame,

ZH=0

Ha+ Hd+P—-w-1?=0

wi3
Magp + Mga— Ph+ Mcp +Mpc + 5=

L L

+P—wl, =0

if P = 0, w = 0, the above equation becomes

Mup + Mgy 4 Mcp + Mpc
L 1>

=0

Equation (4) and (5) are called shear equations.
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1. Degrees of Freedom

e The degrees of freedom are 6, 6,. and A.

A 40 kN
A

MZCET/CIVIL/V-A&B/CEE501/SA I/IV
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PROBLEM: 1

shown by the slope-deflection method.

'{ Sm

7m

l B l
A El = constant

F_3m _>|<_4m _ﬁ

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Determine the member end moments and reactions for the frame

106

2. Fixed-End Moments

coverof the book, we obtain

FEMep= 10BJA)

FEMCD= FEMCA: FEMED: FEMDB= 0

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

* Byusing the fixed end moments expressions given inside the back

=39.2kN.m or +39.2 kN.m
0) J
FEM pc= 0 %@Nm ) or —29.4kN.m

108




3. Chord Rotations

ac -A
7
o -A
5
=0
A 40 kN
T ; 6c
7m
l 3 )
MZCET/CIVIL/V-A&B/CE6501/SA I/IV 109

4. Slope-Deflection Equations

=2EIf  -3(-AW=0.286EI  +0.122EIA )
AC C - C
70 U17))
=2EI( AN
My =12 c—3[——|\:0.571E1 ¢ +0.122EIA (2)
70 7))
M, =28 -3 A)}J =04EL -\ 0.24EIA ()
51 Ls
=2EI( AN
M, =12 —gl —— || =0.8EI ,+024EIA 4
DB 5 k D K 5)) D ( )
Mep =261 (2 ¢ +» )+392=0571EF +0286EI  + (5)
M, :2,571( o +2, )-29.4=0286El, +0.571E] - (6)
MZCET/CIVIL/V-A&B/CEB501/SA I/IV. 10

5. Equilibrium Equations
Mey+ My =0 @)
MDE+MD(: =0 (8)

To establish the third equilibrium equation, we apply the force
equilibrium equation 3F, = 0 to the free body of the entire frame, to

obtain
40 kN
C D
Sic+Sy =0 ¥
Y
B
A S0 S
X Sac d_A_ g Map
e Mac

MZCET/CIVIL/V-A&B/CEE501/SA I/IV : m

5. Equilibrium Equations

To express the column end shears in terms of column end moments,
we draw the free body diagram of the two columns and sum the
moments about the top of each column:

Sac+ Ssp=0 Mca /]7_% Mog J,__\
E‘I Sca '{ID Sos
M, +M,_, e e —
ac=
7 I
5m
S =‘|*M% 7m _l_
Mps
5 B Seo
-—
MLiM_A+_B_+M_B:0 LA Sac A Mep
7 5

\.\,_T;" Mac

S(M i My )+ T(M ot Moy )=0  (9)

MZCET/CIVIL/V-A&B/CE6501/SA I/IV 2




6. Joints Displacements

To determine the unknown joint displacements 6., 6, and A, we
substitute the SDE (1 to 6) into the equilibrium equations (7 to 9) to

obtain
1.142ET ¢+ 0.286EI p+0.122EIA =—39.2 (10)
0.286EI ¢+1.371El p+ 0.24EIA =29.4 (11)
4.285E1 +8.4El p+4.58EIA=0 12)

Solving Egs. 10 to 12 simultaneously yields

2
EI ¢=-40.211 kN.m
2
El p=3424 kN.m
EIAN=-25.177 kN.m;

MZCET/CIVIL/V-A&B/CE6501/SA I/IV 13

Mcy=—-26kN.m or 26kN.m ANS

Msp=7.7kN.m ANS
7. Member End Moments
M[)13=21.3 kN.m ANS

By substituting the numerical values of EIf,, EIB,, and EIA int[_oﬂ(&e
slop%?%)e?éégfi\l;irgquations (Egs. 1 through 6), we obtain

M =-213kN.m or 21.3kN.m ANS
M,c=-14.6 kN.m or 14.6kN.m j] ANS
3
J
J
J
DC ;l
MZCET/CIVIL/V-A&B/CE6501/SA I/IV 114

8. Equilibrium check

By substituting the numerical values of EI8, EI6,, and EIA into the
slope-deflection equations (Egs. 1 through 6), we obtain

Mei+ Mep=-26+26=0 Checks
Mps+ Mpc=213-213=0 Checks

S(M se+ Moy )+ T(Mup + My )= 5(-14.6-26)+ 7(7.7+21.3)=0 Checks

MZCET/CIVIL/V-A&B/CEE501/SA I/IV 1s

9. Member end shears and axialforces

40 kN 16.47
23.53
c 5.8 5.8 D
c D
5.8 26 213
5.8
2% 2353 16.47 213
2353 16.47
26 m&x 213
1S58 58 —> p
58 €«— B
Al_s 58 7.7
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10. SupportReactions

Frames with Inclined Legs

¢ The analysis of frames with inclined legs is similar to that of the
rectangular frames considered previously.

¢ But when frames with inclined legs are subjected to sidesway, their
horizontal members also undergo chord rotations, which must be
included in the analysis.

¢ Recall that the chord rotations of the horizontal members of
rectangular frames, subjected to sideway, are zero.

MZCET/CIVIL/V-A&B/CE6501/SA I/IV 18

40 kN
C D
B
- %— 538
A 7.7
58 —p \fFf .
14.6 q b 16.47
23.53
60 117
MZCET/CIVIL/V-A&B/CE6501/SA I/IV
L
a =
cosﬁ,ftanﬁ-v- tan 5, )
L

A=

cosﬁ:(tan B, +tan ﬁ:)

N
Once the equilibrium equations have been established, the
analysis can be completed in the usual manner, as discussed
previously.

MZCET/CIVIL/V-A&B/CEE501/SA I/IV 19

PROBLEM: 2

» Determine the member end moments and reactions for the frame
shown by the slope-deflection method.

c
30k s, -

AL
1777

o |

TZ7T [ wwmaw

El = constant
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Solution
1. Degree of Freedom
6., 6,and A
30 k.:;,C b _[
16 ft
_ L B l
SIS
‘, 12 ft . 20 ft |
— [ Enkdii |

El = constant .

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

2. Fixed End Moments

Since no external loads are applied to the members, the fixed-end
moments are zero.

30k__5C _[

P

3. Chord Ro%%cAions

o =—CC =-\4)=—00625A =~ DD'=—A=-0.0625A
20 20 16 16
( DA
o= CC 14 — 003750
20 —20

e
A F/ B
Pz ;

81 123
MZCET/CIVIL/V-A&B/CE6501/SA I/IV

|, 12 ft . 20 ft ‘
— T \
El = constant
MZCET/CIVIL/V-A&B/CE6501/SA I/IV . 8 12
4. Slope-DeflectionEquations
M, = gzgar-( o —3(-00625A))=0.1E1 . + (M
2EI
Mei== - (2 ¢-3(-0.06254))=0.2EI ¢ +0.0188EIA (2)
My = ;_Ll.%p( » —3(=0.0625A))=0.125E1 , + ()
M,, =2E1(2 , -3(-0.0625A))=025E1 , + (4)
6
2EI
Mep =" @ . +» (00375A4))=02EI ¢+0.1EI ,—00113EIA  (5)
M,.=2E12 , +. -3(003754))=02EI, +0.1EI - (6)

pe T =

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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5. Equilibrium Equations
By considering the moment equilibrium of joints C and D, we obtain
the equilibrium equations

Mecyi+ Mep =0 (7)
Mps+ Mpe =0 (8)

The third equilibrium equation is established by summing the
moments of all the forces and couples acting on the free body of the
entire frame about point O, which is located at the intersection of the
longitudinal axes of the two columns as shown.

+{X Mo =0 M o S.c(53.33)+ Myp — S5 (42.67)+30(26.67)=0

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Free-body Diagram of the Entire Frame

3333 ft" ‘ 2667t

16 ft

Sac _ ,"f A
F\TAC Se0 o
éﬁr \‘l}f Mo

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

+E Mo=0 M S (53.33)+ M- $442.67)+30(26.67)= 0

in which the shears at the lower ends of the columns can be
expressed in terms of column end moments as shown below.

Mca "2( [fi’\
Ao Mgp - _bSDB

cy i y
Sca
20 ft 16 ft

A

" ‘ "N ¢ Sep
}ZLV\ LA Meo
Mac Sac :
=M it M, S =Mpp+ Mps
ac . - BD =7
20 16

MZCET/CIVIL/V-A&B/CEE501/SA I/IV 27

by substituting these expressions into the third equilibrium equation,
we obtain

1.6TM,c+2.6TMc,+1.6TMp+2.6TMps =800 (9)
6. Joint Displacements
Substitution of the slope-deflection equations Egs. 1 to 6 into the
equilibrium equations Egs. 7 to 9yields

0AEl o +0.1El, +0.0075EIA (10)
0.1El c+0.45E1 »+0.0121EIA=0 (11)
0.71EI ¢+ 0.877EI p+ 0.183EIA =800 (12)

EIf-=—66.648k - ft ~
EIfy=—-125912k-ft °
EIA=5233.6k-ft

MZCET/CIVIL/V-A&B/CE6501/SA I/IV 128




7. Member End Moments

By substituting the numerical values of EIB,, EI6,, and ElA into the
slope-deflection equations (Egs. 1 through 6), we obtain

Mic=91.7k-1t } ANS
Mes=85.1k-ft ANS
Map=106.7k - ft ANS
M op=91 k- fi ANS
Mep ==85.1k-ft or 85.1k-ft ) ANS
Mpc=—91 k- ft or  9lk-ft ANS

MZCET/CIVIL/V-A&B/CE6501/SA I/IV 2

Back substitution of the numerical values of member end moments
into the equilibrium equations yields

8. Member End Shears and Axial Forces

8.8

12.3685.1
c T 12.36 1 D

30k —s ::L), ﬁé % ‘
851, / 1 C D, Eé: [12 36
}(_A\\SS.I [ 91 -
+ 91

1}62 8.84 8.8 8.8 R%‘j

85.1
4_5\1 8.8
c\ 91 ;‘1?\
8.84 1236 —>*| D

8.8

) /o B
17.6291.7 8.84 12.36 e&——
\p’
106.7
Member End Moments, Shears and Axial Forces 8.8
90 131

Mea+ Mep=85.1-85.1=0 Checks
Mops+ Mpc=91-91=0 Checks
1.67Muc+ 2.6 TMes+1.6 TMyp+ 2.6TMpp= 1.67(91.7)+ 2.67(85.1)
+1.67(106.7)+2.67(91)
=801.5=800 Checks
MZCET/CIVIL/V-A&B/CE6501/SA I/IV 130
9. Support Reactions
30k _;,,C D
A7 B
17.64 & omim 12.36 &— ot
" o8 24%86.7
91.7 8.8
Member End Moments, Shears and Axial Forces
91 132

MZCET/CIVIL/V-A&B/CEE501/SA I/IV
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4.5 Symmetry and antisymmetry
PROBLEM: 1

Draw B.M.D for the shown frame.

200 < 2.00¢
B ! B
K=|
K=16 K=16 om
K=l
10.00
A A
I
L 200 8.00 , B0 L 200
r T T Al 1

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Two equilibrium eqns.
Muyp+My, =0
Mszgs + Mgps +4=0

Slope deflection eqns.
Mas =0 + 1.6 (264 + 83)

Maa= 220798 0 o)
Moy =-20+6,
Mss =0+ 1.6 (285 +64)
Mz =-42.67 + (205 + 05)
=-42.67 + 6
Hence:
3204 +1.685 +0,—20 =o
426, +1.665 =20 . 1)
-4267+4265+1.66,+4=0
1.684 +4.263 =38.67 il (@3]
1.66, + 0.6165 =762 ... [e))

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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3.5905 =31.05
05 =865
04 =146
Ms =.18.52
Mas =30
Mas =34

MZCET/CIVIL/V-A&B/CEE501/SA I/IV

4.6 Simplification for hinged end
PROBLEM: 1

Draw B.M.D for the shown beam.

|
I

MZCET/CIVIL/V-A&B/CEE501/SA I/IV
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Fixed and Moment:-
3x6°

MF,, = =-91m

M-+ 228 io . MR-+ 28 o s
12 12
MFa=+ 228 _ .8

Two unknown 8z + 6. then two static equations are

)T Ma=0
2) Mc=0
Mea+Mpe =0 ... (0
Mzc =0 @

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

Mip=-9 + 34 =56 tm
Mg =9 + 234=158tm

(r"mﬂm

13875

Mac=-18+2 (234) + (- 5.5)=-150tm

Mcp=16+2(23-57+34) =00 (0k

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

But:
Mag =-9 + 6
Mg, = 9 + 1(85
Mg = -16 +2(28:+8¢)
Mce = +16+ 2 (20¢ + 6g)
From eqns. (1&2)
9+ 283 +(- 16+2(265 +6c) = 0

665 + 26c =7 . 3)
and 46. +265 =-16
26 + 65 =8 ...
from3 & 4
56q =15
0 =%’=3.0
o =.55

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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PROBLEM: 2

Using slope deflection method analyse the continuous beam

shown in figure.
Draw the bending moment diagram.

30 KN/m
100 KN
A B C
8m ( ) 6m 4m ( )
ﬁ 77 (21)

MZCET/CIVIL/V-A&B/CEE501/SA I/IV
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(a) Fixed end Moments

2 2
Mo,a5 = - _30XET 60 kv om
12 12
2
M ,BA :+“1’12 = +160 kN .m
2 2
M, Bc = - Heb 100 x6x47 o5 iw m
;i 10
2 2
M ,CB :+m}“: = 4 100 ;‘04:"‘5 =144 &V m

(b) Slope Deflection equations

M o, = M ,AB +2f! (29A+537£J

2 El

= - 160 + 0+ 86, —0)

= - 160 + 0.25 B &,...( 1)

M s =M ,BA + 2fz [29,+9,-%j

= 160 +2f1 (28, +0-0)
=160 + 0 .58 & ,5.... (£2)
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My = M ,BC + Zf" [29,+9c-¥J
-96 +%1293+96—0)
= -9 +0.BEI8,+ 0488, . ..( 3)
Moy = M ,CB +£[2ec+az—¥J
=144 + 0486, +08E 8, . (4)
(C) Equilibriumequations:

Mo+ M, =00 A)
M, =0..(B)

M +M, =0

(160 + 0.5ET8 )+ (-9 +0.8ET8 + 04E8 )=10
S 13ET8, +04E8 =64 . ( A)

M., =10

04Er8, +08ET8 +-144 ..( B)
Solving equation (A) and (B) by calculator
Mode — equations —  Junknowns

L8y = % clockwise

Py }..8.1.._63_ .. anticlockw ise

Ei

MZCET/CIVIL/V-A&B/CE6501/SA I/IV
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(d) Final Moments:
M, = -160 + 0.25 EI 8

— —160 + 0.25 EF [i]
I

= -158 .18 kN .m

Mo, =160 + 0.5E (—7 o2 J
' ET

= 163 .64 KN .m

M, = -9 +08E 8 +04E8

- -0 + 0.35 (—7'2” ]+0,4EI (- EENRLLE 'ﬁj
ET I

- -0 4 5.8 - T3 45

= - 163 .64 KN m

M, =144 +0.4E 8, + 03E 8
7.1m2 183 .63

=144+ 0.4 (TJ+U,8EI (- TJ

=144 4 290 - 146 .90

=10
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(e) B.M Diagram

Simply supported moments.

17 30x8?
Span AB,M =2 = ; = 240kN.m

MZCET/CIVIL/V-A&B/CEE501/SA I/IV
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4.7 Support displacements
PROBLEM:1

Determine the reactions and draw the shear and moment curves for
the beam. The support at A has been accidentally constructed with
a slope that makes an angle of 0.009 rad with the vertical y-axis
through support A, and B has been constructed 1.2 in below its
intended position. Given: El is constant, 1= 360 ins, and E = 29,000
kips/ina.

Solution: .
{e,,::—o.msand )
o —A‘L~0005radians b’_’ﬂ A-lm
IS 20 Ca2 AT e
3 Ba Van By l’ -T
e re20

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

_ 2Elp

My = (204 + 85 — 3y4p) + FEMy
AB
2E(360)
= —— (= + - X 1
= 30012) [2(=0.009) + 65 — 3(0.005)] (1)
2E(360) ,
= -0. - 3(0.005
w = 0(i) 120 + (Z0009) - 30005)] @)
Writing the equilibrium equation at joint B yields
O EM=0
Mg, =0 3)

Substituting Equation 2 into Equation 3 and solving for 6, yield
3E(205 — 0.009 - 0.015) = 0
8z = 0.012 radians
To evaluate Mz, substitute 8, into Equation 1:
My = 3(29,000)[2(—0.009) + 0.012 — 3(0.005)]
= ~1827 kip:in = —152.25 kip-ft

MZCET/CIVIL/V-A&B/CE6501/SA I/IV 146

Complete the analysis by using the equations of statics to compute the
reaction at B and the shear at A (see Fig. 12.12b).

C M, =0
0 = Ry(20) — 15225 Va=761kips
Ro=T6ikips  Ams.
; sz =0 152.25 kip+ft l
V, = 7.61 kips Rg=7.61 kips

&)

7.61 ki

v

15225 kip-ft

LoV

{c)
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PROBLEM: 2

A beam AB of uniform section of span 9m and constant EI=3.6x104
Nm? is partially fixed at ends when the beam carries a point load
90 kN at distance 3m from the left end A. The following
displecements were observed.

i) rotation at A =0.001 rad (clockwise) and settlement at
A=20mm

ii) rotation at B=0.0075rad (anticlockwise) and settlement at
B=15mm.

Analyse using slope deflection method.
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90 KN

S TLTT
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Fixed end moments(FEM):

wab? 90 x 3 x 62 .
MgAB= ——5—=———(—5—=—120kN'm

wba? 90 x 6 x 32
M;BA=— e =_T=60k"\“m

Slope deflection equations:
2ET 38
Mag = MyAB + = [26.4 + 65 — T]
left support sinks more
~ & istaken =V,
Net ¢ = 20 - 15 = Smm = 0.005m
El =36 x10*N-m?
=36 kN -m?

MZCET/CIVIL/V-A&B/CE6501/SA I/IV 0

Slope deflection

| |15
20 | s mm
mm i Iy -
o _
! i
. e NET
SETTLEMENT
5mm

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

2E1 38
Mas = MpAB +=~ |26, + 6, ——

2x 36
9

—-120 +

/—0.005
[2 X 0,001 - 00075 — 3 x (5 )]

—120 + 8[—0.00383]

=-120,03 kN -m 6, = +0.001 rad(clockwise)

6, = —0.0075 rad(anticlockwise)

2EI 38
Mgs = M;BA+ T[Zeb +6, — T]

=60+2x3

—0.00!
6 IZ x (—0.0075) + 0.001 — w]

=60 + 8[—0.0123]

= 59.90 kN.m
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B.M. diagram

180 simply supported moments

Wab
M=;a

_9%0x3x6
N 9
=180 kN.m

B.M Diagram

MZCET/CIVIL/V-A&B/CE6501/SA I/IV

PART A

1. What are the assumptions made in slope-deflection method?
(AUC Apr/May 2012, NoviDec 2013)
i) Between each pair of the supports the beam section is constant.
i) The joint in structure may rotate or deflect as a whole, but the angles between the
members meeting at that joint remain the same.
2. What is the limitation of slope-deflection equations applied in structural analysis?
(AUC ApriMay 2012)
i) Itis not easy to account for varying member sections.
i) It becomes very cumbersome when the unknown displacements are large in number.
3. Mention the causes for sway in portal frames. (AUC Nov/Dec 2012, May/June 2014)
Because of sway, there will be rotations in the vertical members of a frame. This causes
moments in the vertical members. To account for this, besides the equilibrium, one more
equation namely shear equation connecting the joint-moments is used.

MZCET/CIVIL/V-A&B/CE6501/SA I/IV 4
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Explain the use of slope deflection method. (AUC NoviDec 2012)
i) It can be used fo analyze statically determinate and indeterminate beams and frames.
ii) Inthis method it is assumed that all deformations are due to bending only.
iit) In other words deformations due to axial forces are neglected.
iv) The slope-deflection equations are not that lengthy in comparison.
5. Compute the rotation at middle support of a two equal span continuous beam fixed at the
ends and carrying UDL of 10 kN/m over the entire beam span 5 m. Take EI = 60000 kNm?.
(AUC Apr/May 2011)
6 = 0.00155 mm and
0c = 0.0062 mm

6. Write down the slope deflection equation for a beam AB fixed at A and B subjected to a
settlement 8 at B. (AUC ApriMay 2011, May/June 2014)

My = Myyg+ 2E1 (2ﬂ,,+ fg ﬂ_&)
L L

My = M...A*’-Z-E—LI 9at 205+ 38 )
L
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7. Mention two assumptions made in slope deflection method. (AUC Nov/Dec 2010)
i) Between each pair of the supports of the beam is constant.
i) The joint in a structure may rotate or deflect as a whole, but the angles between the
members meeting at that joint remain the same.
8. Write down the fundamental equation of slope deflection method. (AUC Nov/Dec 2010, 2013)

M.ﬁe=mrm*ggl (2BA+95*3—8)
L L

Mas M.‘,,+.a_51.(u,\+ 29, +3_6)
L

9. How many slope deflection equations are available for a two span continuous beam?
There will be 4 Nos. of slope deflection equations, two for each span.
10. What is the moment at a hinged end of a simple beam?
Moment at the hinged ends of a simple beam is zero.
11. What are the quantities in terms of which the unknown moments are expressed in slope
deflection method?
In slope-deflection method, unk are exp d in terms of
(i) Slopes (6) and
(ii) Deflections ()
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12. The beam shown in figure is to be analyzed by slope deflection method. What are the

unknowns and to determine them, what are the conditions used?

c

A B
Hr

AN 7

Unknowns are 04, 08 and B¢
Equilibrium equations used:
(i) Mas =0
(ii) Mea + Mec =0
(iii) Mce = 0
13. Mention any three reasons due to which sway may occur in portal frames.
Sway in portal frames may occur due to
i) Unsymmetry in geometry of the frame
ii) Unsymmetry in loading or
i) Settlement of one end of a frame.
14, Write down the general slope deflection equations and state what each term represents.

My = M555+&(2€*.\*63 +.ﬁ.)
L L

My, = Mlna+—2EI (Bf«"‘ 20 +3—5»)
L L

Where, Mags. Mea = fixed end moments at A and B due to given loading.
6,4, Bs = slopes at A and B.

MZCET/CIVIL/V-A&B/CE6501/SA |/|@ = Sinking of support A with respect to B.

15. A rigid frame is having totally 10 joints including support joints. Out of slope deflection and
moment distribution methods, which method would you prefer for analysis? Why?

Moment distribution method is preferable.

If we use slope-deflection method, there would be 10 (or more) unknown displacements
and an equal number of equilibium equations. In addition, there would be 2 unknown support
moments per span and the same number of slope-deflection equations. Solving them is difficult.
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