B.E Electrical and Electronics Engineering 2018-2019

Semester-I
18BEEE101 Mathematics —I 4H-4C
(Calculus and Differential Equations)

Instruction Hours/week: L:3 T:1 P:0 Marks:Internal:40 External:60 Total:100

End Semester Exam:3 Hours
Course Objectives

e Tounderstand geometrical aspects of curvature and elegant application of differential
calculus and improper integrals, Gamma, Beta and Error functions which are needed
in engineering applications.

e The goal of this course is for students to gain proficiency in calculus computations. In
calculus, we use three main tools for analyzing and describing the behavior of
functions: limits, derivatives and vector calculus.

e To acquaint the student with mathematical tools needed in evaluating multiple
integrals and their usage.

e To make the student acquire sound knowledge of techniques in solving ordinary
differential equations and partial differential equations.

e To introduce sequence and series which is central to many applications in
engineering.

Course Outcomes
The students will learn:
1. To apply differential and integral calculus to notions of curvature and to improper
integrals. Apart from various applications, they will have a basic understanding of
Beta and Gamma functions.
2. The tool of power series and Fourier series for learning advanced Engineering
Mathematics.
3. To deal with functions of several variables that is essential in most branches of
engineering.
4. To find an appropriate method for a given integral and use Green, Gauss and Stokes
theorems to simplify calculations of integrals and prove simple results.
5. To understand the ideas of differential equations and facility in solving simple
standard examples.
6. To improve facility in algebraic manipulation.

UNIT I - Calculus

Evolutes and involutes; Evaluation of definite and improper integrals; Beta and
Gamma functions and their properties; Applications of definite integrals to evaluate surface
areas and volumes of revolutions.

UNIT II - Multivariable Calculus: Differentiation

Limit, continuity and partial derivatives, directional derivatives, total derivative,
Maxima, minima and saddle points; Method of Lagrange multipliers; Gradient, curl and
divergence.

UNIT III - Multivariable Calculus: Integration
Multiple Integration: double and triple integrals (Cartesian and polar), change of
order of integration in double integrals, Applications: areas and volumes, Center of massand



Gravity (constant and variable densities). Theorems of Green, Gauss and Stokes, Simple
applications involving cubes and rectangular parallelepipeds.

UNIT IV- Differential Equations

Introduction to Ordinary differential equations: Linear ordinary differential
equations of second and higher order with constant coefficients. Introduction to Partial
differential equations: Linear Partial differential equations of second and higher order with
constant coefficients.

UNIT V - Sequences and Series

Convergence of sequence and series, tests for convergence, power series, Taylor's
series. Series for exponential, trigopnometric and logarithmic functions; Fourier series: Half
range sine and cosine series, Parseval’s theorem.

SUGGESTED READINGS

1. B.S. Grewal, (2010), Higher Engineering Mathematics, 36th Edition, Khanna Publishers.
2. Veerarajan T, (2008),Engineering Mathematics for first year,Tata McGraw-Hill, New
Delhi.

3. Ramana B.V, (2010),Higher Engineering Mathematics, 11th Reprint, Tata McGraw Hill
New Delhi.

4. N.P. Bali and Manish Goyal, (2010), A text book of Engineering Mathematics, Laxmi
Publications.

5. Hemamalini. P.T, (2014), Engineering Mathematics, McGraw Hill Education (India)
Private Limited, New Delhi.

6. W. E. Boyce and R. C. DiPrima(2009), Elementary Differential Equations and Boundary
Value Problems, 9th EditionWiley India.

7.S. L. Ross(1984), Differential Equations, 3rd Ed.,Wiley India.

8. E. A. Coddington(1995), An Introduction to Ordinary Differential Equations, Prentice Hall
India.

9. G.B. Thomas and R.L. Finney, (2002),Calculus and Analytic geometry, 9th
Edition,Pearson.

10. E. L. Ince,(1958),0Ordinary Differential Equations, Dover Publications.

11. G.F. Simmons and S.G. Krantz,(2007), Differential Equations, Tata McGraw Hill.

12. Erwin kreyszig, (2006),Advanced Engineering Mathematics, 9th Edition,John Wiley &
Sons.
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(Deemed to be University Established Under Section 3 of UGC Act 1956)
ga COIMBATORE-641 021
%/";J DEPARTMENT OF SCIENCE AND HUMANITIES
KARPAGAM FACULTY OF ENGINEERING

ACADEMY OF HIGHER EDUCATION

{Deemed to be University)

pm——— | BEELECTRICAL AND ELECTRONICS ENGINEERING
LESSON PLAN

SUBJECT : MATHEMATICS-I
(CALCULUS AND DIFFERENTIAL EQUATIONS)

SUB.CODE : 18BEEE101

S.NO Topics covered No. of
hours
UNIT1 CALCULUS
1 Introduction to Calculus, Differentiation and Integration 1
2 Concept of Curvature, Evolutes and Involutes 1
3 Problems based on the concept of curvature 1
4 Problems based on Evolutes 1
5 Problems based on Involutes 1
6 Basic problems in integration 1
7 Evaluation of definite and improper integrals 1
8 Concept of Beta and Gamma functions and their properties 1
9 Problems based on Beta and Gamma functions 1
10 | Tutorial 1 (Involutes, evolutes and Beta and Gamma functions) 1
11 Applications of definite integrals to evaluate surface areas 1
12 Problems based on Applications of definite integrals to evaluate surface 1
areas
13 Problems based on Applications of definite integrals to evaluate surface 1
areas
14 | Applications of definite integrals to evaluate volumes of revolutions 1
15 Problems based on Applications of definite integrals to evaluate 1
volumes of revolutions
16 Tutorial 2 (Applications of definite integrals to evaluate surface areas 1
and volumes of revolutions)
Total 16
UNIT Il MULTIVARIABLE CALCULUS: DIFFERENTIATION
17 Introduction to Limits and Continuity 1
18 Continuity and partial derivatives 1
19 Problems based on Continuity and partial derivatives, 1
20 Directional derivatives 1
21 Definitions - Total derivative 1
22 Problems based on directional derivatives and total derivatives 1
23 Tutorial 3 (Problems based on limits, continuity and derivatives) 1
24 Maxima, minima and saddle points 1
25 Problems based on the concept of Maxima, minima and saddle points 1




26 Problems based on the concept of Maxima, minima and saddle points 1
27 Method of Lagrange multipliers. 1
28 Problems based on the method of Lagrange multipliers. 1
29 Gradient, curl and divergence 1
30 |Problems based on Gradient, curl and divergence. 1
31 |Problems based on Gradient, curl and divergence. 1
32 | Tutorial 4 (Maxima, minima, and saddle points and Lagrange 1
multipliers)
Total 16
UNIT Il MULTIVARIABLE CALCULUS: INTEGRATION
33 Introduction of Multiple Integration 1
34 Problems based on double 1
35 Problems based on triple integrals 1
36 Problems based on triple integrals 1
37 Change of order of integration in double integrals 1
38 Problems based on change of order of integration in double integrals 1
39 Tutorial 5 (Problems based on Multiple Integration) 1
40 Applications: Areas and VVolumes 1
41 Applications: Center of mass 1
42 Applications: Gravity (constant and variable densities) 1
43 Theorems of Green, Gauss and Stokes 1
44 Problems based on Green 1
45 Problems based on Gauss 1
46 Problems based on Stokes 1
47 Simple applications involving cubes and rectangular parallelepipeds. 1
48 Tutorial 6 (Problems based on Green, Gauss and Stokes theorem) 1
16
UNIT IV DIFFERENTIAL EQUATIONS
49 Introduction to Differential equations 1
50 Introduction to Ordinary differential equations 1
51 Linear ordinary differential equations of second order with constant 1
coefficients
52 Problems based on ordinary differential equations of second order with 1
constant coefficients
53 Problems based on ordinary differential equations of second order with 1
constant coefficients
54 Linear ordinary differential equations of higher order with constant 1
coefficients
55 Problems based on ordinary differential equations of higher order with 1
constant coefficients
56 Tutorial 7 (Problems based on ODE of second and higher order with 1
constant coefficients)
57 Introduction to Partial differential equations 1
58 Linear Partial differential equations of second order with constant 1
coefficients
59 Problems based on partial differential equations of second order with 1
constant coefficients
60 Problems based on partial differential equations of second order with 1

constant coefficients




61 Linear Partial differential equations of higher order with constant 1
coefficients
62 [Problems based on partial differential equations of higher order with 1
constant coefficients
63 |Problems based on partial differential equations of higher order with 1
constant coefficients
64 | Tutorial 8 (Problems based on PDE of second and higher order with 1
constant coefficients)
Total 16
UNITV SEQUENCES AND SERIES
65 Introduction of Convergence of sequence and series 1
66 Tests for convergence 1
67 Problems based on Convergence 1
68 Power series, Taylor's series 1
69 Problems based on Power series, Taylor's series 1
70 Series for exponential function 1
71 Tutorial 9 (Convergence of sequence and series) 1
72 Trigonometric and logarithm functions 1
73 | Trigonometric and logarithm functions 1
74 Trigonometric and logarithm functions 1
75 Fourier series: Half range sine and cosine series 1
76 Half range sine and cosine series 1
77 Half range sine and cosine series 1
78 Parseval’s theorem 1
79 Problems based on Parseval’s theorem 1
80 | Tutorial 10 (Fourier series) 1
TOTAL 16
GRAND TOTAL 80
STAFF INCHARGE HOD
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W Verify divergence theorem for F = (@=y2)7 +(P-20)] + (22— xY) k
/igken over the rectangular parallelepiped 0<x < g, 0 < y<b,0<z<c [KUNov. 2010]

golution F(?r verification of the divergence theorem, we shall evaluate the volume
nd surface integrals separately and show that they are equal.

. B _u.p_ 92 d )
Now div F—V'F—ax(x _yz)‘*‘@(}/z—zx)*'g(zz—xy)

=2{x+t y+z)
_ )}Z
‘U div Fdv KAC’ 4
%
oc pb pa
= 2(x +y +z)dxdydz B
Yo Yo Yo
oC pb x2 i
= 2| —+yx+zx || dydz 0 j
Jo Jo 2 A i I B #y
c.b 2 —Jl
= J.Z(-a——+ya+zajdydz 4 ¢
o 2 X
0o b e
oc 2 2 Fig. 25.
a ya j dz
=| 2| =—y+=—+az 4
doﬂzy 2 yl
2 2 2
o 22b ab> =2{a bz+ab Z+abz ]
B O[T+T+abz)dz I
= 22bc + ab’c + abc? = abc(@a + b + ) (1)

To evaluate the surface integral, divide the closed surface S of the rectangular

Parallelepiped into 6 parts.

%:Face OAC'B

‘Face CB’pA’

+Face OBA’C

‘Face AC’PB’

‘Face OCB’A

‘Face B4’ pc’

Ao, J.I?.ﬁdsz‘”‘?'ﬁds+J‘J.ﬁ.ﬁds+ffﬁ~ﬁdS

s s & %

+_”l?'ﬁds+”‘ﬁ‘ﬁds+f_’-ﬁ'ﬁds (2)

5 S

54

5,
S,
5
S;
S
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i 5 E,,gineeriﬂg Mathematics
On S :2=0, i=—k,ds=dxdy
so that F-fi=(x% +y?j - xyk)- (-k)=xy

ba B 2 “d
”ﬁ-ﬁds=”xydxdy=ﬂy7 s y
0
2b2
=—-fydj Q)
OnS,:z=c, ﬁ=l€,ds=dxdy, —(P-cp)i -] -k,
so that F-f=[(x*- Cy)§+(y2_(x)j) +(c* - xy)fé] k=ct-xy.

ba b /)
- a
G CR
S, 00 0

2b2
=abc’ - Ve 4)

OnS;:x=0, i=—i, I?=-yzzT+j2}:+zzlE dz=dydz
so that F-# =(— yzz+y]+z )( z) yz,ds=dydz

= | b? b2c?
J-JP-11ds—JIyzdydz-J—2—zdz—T ()
S, 0

OnS,:x=a, i=i, E= (a® —/z)1+( —az)]+(z —ay)k

so that F-n:[(a —yz)z+(y —az)]+(z —ay)k]-i
=a* - yz, ds = dy dz

”1—" fds = j_[ (@ = y2)dydz = f[ 2b-b—7)dz

Di b2C2
=a"bc - ——
4 (6)

On S;:y=0, ﬁz—f,ﬁ:xzz—'—zxf+zzlz,ds=dxdz

so that F 7= (x% - 2x] + 2%k). T

JJ-F nds—j j zxdzdyx = J~xdx 2:2 )

OnSg:y=b, ii=] p:(xz_bz); 5 =

’ + (0% - zx) 4 (2 r

ds= i )j +(2° - ba)k )
so that F- 1n=[(x? ~bz)z +(

b2 oi = e
= - zx. oAl i bx)k]- j
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Line Integral, Surface Integral and Integral Theorems

JF-ﬁ=J. J- (b% - zx)dzdx
0ovYo

s
a 2 222
=J (bzc—%xj-dx=abzc— a4c (8)

433

yusing (3), (4, ), (6), (7) and (8), in (2), we get

212 212 122 5%y 3.2 2.2
= A b
JIF-nds:a +abcz—af +bc +a2bc—b—c+£+abzc”a—4€—

=abc(a+Db +¢) (9)
The equalities (1) and (9) verify the divergence theorem. Ans.
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s |
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B = : \m_\ N x
£ 24 7Y
?pdiué 0
= Mﬁ%w Bsiv \Qﬂ \Mw%?en 2
+ k mwﬂ, (7Y (3)
= 0 7Ok (3y +3y)
| ) N&X%iy NF\*\.TRM
‘d ol A, n = N._» L 48 = orm m...N‘loa_u
| m - & .
el Bk = Ny dy dot
s %\%&Mo@ 1
| Ly
| 2 * 2 b
- RlEL
= 2 %9 @op\oua_# =i wleh%x ~
0 . §
- o [0 = abr[a-t] =aeh.
o (Mm & 2] =%
?m_. J“g,j:*
——

hﬁv\uvp O +u§»&

4 “.,FM N Q + % +
Y Yy

= % mxw\uo\uoﬁx .._iwxxeﬁw N

> 5
u A.d¥

|7
C

@\\\D
dy=o
% ? \mevm,x +.wu:uopu N % ( |Mdmx+u§%m%
H=a
n’r - %&)o
~+ %mﬁp\mcﬁx —+20ydy.
n=0
= %#N&rﬁ + %MQQK\M - Imh.xo\ b2) dx
w=0 y=o 1.\\?0
i %@f@ dy
b
e 3 a 5 L 9 .ww ]
\MWMQ +NPTHH+ 2 b to
2
= r@\rma\o 4N\PWN\O\+O\ .@Wov\\bpv g
- =
= o2 qab” \m\;rv
2 5
= 2ab” \l@
N\TTW — _m$W\\.
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rd
IDE WIIPA  Verify Stokes’ theorem for F = (y—z+2)i +(yz+4)j — (xz)k over
the surface of a cube x=0,y=0,z=0,x=2, y=2,z=2above the XOY plane (open at
the bottom). [KU May 2010]

Solution Consider the surface of the cube as shown in the figure. Bounding path is
OABCO shown by arrows.

jﬁ.d; =J[(FJ _24+2)i +(yz +4)] — (x2)K]- (dxi +dy] +dzk)

C C
=J (y — z+2)dx + (yz + 4)dy — xzdz
&
J'ﬁ.dfzJF-dF+I?-dF+J?~dF+If—-dF )
¢ 0A AB BC co

AlongOA,y=0,dy=O,z=O,dz=0
2
j?-d?szdx=(2x)S=4
0A 0
Along AB, x=2,dx=0,z=0,dz=0

2
AB 0

Scanned by CamScanner



m:wENQSw Nsﬁrmsnnnm

A
F0,0,2

(2,0,0)

Fig. 25,12

Along BC, y =2, dy=0,z=0,dz =

.— F.d = ._.C. =0+ 2)dx utdw.vu -8
0

bi(

Along CO, x =0, dx =0, z = 0,dz=0
_.5._:‘ :.—.Qlc.rwvxc+8+$.&\!o
cO

= 4 ._v_?\ = :AC.U =-8
On pulting the values of these integrals in (1), we get
JoF-di=4+8-8=-4

To obtain surface integral

i

d J
n oy
y-z+2 yz+4 -xz

Q.

VxF

i

E;‘l‘*» 1

I

(0= y)i = (-2 +1j +O= Dk ==y +(z-1j =k
: EFG.
Here, we have to integrate over the five surfaces, ABDE, OCGF, BCGD, OAEE,D

Over the surface ABDE: x =2, fi=i,ds= dydz
.:Aﬂ X wv cnds= ._..—.T_:q +(z— :M —k]-idydz
3 5

2 2

2 2
2__4
& nﬁ.-l._\mm\RN = 1-.-.{&%0%&1 =— \.-\N' c—Nuc
s 0 0

Line Integral, Surface Integral and Integral Theorems 427

e OCGF: x=0, fi=—i, ds=dy dz
._.._‘Ad xwv.m%u.:.ml.cwiulavwlm_.Alwv@nN
: s

2 2 2

2
n.:.m@mmu._.w@.?uu .QM =4
s

0 0 0

s the surfac
ove

rface BCGD:y=2, =], ds=dx dz
:.2 x F)-fids = ._.._.T.ﬁ4 +(z=1)j —k]-jdxdz

5
= ‘..m._‘ﬁu - 1)dxdz
2
= M&

2
3 B
ITLQ 2 z

over the .

(z-1)d

© ey, N

2

0
=0

Over the surface OAEF:y=0, = lw ,ds = dx dz
[ By ads= [y + (-] - FT- (e
S s

u|.:.ﬁ ~1)dxdz

S
2 2
TTL.ANLV&
0 0
2
2
z
=[x} Bl

Over the surface DEFG: z=2, fi=k, ds=dx dy

.:2 X wv.m%u.:.ﬂéw +(z-1)j

$
2 2
u|.:n§€n|.—§._.&\
0 0

: =-[xflylo=—4
Ol surface integral=—4+4+0+0-4=—4
,:Emzm cur] w.m&mu...nw..umulﬁ

Which v e
ch verifies Stokes’ theorem.

— k] kdxdy

Verified.
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g,

BTl Evaluate J'J'fl hds where A=(X+Y7)i =2X/ +2yzk apq 5
- e

g

surface of the plane 2x + y + 2z = 6 in the first octant.

Solution A vector normal to the surface S is given by

V(2x+}/+2:)=27+f+2k

.. n=a unit vector normal to the surface S

2 = = T
_ 2i + ]+ 2k :-%1+—j+~§/\
22112422 33
- - (2 1= 2~) 2
— — +— +'—I\ =
! A[ I 3/ 3 3

3
= - . dxd
J.J.A -11-¢1S=jjA-n- d—x ;]/
|k - nl
s R
where R is the projection of §

Now,

2
=£(x +y’)-=x +iyz =§y2+iyz

3 3 3 3
2 , 4 (6—2x-—yj
= — + — e ———
37 T T 2
. 6-2x-y
since on the plane 2x+y+22:6,z:_2_
2
:gy(y+6—2x—y)
4
=—1y(3 -
FY3=7)

Hence, J:[A : ?AI‘dS‘—“J-JA;\ ‘n- [{dej .
: . Ik - nl

(4 3
= -RJ.E‘V(B - X)- ded}/

7 6-21x

= 2y(3 - X)dydx
()

()

A-ﬁ:[(x+}/2)?—2xf+2yz§]-(§; +%; +—2-];)

[KU May 201y

Scanned by CamScanner



Line Integral, Surface Integral and Integral Theorems

3_ 5 6-2x
= |2(3- x)(y—) die
2 0

o %

3
=1 (3—x)(6 - 2x)?*dx

o

0

3
= 4_"(3 — x)Pdx
0

- 4{(3 —x)’ T
4-1) |,

=81

415

Ans.
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Ex. 2. IfF = (2xp+2%) i4x*jp 3222k, find [ F . dr,’

where C is any path joining (1, —2,1) to (3, 1, 4).

V XF = i J k = —j (32® — 322

+ k (2v — 2x) = 0.
o 0 7,

— ——

Ox oy 0z

2xy + 23 x?2  3xz?
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130 VECTOR ANALYSIS

By—Gor~(1)-of§-3; [ F . dr is independent of the path
G
joining A (1, —2, 1) to B (3, 1, 4) and F = V4.
pxi+ oyt k= (20 + 2% i 4 2% = 3x22 L.

— Qx 2 S — — l*: G — '-— xz >

Integrating partially these three equations,
¢ =x9 + 224 (1, 2)
¢ =xY + g (x,2)
b =% + h (x,).

The above three values of ¢ agree if we choose
S (25 2) =0, g (%, 2) =x2% and & (%, y) = a¥,

Hence ¢ = x%y 4 x28.
B
IF dr =[V é. dr—fdsﬁ—[fﬁg (*)"szs(g
=9 4+192 — (-2 +1) =20

3, 1, 4)

l! _‘23 1)
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_zm>m PARTIAL DIFFERENTIAL EQUAITONS
OF mmoozo AND HIGHER ORDER WITH
'CONSTNAT COEFFICENTS

partial differential equation of nth order

A linear homogeneous
with constant coefficients is represented as:

n
= n Jdz
d"z e J"z iz \lw.\.\ + ...+ a’ — H.\ﬂ\ﬁ ) (D)
"l Lox' ! dy a2 & dy

¢ of same 0rder,

I \:, the &w ,:.2:{3 involved at
the 35:8: is QESN NSEQA.S:SE

%Abﬁ.vu.l.\? vv Q
:E EVEE@R» solution Q\ 3 \ 8:?5
\::CS: { O. ﬁ i ant

procedure to find the complementary function (C.F.)
Consider a third order P.D.E.

mum mum 3 PE!
QO —+a +a Z + k4 =
o laddy ooy @&m Sx9) - (1)
Put RH.S=0
@wN muN mwwN @uN
ao|u+a_ — +am|m+nml|lno
ox ox” dy dx dy dy
) 9’
Put — % 2 =D%
2
|m|uanmMnbm
dy dy
AnQbuuTQHbNQ:TQNbb\MnTQMD\mvN“ o= ANV
AAD,D)z=0 o (3)
Put D=m,D"=1, fim,1)=0 or AD,D)=0 (@)

(4) is called the auxiliary equation or A.E. m, m,, m5 are the roots
of (4).

If m; #m, #ms (real or complex and different) Solution is:

z=fi0+mpx)+H+mpx)+fz3 (0 + 113X) .. (i)

If my =m,=my (real and equal)

z=f] (y +my x) +xfo (¥ +myx) +>.N\m (v +myx) .. (i)
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Engineering Mathematic,

SOLVED EXAMPLES

U Example 1

z Jodd, 3

1 |m|~MI.MW~|N.+a.m|IN\H=

g‘ i mwkn @Hmwv_ w.v.N

: H 5 SOLUTION: E-[ivt +6D"” v =0
fiD,D)z=0

Put D=m,D'=1,the AE. is

2 _Sm+6=0

(m=-2)(m-3)=0
m=2,m=3
The complementary function is
CF. isi z=fi(y+20) + f (y + 3x)

P IPY
ot dxdy w..v

b

Solve

=0

63" SOLUTION: (D= 6DD + 9Dy Z=0
D=m,D =1
AE: (Auxilary equation) m> = 6m+9=0

m=3,3
Complementary function is:

Z=fiy+30)+xfh(yt 3x)

Example 3

3 3
/:}..ollla 9z +.u.m|,."=

o ox~ 9 oy’

£ SOLUTION: (D 3D D’ +4D™) z=0
AD.D)z=0

Partial US@&:&& Equationg

1.89
t
Pu Dem o,

AE.: le +4=0
Put: 3"1~.l~lw+&”o “Mm==1 isaroot
= roo

2
m —4m+ 4 Solve
e I/
m==1 13?1 4 P
m-4m+4=0
m+1) |,3,,2
R (m=2)(m-2)=0
I&EN.TA m=272.
lezulez
}
4m+4
4m+4
o0

roots are m=272 -1

. Solution is 2=0+2) +xf, (y+20) +f(-x)

(Anna Uni. Oct/Noy. 1996)
Solve (D* - 4D* I’ + 4DD* 7 = .
%5 SOLUTION: Given (D’ - 4D I + 4D D) 7 =0,

AE m- 4m* + 4m = 0.
m=0, 2, 2
. Solutionis z=f; (+0-x)+f, (y+2x) + x f; (y+ )

(Anna Uni. April/May 2001)

2 a2
Solve 4 w,n =y wlunl 0.
ox” Oy
% SOLUTION: (4D*- D) z=0.
AE: 4m*-1=0; m= M \

Solution is: z =f, (v +0.5x) +f, (y —0.5%)

Scanned by CamScanner



: Engineering Matherygy; 4

1.90 S\ S
“Example 6.|(Anna Uni. AprilMay 2003) Y P Dol Epaios 1.91

3 2 Ay W -hk+k-1=0.
-3DD”"+2D")z=0
Solve (D ) PR

15> SOLUTION: m —3m+2=0. complete solution is

m=11 -2 : z=3¢ %+@+Ma~%;:a+¢.
A ! —f (V=20+f (VX + X (42 . =
Solution 1s z=fi0 )t 3 (v %) z2=€" 0, 0)+e ¥ o, (v +)
(Anna Uni. Nov/Dec. 2003)
% . 9z 909k — .
e R.H.S =fx,y), if RH.S.#0, we need to find the particular Integral

Find the general solution of 4 ——12 =0.
a? ox dy m.gu

(P.I.) Here there are three cases.

1 SOLUTION: 4m>—12n+9=0

EN”N .M z.:.mﬂmﬁ+~¢~
22
ma.x+$\ ma.«+@\<
z=fi0+1L5x)+xf (y+ 1.5x) = w.Nn\mb,Qvu\?,S

e Provided f(a, b) # 0, if fla, b)=0, it is a case of failure.
“Example 8:|(Anna Uni. April/May 2005) -

Solve (D°+DD"*—~D* D’ = D)z =0.
(@) R.H.S=sin (ax+ by) (or) cos (ax+ by)

0 : om—mP+m-1=0.

SOLUTION: m™ —m™+m If \QVN. DU, b\NVNu sin (ax + by), then

m=1, m=*i .

’ sin (ax+ by) . 2 2
4 : Pl= . provided f—a“, —ab,—56")#0
Nu\_Q+Hv+\.~Q+§v+\uQ\E \Alaw,lav,lvmv p n
—~ i If RH.S. = cos (ax + by)
xample ‘9:|(Anna Uni. May 1996 . * :
e Al ) P1=— @) orovided fi- o, —ab=b)#0
o fi- %, - ab, - b

[Type: Non. homogeneous]

. 2 , T e
Solve (D" =DD'+D' -1)z=0. Case (i)

5" SOLUTION: Take the solution as: . | RH.S. =x y? (p, q being positive integers), then

) B
A , 1 &wvhnm\mb,b\v_ _Hs.v.a.

Toe + ky "
Pl =D

=ce

Replace D by h, D’ by k=

bt HH"H
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—+7 == Z
ox>  Oxdy * Bw’vml.m

2x+ 5y

I3 SOLUTION: Given 0%z 0% 92

RHS=0: (D +7DD’ + 12D?) ;=
fD,D)z=0

AE. (put D=m, D' = 1)
m+Tm+12=0
m=-3-4

CE.=f, ()=3%) + £, (y - 4%) A
_ 2x+5
RHS=¢"""=¢™*" Using RH.S find PlI)
a=2b=5

AD,D’)y=D*+ 7DD’ + 12 D*
fa,b)=£(2,5)=4+70+300=374%0

_ m§+3_ ~ m@l@ )
fab) - 374

Complete solution is: z= CF+ P.I

PI

5
mw«+ y

2=A -3+ 0 -4+
-

3
Solve Whul 5 mnu
' aly o
& SOLUTION: (D’ - SD* D’ +6D) z=¢**7
f,D)-z=€"**?
RHS=0, putD=m,D' =1

m -5m*+6=0

m=—1:-1-5+6=0 ..m=-1is a root

m+1l p?—6m+6

m=+1|m? - 5m*+6 m*—6m+6=0
m’ +m’ _6+V36-24
m=TT20)
—6n"+6 6+2\3
m= >
—6m* - 6m
6m +6 _6x2\3
6m+6 m=—y
0 m=3+\3
roots are Snlru+/®|,m|)\ml
o.mubQéi&iﬁﬁ?ﬁbQimu&nz )
Using R.H.S. find the P.I
RHS=e*t7=e®*Poa=4,b=1
AD,D)=D*-5D*D’ +6D°
fla, b) =fi4, 1)=64-80+6=—10#0.
Huulm§+3.|\r«+w .. 3
7 fa,b)  —10
Solution is:
z=CF+PlI
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1.94 Engineering g&rmgm

Cs .~
/\l /e Partial Differential Equations ’ 1.95
dx 4
=f0-0)+th(yt(C+ Sx*bﬁfal«wku-w it .
! ﬂ . #ol AE. Emlmefino, m=1,1
This is the Complete solution. CF. =fi(+x)+xf, (y +x) - @
T T——— Using R.H.S find P.I
U&:.:u_o 12 sin (ax+ by) =sin 2x+3y)=a=2,b=3
Solve (D -2D) (D =D’ 2=+ Substitute: ~ D*=-da’=-4
57 DD’ =—ab=—6
S TION: Gi AN — DS - 3x+2y
% SOLUTION: Given (D-2D')(D-D')’ z= ) () D= o
Put RH.S=0 pl= sin (2x+3y) _ sin (2x+2y)
T2 _app et —4+12-9
(D-2D')(D-D'y z=0 D*-2DD'+ I
AD.D)-2=0 =—sin (2x+ 3y) - (3)
Put D= D= 1 Complete solution is
. 5 ied =CF+PI
AE: (m=2)(m-1)" = z=f, @+ x) +xf (y+x)—sin(2x +3y)
m=2m=1,11. :
CEF=fiy+2)+L(+0)+x3(+ x)+ .nu.b (y+x) - Q)
RHS.= 2 =e®t? Solve (D*—4D* D’ +4DD’®) z=12 sin (2x + 3y)
=3, b=2 ¢ SOLUTION: Given (D’ -4D*D’+4  Nz=12sin (2x+3y)
fla,b)y=G-4(3-2y=-1 o (D)
actby  Ac+ly -0 RHS.=0: Em —4D’ D' +4DD%) ="
P.l=
>= by -1 fD,D)-z=0
Complete solution 1s AE:putD=mD'=1= m° — dm* +4m =0
z=CF.+Pl 3+ m QNN|A5+£HO
z=f(y+2 $+§C+&+>b©+\&+>E m=0,2,2 |
CE=f,(y+0-X)+ (¢ +20)+xf; (y +2) e
Example 13 R.H.S = sin (ax + by) =sin (2x + 3y)
Solve ..WI\NI %M WIN.I,,.EANH+M6 ) ) = ) "
ox xdy gy 0 D*=—d?=—4 | DD =—ab=—6 | D*=-b"=
s SOLUTION: Given (D*—2DD’+ D) z=sin@+¥)  * Plop.  SREEI) SO+ H)
D’ - 4D” D’ +4DD" DD —4D° D' + 4DD’

RH.S.=0
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Engineering Mo, ematicg

sin ANN + wvo _ sin AN» + wM.M
-4D+ 16D -36D " 1% 16 D" - 40D

(multiply in numerator and Denominator by 40D + 16D)
Ple_ 12sin (2x+3y) -12(40D+ 16 D’) sin (2x + 3y)

40D - 16D’ 1600 bmluum D2
-——12 :oUAmEAN»+uEV+EQ?EQ&%&@ ]

PI=12

— 6400 + 2304
=
=" 2006 (40 cos (2x+3y) - 2+ 16 cos (2x+3y)-3)
_ 1536 )

Pl = 2096 COS (2x+3y) - (3)
Complete solution is

z=CF+PlI

=1+ L +2x)+ xf, O+2x) + 536 cos (2x +3

3 206 )

15° SOLUTION:

mn % %
Solve o2 2T o Tm.v. cos (3x + 2y)

(D?+ DD’ - 6D") z=cos (3x +2y)
D, D’y z=cos (3x + 2y)
D=m,D' =1

E~+§|muo
m=-3,2

R.H.S.=0, Put

CF.=f, (y-3%) +, (v + 2x) W

R.H.S. = cos (ax + by) = cos (3x + 2y)
. a=3,b=2
put D*=-a*>=-9,DD' —ab=-6, D?=-p=-
cos (3x+2y) _ cos (3x+2y) _cos(3x+2y) )

D?+ DD’ —6p? —9-6+24 9
cos (3x +2
Complete solution is z=f; (y = 3x) + £, (v + 2x) +.|h|@\.NN

—

PI=

/-S

partial Differential Equations

% _ % 3k
ox? w.«mu, A’

Solv =sin 4x cos 3y

0% _ o ok

L gz 3
= mOHd‘:OZ Given 5 axdy +6 sin 4x cos 3y

x> ww
Em =0
(D*-5DD’ +6D*)z=0
A.E: m>—5m+6=0
=2,3
CFE.=f 0+2)+f; (y + 3x) (1)
(using RHS find the P.I)

RHS= sin 4x cos 3y uw [ sin (4x + 3y) +sin (4x — 3y) ]

D, D'y=D*-5DD"* + 6D”

w.NHH

P, =

(i) sin (4x +3y) (ii) sin (4x—3y)
a=4, b=3 a=4,b=-3
D*=-16,DD'=-12,D"= D*=-16, DD’ =12,D*=-9
sin (4x + 2y) PL = sin (4x — 3y)
- 16+ 60 — 54 27 -16-60-54
sin (4x + 2y) _ sin (4x = 3y)
10 .2 PL= ~130 .-(3)

Solution is 7= CF + PI, + PI,

1

;b 0+ 2x) + f, (9 +3%) = 55 sin (4x +2y) = 55 sin (4x = 3)
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+2—== u.n+&.< .
F Ox dy m.vm £ +m5®.&lw.6

Solve

55 SOLUTION: Given:
(D*-3DD’ + 2D%) 7= ¥+ +sin (dx - 3y)
RHS=0= (0*-3DD' +20%) ;¢
AE: =~N|w§+wno, m=1,2
CFE.=fi 5+x)+f (y+2)
(D, D)y =D*-3DD + 2D

RIS,
XAy _ jax+by sin (4x — 3x) = sin (ax + by)
a=3, b=4 d=4," b==3
fla,b)y=9-36+32 |p2— _2-—16
DD’ =—-ab=12
fla, b)=35 D*=—b=-9
Sty PL = sin (4x —3y) _sin (4x—3y) .0
Plj="— (2 |77 -16-36-18 -0

. Solution 1is
2= CF+ Pl + Pl

gy _ sin (4x=3y)
prilMay 2004)
2 +y

z=f1 0+ X))+ 0+ 2x}+

Example 18 |(Anna Uni. April 2000, A
Solve Quu —ID D - 6D)z=sin(x+ 2y)+e

1 SOLUTION: RH.S= 0

AE: me =Tm—-6=0
m=-1,-2,3 L

CFefy -0+ 0- 290+

partial Differ ential Equations

1.99

)

RHLS. |
(i) sin (ax+ by) =sin (x +2y)
a=1, b=2
D*=-d=—1,DD'=—ab=-2,D*=—p*=—4
sin (x + 2y) sin (x+ 2y)
PI, = u” ’
1" D _7pp?*-6D 27D +24D
_1sin(x+2y) _1(9D—8D) sin (x+2y)
"3 (9D+8D) 3 (81D*-64D?)
_ (9D —8D") (sin (x + 2y))
- 3(175)
uwWwﬂonom (x+2y)—16cos (x+2y) ]
PI, = =L cos (x+2y) = =-cos (x +2y)
TS5 TS Y
i) et ="V=a=2b=1

AD,D)=D°-7TDD* - 6D
fla, b)=fi2, 1)=—12
mmh+w

Complete Solution is
z=CF+PI + PI,

=10-0)+H Y -2X)+f Q+m».v|..w_w8m C.+Nvo|m

. (3

2c+y

12

2 2 2
Solve mlun+ww% Iaw|wua+.<
w.ﬁ xoy m.v«

¥ SOLUTION: RHS.=0
(D*+ DD’ - 6D z=0
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NNENNJ.EN M,
AE m*+m-6=0 g

AS..TQVAS.INV“O

m=-32
O.TH\._QIwRV.T.\.NQ.TNHV
Pl= X1y {0
(D + DD’ - 61r%
= wl&
4 2
D*| 1+ Nlob
i D D?
[ 1-1
H Nb\ N&\N
T — + Ill.a e »
1 104
o Bt [ 4 3,

o -
1 1 X7y bll&.
Pl=—([x+y—-x)]=—(@O)=—7= =
D? D 2 id
2 d
i 2 DY sy
Pl = > (2) dy
et soluion i 1 fa
Complete solution 1s: D
2 1
Xy —=|d
2=f, =3 +f ¢ +20) + 555 7% fay
\\
Example 20
Pz, z_ 2
R Lo4+4 -5 ==y“+x
Solve 2 axdy @m

65 SOLUTION: RH.S=0
(D? +4DD’ =50 2=0

Partial Differential Equations 1.101

m*+4m—-5=0
m=-=5,1

CE=fi(y-50+f (+%) ()

Pl= (x+ %nv 1

O*+4DD'-5D%) o o7 © )
Dl 1+4%-5=
D 2

-1
1 4D’ &
ST (x+y)

)
[
o

o
~N

1
==l s a5 Iy
um bbu bs

2.2 3 4
pr=YX X _4Xy Tx
2 6 3 4

Complete solution is z=CF+PL

40’ _D?*| 16D? P+

2.2 3 4
Nu\_Q|mav+b©+a+wﬁ+mlamw+$

3 3
Solve w|wl 2 mnn
ox ox“dy

=2 +3x7y

IS SOLUTION: m° -2m*=0
m=0,0,2
CE=f,0)+xf,0)+f; 0 +2%) - @
1 1

2x:
Pl=——— (2 + ————
ouuubmbx ) D -20* D’
2x
2e 3 D) 2
% =125 |
21=097:0 buﬁ wu
.3

=& +||Tw.+m%xmu

.Hbu D

(35%)
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Xy 38
+ —_— —_— —
20 *60
—
N v ’
Solve (D* = 6DD’ +9D'%) 7= 6x + 2y
5" SOLUTION: R.H.S=0
(D* - 6DD’ +9D?) =0
AE: m>-6m+9=0
m=3,3
CF=fi ¢+3x) +xf, (v +3x) - @
Pli=s— : — (6x+2Y)
(D* - 6DD’ +9D"%)
_ 1 — (6x + 2y)
o2l ([ ep_on?
D D>
4 At
nFa 1 — o.@llob\q (6x +2y)
D> L-

(As the function is Gx+2y, go upto D, D’ is enough, higher order &
D and D’ may be neglected)

’ aw mw
1 5.0 I Dl prad
Hl.mUN _+m|m (6x + 2y) ™ X
1 (. L_|&
nlgﬂ Amk+wvo+am~wb\a.«+~vo .W|.TF D, _.
D
=Lla+2y+6l @
Rl 2D _

D

Partial Different Fopinssiarm g 1.103
|| 1. ]
=—=| 6x+2y+ 12 —=(1} |
i I v
| 2 > )
=—= [Gr+ 2y + 124}
I
I I " ...
H.‘..__wayu,dum 18 — & 2ry
N-. - .
3 3
r . X
< 340 !.4«
2 N B >
Pl-= v 4 y=x° ﬁ.a~ b y) (=)

Complete solution 1s
:=CF+PlI
=L+ tx (v 3 e (a s y)

General Method for finding P.L

e e e ———————————— s b

- " g If the above caxes fuids o fimd PI @ well a2

”no\ if the KIS function s in different fosst, we seed
X_HU :.:?::.._.:.w:.:;::..:::R._:..m_.xu_,..ya..T...
“ m

1 »
,,,,,,, J(x, ¥) %\m X, C - mx) X, in owhick O g B

b 3.\::.: ed by y+ mx afler integrats

Example 23 _

Solve (> -DIY =20 z=(y - 1)

e —————————————p——— e e e

Y5 SOLUTION: Given (U7 - DIY -20") 2= (y - 1) &'

»

AE m -m-2=0

m=-12
CF=fiy-x)+L(v+ ) {H
Pl= Arl—vn‘- . 1

o -1pe" |

(D* - DU - 207 NUE RS}
D=my=D+1

LI _M‘l
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Engineering 3&5«5&5 Uy
m==1, fx,y)=@-1)¢

replace y by ¢ - pix = put y=c+x

WEK: fix,y)=(y- e*

fxec-x)=(c+x-1)¢

1 :
w.Huclme.:iMus o i
Pl= Su_ubgTa QtTwL =~ Q)

Substitute c=y+tmx=y—xin (I

— 1 = X
Enbrwb\ho\ e w
(Again use the same formula)

PI=[(c=2x-2) ¢ ax

PI=(c-2v ¢ (1) (replace cby y+ 2xin (In)
PI=ye* w2

Complete Solution is =H0-0+4+2x) +e'y

&%%
Solve — 4+ 2= _ —==y cos
QHN Wﬁ W.v. QEN J *

“¥'SOLUTION: RH.S=0, (p%4pp -6D%) 7=0
AE: 5~+Slmuo
m=2 -3
CF=fi (+29) + £, (y- 3v) . ()

Pls—r- 1
(D" + DD’ - 6D

(v cos x)

Partial Differentia] Equations

I|/ 1.105
/

”mﬂj?é
n@l%ﬁﬂ@ﬂww.w@o&b
SM&BT?E COs x d
(D +~w3 ((¢=29) sinx - (2) (- cos x))
57355 (€~ 2 smx-2e0my)

1 .
oU+wD\v Qm_zklwoom».v

_ (replacing (c - 2x by y)
= ((c+ 3 sinx—2.cos 5 )dv  @eplacing y by (c+3x)
= (¢ +3x) (—cos x) +sin x
PI=-ycosx+sinx (replace ¢+ 3x by y)
.. complete solution is

z=f Q+N®+\m@lu&l%nomk+m5h

(replacing y by ¢-2x)

Example Nm._gzsm Uni. April/May 2003)

Solve (D* - Nﬁb\+b\wnnm«.ﬁ+@

*>"SOLUTION:  Given (D*-2DD' + D) 7= 8¢5+ - (1)
. RHS =0
(D*-2DD’ +D?) 7 =0.
AE m*-2m+1-=0.

m=1,1

CF=f G+x)+xf, (y+x) - (2)
x+2y x+2y
Pl=g—° =8.-%
D*-2pp +p?  1-4+4
PI=8*t% =&
. complete solution is
x+2y

=L+ txf(y+x)+8e
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Engineering >§E§§F

Example 26 |(Anna Uni. Oct/Nov. 1996)

Solve (D*+ DD’ - 6D z=cos 2x+y) +¢" 7Y
¥ SOLUTION:  Given
(D* + DD’ - 6D z=cos (x+y) +¢* 7
RH.S=0= (D’+DD’'-6D%z=0.

AE: m +m—-6=0

m=-3,2
CF=fi(¢—-3)+f(+2x) ~0
Pl = qn.cum.».+.< - Wmmhm..»‘fé
D*+DpD'—6D% - 3
X —y Xy N
Pl,=—F s -8

D*+DD' +6D?  ©
complete solution is:

z=CF.+ HUHw + T.HN

2= 0-39+f @+N».V+Wm5 AN,.+.¢.V|WQ.T.<

Example 27 |(Anna Uni. March 1996)

Solve (D*~7DD" - 6D"°) £ = cos (x+2y)+x

6 SOLUTION:  Given (D* - 7DD - 6D") z = cos (x + 2y) +x - !

put RH.S. =0

(D’-1DD? - 6D z=0

AE:m’ - Tm—-6=0
m=-1, -2 3,

>

CF=fi0-0)+LH0-2)+f (y+31) .a

cos (x+ 2v)

PI, = 3 vano_uooww.ul_. DD =-2. - =-4

(D’ - 1DD"* — 6D

1.107
partial Differential Equations
Pard 2
cos (x+2y) (38D + D) {cos x * 2v)
@D =D st -
(3)
1m— =
” 4
Pl =~ () = -
- (D -7DDT-6D") (i e
D = —
. I7a ol )
f D v‘ Y i
||||—| 1 —| IHI fm\Fw' _ m {x)
'l |0 Pl
1 ﬂ
P.1, l:?lﬂf_ =31

complete solution

+
sin (x + 2y) X
2=fi =X+ for (= 2)+f (v +30) + —=——+ 37

75 24
Example 28 |(Anna Uni. April/May 2003)

Solve (D*=DIY =20’z =¥ +sin (dc —y)

t3 SOLUTION: Given (D” - DD’

R.H.S =
(D’ - DD’ - 20D%) 2 =
AE: Eu -m=20=0
m=35, -4
CF=f (y+5x +\u C. - 4x)

St+y

PIl. = e, xe™* " (Replace D=5
== F ) — =
(O°-DD -2007) 9
P.L, = sin (4x — v) _ T XCOs (44— )
T (= DD’ - 2007 0

(Replace D e 16, DY =-4 CL _

=—1)

20D =>4 sm(dr-¥)

(hH

(2)
= ‘—v

e (@)

ol L Al
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Omplete solution js-

Y=CF+ v.__ +P L partial Differential Equations 1.109
; partial DI —=
/ s : 1630 (Anna Uni. Nov/Dec 2003)
Y=/i O +5x)+ x>y eo
.y, S (4x — 2 ’_ — X =y 4 s =
LH(y-4x)+ 5 FIE Solve (D™ +4DD 5Dy z=3e + sin (x — 2y)

E A vl ’ 2, - NNIVV
“ |Example 5 SOLUTION: (D™ +4DD’=5D") z=3e
_P/mm_::::. Uni. April 2003, 2005) RHSSE

Solve Cu+t~ ’_ 2 3 i ' 2
( D'-DD” ~p nunP+v+2m©.+$ (D’ +4DD’ ~5D7) =0
" SOLUTION: Given: AE:m*+4m-5=0
(D* 4+ D D' = pp2 iy e Y+ cos (v +y) i
. > & o -] = )+f, (y— 5% v oyl
RH.S: (D’ + D> - DD - pPy . = CR=fO+D /O™
= 3 2 - _xTY . (3
AEm +m”—m-1=0. m.:nt@W D) (=5
m=1-1-1
CF: = T4y _ sin (x —2y)
SEEfi ) (-0 s (v - x) .0 PL,= DD - D2
_.4__ = i = & () PL = sin (x —2y) _ sin (x —2y) ... (4)
D+ p-ppt-p? 9 2TT1¥8+20 27
Pl = cos (x+y) Put .. complete solution is Mwﬂ I
A — V) = - = -
T (D-D)(D*+2DD + D) DiEs z=CF+PI,+Pl, DD =- =2
= COS (X + y) b‘w i 77 sin(x—2y) D= .
T(D-D)(-1-2-1) Do =[O0 -
=1 1 g L ) :L ———
- 4 D-D xample 31. c_::;. Uni. Apri/May 2004)
= ) — ox + oy mwN mN
§+: bg
= ) - (¢ Solve 2% gz 3
= WvA« tlt (¢ ) ! olve 32 uw&&+m =8 sin (x + 3y)
P.1, = —cos (x +) 55 SOLUTION: Given (D* - 3DD’ +2D) z=8sin (x+3))
- RHS=0.
i BOULIAN 13 m’=3m+2=0, m=2,1
_ ) j 2|
10m+~u:+ 2 AT O.mnb@+w&+%~@+b
-NI.\‘\MOOmAH+V_V

unb C,+b+\~ C...».V+H\wﬁ<|xv+k\u@|b+\o\\w\\

—
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M:n..:wmz.:n EQSQE_.R 0
Pl= 8 n/_l i /~
(" =301y 5 %) Sl 3) zn%_una . .
pioBsinGis 3y Do
- 10 DD’ = -
<.osolution s D?=- 9

Z=f1(y+x) + fo (v + 2x) - g

3 sin (x + 3y)

| EXERCISE 1.5
Solve the following P.D.E
-.... o )= 4
1 .I.x.wua'h,?..lpui._ )
;n. ;.-.;r .:,.
g S5 g OE gl R
da datdy dy

(D 4 t..:\ + 4 t::, VA 6 sin Bx +2y)

4 0% . q.9  28% ooy
.7. dady oy
S, (s Dy)y 72 ¢ ?
3 ) 2 B 2T
6. (D + D°D-DD"=-D" )1=¢
) by 8
7] A\~ { \v. vn ||.¢\|||q
' 4 ,_.a
o | .- ,Nl
g 92, L cnlmu. cos (3x +Y)
- a dudy 0y
o | .4
9 h.l..uu.ln..u sin X cos 2y

o dxdy

10. u\..u. Ay 9y

+cos (X + C

partial Differential Equations

11.

12.

17.

18.
19-
20.

mun mum 2 3
dx dy
Po_, Pz _ 3%y
ar w».www
2 2 2
7 0
.w|w1 gw#mwknmw:f sin (x - 2y)
X ¥

AblND~VAD|b;UNNH@k+!
(D> -2DD’'+ D) z=sin (x - 2y) + € (x+2y)
(2D*-2DD' -D?)z=26Y + &1 + )

:um..ubbibbvmua:koomv
(D* = 7DD? -6 D) z=x’y +sin (x + 2y)
(D*+D*D' —=DD?—D? ) z=¢"cos 2y
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Definition : . : :
efinition: A partial differential equation is g
cquation, which involves partial derivatives such

» e
as J: d: dJ°z ;
- T'-' TR amt— » - ,"" - o - . :
% Iy etc. Which can b simply
2 oh
denoted as (P.D.F). Which can also be denoted

as F(x,v, a2, U U, .. U, ..)=0

i 3
. «): - )
Ixample: 4 —4 3 ==+ =X
th ()\'
12, o
%z Oz
—————— o -w—-]“ o ()
().1 ay
du o :) i
i 22 LN —
At ()_\

(i) The order of the P.D.L is the order of I}rt

highest partial derivazive occur in it
(ii) The degree of the P.D.E is the degree of zlu'

hiehest order d(mmm occir m it

%) %
E (T‘ () 7 6 (") z Jz 5 9
Fxample: —+4— d st =AY
o R 0xdyei gy o s

order =3; degree =1
(iii) The solution of a PDE is a Sfunction of
independent variables, which satisfies the P. D.E::
(iv) - The general solution of the P.D.E ronmms
arbitrary wmfanzc or a;bm ary funawns or baﬂf
(v) 1f the number of constants to be. :.?lmunat'afE

s f'qual 0. rhe number ()f mdependengz";angbl
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___INTRODUCTION

(i) Consider a Single variable function y=f(x), for example:
: d
y= 3x% + 20 + 11, y=sinx, y=cosx +x2, y=logx...efc. Then :L\X
&y dy
dx“ dx’
equation which involves the above differentials are said to be ordinary

differential équations (O.D.E).

dj 5. 1.7 dy+y—bmx
dx” ax

. are said to be differential coefficients or differentials. An

Example:

(x2D2+4xD+3)y=ex ... elc.
~ (ii) Consider a multiple variable or several variable function
((function having two or more independent variable), z =f(x, x, ... x), and
u=f(x,y,2z...) which are common occurrence in so many engineering
application problems; particularly in Theory of Vibration, Heat transfer,
Fluid mechanics, Thermodynamics....etc.
Example: u=sin (2x + 4y — 52)

Z.:ezx—3y cee etC

oz 9z 9%z 9%z 07z
ox’ dy’ gy*’ 0xady’ 52

Then

are said to be partial derivatives (or) partial differential coefficients.
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111 FORMATION OF PIME BY ELIMINATING
ARBITRARY CONSTANTS

SOLVED EXAMPLES |

Form the P.D.E from =ax + by + ‘\/a?‘ 4 b*
i SOLUTION: Given = av+ Dbyt N+ b

0z
differentiate W.r.t x:s—=p=a-+t 0+0

ox
1) =a
. : 0z
differentiate w.r.t y: ==
oy
q=>
substitute @ and b in (1)

2 2
z=px+qy+\p +4q

This is the P.D.E of first order

. (1)

e 1)

“Example 2 |(Anna Uni. Nov/Dee 2004)

Form the PD from z= (Jc2 + az) (Vz + bz)

& SOLUTION: Given z= (> +d) ¢ + 1)
differentiate w.r.tx: p = (2x) @2 + [)2)
differentiate w.r.ty: g=(2y) (,x,2 + az)
substitute (2) and (3) in (1)

msle ey Ao
z=57 2y =» 4xyz = (|

This is the P.D.E. of first order.

L (D
L2
L3

_Example 3 |(Anna Uni. Nov/Dec. 2003)

From the P.D.E from (x — a)2 +(y — b)2 +z0=1
¥ SOLUTION: Given (x —a)> + (y— b)> +2° = |

. (D
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& Uieeh. (Defportinl Equation)

Dhp ogebon  wieh il difpential
T " %ﬁ% hec&w%.
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INFINITE SERIES

39.1 SEQUENCE

A sequence is a succession of numbers or terms formed according to some definite rule. The

nth term in a sequenge j; denoted by u,,.

For example,if u, = 2n + 1.
By giving different values of 12-in-u.-we-get-different terms of the sequence. ..
Thus, u, =3, u, =5 =T

Pe)
S 9
FAE |

5

i |

, RN +1 4

A sequence having unlimited number of terms is known as an infinite sequence.

39.2 LIMIT

I 2 sequence-tends-to-a-limit-I -then-we-write lim (u,) =/
n— o

9.3 CONVERGENT SEQUENCE

If the limit of a sequence is {inite, the sequence is convergent. If (he limit of a sequence does
not tend to a finite number, the sequence is said to be divergent. N

eg.,

1

I 1 1

39167
3,57, .., (2n + 1), ... is a divergent sequence.

39.4 BOUNDED SEQUENCE

+... . is a convergent sequence.

Uy, Uy, Uy ..., U, ... IS @ bounded sequence if u, < k for every n.

39.5 MONOTONIC SEQUENCE

P
\_ The sequence is either increasing or decreasing, such sequences are called monofonic.
1, 4,7, 10, ... is a monotonic sequence.

e.g.,

1’

N | —

1 . .
3R is also a monotonic sequenece.

1,-1, 1, -1, 1, ... is not a monotonic sequence.

A sequence which is monotoni

Determine the general term of each

convergent,
L e
24’8’ 16’
3 1’-1: 1) -1

EXERCISE 39.1

2.

1005

: \
¢ and bounded is a convergent sequence. )

123 4
273745
12 22\32‘
12103

>

. * o

‘\11.2,, 52_)

:4!: S',

of the following sequence. Prove that the following sequences are

n
n+1

Ans.

2

n
Ans, —
n!
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= fj—-—l- Ans. Convergent n
5. "n n 1 Ans- Convcrgent
7 =n Ans. Divergent 8. u, =
u, =
39.6 REMEMBER THE FOLLOWING LIMITS
n H - : ‘H = 00 ifx > 1
— @ Ii)mmx =0 ifx<1and nlx_fnm.x
log n
n i _ O
@) lim —Y—l = 0 for all values of x @ii) "ll_r’nm ;
n—>o 1!
: ) ) g i), — 1
@¢v) Ilim (] -r—} =e v) H]._{nw(n)
1=ro ”
1/n
. nh) _1
1 1 - - —
04 lim [21]"" =0 iy gnw[ n e
”n—r o
i i 3 . no_
(Viif) r11-1—>H}o nx" =0ifx <1 (ix) uh—l)nmn —w
. P
O et e
Uax - ‘,,_\ A a iy
i) 1m | =iog aor lim l=loga
== w\‘ * nso 1/n
. . tan x
(xit) lim S G (xiii) Hm =1 \
x>0 Xx 0 ¥ //

39.7 SERIES

( A series is the sum of a sequence.
| BC 70 T — N R be a given sequence. Then, the expression
iyl i T e Bl B mmams is called the series associated with the given sequence.
For example, 1 +3 + 5+ 7 + .. is a series
K If the number of terms of a series is limited, the series is called Jinite. When the number of

terms of a series are unlimited, it is called an infinite series.
u, + Uy + Uy + u, + .o+ u, + .. o

is called an infinite series and it is denoted by > u, orZ u,. The sum of the first » terms of
n=1

a series is denoted by S \;
/
39.8 CONVERGENT, 15IVERGENT AND OSCILLATORY SERIES

Consider the infinite seriecs % Uy = Uy b Uy + U b o1 b o
K n
S, = Uy + Uy + 1, +

‘ B p Uyt U+ L+
Three cases arise: '
@ IfS tend ini -
(7 » l€10ds 10 a finite number I is sai
) 175 e o i as n — oo, he series T« is said to be convergent,

2 nfinity as n -4 ies T w,_ is sai j
y » 0, the series T u, is said to be divergent,

n G0CS not tend to g unique limit, finite or infinite, the series T i ig called oscillatory )
F n < V.
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Infinite Series 1007
39.9 PROPERTIES OF INFINITE SERIES

1. The nature of an infinite sehigs does not change:
(/) by multiplication of all Ysgms by a constant k.
(i) by addition or deletion of axjnite number of terms.
2. If two series  u, and £ v, are convergéitythen Z (u, + v,) is also convergent.
Example 1. Examine the nature of the series 1 + 2+ 3 + 4 + ... +n+ .. o

Solution. Let S = 1424344+, +n=0tD [Serics in A.P]
Since lim S, = lim nle 31y
n— o n— o
Hence, this series is divergent. Ans
Example 2. Test the convergence of the series 1 + i + 1 + 1 o ® '
2 4 8 7
. B 111
Solution. Let S, = 1+ 5 + 7y + & + . [Serics in GP]
1 N\
= =2 S, =—
oy 1-r
2
lim S, = 2
Ans.

Jence, ihe series Is convergent.
EByxample 3. Prove that the Jollowing series:

Sl 4
- + — + ... is convergent and find its suni. M.U. 2008)

31 4| 51

. n+1 n+2-1_ n+2 1
Solution. Qere, U, = ——— =
' (n+2)! (n+2)! (n+2)I (n+2)!
1 1

(n+D (n+ 2)!
o (5o G4 G
\ ) 21 31 31 41 41 3!
+.1’__i_ _1 1
\ el @+ 20 (n+2)!

] : 1 1 1
lim 11 ==
[2' (n+2)l] 2

t\lS—.

Example 4. Discuss the nature of the series 2 -

T u, converges and its
+2—2 +2—.. 0

Solution. Let S, =2-2+2-2+% 2 -
= 0 if n is even
= 2 if n is odd.
Hence, S, does not tend to a unique limit, and, therefore, the given series is oscillatory.
Ans.

P\(o % 3& bvic MU,
w TR L C A o S
) Convmgmb 4 MI<] ) divergenl i 2|

\

;@ opuﬂcdma ! ¥ L£-).

n—" \= !
lim Ans.

i

g

s

R
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Infinite Series . “+.-a0.
o2 Jim Ups M B - f )
EXERCISE 39.4 <360 noe g =
n
Examine for convergence:
1 L+i+i+.._+2—"+.ao Ans. Divergent = l’:)::o
IR B Jit 1 a@mnuhﬁ Wm(oud'xbé
© ) n . -
2. Z n Ans. Divergent 3. Z — Ans. Divergent WMQ-&,%
n+1 \Vn+1
n=1 n=1 dk’V neL % ,
1 1 1 1 . : by y ‘@“uj
. = . Di . = —+3+—=+4+.. Ans Divergent . A
4. > cos " Ans. Divergent 5. 1+ 42+ +3+ s gent ¢ OL‘V L.
6. £ (6 -n) Ans. Divergent 7. (2" Ans. Divergent
8. 311 +1

Ans. Divergent
39.14 p-SERIES

1

o . .
The series 17 > + 37 + .. is (i) convergent if p > |
Solution. Case 1: (p > 1)

The given series can be grouped as

@ity Divergent if p < 1.

(MDU, Dec. 2010)

1 (1 1Y) (1 1 1 1)
A e e e g
1P \7_}’ ) ar  w g 7P
(,‘_J-‘. 1]-'L+_1>+ - ﬁif—i L
8" 9" 10" 11’ 12" 13P  14P 157
1
T =
Now 7 «(1)
1,1 1,1 2 ,
R U Y ~(2)
1,l,1,1 11 1 1 g
47 5F 67 7P 4¥ 4V 47 47 B 4_}1 (3)
1 1 1 1 1 1 8
—+ — +. — —+— 4+ —=—
8;! 9;1 15)1 < 8;) + 8;1 Tt 8;1 - 8,: (4)
On adding (1), (2), (3) and (4), we get:
A E R R E R SR Y S U I
b 28 ar 4" 5 g g Poogr 15
N ‘ < —+—+4 4. + i +
- ‘ 1’ 2}’ 47 g¥

2
< Finite number if p > 1

4 s 1 p-1 1\2]' -2 1
9 AR 43 (E) * (EJ +(

3p-3
AL
2

1 p-1
< = el [G.P., r :(lJ A5 = L
1,_(1) 2 1-r
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Hence, the given series is conver

Case2: p=1
When p

gent when p > 1.

= 1, the given series becomes

1. (1.1 1 1
T+—4|242 1.1 11
+2+(3+4)+(§+€+;+—]+[—+—+ +l)+...

8 9 10 716
1
_ i (1)
1.1 1 1 1
—+—= > _ 4=
372 177173 (2)
Ly 1 4 1
5°6 78 8 3'Ets 3 % -3)
Pl g 2 o b 1 |8 3
On adding (1), (2), (3) and (4), we get
1 1 1 1 1
R HCE I
p— — + — —_— —
2 \3 " 4 567773 9+10+“|16+
sz 1 1 9
Tt~ -+ —+—+ ..
2 .22 g ,
s — o e (SAVSS A -
> oo
Hence, the given series is divergent when p = 1.
Case3: p<1
1 1
- P i>_l_’ ot l}>landsoon
? 2 2 3 3 4’ 4
¢ 1 1 1 1 1
' Therefore,i+i+——+—,+..> 1+=+=—+—+..
1Y P kld 4t 2
> divergent series (p = 1) [From Case 2]

1 1
{As the serieson R.H.S. (l * ot % + ) + ) is divergent]

Hence, the given series is divergent when p < 1.
39.15 COMPARISON TEST
C If two positive terms X «, and Z v, be such that

lim —* =k (finite number), then both series converge or diverge together. \\
n— o 'U" o
Proof. By definition of limit there exists a positive number €, however small, such that
u u
£ <egforn>m ie,-e<—L-k<+e
'0” .

n

u
k-e < L <k+deforn>m
vll

Ignoring the first m terms of both serics, we have

O

&
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k-¢ < Hu < g+ g for all n. ‘ U0}
n
Case 1. v, 1 convergent, then

lim (v, + Uy + - V) = h (say) ~ wherehisa finite number.

n—N

From (1), #, < (k + g) v, for all n.

lim (U + Uy + o F u) < (k+ g) lim (v, + 0+ ¥ v) = (k+ g)h

n—>o

1 — 0

Hence, T 1, is also convergent.

Case 2. T v, is divergent, then )
Hm (v, + 0y + o + 7)) > @ |
=

u”
Now from (1) k-¢e< .
i
u, > (k-e, forall n
Wm (g + Uy + o uy > (k-¢ m (v, + ) + ... + v,)
11— 0 nH—= o

From (2), WM (U + ty + ..+ U) > ©
L
Hence, T u, is also divergent.

Note. For testing the convergence of a series, this Comparison Test is very useful. We
choose T v, (p-series) in such « way that

N u,
um —

= [inite number.
" = 0 U,I

Then the nature of both the series is the same. The nature of T v, (p-series) is already knovin,
so the nature of X u, is also known.

2]

Example 8. Test the series Z

n=1

0 Jfor convergence or divergence.

Solution. Here, u, = 1
n+10
I! 5
Let v, = —
n
lim &+ = lim : = lim
N2, noon+ 10

lim 0~ 1 = finite number,
1+ —

. . n

According to Comparison Test both series converge or diver

asp=1, ge together, but ¥ v, 1s divergent
Z u, is also divergent.

Example 9. Test the convergence of the following series:

Ans,
=t 1 1
NIRRT A P A
. 3 M.D.
Solution. Here, we have S (M.D.U., 2000)
1 i 1 . 1
R RN FIN N oy
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l+--—F
o, n n
Im — =
noo Y,

Which is finite and non-zero.

2t and ZV,., converge or div

1

n?
o D.v, is convergent = 3 u, is convergent.

5
where P = i I

Example 13. Test the convergence and divergence of

= 20?4 3n

5+n’
w=1
2
" (
2 4+ 3n _
Solution. Here, Uy = ===—p T =
54 n n° (
1
Let i, o
. n
By Comparison Test
N A\
0t ,(Z‘. + —3/'
., u . \ 1
lim =% = lim
n— o nN—wo 1
n n

lim

e N [
) n—o I

1 (—_ + 1] — +1
o] e
n n

Higher Engineering

erge together since Z"n,

Mathematics

= Z—J— is of the form

i

n

Ans.

the following series.

(Gujarat, I Semester, Jan. 2009)

2+§

n
—57_+1
n

= 2 = Finite number.

According to comparison test both series converge or diverge together but X v_is convergent

asp=2.
Hence, the given series is convergent.

2
Example 14. Test the following series for convergence il
] )

. . oome 2 3 4
Solution. Given series is — + — + — + —5- +
LA L "
1
1+ =
n+1
Here .= ===l
n' o oal!
Let y = 1 U, _
n nV 1 _—=
v,
Lou
lim 2+ =1
ooy,

Therefore, both the series are either convergent or divergent.

But Zv, is convergent if p — 1 > 1, ie., ifp>2
and is divergent if p - 1 < 1, ie., fp<2

_7P

The given series is convergent if p > 2 and divergent if p=<2

' %
FE LR CASINTIN e
‘» © ‘,,5* ) . N \\(
@ N o 6,' S A >/ X rﬁ\.g,’ ‘

—_—

3"

Aus.
4
q¥
/'L/ A «/L’ ~ J..
2 ¢ r 7
S - /
| . \/?
!. {“ ;
1+ l A VI—“
n =7
A/’n%/
Y
= 1 IRV P
—~ | SY'
N (”L n
(P series)
\ Ans, 4
( \- C
\ \‘ 7 n« N
i
) .
o R s
) ’ //:\\
6 79
WY
\ \"q ) /\,\'\
WY s

il
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Infinite Series 1017
EXERCISE 39.5

Examine the convergence or divergence of the following series:

4
1. 2+§,4l +§4—2 +§';:T+"'°° Ans. Convergent
1.2 123 123
2 14+ =4+ =+ 234 + .. Ans. Convergent

Ans. Divergent

1
3. —+ + + .00
1.2 34 56
1 1 1 .
4 = + 554 "B at Forenn © Ans. Convergent (M.D. University, Dec. 2004)
2 2 2
2 3 4
5 1+ TR + il + ... 0 Ans. Convergent
1 2 3 L
6. 7 Tt Ans. Convergent (M.D. University, 2001)
1+2 1+2 1+2
2! !
l 5 * 3—3 + .00 Ans. Convergent
3 3 3
, 2 2n +5
Z Ans. Divergent 9. Z = Ans. Convergent
”_1\/—"'\}”4' L 4n° +1 .‘
@0 " !
10. Z n a Ans. If x > a, convergenl; if x < a, Divergent
n=1 X +n
1 \_‘ \/_ = 2 o
11. =y = Ans. Convergent  12. Z‘ J@#e +1) - n Ans. Divergent
= 1 Lo n=1
13. Zl ’(-r; +1) - \/(71 = 1)_/ Ans. Convergentt
n=1
o n
14. F 2 Ans. Convergent
4 3" +n
«© n i 712 t
15 n_ Ans. Convergent  16. Z - Ans, Convergen
' e
n=1

n=1

39.16 D’ALEMBERT’S RATIO TEST

un +1
. 9 ; lim —— =k then
Statement. If T u, is a posilive lerm series such that Ly

(i) the series is divergent if k > 1

(i) the series is convergent if k < 1
Solution. L Z | N oI DA 1)
Uy, q L ‘
Case I. When lim =k<l1
n— 9 l,[“
By definition of a limit, we can find a number r (< 1) such that
u u u
u 2 3 4
"l < pforalln>m [—<r——<r—<r J
U, t L) U
Omitting the first m terms, let the series be
u, +u, +uy tou, + ...
u u u Uy Uy Uy Uy Uy Uy
= 1 1+—l+—1+—4—+...J = u][l+—+—-—.—+—.——.——
u o u U u]2 Uy U Uy Uy Uy
(r<1

<u (l+rtr +77 4. o)
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! , which is a finite quantity.
1-r

]

i L.
Hence, X u, is convergen

u
8 n+l
Case 2. When lim =k>1
n—»o ll”

u,

>1forallnz=zm

imi hat
By definition of limit, we can find a number m such t 0

u
u Uy Uy
2 >, —=>1, == 1
! ) {)‘2 3
i m terms, let the series be
Amonng:te.first uytu, tuytu, o l
Uy L
u u Wy Uy Mg Uy My
= f1+22 .8 B =uf1+2+2 244 sg= &
1 u u u u Uy Uy Uy Uy Uy
1 1 1 1 2
2 (1 +1+1+1..tonterms) = nu, - ]
[ lm (u, + uy + ..+ u,) = nu,

n— o
lim S > lim gy =oc
n—s>wo 7 "n—w
Hence, = #«, is divergent.
i,
Note. When "*+1 _ 1 *k=1)
1
The ratio test fals,
For Example. Consider the series whose n™ term = —
“;. +1 1 -
im —— = lim -3 =1 (l/
nm— o i, It =y n 1 _1.
n n
. . o1
Consider the second series whose ™ term is — -
2
1
LTS . (n+ 1)2 . n )2
lim = lim = lim =1 (2)
n=e 1, n— o i n=owol\n+41]
n2
> x Uy 4
Thus, from (1) and (2) in both cases lim — = =1
. n— o ””
¢ But we know that the first series is divergent as p=1

The second series is convergent as p = 2,

: My 41
Hence, when lim
n— o I{“

Thus, ratio test fails when k = 1;

= 1, the series may be convergent or divergent.

2
Example 15. Zest Jor convergence of the series whose n'™ term is n—.
2}!
2 2
) n
Solution. Here, we have u, = —, u = w
n ntl 2u+ 1
By D’Alembert’s Test
e vl 1+ 1) 24 ' -
Iim = lim —(\)—.—zlim 1(14. i) =1<1
"oy, now Ml T e n/ 2
Hence, the series js convergent by D’Alembert’s Ratio Test Ans.
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—)"

th <
{ se term 1s —3 .
Example 16. Test for convergence the series whose n 3

n 211 +1
Solution. Here, we have u, = "—3 i m
By D’Alembert’s Ratio Test
1 3 u 1 ) 2
U, 41 _ ol + .n— _ __2__1 = lim nel _ lim =
U, (71 + 1)3 i - l 3 n—oe U, T (1 N l)
n n

Hence, the series is divergent. '
Example 17, Discuss the convergence of the series.

Jn

n
2 \/;m Yoo (x>0
Solution. Here, we have
n n
= nt 41 !

" = n+1 \‘"*1
LT A ()

2 2
{,—_ +7 + =
M n n+2n+2 1 . noon

u, ‘n-.'—]l\." w4l x pe f|¢LJ
L ” k 2 "2
2 24

| (“‘J“_‘} I

) u =

lim —— = lim . R

noou, n—o [14 J_ 1+ L XX
n 112

1019

Ans.

(M.D. University, Dec., 2007)

1
.. By D’ Alembert’s Ratio Test, y u, converges if g I,ie x <1 and diverges if

1 .
;<1 ie, x> 1.
When x = 1, the Ratio Test fails.

1
When x =1, u, = J 2n = l L =—. 1
ne+1 \j”2(1+ ] n 1+L
n n?
0 = 1
,,"‘T/
n
mo o L1
v, ~n 11 1
" 1+— [
n2 n2
lim 2% _ lim =]
oy, n—ym 1+1
o

Which is finite and non-zero.
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e or diverge together.

1020 .
ver
., By comparison test, Zun and Zvn converg 1
& 1
= ~ with p=7<L.
Since Zvn :ZT; is of the form Z " >
erges.
d diverges if x = 1. Ans.

3 v, diverges = > u, div

i i 1 an
Hence, the given series Zu,, converges is X <

EXERCISE 39.6

n
Ans. Convergent

n!

Test the convergence for series:
i 2

1 — Ans. Convergent 5

' 3" n=1"

n=1

2 2 g
3. 1 & Lol = 12.3) o Ans. Convergent
3 3.5 3.5.7
2 258 25811 o —
1

+ +
1.5.9 1.5.9.13

4.
Ans. Convergent

5. = nt.2"
n=1 '
D L= 1
it 6. Z,; 3" Ans. Convergent if x > 3, Divergent if x <3
n= :

= , where k > 0, 1; > 0, the: the serles 2. 1, converges to the

7. Prove that, if u, , ,
; 1+,
positive root of the equation *+x =k
39.17 RAARE’S TEST (HIGHER RATIO TEST)
li ",
e “ 1\ =k, then

If T u, is a positive term series such that [, u, .
(ii) the series is divergent if k < 1.

(i) the series is convergent if k> 1

Proof. Case I. k > 1
Let p be such that k > p > 1 and compare the given series £ u, with Z 1 which is
p
n

convergent as p > 1.
u n+ 1y P
x >( P) or |t >(1+lj >1+BwLML
Uy 41 n Uy v 1 i I 2! n’
(Binomial Theorem)
n uil _1 > p + M l +
Uy s1 2! n

I lim a2 1| >,
= U s
zénd k > p which is true as k > p > 1; Zu, is convergent when k > 1.
ase IL k <1 Same steps as in Case 1.

Notes:

1.Raabe’s Test fails if k = 1
2. Raabe’ . X
aabe’s Test is applied only when D’Alembert’s Ralio Test [fails.
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CHAPTER 6
FOURIER SERIES

Definition ; A function f (x) is said to be periodic if and only if
f(x+ p)=/(x) is true for some value of p and every value of x. The ﬁm:.n\mﬁ“
positive value of p for which this equation is true for every value of x is calle
the period of the function.

For example, for any integer », sin (x + 2nm) = sin x for all x. Therefore,
sin x is periodic. For n=1, sin (x + 27m) = sin x. There is no positive E::wm.n
‘2’ which is less than 27 such that sin (a + x) = sin x for all x. Therefore, 21 1s
the period of sin x. Similarly, 27 is the period for cos x. But tan (7 + x)=tanx
and T is the least positive value such that tan (1 + x) = tan x.

So, tan x is periodic of period .

; = : 5 IEATT
Sin nx, cos nx are periodic functions of period i

Standard Results in integrals. If m, n are integers,

o

.+~= T
. Ifrn#0, h sinnxdx=0 .. hmizfﬁuo

—

2n +2n
Ifn=0 h m::;%uh 0dx=0

+2n . 27
2, Ifn=0, H cosnxdx=0 .. hnowzx%uo

+2n 27
3. ._w sinmx cos nxdx =0 .. .H sin mx cos nx dx =0

i

+2n 2T
4. Ifm#n. .ﬂ sinmxsin nxdx=0 .. ._‘ sinmxsinnxdx=0if m#n
)

o

+2n .2 2T

5. Ifn=0, H sin" nxdx=m .. h sin“ nxdx=m7
+2n 2 27 2

6. Ifn=0, ._” cos“ nxdx=m .. hnOw nxdx =7

+2n
7. Ifn#m, H. cos mx cos nxdx =0

ax

w. .Ta m::c:? HTT sin bx — b cos bx]+ k
a’+b.

140

Fo arier Series

141

@
g __¢
e cos bx dx = oy, [a cos bx + b sin bx]+ k

9. Bernoulli’s generalised formula of integration by parts

Integration by parts : .—: dv=yy- ._.< din.

We extend this result.

= ot
.?3\ dx Et_ u <~ + ::w\w e ::J\& +

where suffix denotes the integration and primes denote the differentiation

Example. Evaluate (i) ?f 7x+5) cos 3x dx (i) va&

Here take u = polynomial =x* + 7x + 5
and v = cos 3x
0 ?\& u ._‘Qf 7x +5) cos 3x dx
= (P +7x+5) hlmawwu —(2x47) ﬁullsm mau
9
L@ hlmmn uau+a
m 27 '
w 2x 2x 2
| .- 2 2x x
(id) T =) |G- G+ = Jre

Some results. If » is any integer, sin nn =0, cos nn = (-1)".
Fourier series of f(x) :

If f(x) is defined in (0, 27) and if f (x) can be expressed as
‘W / \

@ Y i
a < s 2
f(x) = % + M?: cos nx + b, sin‘nx),
n=1

——

N

then the R.H.S. series of sines and cosines is called the Fourier series of
f(x) in the interval (0, 27) .

Theorem. Iff(x) is defined in (0, 2r) and if f(x) can be represented by
the trigonometric series as

f) n% + M?: cos nx + b, sin nx) (D)

n=1

»

then 0 = L [ ra

a = gl .ﬂa.\?vnom nx dx
n 1
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Allied Zm:_mamﬁ

m.c.+M§ cos nx + by sinnx)
2

_ Series

n

- 149

.\ O& cos nx dx

—

-~ - W W

n=1

m_m._.ﬁ? Na\ () dx

then

P._.?La.\ (x)cos nx dx
MmJde

c+2
b = w._. ! nxﬁvmmzz\«&
n nJde

Taking ¢ =0, we get previous results.

Taking ¢ = —7, we get that in (-7, T0)

f(x) W + ME: cos nx + b, sinnx)

where

4 = 2| fwa
- .q_m._.“\?voom nx dx

H T

B = % f (9sin nx dx
Even and odd functions : In (o0, ),
i) If

g Fx) = f(x) for all x then £ (x) is even.
A F(=x) = <) forall X, then £ (x) is odd.
O [ =2 [T

A 2 ._.o f(x)dx if f(x)is even.
(i) LSO =0 £y is oqa.

) ["finnae - o™

@BEE.: Find
- he Fou .
(0, 2m). ! Tier series of period;
ciy 2m .\ow%ﬂkv
Um&:ﬂm 3 F -2
M = n/6
Sol. Let
.\.C.\v =
An
:M_ SoSEED » Sinnx)
where o - L=
e A

2@ sin nx dx

!——.‘—.

=
S~ al— al-

e
<. 5
=
[ ]
&

1l
al-
>
u)l”‘
w
w =) [5)

COSs nx

1
(e
gl

i 271
sin nx
+@Q))| ——
n 0
,, . 112 @m) cos2nTt|  since other terms vanish
= n| W
_ 4 since cos 2nmt =1
= D
n
2n
B = W.a x* sin nx dx
n nJ0
sin nx
{ CcOSs nx
= I~| AHNV AJHV
T n n
270
| cos nx

| +§

3

Ll 47’ +||Aoomm== 1)

n

= % T on n oo
_ _4n
- n
Substituting ay, a,, b, values in (1)
4n
A—v . ,\.AHV - HN — qun +M ‘OOw;H.l\IIm:u nx

x =0 is an end point of the range.
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Value of Fourier seriesat x =0 is fO+f (2m)

.
O

4
2

Nl'—

Example
%

Sol. Let f(x)

a,

Substituting a,, a,, b

f(x)
7

2
kﬁ:ﬂ—:o 3. Find Fourier series of f (x) = (=)

Em!b&&@ 27,

2. Find Fourier series of f (x)

]

[}
Ex

o +M€ COs nx + b, sin nx)

u 2n 1 2n 1 2 an
- 1 =11 ==X | -
= a.—o f@dr=2[xde LLO

1 2n
= m.-.o f (x) cos nx dx

1

2n ,
= l._. X COS nx dx ,
mJo

2n |
. I Q\%m_: iulcvﬁtnomgﬁz ,_
P

L i ) |

n

_ 4,
FNATLno ,
Lh

2n A — 2n
f (x)sinnxdx=2 _. X sin nx dx
0 mJo

. 2n
1 - COs nx _ _SIin nx
= ﬁcah w )

al—

al-

2
n n

_ 1 MJ 2

L n n

Lin (1), we get

=x=n-2 M wm::cﬁ.
1

T in (0, 2m) of

¢ Series
Allied Mathemat
pl. Let f®
/
2
0” + 41
= M = Nu.nu Qo
2 2
4n° _2n
= N._HN _——
3 3
-
-6
= 16,
=xin (0, 2m) of periodicity

Example 4.
eriodicity 2T
Deduce 1 —

Sol. Let

147
m~p+Mn€=8m§+Fm5§v
\ 2
PN S
" nd 4
2n
3
1| (n-%)
Tl D L
I laul:J
- 12n
2
_
T 6
2
w.ﬂ:QTb cos nx dx
n T mdo 4 . N OOm:Hu
sin nx m—x)|— 2
_ .wlﬁyﬁﬁ|b~ﬂ - /V+wn ﬂ i
41 21
sin nx
+(D| —
n o

Mwa (n- %) sin nx dx

. oofcn/fmﬁlbhlm._:wiu
Mrﬂn|u& ﬂl n "

2n
cos nx %
+Q )b

) (m—x)in 0,2m) asa Fourier series of
mxmnzm fx)=

w
3t ) - A1)
@.+MG= cos nx + by, sinnx

n=1
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148 Allied Mathematics — Il !
, Fourler Series .
n _. n ' ¥ ,_
a = L r@a=L] m-na _,_, - Leemay
1 x* " , - Ly
= S| m-% .j < a ="2J) f (%) cos nx dx
1 . il 1,
= ﬁo_u . = m._.c e " cos nxdx
a, = nr.—.u:% (X)c 1 . 1| e™* R e
=g os nx dx i =5 ~+=n78m§+=m5~5
2n 0
= ._nn._;o (T — x) cos nx dx = Sl Tunaﬁlc - TS.‘,
) n(1+ n?)
. =T
_ 1 (m— b sin nx 1) lnoﬂ:k _ _ 1- i
n n n- 0 r. - 2
| ,n v q.nc +n w
DA S W P -
ﬁ a-ni= 1| b, = W_.o e sinnxdx
1 | \
b, = I.— f (x) sin nx dx A —x ™
b1 ! = ..__m € 5 (=sin nx — n cos nx)
1 & , 1+n
= —| (m—x)sinnxdx |
2n ‘_. 4 .n
L = I:m
1 Cos nx sinnx [ -l n(l+n® V_..
= m;‘,ﬁ b " u Dl - {
: 0 I - Q IMHV
= P n, m el | m c +n’)
mn N n A Substituting ag, a,, b, in (1), we get
fx) = .:. Mu—. sin nx . e’ = E I+ M“ > (cos nx + n sin nx)
: n=1 | 11+ n* ..
Put x = 2. f(x)iscontinuous atx = w2 ¥ : )
P
linZ+ Mm:_ T+ Lsin mmm + Mm_s hﬂﬁ .= m il In (0, 27), ¢ * is continuous. Therefore, at x =, the value of the Fourier
12 2 3 f. series equals the value of the function. Hence replacing x by min (2),
: _n
Le., ~|w+w ....... HOOO'I&. ; o w |+MA wv
s e -X . e =
\ Example 5. Obtain the Fourier series of periodicity 2 for f(x) =e " in — 1+ n*
D" -1 =
(  the interval 0 < x < 2m. Hence deduce the value of M 5 | e = Bl M -
l+n . l_e™ 2 2 41
ol n=
Sol. Le ST YA b, si S (D" 2
ol. Let fx) = =2+ ) (a, cos nx+b, sinnx) . M =" _ n __n =T cosechn
2 B i 14nt -t 2 e 2
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Questions
What is the value of Gamma of one ?
I' (nt+1)=

what is the relation between Beta and Gamma functions?
The value of $(1/2,1/2) is

The value of I'(1)=

what is the value of I'(1 /2)?

Which one of the following statement is true?

Which one of the following statement is false?
I(1/4)T(3/4)=__

The values of I'(4)=

If C ' is the evolute of the curve C then C is called
the of the curve C'

Curvature of the circle is the

of a curve is the envelope of the normals of
that curve.
The parametric coordinates of the parabola x"2=4ay
are .
The parametric coordinates of the ellipse is given by

The parametric coordinates of the hyperbola is given
by
The parametric coordinates of the parabola y”"2=4ax
are .
The locus of the centre of curvature for a curve is
called its evolute and the curve is called an

of its evolute.
The locus of the centre of curvature for a curve is
called its
The parametric coordinates of the cycloid is given by

If y=1/x, then y1=

If y=x"2, then y1=

If y=x"2, then y2=

If x=2at then dx/dt=

If x=at"2 then dx/dt=

If y=ax”2+2ax then dy/dx at (3,2) is
If y=ax"2+2ax then dy/dx at (2,2) is
If y=ax"2+2ax then dy/dx is

If y=ax”2+2ax then second derivative is

The volume of the solid of revolution generated by
revolving the plane area bounded by the circle x"2+y”2=a"2
about its diameter is..........

The volume of the solid of revolution generated by
revolving the plane area bounded by the circle x"2+y"2=2"2
about its diameter is..........

The volume of the solid of revolution generated by
revolving the plane area bounded by the circle x"2+y"2=3"2
about its diameter is..........

optl

0

(n+1)!
B(m,n)=r(m)r(n)/T
(m+n)

i

1

pi
rey=rq)
IrQ)=I(1)
21

1!

involute

its radius

involute

x=at"2, y=2at
x=acos0, y=bsinf
x=acosb, y=bsin6

x=at"2, y=2at

involute

involute
x=a(0+sinh), y=a
(1+cos0)
-1/x72
x"2

x"2

2at

2at

8a

8a
8ax+2a
2a

(4/3)ma*3

(32/3)n

161

opt2

1

nl (nt+1)
B(m,n)=r(m)r(m)
/T(m+n)

Vr/2

n

0

I'(1/2)= (Nmy*2
r(=1

V2

2!

curvature

the reciprocal of
its radius

curvature

x=at, y=at

x=asinb,
y=bcos0
x=asinb,
y=bcos6

x=at, y=at
evolute

evolute
x=a(0-sinb),
y=a(1-cos0)
1/x

1/x

1/x

2a

2a

4ax

4ax

4ax+2

4ax

2/3)ma"3

(1/3)n

O



opt3
2
I' (n-1)

B(m,m)=r(m)r(m)/T

(m+n)

n

n!

1

[ (12)=1
I (12)=rn
V(2m)

3!

radius of
curvature

its centre
radius of
curvature

x=2at, y=at"2

x=atanf, y=bsec

x=atan6, y=bsec0

x=2at, y=at"2

envelope

envelope
x=(0+sinf), y=
(1+cosB)
ax

2x

2x

2t

2t

2ax

2ax
2ax+2a
6ax

(1/3)ma™3

2/3)n

36w

opt4

3

nI (n)
B(m,n)=T(n)(n)
/T(m+n)

/2

0

root(pi)
rany=o

I' (n+1)=n+1
1

4!

centre of
curvature

the reciprocal
of its centre

evolute

x=a, y=t

x=asech,
y=btan
x=asecH,
y=btanf

x=a, y=t

curvature

curvature
x=(0-s1n0), y=
(1-cosB)
bx

X

2

0

0

6a

6a

6a

6a

ma™3

opt5

opté

Answer
1
nI (n)

B(m,n)=(m)r(n)/T

(m+n)

L

1

root(pi)
I'2)=Irx)

I' (n+1)=n+1
2

3!

involute

the reciprocal of

its radius

evolute

x=2at, y=at"2

x=acos0,
y=bsinf
x=asecH,
y=btan

x=at"2, y=2at

involute

evolute

x=a(0-sinf), y=a

(1-cosB)
-1/x7"2
2x

2

2a

2at

8a

6a
2ax+2a
2a

(4/3)ma™3

(32/3)n

36m



The Volume of a sphere of radius 'a' is.................. 2/3 mar3 4/3 ma™3

The surface are of the sphere of radius 'a' is.................. 4mar2 a2

The Volume of a sphere of radius 2' is.................. 16/3 1 32/3n

The surface area of the sphere of radius '3' is.................. 36m on

[ dx=oonane. x+C 1
Jedx=................ cx+C 0

[ 5dx=.ooun.n.. x+C 5x+C

[x ndx=.............. xNnt+1) (n+1)+ C xNn-1)/ (n-1)+ C
Jxdx=..... x"2+C x"2/2+C

[ x2 () dx=.............. (xN2)2)+C (x(3)/3)+C

[ 3x72) dx=.............. 3x7(2)+C x+C

T (1/x) dx=.............. 1+C log x+C
[erNx) dx=.............. (-e*x)+ C eMN-x) +C
[eMN-x) dx=............. (-e*x)+ C eN(-x) + C
Jer2x) dx=....oo........ (-e"2x)/2+ C eN-2x)2+ C
[er(-2x) dx=............. (-e’(-2x))2+ C  eN-2x)2+C

[ cosx dx=.............. sinx + C cosx +C

[ sinx dx=.............. sinx + C cosx +C

[ cosmx dx=.............. (sinmx)/m + C (cosmx)/m + C



1/3 m a™3
3mwar2
83w

27n
0

1
x"2+C

nx” (n-1)+ C

x"3/2+C

x+C

x"2+C

(-H+C
(-e"(x))+C
(-e"(-x))+C
(-e"(-2x))/2+C
(-e"(-2x))/2+C
(-cosx)+C
(-cosx)+C

(-cosmx)/m+C

ma3

2ma™2

8

18n

X2

x+C

5+C

(n+1) x* (n+1)+
C

x"2/2+C
2x+C

x"(3) +C
(-log x)+ C
e"x+C
e™x+C
e"2x/2+ C
e™(-2x)/2+ C
(-sinx)+C
(-sinx)+C

(-sinmx)/m+C

4/3 m a"3
4ma™2
3213w
36mn

x+C
cx+C
5x+C

XAn+1) (n+1)+ C

x"2/2+C
x"(3)/3)+C
x"(3) +C
log x+C
e™x+C
(-e"(-x)+C
e™2x/2+ C
e"2x/2+C
sinx + C
(-cosx)+C

(sinmx)/m+ C









Questions optl opt2

The partial differentiation is a function

of or more variables . two Z€ero
If z=f(x,y) where x and y are function
of another variable t continuous  differential

If f(x,y)=0 then x and y are said to be an
function implicit extremum

f(a,b) is said to be exturemumvalue of f(x,y) if =~ maximum
it is either a or minimum Zero

The Lagrange multiplier is denoted by

a b
Every extremum value is a stationary value but
a stationary value need not be an

value. infimum minimum
Ifulu2...... un are functions of n variables x1,
X2 xn then the Jacobian of the
transformation from x1,x2....xn to ul,u2...un is
defined by 2 0
f(a,b) is a maximum value of f(x,y) if there
exists some neighbourhood of the point (a,b)
such that for every point (a+h,b+k) of the f(a,b)>f  f(a,b)<f(ath,
neighbourhood (ath,b+k) b+k)
f(a,b) is a minimum value of f(x,y) if there

exists some neighbourhood of the point (a,b)
such that for every point (a+h,b+k) of the fla,b)>f  f(a,b)<f(ath,
neighbourhood (ath,b+k) b+k)
The necessary condition for maxima is ot/ox (a,b)

opt3

one

two

explicit

minimum

maximum

f(a,b)<0

f(a,b)<0

=0 of/ox (a,b)=1 0ot/oy (a,b)=5

The necessary condition for minimum is of/ox (a,b)

=0 of/dy (a,b)=0 of/ox (a,b)=1

of/ox (a,b)
=0 and
f(a,b) is said to be said to be a stationary value  0f/0y (a,b)
of f(x,y) if (x,y) is =0 of/ox (a,b)=1

8f/dy (a,b)=0



optd opt5 opté  Answers

three two
one continuous
differential implicit
maximum
or
maximum minimum
d 1
extremum extremum
-1 2
f(a,b)>f
f(a,b)>0 (at+h,b+k)
f(a,b)>0 f(a,b)<f(ath,b+
of/ox (a,b)
of/oy (a,b)=1 =0
of/oy (a,b)
of/oy (a,b)=1 =0
of/ox (a,b)
=0 and
of/oy (a,b)

of/dy (a,b)=1 =0



The expansion of f(x,y) by series is

unique. Maclaurins Taylor power
If f(a,b) 1s said to be of f(x,y) ifitis extremum boundary

either maximum or minimum. value value end
The differentiation is a function of

two or more variables. ODE PDE partial
Any function of the type f(x,y)=cis called an Implicit Explicit Constant

If u=f(x,y) ,where x = ¢(t),y =¥(t) thenuisa
function of t and is called the function Implicit Explicit Constant

The point at which function f(x,y) is either
maximum or minimum is known as
point Stationary  Saddle point  extremum

maximum or
If rt-s"2>0 and r<0 at (a,b) the f(x,y) is maximur Maximum Minimum minimum

maximum or
If rt-s"2>0 and r>0 at (a,b) the f(x,y) is minimun Maximum Minimum minimum

If rt-s"2>0 at (a,b) the f(x,y) is neither maximun Stationary = Saddle point  extremum

If N.F=0 then F is irrotational  solenoidal rotational

If NxF=0 then F is irrotational  solenoidal rotational

Any motion in which the curl of the velocity

) ) . irrotational  solenoidal rotational
vector is zero is said to be

A function is said to be if it associates Scalar Vector Point
a scalar with every point in space. function function function

A variable quantity whose value at any point in

. - Scalar Vector Point
a region of space depends upon the position of . . .
L function function function
the point is called a
A function is said to be if it associates Scalar Vector Point
with vector in every point in space. function function function

If the divergence of a flow is zero at all points

then it is said to be rotational irrotational solenoidal



binomial

power

total
composite

composite

implicit

ZE1ro

zero
implicit

curl

curl

curl

vector point
function

vector point
function

vector point
function

conservative

Taylor

extremum
value

partial
Implicit

composite

Stationary

Maximum

Minimum
Saddle point

solenoidal

irrotational

irrotational

Scalar
function

Point
function

Vector
function

solenoidal



gives the rate of outflow per unit

volume at a point of the fluid. curl vV
If div V=0 everywhere in some region R of
space then V is called the vector point  rotational
function.

is a vector which measures the extent
to which individual particles of the fluid are curl V
spnning or rotating.
divFisa function. point
If curl V=0 then V is said to be an :

rotational

If r=xI+yJ+zK then div r=
If r=xI+yJ+zK then curl r=
div (curl V)=
curl (grad f)=
Two surfaces are said to cut orthogonally at a
point of intersection, if the respective normals  parallel
at that point are
Any integral which is to be evaluated over a Line
surface is calleda integral
When the circulation of F around every closed
curve in a region vanishes, then F is said to be  rotational

in that region.
A force field F is said to be if it
is derivable from a potential function f such rotational
that F = grad f.
IfFis then curl F=0. rotational
If S has a unique normal at each of its points
whose direction depends continuously on the .

Orientable

point of S then the surface S is called a
surface.

divVv

irrotational

divV

vector

irrotational

divV
divV

perpendicular

Volume
integral

irrotational

irrotational

irrotational

smooth

curl V=0

solenoidal

curl V=0

scalar

solenoidal

curl V
curl V

equal

surface
integral

solenoidal

solenoidal

solenoidal

plane



div V=0

conservative

div V=0

rotational

conservative

Z€1ro

closed integral

conservative

conservative

conservative

twisted

divV

solenoidal

curl V

scalar

irrotational

perpendicul
ar

surface
integral

irrotational

conservativ
e

conservativ
e

smooth



If (3x-2y+z)[+(4x+ay-z)J+(x-y-2z)K is
solenoidal then a=

If f=x+y+z-8 then grad f is

The function f(x,y)=2x"2+2xy-y"3 has

The function f(x)=10+x6
curl (grado)=

if F=xyi-yzj-xzk then at (1,1,1), div F=
div (curl V)=

0
I+J+K I+J-K
two
only one stationary

stationary  points at

I-J+K

two
stationary

point at (0,0)and (1/6, point at (0,0)

(0,0) 1/3)

isa
decreasing has a
function of minimum at

X x=0
0 divV

i+j+k i-j-k

0 divVv

and (1,-1)

saddle point
curl V

i-j-k
curl vV



not stationary
points

has neither a
maximum nor
a minimum at
x=0

i+-k
\)

I+J+K

two
stationary
points at
(0,0)and
(1/6,1/3)

has neither
a maximum
nor a
minimum at
x=0

ik
0









Questions

|

dxdydz =

© Ly 1O
© Ly L

The value of || dx dy , inner integral limt varies
from 1 to 2 and the outer integral limit varies from
Otol

[l dx dy dz, the inner integral limit varies from 0 to
3, the central integral limit varies from 0 to 2 and
outer integral limit varies from 0 to 1

When the limits are not given, the integral is named
as

The triple integral [[] dx dy dz gives
over the region v.

The value of || (x+y) dx dy , inner integral limt
varies from 0 to 1 and the outer integral limit varies
fromOto 1

The value of [[| "2 yz dx dy dz, the inner integral
limit varies from 1 to 2, the central integral limit
varios from 0 to 2 and outer integral limit various
from0to 1

Evaluate [ 4xy dx dy, the inner integral limit varies
from 0 to 1 and outer integral limit varies from 0 to
2

optl

Definite
integral

arca

7/3

10

opt2

Infinite
integral

volume

1/3

opt3

volume
integral

Directi
on

2/3

opt4 optS

Surface
integral

weight



opté Answer

Infinite
integral

volume

7/3



The value of || dxdy/xy, the inner integral limit
varies from 0 to b and the outer limit varies from 0
toa 0

The value of || dxdy/xy, the inner integral limit
varies from 0 to x and the outer limit varies from -a

toa 0
If the limits are given in the integral , the the Definite
integral is name as integral

The value of [[(x*2+3y”2) dy dx , the inner integral
limit varies from O to 1, the outer integral limit
varies from 0 to 3 10

The value od Jf dxdy d, the inner integral limit
varies from Oto 3, the central integral limit varies
from 0 to 2 and outer integral limit varies from 0 to

1 6

If the limits are not given in the integral , the the Definite
integral is name as integral

The value of [[(x*2+y"2) dy dx ,the inner integral
limit varies from O to x, the outer integral limit
varies from 0 to 1 1

The value of [[dy dx, the inner integral limit various
from 0 to x ,the outer integral limit varies from -a
toa 0

The Double integral || dx dy gives of
the region R area

Infinite
integral

15

Infinite
integral

modulus

ab

volume
integral

12

16

volume
integral

Directi
on

loga log b

Surface

integral

30

12

Surface
integral

weight



loga log b

Definite
integral

12

Infinite
integral

arca



The value of [[[ dx dy dz, the inner integral limit
varies from 0 to a , the central integral limit varies
from O to a and the outer integral limit varies from
Otoa 0

The value of [[(x+y) dx dy , the inner integral limit
varies from 0 to 1 and the outer integral limit varies
fromOto 1 0

The concept of line integral as a generalization of
the concept of integral Single

The extension of double integral is nothing but

integral Single
The concept of integral as a
generalization of the concept of double integral Single
Evaluate [x"22 dx, the limit varies from 0 to 1 2
Evaluate [42y dy, the limit varies from 0 to 10 10

The value of []2 xy dy dx, the inner integral limit
varies from 0 to x and the outer integral limit varies
from 1 to 2 154

The value of [|dy dx, the inner integral limit varies
from 2 to 4 ,the outer integral limit varies from 1
to 5 8

a3

Double

Line

Surface

16

2100

92

a2 a™4
2 3
change

of order Triple

volume
integral Triple

Line Triple

110 34
2000 100
32 43
4 5



a3

Double

Triple

Line

16

2100

154



The value of [[xy dy dx, the inner integral limit
varies from 0 to 3 , the outer integral limit varies
from 0 to 4 12

The value of [|dy dx, the inner integral limit varies
from 0 to 2, the outer integral limit varies from 0
to 1 2

The value of [[dx dy, the inner integral limit varies
from y to 2, the outer integral limit varies from 0
to 1 12

The value of [[dx dy, the inner integral limit varies
from 2 to 4, the outer integral limit varies from 1
to 2 2

When a function f(x) is integrated with respect to x Definite
between the limits a and b, we get integral

In two dimensions the x and y axes divide the
entire xy- plane into quadrants 1

In three dimensions the xy and yz and zx planes
divide the entire space into parts
called octants 3

Evaluate [(2x+3) dx, the integral limitvaries from 0

to 2 10
provides a relationship between a ,
. . . Cauchy's
double integral over a region R and the line integral
Theorem

over the closed curve C bounding R.

36

infinite
integralv

42

QGreen's
Theore

12 4
32 4
32 4
3 1

volume Surface
integral integral

3 4

8 4

51 1

There AUSS
m Theorem



12

32

Definite
integral

10

Stoke's
Theorem



is also called the first fundamental
theorem of integral vector calculus.

transforms line integrals into surface
integrals.

transforms surface integrals into a volume
integrals.

is stated as surface integral of the
component of curl F along the normal to the
surface S, taken over the surface S bounded by
curve C is equal to the line integral of the vector
point function F taken along the closed curve C.

is stated as the surface integral of the
normal component of a vector function F taken
around a closed surface S is equal to the integral of
the divergence of F taken over the volume V
enclosed by the surface S.

Cauchy's
Theorem

Cauchy's
Theorem

Cauchy's
Theorem

Cauchy's
Theorem

Cauchy's
Theorem

QGreen's
Theore

Green's
Theore
m

Green's
Theore
m

Green's
Theore
m

QGreen's
Theore
m

Stoke's
Theore

Stoke's
Theore
m

Stoke's
Theore

Stoke's
Theore
m

Stoke's
Theore
m

Gauss
Theorem

Gauss
Theorem

Gauss
Theorem

Gauss
Theorem

Gauss
Theorem



Green's
Theorem

Green's
Theorem

Gauss
Theorem

Stoke's
Theorem

Gauss
Theorem









Questions optl

An equation involving one dependent variable
and its derivatives with respect to independent ~ Ordinary Differential

variable is called Equation
The ODE of the first order can be written as F(x,y,s,t)
C.F+P.1 is called solution Singular

The roots of the A.E of D.E, (D"2-2D+1)y=0
are 01)

C.F = Ae™ + Be™™

The quadratic equation of roots are real and
distinct. What is the Complementary function?

The order of the (D*2+D)y=0 is 2

The roots of the A.E of D.E, (D"4-1)y=0 are (1,1, 1,1)

The roots of the A.E of D.E, (D"3-D"2+D-1)y=0

are (1,-1, 1)

The roots of the A.E of D.E, (D"3-7D-6)y=0 are (1, 2, 3)

opt2

Partial Differential

Equation

F(XaY7Z9p7q)

Complete

(32)

(1,1,-1, 1)

(1,1, -1)

(1,-2,3)



opt3 opt4 optS opté Answer

Ordinary
Integral Difterential
Difference Equation Equation Equation
F(x.y,2) F(x,y,y)=0 F(x,y,y)=0
General particular General
(12) 11 (1D

C.F =Ae™ + Be™"

0 -1 2
(1,-1,1,-1) (1, -1, 1, -i) (1,-1,1, -i)
(laia 'l) (13 17 1) (la'ia 1)

3,2,-1) (-1,-2,3) (-1,-2,3)



The degree of the (D*2+2D+2) y=0 is 1

The particular integral of (D"2-2D+1)y=e"x
is ((x"2)/2) e™x

The roots of the A.E of D.E, (D*2-4D+4)y=0 are (2, 1)

If y=ax+b then differentiating with respect to
X= a

A Differential Equation is said to be
if the dependent variable and its
differential co-efficient occur only in the first

degree. Linear equation

The P.I of the Differential equation (D2 -3D+2)

y=121is 1/2
If f(D)=D"2 -2, (1/f(D))e"2x= (17 2)e™x
If f(D)=D"2 +5, (1/f(D)) sin 2x = sin X

To transform (xD”*2+D+7)y=1/x into a linear
differential equation with constant coefficient.
Put x= e”(-t)

(x/2) e"x

(2,2)

atb

Non-Linear

equation

1/7

(1 / 4)er2x

COS X

e (21)



(x"2)/4) e”x

(27 '2)

Homogeneous equation

(1 / 2)er-2x)

sin 2x

e™(t)

((x*3)/3) e™x

('29 2)

ab

Non-
Homogeneous
equation

10

(1 /2)er2x

-sin 2x

e™(-2t)

((x"2)/2) e’x

(2,2)

Linear equation

(1 /2)er2x

sin 2x

e™(t)



The particular integral of (D2 +19D+60)y= e"x
is

The particular integral of (D"2+25) y= cosx is

The particular integral of (D*2+25) y= sin4x is

The particular integral of (D*2+1) y= sinx is

The particular integral of (D”2 -9D+20)y=e”

(2x) is

The particular integral of (D*2 +D-72)y= e"(7x)
is

The particular integral of (D”2-1) y=sin2x is

The particular integral of (D"2+2) y= cosx is

In a PDE, there will be one dependent variable
and independent variables

(-e"(-x))/80

(cosx)/24

(-sin4x)/9

XCOSX/2

er(2x) /6

eN7x)/16

(-sin2x)/5

(-cosx)

only one

(e(-x))/80

(cosx)/25

(sin4x)/9

( -xcosx)/2

e’(2x) /(-6)

eN-7x)/16

sin2x/5

(-sinx)

two or more



(ex)/80

(-cosx)/24

(sindx)/41

( -xsinx)/2

eN2x) /12

eN(TX)/(-16)

sin2x/3

COSX

no

(-e"x)/80

(-cosx)/25

(-sin4x)/41

Xsinx/2

e (2x) /(-12)

eN-TX)/(-16)

(-sin2x)/3

sinx

infinite number

of

(ex)/80

cosx/24

(sin4x)/9

( -xcosx)/2

e (2x) /6

e"(7x)/(-16)

(-sin2x)/5

COSX

two or more



The of'a PDE is that of the highest order
derivative occurring in it

The degree of the a PDE is of the higest
order derivative

Afirst order PDE is obtained if

In the form of PDE, f(x,y,z,a,b)=0. What is the
order?

What is form of the z=ax-+by-+ab by eliminating
the arbitrary constants?

A solution obtained from the complete integral
by giving paticular values to the arbitrary
constant is called a solution.

The solution f(x,y,z,a,b)= 0 of the first order
PDE, Which contains two arbitrary constants is
called a solution.

General solution of PDE F(x,y,z,p,q)=0 is any
arbitray function F of specific functions u,v
is satistying given PDE

The Lagrange's linear PDE is of the form

degree

power

Number of arbitrary

constants is equal Number
of independent variables

Z=qx+py+pq

complete

complete

F(u,v)=0

Pp+Qqg=r

power

ratio

Number of
arbitrary constants
is lessthan Number
of independent
variables

Z=px+qy+pq

general

general

F(x.y,2)=0

Pp+Qgq=R



order

degree

Number of arbitrary constants
is greater than Number of
independent variables

Z=pX+qy+p

particular

particular

F(x,y)=0

Pp+Qp=R

ratio

order

Number of
arbitrary
constants is not
equal to
Number of
independent
variables

z=py+qy+q

singular

singular

F(p,q)=0

Pg+Qgq=R

order

power

Number of arbitrary
constants= Number
of independent
variables

Z=px+qy+pq

particular

complete

F(u,v)=0

Pp+Qg=R



is of the form of the Lagrange's
auxiliary equation dx/P=dy/Q=dz/R dx/Q=dy/P=dz/R

The complete solution of the PDE, pg=1 is z=ax+(1/a)y+b z=ax+y+b

The order and degree of the solution of the PDE
is y=f(y+x)+g(y+x)+e"2x 1 and 2 2 and 1

The complete solution of clairaut's equation is

- z=bx+ay+f(a,b) z=ax+by+f(a,b)
The clairaut's equation can be written in the form z=px+qy+f(p,q) 7= py+qgx
From the PDE by eliminating the arbitrary

function from z=f(x"2 -y"2) is xp+yq=0 p=-(x/y)
Which of the following is the type f(z,p,q)=0 ?  p(1+q)=gx p(1+q)=qz

The equation (D2 z+2xy(Dz)"2+D'=5 is of

order and degree 2 and 2 2 and 1

The complementry function of (D*2 -4
DD'+4D'"*2)z=x+y is f(y+2x)+xg(y+2x) fy+x)+xg(y+2x)



dx/R=dy/Q=dz/P

z= ax+(1-2x)/y+c

Oand 1

z=ax-+by

z=px+f(a,b)

q=yp/x

p(1+q)=qy

land 1

fly+x)+xg(y+x)

dx/P=dy/R=dz/
Q

z=ax+b

1 and 1

z=f(a,b)

z=py+qy+(p,q)

yp+xq=0

p=2x f(y+2x)

Oand 1

fy+4x)+xg
(y+4x)

dx/P=dy/Q=dz/R

z=ax+(1/a)y+b

2and 1

z=ax+tby-+f(a,b)

z=px+qy+(p,q)

yp+xq=0

p(1+q)=qz

2and 1

fy+2x)+xg(y+2x)



The solution of xp+yq=z is

The solution of p+q=z is

The roots of the PDE(D"2-2DD'+D' #2)z=0 are

The particular integral of e”(ax+by)/ ( D-(aD’
/b)) 2 1S ------

The particular integral of e”(ax+by)/ ( D-(aD’
/b)) 1§ ---------
The subsidiary equations of the Lagrange's

equation (z - }V)p + (x - z)q =y—-x is

f(x"2,y"2)=0

f(xy,ylogz)=0

f(xy.,yz)

f(x+y, y+logz)=0

0,1 1,-1
e™N(ax+by) (x2/2) eMNax+by)
ax-by+c e™(ax+by)
dx  dy dz
z-y x-z y-—x



f(x,y)=0

f(x-y, y-logz)=0

12

ax-by+c

ax+by

f(x/y ,y/z)=0

f(x-y,y+logz)=0

1,1

ax+by

xeN(ax+by)

de dy dz

X-y z-y y-x

f(x/y ,y/z)=0

f(x-y, y-logz)=0

1,1
(x2/2)e"(ax+by)
xe"\(ax+by)

dv dy dz

Z=y X-z y-x









Questions

The Taylor,s series of f(x,y) at the point
(0,0) is series.

The expansion of f(x,y) by Taylor series is

The period of cos nx, where n is the positive
integer is

f(x,y) =e”x siny at (1,m/2)then

f(x,y) = e”xy at(1,1) then
Which of the following functions has the

period 2n?

1/n [ f(x) sinnx dx between the limits ¢ to
ct+2mn gives the Fourier coefficient

If f(x) = -x for -n< x< 0 then its Fourier
coefficient a0 is -

If a function satisfies the condition f(-x) = f
(x) then which is true?

optl

Maclaurins

Z€1ro

2n/n

=0

COoS X

("2)/2

opt2

Taylor

unique

n/2n

=1

sin nx

/2

opt3

power

minimum

2n

=2

=0

tan nx

/3

al0=an=0



opt4 opts opté

binomial

maximum

nn

tan x

b 1

Answer

Maclaurins

unique

2n/n

COS X



If a function satisfies the condition f(-x) = -f .
(x) then which is true?

S
Il
=)

Which of the following is an odd function?  sin x
Which of the following is an even function? x"3

The function f(x) is said to be an odd _
function of x if i) =1(%)
The function f(x) is said to be an even _
function of x if i) =1(x)
[f(x) dx = 2[f(x) dx between the limits -a to even

aif f(x) is ------ v

[f(x) dx =0 between the limits -a to a if f(x)

. even

is ------

If a periodic function f(x) is odd, it’s Fourier

. . coefficient an
expansion contains no ------ terms.

If a periodic function f(x) is even, it’s

: ; . cosine
Fourier expansion contains no ------ terms.

an=0

COs X

COS X

f(x) =- f( x)

f(x) = - f( x)

continuous

continuous

sine

sine

al0=an=0

sin X

f(-x) = - f( x)

f(-x) = - f( x)

odd

odd

coefficient a0

coefficienta 0



x4

sin”\2x

f(-x) = f(-x)

f(-x) = f(-x)

discontinues

discontinues

cosine

coefficient
an

al0=an=0

sin X

COS X

f(-x) = - f( x)

f(-x) = f( x)

cven

odd

cosine

sine



In dirichlet condition, the function f(x) has
only a ----- number of maxima and minima.

In Fourier series, the function f(x) has only a
finite number of maxima and minima. This
condition is known as -------

In dirichlet condition, the function f(x) has
only a ----- number of discontinuities .

A sequence {2”n} is

A sequence (-1)"n+2 is

A sequence {2n+1/3n-2} is

A sequence {2n"2+n/3n"2-3} is

5+(-1)*n is

A sequence

The series ). cos(1/n) is

uncountable

Dirichlet

uncountable

Convergent

Convergent

Convergent

Convergent

Convergent

Convergent

continuous

Kuhn
Tucker

continuous

divergent

divergent

divergent

divergent

divergent

divergent

infinite

Laplace

infinite

Oscillatory

Oscillatory

Oscillatory

Oscillatory

Oscillatory

Oscillatory



finite finite

Cauchy Dirichlet
finite finite
unique divergent
unique Oscillatory
unique Convergent
unique Convergent
unique Oscillatory

unique Convergent



The series Y x*n/(n"3+1) atx=11is

The series 1-(1/2"2)+(1/3/2)-(1-4"2)+... is

The series 2-(3/2)+(4/3)-(5/4)+... is

The series 1+(1/V2)+(1/N3)+... is

In a series positive terms Y u n if limitn
tends to o u_n/u_n+1 is not equal to zero
then the series ) u n is

The series 1-(1/2)+1-(3/4)+1-(7/8)+... is

The series (1/(a+1) -(1/(a+2) +(1/a+3)-(1
/at+4)+...convergent if

The series 1-2x+3x"2-4x"3+... where
0<x<l1 is

The series 1/(1+27(-1)) +1/(1+27(-2))+1/
(1+27(-3))... is

Convergent

Convergent

Convergent
but not
absolutely

Convergent
but not
absolutely

Convergent

Convergent

a>0

Convergent

Convergent

divergent

divergent

divergent

Oscillatory

divergent

conditionall

y
Convergent

a<0

divergent

divergent

Oscillatory

Oscillatory

absolutely
Convergent

divergent

not
Convergent

absolutely

Convergent

a<-1

Oscillatory

Oscillatory



Not unique

Not unique

Oscillates
finitely

absolutely

Convergent

Oscillatory

Oscillatory

a<0

unique

unique

Convergent

Convergent

Oscillates

finitely

divergent

not Convergent

Oscillatory

a>0

Convergent

divergent



The series whose nth term is ). sin (1/n)
is Convergent  divergent  Oscillatory

The series 2+(3/4)+(4/9)+(5/16)+...+(n+1)
m"2 +...1s Convergent  divergent  Oscillatory

If p and q are positive real number, then the
series 2°p/1°q+3"p/2"q+4"p/3"q+...

converges p<qg-1 p<qt+1 p>q-1

An ordered set of real number a_l,a 2, Montonic
...a_n iscalled a Series sequence  sequence
If a sequence has a ,itis called a Infinite

convergent sequence Finite limit limit limit

A sequence is said to be bounded above if
there exists a number k, such that for
every n. a n>k a n>k a n<k

Both increasing and decreasing sequence are
called sequence. Convergent  Montonic  Bounded

If limitntends to o a_n is equal to
then the sequence is said to be finite and
Convergent unique Infinite unique

Iful,u2,....un,...be an infinite sequence or
real numbers,then ul+u2+....+un+...is
called infinite series finite series finite terms



Not unique

Not unique

p>qt+1

Montonic

sequence

Bounded

a n<k

divergent

not unique

infinite terms

Convergent

divergent

p<q-1

sequence

Finite limit

a n<k

Montonic

finite and

unique

infinite series



The series 1+2+3+ +n+...+...0is Convergent  divergent  Oscillatory

Every absolutely convergent series is a

series Convergent  divergent  Oscillatory
Any convergent series of terms is
also absolutely convergent negative positive Z€ero

If limit n tends to infinite u n/u nt+l =m
is a series of positive terms ) u n is
convergent if m>0 m<l m>1

If limitntendstoo u n/u ntl =misa
series of positive terms Y, u_n is divergent if
m>0 m<] m>1

If limitntendstooo u n/u ntl =misa
series of positive terms .when the ratio test
fails m>0 m<I m>1



not unique

not unique

unique

m=1

m=1

m=1

divergent

Convergent

positive

m>1

m<l]

m=1









