KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-I
COURSE CODE: 18PHU304 UNIT: | BATCH-2018-2021

UNIT-I

Curvature in Cartesian coordinates-centre and radius of curvature in Cartesian and polar forms-
Total differentiation
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CURVATURE

CURVATURE OF THE CURVE:

A curve has a definite at every point on it. At any particular point, the direction of the
curve is the same as that of the tangent to the curve at the point. The direction usually changes

from point to point and the tangent line rotates has the point moves along the curve.

Let S denote the length of arc AP measured from some fixed point A on the curve and

w the angle which the tangent makes with x-axis.

As P moves along the curve S and i very and the rate at which y increases relative to S.

That is ?j_lé/ is called the curvature of the curve at the point P

Curvature of the curve at the point P
Curvature is the rate of change of the direction of the tangent at P

We say that the curvature is the rate at which the curve curves and its sign indicates the
direction in which the tangent is turning has S increases.

Curvature of a circle:
Let ABC be any given circle of radius r.
Draw AQ the tangent at A
Let O be the center of the circle join OA.
Select any point P on the circle.

Draw PM the tangent at P cutting AQ at an angle v .

Measure the length of the arc of the circle from A. So that the arc AP is S.
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Therefore, < AOP =y
S=ry
Differentiating with respect to w

ds

— =7
dy

dy 1
dSs r

le curvature of the circle is the reciprocal of its radius.

CARTESIAN FORMULA FOR THE RADIUS OF CURVATURE:
Let y = f(x)be any curve,
Let P be any point on the curve.
Let i be any angle.

Which the tangent makes with x-axis

We know that g—y =tany
X

2
Differentiating with respect to x % = sec? 1//%—‘//
X X

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 3/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: Il B.Sc PHYSICS COURSENAME: MATHEMATICS-I
COURSE CODE: 18PHU304 UNIT: | BATCH-2018-2021
2
4%y _ o2, v 8
dx? dx dx
d’y 2. dy
=sec’ y ——.sec
dx’ Vias Y
d’y dy
=secy ——
dx? Vds
dS  sec’y

dy dzy
dx?
s (sec? :,//)%
dy dzy
dx?
dS _(1+tan21//%
dy dzy
dx?
(1+(d/) j
P = q y
dx?

Problems:
1. What is the radius of the curve x* +y* = 2at the point (1,1)
Solution:
Given x* + y* = 2at the point (1,1)
x* +y* = 2With respect to x, we get

4x° +4y°® 3y 0
X
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39!*:—4X3

4
ydx

Differentiating again with respect to x

Y3 (-35%) — (—x°)3y? di

d’y _ d
dXZ (y3)2
_ 3
a2y 3{y3x2+x3y2[ y)é H
dXZ = y6
_ 3
42 3{— y3x? +x3( ;( ﬂ
y _
dXZ - y6
6
, 3{— x’y?® —(Xﬂ
d7y y
dx? - ye

. dy -
At the point (1,1) —=—
point ( )OIX 1

ay_
dx
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g

2
41
dx )

The radius of curve

p= dzy

dx?

i (-7)?

SR ~

2)%
@
6
_22
—6
_ 2
3

2. What is the radius of the curve y* = x® +8at the point (-2,0)

Solution:

Given y® = x® +8at the point (-2,0)

y? = x® + 8 With respect to x, we get
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dy 2
2y— =3Xx
y dx
@y 3¢
dx 2y

Differentiating again with respect to x

2y(6x) — (3x)° Zﬂ
_ dx
dx? (2y)*

3x?
12xy + 6x°%| =~
d’ i (ZVJ

d?y

y:
dx? 4y?
4
2 12xy+(18x j
d?y _ 2y
dx? 4y?

At the point (-2,0) dy =0
dx

W _,
dx
18(-2)*
a?y _12(—2)(0)— 20)
dx? ), B 0
=0

2
(&), -0
dx )

The radius of curve
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]
dz%(z

3. Prove that the radius of curvature at any point (acos®@,asin®#)on the curve

/ / / is 3asindcosé.

Solution:

We know that x/ / / .......... (1)

Differentiating (1) with respect to X,
2/ H 2/ A _
Ax 3 +A y 73 rvin 0
2y =t
=—94X

dy  x

dx 7
(ﬂ) __(asin® 0)%
dx (acos® @,asin’ ) (a.COS?J 9)%

(dyJ _asing
dx (acos® 6,asin® ) acosd
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(ﬂj =—tanéd
dx (acos® 6,asin® )

i ol o)
dx?  dxdx

d?y d
=—/(tan@
dx? dx( )
2
dzzi(tané’)%
dx do dx
2
Y~ 9 ftano)—
dx de —3acos dsin @
d?y —sec’ @

dx2  —3acos?@sind

d’y  sec’d
dx®> 3acos®@dsind

d?y sec'd

dx2  3asiné

Radius of curvature
%
{1+(d%xj j
P = dZV
dx?
3
(1+tan20[2
p=

sect o
Aasine
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3
 (sec?0)”

p =3asindcos
The co-ordinates of the centre of curvature:
Let y = f(x)be acurve. Let p(x,y)be any point on the curve.

Let the center of curvature of the curve y = f(x)corresponding to the point p(x,y)be x

andy.

Cy@+y)
Y

X =X

2
Y,

d d?
Where y, :d—i;y2 :dTZ

The locus of center of curvatures for a curve is called the evolutes of the curve.

1. Show that in the parabola Yy’ =4ax at the point t, p :—2a(l+t2)%,
X =2a+3at?,Y = —2at>Reduce the equation of the evolutes.

Solution:

We know that,

X =at?, Y =2at
%:Zat ﬂzZa
dt dt
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dy _dy dt
dx dt dx

Y _2ax-t

dx 2at

dy _1
dx t

dx?  2atd

The radius of curvature
%
dy ?
[1+( Ax) ]
p - d Zy
dx?

o (%)2)%
g _%ate’

_%ate’
2, 1)
o[ CH] aar)
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p=(t2 +1)(- 2at)

p = -2at(t? +1)2

X =X— yl(1+ ylz)
Y,
X =at? ——%(1+%2)

_%aﬁ
X = at? —%x(l+}t/2)x—%at3

X =at? +2a(t* +1)

X =at? +2at® +2a

X =3at? + 2., )
Y — + (1+ ylz)
Y2

1+ 7
Y =2at_ﬂ

_%aﬁ

Y =2at —2at® — 2at

Eliminating t from (1)&(2)
() = X =3at* +2a

3at’ = X —2a
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tz _ X —23
3a

t_[X—Zaj}/2
| 3a

Sub the value of tin (2)

X —ZaJ%

Y = —2a(
3a

Squaring on both sides

Y2 :4a2(x —23.)3
3a

v?_4q2 X =22)
27a°

(X —2a)’
27a

Y?=4
27aY? = 4(X - 2a)’
The locus of ( X,Y ) is 27aY? = 4(X — Za)3 is called semi cubical parabola.
_ x2 yz
2. Find the evolute of the ellipse —- +b—2 =1
a

Solution:

X=acos® y=bsing

%=_asin9 ﬂ:bCOSH
de do
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dy _dy do

dx. d& dx

_ bcoso

d —asing
Y, = =P eoto
a

2 —_—
d Z :_bi(cotg) -
dx a do —asing
2 p—
d zlz—i)(cosecze)cosece
dx a

-b
y, =— cosec’d
a

BACSS)
Y,

2
_—b cot 9(1 + (_b cot 49) ]
a a

—-cosec’d
a

X =X

X =acosf—

2 2 2
_bcote(a +b 2cot HJ
a

a
X =acosé +

—-cosec’d
a
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a’ b cosec3d

X = acose—EcotH(
a

a? +b? cot? 0} a? 1

X = acosé?—%cot 9(a2 +b? cot? 49)sin3 2]
a

X = acos@—lc?—s'g(a2 +b? cot? H)Sin3 6
asing

X = acos@—lcos@(a2 +b? cot? O)sin? 0
a

_a?cos0—cos6a? +b? cot? 0)sin’ 6

X

a
y _ @’ c0sf—cosPsin® 0(a® +b? cot? 0)

a

2
a’? cos@ —a’ cos@sin? @ —b? cos @sin? QC(_)SZ 0
X = sin“ @
a

¥ a’cos 6 —a’ cosPsin® @ —b* cos® 0

a
¥ o a’cos@(1—sin’H) —b*cos®

a
X - a® cos @(cos® 0) —b? cos® @
a

X - a’ cos® 6 —b’ cos® 9

a
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Y

Y

Y

Y

Y

Y2

=bsiné +

@+v,") « _ (" —b*)cos® 0
a

)

€08 ec®o
a

2
(1+bzcot2¢9J
a
=bsingd —

—, cosec’d
a
2 2 2
. a‘+b-cot- @
=bsing—-| —————
a
2 2 2
_bsing— a +bzcot o
a

« 3 sin®o
b

2

a? .

x—sin® @
b

Y = bsin49—(a2 +b? cot? 6?)><%sin3 2]

Y

Y

Y

Y

2

= bsin6’—(a2 +b?

:bsine—%(azsinséw

cos? @

sin“ @

xlsin36’
b

b? cos’ @sin® @

sin® @ J

b2sin®—b?sin@cos? & —a’sin’ O

b

_ b?sinf(1-cos? g)—a’sin® 6

b
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b?sin@sin’ @ —a’sin® 0
b

Y =

2cin3 ) _ a2aind
Y:bsmé’ a“sin° @

_ (b*—a?%)sin®0

%
cos @ = (L]
(a®-b?)

(b* —a®)sin’o
b

2)= Y

Yb
(b* —a%)

%
sin@ = (—Yb J
(b*-a?)

sin®@ =

% %
c0520+sin20=(x—b) +[Lj
(aZ_bZ) (b2_a2)

( Xb J/ ( Yo ]/
1= —/——— | +| —
(aZ _b2) (b2 _aZ)

The locus of ( X,Y )is
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Xb % Yb %
| Tlae | =1
(@a®—b?) (b°—a*)
(ax )% +(bx)s _,
(a® -b*)”

(aX)’s +(bX )% = (a? ~b?)"
This curve is a four cusped hypocycloid.

INVOLUTES:

If the evolute if self the regarded as the original curve, the curve of which it is the

evaluate is called an involuate.

De can see that in a curve there can be one evolute but an infinite number of involutes.

RADIUS OF CURVATURE:

The radius of curvature for polar co-ordinates

The radius of curvature when the curvature is given in polar co-ordinates

(r2+(drd9)2)%
P= r2 +2(drd9)2 _r(d 2%02)
PROBLEMS:
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1. Find the radius of curvature of the cardiod r = a(l—cos )
Solution:
r =a(l—cos®)

dr .
39 =a(—(-sind))

—=asinéd

’r
=acosd

i
(5 orgf )

) re+ Z(drdg)z - r(d 2%92)

Now, (rz + (drde)zj%

= ((a(l—cos 0))? +a’sin? 9)%

yo,

- ((a2(1—2cos¢9+cos2 0) +a’sin® 49)%

= (a® —2a% cos 6+ a? cos? O+ a? sin’ 49)%
= (a2 —2a®cos @+ a’(cos® 6 +sin? 6?))%
= (a® - 2a2 cose+a2)%

= (2a® - 2a% cos 6?)%

= (Za2 (1—cos 6’)%
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= (2aa(l-cosd))*
= (2ar)”

= 2\2(ar)2

Also, r?+ Z(dr dg)2 - r(d 2%02)
= a®(1-cosd)’ +2a’sin® 6 — (a(l—cos H)acos b)
=a’(1-2cos@+cos” 0) +2a” sin” 6 — (a(l— cos &)acos &)
=a® —2a’cos@+a”cos’ O+2a’sin® @—a’ cos@+a’ cos® 6
=a® —3a’ cos@+2a’ cos® O +2a’sin’ @
=a® —3a’® cos @+ 2a*(cos’ @ +sin® )
=a®-3a’cos@+2a’
=3a’ —3a’cosé
=3a’(1-cosb)
=3aa(l-cosé)
=3ar

2/2(ar)’

3ar

2.2 (ar)%‘1
3
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2J2(a)% 7
IO =
3
2~/ 2ar
pP= 3

2. Find the radius of curvature of the cardiod r = a(1+ cos )

Solution:

r =a(l+cos®)

dr ]
—=a(-sind
do ( )
ﬁ:—asine
de

2

r

5 =-acosd

o (r2+(drd9)2)%
I’2+2(drd9)2_r(d2%92)

Now, (* + (7, )

= ((a(1+ cosd))® +a’sin? 0%

=((a2(1+2c059+c0526)+azsin29%
2 2 2 2 2 ain? S
:(a +2a”cosd+a“cos” @ +a”sin G)A

= (a® +2a® cos 0 +a? (cos? O +sin’ 9))%
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= (a® +2a% cos 6+ az)%
= (2a® +2a% cos 0)%

= (2a®(1+cos 9))%

= (2a.a(1+ cos (9))%

= (2ar)”

=22 (ar)%

Also, r?+ Z(dr d9)2 - r(d 2%92)
=a’(1+cosd)® +2a’sin® 6 — (a(l— cos &)acos &)
= a®(1+2cos @+ cos” 6) + 2a®sin® 6 — (a(1— cos @)(—acos )
=a’ +2a’cos@+a’cos’ @+ 2a’sin® @ +a’ cosd+a’ cos’
—a’® +3a°cosd+2a’cos’ @+ 2a’sin®
=a® +3a”cos @+ 2a*(cos® 6 +sin’ 6)
=a’ +3a’cos @ +2a’
=3a’ +3a’cosé
=3a*(L+cos b)
=3aa(l+cos )

= 3ar
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2\2(ar)’

3ar

2.2 (ar)%‘1

o,

Hence £—is a constant.

r
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P-R EQUATION OF CURVE
OR

PEDEL EQUATION

L_i+i(£j2
p? r? r*\de

Or
L_L(Lﬁf
p2 r? (r2de

PROBLEMS:

3

1. Prove that pedel equation of the cardiod r = a(l—cos#)is p* = g—
a

Solution:

Giventhat r=a(l—c0oSé) ........cccevvnnn... (1)

Diff w.rt 6

i =asinéd
deo

The p-r equation
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1 r?+a’sin’0

2 4

p r

1 a*(l-cosd)’+a’sin’ @
P re

1 a*(l-2cos@+cos’ @) +a’sin? o

2 4

p r

1 a*-2a’cosf+a’cos’H+a’sin®0
- 4
.

p2

1 a*-2a’cosfd+a’(cos’ +sin’ 0)

2 4

p r

1 a*-2a’cosf+a’
== o

p2

1 2a*(1-cosb)

p r
1 2ar
N
1 2a
P
pz:ﬁ

2. From the polar equation of a parabola show that p? = ar

Solution:

The given equation of a parabola is given by 2—:1 =1-cosd............ @
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2a _—21 ﬂ=sin6
r-;do
iﬁ_ —sin@
r’ de 2a

p-r equation is

- =4 P
p2 r.2 r2 d
1_1 —sin@)z
p> r? dé

1 (1-cos)® +(—sin9j2
p? r? 2a

1 _(-cosf)” sin®Q
p? 43’ 43’

1 (1-cosb)? +sin* @
p2 4a2

1 _1-2cos@+cos® @ +sin’ 6

2

p 4a’®

1 1-2cosf+1

p2 4a2
1 _2-2cosé
p2 4a2
1 2(1-cos¥)
pZ 4a2
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2a
142
pZ 4a2
4a
1 ()
p2 4a2
1 _1
p® ar
p>=ar

Hence the proof

TOTAL DIFFERENTIAL CO-EFFICIENT:
1. Find Z—l:when u=x>+y?+z% x=e',y=e'sint,z=e' cost

Solution:
Given,

u=x>+y*+z°
Differentiating,

a—u:2x
OX
a_u=2y
oy
ou

— =27
0z
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Also, x =¢'

y =e'sint

z =e' cost

Differentiating

dx
—=e
dt

%y =e'cost+e'sint

dt

d—)t/ =e'(cost +sint)

o =—e'sint +e' cost
dt

a_ e'(cost —sint)
dt

du _du dx du dy du dz

dt  dx dt dy dt dz dt

Z—l: =2xe' +2ye'(cost +sint) + 2ze' (cost —sint)

?j_Ltj = 2e'(x + y(cost +sint) + z(cost —sint))

du . . .

i 2e'(e' +e'sint(cost +sint) +e' cost(cost —sint))

du t t | P t ainn 2 t 2 t H
E:Ze (e" +e sintcost+e sin“t+e cos“t—e costsint)
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du trat | at ain? t ne?

E:Ze (e +e sin“t+e cos“t)

du trat | at fein? 2

E:Ze (e" +e (sin“t+cost))

3—? =2e'(e' +e'(D)

((jj—f: =2e'(e' +e")

?j—l: =2e'(2¢e")

d_u — 4eZt

dt
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Possible Questions

2 Mark questions
1. Define the Curvature.

2. What is the radius of curvature of the curve x? + y? = 25 at (3,4).

Find the radius of curvature of the curve x*+y*=2 at the point (1,1).
Verify Euler’s theorem for the function f = x3 — 2x2y + 3xy? + y3.

Find the radius of curvature of the parabola y? = 4ax at any point.

o ok~ w

Find the (p-r) equation of the curve r? = a? sin 20 and hence find the radius of

curvature.

7. Find the radius of curvature of the curve y = alog sec G)

8. Find the radius of curvature of the curve y = ¢ cosh (f) at (0, c).

9. Write down the formula for radius of curvature in Cartesian form.

6 Mark questions
1. Find the radius of curvature of the curve vx +/y = Va at(%,%).
2. Prove that the radius of curvature at any point of the cycloid x = a(6 + sin 8) and
y = a(1-cos 0) is 4a cos g.
3. Show that the radius of curvature at the point 6 on the curve

X = 3a cosb- a cos 30, y=3asin 0 -asin3 0 is 3a sinb.
4. Prove that the radius of curvature at a point (acos30, asin30) on the curve x4

y2/3 = a’/3 is 3asin 6 cos 0.
Find the centre of curvature of the curve xy = ¢? at (c,c)
Find the radius of curvature at(a, 0) on the curve xy? = a3 — x3.

Find the equation of the evolute of the parabola y? = 4ax.

T

Find p for the curve y = 4sinx — sin 2x at the point x = =

© © N o a

Find the radius of the curvature of the curve given by
X3 2x%y+ 3xy?- 4y*+5x2- 6xy+7y>-8y =0.
10. Find the radius of curvature at the point (x,y) for the curve \E + [==1
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Subject: Mathematics-I
Class :II - B.Sc. Physics

Subject Code: 1S8PHU304

Semester I

Unit I

Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions

Question Opt1 Opt 2 Opt3 Opt 4 Answer
The curvature of a straight line is -------------- 0 1 pi infinity 0
What is the value of slope of tangent to the
curve y=f(x)----------- tan o) sin@ cosQ tan

The parametric equation of circle is-----------

x=rcos0,y=sin0

x=c0s0,y=sin0

x=rcos0,y=rsinf

x=c0s0,y=rsin0

x=rcosf,y=rsinf

The curvature of a circle of radius r at any point

1§--------- r "2 1/172 1/t 1/r
Let f(x,y) be the implicit form of the given

curve then dy/dx is------------- fxfy fxfy 0 f y/f x f x/fy
What is the radius of curvature of the curve

x"2+y"2=49 at (0,0)------------- 49 7 0 1 7
The radius of curvature value is p then the

curvature value is---------- p p2 1/p 0 1/p

What is the value of dy/dx to the function

(x"2-ax)/(y"2-ax)

(x"2-ay)/(y"2-ax)

- (x"2-ay)/(y"2-ax)

-(x"2-ax)/(y"2-ax)

-(x"2-ax)/(y"2-ax)

coshx

sinhx

2coshx

2sinhx

coshx

ax+b

sinx

COSX

ax”\2+b

ax—+b
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Question Opt1 Opt 2 Opt3 Opt 4 Answer
The radius of curvature at any point of the curve
AL T — 2r V(2+1) 22-r Q) Q)
What is the value of cosnmt --------------- 0 1 -1 (-1)"n (-1)"n
The reciprocal of the curvature of a curve at any
point is called ------------- circle| radius of curvature| circle of curvature| centre of curvature| radius of curvature
The centre of curvature of the curve y=x"2 at
the origin is (0,0) (0,1/2) (1/2,1) (0,-1/2) (0,1/2)
Let u=x"y then Ou/0y is ---------- xy e”\(ylogx) logx e ylogx logx e(ylogx) logx
If f(x,y)=x"3+xyz+z, Find fx at(1,1,1) is-------- 0 1 -1 3 3
The radius of curvature of the curve
x"2+y"2=16 at(1,1) i8 ---------mm--- 16 1 2 4 4
The curvature value of the circle in all points are
---------- 0 equal notequal infinity equal
The value of slope of tangent to the curve y=f(x)
---------- dy/dx X dx/dy dx dy/dx
The parametric equation of probola y*2=4ax is -
--------- x=at,y=a x=at,y=at"3 x=at"2,y=at x=at,y=at"\2 x=at,y=at"\2
What is the name of the curves
x=a(0+sin0),y=a(1-cos0) is----------- cardioid astroid cycloid ellipse cycloid
What is the name of the curves r=a(1-cos0) is----
------- cardioid astroid cycloid ellipse cardioid
If the equation x=rcos0,y=rsin0 is called----------
-—-- cartesian form polar form perametric form implicit form| perametric form
If the equation x"3+3xy"2+5x"2+7y"2-6x=0 is
called--------------- quatertic form polar form perametric form implicit form implicit form
If the equation form only x and y varibles is
called--------------- cartesian form polar form perametric form sperical polar cartesian form
If the equation form only r and 0 varibles is
called--------------- cartesian form polar form perametric form sperical polar polar form
What is the value of sinnt where n belongs to
the integers then--------------- 0 1 -1 infinity 0
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Question Opt1 Opt 2 Opt3 Opt 4 Answer
What is the name of the curves r=a(1+cos0) is---
------- cardioid astroid cycloid ellipse cardioid
The curvature value is 1/p then the curvature
value is---------- p p2 1/p 0 p
In the polar form, which is analogous to the
origin--------- r 0 pole argument
The radius of curvature of the curve in polar (241172 )YN3/2)  |(r1724r172)N3/2)  [(1272+41272)M3/2) (1" 2-r172 )N 3/2) (1241172 )N (3/2)

/(2421172112 )

/(2421172112 )

/(2421172112 )

/(2421172112 )

/(2421172112 )

The center of curvature is for all the

points in curve. equal origin not equal (1,1) not equal
What is the value of e”x-e"(-X) ------------- coshx sinhx 2coshx 2sinhx 2sinhx
The radius of curvature of the curve in cartesian | ((1+(dy/dx)"2)"3/2[((1+(dy/dx)"2))/(d"2| ((dy/dx)"2)"3/2)/(d"| ((1+(dy/dx)"2)"3/2)| ((1+(dy/dx)"2)"3/2
form is ------------- )/(d"2x/dx"2) x/dx"2) 2x/dx"2) (dx/dx) )/(d™2x/dx"2)
The value of d/dx(c),where c is constant then----

-------- 1 0 -1 infinity 1
The value of d/dx(x) is------------- 0 1 -1 infinity 1
The value of d/dx(logx) is------------- X 1/x x"2 0 1/x
The value of d/dx(e”x) is------------- 1 e”x eN-X -e"X eMx
The value of d/dx(a”x) is------------- a’xloga a™x loga 0 a’xloga
The value of d/dx(sinx) is------------- cosX sinx tanx -COSX CosX
The value of d/dx(cosx) is------------- COSX -sinx sinx -COSX -sinx
The value of d/dx(tanx) is------------- cosecx tanx (secx)"2 (cosecx)"2 (secx)™2
The value of d/dx(secx) is------------- secxtanx tanx secx COSX secxtanx
The value of d/dx(cosecx) is----------- cosecx -COSECcXCcotx cotx sinx -COSEeCXCotx
The value of d/dx(cotx) 1s------------- sec"2x tanx COSX -cosce”2x -cosce”2x
The value of d/dx(sinhx) is------------- coshx sinhx tanhx -coshx coshx
The value of d/dx(coshx) is------------- coshx sinhx tanhx -coshx sinhx
The value of d/dx(tanhx) is------------- sec2hx tanhx coshx cosce”2hx sec"2hx
The value of d/dx(cothx) is------------- sec”2hx tanhx coshx -cosce”2hx -cosce”2hx
The value of d/dx(sechx) is------------- tanhx -sechxtanhx sechx coshx -sechxtanhx
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UNIT-H

Integration of 1;((:(()) £ JF(x), (px+q)//lax? +bx+ci,(\/(x—a)(b—x))1/<\/(x—a)(b—x)),

(]/acosx+ bsin x+c),]/(acos2 X + bsin? x+c), Integration by parts.
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CLASS: T B.5c PHYSICS COURSENAME: MATHEMATICS-I
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INTEGRAL CALCULUS

INVERSE PROCESS OF DIFFERENTIATION
Integration is the reverse or inverse process of differentiation.
Problem:
1. Integrate the following with respective to x
(a) Ix5dx

Solution:

(b) j X *dx

Solution:
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I S
3x3

Solution:
2
=I%dX+J%dX+IX_(:de
= ajdx+bj%dx+c_|'x—12dx

=a_|.dx+b.[%dx+c_|'x2dx

-1
=ax+b(log x) + C(X—ljJr Kk

=ax+b(|ogx)+_TC+k

-2 -1
() J~ax +bx +ch

x4

Solution:

-2 -1
=.[ix4 dx+I t;x4 dx+.|'%dx
= aszdx +bj x3dx+cjx4dx

3 4 X5
=a—+b—+c—+k
3 4 5

(e) .[ tan® xdx
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Solution:

= _[ (sec® x —1)dx
='|.sec2 dx—jdx
=tanx—X+cC
(A [cot? xdx

Solution:
=I(cosec2x—1)dx
= [cosecdx— [ dx
=—COtX—X+C

=—(cot X+ Xx—C)

(9) %dx
SIN™ XCOS™ X

Solution:

sin? X+ cos® X
=[To X
sin? xcos? x

dx

sin? x cos? X
.[ i 2 2 dX+I i 2 2
sin? xcos? x sin? xcos? x

1 1
:Icosz deJrJ.sin2 de

= jsecz xdx + J'cos ec?xdx
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=tanx—cotx+c

1 I
(h) I1—sinx X

Solution:

:J 1 ><1+sinx
1-sinx 1+sinX

dx

dx

I1+smx
1-sin?x
1+sinX

= [
Cos™ X

1 sin X
=I 5 dx+I 5 dx
COS* X COS” X

1
= J'secz xdx +J.tan X ———dx
COS X

::Iseczxdx—rjtanxsecxdx

=tanx+secx+c

DEFINITE INTEGRAL:

Let j f (x)dx = f (x) then the definite integral is given by,
b
j f(x)dx = f(b) - f(a)

Problems:

2
1. Evaluate J.(xz + X)dx
1
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Solution:
2 2
=Ix2dx+jxdx
1 1

@ <1)3}+[<2)2 _ (1)2}

| 3 3 2 2
(8 1 4 1
= —-———|4| ———
B
=—4—
~14+9
6
B
6

T

2
2. Evaluate J'cosz(ljdx
5 2

Solution:

dx

?1+cosx
0 2
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% %
= 1dx+I—COSde
02 0 2

== Idx+ Icosxdx
0 0

[+ sin x|

:%%—Omin%—sino]
:%[%+1—0]
=%|:%+1]

TYPE1

F'(x) . _
jmdx_logf(xnc

Proof:

Consider,
L.H.Slet t=f(x)
Differentiating,

dt = f'(x)dx
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f/(x) . pdt
fmdx—h

=logt+c
=log f (x)+cC
=R.H.S
Hence the proof

PROBLEMS:

e

1. Evaluate j 10
e* +

dx

Solution:
Let t=e*+10

dt =e*dx

e dt
IeX+1odXZIT

=logt+c

=log(e* +10)+c
2. Evaluate _[Ioﬂdx
X

Solution:

Let t =log x

dtzldx
X
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j'o%dx:jtdt

t2
=—+C
2

2
_(logx)*
2

2log x
2

+C

=logx+c

3. Evaluatej Il dx
xlog x

Solution:

Let t =log x

dtzldx
X

dx=|—
xlog x t

J~1 dt

=logt+c
=log(log x) +¢

in X+ X
4. Evaluate dex

sin X —cos X
Solution:

Let t =sin X+ cos X
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dt = (cos x +sin x)dx

Sin X 4+ cos X dt

[Sinxcosx g, _dt

Sin X —Cos X t
=logt+c

= log(sin X +cos X) +cC

5. Evaluate J.cot xdx

Solution:

COS X
—ax

fcot xdx = f Sy

Let t =sinx

dt = cos xdx

dt
Icot X= IT
=logt+c
=log(sin x) +¢C
6. Evaluate [secxdx

Solution:

Multiple and divided by (secx + tanx)

sec x(secx+tanx)

Isec xdx = I (secx+tanx)
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Let t =(secx+tanx)

dt =sec x(tan x + sec x)dx

dt
Isec X = J.T
=logt+c
= log(sec x + tanx) + ¢
7. Evaluate J.cos ecxdx

Solution:
Multiple and divided by (cosecx + cot x)

cos ecx(cos ecx + cot X)
(cosecx + cot x)

Icos ecxdx = j

Let t = (cosecx + cot x)
dt = —cosecx(cosecx + cot x)dx

— dt = cosecx(cos ecx + cot X)dx
dt
Icos ecx = J'— —
t

=—logt+c
= —log(cos ecx + cot X) + ¢

TYPE 2:

[ £ f(xdx= [Tef (X)]
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Proof:
Let t = f(X)

dt = '(x)dx
[ 00/ (x)dx = [tdt

t2
=—+C
2

[P
2

[F0f
2

+C

[FOOF (x)dx=

Hence the proof

PROBLEM:

1. Evaluate Ix\/xz +1dx

Solution:
Let t=x2+1

dt = 2xdx

Ix\/x2 +1dx :%j\/fdt

:%It%dt
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1}%]
== — |+c
2

%

=1u2+n%}+c

2L %

2, D

2. Evaluate jxexzdx

Solution:
Let t = x?
dt = 2xdx

szdx
2

fxexzdx:je‘.%

sin™' x

V1-x?

3. Evaluate .[ dx
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Solution:

Let t =sin*x

1
1-x2

dt = dx

[ S_iln_lx): dx = [tat

t2
=—+C
2

-1 N\2
:(smzx) e

tan 1 x

4. Evaluate dx

1+ X

Solution:

Let t=tan™* x

1
1+x

dt = dx

2

tan 1 x

j1e+ 2 dx = _[et dt

=e'+c
_ atantx

=€ +C

TYPE 3:

J.f(x)f'(x)dx=2,/f(x)+c
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Proof:
Let t = f(X)

dt = f'(x)dx
If(x)f’(x)dx:f%

:It_%dt

g

=—+C

%

=2/ (x) +c¢

[ OO 0)dx=2F(x) +c

Hence the proof

PROBLEMS:
X2 +2X
1. Evaluate | ————dx
'[\/ X3 +3x%+2
Solution:

Let t=x>+3x*+2
dt = (3x* + 6x)dx

dt = 3(x* + 2x)dx
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dt

— = (x% +2x)dx
3 ( )

X? +2X dV
[T T
X3 +3x2+2 Jt

dt
3IW

:%It_%dt

:12\/f+c
3
=%2\/x3 +3x*+2+cC
X
2. Evaluate _[ ——dx
\3+5x?

Solution:
Let t =3+5x2

dt =10xdx

ﬂ = xdx
10

I X__dx= j d%o
V34 5x2 Jt
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1t
107t

=%jt%dt

117

=E%+c

=i2\/f+c
10
=i2'\/3+5x2 +C
10
=é\/3+5x2 +C

3. Evaluate I

Solution:
Let t =x%®+2x+1
dt = (2x+ 2)dx

dt = 2(x+21)dx

dt
— =(x+1Ddx
5 (x+1)

J' X+1 dXZJ.%
VX2 +2x+1 Jt

dt
1N

X+1
——dx
VX2 +2x+1
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:%If%dt

=%2\/f+c

:%2\/x2+2x+1+c

=JX?+2x+1+cC

TYPE 4:

1. Evaluate J.T
X"+ 42X+

Solution:
X2 +2X+5=x%+2x+1-1+5
=(x+1) +4

=(x+1)* +2°

J‘ dx :J- dx
x> +2x+5 7 (x+1) +2?
1 (x+1}
= = tan +c
2 2

2. Evaluate _[—7
X +8x

Solution:
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x> +8x—7=x>+8x+16-16—7
=(x+4)*-23

= (x+4) +(v/23)?

j dx :J- dx
x> +8x—7 J(x+4) +(+/23)?

Ao
2J_ (x+4)++/23
3. Evaluate Im

Solution:
X2 +2Xx+3=x>+2x+1-1+3
=(x+1f +2

= (x+1) ++/2

I dx :I dx

V2
TYPE 6:
dx
1. Bvaluate | ——
J.\/xz—x+2
Solution:
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x2—3x+2:x2—3x+g—g+2
4 4

(o3t
2 4
4
2 2
I dx _ dx
N

Or
3
X_i
=cosh™ 12 +C
2
2x-3
=cosh™ i +c
2

=cosh*(2x—3)+c¢
2. Evaluate_[

dx
V=2x% +3x

Solution:
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= —(2X2 —Exj

dx
2

S

)

3. Evaluate IL
. N=x?+3x-2

Solution:

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE

Page 21/31




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-I
COURSE CODE: 18PHU304 UNIT: 11 BATCH-2018-2021

—X*+3x—2=—(x*-3x+2)

dx

e Sl W oroa
J J(zj +(X_2)

=sin™

=sin™*

N~

=sin*(2x-3)+c¢
TYPE 18:
FORMULA:

Put t = tan >
2

1+t2
1+t2

COS X =
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sinx =

1+t2
2dt

dx =
1+t2

1. Evaluate ‘[?
—4sin X

Solution:
Put t =tan 5
2

2t

sinx = 5
1+t

2dt
1+1t?

2dt
J‘ dx 1+t°

5—4sin x 5_4( 2t2j
1+t

2dt

J‘ 1+t2
5(L+t%) -8t
1+t2

_ I 2dt
5(1+t?) -8t

B J~ 2dt
5t2 —8t+5

dx dt
Jemae=2 e
5—-4sinx 5t -8t+5
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Consider,

5t? —8t+5:5(t2 —§t+lj

=5t ——t+—=—-"=+

IS—Z:inxzzj 4d2t 32
5 {t—} + J
5 5
_ N
t——
21 1 4 5
=—| —tan"| == ||+C
3 3
% | %

[l
| N
~—+
QD
=}
N
7N\
Ul
[ d
W |
AN
N
| |
+
(@]

S

— = +C
5-4sinx 3
2. Evaluate JL
4 +5c0s x
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Solution:
Put t = tan>
2
_ 2
COSX = >
1+t
dx — 2dt2
1+t
2dt
I dx :I 1+t
4 +5c0s X

2dt

=I 1+t°
A(L+1?)+5(1-t)

1+t2

| 2dt
41 +t2) +501-t%)

:_[ 2dt
4+ 4t* +5-5t°

2dt
:j—t2+9
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dx dt
I4+505x B Zjﬁ

1 3+t
=2x=log| — |+C
6 3-t

1 [3+tj
==log| — |+¢C
3 3-t

dx 1 3+tj
I———Iog +C

4+5c0sX 3 “\3—t
X
dx 1 3+tanE
ITZEIOQ X +C
+5c0Ss X 3—tan X

INTEGRATION BY PARTS:

1. Ixcos axdx

Solution:
u=x dv = cos axdx
sin ax
du = dx V=
a

Iudv = uv—fvdu

Xsinax J-sinax
a a

dx

X . 1.
=—sin ax——fsm axdx
a a
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X . 1| —cosax
=_sinax—=—
a a a
X . COoS ax
= —sinax +—
a a
X . COS ax
Ixcosaxdx=—smax+ ,—+C
a a
2. .[xsinaxdx
Solution:
u=x dv = sin axdx
— COS ax
du = dx V=
a
Iudv=uv—fvdu
€OsS ax COS ax
=—X +I dx

a a

X 1
=——cosax+—_[cosaxdx
a a

X . 1| sinax
=_sinax+—
a a|l a

sin ax
2

X .
=—SIhax+
a a

X . sinax
jxcosaxdx =-sinax +

+c
a a’

3. Ixexdx
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Solution:

u=x dv =e”dx

du = dx v=g"

Judv =uv— [vdu
=xe* - [e"dx
=xe* —e*+c
—eX(x-1)+¢

jxexdx =e*(x-D+c

4. I log xdx

Solution:

u =log x dv =dx
du:ldx V=X
X
Iudv= uv—jvdu
=Iogxx—jx1dx
X

=xlogx—x+c

=X(logx-1)+c
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I log xdx == x(logx—1)+c¢

Possible Questions

2 Mark questions
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COURSENAME: MATHEMATICS-I
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1.

10.

11.

12.

13.

14.

2x-1

Evaluate: f m

Evaluate: (i) [,"e ™ x® dx

(ii) [ xlog(x + 1)dx.

ex

Evaluate: [ —— dx.

x
2—

ez—1

dx.

i1
Evaluate: [ —

Integrate [ (logx)dx.

i 1
esm X

i ax

Integrate [

Evaluate [ ——

a+bsinx

2x+1
(x—3)2

dx.

Evaluate [

Evaluate [ /(x — 3)(7 — x)dx.

dx
5+4cosx

Evaluate [

(2x+1)
x2+43x+1

Evaluate [

dx

Evaluate f35inx+4cosx'

Evaluate (i) [ /;‘—jdx (ii) [ x2 cos x dx.

Evaluate [ sin™x dx.
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15. Evaluate : f03 flz xy(x + y)dydx.

6 Mark questions

1. Evaluate : [(2x — 3)V4x + 1dx.

2. Integrate : [ x3e*” dx.

3. Evaluate :f% dx .

. f xsin x

4. Evaluate

1+cosx

5. Evaluate

(i) f dx

3cosx+4sinx+6"

() f (x+1)

2+6x+25

6. Evaluate :
Y x—2
(i) — d

(ii) [ x? cos x dx.

7. Bvaluate : [——— dx.
. log (1+x)
Evaluate : [ e
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Enabie | Enlighten | Enrich
KARPAGAM
ACADEMY OF HIGHER EDUCATION

{Deemed to be University)
(Established Under Section 3 of UGC Act, 1956 )

KARPAGAM ACADEMY OF HIGHER EDUCATION

Pollachi Main Road, Eachanari (Po),
Coimbatore —641 021

(Deemed to be University Established Under Section 3 of UGC Act 1956)

Subject: Mathematics-I

Subject Code: 18PHU304

Class : II - B.Sc. Physics Semester : III
Unit I1
Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Question Opt1 Opt 2 Opt3 Opt 4 Answer

The value of [dx/(x2+a’2 )ig---------mmnn---- tan”™(-1)x I/a tan™(-1)x[ 1/a tan”(-1)(x/a) tanx tan™(-1)x
The J(sin0)d0 value is-------------- sinf cos0 tanf secO cosf
The J(cos0)dd value is-------------- sinf -cost tan0 secO sin0
The J(tan0)d0 value is-------------- 0 —logcosO logsin® secO —logcosO
Integral a to b value of f(x) = -------------- F(a)-F(b) F(b)-F(a) F(a) F(b) F(b)-F(a)
The value of the integral 0 to pi/6 for the

function (cos”™2 (x/2) )is--------------- T n/12+1/4 0 n/2 n/12+1/4
The J(cot0)dd value is-------------- 0 logsin® sinf secO logsin®
The J(cosecB)dd value is-------------- logtan(x/2) tan(x/2) logsin(x/2) sin(x/2) logtan(x/2)
The Jdx/x value is-------------- X x"2 logx 1/x72 logx
Which is following rational algebric function----- 11/xdx Jxdx Jx~2dx J(x+1)dx 11/xdx
The Jdx/(x"2+a"2) value is-------------- I/a tan™(-1)(x/a) I/a tan™(-1)x tan™(-1)x tanx I/a tan™(-1)(x/a)
The [dx/(x"2-a"2) value is-------------- 1/a log(x-a)| 1/a log((x-a)/(x+a)) log((x-a)/(x+a)) log((x+a)| 1/alog((x-a)/(x+a))
The Jsin0d0 value is-------------- -sinf -cosf tanf secH -cosf
The value J(f(x))/(f(x)) dX is--------------- logx logf(x) 0 f(x) logf(x)
The J(secOtan8)do value is-------------- secH -cost logsin® cos0 secH
The J(cosecOcot0)dd value is-------------- secH -cosect logsin® tan0 -cosec
The J(coshx)dx value is-------------- sinhx coshx sechx tanhx sinhx
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Question Opt1 Opt 2 Opt3 Opt 4 Answer
The value of Jsinhxdx value is-------------- sinhx coshx -coshx tanhx coshx
The J(xn)dx,if n=-1then value is-------------- sinx CosX logx tanx logx
The value of Jef(x)dx is equal t0-------------- Jf(x)dx cJf(x)dx 2 f(x)dx cJdx cJf(x)dx
The value of J(u+v)dx is equal to-------------- Judx-Jvdx Judx*Jvdx Judx+)vdx Juvdx Judx+]vdx
The value of [(u-v)dx is equal to-------------- Judx-Jvdx Judx*Jvdx Judx+lvdx Juvdx Judx-Jvdx
The value of [f(ax+b)dx is equal to------------—-- I(x)dx 1/a(Jf(x)dx ) Jaf(x)dx Jdx 1/a()f(x)dx )
The value of Je’(ax+b)dx is equal to---------- 1/a(e”(ax+b)) a(e™(ax+tb)) 1/a(e”(ax)) 1/a(e”(b)) 1/a(e”(ax+b))
The integral J(f(x)"n)(x"n-1)dx is equal to----- (n+1))f(x)dx n(Jf(x)dx ) Jf(x)dx 1/n(Jf(x)dx ) 1/n(Jf(x)dx )
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc PHYSICS COURSENAME: MATHEMATICS-1
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UNIT-III

Reduction formulae- problems- evaluation of double and triple integrals- applications to
calculations of areas and volumes-areas in polar coordinates.
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CLASS: T B.Sc PHYSICS COURSENAME: MATHEMATICS-I
COURSE CODE: 18MMU304 UNIT: 111 BATCH-2018-2021
REDUCTION FORMULAE:

Reduction formula is the formula which connects a given integral with another integral

which is of the same type but of a lower degree or is otherwise easier to evaluate.

Problem:
1. Find the reduction formula for I x"e“ dx,nbeing a positive integer.
Solution:
I, = I x"e“dx

u=x dv =e“dx

ax

-1
du=nx"dx v=
a

J.udv = uv—J‘vdu

e

eax ax
-1
I, :x”——.[ nx""dx
a a
ax
e n .
:x”———.[e“xx” dx
a a
ax
e n
— n —_——
I, =x . aln_l

The auxiliary integral is of the same type as the given integral but with index n reduction by 1.

Such a formula is called reduction formula and by successing approximation we can evaluate /.
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Problem:

1. Evaluate J.xz e *dx by reduction formula.

Solution:

Let I, :J.xze’xdx ................... Q)]

Reduction formula is given by

I =x"

I, =x’ e_I _—il -

I, =—x"€" 42 oo, 3)
I, ==x " + 1y, (4)
I, =—e

X

I,=-x"e" —2xe ™ —2e " +c
J.xze”‘dx =—x’e™ —2xe F—2¢ " +c

2. Evaluate J. e* (x —1)* dx by reduction formula.

Solution:

Let I, :J.e"(x—l)zdx
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I, :J-e"(x2 —2x+1)dx

I, = J‘(exxz —2e"x+e")dx

I, = .[exxzdx—2j‘xe"dx+.[e"dx ...................... )]
Consider,
Iexxzdx

Reduction formula is given by

I, =x" —— 1 e, (2)
Here a=1, n=2.

I, =x%e" =21,

I, =xe"+2I,

I, =xe* -1,

I, =e
I, =x%e" =2(xe" +e")

I, =x"e" —2xe* +2e"

J-e"xzdx =x’e  —2xe" +2e" + Coeereeeen. )]

Consider,

Ixe”‘dx
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Here a=1, n=1
I, =xe" -1,
I,=e
I, =xe" —e"

Ixexdx =xe' —e"+cAAA(2)

Eqgn (1) becomes,

I, =x"e" —2xe" +2e" —2(xe* —e*)+e" +c
I, =x"e" —2xe" +2e" —2xe" +2e" +e' +¢
I, =x"e" —4xe* +5¢" +c¢

Iex(x—l)zdx =x’e" —4xe" +5e" +¢

3. Evaluate J‘x3ez"dx by reduction formula.

Solution:

Let I, = Ix3ezxdx ................... Q)]

Reduction formula is given by

I, =x" =1, e, (2)
a a
Here a=2, n=3.
2x
e 3
I, =x 5 I,
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2x
I =x 62 N 3)

2x
I, =x 82 31

2x
I,=x 62 3 e (4)

2x
I, :xez e (5)
er

Iy="

4. Find the reduction formula for Ix” cos axdx , X being positive integer.

Solution:
Let I, = J‘x” COS AXAX....ccvvveanrnnnn. Q)]
u=x" dv = cos axdx

4 sin ax
du=nx"dx v=

a

Iudv = uv—J‘vdu
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[ =x sinax J- sin ax ™

a a

n

. noe . _
sin ax — —Ism axx" " dx
a a

n

) n
[, =—smax——1 ... 2)
a a
Now,
_, sinax
I, = I " dx
a
u=x"" dv = sin axdx

—Ccosax

du=n-1)x""dx V=
a

J-udv = uv—_[vdu

_, cosax —cosax _
I =—x"" - j (n=1)x""2dx
a
n-1 A
— = cosax+ Icos axx""dx
a a
n n—1
: n - n-=2

I, =—sinax——| — cosax + .[cosaxx dx

a a a a

x" nx""! n—
I, =—sinax+——cosax————1, ,.rnnnnnnnn. 3)

a a a

Which is the reduction formula

The ultimate integral is
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COURSE CODE: 18MMU304 UNIT: I11 BATCH-2018-2021

J-x cosaxdx When n is odd

J‘cos axdx When n is even

Case 1:
When n is odd
J-x cos axdx
u=x dv = cos axdx
du = dx _ sin ax
a

Iudv = uv—J‘vdu

dx

sin ax J- sin ax
a a

X . e .
=—sin ax——.[sm axdx
a

a
X . I| —cosax
=—sinax ——
a a a
X . cos ax
=—sinax +——;
a a
X . cosax
J-xcosaxa’x:—sma)hL —+c
a a

Case 2:

When n is even
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sin ax
J-cos axdx = +c
a

5. Find the reduction formula for J-x" sin axdx , X being positive integer.

Solution:
Let I, = Ix" SIN AXAX....vveerveann. M
u=x" dv = sin axdx

—cosax
-1
du=nx""dx v=

a

Iudv = uv—J‘vdu

I =x

n

nx" " dx

, —COSax j-—cosax
a a

n

X n _
=— cosax+—jcosaxx” dx
a a

I, =——cosax+—1, ... (2)
a a
Now,
I, = Ix""l cos axdx
u=x"" dv = sin axdx

du=n-1)x""dx y= Snax

a

Iudv = uv—J‘vdu
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[ =x" sinax J- sin ax (n—1)x"2dx

a

sin axx" 2 dx

x"" sinax n—lI
a a a

n n-1
X . n—1¢ . -
I, =—"—cosax—— sin ax — J-smaxx” *dx
a a\ a a
n n-1
X nx' . n—1
I, =——cosax+—5—sinax———1, ,urrernnnnnen. 3)
a a a

Which is the reduction formula

The ultimate integral is

J-x sin axdx When n is odd

Isin axdx When n is even

Case 1:
When n is odd
Ixsin axdx
u=x dv = sin axdx
dit = dx , _ —cosax
a

Iudv = uv—J‘vdu

dx

cosax cosax
+]
a a
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X 1
= ——cosax+—jcosaxdx
a a

X . 1| sinax
=—sinax +—
a a a

X . sin ax
=—sinax +—;
a a

nax
2

x . si
Ixcos axdx = —sin ax +
a a

Case 2:
When n is even

coS ax

J-cos axdx = —
a

7% ;
6. Shoe thatif/ = J-x” cos xdx ,show that / +n(n—-1)I, , = (zj

0 2
Solution:
Let I, = Ix" COS XX ververraiveannnn. )]
u=x" dv = cos xdx

_1 .
du=nx""dx v=sinx

J-udv = uv—_[vdu

T —
I, = (x” sin x)02 - J‘sm xnx"" dx
0
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7

7

= (x” sin x)o —n Isin xx" dx

Now,

7
I, = Isin xx"dx
0

U=2x dv = sin xdx
du=m-)x"7?dx v=-cosx
Iudv = uv—J‘vdu

V)
2

I, = (—x”*l cosx);% —~ I—cos x(n—1)x""dx

0

7
= (— x"™ cos x);% +(n-1) fcos xx"dx
0

7
I, = (x” sin x);% —n (— x" " cos x);% +(n-1) fcos xx" 2 dx

0

7

I, = ((%)n sinx% - Oj —n (— (%)H cos %j +(n-1) Icos xx"dx

0

1, =([4)1-0)-nl0+ @r-11,..)
= (24) ~nn-n1,

1
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I +n(n-1I,_, = (%)
Hence the proof

7

7. Find the reduction formula for /, = Ix3 sin xdx
0

Solution:
7

Let I, = j X SIN XX, )
0

u=x dv = sin xdx

du=3x*dx v=—cosx

Iudv = uv—_[vdu

7
I, = (— x’ cosx);% —3]2— cos xx’dx

0

7

= (— X’ cosx);% +3Icosxx2dx

Now,

%
I, = Ixz cos xdx
0

2
u=x" dv=cosxdx

du = 2xdx y=sinx
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J-udv = uv—_[vdu

I,,= (x2 sin x);% — | sin x2xdx

7
!

7
= (— x* cos x);% -2 fxsin xdx

0

7
I, = (— x’ cosx);% +3 (x2 sin x);% ) fxsin xdx

0

7

I, = ((%)3 cos /) + oj -3 ((%)2 sin %) +(n-1) [cos " dx

0

I = 0+3((%)2 —211)
I, = 3((%)2 —211j

2
I :3Z ~ 61,

2
I +61 =%

8. Isin" xdx
Solution:
We know the reduction formula is

s n—1
—sin”" xcosx n-1
I, = + I,
n n
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— 1 5
I - sin xcosx_kgl4
6 6
— 1 3
I, - sin xcosx_kil2
4 4
I, - —SIN XCOS X +l[0
2 2
I,=0
I,=x

_ —sin’ xcosx 3 [—sinxcosx xj

I, = +—
4 4 2 2

—sin’® xcosx 3 . 3x
l,=———————————sinxcosx+—
4 8 8
—sin’ xcosx 5[ —sin’xcosx 3 . 3x
I, = +— ——SINXCOSX +—
6 6 4 8 8
—sin® xcosx 5sin’xcosx 15 . 15x
I, = - ———SINnXCcoSx+——+c¢
6 24 48 48
9. J‘sinsxdx
Solution:

We know the reduction formula is

o n—1
—sin” xcosx n-—1
I = + I,
n n

— 1 4
I = sin xcosx_l_il3
5 5
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—qin? 2
I, = sin xcosx+_[2
3 3
I, =—cosx
-2
I - sin 3xcosx +§(—cosx)

—sin® xcosx 2

I, =——————=—=cosx
3 3
—sin*xcosx 4(—sin’xcosx 2
I = +— ——COoSX
5 5 3

—sin® xcosx 4sin®xcosx 8
I = - — = cosx+c
5 15 15

7
10. Find the reduction formula for Isin” xdx
0

Solution:

sin” xdx

7
Let 7, = |
0

. _1 .
sin”™ xsin xdx

7
=]

Let u =sin"' x dv =sin x

du = n—1sin"? xcos xdx V=—CoSXx
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Vs
2

T,
I, = (— sin"™ xcos x)OA — J'— cosx(n—1) sin"? x cos xdx
0
1 ’7 % 2 2
= (— sin™” xcosx)02 +(n —l)jsm”‘ X CcoSs” xdx
0

o 7
= (— sin”™ xcos x)o 24 (n-1) J'sinH x(1—sin” x)dx
0

7 7

P 2
= (— sin"” xcos x)oé +(n-1) .[sin”"2 xdx —(n—1) Isin" xdx
0 0

7 A
I, =0+(n —l)jsin”’z xdx —(n —1)jsin" xdx
0 0

[n :(n_l)ln—Z_(n_l)[n
I +(n=-DI, =(n-1I,,
nl, =(mn-DI,,

; D

n

[n—Z

n

This is the reduction formula

Replacing n by (n-2)

:(n—l)n—3

I, _
n n-2

1n—4

Generalizing (1) and (2) we get the following 2 cases
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Case 1:

When n is even

P R ) U )

" =22 O
Here I, =x

1, :(X)Io%

Case 2:

Here I, = —cosx
I, :(—cosx);%

I, = (—cos”2 —(—cosO))

I, = -(=D

I =1

h:@—mwﬁ) ........ 2@
nn—=2)eenenn. 3
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Solution:

We know the reduction formula is

s n—1
—sin”" xcosx n-1
I = + I,
n n

—sin® xcosx 7 3
[, =| TS XeosY |, Oy
4 4

0

—Sin x cos x 7
I, = #

1
[2 :O+E[0
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& :3%6

T

2
J-sin4 xdx =37
0

16

7
12. J‘sin7 xdx

0
Solution:

We know the reduction formula is

s n—1
—sin””" xcosx n-1
I, = + I,
n n

T

—sin® xcosx Z 6
[, =|ZSm xcosx = O,
7 ) 7

T

—sin® xcosx Z
[, =| 2SI XCOSX T
0

4
iy
5 5°
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4
[5 = §]3

/ _{—sinxzcosx}%+21
3=\ 45 -
3 o 3
I, =0+—1,
I, =—1,
;42
53
8
I.=—
> 15
L 68
7 15
16
I, =—
T35
A
J-sin7 xa’xzE
0 35
13. J-cosé xdx
Solution:
We know the reduction formula is
sinxcos"'x n-1
I, = + I, ,

n n
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. 5
I - Sin xcos” x +§14
6 6
. 3
I, - sin xcos” x +§12
4 4
I, - SIn X cos x +l]0
2 2
I, =x
sinxcos’ x 3(sinxcosx x
I, = — +—
4 A 2
sinxcos’x 3 . 3x
l,=———+—sinxcosx +—
4 8 8
sinxcos’x S(sinxcos’x 3 . 3x
I, = — +—sinxcosx +—
6 6 4 8 8
sinxcos’x Ssinxcos’x 15 . 15x
I, = +—sinxcosx+——+c¢
6 24 48 48

14. Icos7 xdx

Solution:

We know the reduction formula is

. -1
sinxcos" x n-1
[n = 1n72
n n
sinxcos®x 6
e i
7 7
sinxcos'x 4
= SmxXeos X 2,
5 5
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. 2 2
I = sin xcos” x EYS
3 3
I, =—sinx

sinxcos*x 4(sinxcos’x 2 .
I = — + —(sin x)
5 5 3 3
sin xcos” x . 5 8 .
I, =————+—sinxcos” x+-—sinx
5 15 15

/ _ sinxcos’ x 6(sinxcos4x
7

4 . 2 8 .
- +—sinxcos” x +—sinx
7 7 5 15 15

_ sinxcos’® x N 6sinxcos’ x = 24

I
! 7 35

. 48 .
SIn X COs X +——sinx + ¢
105

15. Itan" xdx

Solution:

We know the reduction formula is

In:tan x \
n—1
tan’ x

ly==" 1
tan® x

I, ==
t

[zzanx_lo
1

I,=x
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tan® x
I, = —(tanx — x)

tan’ x tan’ x
I, = PR +tanx—x+c

16. J-tans xdx

Solution:

We know the reduction formula is

I, = ~1
n I’l—l n-2
tan* x
I, = J ~1I,
tan® x
I, = 5 -1,

I, =log(secx)

2
I, = fan” X —log(sec x)
4 2
I, = tar; ai tar12 al +log(secx) + ¢

17. J‘cot6 xdx

Solution:
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We know the reduction formula is

_ —cot"x

[ =—— -]
n I’l—l n-2
—cot’ x
I, = s -1,
—cot’ x
I, = 3 -1,
—cotx
I, = " -1,

I, =x
—cot’ x
I, = i +cotx +x

—cot’ x cot’x
I, = s + i —cotx—x+c

18. J‘cot5 xdx

Solution:

We know the reduction formula is

n-1
In: cot x_In_2
n-1
—cot* x
1,=—0
—cot’ x
==,
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I, =log(sin x)

2
I, = cot x—log(sinx)
2
4 2
I, = cot x+ cot x+log(sinx)+c
4 2
7

19. Evaluate .[ sin® xcos® xdx
0

Solution:
Here m=6 and n=4 m and n are even

The reduction formula

_ (n=D)(n—-3)(m—1)(m-3) [ﬁj
" (m+n)(m+n—2)ym(m—2)2\ 2

_ BDOC) ( z j

“* T 10)8)6(4)2\ 2
_ 3
&t 512

20. Evaluate |sin® xcos® xdx

%
!

Solution:
Here m=6 and n=4 m and n are even
The reduction formula

B (n-1H(n-3)......1
_(m+n)(m+n—2) ....... m+1

m,n
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421
> 11.9....7

[6,5 =

MULTIPLE INTEGRALS:
ab

1. Evaluate .[ J.()c2 +y?)dydx
00

Solution:

b 3 3
I(xz +y2)dydx=a—b+ﬂ+c
0 3 3

O e

32
2. Evaluate I Ixy(x+ V)dydx
01

Solution:
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32 3 2 3?2
J-J.(xzerxyz)dydx:J-(xzy—+xy—) dx
01 0 2 3 )

Il
© Ly

N
[\ ><N
w|$
YR
W | =
¥f/

Il
© Ly
|98
=
8o
|\1
=

3x° 7x? )3
=l —t +c
6 0

27 63

81+63

+cC

144
=—+c

=24

© ey W

2
jxy(x + y)dydx =24
1

ab
3. Evaluate .[ J.xy(x— v)dydx
00

Solution:
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ab a 2 3 b
J-J.(xzy—xyz)dydx=J.(x2y——xy—] dx
00 0 2 3

0

idx

)
W2 3

—— ldx
2 3

b2 Y
= - +c

B a’b®  a’b’

6 6

_ j x°b*  xb’
0

a’bh?
"6

(a—b)

312

f a’b
fxy(x — y)dydx =
: 6

(a—-b)

=

4. Evaluate J. J. (x* + y°)dydx
00

Solution:

O e

X a 3 3
I(xz +y?)dydx = J-(xzery?) dx
0

0 0
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4 4\

=|—+"—]| +c
4 12

0

4 4

4 12

B 3a* +a*
12

a4

I(x2 + yz)dydx =—
0 3

O e
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Unit-lll

10.

11.

12.

13.

14.

Possible Questions

2 Mark questions
Evaluate : f03 flz xy(x? + y?)dydx.

T
Evaluate: [2 sin®x cos”x dx.
If I, = [ cos™x dx (n, being a positive integer) then prove that nl,, = cos™ 1xsinx +

(n = DIy,

Evaluate [ [ xy dx dy taken over the positive quadrant of the circlex? + y? = a?.

If I, = [2x"cosxdx, show thatl, + n(n — D, = (g)”.

xZ
a2

Find the area enclosed by the ellipse = + Z—z =1.

If u, = [(logx)™ dx, show that u,, + nu,_; = (xlogx)".

Evaluate sff 4x2 — y2dx dy , where S is the region bounded by x=0,y=x,x=1.
Evaluate [ x3 cos 2x dx using reduction formula.

Evaluate fon fol—cose rdr do.

Ifl, = foa x"e X dx prove that I, — (n + a)l,_; + a(n — 1)I,_, = 0.

Find reduction formula for [ sin™ x dx.

Find the reduction formula for [ x™(logx)™ dx. hence find [ x*(logx)3 dx.

. x™m
Find [ Tog" dx
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15. Evaluate [ ——=
’ x+1VaZ+x+1"

6 Mark questions

1. If foz_ cos™x cosnx dx = f(m,n) , prove that f(m,n) = %f(m — 1,n — 1). hence prove
s
that f(n,n) = Py
2. Find the area of the cardiod r = a(1 + cos 6).

3. IfU, = foa x"e *dx prove that u, — (n + a)u,_; +a(n — 1)u,_, = 0.

4. Evaluate [[[ xyz dx dy dz take through the positive octant of the sphere x% + y? +

1 V1+4x2 dxd
T

5. Evaluate .
1+x2+y?

6. Evaluate :fol foz f03 z2yxdx dydz.

7. Evaluate [ sin™x dx.

T
8. Obtain the reduction formula for [ cos™x dx and hence evaluatefo2 cos™x dx.
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Subject: Mathematics-1

Subject Code: 18PHU304

Class :II - B.Sc. Physics Semester : III
Unit 111
Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Question Opt1 Opt 2 Opt3 Opt 4 Answer

Integration of 0 to w2 with the function (sinx)”"n---- ((n-1)/n)x(n-3)/(n- (n+1)/n (n-1)/(n-2) (n- n/(n+1)| ((n-1)/n)x(n-3)/(n-
--------- 2)... (n+3)/(n+2)... 3)/(n-4)... (n+3)/(n+2)... 2)...
Doble Integration of 0 to a and 0 to b with the
function x"2+y"2 -------------- (ab)*3/9 (b)*3/9 (a)*3/9 (ab)*2/9 (ab)*3/9
Integration of 0 to w2 with the function (sinx)"6----
--------- 0 w2 32 Sw6 Sw6
Doble Integration of 0 to 1 and 0 to 1 with the
function f(x,y)=1-------------- 0 -1 2 1 1
Integration of 0 to w2 with the function (cosx)"n
then if n is even -------------- 1 w2 32 w6 w2
Integration of 0 to w2 with the function (cosx)*n
then if n is odd -------------- 1 w2 32 w6 1
Integration of 0 to w2 with the function (sinx)"n
then if n is even -------------- 1 w2 w3 w6 w2
Integration of 0 to w2 with the function (sinx)"n
then if n is odd-------------- 1 w2 w3 w6 1

(sinx)*(m+1)[ (sinx)"(m-1) /(m- (cosx)(m+1) (sinx)"(m+1)
The value of J(sinx)*m(cosx) dx = /(m+1) 1) /(m+1) (cosx) m /m /(m+1)
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(sinx)*(m+1)[ (sinx)"(m-1) /(m- -(cosx)M(n+1) -(cosx)M(n+1)
The value of J(sinx)(cosx)*n dx = /(m+1) 1) /(nt1) (cosx)"n /n /(n+1)
The value of J(sinx)"m(cosx)*n dx with limit of 0
to w2 if n=1then --------------—--- I/m 1/m+1 1/m-1 1/m+2 1/m+1
Integration of 0 to w2 with the function (cosx)"5
then -------------- 1.6 0.533333333 0.32 0 0.533333333
The value of J(sinx)"6 (cosx)*5 dx with limit of 0
to w2 then ------------------ 8/693 9/693 10/693 11/693 8/693
The value of J(sinx)"6 (cosx)*4 dx with limit of 0
to w2 then ---------------—-- 3n/511 3m/512 3n/510 3m/501 3n/512
If [(x)"m(logx)*n dx then if n=0 = x m+1/m+1 x m-1/m-1 x m/m+1 x m/m x m+1/m+1
If [(cosx)"m(cosnx) dx=f(m,n) then f(n,n)= -----------
------- /(2"n+1) /(2" n) /(2 n-1) /(2"n+2) /(2"n+1)
If [(cosx ) m(cosnx) dx=f(m,n) then f(m,n)= ---------- m/(m+n)f(m+1,n+ m/(m+n)f(m-| m/(m+n)f(m-1,n- m/(m-+n)f(m-1,n-
-------- 1) 1,n+1) 1) m/(m+n)f(m,n) 1)
(1/m-
(1/m+1)+m/(m+n)| 1)+m/(m+n)f(m+1| (1/m)+m/(m+n)f(| (I/m+2)+m/(m+n)| (1/m+1)+m/(m+n)
If [(cosx)"m(sinnx) dx=f(m,n) then f(m,n)= --------- f(m-1,n-1) ,n+1) m+1,n+1) f(m+1,n+1) f(m-1,n-1)
The area of the cardioid r=a(1+cos0) is--------- 3ma™2/2 3ma/2 3man3/2 3ma™2/4 3man2/2
The area of the lemniscase bernoulli r*2=a"2 co0s20-
------- a 2a a2 a3 a2
The perimeter of the cardioid r=a(1+co0s0) is--------- a 4a 8a 2a 8a
if the f(x,y) be a continuous and single real valued
function of x and y within the region R bounded by
a closed curve C and upon the boundary C is called--
----- integration| doble integration| triple inegration differentiation| doble integration
The value of J[xy dx dy taken over the positive
quadrant of the circle x"2+y*2=a"2---------
a/2 (a”3)/2 (a™4)/8 a2 (a™4)/8
In triple integral when integrationg with respect to x
in the integral y and z are treated as--------- variables function mapping constants constants

Prepared by: V.Kuppusamy, Department of Mathematics,KAHE




Algebra / 2018-2021 Batch

In triple integral when integrationg with respect to x
in the integral --------- are treated as constants y only yand z x only y and x yand z
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UNIT-1V

Change of order of integration in double integral- change of variables in double and triple
integrals.

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 1/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: TI B.Sc PHYSICS COURSENAME: MATHEMATICS-I
COURSE CODE: 18MMU304 UNIT: 1V BATCH-2018-2021
CHANGE OF VARIABLES

JACOBIAN:

If u=f(x,y)&v=¢(x,y)be continuous function of the independent variables x and y

such that,

ou ou v o
ox’ 0y ox’ dy

Are also continuous in X and y then

8u6_u

ox Oy
ov Ov

ox 5
Is called the Jacobian of u,v with respect to x,y and denoted by

J(ﬂj(or)—a(u’v)
X,y o(x,y)

In case of three variables u,v,w which are function of x,y,z the Jacobian is respected by

o ou
ox 0Oy Oz

J u,v,w (or) G(u,v,w): @ @ @
X, ¥,z o(x,y,z) |Ox 0oy Oz
ow ow ow

ox Oy Oz

TWO IMPORTANT RESULTS REGARDING JACOBIAN:
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1. Ifu,v are functions of X,y and x,y are themselves function of &,7 then

o(u,v) o(x,y) _ o(u,v)
o(x,y) o(E,m) - A(E,m)

PROOF:
L.H.S,

ou Oul|ox Ox
ouy) 3x,y) |ax aylo an
o(x,y) a(&,m) (v vy Oy
ox oy|o& On

ou Ox Ou Oy Ou Ox Ou Oy
|ox 08 ox 0& ox on oy On 0
_@@ @Q @ﬁ ﬁﬁ_y ....................

— X —t
ox 0 oOx o0& ox On Oy On
Since u = f(x,y) &v=¢(x,y)

Also x = f(S,m) & y= f,(5.17)

Ou Ou Ox 8_u8_y

0F  ox 0F ox o0&

Ou Ou Ox 8_u8_y

on ox on oy on

ov_ovox v oy
OF  ox OF ox OF
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ov _0Ov Ox 8v8_y

on ox on oy on
Equation (1) becomes,

ou Ou
ou,v) (x,y) |o& on
o(x,y) 0(&m) |0 Ov
o0& on

_ o(u,v)
o(&,m)

=R.H.S

o(u,v) o(x,y) _ o(u,v)
o(x,y) o(E,m)  A(E,m)

Hence the proof

ow,v) 0,y) _,
0(x,7) (&)

PROOF:
L.H.S
We know that

o(u,v) 0(x,y) _ o(u,v)
o(x,y) o(E,m)  A(E,n)

Put $=uand n=v
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o(u,v) 0(x,y) O(u,v)
o(x,y) ' o(u,v) B o(u,v)

ou Ou
o) _|ou oy
o(u,v) |V Ov
ou Ov

=R.H.S

o) o) _
0(x,») a(&.m)

Hence the proof

CHANGE OF VARIABLE IN CASE OF TWO VARIABLES:

Suppose we have to change the variable in integral I IF (x, y)dxdy then dxdy changes to
R

o(x,y) dudv
o(u,v)

”F(x,y)dxdy = ”F(u,v)%dudv

R

Similarly in the case of three variables

J-;[J-F(x,y,z)dxdydz = J-”F(u,v, w)%dudvdw
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Transformation from Cartesian to polar co-ordinate:

Let the polar co-ordinates of a point p(X,y).

Put
x=rcosd
y=rsinf
o o
a(an/):ﬁr 60
ore) | Y
or 060

cos@ —rsind

sind rcos6

o(x, )
o(r,0)

=rcos’@+rsin’ b

o0y) _
o(r,0)

Hence dxdy has to be changed to ».dr.d@

Transformation from Cartesian to spherical polar co-ordinates:

Let the co-ordinates p(x,y,z)in the Cartesian and (r,6,¢) in spherical co-ordinate. Put

x =rsinfcos¢
y=rsinfsing

z=rcos@
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Ox Ox  Ox

or 00 0

o(x,y,2) |y &
o(r,0.¢) |or 00 04

= e o

or 00 04
a(xayaz) :+7"2 Sin9
or.0.¢)

Hence dxdydz has to be changed to + > sin &drd 0d ¢
NOTE:
dxdydz can also be changed to — 7 sin @drd 6d ¢

PROBLEM:

1. Given that x+y=u;y=uvchange the wvariables to u,v in the integral
J- .[ [xy(l -5 y]% dxdy taken over the area of triangle with sides x=0;y=0;x+ y=1and

evaluate it.
SOLUTION:

Given,
X+y=u;y=uv
X+tuv=u

X=U-—uy
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x=u(l-v);y=uv

ox Ox
0x.y) _|ou v
ouv) | ¥
ou Ov

_l—v —u

v u
=u(l-v)+uv
=uU—uv+uv

oy _
o(u,v)

The area of the triangle with sides x =0;y = 0;x + y =1 changes to

When x=0

u(l-v)=0
u=0&v=1

When y=0

O=uv
u=0&v=0

When x+y=1

u=1
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Limits

u varies from 0 to 1
v varies from 0 to 1

we know that

J;JF(x,y)dxdy = ”F(u,v)%dudv

” [xy(l -x- y)]% dxdy = [u(l —v)uv(l— u)]%ududv

) S——
S — —

© —

j[uzv(l —v)(1- u)]%ududv
= jjuzv% (1- u)% (1- v)%dudv

_ j-ﬁuz(l —u)%du}v%(l —v)2dv

1
Now, J-uz(l —u)%du

0
Let > =1-u

2tdt = —du
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COURSENAME: MATHEMATICS-1

—2tdt = du
When u =0,z =1

u=1,t=0

[u?@=w)2du = [ =12 1(-21d1)

0 1
1
=—j (1= %) t(=2tdt)
0
1
:2j(1—t2)2t2dt
0
1
= 2] (=262 +tH2dt
0
1

:2I(t2 2t +1%)dt

0

3 5 77
o2
3 5 7 o

105
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j-ﬁuz(l—u)%du}v%(l—v)%dv j 11065 2(1=v) dv

J- v(l—v)dv

105-[ v(1—v)dv

Imdv

105

Now,

v([{([uz(l—u)%du}v%(l—v)%dv =%£ (v—v*)dv

HI - u)/du}v/(l v)/d _IOSI\/(%T_(V_%TCZV
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TR

LS ORI
-3 -3

o

105

_lef
105]

16[1(z\ 137 |
=—| | = |-——+c¢
105/ 8. 2) 82

16 1|(~x RY/4
=——Xx—|| = |-—+c
105 8{(2) 2
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o
105

2. &mmm[prfw%u@wmmRmmemmmwmwmmmumn@thmmJ)

R
Solution:

The sides of the square for (1,0) and (2,1)

Y= _ X%
Vo=V Xy — X
y—-0 x-1
1- 2-1
Z_x—l

1 1
y=x-1
x—-y-1=0
x—-y=1

(2,1) and (1,2)

Y= _ X%
Vo=V Xy — X
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y-1 x-2
2-1 1-2
y—-1 x-2
1 -1
x+y=3

(1,2) and (0,1)

Y=V _ X=X

Vo=V Xy —X

y=2 x-1
1-2 0-

—

(0,1) and (0,1)

Y=V _ X=X

Vo=V Xy — X

[—
=

|
S

y_

x+y=1
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Taking u=x+y,v=x—-y

Now,

ou o
a(u,v)zax ay
o(x,y) |Ov v
ox Oy
N
-1
=-1-(1)
=2
o) _
o(x,y)
o) _ 1
o(u,v) 2

u varies from 1 to 3

v varies from -1 to 1

we know that,

LjF(x,y)dxdy = ”F(u,v) Z((fl’,i})) dudy

J;J' (x—y)'edxdy = j'i[v“e“ (%ljdudv

-11
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—1!

= (e”)fv“dv

-1

- -ehea-¢)

:_71(& —el)%(2)

le=e)

5

”(x — e Vdxdy = _(Ls_e)

(635—6)

”(x —)'edxdy =
R

3. Evaluate .[ J-xydxdy where R is the region in the first quadrant bounded by the hyperbola
R

x*—y* =a’;x’ —y> =b*and the circles x> +y* =c’;x* +y* =d’
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Solution:

Letu=x>-y*, v=x"+y’

Now,
ou ou
o(u,v) _ ox Oy
o(x,y) [v Ov
ox Oy
2x -2y
2x 2y
=4xy — (-4xy)
=4xy+4xy
=8xy
0w,y _ g
o(x,)
oxy) 1
o(u,v) 8xy

u varies from a* to b>

v varies from ¢ to d*

we know that,

LjF(x,y)dxdy = ”F(u,v) Z((fl’,i})) dudy
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d’p’
J;.[ xydxdy = :[ ;[ xy(gjdudv
d’b’ 1
= :[ ;[ [gjdudv

d*p?

=é;[6;[dudv

4. Evaluate J-J. (x2 + yz)dxdy where R is the region in the first quadrant bounded by the
R

hyperbola x* —y* =a;x* —y* = band the circles 2xy =c;2xy =d
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Solution:

Let u=x>—-y>, v=2xy

Now,
ou o
o(u,v) _ ox Oy
o(x,y) [v Ov
ox Oy
2x -2y
2y 2x
=4x* —(~4y?)
=4x* +4y°
=4(x* +y7)
a(u,V) :4(x2 +y2)
o(x,y)
o(x,y) _ 1

ou,v)  A(x*+y7)
u varies from a to b

v varies from ¢ to d

we know that,

LjF(x,y)dxdy = ”F(u,v)%dudv
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db 1
X2+ yHdxdy = | |4(x* + v?)| ————— |dudv
jRj( »*)dxdy U( R e

Lj(xz +y)dxdy = —(b — aid —c)

5. Evaluate ”(er y)2 dxdy where R is the region in the first quadrant bounded by the
R

hyperbola x+y=0;x+y=2;3x-2y=0;3x—-2y =3
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Solution:

Letu=x+y,v=3x-2y

Now,

ou ou
a(u,v): ox ay
o(x,y) [Ov Ov
ox Oy
_1 1
B -2
=-2-3
=-5)
ou,v) _
o(x,y)
o0ry) 1
o(u,v) =5

u varies from O to 2
v varies from 0 to 3
we know that,

”F(x,y)dxdy = ”F(u,v)%dudv

R
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J;J.(x +y) dxdy = ;[j:u 2 (_szdudv

J;J.(x+ ¥)? dxdy =§

TRIPLE INTEGRAL:

1. Evaluate J-”xyzdxdydz over the positive quadrant of the sphere x°+ 7y’ +z> =a’by

transforming into spherical co-ordinates.

Solution:
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Put x =rsinfcos¢
y=rsinfsing
z=rcos@
dxdydz = r* sin Gdrd 6d ¢

Limits:

7 Varies from 0 to a

@ Varies from 0 to %

¢ Varies from 0 to %

o7
= [+ sin® sin g cos Oard

00
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:%j‘rs(%jdr

0

J- .[ jxyzdxdydz = Z—;

CHANGE OF ORDER OF INTEGRATION:

dydx= vertical strip

dxdy= Horizontal strip

PROBLEMS:

00 00 -y

1. By changing the order of integration. Evaluate .[ Ie—dxdy

Solution:

Limits:

Oxy
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y=xto y=ow

x=0to x=00
New limits:

x=0tox=y

y=0to y=

By changing the order of integration

00 00 -y

e _Ooyﬁ
- oo
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00 00 -y

J- J. e—dxdy =1
0 x y
a2a-x
2. Change of order of integration the integral .[ J xydxdy and evaluate it.
0 x2
Solution:
Given,

2

O e

T;cydxdy

Limits:

2

y:x—to y=2a-x
a

x*=ayto x+y=2a
x=0to x=a
New limits:

Since the region is divide into two points.
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1

x=0to xzﬁ

y=0to y=a

x=0to x=2a-y
y=ato y=2a
By changing the order of integration

2a-x a \/CT)/ 2a2a-y
Ixydxdy = I jxydxdy+ J- J xydxdy
ﬁ 0 0 a 0

O e

a x2 \/E 2a xz 2a-y
=y | v+ y(—j dy
'([ (2 JO .([ 2 0

1 a 12a
= Egy(ay)dy S { y(2a—-y)*dy

a 2a
=£Iy2dy+ljy(4a2 +y2 —4ay)dy
2 0 2 0

3\4 2.2 4 3\24
_alyl ) [f4ayT vy Aday”
203 ), 2L 2 4 3 )
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4

4 4
A VP AL M A 7 PR
6 2 4 3

4

4
e ) WLCLANL A
6 2 4 3

at 1(72a4 +454* —112a4J

6 2 12

4 4
a S5a

6 24

B 4q* +54*

24
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Possible Questions

2 Mark questions
o rooe” Y
1. Change the order of integration in fo fx erxdy and evaluate it.

d(x,y,z)

2. fx+y+z=uy+z=uv,z=uvwfind o)’

o(uy) d(xy) _
d(xy) d(wy)

3. Show that ——=

4. Giventhe x +y = u,y = uv, change the variables to u, v in the integral [ [[xy(1 — x —
y)]¥/? dx dy takes over the area of the triangle with sides x = 0,y = 0,x + y = 1 and
evaluate it.

5. Change the order of integration infoa fxa(x2 + y%)dy dx and evaluate it.

6. Ify, = X2j3,y2 =23y, =522 then find J (y1 2. Y3>

X2 Xz’ X1,x2:X3

7. Evaluate f03 fOV 4_y(x + y )dx dy by changing the order of integration.

8. Evaluate v[f[ xyz dxdy dz over the positive octant of the sphere x% + y% + z? = a?.
9. Evaluate gff (x — y)*e**Ydx dy where R is the square with vertices (0,1),(2,1),(1,2) and

(0,2).

_y_ _x 6(uv)
10. Ifu = V= f nd 3oy

11. Change the order of integration in fol fxzz_x xy dy dx and hence evaluate it.

12. Find the value of [ xydx dy taken over the positive quadrant of the eII|pse — + = =1.
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13. Calculate ff x?dx by trapezoidal rule and find the error by actual integration.
14. Calculate f05V125 — x3. by Simpsons rule.

15. Evaluatef—l\/_x

6 Mark questions
a(u,v,w)
1. fu=xyz,v=xy+yz+zx andw-x+y+zthenf|nd D’
1xdxdy
2. Change the order oflntegratlonf f 2iyD)
_u _w o(xy) o(uvy) _
3. Ifx= Tro? andy = T,z Prove that Bar) 3ry)

dy d
4. Change the order of integration and evaluatef fa—);ziyzx.

6. Evaluate [[[ xyz dx dy dz take through the positive octant of the sphere x% + y? +

z2 = a? by transforming into spherical co-ordinates.

242

Jo * dxdydz.

Zxx

7. Evaluateff

Vi—xZ J[1-x2—y?  dxdydz
8. Evaluateff f T
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Coimbatore —641 021

Subject: Mathematics-I

Subject Code: 18PHU304

Class : II - B.Sc. Physics Semester : II1
Unit IV
Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Question Opt 1 Opt 2 Opt 3 Opt 4 Answer
(O(u,v,W))/(O(X,Y,2)) X (0(X,Y,2) )/ (O(U,V, W) J==--=-=-==- 0 1 2 3 1
(0(u,v,))/(O(r,8))*(O(r,8))/(O(X,y))========-- r 1 0 -1 1
If u=x+y,v=x-y then (0(u,v))/(0(x,y))=---------- -2 1 0 -1 -2
If x=rcos0,y=rsinb, then (A(x,y))/(0(r,0))=--------- 1 r 1/r -1 I/r
(O(u,v,)/(O(x,y))-(O(X,y))/(O(u,V) )====-==---- 1 r l/r -1 1
If u and v are functions of x and y then
(O, V) (O, Y)* (XY (O(U,V)) === 0 1 2 3 1
In Polar coordinates,(0(x,y))/(d(t,0))=---------- 1 r 1/r -1 r
if x=rsinBcos@,y=rsinOsing,z=rcosd then
(0(x,y,2))/(0(1,9,0))=--------- -1(sinf)"2 r(sinf)"2 -1(c0s0)"2 r(cosf)*2 -1(sinf)"2
Change the order of integration [[f(x,y)dxdy=-------- [f(x,y)dxdy [If(x,y)dxdy [If(x,y)dydx [[f(x,y)dxdy [If(x,y)dydx
|ldxdydz X Xy XyzZ yz XyZ
|Ixdxdydz (x"2)yz (x"2)/2 yx (x"2)/2 x (x"2)z (x"2)/2 yx
If u=x-y,v=x+y then (0(u,v))/(0(X,y))=-------------- 1 2 3 0 2
The positive quadrant of circle x*2+y"2=a"2 is -----1 ~(a"2-x"2) to
-------- 0 to V(a*2-x2) [V(@2-x"2) 0 to V(@ 2+x2) [V(a*2-x"2) to 0 0 to V(a*2-x"2)
Ildydz y z yz 0 yz
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|labcdxdydz 0 abc XyZ abexyz abexyz

In cartesian plane all (x,y) value positive in ----------

---quaderent first second third fourth first

In cartesian plane x positive and y negative value

positive in ------------- quaderent first second third fourth fourth

In cartesian plane x negative and y negative value

positive in ------------- quaderent first second third fourth third

In cartesian plane x negative and y positive value

positive in ------------- quaderent first second third fourth second

In polar coordinates is rdrd® and hence the area of

region R is----------—- [] drde [] rdo I rdr [f rdrde [ rdrde

The cordinates of the center of gravity and the

moment inertia in the case of polar coordinates can

be obtained by changing the corresponding formula

in cartesian coordianates into----------- coordinates |cartesian polar sperical polar circle polar

The equation of the cardiod is ---------- r=acost r=a(1+cos0) r=a(1-cos0) r=asinf r=a(1+cos0)
lldxdz Xy XZ yz X XZ

If x+y=u,y=uv then 0(x,y)/0(u,v)= u \4 uv Xy u

Change the order of integration J[f(x,y)dxdydz=-----

- [IIf(x,y)dxdydz  |[[[f(x,y)dzdydx |[[f(x,y)dxdy [Tf(x,y)dydx [IIf(x,y)dzdydx
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UNIT-V

Beta and Gamma integrals-their properties, relation between them- evaluation of multiple
integrals using Beta and Gamma functions.
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IMPROPER INTEGRAL
INFINITE INTEGRAL:

b
In .[ f(x)dx the integral f(x)to be bounded and the integrable of integration from a to b.

now we shall consider the cases where,

Case 1:

The integrant to oo j f(x)dxlet f(x) be bounded and integrable in the interval

(a,x) where a is fixed and x is any number>a.

We defined j f(x)dx to be lim j f(x)dx provided this limit exist. Then j £(x)dx has an

infinite integral and say that it convergence.

Ifatox j f(x)dx — asX — oothe infinite integral j f(x)dx is said to divergent to ooor

does not exist.

Case 2:

b
The integrant to —oo I f(x)dxlet f(x) be bounded and integrable in the interval

—00

(x,b)where b is fixed and x is any number<b

b b b
We defined j f(x)dxto be lim j f(x)dx provided this limit exist. Then j £(x)dx has an

infinite integral and say that it convergence.

b
If J. f(x)dx may diverges to c© to — o or oscillate finitely or infinitely.

—00
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Case 3:

Integrals from o to —oo. J. f(x)dx if the infinite integrals J- f(x)dx and .[ f(x)dx both

convergence then I f(x)dx is convergence and is equal to their sum.

—00

Note:

The value of integral is independent of the x is used.

PROBLEMS:

: T dx

1. Discuss the convergence of I—z
X

1

Solution:

X
Tdx . pdx
[Z=lm[=
X X—)ooox

The given integral converges to 1.
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2. Discuss the convergence of J-e*"dx
1

Solution:

© X
J-e_xdx =lim | e "dx
1

X >

= lim (— e )f

X—oo

= lim(— e+ e_o)

X >

—00

=—e " +1

=0+1
J-e’xdx =1
1
The given integral converges to 1.

. Todx
3. Discuss the convergence of I —
a +x

Solution:

T dx :lim)j dx

2 2 2
L a+x Xowoa” +x

1 X !
= lim| —tan™' =
X—>o0 a a N

.(1 LX 1 loj
= lim| —tan~ ———tan~ —

X—o\ g a a a
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= lim(l tan' £ - Oj
X—oo a a

= lim (l tan”’ £j
X—w a a

. V2
The given integral converges to b
a

T dx
4. Discuss the convergence of | —
[

Solution:
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X >

- lim(2X% - 2(1))

= 2Jo0 =2

T dx _
x
The given integral does not exist or diverges to co.

5 Ifa> O,Isinxdx

Solution:
© X
j sin xdx = lim [ sin xdx
X—w
a a
. X
= lim(-cosx
X—)oo( )a

= lim (- cos X +cosa)

X—>o0
= (— COS o0 + COS a)
cos x 1s bounded and lies between +1

The integral oscillates finitely.

1.e, neither converges nor diverges.

t dx
I(1—3x)2

—00

Solution:
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t dx ) dx
[t s
~ (1-3x) >=os (1-3x)

Put t =1-3x

dt = -3dx
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1
3

. 1
The given integral converges to 3’

0

7. .[ cosh xdx

—00

Solution:

0 0
.[ cosh xdx = Xlim cosh xdx

—00

lim (sinh x)’,

X —>-0

)}Lrgm[(sinh(O) — sinh(X)]

B X X
= lim O_L}
X —>—0 2
_ o 1 :
= lim |0 - 4
X —>—0 2
_eX_ 1 X
= lim 4
X —>-0 2
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The given integral does not exist or divergent to .
0
8. I x sin xdx

Solution:

0

0
.[ xsin xdx = lim | xsin xdx
X—>—o

Let u=x dv = sin xdx

du = dx Y =—CO0SX

0
= (- xcosx)}, — J-—cos xdx
X

= (~xcosx)}, —(sinx)’,

. . 0
= lim [~ xcos x + sin x[},
X——0

= lim [—XcosX+sinX]

X —>-0
= [~ 0 cos o —sin o]
cos x 1s bounded and lies between +1

The integral oscillates finitely.

1.e, neither converges nor diverges.

dx
4+ x*

9. Show that converges of I

—00

Solution:
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T odx Todx
J-4+x2 :_'[c22 +x°

—00

o : V4
The given integral is converges to 7

10. Show that converges of .[ log xdx
1

Solution:

X—>0

) X
J-log xdx = lim Ilog xdx
1 1

= lim(xlogx — x);"

X—>0

= lim(X log X — X —log1+1)

= (w0logoo — oo —logl +1)

=oo+1
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The given integral does not exist or divergent to oo .

T dx
11. Show that converges of | ———=
! (1+x)/x

Solution:

.t dx
=lim

TL _ax
C(1+x)Wx e A+ ) x

Put t* = x
2tdt = dx
X
:l.mJ' 2td§
oo (1+17)t
L ]‘ 2dt
o (1+12)
X
~21im [
od(1+17)

X
=21lim| tan™ (Ej
x~>oo_ 1 .

=2lim :tan “Jx ]:

X—>0

=2lim _‘[an_1 \/; —tan ™! OJ

X—>0

= than"l \/gJ

]
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=7

The given integral converges to 7.

0 dx
12. Evaluate .[
0 l—xz
Solution:
j- dx
0 1 — x2
dx
f)=—=—
1-x
f(0)=1
S =0
By definition
j- dx 2 liml_g dx
0 [1_x2 &0 : 1_x2

= lim(sin ' (x))”*

e—0

= lim(sin"l (1-¢)—sin™ (1))

>0

- lim[sin_l (1-¢g)— EJ

g0 2

- (sinl (1-0) —%j

- (sinl (1) - %j
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_|F_Z
2 2
1
J- dx 0
0 1- X 2

¢ dx
13. Evaluate I—
X

-1

Solution:
[
X
dx
S(x)=—
X
f(0)=0
S=D=1
SM=1
By definition
1 —-& 1
B i [ | i
el X -0 e X . X

= lim[(log.x) ¢ + (log )]
= 1jr%[1og(—g) —log(~1) + log x(1) — log(¢)]

= 1@3[10;;(0) —0+0—1log(0)]
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1
o
X

1
14. Evaluate jd—fc
bl xé

Solution:
fac
| x%

£ = i/

xlz
£(0) =0
f=n =1
fy=1

By definition

 lim(2v) + (2}
= lim[(2v/- & —(2V= D21 - (2e)
=[2+2]

=4

=4

) —

dx
7

1
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BETA AND GAMMA FUNCTION:

The bita function denoted S(m,n) which is given by

1
p(m,n) = J-x'”_l (1-x)"dx,m,n>0

0

The gamma function is denoted by 'z which is given by
I'n= Ix”’le’xdx,n >0
0
Convergence of I'n

We know that 'z = J‘x’“le”‘dx
0

S S——

o0
-1 - -1 -
x"e xdx+:jx” e "dx
1

The first integral is

1 1

J‘x”*le”‘dx = lim x""'edx if this limit exist when x is small. The integral x""and the limit
£

0

&

exist, if n>0.

r n+l

: : . X
The second integral certainly exist for e* > T
r! r!

also »>n+1. Hence x"'e’'is

J-x"_le"”‘dx is does not exist constant multiple of the 2™ integral which diverges.
1

I'n converges for n>0.
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RECURRENCE FORMULA FOR GAMMA FUNCTION:
We have to prove that T'n+1=nl'n,n >0

Proof:

We know that

0
-1 -
Fn:J.x” e "dx
1

I'n+l=|x"e " dx

—e—3

u=x" dv=e"dx

—-X

u=nx""dx v=-—e

o0
=(x"(=e™)), — J.— e nx""dx
1
0
=(—x"e™), —J-—e’xnx”’ldx
1
o0
=0- J.— e “nx""dx
1
o0
= —J-—e_”‘nx”_ldx
1

o0
= nje’xx”’ldx
1

=nl'n

ITn+l=nln
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T dx
1. |—=
e
Solution:

2 xoo\ X 1

- 2 X X2
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. 1
The given integral converges to —.

< dx
2. | —
I
Solution:

© X
dx ) -1
J-— =lim | x %
% X—>o
a X

a

X
W

= lim| —

X—)w%l

X
- 1im(2x%)

X >

_ 1im(2X% - 2(a)j

X—>w

= 2o —24a

The given integral is divergent.

0
3. J.ezxdx

Solution:

0 0
Iezxdx = lim | e*dx

X >
—o0
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= %)I(i_rg(ez(o) +e’* )

= %}}f}c(eo + eZX)

e
:%(l+e°c)

1)

1
2
0

Iezxdx =%

—00

The given integral does not exist or diverges to — .

T dx
4 '[bz + x?
Solution:
© X
J- dx i J- dx
b* +x*  Xo=dp? gy’

. ( 2 | a}
= lim| —tan~ — tan~ —
X—>o0 b b
=— lim(tan" = _tan™’ EJ
X >0 b
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1(72’ _laj
=—|——tan —
b\ 2 b

) ) 1(x L a
The given integral converges to 22 tan 3

PROPERTIES OF BETA FUNCTION:

(i) B(m,n) = B(n,m)
Proof:

We know that,

1

p(m,n) = J-x'”_l (1-x)""dx

0
Put x=1-y y=1-x
dx = —dy
When x=0,y=1

x=Ly=0

[ - e = -y )

0

=—[a=y""ydy

1

0
[y a=yydy
1

= p(n,m)
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B(m,n) = B(n,m)
Hence the proof

(i1) f(m,n)can be expressed as a definite integral with (0,0) as limit.

Proof:

we know that,

1

ﬂ@mn):jxm4a—xy4dx

0

Put x:L

I+y

dy = A+ dy—ydy
(1+y)’

MZO+Y7?@
(1+y)

x:i
(1+y)°

When x=0,y=0

x=Ly=0

1 0 m—1 n—1
1
x"1=x)""dx = (LJ (1 _ Y J dy
J- '([ I+y I+y (1+ y)2

0
© m—1 1 n—1 1
5] 55 e
o\ L+y I+y (1+y)
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m—1

K y
= | — o W
_([(1+y)l 1+2

”0
(iii) f(m,n) = 2 .[sinz’""1 xcos”"" xdx
0
Proof:

We know that
1
p(m,n) = J-x'”_l (1-x)""dx
0

Put x =sin’ @
dx =2sin@cos&dd

When x=0,0=0

le,@z%

7
L(m,n) = j(sinz 9)m_1 (1 —sin’ 0)"_1 2sin @ cos A6

0

7
=2 Isinzm*2 6 cos* % @sin O cos GdO

0
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T

2
_ ZJ'Sinz"FZH 00082"72“ 0do

sin® ™ xcos”" XdX..oovvenn. )

We know that

7

I = jsin'” xcos” xdx

m,n
0

m=2m-1
n=2n-1

7
_ s 2m-1
Lyion = I sin™"" xcos
0

2n-1
" xdx

(1) Becomes B(m,n)=21,, ,,,,

m+1 n+1
, =21,
A2

1 m+1 n+1
I == ,
m,n ﬁ( 2 2 J

COROLLARY:
r=r

Proof:
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I'mI'n
B(m,n) =
ITm+n
Putm:n:l
2
Fll"l
ﬂ(llJ_ 2 2
272) 11

A A AN
ﬂ(l,lj:ZIsin (ZJ O cos (ZJ ado

=7
Eqgn (1) becomes,
11 (F;j
33
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2
{4
2
r—=Jr

Hence proved

PROBLEMS:
1 1 n
1. Ix’" log(—j dx
0 X
Solution:
1
Put log(—j =t
X
1,
—=e
X
x=e"'
dx=—e'dt

When x =0, =

x=1t=0

1 n 0
J-x'” log(lj dx = J-e_""t" (—e™")dt
o x

['e]

= —_Te”"t” (—e™)dt
0
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o0

— J’eft(erl)tndt
0

Put y=t(m+1)=t=—2—
m+1
dy =(m+1)dt
V__ g
m+1

0

je—t(m-#l)tndt:je—y[ y j dy
7 m+1) m+l

0

L S
0

(m+1)""

1
:er’l+l

2. Texz dx
0

Solution:
r=x
dt = 2xdx

dt

—=dx
2x

dt

7"

When x=0,6=0

dx
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1
3 jx7(1—x)8dx
0

Solution:

We know that,

1

B(m,n) = j X" (1= x)""dx

0
m—-1=7,n-1=8

m=8n=9
jx7 (1-x)%dx = (8,9)

_ T8I'9
I'8+9
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_T89
r17
718!
" 16!

1
102960

j-x7(1 —x)%dx =

0

7
4. Evaluate J'sin70cos5 6do

0
Solution:

We know that,

7 1
jsin'” Bcos” ado = 5,6’(

0

m+1 n+1
2 72

Here m=7 and n=5

T

2
jsin7 0 cos’ we:lﬁ(

T7+1 5+1
2

272

1
=5 A43)

3 l r41r3
2T4+3

17413
2 17
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RE
2 6!
_
120
7 1
jsin7 fcos’ 0dO =—
J 120

A
5. j Jtan 646
0

Solution:

[Vian6ao = [(tan ) a6

e o 2\
:I[smﬁj 40
v\ cost
7 )
= J-sin% Hcos%ﬁdﬁ
0
1 -1
m=—,n=—
2 2
We know that,
7
J‘SinmHcosngdezlﬂ(m“f‘l’n-f‘lj
0 2 2 2

/|
jsinzecosz we:lﬁ(i,lj
) 2"\ 474
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% 1 ) lrérl
sin? @cos? dO = 4 4
0 2 p3+1
4
7 1 -1 lrirl
Isinzﬁcosz 0do = 5 444
0 r—
4
o1 lréfl
[sin? cos* a6 = 4
0 2

o1 4
Isinz Ocos? Gd0O =1F§F I
0 2 4

APPLICATION OF GAMMA FUNCTION TO MULTIPLE INTEGRAL:

1. Evaluate J‘ I J-x” v?z"dzdydx then taken over the volume of the tetrahedron given by
x20,y20,z20,x+y+z<1

Solution:

Limits

x varies from 0 to 1
y varies from 0 to 1-x

z varies from 0 to 1-x-y

I 1-x1-x-y

Hj-x”y"zrdzdydx =J- J. J.xpyqz’dzdydx
00 0

r+1

1 1-x rl 1TV
:J. I x”yq(z ] dydx
00
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11-x

= i! pryq(l —x—y) " dydx
00

11-x
j”x”yqz’dzdydx = LI _[x”yq (1-x—y)"dydx
r+ly s
The area over which the integrant to be a triangle OAB

Let x+y=ueuueennnne. Q)]

Solve (1) & (2)
X+uv=u
x=u(l-v)

When x=0
u=0,v=1

When y=0
u=0 ,v=0

When x+y=1
u=1,v=0

Limits:

U varies from 0 to 1

V varies from 0 to 1

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 31/35




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc PHYSICS COURSENAME: MATHEMATICS-1
COURSE CODE: 18MMU304 UNIT: V BATCH-2018-2021

ox Ox
0% _lou ov
o(u,v) | W
ou ov

_l—v —u

14 u

=u(l-v)+uv

=UuU-—-uv-+uv

1 1-x

1 r+l _ 1 e il
. I !xpy"(l—x—y) dydx—muw(l—v»"(uv)m—m ududv

11
:—1 1jju”(l—v)”uqvq(l—u)’”ududv
r+ 00

1 1
:—1 [J-u”“’”(l—u)”lduj.vq(l—v)”dv
r+1|g )

Now,
1
v[uerqul (1 _ u)r+1 du
0

Here m-1=p+q+1
m=p+q+2
n-1=r+1

n=r+2
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1
ju’”q“(l—u)’”du =LB(p+q+2,r+2)
0

_I'p+q+2[r+2
Ip+g+2+r+2

Ip+g+2xr+1xTr+l
Ip+qg+r+4

Consider,
1
J-v" (1-v)"dv
0

Here m-1=q
m=q+1
n-1=p

n=p+1

jvq(l—v)”dv=ﬂ(q+l,p+l)

_I'g+1I'p+1
Ip+g+1+1
_Tg+1I'p+1
Ip+g+2
1 7 1 | Tp+g+2xr+1xIr+1 Tq+1Tp+1
[ [ (= x= vy dydx = prq+2xr+ixIr+l Tg+1lp
r+1y 9 r+1 Ip+g+r+4 Ip+g+2
17 Ip+1Tg+1T7+1
[y ey = TP
r+1y 9 Ip+g+4
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Possible Questions

2 Mark questions

1. Discuss the convergence of the following :

0 [T a>0

a xl/z ’

D —

(1-3x)%°

2. Prove that /(é) =+/m.
(7 <ipl0

3. Evaluate:[2sin'6 de.

s
4. Show that B(m,n) = 2 fgsinzm‘lxcoszn‘lxdx.

5. Prove that f(m,n) = B(n,m).

T T
Z T g
6. Provethat |2 \/cosxdx*fozv% =T

—5x
7. Evaluate f% dx using Gamma function.

8. Discuss the convergence of ffooo 4:1:;2.
= > de
9. Provethat [2+/sin6d8 x |2 ===
10. Prove that VE\/pi:LT \/p
2 2 2pr1
. o X
11. Discuss the convergence of | RE%E dx.
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12. Prove that vn = (n — 1)V(n — 1) where n>1 and v/n = (n — 1)! where n is a positive
integer.

13. If f(m,n) = fog cos™x cosnx dx, prove that f(m,n) = %f{m —1,n-1).

14. Prove that f23 (x—2)3—-x)dx= g.

15. Evaluate (i) [ 1/ (x — 3)(7 — x)dx. (i) f1°<>%

6 Mark questions
1. Provethat (i)vn+ 1 =n!l,n > 0 (ii) Evaluate foooe_xz .

Vmvn

2. Provethat f(m,n) = Vim+n)'

3. Show that: ﬁ(p,;ﬁl) _ BtLe) _ B(a)

p p+q

oo t2dt T
4. Show that: f Pyl ﬁ
xm—l
5. Provethat f(m,n) = fo de
6. Prove thatf L fldfix Z'

2 cos?™M-1gs5in®""19 d _ B(mn)
0 (acos2@+bsin2@)m+n — 2qmpn’

7. Provethat [2

o x2 57v2
8. Show that [ T’ =
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Subject: Mathematics-I

Subject Code: 18PHU304

Class :1- B.Sc. Physics Semester : II1
Unit V
Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Question Opt1 Opt 2 Opt3 Opt 4 Answer
I'(nt+1)= n! n+1 n-1 n n!
I'(1/2)= T 1 0 \n \r
B(m,n)= I'(m)["(n)/T'(m-n)[ I'(m)['(n)/T"(m-+n)| (I'(m)-I"(n))/I'(m-n) ['(m+n)/T"(m-n) ['(m)I['(n)/T"(m+n)
B(1/2,1/2)= 0 Lyr -1
I'(n+1)= === - nl'n (n+1)I'n I'n n nl'n
I'(n) converges for------------------ n=0 n>1 n>0 n<l n>0

integral 0 to
infinity (x"*n) e”(

integral 0 to
infinity (x"n e”(-

integral 0 to infinity

integral 0 to infinity

integral 0 to infinity

['(nt1)= x) dx,n>-1 x) dx,n>1| (x*n) e"(-x) dx,n=-1{ (x*n)e”(-x) dx,n<-1| (x"*n) e"(-x) dx,n>-1
Jer(-x) dx with the limit of 0 to infinity then =------- n \(n/2) \2n 0 n
B(m,n) exist if ----------------- m>0,n>0 m>0,n<0 m<0,n<0 m=0,n<0 m>0,n>0
['(m+n)B(m,n)= ['(m)-I'"(n) ['(m)I["(n) ['(m)+I"(n) ['(m)/T"(n) ['(m)I['(n)
B(1,1)= 0 1 2 -1 1
[(n)=le’(-x) dx with the limit of 0 to infinity then n

possible value is = n=0 n>0 n<0 n#0 n>0
The value of T'(1) is ~---------=------- 1 0 2 -1 1
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The value of JeA(-x"2 ) dx with the limit of 0 to

infinity is--------------- T /2 2 ) /2
B(m,n,— B(l’l,l’l) ﬁ(m) B(l’l) ﬁ(n,m) B(n,m)
[(n+1)=](x"n)(e’(-x))dx with the limit of 0 to

infinity then n possible value is =------------- n=0 n>-1 n<0 n#0 n>-1
[(1/4)0(3/4) equal to -----m-mmnnnn-emv 2 N2 T 0 N2

['(n+2/3) is equal to ----------------- (n-1/3)['(n-1/3)| (n+1/3)['(n-1/3) (n-1/3)I'(n+1/3) (n-1/3)I°(1/3) (n-1/3)I'(n-1/3)
I'(m)I'(n-1)= -=---=---=mmmm- B(n,1-n) B(n,n) B(n-1,n) B(n-1,n-1) B(n,1-n)
[(1)= - 1 2 0 -1 1
I(1/2)I(1/2)= ===mmmmmmmmmem - B(1/2,1/2) B(1,1/2) B(1/2,1) B(1,1) B(1/2,1/2)
I'(n+1)=nI"nthe recurrence formula is true only

when ----- n=0 n>0 n<0 n#0 n>0
I'(m)['(n-1)= 7/sinnmt m/cosnm 2n/sinnm 3n/sinnm 7/sinnmt
INCIP) S —— 1 ™2 n 0 1
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