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UNIT-I 

 

Curvature in Cartesian coordinates-centre and radius of curvature in Cartesian and polar forms- 

Total differentiation 
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CURVATURE 

CURVATURE OF THE CURVE: 

 A curve has a definite at every point on it. At any particular point, the direction of the 

curve is the same as that of the tangent to the curve at the point. The direction usually changes 

from point to point and the tangent line rotates has the point moves along the curve. 

 Let S denote the length of arc AP measured from some fixed point A on the curve and 

 the angle which the tangent makes with x-axis. 

 As P moves along the curve S and very and the rate at which  increases relative to S. 

 That is 
dS

d
is called the curvature of the curve at the point P 

 Curvature of the curve at the point P 

 Curvature is the rate of change of the direction of the tangent at P 

 We say that the curvature is the rate at which the curve curves and its sign indicates the 

direction in which the tangent is turning has S increases. 

Curvature of a circle: 

 Let ABC be any given circle of radius r. 

 Draw AQ the tangent at A 

 Let O be the center of the circle join OA. 

 Select any point P on the circle. 

 Draw PM the tangent at P cutting AQ at an angle  . 

 Measure the length of the arc of the circle from A. So that the arc AP is S. 
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 Therefore,  AOP  

 rS   

 Differentiating with respect to   

  r
d

dS



 

  
rdS

d 1



 

Ie curvature of the circle is the reciprocal of its radius. 

CARTESIAN FORMULA FOR THE RADIUS OF CURVATURE: 

 Let )(xfy  be any curve, 

 Let P be any point on the curve. 

Let  be any angle. 

Which the tangent makes with x-axis  

We know that tan
dx

dy
 

Differentiating with respect to x 
dx

d

dx

yd 
2

2

2

sec  
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sec.sec

.sec

dx
ydd

dS

dS

d

dx

yd

dS

d

dx

yd

dx

dS

dx

d

dx

yd
























 

    
 

2

2

2
3

2sec

dx
ydd

dS 


  

    
 

2

2

2
3

2tan1

dx
ydd

dS 




  

    

2

2

2
3

2

1

dx
yd

dx
dy


















  

Problems: 

1. What is the radius of the curve 244  yx at the point (1,1) 

Solution: 

 Given 244  yx at the point (1,1) 

 244  yx With respect to x, we get  

 044 33 
dx

dy
yx  
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33 44 x

dx

dy
y   

 
3

3

4

4

y

x

dx

dy 
  

 
3

3

y

x

dx

dy 
  

Differentiating again with respect to x 

 
23

2323

2

2

)(

3)()3(

y

dx

dy
yxxy

dx

yd


  

 
6

3

3
2323

2

2
3

y

y

x
yxxy

dx

yd
















 


  

 
6

3
323

2

2
3

y

y

x
xxy

dx

yd
















 


  

 
6

6
32

2

2
3

y

y

x
yx

dx

yd



















  

At the point (1,1) 
1

1


dx

dy
 

 1
dx

dy
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6

6

)2(3

1

1

1
13

2

2

2

2

2

2









































dx

yd

dx

yd

 

The radius of curve  

   

2

2

2
3

2

1

dx
yd

dx
dy


















  

   
  

6

11 2
3

2




  

   
 

6

2 2
3


  

   
6

22


  

   
3

2
  

2. What is the radius of the curve 832  xy at the point (-2,0) 

Solution: 

 Given 832  xy at the point (-2,0) 

 832  xy With respect to x, we get  
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232 x

dx

dy
y   

  
y

x

dx

dy

2

3 2

  

 Differentiating again with respect to x 

 
2

2

2

2

)2(

2)3()6(2

y

dx

dy
xxy

dx

yd


  

 
2

2
2

2

2

4

2

3
612

y

y

x
xxy

dx

yd










  

 
2

4

2

2

4

2

18
12

y

y

x
xy

dx

yd










  

At the point (-2,0) 0
dx

dy
 

 0
dx

dy
 

 

0

0

0

)0(2

)2(18
)0)(2(12

2

2

2

4

2

2

2
























dx

yd

dx

yd

 

The radius of curve  
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2

2

2
3

2

1

dx
yd

dx
dy


















  

   
 

0

01 2
3


  

    

   0  

3. Prove that the radius of curvature at any point )sin,cos( 33  aa on the curve 

3
2

3
2

3
2

ayx  is  cossin3a . 

Solution: 

 We know that 3
2

3
2

3
2

ayx  ……….(1) 

Differentiating (1) with respect to x, 

 0
3

2
3

2 3
`1

3
1




dx

dy
yx  

 3
1

3
`1

3
2

3
2



 x
dx

dy
y  

 
3

`1

3
1






y

x

dx

dy
 

 
3

`1
3

3
1

3

)sin,cos( )cos(

)sin(

33 



 a

a

dx

dy

aa









 

 




 cos

sin

)sin,cos( 33 a

a

dx

dy

aa









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 


tan
)sin,cos( 33










aadx

dy
 

 









dx

dy

dx

d

dx

yd
2

2

 

  tan
2

2

dx

d

dx

yd
  

  
dx

d

d

d

dx

yd 



tan

2

2

  

  



 sincos3

1
tan

22

2

ad

d

dx

yd


  

 




sincos3

sec
2

2

2

2

adx

yd




  

 




sincos3

sec
2

2

2

2

adx

yd
  

 




sin3

sec4

2

2

adx

yd
  

Radius of curvature  

 

2

2

2
3

2

1

dx
yd

dx
dy


















  

 
 







sin3
sec

tan1
4

2
3

2

a


  
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 







sin3
sec

sec
4

2
3

2

a

  

  cossin3a  

The co-ordinates of the centre of curvature: 

 Let )(xfy  be a curve. Let ),( yxp be any point on the curve. 

 Let the center of curvature of the curve )(xfy  corresponding to the point ),( yxp be x 

and y. 

 
2

2

11 )1(

y

yy
xX


  

 
2

2

1 )1(

y

y
yY


  

Where 
2

2

21 ;
dx

yd
y

dx

dy
y   

 The locus of center of curvatures for a curve is called the evolutes of the curve. 

1. Show that in the parabola axy 42    at the point t, 2
3

2 )1(2 ta  , 

232 ataX  , 32atY  Reduce the equation of the evolutes. 

Solution: 

 We know that, 

  ,2atX  atY 2  

 at
dt

dx
2  a

dt

dy
2  
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dx

dt

dt

dy

dx

dy
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a
dx

dy

2

1
2   

tdx

dy 1
  

dx

dt

tdt

d

dx
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









1
2
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attdx

yd

2

11
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2

  

32

2

2

1

atdx

yd
  

The radius of curvature 
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1

dx
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















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3

2
3

2

2
1
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t









 
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  

3

2
3

2

2
1
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t



  

  3
2

3

2

2

2
1

at
t

t








 
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    att 21 2
3

2   

   2
3

2 12  tat  

 
2

2

11 )1(

y

yy
xX


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3

2
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2
1

)11(1

at

tt
atX




  

 32
2

2
1)11(1

attt
atX   

 )1(2 22  taatX  

 aatatX 22 22   

 )1.........(..........23 2 aatX   

 
2

2

1 )1(

y

y
yY


  

 
3

2

2
1

)11(
2

at

tatY



  

 atatatY 222 3   

 )2.........(..........2 3atY   

Eliminating t from (1)&(2) 

 aatX 23)1( 2   

 aXat 23 2   
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a

aX
t

3

22 
  

 
2

1

3

2







 


a

aX
t  

Sub the value of t in (2) 

 
2

3

3

2
2 







 


a

aX
aY  

Squaring on both sides  

 

3

22

3

2
4 







 


a

aX
aY  

 
 

3

3

22

27

2
4

a

aX
aY


  

 
 

a

aX
Y

27

2
4

3

2 
  

  32 2427 aXaY   

The locus of ( X,Y ) is  32 2427 aXaY  is called semi cubical parabola. 

2. Find the evolute of the ellipse 1
2

2

2

2


b

y

a

x
 

Solution: 

 cosax   sinby   

 


sina
d

dx
  


cosb

d

dy
  
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dx

d

d

dy

dx

dy 


  

 




sin

cos

ad

b


  

 cot1
a

b
y


  

 






 
 cot

2

2

a

b

dx

d

dx

yd
 

 
dx

d

a

b

d

d

dx

yd 










 
 cot

2

2

 

  



 sin

1
cot

2

2

ad

d

a

b

dx

yd




  

  ecec
a

b

dx

yd
cos)(cos 2

22

2 
  

 3
22 cos ec

a

b
y


  

 
2

2

11 )1(

y

yy
xX


  

 






3

2

2

cos

cot1cot

cos

ec
a

b

a

b

a

b

aX






















 




  

 







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2

2

222
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cot
cot

cos
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a

b

a
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a

b

aX







 
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




3

2

2

222

cos

1cot
cotcos

ecb

a

a

ba

a

b
aX 







 
  

    3222 sincotcotcos ba
ab

b
aX   

   



 3222 sincot

sin

cos1
cos ba

a
aX   

    2222 sincotcos
1

cos ba
a

aX   

 
 

a

baa
X

 22222 sincotcoscos 
  

 
 

a

baa
X

 22222 cotsincoscos 
  

 
a

baa

X 




2

2
22222

sin

cos
sincossincoscos 

  

 
a

baa
X

 32222 cossincoscos 
  

 
a

ba
X

 3222 cos)sin1(cos 
  

 
a

ba
X

 3222 cos)(coscos 
  

 
a

ba
X

 3232 coscos 
  
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2

2

1 )1(

y

y
yY


 )1....(..........

cos)( 322

a

ba
X


  

 






3

2

2

cos

cot1

sin

ec
a

b

a

b

bY






















 


  

 






3

2

2

2

2

cos

cot1

sin

ec
a

b

a

b

bY










  

 


 3
2

2

222

sin
cot

sin
b

a

a

ba
bY 







 
  

 


 3
2

2

222

sin
cot

sin
b

a

a

ba
bY 







 
  

    3222 sin
1

cotsin
b

babY   

 



 3

2

2
22 sin

1

sin

cos
sin

b
babY 








  

 














2

32
232

sin

sincos
sin

1
sin ba

b
bY  

 
b

abb
Y

 32222 sincossinsin 
  

 
b

ab
Y

 3222 sin)cos1(sin 
  
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b

ab
Y

 3222 sinsinsin 
  

 
b

ab
Y

 3232 sinsin 
  

 )2.....(..........
sin)( 322

b

ab
Y


  

 
a

ba
X

322 cos)(
)1(


  

 
)(

cos
22

3

ba

Xa


  

 
3

1

22 )(
cos 












ba

Xa
  

 Y
b

ab





322 sin)(
)2(  

 
)(

sin
22

3

ab

Yb


  

 
3

1

22 )(
sin 












ab

Yb
  

3
2

22

3
2

22

22

)()(
sincos 























ab

Yb

ba

Xb
  

3
2

22

3
2

22 )()(
1 























ab

Yb

ba

Xb
 

The locus of ( X,Y )is  
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1
)()(

3
2

22

3
2

22





















 ab

Yb

ba

Xb
 

   
1

)( 3
2

22

3
2

3
2






ba

bXaX
 

    3
2

223
2

3
2

)( babXaX   

This curve is a four cusped hypocycloid. 

INVOLUTES: 

 If the evolute if self the regarded as the original curve, the curve of which it is the 

evaluate is called an involuate. 

 De can see that in a curve there can be one evolute but an infinite number of involutes. 

 

 

 

RADIUS OF CURVATURE: 

 The radius of curvature for polar co-ordinates 

  

The radius of curvature when the curvature is given in polar co-ordinates 

 

 

   2

22
2

2
3

2
2

2





d
rdr

d
drr

d
drr









 

  

PROBLEMS: 
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1. Find the radius of curvature of the cardiod )cos1(  ar   

Solution: 

 )cos1(  ar  

 ))sin(( 


 a
d

dr
 

 


sina
d

dr
  

 


cos
2

2

a
d

rd
  

 

 

   2

22
2

2
3

2
2

2





d
rdr

d
drr

d
drr









 

  

Now,   2
3

2
2







 

d
drr  

   2
3

222 sin))cos1((  aa   

   2
3

2222 sin)coscos21((  aa   

   2
3

222222 sincoscos2  aaaa   

   2
3

22222 )sin(coscos2   aaa  

   2
3

222 cos2 aaa    

   2
3

22 cos22 aa   

   2
3

2 )cos1(2  a  
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   2
3

)cos1(.2  aa  

   2
3

.2 ra  

   2
3

22 ar  

Also,    2

22
2 2

 d
rdr

d
drr   

 )cos)cos1((sin2)cos1( 2222  aaaa   

 )cos)cos1((sin2)coscos21( 2222  aaaa   

  222222222 coscossin2coscos2 aaaaaa   

  222222 sin2cos2cos3 aaaa   

 )sin(cos2cos3 22222   aaa  

 222 2cos3 aaa    

 cos33 22 aa   

 )cos1(3 2  a  

 )cos1(3  aa  

 ar3  

 
ar

ar

3

22 2
3

  

 
3

22
1

2
3 


ar

  
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 
3

22
1

2
31

2
3 


ra

  

3

22 ar
  

2. Find the radius of curvature of the cardiod )cos1(  ar   

Solution: 

 )cos1(  ar  

 )sin( 


 a
d

dr
 

 


sina
d

dr
  

 


cos
2

2

a
d

rd
  

 

 

   2

22
2

2
3

2
2

2





d
rdr

d
drr

d
drr









 

  

Now,   2
3

2
2







 

d
drr  

   2
3

222 sin))cos1((  aa   

   2
3

2222 sin)coscos21((  aa   

   2
3

222222 sincoscos2  aaaa   

   2
3

22222 )sin(coscos2   aaa  
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   2
3

222 cos2 aaa    

   2
3

22 cos22 aa   

   2
3

2 )cos1(2  a  

   2
3

)cos1(.2  aa  

   2
3

.2 ra  

   2
3

22 ar  

Also,    2

22
2 2

 d
rdr

d
drr   

 )cos)cos1((sin2)cos1( 2222  aaaa   

 ))cos)(cos1((sin2)coscos21( 2222  aaaa   

  222222222 coscossin2coscos2 aaaaaa   

  222222 sin2cos2cos3 aaaa   

 )sin(cos2cos3 22222   aaa  

 222 2cos3 aaa    

 cos33 22 aa   

 )cos1(3 2  a  

 )cos1(3  aa  

 ar3  
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 
ar

ar

3

22 2
3

  

 
3

22
1

2
3 


ar

  

 
3

22
1

2
31

2
3 


ra

  

3

22 ar
  

2

2

3

22















ar
  

9

)2(42 ar
  

9

82 ar
  

a
r 9

82




 

Hence 
r

2
is a constant. 
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P-R EQUATION OF CURVE  

OR  

PEDEL EQUATION  

 

2

422

111










d

dr

rrp
 

  Or 

 

2

222

111










d

dr

rrp
 

PROBLEMS: 

1. Prove that pedel equation of the cardiod )cos1(  ar is 
a

r
p

2

3
2   

Solution: 

 Given that )cos1(  ar …………………(1) 

Diff w.r.t   

 


sina
d

dr
  

The p-r equation   

 

2

422

111










d

dr

rrp
 

  2

422
sin

111
a

rrp
  
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4

222

2

sin1

r

ar

p


  

 
4

2222

2

sin)cos1(1

r

aa

p

 
  

 
4

2222

2

sin)coscos21(1

r

aa

p

 
  

 
4

222222

2

sincoscos21

r

aaaa

p

 
  

 
4

22222

2

)sin(coscos21

r

aaa

p

 
  

 
4

222

2

cos21

r

aaa

p





 

 
4

2

2

)cos1(21

r

a

p


  

 
42

21

r

ar

p
  

 
32

21

r

a

p
  

 
a

r
p

2

3
2   

2. From the polar equation of a parabola show that arp 2  

Solution: 

 The given equation of a parabola is given by )1..(..........cos1
2


r

a
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 


sin
1

2
2








 

d

dr

r
a  

 
ad

dr

r 2

sin1
2






  

p-r equation is  

 

2

222

111










d

dr

rrp
 

 

2

22

sin11







 






drp
 

 

2

2

2

2 2

sin)cos1(1







 





arp


 

 
2

2

2

2

2 4

sin

4

)cos1(1

aap





  

 
2

22

2 4

sin)cos1(1

ap

 
  

 
2

22

2 4

sincoscos211

ap

 
  

 
22 4

1cos211

ap





 

 
22 4

cos221

ap


  

 
22 4

)cos1(21

ap


  
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 

22 4

221

a

r
a

p
  

 
 

22 4

4
1

a

r
a

p
  

 
arp

11
2
  

 arp 2  

  Hence the proof 

 

 

TOTAL DIFFERENTIAL CO-EFFICIENT: 

1. Find 
dt

du
when tezteyexzyxu ttt cos,sin,,222   

Solution: 

Given,  

 222 zyxu   

Differentiating, 

 x
x

u
2




 

 y
y

u
2




 

 z
z

u
2




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Also, tex   

tey t sin  

tez t cos  

Differentiating  

 
te

dt

dx
  

 tete
dt

dy tt sincos   

 )sin(cos tte
dt

dy t   

 tete
dt

dz tt cossin   

 )sin(cos tte
dt

dy t   

dt

dz

dz

du

dt

dy

dy

du

dt

dx

dx

du

dt

du
...   

)sin(cos2)sin(cos22 ttzettyexe
dt

du ttt   

))sin(cos)sin(cos(2 ttzttyxe
dt

du t   

))sin(coscos)sin(cossin(2 tttettteee
dt

du tttt   

)sincoscossincossin(2 22 ttetetetteee
dt

du tttttt   
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)cossin(2 22 teteee
dt

du tttt   

))cos(sin(2 22 tteee
dt

du ttt   

))1((2 ttt eee
dt

du
  

)(2 ttt eee
dt

du
  

)2(2 tt ee
dt

du
  

te
dt

du 24  
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Possible Questions 

2 Mark questions 

1. Define the Curvature. 

2. What is the radius of curvature of the curve           at (3,4). 

3. Find the radius of curvature of the curve      =2 at the point (1,1). 

4. Verify Euler’s theorem for the function                    

5. Find the radius of curvature of the parabola        at any point. 

6. Find the (p-r) equation of the curve            and hence find the radius of 

curvature. 

7. Find the radius of curvature of the curve           
 

 
   

8. Find the radius of curvature of the curve           
 

 
  at (0, c). 

9. Write down the formula for radius of curvature in Cartesian form.  

6 Mark questions 

1. Find the radius of curvature of the curve            at 
 

 
 
 

 
 . 

2. Prove that the radius of curvature at any point of the cycloid    (        and 

     -      is      
 

 
  

3. Show that the radius of curvature at the point   on the curve 

   x = 3a cos - a cos    , y= 3a sin   - a sin3   is 3a sin . 

4. Prove that the radius of curvature at a point                 on the curve   
 
   

 
 
    

 
   is             

5. Find the centre of curvature of the curve       at (c,c) 

6. Find the radius of curvature at(   ) on the curve            

7. Find the equation of the evolute of the parabola         

8. Find   for the curve               at the point   
 

 
  

9. Find the radius of the curvature of the curve given by  

  x
3
- 2x

2
y+ 3xy

2
- 4y

3
+5x

2
- 6xy+7y

2
-8y =0. 

10. Find the radius of curvature at the point (x,y) for the curve  
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The curvature of a straight line is -------------- 0 1 pi infinity 0
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(Question Nos. 1 to 20 Online Examinations)

The curvature of a straight line is -------------- 0 1 pi infinity 0

What is the value of slope of tangent to the 

curve y=f(x)----------- tanφ φ sinφ cosφ tanφ

The parametric equation of circle is-----------   x=rcosθ,y=sinθ x=cosθ,y=sinθ x=rcosθ,y=rsinθ x=cosθ,y=rsinθ x=rcosθ,y=rsinθ
The curvature of a circle of radius r at any point 

is--------- r r^2 1/r^2 1/r      1/r      

Let f(x,y) be the implicit form of the given 

curve then   dy/dx is-------------      f_x/f_y -f_x/f_y 0 f_y/f_x -f_x/f_y 

What is the radius of curvature of the curve  

x^2+y^2=49 at (0,0)-------------     49 7 0 1 7

The radius of curvature value is ρ  then the 

curvature value is---------- ρ ρ^2 1/ρ 0 1/ρ

What is the value of  dy/dx to the function  

x^3+y^3=3axy---------- (x^2-ax)/(y^2-ax) (x^2-ay)/(y^2-ax) - (x^2-ay)/(y^2-ax) -(x^2-ax)/(y^2-ax) -(x^2-ax)/(y^2-ax)

What is the value of e^x+e^(-x) -------------  coshx sinhx 2coshx 2sinhx  coshx

of the following functions could be f(x)-----------

- ax+b    sinx cosx ax^2+b ax+b    
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The radius of curvature at any point of the curve

 r=e^θ is --------------- 2r √(2+r) 2√2-r r√(2 ) r√(2 )

What is the value of cosnπ --------------- 0 1 -1 (-1)^n (-1)^n 

The reciprocal of the curvature of a curve at any 

point is called -------------  circle radius of curvature circle of curvature centre of curvature radius of curvature

The centre of curvature of the curve y=x^2  at 

the origin is--------------------                     (0,0) (0,1/2) (1/2,1)          (0,-1/2) (0,1/2)

Let u=x^y then ∂u/∂y is ---------- x^y e^(ylogx) logx  e^ylogx logx e^(ylogx) logx  

If f(x,y)=x^3+xyz+z, Find fx at(1,1,1) is-------- 0 1 -1 3 3

The radius of curvature of the curve  

x^2+y^2=16  at (1,1) is --------------- 16 1 2 4 4

The curvature value of the circle in all points are 

---------- 0 equal notequal infinity equal

The value of slope of tangent to the curve y=f(x)-The value of slope of tangent to the curve y=f(x)-

---------- dy/dx x dx/dy dx dy/dx
The parametric equation of probola y^2=4ax is --

---------   x=at,y=a x=at,y=at^3 x=at^2,y=at x=at,y=at^2 x=at,y=at^2

What is the name of the curves 

x=a(θ+sinθ),y=a(1-cosθ) is----------- cardioid astroid cycloid ellipse cycloid

What is the name of the curves r=a(1-cosθ) is----

------- cardioid astroid cycloid ellipse cardioid

If the equation x=rcosθ,y=rsinθ is called-----------

---- cartesian form polar form perametric form implicit form perametric form

If the equation x^3+3xy^2+5x^2+7y^2-6x=0 is 

called--------------- quatertic form polar form perametric form implicit form implicit form

If the equation form only x and y varibles is 

called--------------- cartesian form polar form perametric form sperical polar   cartesian form

If the equation form only r and θ varibles is 

called--------------- cartesian form polar form perametric form sperical polar   polar form

What is the value of sinnπ where n belongs to 

the integers then--------------- 0 1 -1 infinity 0
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What is the name of the curves r=a(1+cosθ) is----

------- cardioid astroid cycloid ellipse cardioid

The curvature value is 1/ρ  then the curvature 

value is---------- ρ ρ^2 1/ρ 0 ρ 

In the polar form, which is analogous to the 

origin--------- r θ pole argument

The radius of curvature of the curve in polar 

form is----------

(r^2+r1^2 )^(3/2)

/(r^2+2r1^2-rr2  )

(r1^2+r1^2)^(3/2)

/(r^2+2r1^2-rr2  )

(r2^2+r2^2)^(3/2)

/(r^2+2r1^2-rr2  )

(r^2-r1^2 )^(3/2)

/(r^2+2r1^2-rr2  )

(r^2+r1^2 )^(3/2)

/(r^2+2r1^2-rr2  )

The center of curvature is ……. for all the 

points in curve. equal origin not equal (1,1) not equal

What is the value of e^x-e^(-x) -------------  coshx sinhx 2coshx 2sinhx 2sinhx

The radius of curvature of the curve in cartesian 

form is -------------

((1+(dy/dx)^2)^3/2

)/(d^2x/dx^2)

((1+(dy/dx)^2))/(d^2

x/dx^2)

((dy/dx)^2)^3/2)/(d^

2x/dx^2)

((1+(dy/dx)^2)^3/2)

(dx/dx)

((1+(dy/dx)^2)^3/2

)/(d^2x/dx^2)
The value of d/dx(c),where c is constant then-----

-------- 1 0 -1 infinity 1-------- 1 0 -1 infinity 1

The value of d/dx(x) is------------- 0 1 -1 infinity 1

The value of d/dx(logx) is------------- x 1/x x^2 0 1/x

The value of d/dx(e^x) is------------- 1 e^x e^-x -e^x e^x

The value of d/dx(a^x) is------------- a^xloga a^x loga 0 a^xloga

The value of d/dx(sinx) is------------- cosx sinx tanx -cosx cosx

The value of d/dx(cosx) is------------- cosx -sinx sinx -cosx -sinx

The value of d/dx(tanx) is------------- cosecx tanx (secx)^2 (cosecx)^2 (secx)^2

The value of d/dx(secx) is------------- secxtanx tanx secx cosx secxtanx

The value of d/dx(cosecx) is----------- cosecx -cosecxcotx cotx sinx -cosecxcotx

The value of d/dx(cotx) is------------- sec^2x tanx cosx -cosce^2x -cosce^2x

The value of d/dx(sinhx) is------------- coshx sinhx tanhx -coshx coshx

The value of d/dx(coshx) is------------- coshx sinhx tanhx -coshx sinhx

The value of d/dx(tanhx) is------------- sec^2hx tanhx coshx cosce^2hx sec^2hx

The value of d/dx(cothx) is------------- sec^2hx tanhx coshx -cosce^2hx -cosce^2hx

The value of d/dx(sechx) is------------- tanhx -sechxtanhx sechx coshx -sechxtanhx
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INTEGRAL CALCULUS 

INVERSE PROCESS OF DIFFERENTIATION 

 Integration is the reverse or inverse process of differentiation. 

Problem: 

1. Integrate the following with respective to x  

(a)  dxx5  

Solution: 

 c
n

xn







1

1

 

 c
x







15

15

 

 c
x


6

6

 

(b) 
 dxx 4  

Solution: 

 c
n

xn







1

1

 

 c
x







14

14

 

 c
x







3

3
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 c
x


33

1
 

(c) 


dx
x

cbxax
2

2

 

Solution: 

   dx
x

c
dx

x

bx
dx

x

ax
222

2

 

   dx
x

cdx
x

bdxa
2

11
 

 
 dxxcdx

x
bdxa 21

 

 k
x

cxbax 













1
)(log

1

 

 k
k

c
xbax 


 )(log  

(d)  

 
dx

x

cbxax
4

12

 

Solution: 

  







 dx
x

c
dx

x

bx
dx

x

ax
44

1

4

2

 

   dxxcdxxbdxxa 432  

 k
x

c
x

b
x

a 
543

543

 

(e)  xdx2tan  
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Solution: 

   dxx )1(sec2  

   dxdx2sec  

 cxx  tan  

(f)  xdx2cot  

Solution: 

   dxxec )1(cos 2  

   dxdxec 2cos  

 cxx  cot  

 )(cot cxx   

(g) dx
xx 22 cossin

1
 

Solution: 

 dx
xx

xx





22

22

cossin

cossin
 

 dx
xx

x
dx

xx

x
 

22

2

22

2

cossin

cos

cossin

sin
 

 dx
x

dx
x  

22 sin

1

cos

1
 

 dxxecdxx   22 cossec  
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 cxx  cottan  

(h) dx
x  sin1

1
 

Solution: 

 dx
x

x

x sin1

sin1

sin1

1







   

 dx
x

x
 




2sin1

sin1
 

 dx
x

x





2cos

sin1
 

 dx
x

x
dx

x  
22 cos

sin

cos

1
 

 dx
x

xdxx  
cos

1
tansec2

 

 dxxxdxx   sectansec2  

 cxx  sectan  

DEFINITE INTEGRAL: 

 Let   )()( xfdxxf then the definite integral is given by, 

)()()( afbfdxxf

b

a

  

Problems: 

1. Evaluate  

2

1

2 )( dxxx  
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Solution: 

  

2

1

2

1

2 xdxdxx  

 

2

1

2
2

1

3

23



















xx
 

 


















2

)1(

2

)2(

3

)1(

3

)2( 2233

 

 


















2

1

2

4

3

1

3

8
 

 
2

3

3

7
  

 
6

914
  

 
6

23
  

2. Evaluate  







2

0

2

2
cos



dx
x

 

Solution: 

 



2

0
2

cos1


dx
x
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  
2

0

2

0
2

cos

2

1


dx
x

dx  

 













 

2

0

2

0

cos
2

1


xdxdx  

    




  2

0
2

0 sin
2

1 

xx  

  0sin
2

sin0
22

1
   

  01
22

1
   

  1
22

1
   

 
2

1

4
   

TYPE 1 

 


cxfdx
xf

xf
)(log

)(

)(
 

Proof: 

 Consider, 

L.H.S let )(xft   

Differentiating, 

 dxxfdt )(  
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  


t

dt
dx

xf

xf

)(

)(
 

 ct  log  

 cxf  )(log  

 =R.H.S 

  Hence the proof 

PROBLEMS: 

1. Evaluate  
dx

e

e
x

x

10
 

Solution: 

Let 10 xet  

 dxedt x  

 
 t

dt
dx

e

e
x

x

10
 

 ct  log  

 cex  )10log(  

2. Evaluate  dx
x

xlog
 

Solution: 

Let xt log  

 dx
x

dt
1

  
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  tdtdx
x

xlog
 

 c
t


2

2

 

 c
x


2

)(log 2

 

 c
x


2

log2
 

 cx  log  

3. Evaluate  dx
xx log

1
 

Solution: 

Let xt log  

 dx
x

dt
1

  

 
t

dt
dx

xx log

1
 

 ct  log  

 cx  )log(log  

4. Evaluate  


dx

xx

xx

cossin

cossin
 

Solution: 

Let xxt cossin   
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 dxxxdt )sin(cos   

 




t

dt
dx

xx

xx

cossin

cossin
 

 ct  log  

 cxx  )coslog(sin  

5. Evaluate  xdxcot  

 

Solution: 

  dx
x

x
xdx

sin

cos
cot  

Let xt sin  

 xdxdt cos  

 
t

dt
xcot  

 ct  log  

 cx  )log(sin  

6. Evaluate  xdxsec  

Solution: 

Multiple and divided by )tan(sec xx  

 


 dx

xx

xxx
xdx

)tan(sec

)tan(secsec
sec  
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Let )tan(sec xxt   

 dxxxxdt )sec(tansec   

 
t

dt
xsec  

 ct  log  

 cxx  )tanlog(sec  

7. Evaluate  ecxdxcos  

Solution: 

Multiple and divided by )cot(cos xecx   

 


 dx

xecx

xecxecx
ecxdx

)cot(cos

)cot(coscos
cos  

Let )cot(cos xecxt   

 dxxecxecxdt )cot(coscos   

 dxxecxecxdt )cot(coscos   

 
t

dt
ecxcos  

 ct  log  

 cxecx  )cotlog(cos  

TYPE 2: 

 
c

xf
dxxfxf  2

)(
)()(

2
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Proof: 

 Let )(xft   

 dxxfdt )(  

  tdtdxxfxf )()(  

 c
t


2

2

 

 
 

c
xf


2

)(
2

 

 
c

xf
dxxfxf  2

)(
)()(

2

 

Hence the proof 

PROBLEM: 

1. Evaluate   dxxx 12
 

Solution: 

Let 12  xt  

 xdxdt 2  

  dttdxxx
2

1
12

 

  dtt 2
1

2

1
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 c
t

















2
32

1 2
3

 

 c
x



















2
3

)1(

2

1 2
3

2

 

 c
x














 


3

)1( 2
3

2

 

2. Evaluate  dxxe x2

 

Solution: 

Let 2xt   

 xdxdt 2  

 xdx
dt


2

 

 
2

.
2 dt

edxxe tx
 

  dtet

2

1
 

 cet 
2

1
 

 c
e x


2

2

 

3. Evaluate 




dx
x

x

2

1

1

sin
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Solution: 

Let xt 1sin  

 dx
x

dt
21

1


  

 




dttdx
x

x
.

1

sin

2

1

 

 c
t


2

2

 

 c
x




2

)(sin 21

 

4. Evaluate  



dx
x

e x

2

tan

1

1

 

Solution: 

Let xt 1tan  

 dx
x

dt
21

1


  

 




dtedx
x

e t
x

.
1 2

tan 1

 

 cet   

 ce x 
1tan  

TYPE 3: 

cxfdxxfxf  )(2)()(  
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Proof: 

 Let )(xft   

 dxxfdt )(  

 
t

dt
dxxfxf )()(  

 


 dtt 2
1

 

 c
t



2
1

2
1

 

 cxf  )(2  

cxfdxxfxf  )(2)()(  

 Hence the proof 

 

 

PROBLEMS: 

1. Evaluate dx
xx

xx






23

2

23

2

 

Solution: 

Let 23 23  xxt  

dxxxdt )63( 2   

dxxxdt )2(3 2   
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dxxx
dt

)2(
3

2   

 




t

dt

dx
xx

xx 3

23

2

23

2

 

 
t

dt

3

1
 

 


 dtt 2
1

3

1
 

 c
t



2
13

1 2
1

 

 ct  2
3

1
 

 cxx  232
3

1 23
 

2. Evaluate dx
x

x


 253
 

Solution: 

Let 253 xt   

xdxdt 10  

xdx
dt


10

 

 
 t

dt

dx
x

x 10

53 2
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 
t

dt

10

1
 

 


 dtt 2
1

10

1
 

 c
t



2
110

1 2
1

 

 ct  2
10

1
 

 cx  2532
10

1
 

 cx  253
5

1
 

3. Evaluate dx
xx

x






12

1

2
 

Solution: 

Let 122  xxt  

dxxdt )22(   

dxxdt )1(2   

dxx
dt

)1(
2

  

 




t

dt

dx
xx

x 2

12

1

2
 

 
t

dt

2

1
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 


 dtt 2
1

2

1
 

 c
t



2
12

1 2
1

 

 ct  2
2

1
 

 cxx  122
2

1 2
 

 cxx  122
 

TYPE 4: 

1. Evaluate   522 xx

dx
 

Solution: 

511252 22  xxxx  

   41
2
 x  

   22
21  x  

 



 222

2152 x

dx

xx

dx
 

 c
x








 
 

2

1
tan

2

1 1  

2. Evaluate   782 xx

dx
 

Solution: 
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71616878 22  xxxx  

   234
2
 x  

   22
)23(4  x  

 



 222

)23(478 x

dx

xx

dx
 

 
 
 

c
x

x




















234

234
log

232

1
 

3. Evaluate   322 xx

dx
 

Solution: 

311232 22  xxxx  

   21
2
 x  

   21
2
 x  

 





 222

2152 x

dx

xx

dx
 

 c
x








 
 

2

1
tan

2

1 1  

TYPE 6: 

1. Evaluate 
 22 xx

dx
 

Solution: 
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2
4

9

4

9
323 22  xxxx  

 
4

1

2

3
2









 x  

 

22

2

1

2

3

















 x  






















 222

2

1

2

32
x

dx

xx

dx
 

cxx 









































22

2

1

2

3

2

3
log  

 Or  

c

x






















 

2

1
2

3

cosh 1  

c

x



















 

 

2

1
2

32

cosh 1  

  cx   32cosh 1  

2. Evaluate 
 xx

dx

32 2
 

Solution: 
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







 xx

2

3
2 2  

 









16

9

16

9

2

3
2 2 xx  

 






















16

9

4

3
2

2

x  

 






























22

4

3

4

3
2 x  

 






























22

4

3

4

3
2 x  





















 222

4

3

4

3
2

32
x

dx

xx

dx
 

c

x






















 

4

3
4

3

sin2 1  

c

x



















 

 

4

3
4

34

sin2 1  

c
x








 
 

3

34
sin2 1  

3. Evaluate 
 232 xx

dx
 

Solution: 
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)23(23 22  xxxx  

 







 2

4

9

4

9
32 xx  

 






















4

1

2

3
2

x  

 






























22

2

1

2

3
x  





















 222

2

3

2

123
x

dx

xx

dx
 

c

x






















 

2

1
2

3

sin 1  

c

x



















 

 

2

1
2

32

sin 1  

  cx   32sin 1  

TYPE 18: 

FORMULA: 

Put 
2

tan
x

t   

2

2

1

1
cos

t

t
x




  
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21

2
sin

t

t
x


  

21

2

t

dt
dx


  

1. Evaluate   x

dx

sin45
 

Solution: 

Put 
2

tan
x

t   

21

2
sin

t

t
x


  

21

2

t

dt
dx


  

















2

2

1

2
45

1

2

sin45

t

t

t

dt

x

dx
 









2

2

2

1

8)1(5

1

2

t

tt

t

dt

 

 


tt

dt

8)1(5

2
2

 

 


585

2
2 tt

dt
 

 


 585
2

sin45 2 tt

dt

x

dx
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Consider, 









 1

5

8
5585 22 tttt  

 







 1

25

16

25

16

5

8
5 2 tt  

 
























25

9

5

4
5

2

t  

 
































22

5

3

5

4
5 t  




































 22

5

3

5

4
5

2
sin45

t

dt

x

dx
 

 c

t








































 

5
3

5

4

tan

5
3

1

5

2 1  

 c
t
















 
 

3

45
tan

3
5

5

2 1  

 c
t
















 
 

3

45
tan

3

2 1  

 
 

c

x

x

dx




























 






 3

4
2

5
tan

3

2

sin45

1
 

2. Evaluate   x

dx

cos54
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Solution: 

Put 
2

tan
x

t   

2

2

1

1
cos

t

t
x




  

21

2

t

dt
dx


  



















2

2

2

1

1
54

1

2

cos54

t

t

t

dt

x

dx
 









2

22

2

1

)1(5)1(4

1

2

t

tt

t

dt

 

 


)1(5)1(4

2
22 tt

dt
 

 


22 5544

2

tt

dt
 

 


9

2
2t

dt
 

 


223
2

t

dt
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 


 223
2

54 t

dt

csx

dx
 

c
t

t














3

3
log

6

1
2  

c
t

t














3

3
log

3

1
 

c
t

t

x

dx














 3

3
log

3

1

cos54
 

c
x

x

x

dx



























2
tan3

2
tan3

log
3

1

cos54
 

INTEGRATION BY PARTS: 

1.  axdxxcos  

Solution: 

xu    axdxdv cos  

dxdu   
a

ax
v

sin
  

   vduuvudv  

 dx
a

ax

a

ax
x 

sinsin
 

 axdx
a

ax
a

x
sin

1
sin  
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









a

ax

a
ax

a

x cos1
sin  

2

cos
sin

a

ax
ax

a

x
  

c
a

ax
ax

a

x
axdxx  2

cos
sincos  

2.  axdxxsin  

Solution: 

xu    axdxdv sin  

dxdu   
a

ax
v

cos
  

   vduuvudv  

 dx
a

ax

a

ax
x 

coscos
 

 axdx
a

ax
a

x
cos

1
cos  











a

ax

a
ax

a

x sin1
sin  

2

sin
sin

a

ax
ax

a

x
  

c
a

ax
ax

a

x
axdxx  2

sin
sincos  

3.  dxxe x  
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Solution: 

xu    dxedv x  

dxdu   xev   

   vduuvudv  

  dxexe xx  

 cexe xx   

 cxex  )1(  

cxedxxe xx  )1(  

 

4.  xdxlog  

Solution: 

xu log   dxdv   

dx
x

du
1

  xv   

   vduuvudv  

  dx
x

xxx
1

log  

 cxxx  log  

 cxx  )1(log  
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cxxxdx  )1(loglog  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

    

 

 

Possible Questions 

2 Mark questions 
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1. Evaluate:  
    

        
  . 

2. Evaluate: (i)      
   

 
   

                 (ii)              

3. Evaluate: 
  

 
 
   

  . 

4. Evaluate: 
      

     
    

5. Integrate            

6. Integrate  
       

     
   . 

7. Evaluate  
    

       
     

8. Evaluate  
    

      
    

9. Evaluate                 

10. Evaluate  
  

       
  

11. Evaluate  
      

       
     

12. Evaluate   
  

           
  

13. Evaluate (i)    
   

   
    (ii)          . 

14. Evaluate            
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15. Evaluate :               
 

 

 

 
 

6 Mark questions 

1. Evaluate  :                   

2. Integrate :       
     

3. Evaluate   :   
    

         
       

4. Evaluate   :   
      

      
     

5. Evaluate   :  

(i)   
  

             
  

(ii)   
     

        
     

6. Evaluate  : 

(i)   
   

   
     

(ii)             

7. Evaluate   :   
    

         
       

Evaluate   :   
         

       
       

 



Algebra / 2018-2021 Batch

Question Opt 1 Opt 2 Opt 3 Opt 4 Answer

The value of ∫dx/(x^2+a^2 )is----------------- tan^(-1)	x  1/a  tan^(-1)	x 1/a  tan^(-1)	(x/a) tanx tan^(-1)	x  

Possible Questions                               

KARPAGAM ACADEMY OF HIGHER EDUCATION

(Deemed to be University Established Under Section 3 of UGC Act 1956)

Pollachi Main Road, Eachanari (Po),

Coimbatore –641 021                                                                                                                                                                                            

Subject: Mathematics-I                                                                                                                                          Subject Code: 18PHU304

Class   : II - B.Sc. Physics                                                                                                                                               Semester      : III

Unit II                                                                                                                                                       

Part A (20x1=20 Marks)                                                                                                                  

(Question Nos. 1 to 20 Online Examinations)

The value of ∫dx/(x^2+a^2 )is----------------- tan^(-1)	x  1/a  tan^(-1)	x 1/a  tan^(-1)	(x/a) tanx tan^(-1)	x  

The ∫(sinθ)dθ value is-------------- sinθ cosθ tanθ secθ cosθ

The ∫(cosθ)dθ value is-------------- sinθ -cosθ tanθ secθ sinθ

The ∫(tanθ)dθ value is-------------- 0 –logcosθ   logsinθ   secθ –logcosθ   

Integral a to b value of  f(x) = -------------- F(a)-F(b) F(b)-F(a) F(a) F(b) F(b)-F(a)

The value of the integral 0 to pi/6 for the 

function (cos^2 (x/2) )is--------------- π π/12+1/4 0 π/2 π/12+1/4 

The ∫(cotθ)dθ value is-------------- 0 logsinθ    sinθ secθ logsinθ   

The ∫(cosecθ)dθ value is-------------- logtan(x/2) tan(x/2) logsin(x/2) sin(x/2) logtan(x/2)

The ∫dx/x value is-------------- x x^2 logx 1/x^2 logx
Which is following rational algebric function-----  ∫1/xdx  ∫xdx  ∫x^2dx  ∫(x+1)dx  ∫1/xdx

The ∫dx/(x^2+a^2) value is-------------- 1/a  tan^(-1)	(x/a) 1/a  tan^(-1)	x tan^(-1)	x  tanx 1/a  tan^(-1)	(x/a)

The ∫dx/(x^2-a^2) value is-------------- 1/a log(x-a) 1/a log((x-a)/(x+a))  log((x-a)/(x+a))  log((x+a) 1/a log((x-a)/(x+a))

The ∫sinθdθ value is-------------- -sinθ -cosθ tanθ secθ -cosθ

The value ∫(f'(x))/(f(x)) dx is--------------- logx log	f(x) 0 f(x) log	f(x) 

The ∫(secθtanθ)dθ value is-------------- secθ -cosθ   logsinθ   cosθ secθ

The ∫(cosecθcotθ)dθ value is-------------- secθ -cosecθ   logsinθ   tanθ -cosecθ   

The ∫(coshx)dx value is-------------- sinhx coshx sechx tanhx sinhx

Prepared by: V.Kuppusamy, Department of Mathematics,KAHE
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Question Opt 1 Opt 2 Opt 3 Opt 4 Answer

The value of ∫sinhxdx value is-------------- sinhx coshx -coshx tanhx coshx

The ∫(x^n)dx,if n=-1then value is-------------- sinx cosx logx tanx logx

The value of ∫cf(x)dx  is equal to-------------- ∫f(x)dx c∫f(x)dx c^2∫f(x)dx c∫dx c∫f(x)dx

The value of ∫(u+v)dx  is equal to-------------- ∫udx-∫vdx ∫udx*∫vdx ∫udx+∫vdx ∫uvdx ∫udx+∫vdx

The value of ∫(u-v)dx  is equal to-------------- ∫udx-∫vdx ∫udx*∫vdx ∫udx+∫vdx ∫uvdx ∫udx-∫vdx
The value of ∫f(ax+b)dx  is equal to--------------  ∫f(x)dx  1/a(∫f(x)dx )  ∫af(x)dx  ∫dx  1/a(∫f(x)dx )

The value of ∫e^(ax+b)dx  is equal to----------  1/a(e^(ax+b))  a(e^(ax+b))  1/a(e^(ax))  1/a(e^(b))  1/a(e^(ax+b))
The integral ∫(f(x)^n)(x^n-1)dx  is equal to-----  (n+1)∫f(x)dx  n(∫f(x)dx )  ∫f(x)dx  1/n(∫f(x)dx )  1/n(∫f(x)dx )

Prepared by: V.Kuppusamy, Department of Mathematics,KAHE
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UNIT-III 
 

Reduction formulae- problems- evaluation of double and triple integrals- applications to 
calculations of areas and volumes-areas in polar coordinates. 
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REDUCTION FORMULAE: 

 Reduction formula is the formula which connects a given integral with another integral 

which is of the same type but of a lower degree or is otherwise easier to evaluate. 

Problem: 

1. Find the reduction formula for  ndxex axn , being a positive integer. 

Solution: 

  dxexI axn
n  

nxu    dxedv ax  

dxnxdu n 1  
a

e
v

ax

  

   vduuvudv  

 dxnx
a

e

a

e
xI n

axax
n

n   1  

   dxxe
a

n

a

e
x nax

ax
n 1  

 1 n

ax
n

n I
a

n

a

e
xI  

The auxiliary integral is of the same type as the given integral but with index n reduction by 1. 

Such a formula is called reduction formula and by successing approximation we can evaluate nI . 
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Problem: 

1. Evaluate   dxex x2 by reduction formula. 

Solution: 

Let  )1.........(..........2  dxexI x
n  

Reduction formula is given by 

)2.(....................1 n

ax
n

n I
a

n

a

e
xI  

Here a=-1, n=2. 

12
2

2 1

2

1 







 I

e
xI

x

 

)3.(....................2 1
2

2 IexI x    

)4.(....................01 IxeI x    

xeI 0  

)(22
2

xxx exeexI    

cexeexI xxx   222
2  

cexeexdxex xxxx   2222  

2. Evaluate   dxxe x 2)1( by reduction formula. 

Solution: 

Let    dxxeI x
n

2)1(  
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   dxxxeI x
n )12( 2  

   dxexexeI xxx
n )2( 2  

 )1..(....................22   dxedxxedxxeI xxx
n  

Consider, 

  dxxe x 2  

Reduction formula is given by 

)2.(....................1 n

ax
n

n I
a

n

a

e
xI  

Here a=1, n=2. 

12
2

2 2  IexI x  

1
2

2 2IexI x   

01 IxeI x   

xeI 0  

)(22
2

xxx exeexI   

xxx exeexI 222
2   

)1...(....................2222 cexeexdxxe xxxx   

Consider, 

  dxxex  
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Here a=1, n=1 

01 IxeI x   

xeI 0  

xx exeI 1  

)2(cexedxxe xxx   

Eqn (1) becomes, 

ceexeexeexI xxxxxx
n  )(2222  

ceexeexeexI xxxxxx
n  22222  

cexeexI xxx
n  542  

cexeexdxxe xxxx  54)1( 22  

3. Evaluate  dxex x23 by reduction formula. 

Solution: 

Let  )1.........(..........23 dxexI x
n  

Reduction formula is given by 

)2.(....................1 n

ax
n

n I
a

n

a

e
xI  

Here a=2, n=3. 

13

2
3

3 2

3

2  I
e

xI
x
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)3.....(....................
2

3

2 2

2
3

3 I
e

xI
x

  

12

2
2

2 2

3

2  I
e

xI
x

 

)4.........(....................
2

3

2 1

2
2

2 I
e

xI
x

  

)5.(....................
2

1

2 0

2

1 I
e

xI
x

  

2

2

0

xe
I   



















22

1

22

3

22

3

2

222
2

2
3

xxxx

n

ee
x

e
x

e
xI  

c
exeexe

xI
xxxx

n 
8

3

4

3

4

3

2

22222
3  

c
e

xeex
e

xdxex
x

xx
x

x 







 24

3

2

2
222

2
323  

4. Find the reduction formula for  axdxx n cos , x being positive integer. 

Solution: 

Let )1.........(..........cos axdxxI n
n  

nxu    axdxdv cos  

dxnxdu n 1  
a

ax
v

sin
  

   vduuvudv  
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 dxnx
a

ax

a

ax
xI nn

n   1sinsin
 

   dxaxx
a

n
ax

a

x n
n

1sinsin  

 )2.....(..........sin 1 n

n

n I
a

n
ax

a

x
I  

Now, 

 
  dx

a

ax
xI n

n

sin1
1  

1 nxu  axdxdv sin  

dxxndu n 2)1(   
a

ax
v

cos
  

  vduuvudv  

 dxxn
a

ax

a

ax
xI nn

n  
 


 21

1 )1(
coscos

  

 
 

 dxaxx
a

n
ax

a

x n
n

2
1

cos
1

cos  








 
  



dxaxx
a

n
ax

a

x

a

n
ax

a

x
I n

nn

n
2

1

cos
1

cossin  

)3.....(....................
1

cossin 222

1



 
 n

nn

n I
a

n
ax

a

nx
ax

a

x
I  

Which is the reduction formula  

The ultimate integral is  
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  axdxx cos  When n is odd 

  axdxcos  When n is even 

Case 1: 

 When n is odd 

 axdxx cos  

xu    axdxdv cos  

dxdu   
a

ax
v

sin
  

   vduuvudv  

 dx
a

ax

a

ax
x 

sinsin
 

 axdx
a

ax
a

x
sin

1
sin  







a

ax

a
ax

a

x cos1
sin  

2

cos
sin

a

ax
ax

a

x
  

c
a

ax
ax

a

x
axdxx  2

cos
sincos  

Case 2: 

 When n is even  
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c
a

ax
axdx 

sin
cos  

5. Find the reduction formula for  axdxx n sin , x being positive integer. 

Solution: 

Let )1.........(..........sin axdxxI n
n  

nxu    axdxdv sin  

dxnxdu n 1  
a

ax
v

cos
  

   vduuvudv  

 dxnx
a

ax

a

ax
xI nn

n  



 1coscos

 

   dxaxx
a

n
ax

a

x n
n

1coscos  

 )2.....(..........cos 1 n

n

n I
a

n
ax

a

x
I  

Now, 

 
  axdxxI n

n cos1
1  

1 nxu  axdxdv sin  

dxxndu n 2)1(   
a

ax
v

sin
  

  vduuvudv  
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 dxxn
a

ax

a

ax
xI nn

n  
  21
1 )1(

sinsin
  

 
 

 dxaxx
a

n

a

ax

a

x n
n

2
1

sin
1sin

 








 
  



dxaxx
a

n
ax

a

x

a

n
ax

a

x
I n

nn

n
2

1

sin
1

sincos  

)3.....(....................
1

sincos 222

1



 
 n

nn

n I
a

n
ax

a

nx
ax

a

x
I  

Which is the reduction formula  

The ultimate integral is  

  axdxx sin  When n is odd 

  axdxsin  When n is even 

Case 1: 

 When n is odd 

 axdxx sin  

xu    axdxdv sin  

dxdu   
a

ax
v

cos
  

   vduuvudv  

 dx
a

ax

a

ax
x 

coscos
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 axdx
a

ax
a

x
cos

1
cos  







a

ax

a
ax

a

x sin1
sin  

2

sin
sin

a

ax
ax

a

x
  

c
a

ax
ax

a

x
axdxx  2

sin
sincos  

Case 2: 

 When n is even  

c
a

ax
axdx 

cos
cos  

6. Shoe that if 
2

0

cos



xdxxI n
n ,show that 

n

nn InnI 





  2

)1( 2


 

Solution: 

Let )1.........(..........cos xdxxI n
n  

nxu    xdxdv cos  

dxnxdu n 1  xv sin  

   vduuvudv  

    
2

0

12
0 sinsin




dxxnxxxI nn
n  
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    
2

0

12
0 sinsin




dxxxnxx nn  

   )2.....(..........sin 1
2

0  n
n

n nIxxI


 

Now, 

 
 

2

0

1
1 sin



dxxxI n
n  

1 nxu  xdxdv sin  

dxxndu n 2)1(   xv cos  

  vduuvudv  

    
 

2

0

22
0

1
1 )1(coscos




dxxnxxxI nn
n  

     
2

0

22
0

1 cos)1(cos




dxxxnxx nn  

   













  

2

0

22
0

12
0 cos)1(cossin




dxxxnxxnxxI nnn
n  

   

























    2

0

2
1

cos)1(2cos202sin2



 dxxxnnxI n
nn

n  

   2)1(0012 




  n

n

n InnI   

  2)1(2  n

n

n InnI   
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 nnn InnI 2)1( 2
   

 Hence the proof 

7. Find the reduction formula for 
2

0

3 sin



xdxxI n  

Solution: 

Let )1.........(..........sin
2

0

3


xdxxI n  

3xu    xdxdv sin  

dxxdu 23  xv cos  

   vduuvudv  

   
2

0

22
0

3 cos3cos




dxxxxxI n  

   
2

0

22
0

3 cos3cos




dxxxxx  

   )2.....(..........3cos 1
2

0
3

 nn IxxI


 

Now, 



2

0

2
1 cos



xdxxI n  

2xu   xdxdv cos  

xdxdu 2  xv sin  
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  vduuvudv  

   

2

0

2
0

2
1 2sinsin




xdxxxxI n  

   
2

0

2
0

2 sin2cos




xdxxxx  

   













 

2

0

2
0

22
0

3 sin2sin3cos




xdxxxxxxI n  

   

























   

2

0

2
23

cos)1(2sin2302cos2



 dxxxnI n
n  

  




  1

2
2230 II n   

  




  1

2
223 II n   

1

2

6
4

3
II n 


 

4

3
6

2

1


 II n  

8.  xdx6sin  

Solution: 

We know the reduction formula is 

 2

1 1cossin


 



 n

n

n I
n

n

n

xx
I  
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 4

5

6 6

5

6

cossin
I

xx
I 


  

 2

3

4 4

3

4

cossin
I

xx
I 


  

 02 2

1

2

cossin
I

xx
I 


  

 00 I  

 xI 0  

 





 






22

cossin

4

3

4

cossin 3

4

xxxxx
I  

 
8

3
cossin

8

3

4

cossin 3

4

x
xx

xx
I 


  

 















8

3
cossin

8

3

4

cossin

6

5

6

cossin 35

6

x
xx

xxxx
I  

 c
x

xx
xxxx

I 



48

15
cossin

48

15

24

cossin5

6

cossin 35

6  

9.  xdx5sin  

Solution: 

We know the reduction formula is 

 2

1 1cossin


 



 n

n

n I
n

n

n

xx
I  

 3

4

5 5

4

5

cossin
I

xx
I 


  
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 2

2

3 3

2

3

cossin
I

xx
I 


  

 xI cos1   

  

  xxx
I cos

3

2

3

cossin 2

3 


  

 x
xx

I cos
3

2

3

cossin 2

3 


  

 













 x

xxxx
I cos

3

2

3

cossin

5

4

5

cossin 24

5  

 cx
xxxx

I 


 cos
15

8

15

cossin4

5

cossin 24

5  

10. Find the reduction formula for 
2

0

sin



xdxn   

Solution: 

 Let 
2

0

sin



xdxI n
n  

  
2

0

1 sinsin



xdxxI n
n  

Let xu n 1sin   xdv sin  

xdxxndu n cossin1 2  xv cos  
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     
2

0

22
0

1 cossin)1(coscossin




xdxxnxxxI nn
n  

     
2

0

222
0

1 cossin)1(cossin




xdxxnxx nn  

     
2

0

222
0

1 )sin1(sin)1(cossin




dxxxnxx nn  

     
2

0

2

0

22
0

1 sin)1(sin)1(cossin

 


xdxnxdxnxx nnn  

   
2

0

2

0

2 sin)1(sin)1(0

 

xdxnxdxnI nn
n  

 nnn InInI )1()1( 2    

 2)1()1(  nnn InInI  

 2)1(  nn InnI  

 2

)1(



 nn I

n

n
I  

This is the reduction formula 

Replacing n by (n-2) 

 42 2

3
 


 nn I
n

n
I  

 42

3)1(



 nn I

n

n

n

n
I  

Generalizing (1) and (2) we get the following 2 cases  
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Case 1: 

When n is even 

 
02.).........2(

1)........3(1
I

nn

nn
I n 


  

Here xI 0  

   2
00


xI   

  20
I  

 
   22.).........2(

1)........3(1 





nn

nn
I n  

Case 2: 

 When n is odd 

 
 

13......).........2(

2)........3(1
I

nn

nn
I n 


  

Here xI cos1   

   2
01 cos


xI   

  )0cos(2cos1  I  

 )1(01 I  

 11 I  

 
 

)1(
3......).........2(

2)........3(1





nn

nn
I n  
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 

3......).........2(

2)........3(1





nn

nn
In  

11. 
2

0

4sin



xdx  

Solution: 

We know the reduction formula is 

 2

1 1cossin


 



 n

n

n I
n

n

n

xx
I  

 2

2

0

3

4 4

3

4

cossin
I

xx
I 












 

 24 4

3
0 II   

 24 4

3
II   

 0

2

0
2 2

1

2

cossin
I

xx
I 







 

 02 2

1
0 II   

 02 2

1
II   

   2
00


xI   

 20
I  
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 42
I  

 44

3
4

I  

 16
3

4
I  

 16
3sin

2

0

4 


 xdx  

12. 
2

0

7sin



xdx  

Solution: 

We know the reduction formula is 

 2

1 1cossin


 



 n

n

n I
n

n

n

xx
I  

 5

2

0

6

7 7

6

7

cossin
I

xx
I 












 

 57 7

6
0 II   

 57 7

6
II   

 3

2

0

4

5 5

4

5

cossin
I

xx
I 












 

 35 5

4
0 II   
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 35 5

4
II   

 1

2

0

2

3 3

2

3

cossin
I

xx
I 












 

 13 3

2
0 II   

 13 3

2
II   

 
3

2
.

5

4
5 I  

 
15

8
5 I  

 
15

8
.

7

6
7 I  

 
35

16
7 I  

 
35

16
sin

2

0

7 


xdx  

 

13.  xdx6cos  

Solution: 

We know the reduction formula is 

 2

1 1cossin


 
 n

n

n I
n

n

n

xx
I  
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 4

5

6 6

5

6

cossin
I

xx
I   

 2

3

4 4

3

4

cossin
I

xx
I   

 02 2

1

2

cossin
I

xx
I   

 xI 0  

 





 

22

cossin

4

3

4

cossin 3

4

xxxxx
I  

 
8

3
cossin

8

3

4

cossin 3

4

x
xx

xx
I   

 









8

3
cossin

8

3

4

cossin

6

5

6

cossin 35

6

x
xx

xxxx
I  

 c
x

xx
xxxx

I 
48

15
cossin

48

15

24

cossin5

6

cossin 35

6  

14.  xdx7cos  

Solution: 

We know the reduction formula is 

 2

1 1cossin


 
 n

n

n I
n

n

n

xx
I  

 5

6

7 7

6

7

cossin
I

xx
I   

 3

4

5 5

4

5

cossin
I

xx
I   
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 1

2

3 3

2

3

cossin
I

xx
I   

 xI sin1   

 







 )(sin

3

2

3

cossin

5

4

5

cossin 24

5 x
xxxx

I  

 xxx
xx

I sin
15

8
cossin

15

4

5

cossin 2
4

5   

 







 xxx

xxxx
I sin

15

8
cossin

15

4

5

cossin

7

6

7

cossin 2
46

7  

 cxxx
xxxx

I  sin
105

48
cossin

105

24

35

cossin6

7

cossin 36

7  

15.  xdx6tan  

Solution: 

We know the reduction formula is 

 2

1

1

tan







 n

n

n I
n

x
I  

 4

5

6 5

tan
I

x
I   

 2

3

4 3

tan
I

x
I   

 02 1

tan
I

x
I   

 xI 0  
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 )(tan
3

tan 3

4 xx
x

I   

 cxx
xx

I  tan
3

tan

5

tan 35

6  

16.  xdx5tan  

Solution: 

We know the reduction formula is 

 2

1

1

tan







 n

n

n I
n

x
I  

 3

4

5 4

tan
I

x
I   

 1

2

3 2

tan
I

x
I   

 )log(sec1 xI   

 )log(sec
2

tan 2

3 x
x

I   

 cx
xx

I  )log(sec
2

tan

4

tan 24

5  

 

 

17.  xdx6cot  

Solution: 
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We know the reduction formula is 

 2

1

1

cot








 n

n

n I
n

x
I  

 4

5

6 5

cot
I

x
I 


  

 2

3

4 3

cot
I

x
I 


  

 02 1

cot
I

x
I 


  

 xI 0  

 xx
x

I 


 cot
3

cot 3

4  

 cxx
xx

I 


 cot
3

cot

5

cot 35

6  

18.  xdx5cot  

Solution: 

We know the reduction formula is 

 2

1

1

cot








 n

n

n I
n

x
I  

 3

4

5 4

cot
I

x
I 


  

 1

2

3 2

cot
I

x
I 


  
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 )log(sin1 xI   

 )log(sin
2

cot 2

3 x
x

I 


  

 cx
xx

I 





 )log(sin
2

cot

4

cot 24

5  

19. Evaluate 
2

0

46 cossin



xdxx  

Solution: 

 Here m=6 and n=4 m and n are even 

The reduction formula 













22)2()2)((

)3)(1)(3)(1(
,


mmnmnm

mmnn
I nm  









22)4(6)8)(10(

)3)(5)(1)(3(
4,6


I  

512

3
4,6


I  

20. Evaluate 
2

0

56 cossin



xdxx  

Solution: 

 Here m=6 and n=4 m and n are even 

The reduction formula 

1).......2)((

1)......3)(1(
, 




mnmnm

nn
I nm  
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7......9.11

1.......2.4
5,6 I  

693

8
5,6 I  

MULTIPLE INTEGRALS: 

1. Evaluate   
a b

dydxyx
0 0

22 )(  

Solution: 

dx
y

yxdydxyx
a ba b

  









0 0

3
2

0 0

22

3
)(  

 dx
b

bx
a

 









0

3
2

3
 

 c
b

xb
x

a











0

33

33
 

 c
b

xb
x

a











0

33

33
 

 c
abba


33

33

 

c
abba

dydxyx
a b

  33
)(

33

0 0

22  

2. Evaluate   
3

0

2

1

)( dydxyxxy  

Solution: 
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dx
y

x
y

xdydxxyyx   









3

0

2

1

32
2

3

0

2

1

22

32
)(  

 dx
xxxx

 









3

0

22

323

8

2

4
 

 dx
xx

 









3

0

2

3

7

2

3
 

 c
xx











3

0

23

6

7

6

3
 

 c
xx











3

0

23

6

7

2
 

 
6

63

2

27
  

 c



6

6381
 

c
6

144
 

24  

24)(
3

0

2

1

  dydxyxxy  

3. Evaluate   
a b

dydxyxxy
0 0

)(  

Solution: 
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dx
y

x
y

xdydxxyyx
a ba b

  









0 0

32
2

0 0

22

32
)(  

 dx
xbbxa

 









0

322

32
 

 dx
xbbxa

 









0

322

32
 

 c
bxbx

a











0

3223

66
 

 
66

3223 baba
  

 )(
6

23

ba
ba

  

)(
6

)(
23

0 0

ba
ba

dydxyxxy
a b

   

4. Evaluate   
a x

dydxyx
0 0

22 )(  

Solution: 

dx
y

yxdydxyx
a xa x

  









0 0

3
2

0 0

22

3
)(  

 dx
x

xx
a

 









0

3
2

3
 

 dx
x

x
a

 









0

3
3

3
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 c
xx

a











0

44

124
 

 c
aa











124

44

 

 
12

3 44 aa 
  

 
12

4 4a
  

 
3

4a
  

3
)(

4

0 0

22 a
dydxyx

a x

   
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Unit-III 

Possible Questions 

2 Mark questions 

1. Evaluate : ∫ ∫ 𝑥𝑦(𝑥ଶ + 𝑦ଶ)𝑑𝑦𝑑𝑥.
ଶ

ଵ

ଷ

଴
 

2. Evaluate:∫ 𝑠𝑖𝑛ହ𝑥
ഏ

మ
଴

cos଻𝑥 𝑑𝑥. 

3. If 𝐼௡ = ∫ 𝑐𝑜𝑠௡𝑥 𝑑𝑥 (n, being a positive integer) then prove that 𝑛𝐼௡ = 𝑐𝑜𝑠௡ିଵ𝑥𝑠𝑖𝑛𝑥 +

(𝑛 − 𝐼)𝐼௡ିଶ. 

4. Evaluate ∫ ∫ 𝑥𝑦 𝑑𝑥 𝑑𝑦 taken over the positive quadrant of the circle𝑥ଶ + 𝑦ଶ = 𝑎ଶ. 

5. If 𝐼௡ = ∫ 𝑥௡𝑐𝑜𝑠𝑥𝑑𝑥
ഏ

మ
଴

, show that𝐼௡ + 𝑛(𝑛 − 1)𝐼௡ିଶ = (
గ

ଶ
)௡. 

6. Find the area enclosed by the ellipse ௫
మ

௔మ +
௬మ

௕మ = 1. 

7. If 𝑢௡ = ∫(log 𝑥)௡ 𝑑𝑥, show that 𝑢௡ + 𝑛𝑢௡ିଵ = (𝑥𝑙𝑜𝑔𝑥)௡. 

8. Evaluate   S∫ ∫ ඥ4𝑥ଶ − 𝑦ଶ𝑑𝑥 𝑑𝑦 , where S is the region bounded by x=0,y=x,x=1. 

9. Evaluate ∫ 𝑥ଷ cos 2𝑥 𝑑𝑥 using reduction formula. 

10. Evaluate ∫ ∫ 𝑟 𝑑𝑟 𝑑𝜃.
ଵି௖௢௦ఏ

௢

గ

଴
 

11. If 𝐼௡ = ∫ x୬eି୶ୟ

଴
dx prove that 𝐼௡ − (n + a)I୬ିଵ + a(n − 1)I୬ିଶ = 0. 

12. Find reduction formula for∫ 𝑠𝑖𝑛௡ x 𝑑𝑥. 

13. Find the reduction formula for ∫ 𝑥௠(log 𝑥)௡  𝑑𝑥. hence find∫ 𝑥ସ(log 𝑥)ଷ  𝑑𝑥. 

14. Find∫
௫೘

(୪୭୥ ௫)೙ 𝑑𝑥. 
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15. Evaluate∫
ௗ௫

௫ାଵ√௫మା௫ାଵ
. 

6 Mark questions 

1. If  ∫ 𝑐𝑜𝑠௠𝑥
ഏ

మ 
଴

𝑐𝑜𝑠𝑛𝑥 𝑑𝑥 = 𝑓(𝑚, 𝑛) , prove that 𝑓(𝑚, 𝑛) =
௠

௠ା௡
𝑓(𝑚 − 1, 𝑛 − 1). hence prove 

that  𝑓(𝑛, 𝑛) =
గ

ଶ೙శభ. 

2. Find the area of the cardiod 𝑟 = 𝑎(1 + cos 𝜃). 

3. If 𝑈௡ = ∫ x୬eି୶ୟ

଴
dx prove that 𝑢௡ − (n + a)u୬ିଵ + a(n − 1)u୬ିଶ = 0. 

4. Evaluate ∭ 𝑥𝑦𝑧 𝑑𝑥 𝑑𝑦 𝑑𝑧  take through the positive octant of the sphere 𝑥ଶ + yଶ +

zଶ = aଶ. 

5. Evaluate :∫ ∫
ௗ௫ ௗ௬

ଵା௫మା௬మ

√ଵା௫మ

଴
.

ଵ

଴
 

6. Evaluate :∫ ∫ ∫ 𝑧ଶ 𝑦𝑥 𝑑𝑥 𝑑𝑦 𝑑𝑧 .
ଷ

଴

ଶ

଴

ଵ

଴
 

7. Evaluate ∫ 𝑠𝑖𝑛௡𝑥 𝑑𝑥. 

8. Obtain the reduction formula for ∫ 𝑐𝑜𝑠௡𝑥 𝑑𝑥 and hence evaluate∫ 𝑐𝑜𝑠௡𝑥 𝑑𝑥
ഏ

మ
଴

. 

 

 

 

 

 



Algebra / 2018-2021 Batch

Question Opt 1 Opt 2 Opt 3 Opt 4 Answer

Integration of 0 to π⁄2  with the function (sinx)^n----- ((n-1)/n)x(n-3)/(n- (n+1)/n  (n-1)/(n-2)  (n-  n/(n+1)  ((n-1)/n)x(n-3)/(n-

Possible Questions                               

KARPAGAM ACADEMY OF HIGHER EDUCATION

(Deemed to be University Established Under Section 3 of UGC Act 1956)

Pollachi Main Road, Eachanari (Po),

Coimbatore –641 021                                                                                                                                                                                            

Subject: Mathematics-I                                                                                                                                          Subject Code: 18PHU304

Class   : II - B.Sc. Physics                                                                                                                                               Semester      : III

Unit III                                                                                                                                                       

Part A (20x1=20 Marks)                                                                                                                  

(Question Nos. 1 to 20 Online Examinations)

Integration of 0 to π⁄2  with the function (sinx)^n-----

---------

((n-1)/n)x(n-3)/(n-

2)…

(n+1)/n  

(n+3)/(n+2)…

(n-1)/(n-2)  (n-

3)/(n-4)…

 n/(n+1)  

(n+3)/(n+2)…

((n-1)/n)x(n-3)/(n-

2)…

Doble Integration of 0 to a and 0 to b with the 

function x^2+y^2 -------------- (ab)^3/9 (b)^3/9 (a)^3/9 (ab)^2/9 (ab)^3/9

Integration of 0 to π⁄2  with the function (sinx)^6-----

--------- 0 π⁄2 3π⁄2 5π⁄6 5π⁄6

Doble Integration of 0 to 1 and 0 to 1 with the 

function  f(x,y)=1-------------- 0 -1 2 1 1

Integration of 0 to π⁄2  with the function (cosx)^n 

then if n is even -------------- 1 π⁄2 3π⁄2 π⁄6 π⁄2

Integration of 0 to π⁄2  with the function (cosx)^n 

then if n is odd -------------- 1 π⁄2 3π⁄2 π⁄6 1

Integration of 0 to π⁄2  with the function (sinx)^n 

then if n is even -------------- 1 π⁄2 π⁄3 π⁄6 π⁄2

Integration of 0 to π⁄2  with the function (sinx)^n 

then if n is odd-------------- 1 π⁄2 π⁄3 π⁄6 1

The value of  ∫(sinx)^m	(cosx) dx =------------------

(sinx)^(m+1) 

/(m+1)

 (sinx)^(m-1) /(m-

1)

(cosx)^(m+1) 

/(m+1)  (cosx)^m /m

(sinx)^(m+1) 

/(m+1)
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The value of  ∫(sinx)	(cosx)^n dx =------------------

(sinx)^(m+1) 

/(m+1)

 (sinx)^(m-1) /(m-

1)

-(cosx)^(n+1) 

/(n+1)  (cosx)^n /n

-(cosx)^(n+1) 

/(n+1)

The value of  ∫(sinx)^m	(cosx)^n dx with limit of 0 

to π⁄2 if n=1then ------------------ 1/m 1/m+1 1/m-1 1/m+2 1/m+1

Integration of 0 to π⁄2  with the function (cosx)^5 

then  -------------- 1.6 0.533333333 0.32 0 0.533333333

The value of  ∫(sinx)^6 (cosx)^5 dx with limit of 0 

to π⁄2 then ------------------ 8/693 9/693 10/693 11/693 8/693

The value of  ∫(sinx)^6 (cosx)^4 dx with limit of 0 

to π⁄2 then ------------------ 3π/511 3π/512 3π/510 3π/501 3π/512

If ∫(x)^m	(logx)^n dx then if n=0 =------------------ x^m+1/m+1 x^m-1/m-1 x^m/m+1 x^m/m x^m+1/m+1

If ∫(cosx)^m	(cosnx) dx=f(m,n) then f(n,n)= -----------

------- π/(2^n+1) π/(2^n) π/(2^n-1) π/(2^n+2) π/(2^n+1)

If ∫(cosx)^m	(cosnx) dx=f(m,n) then f(m,n)= ----------

--------

m/(m+n)f(m+1,n+

1)

m/(m+n)f(m-

1,n+1)

m/(m+n)f(m-1,n-

1) m/(m+n)f(m,n)

m/(m+n)f(m-1,n-

1)

	

-------- 1) 1,n+1) 1) m/(m+n)f(m,n) 1)

If ∫(cosx)^m	(sinnx) dx=f(m,n) then f(m,n)= ---------

(1/m+1)+m/(m+n)

f(m-1,n-1)

(1/m-

1)+m/(m+n)f(m+1

,n+1)

(1/m)+m/(m+n)f(

m+1,n+1)

(1/m+2)+m/(m+n)

f(m+1,n+1)

(1/m+1)+m/(m+n)

f(m-1,n-1)

The area of the cardioid r=a(1+cosθ) is--------- 3πa^2/2 3πa/2 3πa^3/2 3πa^2/4 3πa^2/2

The area of the lemniscase bernoulli r^2=a^2 cos2θ--

------- a 2a a^2 a^3 a^2

The perimeter of the cardioid r=a(1+cosθ) is--------- a 4a 8a 2a 8a

if the f(x,y) be a continuous and single real valued 

function of x and y within the region R bounded by 

a closed curve C and upon the boundary C is called--

----- integration doble integration triple inegration differentiation doble integration

The value of  ∫∫xy dx dy taken over the positive 

quadrant of the circle    x^2+y^2=a^2---------
a/2 (a^3)/2 (a^4)/8 a^2 (a^4)/8

In triple integral when integrationg with respect to x 

in the integral y and z are treated as--------- variables function mapping constants constants
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In triple integral when integrationg with respect to x 

in the  integral ---------are treated as constants y only y and z x only y and x y and z 
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UNIT-IV 
 

Change of order of integration in double integral- change of variables in double and triple 
integrals. 
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CHANGE OF VARIABLES 

JACOBIAN: 

 If ),(&),( yxvyxfu  be continuous function of the independent variables x and y 

such that, 

 
y

v

x

v

y

u

x

u













,,,  

Are also continuous in x and y then 

 

y

v

x

v
y

u

x

u













 

Is called the Jacobian of u,v with respect to x,y and denoted by  

 
),(

),(
)(

,

,

yx

vu
or

yx

vu
J












 

In case of three variables u,v,w which are function of x,y,z the Jacobian is respected by  

 

z

w

y

w

x

w
z

v

y

v

x

v
z

u

y

u

x

u

zyx

wvu
or

zyx

wvu
J








































),,(

),,(
)(

,,

,,
 

TWO IMPORTANT RESULTS REGARDING JACOBIAN: 
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1. If u,v are functions of x,y and x,y are themselves function of  , then 

),(

),(

),(

),(
.

),(

),(

 







 vuyx

yx

vu
 

PROOF: 

L.H.S, 

 





































yy

xx

y

v

x

v
y

u

x

u
yx

yx

vu

),(

),(
.

),(

),(
 

   )1(....................
....

....


























































y

y

vx

x

vy

x

vx

x

v

y

y

ux

x

uy

x

ux

x

u

 

Since ),(&),( yxvyxfu   

Also ),(&),( 21  fyfx   

 














 y

x

ux

x

uu
..  

 














 y

y

ux

x

uu
..  

 














 y

x

vx

x

vv
..  
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 














 y

y

vx

x

vv
..  

Equation (1) becomes, 

 
























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yx
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vu
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



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),(

 







 vuyx
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Hence the proof 

2. 1
),(

),(
.

),(

),(









yx

yx

vu
 

PROOF: 

L.H.S 

 We know that 

 
),(

),(

),(

),(
.

),(

),(

 







 vuyx

yx

vu
 

Put u and v  
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
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

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
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
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1
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


 

 =R.H.S 

 1
),(

),(
.
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),(









yx

yx

vu
 

  Hence the proof 

CHANGE OF VARIABLE IN CASE OF TWO VARIABLES: 

 Suppose we have to change the variable in integral 
R

dxdyyxF ),( then dxdy changes to 

dudv
vu

yx

),(

),(




 

 dudv
vu

yx
vuFdxdyyxF

R ),(

),(
),(),(



   

Similarly in the case of three variables 

dwdudv
wvu

zyx
wvuFdxdydzzyxF

R
  




),,(

),,(
),,(),,(   
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Transformation from Cartesian to polar co-ordinate: 

 Let the polar co-ordinates of a point p(x,y). 

Put  




sin

cos

ry

rx




 

 






















y

r

y

x

r

x

r

yx

),(

),(
 

 



cossin

sincos

r

r
  

 


22 sincos
),(

),(
rr

r

yx





 

 r
r

yx





),(

),(


 

Hence dxdy has to be changed to ddrr ..  

Transformation from Cartesian to spherical polar co-ordinates: 

 Let the co-ordinates ),,( zyxp in the Cartesian and ),,( r in spherical co-ordinate. Put  





cos

sinsin

cossin

rz

ry

rx




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
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
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









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



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

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zz

r
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r
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r
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r
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),,(

),,(
 

 


sin
),,(

),,( 2r
r

zyx





 

Hence dxdydz has to be changed to  ddrdr sin2  

NOTE: 

 dxdydz  can also be changed to  ddrdr sin2  

PROBLEM: 

1. Given that uvyuyx  ; change the variables to u,v in the integral 

   dxdyyxxy 2
1

1( taken over the area of triangle with sides 1;0;0  yxyx and 

evaluate it. 

SOLUTION: 

Given, 

 uvyuyx  ;  

 uuvx   

 uvux   
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 uvyvux  );1(  

 

v

y

u

y
v

x

u

x

vu

yx

















),(

),(
 

  
uv

uv 


1
 

  uvvu  )1(  

  uvuvu   

 u
vu

yx





),(

),(
 

The area of the triangle with sides 1;0;0  yxyx changes to 

When 0x  

 
1&0

0)1(



vu

vu
 

When 0y  

 
0&0

0




vu

uv
 

When 1 yx  

 1u  
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Limits 

u varies from 0 to 1 

v varies from 0 to 1 

we know that 

dudv
vu

yx
vuFdxdyyxF

R ),(

),(
),(),(



   

    ududvuuvvudxdyyxxy   
1

0

1

0

2
1

2
1

)1()1()1(  

     ududvuvvu  
1

0

1

0

2
1

2 )1)(1(  

   dudvvuvu  
1

0

1

0

2
1

2
1

2
12 )1()1(  

   dvvvduuu 2
1

2
1

1

0

1

0

2
12 )1()1( 








    

Now,  
1

0

2
12 )1( duuu  

Let ut 12  

 dutdt 2  
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 dutdt  2  

When 1,0  tu  

 0,1  tu  

 
0

1

22
1

0

2
12 )2()1()1( tdtttduuu  

   
1

0

22 )2()1( tdttt  

   
1

0

222 )1(2 dttt  

   
1

0

242 )21(2 dtttt  

   
1

0

642 )2(2 dtttt  

                         
1

0

753

75

2

3
2 









ttt

 

  



 

7

1

5

2

3

1
2  

  
105

16
  
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dvvvdvvvduuu 2
1

2
1

1

0

2
1

2
1

1

0

1

0

2
12 )1(

105

16
)1()1( 








    

  dvvv )1(
105
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0

   

   
1

0

)1(
105
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dvvv  
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1

0

2 )(
105

16
dvvv  

Now, 

 )( 22 vvvv   
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




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

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
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

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

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0
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  
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
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


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

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

























 







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












 



























 







 














 


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2
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2
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2
4
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2

1
0
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1

2

1
0
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1

2
1

2
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2
4

1

2

1
1

2

1

2

1
1
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1
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  






























































 







 















c1sin
8

1

2

1

2

1

4

1

2
1

2
12

sin
8

1

2
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2

1

2
2
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1
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1
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  



   c

2

3

8

1
)0(

4

1
1sin

8

1
0

105

16 1 
 
















 c

2

3

8

1

28

1

105

16 
 
















 c

2

3

28

1

105

16 
 

c





2

2

105

2 
 

c
105

2
 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-I 
COURSE CODE: 18MMU304                     UNIT: IV            BATCH-2018-2021 

 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 13/30 
 

c
105

2
 

 

2. Evaluate  
R

yx dxdyeyx 4)( where R is the square with verticies (0,1) (2,1) (1,2) (0,1) 

Solution: 

 The sides of the square for (1,0) and (2,1) 

 
12

1

12

1

xx

xx

yy

yy








  

 
12

1

01

0






 xy

 

 
1

1

1




xy
 

 1 xy  

 01 yx  

 1 yx  

(2,1) and (1,2) 

 
12

1

12

1

xx

xx

yy

yy







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21

2

12

1






 xy

 

 
1

2

1

1





 xy

 

 3 yx  

(1,2) and (0,1) 

 
12

1

12

1

xx

xx

yy

yy








  

 
10

1

21

2






 xy

 

 
1

1

1

2






 xy

 

 1 yx  

(0,1) and (0,1) 

 
12

1

12

1

xx

xx

yy

yy








  

 
01

0

10

1






 xy

 

 
11

1 xy





 

 1 yx  
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Taking yxu  , yxv   

Now,  

 

y

v

x

v
y

u

x

u

yx

vu

















),(

),(
 

  

2

)1(1

11

11







 

 2
),(

),(





yx

vu
 

 
2

1

),(

),(





vu

yx
 

u varies from 1 to 3 

v varies from -1 to 1 

we know that, 

dudv
vu

yx
vuFdxdyyxF

R ),(

),(
),(),(



   

 


 





 

1

1

3

1

44

2

1
)( dudvevdxdyeyx u

R

yx  
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 





1

1

43

12

1
dvveu  

 






1

1

413

2

1
dvvee  

 






1

1

413

2

1
dvvee  

 
1

1

5
13

52

1















v
ee  

  ))1(1(
5

1

2

1 13 


 ee  

  )2(
5

1

2

1 13 ee 


  

 
5

13 ee 
  

 
5

)(
3

4 ee
dxdyeyx

R

yx 
   

 
5

)(
3

4 ee
dxdyeyx

R

yx 
   

3. Evaluate 
R

xydxdywhere R is the region in the first quadrant bounded by the hyperbola 

222222 ; byxayx  and the circles 222222 ; dyxcyx   
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Solution: 

 Let 22 yxu  , 22 yxv   

Now,  

 

y

v

x

v
y

u

x

u

yx

vu

















),(

),(
 

  

xy

xyxy

xyxy

yx

yx

8

44

)4(4

22

22








 

 xy
yx

vu
8

),(

),(





 

 
xyvu

yx

8

1

),(

),(





 

u varies from 2a  to 2b  

v varies from 2c  to 2d  

we know that, 

dudv
vu

yx
vuFdxdyyxF

R ),(

),(
),(),(



   
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  









2

2

2

2 8

1d

c

b

aR

dudv
xy

xyxydxdy  

  







2

2

2

2 8

1d

c

b

a

dudv  

 
2

2

2

28

1 d

c

b

a

dudv  

 
2

2

2

2

8

1 d

c

b
a dvu  

  
2

2

22

8

1 d

c

dvab  





2

28

22 d

c

dv
ab

 

  2

2

8

22
d
cv

ab 
  

 22
22

8
cd

ab



  

  
8

2222 cdab
xydxdy

R


  

4. Evaluate   
R

dxdyyx 22 where R is the region in the first quadrant bounded by the 

hyperbola byxayx  2222 ; and the circles dxycxy  2;2  
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Solution: 

 Let 22 yxu  , xyv 2  

Now,  

 

y

v

x

v
y

u

x

u

yx

vu

















),(

),(
 

  

)(4

44

)4(4

22

22

22

22

22

yx

yx

yx

xy

yx










 

 )(4
),(

),( 22 yx
yx

vu





 

 
)(4

1

),(

),(
22 yxvu

yx







 

u varies from a  to b  

v varies from c  to d  

we know that, 

dudv
vu

yx
vuFdxdyyxF

R ),(

),(
),(),(



   



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-I 
COURSE CODE: 18MMU304                     UNIT: IV            BATCH-2018-2021 

 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 20/30 
 

  










d

c

b

aR

dudv
yx

yxdxdyyx
)(4

1
)(4)(

22
2222  

  







d

c

b

a

dudv
4

1
 

 
d

c

b

a

dudv
4

1
 

 
d

c

b
a dvu

4

1
 

  
d

c

dvab
4

1
 





d

c

dv
ab

4
 

 dcv
ab

4


  

 cd
ab





4

 

  
4

)( 22 cdab
dxdyyx

R


  

5. Evaluate   
R

dxdyyx 2 where R is the region in the first quadrant bounded by the 

hyperbola 2;0  yxyx ; 323;023  yxyx  
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Solution: 

 Let yxu  , yxv 23   

Now,  

 

y

v

x

v
y

u

x

u

yx

vu

















),(

),(
 

  

)5

32

23

11







 

 5
),(

),(





yx

vu
 

 
5

1

),(

),(







vu

yx
 

u varies from 0 to 2 

v varies from 0 to 3 

we know that, 

dudv
vu

yx
vuFdxdyyxF

R ),(

),(
),(),(



   
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  









3

0

2

0

22

5

1
)( dudvudxdyyx

R

 

  









3

0

2

0

3

35

1
dv

u
 

 



3

0 3

8

5

1
dv  

 



3

015

8
dv  

  3015

8
v


  

  3
15

8
  

 
5

8
  

5

8
)( 2 

R

dxdyyx  

TRIPLE INTEGRAL: 

1. Evaluate xyzdxdydz  over the positive quadrant of the sphere 2222 azyx  by 

transforming into spherical co-ordinates. 

Solution: 
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Put  cossinrx   

  sinsinry   

 cosrz   

  ddrdrdxdydz sin2  

Limits: 

 r Varies from 0 to a 

  Varies from 0 to 
2


 

  Varies from 0 to 
2


 

   
a

ddrdrrrrxyzdxdydz
0

2

0

2

0

2 sincossinsincossin

 

  

    
a

ddrdr
0

2

0

2

0

35 cossincossin

 

  

   







a

drdr
0

2

0

35

2

1
cossin



  

   
a

drdr
0

2

0

25 cossinsin
2

1


  
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  







a

drr
0

5

4

1

2

1
 

 
a

r

0

6

68

1








  

 









68

1 6a
 

 
48

6a
  

48

6a
xyzdxdydz   

 

CHANGE OF ORDER OF INTEGRATION: 

dydx= vertical strip 

dxdy= Horizontal strip 

PROBLEMS: 

1. By changing the order of integration. Evaluate  
  

0 x

y

dxdy
y

e
 

Solution: 

Limits: 
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 xy  to y  

 0x to x  

New limits: 

 0x to yx   

 0y to y  

By changing the order of integration  

   
   


0 00

y y

x

y

dxdy
y

e
dxdy

y

e
 

  
 


0 0

yy

dxdy
y

e
 

  
 


0

0 dyx
y

e y
y

 

 
 


0

ydy
y

e y

 

 



0

dye y  

 













0

1

ye
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1

11

0

















 ee

 

1
0

 
  

x

y

dxdy
y

e
 

2. Change of order of integration the integral  
a xa

a

x

xydxdy
0

2

2

and evaluate it. 

Solution: 

Given, 

  
a xa

a

x

xydxdy
0

2

2

 

Limits: 

a

x
y

2

 to xay  2  

   ayx 2 to ayx 2  

    0x to ax    

New limits: 

 Since the region is divide into two points. 
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1I  

 0x to ayx   

 0y to ay   

2I  

 0x to yax  2  

 ay  to ay 2  

By changing the order of integration 

 
a xa

a

x

xydxdy
0

2

2

=   



a

a

yaa ay

xydxdyxydxdy
2 2

00 0

 

  





















a yaa ay

dy
x

ydy
x

y
2

0

2

0

2

0 0

2

22
 

   
aa

dyyaydyayy
2

0

2

0

)2(
2

1
)(

2

1
 

   
aa

dyayyaydyy
a 2

0

22

0

2 )44(
2

1

2
 

  
a

a

a
ayyyaya

23422

0

3

3

4

42

4

2

1

32 
















  
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  










 )8(

3

4

4

16
)4(2

2

1

6
33

44
222

4

aa
aaa

aaa
a

 

  







 )7(

3

4

4

15
)3(2

2

1

6
3

4
22

4

a
aa

aa
a

 

  






 


12

1124572

2

1

6

4444 aaaa
 

  
24

5

6

44 aa
  

  
24

54 44 aa 
  

  
24

9 4a
  

  
8

3 4a
  

8

3 4

0

2

2

a
xydxdy

a xa

a

x

 

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Possible Questions 

2 Mark questions 

1. Change the order of integration in ∫ ∫
௘ష೤

௬

ஶ

௫

ஶ

଴
𝑑𝑥𝑑𝑦 and evaluate it. 

2. If 𝑥 + 𝑦 + 𝑧 = 𝑢, 𝑦 + 𝑧 = 𝑢𝑣, 𝑧 = 𝑢𝑣𝑤 find డ(௫,௬,௭)

డ(௨,௩,௪)
. 

3. Show that డ(௨,௩)

డ(௫,௬)
.

డ(௫,௬)

డ(௨,௩)
= 1. 

4. Given the 𝑥 + 𝑦 = 𝑢, 𝑦 = 𝑢𝑣, change the variables to 𝑢, 𝑣 in the integral ∫ ∫[𝑥𝑦(1 − 𝑥 −

𝑦)]ଵ/ଶ 𝑑𝑥 𝑑𝑦 takes over the area of the triangle with sides 𝑥 = 0, 𝑦 = 0, 𝑥 + 𝑦 = 1 and 

evaluate it. 

5. Change the order of integration in∫ ∫ (𝑥ଶ + 𝑦ଶ)
௔

௫
𝑑𝑦 𝑑𝑥

௔

଴
  and evaluate it. 

6. If 𝑦ଵ =
୶మ୶య

୶భ
, yଶ =

୶య୶భ

୶మ
, yଷ =

୶భ୶మ

୶య
,  then find 𝐽 ൬

௬భ,୷మ,୷య

୶భ,౮మ
,୶య

൰. 

7. Evaluate ∫ ∫ (𝑥 + 𝑦 )𝑑𝑥 𝑑𝑦
ඥସି௬

௢

ଷ

଴
 by changing the order of integration. 

8. Evaluate V∭ 𝑥𝑦𝑧 𝑑𝑥𝑑𝑦 𝑑𝑧 over the positive octant of the sphere 𝑥ଶ + 𝑦ଶ + 𝑧ଶ = 𝑎ଶ. 

9. Evaluate R∬(𝑥 − 𝑦)ସ𝑒௫ା௬𝑑𝑥 𝑑𝑦 where R is the square with vertices (0,1),(2,1),(1,2) and 

(0,1). 

10. If 𝑢 =
௬మ

௫
, v =

୶మ

୷
 ,find  డ(௨,௩)

డ(௫,௬)
. 

11. Change the order of integration in ∫ ∫ 𝑥𝑦 𝑑𝑦 𝑑𝑥
ଶି௫

௫మ

ଵ

଴
 and hence evaluate it. 

12. Find the value of ∬ 𝑥𝑦𝑑𝑥 𝑑𝑦 taken over the positive quadrant of the ellipse ௫
మ

௔మ +
௬మ

௕మ = 1. 
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13. Calculate ∫ 𝑥ଶ𝑑𝑥
଺

ଵ
 by trapezoidal rule and find the error by actual integration. 

14. Calculate ∫ √125 − 𝑥ଷହ

଴
.  by Simpsons rule. 

15. Evaluate ∫
ௗ௫

(௫ାଵ)√ଵି௫మ
.  

6 Mark questions 

1. If 𝑢 = 𝑥𝑦𝑧, 𝑣 = 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥  and 𝑤 = 𝑥 + 𝑦 + 𝑧 then find డ(௨,௩,௪)

డ(௫,௬,௭)
. 

2. Change the order of integration ∫ ∫
௫ ௗ௫ ௗ௬

(௫మା௬మ)
.

ଵ

௫

ଵ

଴
 

3. If 𝑥 =
௨

ଵା௩మ  and 𝑦 =
௨௩

ଵା௩మ  prove that డ(௫,௬)

డ(௨,௩)
.

డ(௨,௩)

డ(௫,௬)
= 1. 

4. Change the order of integration  and evaluate ∫ ∫
௫ ௗ௬ ௗ௫

௫మା௬మ .
௔

௬

௔

଴
 

5. Compute ∫
ௗ௫

ଵା௫మ

଺

଴
 by Simpon’s rule, taking six intervals. 

6. Evaluate ∭ 𝑥𝑦𝑧 𝑑𝑥 𝑑𝑦 𝑑𝑧  take through the positive octant of the sphere 𝑥ଶ + yଶ +

zଶ = aଶ by transforming into spherical co-ordinates. 

7. Evaluate ∫ ∫ ∫ 𝑑𝑥𝑑𝑦𝑑𝑧.
ೣమశ೤మ

ర
଴

√ଶ௫ି௫మ

଴

ଶ

଴
 

8. Evaluate ∫ ∫ ∫
ௗ௫ௗ௬ௗ௭

ඥଵି௫మି௬మି௭మ
.

ඥଵି௫మି௬మ

଴

√ଵି௫మ

଴

ଵ

଴
 

 

 

 

 

 

 



Algebra / 2018-2021 Batch

Question Opt 1 Opt 2 Opt 3 Opt 4 Answer

(∂(u,v,w))/(∂(x,y,z))×(∂(x,y,z))/(∂(u,v,w))=---------- 0 1 2 3 1

Possible Questions                               

KARPAGAM ACADEMY OF HIGHER EDUCATION

(Deemed to be University Established Under Section 3 of UGC Act 1956)

Pollachi Main Road, Eachanari (Po),

Coimbatore –641 021                                                                                                                                                                                            

Subject: Mathematics-I                                                                                                                                          Subject Code: 18PHU304

Class   : II - B.Sc. Physics                                                                                                                                               Semester      : III

Unit IV                                                                                                                                                       

Part A (20x1=20 Marks)                                                                                                                  

(Question Nos. 1 to 20 Online Examinations)

(∂(u,v,w))/(∂(x,y,z))×(∂(x,y,z))/(∂(u,v,w))=---------- 0 1 2 3 1

(∂(u,v,))/(∂(r,s))×(∂(r,s))/(∂(x,y))=---------- r 1 0 -1 1

If u=x+y,v=x-y then (∂(u,v))/(∂(x,y))=---------- -2 1 0 -1 -2

If x=rcosθ,y=rsinθ,  then (∂(x,y))/(∂(r,θ))=--------- 1 r 1/r -1 1/r

(∂(u,v,))/(∂(x,y)).(∂(x,y))/(∂(u,v))=---------- 1 r 1/r -1 1

If u and v are functions of x and y then 

(∂(u,v,))/(∂(x,y))×(∂(x,y))/(∂(u,v))=---------- 0 1 2 3 1

In Polar coordinates,(∂(x,y))/(∂(r,θ))=---------- 1 r 1/r -1 r

if x=rsinθcosφ,y=rsinθsinφ,z=rcosθ  then 

(∂(x,y,z))/(∂(r,φ,θ))=--------- -r(sinθ)^2 r(sinθ)^2 -r(cosθ)^2 r(cosθ)^2 -r(sinθ)^2

Change the order of integration ∫∫f(x,y)dxdy=--------  ∫f(x,y)dxdy ∫∫f(x,y)dxdy ∫∫f(x,y)dydx ∫∫f(x,y)dxdy ∫∫f(x,y)dydx

∫∫∫dxdydz ------------------- x xy xyz yz xyz

∫∫∫xdxdydz ------------------- (x^2)yz (x^2)/2 yx (x^2)/2 x (x^2)z (x^2)/2 yx

If u=x-y,v=x+y then (∂(u,v))/(∂(x,y))=-------------- 1 2 3 0 2

The positive quadrant of circle x^2+y^2=a^2 is ------

-------- 0 to √(a^2-x^2)

-√(a^2-x^2) to 

√(a^2-x^2) 0 to √(a^2+x^2) √(a^2-x^2) to 0 0 to √(a^2-x^2)

∫∫dydz ------------------- y z yz 0 yz

Prepared by: V.Kuppusamy, Department of Mathematics,KAHE
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∫∫∫abcdxdydz ------------------- 0 abc xyz abcxyz abcxyz

In cartesian plane all (x,y) value positive in  ----------

---quaderent first second third fourth first

In cartesian plane x positive and y negative  value 

positive in  -------------quaderent first second third fourth fourth

In cartesian plane x negative and y negative  value 

positive in  -------------quaderent first second third fourth third

In cartesian plane x negative and y positive value 

positive in  -------------quaderent first second third fourth second

In polar coordinates is rdrdθ and hence the area of 

region R is------------ ∫∫ drdθ  ∫∫ rdθ ∫∫ rdr ∫∫ rdrdθ ∫∫ rdrdθ 

The cordinates of the center of gravity and the 

moment inertia in the case of polar coordinates can 

be obtained by changing the corresponding formula 

in cartesian coordianates into-----------coordinates cartesian   polar sperical polar circle polar 

The equation of the cardiod is ---------- r=acosθ r=a(1+cosθ) r=a(1-cosθ) r=asinθ r=a(1+cosθ)The equation of the cardiod is ---------- r=acosθ r=a(1+cosθ) r=a(1-cosθ) r=asinθ r=a(1+cosθ)

∫∫dxdz ------------------- xy xz yz x xz

If x+y=u,y=uv then ∂(x,y)/∂(u,v)=------------------- u v uv xy u

Change the order of integration ∫∫∫f(x,y)dxdydz=------

-- ∫∫∫f(x,y)dxdydz ∫∫∫f(x,y)dzdydx ∫∫f(x,y)dxdy ∫∫f(x,y)dydx ∫∫∫f(x,y)dzdydx
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UNIT-V 
 

Beta and Gamma integrals-their properties, relation between them- evaluation of multiple 
integrals using Beta and Gamma functions.  
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   IMPROPER INTEGRAL 

INFINITE INTEGRAL: 

 In 
b

a

dxxf )( the integral )(xf to be bounded and the integrable of integration from a to b. 

now we shall consider the cases  where, 

Case 1: 

 The integrant to  


a

dxxf )( let )(xf  be bounded and integrable in the interval 

),( xa where a is fixed and x is any number>a. 

 We defined 


a

dxxf )( to be 

x

a
x

dxxf )(lim  provided this limit exist. Then 


a

dxxf )( has an 

infinite integral and say that it convergence. 

 If a to x  asXdxxf
x

a

)( the infinite integral 


a

dxxf )( is said to divergent to  or 

does not exist. 

Case 2: 

 The integrant to  


b

dxxf )( let )(xf  be bounded and integrable in the interval 

),( bx where b is fixed and x is any number<b 

 We defined 


b

dxxf )( to be 

b

x
x

dxxf )(lim  provided this limit exist. Then 


b

dxxf )( has an 

infinite integral and say that it convergence. 

 If 


b

dxxf )( may diverges to   to  or oscillate finitely or infinitely. 
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Case 3: 

 Integrals from   to  . 




dxxf )( if the infinite integrals 


x

dxxf )( and 


x

dxxf )( both 

convergence then 




dxxf )( is convergence and is equal to their sum. 

Note: 

 The value of integral is independent of the x is used. 

PROBLEMS: 

1. Discuss the convergence of 


1
2x

dx
 

Solution: 

 




X

X x

dx

x

dx

0
2

1
2

lim  

 
X

X x 0

1
lim 






 


 

 





 





1
1

lim
XX

 

 1
1





  

1
1

2




x

dx
 

The given integral converges to 1. 
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2. Discuss the convergence of 




1

dxe x  

Solution: 

 




 

X
x

X

x dxedxe
01

lim  

  Xx

X
e 0lim 


  

  0lim 


 ee X

X
 

 1 e  

 10   

1
1




 dxe x  

The given integral converges to 1. 

3. Discuss the convergence of 


1
22 xa

dx
 

Solution: 

 


 

 X

X xa

dx

xa

dx

0
22

1
22

lim  

 
X

X a

x

a 0

1tan
1

lim 





 


 

 





  

 aaa

X

aX

0
tan

1
tan

1
lim 11  
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 





  


0tan

1
lim 1

a

X

aX
 

 





 

 a

X

aX

1tan
1

lim  

 





  1tan

1

a
 

 0
2

1



a

 

 
a2


  

axa

dx

21
22







 

The given integral converges to 
a2


 

4. Discuss the convergence of 


1 x

dx
 

Solution: 









X

X
x

x

dx

1

2
1

1

lim  

 

X

X

x

1

2
1

2
1

lim 















 

 















2

1
1

2
1

lim
2

1
2

1
X

X
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 




 


)1(22lim 2

1
X

X
 

 22   

 




1 x

dx
 

The given integral does not exist or diverges to . 

5. If 



a

xdxa sin,0  

Solution: 

  




X

a
X

a

xdxxdx sinlimsin  

  Xa
X

xcoslim 


 

  aX
X

coscoslim 


 

  acoscos   

xcos is bounded and lies between 1  

The integral oscillates finitely. 

i.e, neither converges nor diverges. 

6. 
 

0

2)31( x

dx
 

Solution: 
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  


 


0

2

0

2 )31(
lim

)31( X
X x

dx

x

dx
 

Put xt 31  

 dxdt 3  

 
3

dt
dx


  





 



0

2

0

2
3lim

)31( X
X t

dt

x

dx
 

 





0

23
lim

X
X t

dt
 

 




0

2
lim

3

1

X
X t

dt
 

 
0

1
lim

3

1

X
X t







 




 

 
0

31

1
lim

3

1

X
X x













 

 










 XX 31

1
1lim

3

1
 

 










)(31

1
1

3

1
 

  01
3

1
  
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3

1
  

The given integral converges to 
3

1
. 

7. 


0

cosh xdx  

 

 

Solution: 

 



00

coshlimcosh
X

X
xdxxdx  

 0)(sinhlim X
X

x


  

  )sinh()0(sinh(lim X
X




 

 






 




 2
0lim

XX

X

ee
 

 












 


 2

1
0lim

X
X

X

e
e

 

 












 


 2

1
lim

X
X

X

e
e

 

  
 

e
e 1

2

1
 

   
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The given integral does not exist or divergent to  . 

8. 


0

sin xdxx  

Solution: 

 



00

sinlimsin
X

X
xdxxxdxx  

Let xu   xdxdv sin  

dxdu   xv cos  

   
0

0 coscos
X

X xdxxx  

    00 sincos XX xxx   

  0sincoslim X
X

xxx 


 

  XXX
X

sincoslim 


 

   sincos  

xcos is bounded and lies between 1  

The integral oscillates finitely. 

i.e, neither converges nor diverges. 

9. Show that converges of 


  24 x

dx
 

Solution: 
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






 


 222 24 x

dx

x

dx
 

























 2
tan

2

1

4
1

2

x

x

dx
 

 



 


222

1 
 

  
2

1
  

 
2


  

The given integral is converges to 
2


. 

10. Show that converges of 


1

log xdx  

Solution: 

 




X

x
xdxxdx

11

loglimlog  

 X
x

xxx 1loglim 


 

  11logloglim 


XXX
x

 

  11loglog   

 1  

   



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-I 
COURSE CODE: 18MMU304                     UNIT: V           BATCH-2018-2021 

 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 11/35 
 

The given integral does not exist or divergent to   . 

11. Show that converges of 


0 )1( xx

dx
 

Solution: 

 


 

 X

x xx

dx

xx

dx

00 )1(
lim

)1(
 

Put xt 2  

      dxtdt 2  

  




X

x tt

tdt

0
2 )1(

2
lim  

  




X

x t

dt

0
2 )1(

2
lim  

  




X

x t

dt

0
2 )1(

lim2  

 
X

x

t

0

1

1
tanlim2 














 


 

  X
x

x 0
1tanlim2 


  

  0tantanlim2 11 


 x

x
 

   1tan2  

 





2
2


 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-I 
COURSE CODE: 18MMU304                     UNIT: V           BATCH-2018-2021 

 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 12/35 
 

   

The given integral converges to  . 

12. Evaluate 


1

0
21 x

dx
 

Solution: 




1

0
21 x

dx
 

 
21

)(
x

dx
xf


  

 1)0( f  

 )1(f  

By definition 

 


 








1

1
20

1

0
2 1

lim
1 x

dx

x

dx
 

   








1

1
1

0
)(sinlim x  

  )1(sin)1(sinlim 11

0




 


 

 





  

 2
)1(sinlim 1

0




 

 





  

2
)01(sin 1 

 

 





  

2
)1(sin 1 
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 





 

22


 

0
1

1

0
2





x

dx
 

13. Evaluate 


1

1 x

dx
 

Solution: 




1

1 x

dx
 

 
x

dx
xf )(  

 )0(f  

 1)1( f  

 1)1( f  

By definition 

 







 








1

1
0

1

1

lim




 x

dx

x

dx

x

dx
 

  1
1

0
)(log)(loglim 




xx  


 

  )log()1(log)1log()log(lim
0







x  

  )0log(00)0log(lim
0



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0
1

0

 x

dx
 

14. Evaluate 


1

1 2
1

x

dx
 

Solution: 




1

1 2
1

x

dx
 

 
2

1

1
)(

x
xf   

 )0(f  

 1)1( f  

 1)1( f  

By definition 

 











 








1

2
1

1 2
10

1

1

lim




 x

dx

x

dx

x

dx
 

  1
1

0
)2()2(lim 




xx  


 

 )2(12)(12(2[(lim
0







 

  22   

 4  

4
1

1 2
1


 x

dx
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BETA AND GAMMA FUNCTION: 

 The bita function denoted ),( nm which is given by 

  
1

0

11 0,,)1(),( nmdxxxnm nm  

 The gamma function is denoted by n which is given by 




 
0

1 0,ndxexn xn  

Convergence of n  

 We know that 



0

1 dxexn xn  

 


 
1

1
1

0

1 dxexdxex xnxn  

The first integral is 

 



 
1

1

0

1

0

1 lim



dxexdxex xnxn if this limit exist when x is small. The integral 1nx and the limit 

exist, if n>0. 

 The second integral certainly exist for 
!!

1

r

x

r

x
e

nr
x



 also 1 nr . Hence 11  ex n is 

2

!

x

r
  






1

1 dxex xn is does not exist constant multiple of the 2nd integral which diverges. 

 n converges for n>0. 
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RECURRENCE FORMULA FOR GAMMA FUNCTION: 

 We have to prove that 0,1  nnnn  

Proof: 

 We know that  





1

1 dxexn xn  





1

1 dxexn xn  

 nxu    dxedv x  

 dxnxu n 1  xev   




 
1

1
0))(( dxnxeex nxxn  




 
1

1
0)( dxnxeex nxxn  





1

10 dxnxe nx  





1

1dxnxe nx  





1

1dxxen nx  

nn  

nnn  1  



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-I 
COURSE CODE: 18MMU304                     UNIT: V           BATCH-2018-2021 

 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 17/35 
 

1. 


1
3x

dx
 

Solution: 

 






X

X
x

x

dx

0

3

1
3

lim  

 
X

X

x

0

2

2
lim 














 

 
X

X x 0
2

1
lim

2

1











 

 





 




 1

11
lim

2

1
2XX

 

 





 





1

1
lim

2

1
2XX

 

 





 



 1

1

2

1
 

  10
2

1



  

  1
2

1



  

 
2

1
  

2

1

1
3




x

dx
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The given integral converges to 
2

1
.  

2. 


0 2
1

x

dx
 

Solution: 









X

a
X

a

x
x

dx 2
1

2
1

lim  

 

X

X

x

1

2
1

2
1

lim 















 

 
X

aX
X 









2
1

2lim  

 




 


)(22lim 2

1
aX

X
 

 a22   

The given integral is divergent. 

3. 


0
2 dxe x  

Solution: 

 



0

2
0

2 lim
X

x

X

x dxedxe  

 
02

2
lim

X

x

X

e











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  X

X
ee 2)0(2lim

2

1



 

  X

X
ee 20lim

2

1



 

  )(21
2

1  e  

   e1
2

1
 

  1
2

1
  

2

10
2 



dxe x  

The given integral does not exist or diverges to  . 

4.  


a xb

dx
22

 

Solution: 

 


 

 X

a
X

a xb

dx

xb

dx
2222

lim  

 
X

a
X b

x

b






 



1tan
1

lim  

 





  

 b

a

bb

X

bX

11 tan
1

tan
1

lim  

 





  

 b

a

b

X

b X

11 tantanlim
1
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 





  

b

a

b
1tan

2

1 
 

 The given integral converges to 





  

b

a

b
1tan

2

1 
 

PROPERTIES OF BETA FUNCTION: 

(i) ),(),( mnnm    

Proof: 

We know that, 

   
1

0

11 )1(),( dxxxnm nm  

Put yx  1  xy  1  

dydx   

When 0x , 1y  

 0,1  yx  

  
0

1

11
1

0

11 )()1()1( dyyydxxx nmnm  

  
0

1

11)1( dyyy nm  

   
0

1

11 )1( dyyy mn  

 ),( mn  
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),(),( mnnm    

  Hence the proof 

(ii) ),( nm can be expressed as a definite integral with ),0(  as limit. 

Proof: 

we know that, 

   
1

0

11 )1(),( dxxxnm nm  

Put 
y

y
x




1
 

 
2)1(

)1(

y

ydydyy
dx




  

 
2)1(

)1(

y

dyyy
dx




  

 
2)1(

1

y

dy
dx


  

When 0,0  yx  

  yx ,1  


 
























0

2

111

0

11

)1(

1

1
1

1
)1( dy

yy

y

y

y
dxxx

nm

nm  

  
 





















0

2

11

)1(

1

1

1

1
dy

yyy

y
nm
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  









0
211

1

)1(
dy

y

y
nm

m

 

  









0

1

)1(
dy

y

y
nm

m

 











0

1

)1(
),( dy

y

y
nm

nm

m

  

(iii)  
0

0

1212 cossin2),(



 xdxxnm nm  

Proof: 

We know that  

  
1

0

11 )1(),( dxxxnm nm  

Put 2sinx  

 ddx cossin2  

When 0,0  x  

 2,1  x  

   



2

0

1212 cossin2sin1sin),(



 dnm
nm

 

  
2

0

2222 cossincossin2



 dnm  
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  
2

0

122122 cossin2



 dnm  

  
2

0

1212 cossin2



 dnm  

 )1........(..........cossin2
2

0

1212 


xdxx nm  

We know that  


2

0

, cossin



xdxxI nm
nm   

 12  mm  

 12  nn  

 
 

2

0

1212
12,12 cossin



xdxxI nm
nm  

(1) Becomes 12,122),(  nmInm  

nmI
nm

,2
2

1
,

2

1







   







 


2

1
,

2

1

2

1
,

nm
I nm   

COROLLARY: 

  2
1  

Proof: 
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nm

nm
nm




),(  

Put 
2

1
 nm  

 

2

1

2

1
2

1

2

1

2

1
,

2

1











  

 
2

0

1212 cossin2),(



 dnm nm  























 2

0

1
2

1
21

2

1
2

cossin2
2

1
,

2

1


 d  







 2

0

2
2

1
,

2

1


 d  

   2
02


  

  022    

  22   

   

Eqn (1) becomes, 

1

2

1

2

1
,

2

1

2















  
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2

2

1






  


2

1
 

 Hence proved 

PROBLEMS: 

1.  





1

0

1
log dx

x
x

n
m  

Solution: 

Put t
x







 1

log  

 te
x


1
 

 tex   

 dtedx t  

When  tx ,0  

 0,1  tx  

dtetedx
x

x tntm
n

m 


 





 01

0

)(
1

log  

 


 
0

)( dtete tntm  
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 



0

)1( dtte nmt  

Put 
1

)1(



m

y
tmty  

 dtmdy )1(   

 dt
m

dy


1
 





















00

)1(

11 m

dy

m

y
edtte

n
ynmt  

 
  







0
11

1
dyye

m
ny

n
 

 
 

1
1

1
1




  n
m n

 

2. 




0

2

dxe x  

Solution: 

 2xt   

 xdxdt 2  

 dx
x

dt


2
 

 dx
t

dt


2
 

When 0,0  tx  
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  tx ,  







 
00 2

2

t

dt
edxe tx  

 



0

2
1

2

1
dtte t  

 
2

1

2

1
  

 
2


  






0

2

dxe x

2


 

3.  
1

0

87 )1( dxxx  

Solution: 

We know that, 

  
1

0

11 )1(),( dxxxnm nm  

81,71  nm  

9,8  nm  

)9,8()1(
1

0

87  dxxx  

  
98

98




  
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17

98




  

  
!16

!8!7
  

102960

1
)1(

1

0

87  dxxx  

4. Evaluate 
2

0

57 cossin



 d  

Solution: 

We know that, 







 

 2

1
,

2

1

2

1
cossin

2

0

nm
dnm 



 

Here m=7 and n=5 







 

 2

15
,

2

17

2

1
cossin

2

0

57 


d  

 







2

6
,

2

8

2

1   

  3,4
2

1   

 
34

34

2

1




  

 
7

34

2

1




  
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!6

!2!3

2

1
  

 
120

1
  

120

1
cossin

2

0

57 


 d  

5. 
2

0

tan



 d  

Solution: 

  
2

0

2
1

2

0

tantan



 dd  

   







2

0

2
1

cos

sin






d  

  



2

0

2
1

2
1

cossin



 d  

2

1
,

2

1 
 nm  

We know that, 

 





 

 2

1
,

2

1

2

1
cossin

2

0

nm
dnm 



 

 









4

1
,

4

3

2

1
cossin

2

0

2

1

2

1




d  
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4

13
4

1

4

3

2

1
cossin

2

0

2

1

2

1










 d  

 

4

4
4

1

4

3

2

1
cossin

2

0

2

1

2

1









 d  

 
1

4

1

4

3

2

1
cossin

2

0

2

1

2

1 





 d  

 
4

1

4

3

2

1
cossin

2

0

2

1

2

1






 d  

APPLICATION OF GAMMA FUNCTION TO MULTIPLE INTEGRAL: 

1. Evaluate  dzdydxzyx rqp then taken over the volume of the tetrahedron given by 

1,0,0,0  zyxzyx  

Solution: 

Limits 

 x varies from 0 to 1 

y varies from 0 to 1-x 

z varies from 0 to 1-x-y 

  
 


1

0

1

0

1

0

x yx
rqprqp dzdydxzyxdzdydxzyx  

  
 












1

0

1

0

1

0

1

1

x yxr
qp dydx

r

z
yx  
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  






1

0

1

0

1)1(
1

1 x
rqp dydxyxyx

r
 

  






1

0

1

0

1)1(
1

1 x
rqprqp dydxyxyx

r
dzdydxzyx  

The area over which the integrant to be a triangle OAB 

Let )1.....(..........uyx   

)2.....(..........uvy   

Solve (1) & (2) 

uuvx   

)1( vux   

When x=0 

 u=0,v=1 

When y=0 

 u=0 ,v=0 

When x+y=1 

 u=1,v=0 

Limits: 

 U varies from 0 to 1 

 V varies from 0 to 1 
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v

y

u

y
v

x

u

x

vu

yx

















),(

),(
 

 
uv

uv 


1
 

 uvvu  )1(  

 uvuvu   

 u  

   


 





1

0

1

0

1
1

0

1

0

1 )1()())1((
1

1
)1(

1

1
ududvuuvvu

r
dydxyxyx

r
rqp

x
rqp  

   



1

0

1

0

1)1()1(
1

1
ududvuvuvu

r
rqqpp  

 










  

1

0

1

0

11 )1()1(
1

1
dvvvduuu

r
pqrqp  

Now, 

   
1

0

11 )1( duuu rqp  

Here m-1=p+q+1 

m=p+q+2 

n-1=r+1 

n=r+2 
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)2,2()1(
1

0

11   rqpduuu rqp   

 
22

22





rqp

rqp
 

 
4

112





rqp

rrqp
 

Consider, 

  
1

0

)1( dvvv pq  

Here m-1=q 

m=q+1 

n-1=p 

n=p+1 

)1,1()1(
1

0

 pqdvvv pq   

 
11

11





qp

pq
 

 
2

11





qp

pq
 



















  




2

11

4

112

1

1
)1(

1

1 1

0

1

0

1

qp

pq

rqp

rrqp

r
dydxyxyx

r

x
rqp  

4

111
)1(

1

1 1

0

1

0

1





  




qp

rqp
dydxyxyx

r

x
rqp   
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Possible Questions 

2 Mark questions 
 

1. Discuss the convergence of the following : 

(i) ∫
ௗ௫

௫భ/మ , 𝑎 > 0
ஶ

௔
 

(ii) ∫
ௗ௫

(ଵିଷ௫)మ .
଴

ିஶ
 

2. Prove thatට(
ଵ

ଶ
) = √π. 

3. Evaluate :∫ 𝑠𝑖𝑛ଵ଴𝜃
ഏ

మ
଴

dθ. 

4. Show that 𝛽(𝑚, 𝑛) = 2 ∫ 𝑠𝑖𝑛ଶ௠ିଵ𝑥𝑐𝑜𝑠ଶ௡ିଵ𝑥𝑑𝑥
ഏ

మ
଴

. 

5. Prove that 𝛽(𝑚, 𝑛) = 𝛽(𝑛, 𝑚). 

6. Prove that ∫ √cos 𝑥
ഏ

మ
଴

dx ∗ ∫
ୢ୶

√ୡ୭ୱ ୶

ಘ

మ
଴

= π. 

7. Evaluate ∫
௘షఱೣ

√௫
 𝑑𝑥 using Gamma function. 

8. Discuss the convergence of ∫
ௗ௫

ସା௫మ

ஶ

ିஶ
. 

9. Prove that ∫ √sin 𝜃
ഏ

మ
଴

dθ × ∫
ୢ஘

√ୡ୭ୱ ஘

ಘ

మ
଴

= π. 

10. Prove that √௣

ଶ
√

௣ାଵ

ଶ
= √గ

ଶ೛షభ √𝑝 

11. Discuss the convergence of ∫
௫

(ଵା௫)య 𝑑𝑥.
ஶ

௔
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12. Prove that √𝑛 = (n − 1)√(n − 1) where n>1 and √𝑛 = (𝑛 − 1)! where n is a positive 

integer. 

13. If 𝑓(𝑚, 𝑛) = ∫ 𝑐𝑜𝑠௠𝑥
ഏ

మ
଴

cosnx dx, prove that  𝑓(𝑚, 𝑛) =
௠

௠ା௡
f(m − 1, n − 1). 

14. Prove that ∫ ඥ(𝑥 − 2)(3 − 𝑥)
ଷ

ଶ
dx =

஠

଼
. 

15. Evaluate (i) ∫ ඥ(𝑥 − 3)(7 − 𝑥)𝑑𝑥. (ii) ∫
ௗ௫

௫మ

ஶ

ଵ
 

6 Mark questions 

1. Prove that  (i) √𝑛 + 1 = 𝑛!, 𝑛 > 0 (ii) Evaluate ∫ 𝑒ି௫మஶ

଴
 𝑑𝑥. 

2. Prove that 𝛽(𝑚, 𝑛) =
√௠√௡

√(௠ା௡)
. 

3. Show that: ఉ(௣,௤ାଵ)

௤
=

ఉ(௣ାଵ,௤)

௣
=

ఉ(௣,௤)

௣ା௤
. 

4. Show that: ∫
௧మௗ௧

ଵା௧ర

ஶ

଴
=

గ

ଶ√ଶ
. 

5. Prove that 𝛽(𝑚, 𝑛) = ∫
௫೘షభ

(ଵା௫)೘శ೙

ஶ

଴
𝑑𝑥. 

6. Prove that ∫
௫మௗ௫

√ଵି௫ర
× ∫

ௗ௫

√ଵି௫ర

ଵ

଴

ଵ

଴
=

గ

ସ
. 

7.  Prove that  ∫
௖௢௦మ೘షభఏ௦௜௡మ೙షభఏ ௗఏ

(௔௖௢௦మఏା௕௦௜௡మఏ)೘శ೙

ഏ

మ
଴

=
ఉ(௠,௡)

ଶ௔೘௕೙. 

8. Show that ∫
௫మ

(ଵା௫ర)య  𝑑𝑥 =
ହగ√ଶ

ଵଶ଼

ஶ

଴
 . 
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(Question Nos. 1 to 20 Online Examinations)

Γ(n+1)= ------------------- n! n+1 n-1 n n!

Γ(1/2)=-------------------  π 1 0 √π √π

β(m,n)=------------------- Γ(m)Γ(n)/Γ(m-n) Γ(m)Γ(n)/Γ(m+n) (Γ(m)-Γ(n))/Γ(m-n)  Γ(m+n)/Γ(m-n) Γ(m)Γ(n)/Γ(m+n) 

β(1/2,1/2)=------------------ 0 1 -1

Γ(n+1)= ----------------- nΓn (n+1)Γn Γn  n nΓn

Γ(n) converges for------------------ n=0 n>1 n>0 n<1 n>0

Γ(n+1)=------------------

integral 0 to 

infinity (x^n) e^(-

x) dx,n>-1

integral 0 to 

infinity (x^n e^(-

x) dx,n>1

integral 0 to infinity 

(x^n) e^(-x) dx,n=-1

integral 0 to infinity 

(x^n)e^(-x) dx,n<-1

integral 0 to infinity 

(x^n) e^(-x) dx,n>-1

∫e^(-x)  dx with the limit of 0 to infinity then =------- √π √(π/2) √2π 0 √π

β(m,n) exist if ----------------- m>0,n>0 m>0,n<0 m<0,n<0 m=0,n<0 m>0,n>0

Γ(m+n)β(m,n)=------------------- Γ(m)-Γ(n) Γ(m)Γ(n) Γ(m)+Γ(n) Γ(m)/Γ(n) Γ(m)Γ(n)

β(1,1)=------------------- 0 1 2 -1 1

Γ(n)=∫e^(-x)  dx with the limit of 0 to infinity then n 

possible value is =------------------ n=0 n>0 n<0 n≠0 n>0

The value of  Γ(1) is ------------------ 1 0 2 -1 1
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The value of  ∫e^(-x^2 )  dx with the limit of 0 to 

infinity is--------------- π  π/2 π^2 √π/2  π/2

β(m,n)=------------------ β(n,n) β(m)  β(n) β(n,m) β(n,m)

Γ(n+1)=∫(x^n)(e^(-x))dx with the limit of 0 to 

infinity then n possible value is =------------- n=0 n>-1 n<0  n≠0 n>-1

Γ(1/4)Γ(3/4)  equal to  ----------------- 2 π√2 π 0 π√2

Γ(n+2/3) is equal to ----------------- (n-1/3)Γ(n-1/3) (n+1/3)Γ(n-1/3) (n-1/3)Γ(n+1/3) (n-1/3)Γ(1/3) (n-1/3)Γ(n-1/3)

Γ(n)Γ(n-1)= ----------------- β(n,1-n) β(n,n) β(n-1,n) β(n-1,n-1) β(n,1-n)

Γ(1)= ----------------- 1 2 0 -1 1

Γ(1/2)Γ(1/2)= ----------------- β(1/2,1/2) β(1,1/2) β(1/2,1) β(1,1) β(1/2,1/2)

Γ(n+1)=nΓnthe recurrence formula is true only 

when ----- n=0 n>0 n<0  n≠0 n>0

Γ(n)Γ(n-1)=----------------- π/sinnπ π/cosnπ 2π/sinnπ 3π/sinnπ π/sinnπ

Γ(3/2)= ----------------- 1 π√2 π 0 1
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