M.Sc., PHYSICS ELECTROMAGNETIC THEORY AND

2018-2020 (Odd) UNIT-1 ELECTRODYNAMICS (18PHP303)
Electrostatics & Magnetostatics
SYLLABUS

Electrostatics: Electric intensity — Electric potential — Gauss Law - Dielectric and its
polarization - Electric displacement D — Dielectric constant & — Polarisibiltiy o - Clausius-
Mossotti relation (Non-polar molecules) — The Langevin equation (Polar molecules) —
Electrostatic energy

Magnetostatics: Current density J — Ampere’s law of force — Biot-Savart law — Ampere’s
circuital law — Magnetic scalar potential ¢m (no applications) — Magnetic vector potential A —
Magnetisation and magnetization current — Magnetic intensity — Magnetic susceptibility and

Permeability.
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ELECTRIC INTENSITY
The space surrounding any charge or charge distribution in which the effects of its
presence can be felt is called the field of the charge or charge distribution. The strength of the
field called electric intensity at a point is defined by a vector function of position in space which
determines the force on a unit positive charge at rest at that point of space. The unit of electric
intensity in M.K.S system is volts/meter.
If a test charge qo is placed at the position r in space at to determine electric field and the
test charge experience a force F there, then electric field at the point will be E=F/q0  ------ (1)
Thus in turn implies that the electric field of a point charge at a point rjo will be
Eio = Fio/qo = (1/4me0) (qi/rio) Tio
Or E = (qr/4m gor’) --—----- ()
Where r is the vector distance from q to the point at which E is evaluated.
The total field due to a set of charges i.e., discrete distribution of charges will be
E=1/4ngo ¥X7_;  (qi/Tjo) Ljom-------- (3)
In continuous distribution of charge, the summation can be changed to integration,

E=1/dneof = dg—————— - (4)

where r represents the vector distance from the element of integration dq to the point at which E

1s evaluated.

ELECTRIC POTENTIAL ENERGY

Potential energy can be defined as the capacity for doing work which arises from position
or configuration. In the electrical case, a charge will exert a force on any other charge and
potential energy arises from any collection of charges. For example, if a positive charge Q is
fixed at some point in space, any other positive charge which is brought close to it will
experience a repulsive force and will therefore have potential energy. The potential energy of a

test charge q in the vicinity of this source charge will be:

where k is Coulomb's constant.
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In electricity, it is usually more convenient to use the electric potential energy per unit

charge, just called electric potential.

GAUSS' LAW FOR ELECTRICITY

The electric flux out of any closed surface is proportional to the total charge enclosed within the
surface.

The integral form of Gauss' Law finds application in calculating electric fieldsaround charged
objects.

In applying Gauss' law to the electric field of a point charge, one can show that it is consistent
with Coulomb's law.

While the area integral of the electric field gives a measure of the net charge enclosed,
the divergence of the electric field gives a measure of the density of sources. It also has
implications for the conservation of charge.

Integral Form

fﬁaﬁ) ~4_ 4mkq
€o

Differential form

V.E = L_ 4mtkp
€o

GAUSS' LAW FOR MAGNETISM

The net magnetic flux out of any closed surface is zero. This amounts to a statement
about the sources of magnetic field. For a magnetic dipole, any closed surface the magnetic flux
directed inward toward the south pole will equal the flux outward from the north pole. The net
flux will always be zero for dipole sources. If there were a magnetic monopole source, this
would give a non-zero area integral. The divergence of a vector field is proportional to the point
source density, so the form of Gauss' law for magnetic fields is then a statement that there are no

magnetic monopoles

Integral form, § B.dA = 0
Differential form, A.B =10
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POLARIZABILITY

Dielectric polarization occurs when a dipole moment is formed in an insulating material
because of an externally applied electric field. When a current interacts with a dielectric
(insulating) material, the dielectric material will respond with a shift in charge distribution with
the positive charges aligning with the electric field and the negative charges aligning against it.
By taking advantage of this response, important circuit elements such as capacitors can be made
Introduction

Dielectric polarization is the term given to describe the behavior of a material when an
external electric field is applied on it. A simple picture can be made using a capacitor as an
example. The charges in the material will have a response to the electric field caused by the

plates.

Dielectric Material \

Free Charge

Bound Charge

Using the capacitor model, it is possible to define the relative permittivity or the
dielectric constant of the material by setting its relative permittivity equivalent to the ratio of the
measured capacitance and the capacitance of a test capacitor, which is also equal to the absolute
permittivity of the material divided by the permittivity of a vacuum.

€=Q/Qo=C/Co=€/€g --------- (1)

The dielectric constant is an important term, because another term known as the
electronic polarizability or aeae can be related to the dielectric constant. The -electronic
polarizability is a microscopic polarization phenomena that occurs in all materials and is one of
the main mechanisms that drives dielectric polarization.

To explain how the dielectric constant relates to the electronic polarizability of a material,
the polarization or P of a material should be determined. The polarization of a material is defined

as the total dipole moment per unit volume, and its equation is,
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P=NoaeE=yc€oE -........... 2)

where the y term is known as the electric susceptibility of the material given by the
equation y=€,—1. Then, from substituting €,—1 for y, an equation relating the relative permittivity
and the electronic polarizability is determined.

e=1+Nec/eo
Where N is the number of molecules per unit volume.

While this equation does relate the dielectric constant with the electronic polarizability, it
only represents the material as a whole, and does not take into effect the local field, or the field
experienced by a molecule in a dielectric. This field is known as the Lorentz field, and the
equation to define this is given as,

Eioc=E+1/3€0P ......... 3)
and by substituting this value back for the field used in the previous method, the
following equation is determined
e—1/e+2=Nae/3ep .......... 4)

This equation is known as the Clausius-Mossotti equation and is the way to interchange
between the microscopic property of electronic permittivity and the dielectric constant. In
addition to knowing the electronic polarizability of a material, there are also other sub-factors,
such as chemical composition and bond type that determine the total dielectric behavior of a
material. However, electronic polarization is always inherent in a dielectric material.

Ionic Polarization

Ionic polarization is a mechanism that contributes to the relative permittivity of a
material. This type of polarization typically occurs in ionic crystal elements such as NaCl, KCI,
and LiBr. There is no net polarization inside these materials in the absence of an external
electric field because the dipole moments of the negative ions are canceled out with the
positive ions. However, when an external field is applied, the ions become displaced, which

leads to an induced polarization.
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With Applied Field

The equation to describe this effect is given by,

Where P.y is the induced average dipole moment per ion pair, aiai is the ionic polarizability, and
E is the local electric field experienced by the pair of ions. Usually the ionic polarizability is
greater than the electronic polarizablity by a factor of 10 which leads to ionic substances having
high dielectric constants. Similar to electronic polarization, ionic polarization also has a total
polarization associated with it. The equation is given by
P=NiP.v=NidiEic ......... (6)
which will also lead to a Clausius-Mossotti equation for ionic polarization,
e—1/e+2=1/3€oNq; ......... (7)

Note that these equations assume that there is a charge balance inside the ionic material
(eg. NaCl) whereas if a charge imbalance is present, such as in materials like CaF», a different set
of equations must be used.
Orientational Polarization

Orientational polarization arises when there is a permanent dipole moment in the
material. Materials such as HCI and H>O will have a net permanent dipole moment because the
charge distributions of these molecules are skewed. For example, in a HCI molecule, the chlorine
atom will be negatively charged and the hydrogen atoms will be positively charged causing the
molecule to be dipolar. The dipolar nature of the molecule should cause a dipole moment in the
material, however, in the absence of an electric field, the dipole moment is canceled out by
thermal agitation resulting in a net zero dipole moment per molecule. When an electric field is
applied, however, the molecule will begin to rotate to align the molecule with the field, causing a

net average dipole moment per molecule.
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F=QE
Electric Field B

No Electric Field Electric Field (E)

~ ~ "\ -~
;'/l QA ==\
/72NN N

To determine if the induced average dipole moment along the electric field, the average

o

\

potential energy of the dipole must be calculated and compared to the average thermal
energy 1/5kT, as determined by thermodynamics for five degrees of freedom. To accomplish
this, Force F torque t acting on the rigid body of the dipolar molecule. Using this model, the
equation for the torque is given by
1=(Fsin0)a=EP¢sin(0) ......... (8)
where Pois given by P¢p=aQ. From this equation the maximum potential energy can be
calculated by taking the integral at the instant of maximum torque. This maximum potential
energy is calculated out to be 2PoE which then means that the average dipole potential energy
is 1/2Emax or PoE. Once knowing the average dipole potential energy, it is then possible to
calculate the average dipole moment P,y through Boltzmann's statistics, which would lead to the
answer,
P.v=P%E/3kT ......... 9)

This, leads to the dipolar orientational polarizability, o4 per molecule, which is shown by

the equation,
04=P?% /3kt
The equation for orientational polarizability shows, that unlike electronic polarizability

and ionic polarizability, orientational polarizability is temperature dependent. This is an
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important factor to consider when choosing a dielectric material for electronic and optical

applications.
Interfacial Polarization

Interfacial or space charge polarization occurs when there is an accumulation of charge at
an interface between two materials or between two regions within a material because of an
external field. This can occur when there is a compound dielectric, or when there are two
electrodes connected to a dielectric material. This type of electric polarization is different from
orientational and ionic polarization because instead of affecting bound positive and negative
charges i.e. ionic and covalent bonded structures, interfacial polarization also affects free charges
as well. As a result interfacial polarization is usually observed in amorphous or polycrystalline
solids. The electric field will cause a charge imbalance because of the dielectric material's
insulating properties. However, the mobile charges in the dielectric will migrate over maintain

charge neutrality. This then causes interfacial polarization.

Electrode Dielectric Material Electrode

Ja = @
'I'.. +
= -
'|'.. ..

Electric Field (E)

The equation to show the space charge polarizability constant is
OLc=0—0lp—0lo

where ac is the space charge polarizability and a, o, and ao refer to the total, electronic, and
orientational polarizations respectively. It is important to note that because the charges are free
charges, defects such as grain boundaries or other interfaces can serve as a medium for
interfacial polarizability to form.

From the equation of space charge polarization, it is then determined that the total
amount of dielectric polarization in a material is the sum of the electronic, orientations, and

interracial polarizabilities, or a=oc+otao.
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Clausius-Mossotti Relation

A dielectric medium is made up of identical molecules that develop a dipole moment

p=agE

when placed in an electric field E . The constant a is called the molecular polarizability. If N is
the number density of such molecules then the polarization of the medium is

P=Np=NagkE,

N-\ pm @
= €

P
M
or e 3)

where pm is the mass density, Na is Avogadro's number, and M is the molecular weight. But,
how does the electric field experienced by an individual molecule relate to the average electric
field in the medium? This is not a trivial question because we expect the electric field to vary
strongly within the dielectric. Suppose that the dielectric is polarized by a mean electric
field Eo that is uniform, and directed along the z -axis. Consider one of the dielectric's constituent
molecules. Let us draw a sphere of radius a around this particular molecule. The surface of the
sphere is intended to represent the boundary between the microscopic and the macroscopic
ranges of phenomena affecting the molecule. We shall treat the dielectric outside the sphere as a

continuous medium, and the dielectric inside the sphere as a collection of polarized molecules.

o(6) = —P cos#
------- (4)

on the inside of the sphere's surface, where r , 0 ,¢ are conventional spherical coordinates,

P=Pe,=gle-1)Eye,
and is the uniform polarization of the uniform dielectric outside the

E,
sphere. The magnitude of  at the molecule due to this surface charge is
E,=- 1 f op(6) cosélds.
S

~
dr g a?
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dS =2na* sinfdb

where is an element of the surface. It follows that
] P s . P
E;=— cos” 8 sinfdf = —.
2e€0 Jyo 3
-------- (6)

It is easily demonstrated, from symmetry, that E¢ = E, = 0 at the molecule. Thus, the field

at the molecule due to the bound charges distributed on the inside of the sphere's surface is

The field due to the individual molecules within the sphere is obtained by summing over

the dipole fields of these molecules. The electric field a distance r from a dipole P is

It is assumed that the dipole moments of the molecules within the sphere are all the same,
and also that the molecules are evenly distributed throughout the sphere. This being the case, the

value of E; at the molecule due to all of the other molecules within in the sphere,

Ei__3(pxxz+-pyyz4-pzzz)]

z 3 5
4r e = Ls r
---------- 9)
2 1 2
is zero, because, for evenly distributed molecules, ™" o s mols____(9)
and mols mols mols (10)
Eﬂ = E¢ - 0
It is also easily demonstrated that . Hence, the electric field at the molecule due to

the other molecules within the sphere averages to zero. It is clear that the net electric field

experienced by an individual moleculeis - (11)

(596)
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which is larger than the average electric field, Eo , in the dielectric. The above analysis indicates
that this effect is ascribable to the long range (rather than the short range) interactions of the
molecule with the other molecules in the medium. Making use of Equation as well as the

e-1 N,yp,a

P=g(c-1E, e+2 3M
definition ,weobtain - (12)

which is known as the Clausius-Mossotti relation. This expression is found to work very well for
a wide class of dielectric liquids and gases. The Clausius-Mossotti relation also yields

de _{e— 1)(e+2)

de B 3pm '

DIELECTRIC CONSTANT

Dielectric constant is a property of an electrical insulating material equal to the ratio of
the capacitance of a capacitor filled with the given material to the capacitance of an identical
capacitor in a vacuum without the dielectric material. The insertion of a dielectric between the
plates of, say, a parallel-plate capacitor always increases its capacitance, or ability to store
opposite charges on each plate, compared with this ability when the plates are separated by a
vacuum. If C is the value of the capacitance of a capacitor filled with a given dielectric and Cp is
the capacitance of an identical capacitor in a vacuum, the dielectric constant, symbolized by the
Greek letter kappa, x, is simply expressed as k = C/Co. The dielectric constant is a number
without dimensions. It denotes a large-scale property of dielectrics without specifying the
electrical behavior on the atomic scale.

The dielectric constant is sometimes called relative permittivity or specific inductive
capacity. In the centimeter—gram—second system the dielectric constant is identical to

the permittivity.
LANGEVIN EQUATION

Langevin modified the Clausius —Mossotti relation for polar molecules. The atom has a
permanent dipole moment p0 and the only force acting on it due to the field is Em. The couple

acting on the dipole whose axis subtends an angle 6 with the field.
C=q 21 sin BEm = po Emsin 6
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So the work done on the dipole in a small rotation do, dW = Cd8= po Emsin 0 d

W= - po Emcos 0 ------- (D)
This work is store by the dipole as the potential energy.

On the basis of the classical statistical mechanics, the number of molecules per unit

-W/KT

volume whose axes makes an angle 0 with the field is proportional to e , where k is the

Boltzmann constant and T is the temperature in degree Kelvin. Hence the number of dipoles per

unit volume whose axes makes an angle 6 and d within the solid angle will be

dn=Ae™V*T dw
n=2nA[, e/ sin 6 df - )

dn particles contribute a component of electric moment po cos 8 parrallel to the field
while by symmetry the component perpendicular to the field neutralize one another. Hence the

polarization of the atoms
P=27A [ (p0cos®) e”W/<Tsing df - (3)
From equation (2) and (3)

o = po f:(cos 0) e~ W/kTsing do )
p f:e‘w/kT sin6ad

if we take, poEm/kT =u and u cos 6 =t
or P=Ps [ cothu— 1/u] = PsL(u) --------- (A)
where Ps = nPy is the saturation value of polarization. Eqn., (A) is known as Langevin equation.

ELECTROSTATIC ENERGY:
The work done in assembling the charge from infinity to establish the distribution is
called the electrostatic energy of the field. Assume that the density of the initial charge

distribution is 0 and the charge is brought uniformly from infinity so that at any time

[ the charge density is < P where «
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is a parameter lying in the range from 0 to 1. When the density from the &

P the potential
V’=xV (asv &p) (1)
If we increases the charge density at every point in the distribution from o« P to (< +d )P the
charge in volume element dt increases by
Dg=dx pdt (2)

And the energy supplied to the system in adding charge dq to the particular volume element is

du=v’dq ....(3)
Sub. The values of v'and dq from eqn (1) and (2) respect in (3) if repeat the contribution for all
the elements in vo/t

du=(xv)(dx pdt) ... 4)

If repeat the orientation for all the elements in vo/T

du=[ o wvpd xdr

To increases the charge density to 1 from 0 everywhere

U=f01 odo [ pvde

U=12 pvdt (A)
Or, U=1/2f VDiv Ddt
As div (SA) =S div A +A. grad S
Div (VD)=V divD +D grad V
Therefore u=1/2¢ V.D ds+1/2 E. Ddt

As 1 can be any volume which includes all the charge in the system. So if the volume t
extends to infinity i.e. all space, the surface will vanish and the surface contribution. This in turn

means

U=12, E.Ddr

ll space
1. The interpretation of eqn (B) is certainly possible throughout the field with an energy
density
Ug=du/dt =1/2 E.D

2. In case of free spaces as
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U= 1/2[[EOE.D]dt=1/2g0E*dt

And electrostatic energy will be,
Ug=1/2¢E?
3. If the distribution is discrete

fall space Edr= ;l=1 Ej"2 Z;l=1 Ej Z?:l Ej

For the first term the position of other charges is immaterial for any point i.e. this term
represents the work done in the creation of charges and is called self-energy uo
U=uo+Eo/2(X -1 X1 E1.Ey) with uo-Eo/2(X 71 E12)
Second terms represents the work done by the charge in bringing then from infinity to the

space to constitute the given distribution of charges
CURRENT DENSITY

In the field of electromagnetism, Current Density is the measurement of electric current
(charge flow in amperes) per unit area of cross-section (m?). This is a vector quantity, with both
a magnitude (scalar) and a direction.

J=TA
J = current density in amperes/m?
I = current through a conductor, in amperes
A = cross-sectional area of the conductor, m?
AMPERE'S LAW OF FORCE
In magnetostatics, the force of attraction or repulsion between two current-carrying wires

(see first figure below) is often called Ampere's force law. The physical origin of this force is
that each wire generates a magnetic field, as defined by the Biot-Savart law, and the other wire
experiences a magnetic force as a consequence, as defined by the Lorentz force.
Equation

The best-known and simplest example of Ampeére's force law, which underlies the
definition of the ampere, the SI unit of current, states that the force per unit length between two

straight parallel conductors is

LI
F, = 2k, 2

5
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where ka is the magnetic force constant, r is the separation of the wires, and /i, I> are the direct

currents carried by the wires. This is a good approximation for finite lengths if the distance
between the wires is small compared to their lengths, but large compared to their diameters. The
value of ka depends upon the system of units chosen, and the value of ka decides how large the

unit of current will be.

In the SI system,
ko def HO

. 477. . . 22 A 107
with o the magnetic constant, defined in SI units as #0 = 2T X newtons / (ampere)?.

Thus, in vacuum,the force per meter of length between two parallel conductors — spaced
apart by I m and each carrying a current of 1 A is exactly 2 x 1077 N/m.
The general formulation of the magnetic force for arbitrary geometries is based on line

integrals and combines the Biot-Savart law and Lorentz force in one equation as shown below.

F” _ Ho Ildl_;l X (IQdZQ X f.21)
12 — 2
4 L, JL, |T|

where

F 121s the total force felt by wire 1 due to wire 2 (usually measured in newtons),

Iy and I are the currents running through wires 1 and 2, respectively (usually measured in
amperes),

The double line integration sums the force upon each element of wire 1 due to the magnetic field

of each element of wire 2,

d—ll)and Zil_;are infinitesimal vectors associated with wire 1 and wire 2 respectively (usually

measured in metre); see line integral for a detailed definition,
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The vector E21is the unit vector pointing from the differential element on wire 2 towards

the differential element on wire 1, and || is the distance separating these elements.

The multiplication X is a vector cross product,

» The sign of I, is relative to the orientation E; (for example, if d—ll)points in the direction of
conventional current, then /;>0).
To determine the force between wires in a material medium, the magnetic constant is
replaced by the actual permeability of the medium.
BIOT-SAVART LAW
The Biot-Savart Law relates magnetic fields to the currents which are their sources. In a
similar manner, Coulomb's law relates electric fields to the point charges which are their sources.
Finding the magnetic field resulting from a current distribution involves the vector product, and
is inherently a calculus problem when the distance from the current to the field point is

continuously changing.

N Izljxr
4B = Holdirir
4mtr?

dL —Infinitesimal length of conductor carrying electric current I

I_; —Unit vector tospecify the direction of the vector distance r from the current to the field point.
AMPERE'S CIRCUITAL LAW

Ampere's Circuital Law states the relationship between the current and the magnetic
field created by it. This law says, the integral of magnetic field density (B) along an imaginary
closed path is equal to the product of current enclosed by the path and permeability of the

medium.
B -dl =yl
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It alternatively says, the integral of magnetic field intensity (H) along an imaginary closed path is

equal to the current enclosed by the path.

(/E’-EI.:;L(,I
:/25};]
J Ho
~¢H -dl=1I
g=B
o

Let us consider an electrical conductor, carrying a current of I ampere. Let us take an
imaginary loop around the conductor. This loop is called as Amperian loop, also imagine the
radius of the loop is r and the flux density created at any point on the loop due to current through
the conductor is B. Consider an infinitesimal length dl of the Amperian loop at the same point.
At each point on the Amperian loop, the value of B is constant since the perpendicular distance
of that point from the axis of conductor is fixed, but the direction will be along the tangent on the

loop at that point. The close integral of the magnetic field density B along the amperian loop,

will be,
f/ B-dl [ dot product]
=B ¢dl=B-(2nr)
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Now, according to Ampere's Circuital Law

%B'(”:[t()'l
Therefore,

2nr B = Ho I

B B I
- o  2mr

I

= H=—

2mr

Instead of one current carrying conductor, there are N number of conductors carrying

same current I, enclosed by the path, then

NI

2nr

H

MAGNETIC SCALAR AND VECTOR POTENTIALS

Let us relate the magnetic field intensity to a scalar magnetic potential and write:

Therefore, ¥ <V Vm) = 3)

But using vector identity, V X (VV) = 0 we find that H=-VVnis valid only where J=0

. Thus the scalar magnetic potential is defined only in the region where J =0 Moreover, ¥V, in

general is not a single valued function of position.
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Let us consider the cross section of a coaxial line. In the region a<p<b, f =

F-1 4

@
0 and ane

If V., s the magnetic potential then,

If weset V,, =0 at g=0 then ¢c=0 and " 2

At g=q@ V.= —i%
27

The lap around the current carrying conductor is complete, reach % again but V), becomes

L
V= =4y +2m)
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The value of V., keeps changing as additional laps to the same point. V,, analogous to

. . . . %= E-di=0
electostatic potential V. But for static electric fields, VXE=0 and Ep , whereas for

= 3 Hedi=1 +
steady magnetic field VXH =0 wherever ¥ =0 but (P evenif v =0 along the path

of integration.

Thee vector magnetic potential which can be used in regions where current density may
be zero or nonzero and the same can be easily extended to time varying cases. The use of vector
magnetic potential provides elegant ways of solving EM field problems.

= —= V[Vx4)=0
Since V- = 0and we have the vector identity that for any vector 4, ( ) , We

can write 8 =V X4

Here, the vector field 4 is called the vector magnetic potential. Its SI unit is Wb/m. Thus
if can find 4 of a given current distribution, & can be found from 4 through a curl operation.

.

The vector function 4 and related its curl to & . A vector function is defined fully in terms of

its curl as well as divergence. The choice of ¥-4is made as follows.

VXVXA= FxH =] @

~ ~ a2
By using vector identity, Kl A ()

if we choose ¥V-4=0

— 27 - >
substituting V.A=0 we get Vid=-uJ which is vector poisson equation.

In Cartesian coordinates, the above equation can be written in terms of the components as
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24 = -

VA= ly e (7a)
24 - _

Y Sy e (7b)
24 =—

Vo = s e (7¢)

The form of all the above equation is same as that of

vy =-£

™
~
~
o]
~

for which the solution is

V=%J%dv', R=|-r]
TE ¢,
.................. 9)
VA= é;‘ﬁ
In case of time varying fields we shall see that d¢ | which is known as Lorentz

condition, V' being the electric potential. Here we are dealing with static magnetic field,

so VA=0

By comparison, we can write the solution for Ay as

Computing similar solutions for other two components of the vector potential, the vector

potential can be written as

ALz
etk (11)
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This equation enables to find the vector potential at a given point because of a volume

current density J . Similarly for line or surface current density we can write

A=Al
AT R e (12)
A
e respectively. ....oooocveveiveeniiieennnn. (13)
The magnetic flux % through a given area S is given by
W= !Ed;
............................................. (14)
Substituting & =V x4
W= E[iné.d's' - cfﬁ.d}'
......................................... (15)

Vector potential thus have the physical significance that its integral around any closed path is

equal to the magnetic flux passing through that path.

MAGNETIC VECTOR POTENTIAL

Electric fields generated by stationary charges obey VxE=0.__. (1)

This immediately allows us to write E=-Vo, (2)

since the curl of a gradient is automatically zero. In fact, whenever we come across an
irrotational vector field in physics we can always write it as the gradient of some scalar field.
This is clearly a useful thing to do, since it enables us to replace a vector field by a much simpler

scalar field. The quantity ¢ in the above equation is known as the electric scalar potential.

Magnetic fields generated by steady currents (and unsteady currents, for that matter)

satisfy V-B = 0. . 3)
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B:VXA, _______ (4)

This immediately allows us to write

since the divergence of a curl is automatically zero. In fact, whenever we come across a
solenoidal vector field in physics we can always write it as the curl of some other vector field.
This is not an obviously useful thing to do, however, since it only allows us to replace one vector
field by another. Nevertheless, Eq. (4) is one of the most useful equations we shall come across

in this lecture course. The quantity A is known as the magnetic vector potential.

The curl of the vector potential gives us the magnetic field via Eq. (4). However, the

divergence of A has no physical significance. the magnetic field is invariant under the

transformation

A—A-Vi s

In other words, the vector potential is undetermined to the gradient of a scalar field. This

is just another way of saying that we are free to choose V - A.. The electric scalar potential is

undetermined to an arbitrary additive constant, since the transformation p—=¢+c____ (6)

leaves the electric field invariant. The transformations are examples call gauge transformations.

The choice of a particular function  or a particular constant ¢ is referred to as a

choice of the gauge. We are free to fix the gauge to be whatever we like. The most sensible

choice is the one which makes our equations as simple as possible. The usual gauge for the scalar

¢ ¢$—0

potential  is such that at infinity. The usual gauge for A is such that V-A=0.-
---- (7). This particular choice is known as the Coulomb gauge.

¢

It is obvious to add a constant to ~ so as to make it zero at infinity. Suppose that we

have found some vector field A whose curl gives the magnetic field but whose divergence in

V-A=nur). 4

non-zero. Let ¥ &7 T\ et (8). The question is, can we find a scalar field ~ such that
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after we perform the gauge transformation we are left with V - A = 0. Taking the divergence

2;.
of Eq. to find a function  which satisfies

V) = v.

But this is just Poisson's equation, we can always find a unique solution of this equation.

This proves that, in practice, the divergence of A equal to zero.

Let us again consider an infinite straight wire directed along the z-axis and carrying a

current [ . The magnetic field generated by such a wire is written

B:—I<_y io)

o \r2'r

To find a vector potential A whose curl is equal to the above magnetic field, and whose

divergence is zero. It is not difficult to see that

fits the bill. Note that the vector potential is parallel to the direction of the current. This would
seem to suggest that there is a more direct relationship between the vector potential and the
current than there is between the magnetic field and the current. The potential is not very well-

behaved on the z-axis, but this is just because we are dealing with an infinitely thin current.

Let us take the curl of Eq. (11).

VxB=VxVxA=V(V-A)-V?A=-V?A, (12)

where use has been made of the Coulomb gauge condition. We can combine the above relation

VZA — —[.ng

with the field equation to give
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2, :
Vv AI‘ —Ho Jz
By writing this in component form, we obtain = - (14)

V“A’:/ —Ho jya

vk‘A‘ —Ho .jz-

This is just Poisson's equation three times over. The unique solutions to the above

equations:

‘41(1_) _ ﬂ jzs(r,) dsr',

Cdx ) -1

....... (17)

() = B0 [ B oy

o dw J |r—r| ’
-------- (18)

A=t [ 34 gy

) A7 J |r—r/| '
-------- (19)

These solutions can be recombined to form a single vector solution

Ag) =t j("Ll &,

|r—

_ 1 p(r') 3 1
qb(r)_47.'60,/‘|r—r’|dr'

Equations (20) and (21) are the unique solutions (given the arbitrary choice of gauge) to

the field equations. They specify the magnetic vector and electric scalar potentials generated by a
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set of stationary charges, of charge density p(r), and a set of steady currents, of current

density j(r). Incidentally, Eq. (20) satisfies the gauge condition V - A = D by repeating the

C — poj
analysis of (with W—J and ), and using the fact that V.j = 0 for steady currents.

MAGNETISATION AND MAGNETIC INTENSITY

The Magnetic behavior of a magnet is characterized by the alignment of the atoms
inside a substance. When a ferromagnetic substance is brought under the application of a strong
external magnetic field, then they experience a torque wherein the substance aligns themselves
in the direction of the magnetic field applied and hence gets strongly magnetized in the

direction of the magnetic field.

MAGNETIC INTENSITY OR INTENSITY OF MAGNETIC FIELD

The magnetic intensity at a point is defined as the force that unit north - Pole

experiences when it is placed in that field.

The intensity of magnetic field at P due to single pole is given by:

N r
‘-
§F—— " ————
P B
Lip m
B=--=—1:
4T mr-
e T
=10 % —
mr-

INTENSITY OF MAGNETIZATION

The Magnetic moment of a magnet undergoes a change when it is placed in a magnetic
field. This change that is, the magnetic moment change per unit volume is known as in Intensity

of Magnetization.
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Formula of Intensity of Magnetization

Magnetic Moment

Volume
M
=
mX?2
= [since M = mX2| and V = AX2]
AX?2
= m/A

Where, m — Pole strength

A - Area of cross section

Intensity of Magnetisation Unit

The S.I unit of intensity of magnetisation is Ampere/metre or A/m

Magnetic susceptibility and permeability

In a large class of materials, there exists an approximately linear relationship
between M and H. If the material is isotropic then

X1n X'm
where is called the magnetic susceptibility. 1f is positive then the material is

called paramagnetic, and the magnetic field is strengthened by the presence of the material. On

Xm
the other hand, if is negative then the material is diamagnetic, and the magnetic field is

weakened in the presence of the material. The magnetic susceptibilities of paramagnetic and

diamagnetic materials are generally extremely small.

A linear relationship between M and H also implies a linear relationship

between B and H. In fact, we can write B=pH ------- (1)
where p = po(1+ym) -------- (2)
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is termed the magnetic permeability of the material in question. (Likewise, pois termed
the permeability of free space.) Note that p has the same units as po. The permeabilities of

common diamagnetic and paramagnetic materials do not differ substantially from the

permeability of free space.
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Possible Questions

2 Marks

1. State Gauss law.

2. What is called electric displacement?
3. What is called current density?
4. State Magnetic vector potential
5. State Magnetic scalar potential
6. What is called dielectric?
7. State Ampere circuital law.

8. State Biot-Savart law.

9. Define Magnetization.

10. Define magnetic intensity.

11. Define Susceptibility.

12. Define permeability and relativity.

6 marks

1. Derive Clausius — Mossotti equation.

2. State Magnetic vector potential. Explain it briefly.

3. Obtain Langevin equation for polar molecules.

4. State Magnetic scalar potential. Explain it briefly.

5. What is called dielectric? Explain dielectric and its polarization.
6. State and derive Ampere circuital law.

7. Explain electrostatic energy and Ampere law of force.

8. State and derive Biot-Savart law.

9. Obtain Lorentz-Lorentz equation for non polar molecules.
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MULTIPLE CHOICE QUESTIONS
Questions
UNIT-I

The total electric flux linked with a closed surface is times the charge enclosed by it.
The differential form of Gauss’s law is

The insulators whose behaviour gets modified in an electric field are called
dielectric is called

dielectric is called

The induced dipole moment per unit volume is called

Dielectric polarization is proportional to

The unit of polarization is

Charge appear on the dielectric surface is
The charge appear throughout the volume of a dielectric is

The total bound charge on a dielectric is
E =

The molecular field is always than applied electric field E.
E,=

Gauss’s law for dielectric is

In free space i.e., vacuum, P =

The unit for electric displacement D is
In case of transparent dielectric, the refractive index n =

Dielectric materials are called

For isotrophic dielectrics, the dielectric constant has

In case of polar molecules, dielectric constant with increase in frequency of applied field.
Dipole moment acquired by a molecule per unit polarizing field is called

Clausius-Mossotti relation is

In case of gases, Clausius-Mossotti relation is

Langevin equation is applicable to .
polarisability of polar molecules is proportional to absolute temperature.

Debye relation is used to study the structure of




In H,O0, the center of +ive and —ive charge coincide.

energy.
as the produce of magnitudes of current.
According to Ampere’s law of force, the force between current carrying conductors depends on

According to Ampere’s law of force, the force is if the current flows in the same
direction.
The vector B is called vector.

The unit of B is

The Biot-Savart law for B otherwise called as .
times the total current crossing any surface bounded by the line integral path.

Differential form of Ampere’s circuital law is

Ampere’s circuital law signifies that magnetic field is

B can be expressed in terms of magnetic scalar potential as

Magnetic scalar potential satisfies equation.
Ve, =
Magnetic vector potential satisfies equation.

the area enclosed by the closed path.
The divergence of magnetic vector potential A is

B:
VX B=

VA =

The magn_etic ﬁelq 1s

of the two current elements.
According to Ampere’s law of force, the force between current carrying conductors varies

The divergence of electric displacement D is equal to .
Dielectric constant of any medium is always than permittivity.

Clausius-Mossotti relation is applicable to

Clausius-Mossotti relation is applicable to
Clausius-Mossotti relation relates microscopic property polarlsablhty to the macroscopic property

CCly is
CO, is

Coimbatore.
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€0

div E = p/g,
semiconductor
anisotrophic
anisotrophic
moment

orientation polarization
applied electric field
coul/m

bound charge density
bound charge density

1

—grad V
electric field
lesser

—E + P/3 €
divD=p

1

2
coul”/m

Ve,
ferromagnetic
no value

increases
displacement current

(g, — 1/ &, +2) = (na/3g)
—(g,— 1/ 3) = (no/3¢g)

non-polar molecules
inversely

atoms

opt2

Ho
-div E = p/g,
superconductor
isotrophic
isotrophic

electric polarization
pp}arization
field

coul/m”

density
density

-1

DivV
magnetic field
greater

-E - P/3¢,
divD=-p

-1

coul/m’

Sr
paramagnetic
constant value

decreases
current density

(no/3g)
(na/3g)

polar molecules
directly

molecules

opt3

1/ €y

divE=0

p-type semiconductor
heterogeneous
heterogeneous

opt4

/g

divE=p
dielectrics
homogeneous
homogeneous

electronic polarization moment

polarization
electromagnetic field
coul/m’

free charge density
free charge density

0

Curl V
molecular field
equal

E - P/3¢g,
divD=0

2

coul/m’

-81'

ferroelectric

infinite value

is proportional
polarizability
(no/3g;)

—(g, — 1/4) = (no/3g,)

complex molecules
not

bond

above

electrostatic
2,2

coul”/m

density
density

Same

Grad V
field

nor greater
E + P/3¢g,
divD=B
0

2,2
coul”/m

2
Sr

diamagnetic
no dimensions

is same
charge density

(no/3gg)
(na/3¢gg)

molecules
infinitely

ionic bond



is supposed to

electrostatic
inversely
colour
repulsive
attractive

magnetic flux
Tesla

laplace formula
€0

VX B=¢)J

finite
B = grad ¢,

poisson
0

laplace

electrostatic flux
-1

curl A

-HoJ

HoJ

rotational

length
infinitely

surface charge density
greater

polar liquids

polar liquids
dielectric constant

complex molecule

non-polar

changed and again

electromagnetic
independently
nature

infinite

infinite
magnetic intensity
Web
poisson formula
Ho
VX B=-mgyJ
infinite
B = -grad ¢,
Debye
1

poisson
magnetostatic
0

—curl A

€od

-HoJ

non-solenoidal

diameter
finitely

free charge density
lesser

solids

non-polar liquids
electric displacement

simple molecule

complex

always

electric
directly

property
attractive

finite
magnetic induction
Web/m
Debye formula
/¢,

VX B=mgyJ

irrotational
B = curl ¢,,

Laplace

-1

debye
electric flux
1

Div A

HoJ

€oJ
solenoidal

cross-section
directly

volume charge density
lesser

gases

solids
permittivity
polar

simple

do not

magnetic
infinitely
length
finite

repulsive
magnetic force
Web’/m
fom;ula

1/po
VXB=0

rotational
B =div ¢y,

Langevin
2

Langevin

magnetic flux
2

—div A
-80]
-&oJ

irrotational

area
inversely

density
nor greater

rigid solids

rigid solids
permeability

non-polar

polar
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div E = p/g,
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isotrophic

anisotrophic

moment
polarization
field
coul/m’

density
density

0

—grad V
molecular field
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E + P/3¢,
divD=p

0

coul/m’
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ferroelectric
no dimensions
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polarizability
= (nov/3¢g)
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magnetic flux
0

curl A
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FIELD EQUATIONS AND CONSERVATION LAWS

SYLLABUS
Field Equations and Conservation Laws: Equation of continuity - Displacement currents - The
Maxwell’s equations derivations - physical significance - Poynting vector - Electro magnetic
potentials A and ¢ - Maxwell’s equations in terms of Electro magnetic potentials - Concept of

gauge -Lorentz gauge - Coulomb gauge
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EQUATION OF CONTINUITY
Under steady state condition the charge density in any given region will remain constant.
It is experimentally verified that the net amount of electric charge in a closed system remains
constant. Therefore if the net charge within a certain region decreases with time, this implies that
a like charge amount must appear in some other region.
I=-(dg/dt)  ---------- (1)

-ive sign indicates that the charge contained in a specified volume decreases with time.

However the definition of current density = ¢ Jds — — — — — — (2)
So from eqn., (1) and (2) $ JdS = —%
f]dSz—iJ-pdT ——————— (3)
dt
If the surface S fixed in space, the time variation of the volume integral must be solely due

to the time variation of p. Then ¢ JdS = [ % dr— —— — — (4)

But from Gauss Theorem, ¢ JdS = — [(div ])dt --—----- ®)

By comparing (4)and (5) we obtain [ (div] + Z—i) dt=0 ——————— (6)

The integrand must vanish and the equation is div J +(Z—¢) =0-—————-- (4)

Eqn., (A) is called equation of continuity.

DISPLACEMENT CURRENT
Ampere’s circuital law in its most general form is given by
$Hdl= [].ds J — Current density
fcurl H.ds = J-].ds
S
S
CulH=J] - (1)

Let us now examine the validity of this equation in the event that the fields are allowed to
vary with time. If we take the divergence of both sides of equation (1) then,
div (curl)=div] = e (2)
Now as div of curl of any vector is zero, we get from equation (2),
div]=0 - 3)

Now the continuity equation in general state
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vy=.2°
div]=-—% oo 4)

and will therefore vanish only in the special case that the charge density is static. We must
conclude that Ampere’s law as stated in equation (1) is valid only for steady state conditions and
is insufficient for the case of time-dependent fields. Because of this Maxwell assumed that
equation (1) is not complete but should have something be denoted be Jq , then equation (1) can
be written as
curl H=J+Jqa - (%)
In order to identify J4 , we calculate the divergence of equation (2) again and get
divcurl H=div (J+Jq) [ divcurlH=0]
div(J+J4)=0
div]J +div]a=0
divlg=-div]

div]e = a;: { from a equation (4) }

QD

divle=2div D
divle- =div D =0 {divD=p}
div(Ja-22)=0 oo (6)
As equation (6) is true for any arbitrary volume J 4= —
And so the modified form of Ampere’s circuital law becomes,
CurlH=J+2
at
0D /ot called the displacement current to distinguish it from J, the conduction current. By
adding this term to Ampere’s law, Maxwell assumed that the time rate of change of displacement
produce a magnetic field just as a conduction current.
MAXWELL EQUATIONS
The four fundamental equation of electromagnetism and corresponds to a generalization
of certain experimental observations-regarding electricity and magnetism. The following four
laws of electricity and magnetism constitutes the so called differential form of Maxwell’s

equation.

1. Guass law for the electric field of charge yields
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divD=V.D=p  —ommev (A)
D — electric displacement in coulombs / m 2
p— free charge density in coulombs / m *
2. Guass law for magnetic field yields
divB=VB=0 W - (B)

B — magnetic induction in web / m *
3. Ampere’s Law in circuital form for the magnetic field accompanying a current when modified
by Maxwell yields
CurlH=VxH=J+7D/ot --—-----—-m- ©)
H — magnetic field intensity in amperes / m
I — current density amperes / m 2
4. Faradays law in circuital form for the induced electromotive force produced by the rate of
change of magnetic flux linked with the path yields.
CurlE =VXE=-0B/o0t = - (D)
E — electric field intensity in Volts / m
DERIVATIONS
1.divD=V.D=p

Let us consider a surface S bounding a volume twith in a dielectric. The volume tcontains no
net charge but we allow the dielectric to be polarised say by placing it is an electric field. Some
charge on the dielectric body are placed. Thus we have two types charges

a) real charge of density p

b) bound charge density p’ , Guass law then can be written as,

gﬁsE.dSZif(p+ p) dt

sof Eds=[ pd + T [ p'dr----meeme (1)
But as the bound charge density p’ is defined as
p =—divP

$E .ds=[divE dt
Equation (1) can be written as ,

eof divEdt= [ pt-[divPdr
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J div(e0E+P)dr= [ pdr [eE + P = D]

](divD— p)dt=0
T

This equation is true for all volumes, the integration must vanish.
divD=V.D=p
2.divB=V.B=0
Experiments to data have shown that magnetic poles do not exist. This in turn implies
that the magnetic lines of force are either closed group or go off to infinity. Hence the no of
magnetic lines of force entering any arbitrary closed surface is exactly the same as leaving it.

The flux of magnetic induction B across any closed surface is always zero.

fB.dszO
S

Transforming this surface integral to volume integral by Guass theorem, we get,

]diderz 0

T

But as the surface bounding the volume is quite arbitrary the above equation will be true
only when the integrated vanishes.
divB=V.B=0
3.CurlH=VxH= J+JD/t
From Ampere’s circuital law the work done in carrying unit magnetic pole once round a

closed arbitrary path linked with the current I is expressed by,

ng.dlzl
c

9SCH.dI= [J.ds [ I=[1.ds]
Where S is the surface bounded by the closed path C.

Now changing the line integral into surface integral by Stokes theorem, we get

]curl H.ds = f].ds
S
S

Cul H=J  cooooeeeee )

But Maxwell found it to be incomplete for changing electric fields and assumed that a quantity,
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Ja= 0D/ ot is called displacement current must also be included in it so that it may
satisfy the continuity equation, J must be replaced by J + J 4, so the law becomes,
CulH=J+1J4
CurlH= J+0oD/ ot
4.CurlE=VXE=-0B/ ot
According to Faradays law of electromagnetic induction, we know that the induced e.m.f is

proportional to the rate of change flux

Now if E be the electric intensity at a point the work done in moving a unit charge through a
small distance d I is E. d I. So the work done in moving the unit charge once round the circuit is

gﬁcE .dI. Now as e.m.f is defined as the amount of work done in moving a unit charge once round

the electric circuit.

€= §5€E B 4)
Comparing equation (3) and (4), we get,
$E.dl=d Op/dt = e (5)
Op = fsB .ds

So.$E.dl =-= [ B.ds

Now changing the line integral into surface integral by Stokes theorem, we get

d
fcurlE.dsz — —]B.ds
< dt

The surface S is fixed in space and only B changes with time, above equation yields,
f [+ 0B ds =0
S(cur T ).ds =

Integrated vanish is the integral is true for arbitrary,
CurlE= -0B/ ot

Special Cases :

1. In a conducting medium of relative permittivity €:and permeability u. as
D=¢E=¢€€0E
B= puH=ppoH -------—-- (A)
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And Maxwell equation reduced to
(1) VE=p/ee€o
(i) V.H=0
(if)) VXH=1+e€ 02
(iv) VX E=- o2

2. In a non-conducting media of relative permittivity €: and permeability u: as

p=0c=0
J=0E =0-—-—-—--—- (B)
And Maxwell equation reduced to
(1) VE=0
(i) V.H=0

_ o
(i1) VX H= ereoat

(iv) VXxE =- Mr#oz—f ---------- ©
3. In free space as
€ =ur=1
p=0c=0
And Maxwell equation reduced to
(i) VE=0
(i) V.H=0

_ _n9E
(111) VXH_ant

(iv) VXE=- poS

Discussion :

(1) The equation are based on experimental observations the equation (A) and (C) correspond to
electricity and (B) and (D) to magnetism.

(i1) These equations are general and apply to all electromagnetic phenomena in media, which are

at rest with to respect to the co-ordinate system.
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(i11) These equation are not independent of each other as form equation (D) we can derive (B)
and from (C), (A). The equation (B) and (D) are called first pair of Maxwell’s equation while (A)
and (C) are called the second pair.
(iv) The equation A represents coulombs law while C the law of conservation of charge (i.e.)
continuity equation.
PHYSICAL SIGNIFICANCE

By means of Gauss and Stokes theorem we can able to write the Maxwell field equations
in integral form.

(1) Integrating Maxwell equation div D=p over an arbitrary volume t, fTV. Ddr = fT pdr,

changing the vol integral of LHS into surface integral by Gauss divergence theorem , we
obtain ¢ D.ds = q-------- (A1)

So Maxwell’s first equation signifies that the total flux of electric displacement linked

with a closed surface is equal to the total charge enclosed by the closed surface.
(i1) Integrating Maxwell’s second equation div B = 0 over the arbitrary, fTV. Bdr = 0.

Converting the volume integral into surface integral with the help of Gauss theorem we

getp B.ds=0———— — — (B1),
Signifies the total flux of magnetic induction linked to a closed surface is zero.

(ii1))  Integrating III Maxwell equation, curl H=J+ (0D/ot) over a surface S bounded by the

_ 9D
loop C. wegetfcurl H.ds = f(]+ at).ds

Converting the surface integral into line integral with the help of Stokes theorem we get

aD
$H.dl=[(]+3).ds — (C1)
(iv)Integrating IV Maxwell equation

curl E.ds = —f(aB).ds

curl E = — (dB/ dt) over a surface S bounded by the loop C, [ at

Converting the surface integral into line integral with the help of Stokes theorem we get,

0
$E.dl= —= [ B.ds -—-(DI)
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POYNTING THEOREM (OR) ENERGY IN ELECTROMAGNETIC FIELDS :

“ The rate of decrease of energy in the electrodynamic fields in a specific region in equal
to the sum of rate of work done on charges and rate of escape of energy through the surface in
the form of electromagnetic radiation.”

According to Lorentz law, the force acting in a electromagnetic field is given by
F=[E+(V+B)] = e (1)
For an elementary volume dt’, the force experienced in an electromagnetic field is given by
F=$[E + (V + B)]pdt[q= ¢, pdr]
The work done in causing a displacement dl in the electromagnetic field is given by
W=$[E + (Vv + B)Jpdrdl - )
W=§[E + (Vv + B)]pdr.vdt
Rate of work done in an electromagnetic field is given by
=$[E+ (V+ B)]pdt.V oo 3)
Assuming the rate of work done in the electric field only, we get

=§ E.pdt.¥{VxB=0}

=¢ E.pvdrt
= d_W = T Ndr e
= T=§(E .J)dr (4)
We know that the modified Ampere’s law is applicable to electrodynamics.
VX B E =2
o 0% 1 s (5)

Putting the value of J from equation (5) in equation (4) , we get

$(E.J)dt= ¢E. m- 0—]dr

E VXEB = dE
= QIE.—;1dt-6 OF. Tdt  —omrmeees (6)
We know that V[EX—]—[— (VXE)-E. m]
Now  ¢E.J drzﬁz(vxﬁ)dt-ﬁlv [fXE]dr-ﬁISOE L
vt vV o ) 1o dt
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- —E VXE)dt- 6 V. EX— de-2 Eol
Vuo( ]

2

According to Maxwell’s third equation in the differential form,

dE 2

$E] . de="§ B (-3 B lde-§,v. (E.H)dr-26,%2dc

= dBZ dE 2

@VE dT—-m¢ -? d %V (E H)dT

__9 V[2+530E2]d‘[-§ﬁ\lv.(ﬁ.ﬁ)d‘t

210

d B2 1 v 7 -
Z-—V[2—M4‘E£0E2]dT-¢S(EXH).da ------------- ®)

0 B2 1 = > = r4 N
-agsv[E+EsoE2]dr=9SV(E.])dr+gSS(EXH).da ------------- 9)

EX H is called the pointing vector or power density. It is denoted by symbol S.
S=EXH
The unit of pointing vector is Watts/m?. The pointing theorem,

43 [ 0 %EOEZ Jdt = gﬁv(ﬁ J)dt+ ﬁS(EXﬁ) . da is integral form.

POYNTING VECTOR (OR) POWER DENSITY :
According to the law of conservation of energy is an electromagnetic fields,
S=EXH

E — the electric field H — magnetic field
The amount of the field energy passing through unit area of the surface in a direction
perpendicular to the plane containing E and H per unit time.
ELECTROMAGNETIC POTENTIALS A AND ¢

The analysis of an electromagnetic field is often facilitated by the use of auxiliary

functions know as electromagnetic potentials. At every point of space the field vectors satisfy the

equations,
divDp=p = ————————e (A)
divB=0 (B)
CurlH= J+JD/ ot ©
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Curl =-0B/ ot (D)
According to equation (B) , the field of vector B is always solenoidal, B can be
represented as the curl of another vector say A .
B=curlA e (1)
Where A is a vector which is function of space ( X, y, z ) and time (t) both. Now sub the value B

in equation (1) we get,

Curl E =- icurl A
at
Curl(E+%)=0 -------------- )
(i.e.) E+ Z—f is a irrotational and must be equal to the gradient of some scalar function.
A
E+—-=-grado

E=-grad(p-f;—';1 ---------------- 3)

Thus we have introduced a vector A and a scalar ¢ both being functions of position and time.
These are called electromagnetic potentials. The scalar ¢ is called the scalar potential and vector
A , vector potential.

Properties of scalar and vector potential :

(1) These are mathematical function, which are not physically measurable.
(i1) They are not independent of each other.
(ii1) They play an important role in relativistic electrodynamics.
MAXWELL EQUATION IN TERMS OF ELECTROMAGNETIC POTENTIALS
Consider Maxwell equation, p curl H=pJ + p (oD/ot) ------ (D)
Or curl B = pJ+ue (0E/0t)  -------- (2)
Substituting the equation for E and B in above equation, we obtain
Curl (curl A) = pJ +ue 0/0t (-grad ¢ -0A/0t)
i.e. V2A-ue 0°A/ot2 — grad (div A + pe 09/0t) = -pJ - 3)
similarly we get div D =p
edivE=p
div (-grad ¢ - OA/ot) = p/e
V2¢+0/0t (div A) = -p/e
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By adding and subtracting, we get V3¢ - ue 0*¢/0t> + 0/ot (div A + pe 0¢/ot) = - p/e ---- (4)

Eqn., (3) and (4) are field vectors in terms of electromagnetic potentials.

NON-UNIQUENESS OF ELECTROMAGNETIC POTENTIALS AND CONCEPT OF

GAUGE
In terms of electromagnetic potentials field vectors are given by,
B=curlA (1)
And E=-grad ¢ - % ------------------ (2)

From equations (1) and (2) it is clear that for a given A and ¢, each of the field vectors B
and E has only value i.e. A and ¢ determine B and E uniquely. However the converse is not true
i.e. field vectors do not determine the potentials A and ¢ completely. This in turn implies that for
a given A and ¢ there will be only one E and B while for a given E and B there can be infinite
number of A’ S and ¢’ S. This is because the curl of the gradient of any scalar vanishes
identically and hence we may add to A the gradient of a scalar A without affecting B. That is A
may be replaced by,

A’=A +grad A--—----mmmmo—- 3)

But if this is done equation (2) becomes,

E=-grad(p-%(A’—gradA)

D= - e 4)
The expressions for field vectors E and B remain unchanged under transformations
equations (3) and (4).
B=curl A=curl (A’ —grad A)=curl A’
And =-grad<p-2—f=-grad(<p’+%)-%(A’—grad/\)
E=grad ¢’ - Z—':/

We get the same field vectors whether we use the set (A, ¢) or (A’,¢’). So
electromagnetic potentials define the field vectors uniquely through they themselves are non-

unique.
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The transformations given by equations (3) and (4) are called gauge transformations
and the arbitrary scalar A gauge function. From the above it is also clear that even though we add
the gradient of a scalar function, the field vectors remain unchanged. Now it is the field
quantities and not the potentials that possess physical meaningfulness. We therefore Say that the
field vectors are invariant to gauge transformations i.e. they are gauge invariant.

LORENTZ GAUGE

The Maxwell’s field equations in terms of electromagnetic potentials are,

2 924 i + N
VA - pe — grad (div A + ue at) uj (1)
2 920, 0 4 @oN__p
Voo - ue aterat(dlvAJrue at) . (2)

A casual glance at equations (1) and (2) reveals that these equations will be much more

simplified (i.e. will become identical and uncoupled) if we choose
div A + pe %ZO ............... (3)

This requirement is called the Lorentz condition when the vector and scalar potential
satisfy it, the gauge is called is known as Lorentz gauge.

So with Lorentz condition field equation reduce to
020

VA -pe —==- ] e (4)
2 20 _ P
V([)-ME at2 £ (5)

But as s = 1/v 2

So equations (4) and (5) can be written as

|:|2 A=-puJ - (6)

E|2 =._ g ---------------- (7)
‘ 1 92
With %=V - V200

Equations (6) and (7) are inhomogeneous wave equations and are known as D’
Alembertian equations and can be solved in general by a method similar to that we use to solve
Poisson’s equation. The potentials obtained by solving these equations are called retarted
potentials.

In order to determine the requirement that Lorentz condition places on A, we substitute

A’ and @’ from equations (3) and (4).
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a4

. ! 0 s —
div (A — grad A) + ue ;( ¢+ )=0
o 0 _ oy . 02A
divA + ue y VA pe—=

So A’ and ¢’ will also satisfy equation (3) i.e. Lorentz condition provided that

VA - pe 22 =0
i.e. 1 AN | ———— (8)
Lorentz condition is invariant under those gauge transformations for which the gauge
functions are solutions of the homogeneous wave equations.

The advantages of this particular gauge are :

(1) It makes the equations for A and ¢ independent of each other.
(1) It leads to the wave equations which treat ¢ and A on equivalent footings.
(iii) It is a concept which is independent of the co-ordinate system chosen and so fits naturally

into the considerations of special theory of relativity.

COULOMB GAUGE
An inspection of field equations in terms of electromagnetic potentials,
VZA-ueZZTA—grad(divAJrue%):-u] --------------- (1)
020 0 . o0
Vz(p-ﬂg ﬁ‘f'a(leA‘f‘ﬂS E)=- g

. 2., 0 (4 __ 0

ie. Vg + - (div A) . ()
Shows that if we assume ,

divA=0 W ----mv 3)
equation (2) reduces to Poisson’s equation
V2@ (r.0)= - S () t) wemememenees )
Whose solution is ,
1 t ,
(P(r,t)=4—,rgf% dr’ - (5)

i.e. the scalar potential is just the instantaneous Coulombian potential due to charge p (x°, y’, Z°,

t). This is the origin of the name Coulomb gauge. Equation (1) in the light of (3) reduced to

20 1024 @
VA V2 otz W+ pev at (6)
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Now to express equation (6) in more convenient way we use Poisson’s equation (4)

which with the help of (5) can be written as

1
4 e

e L (o> S 7)

Now as Poisson’s equation holds good for scalar and vectors both, replacing p(r’ , t) by J’

we get,
1
4re

V{=fLa}=-L @ (8)

Now from the vector identity
VxVxG=V(V.G)—V*G
V2G=V(V.G) — VXVXG

Taking G = [ (é) dt’, we get
J ' | J' '
sz(ﬁ)dr =V(V.[gdt)— VxVx [ dt
Which in the light of equation (8) reduces to
- 4nP =V (V.[Ldt) - vavx [Lar
ie. J=-Lw(v.Laty+ Lvavx [Ldr e 9)
41 R 41 R
Now as V.f%d‘[’
= f[%V.]’ +]’.\7(%)] {asV(sv) =sV.v+v.Vs}
= f]’.V%dr’{ as J’ is not a function x, y and z }
o 1 1] 1\ (1
= [1.V2dr{asV (3) = -V (3)}
_ PV (1 , V(N v o (L
= J[VE— v (R) ] dviasv .k = () V) +).V (3)3
_ ) ' J' () r_ )/
=[V.gdt - gﬁs(i).ds{asfv (E)dT = ﬁs(i).ds}
As I’ is confined to the volt’, the surface contribution will vanish so
v.f(’;f) dv' = V'L dt e (10)
I g
andV x [ (%) dr
Zf[ng — J'XV (%)]dr'{ascurl SV=Scurl V-V XgradS}
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=- [J'XV (%) dt'{ as J’ is not a function of x, y, and z }

1) et ()= <7 G)

=f[V’XlL—’—V’X (%)]dr'{ asVx (J'/R) = (1/R) V'XJ' = J'X V' (1/R) }

= [VXL dv'+ $L Xds {as[VXVdr' = — § VXds}
As J’ is confined to vol’, surface contribution will vanish so
J! , I
v [(5)dr = [vXtdr e (11)

So equation (9) becomes

J=-—v(viiar+Ivx [vxLlar
4T R 4 R

TSR T AT A — (12)

3 ’ 1 I], 12 D) 1 ! ], !
With J1=-EVIV.Edrand Pr= VX fvxE e & A (13)

an
Now as
Vx Pi= Vx[- =V v.Ldr)
VixI =0 {ascurl grad =0} W ----o-ommmmm- (14)
And V.J'=V.[VX [vxLdr]
V.]'t =0 {asdiveurl V=0} = —memmmeee (15)
The first term on R.H.S of equation (12) is irrotational and second is solenoid. The first

term is called longitudinal current and the other transverse current.

So in the light of equation (12),(6) can be written as

24 1024 _ 29
VA w(Jit o)+ uev o
1 92A o .1 0 , .. .
VA Viom M Jr-pli+ uava [4—1ts ) % dt' | { Substituting ¢ from equation (5) }
1 02A 1 -V, .. . (GE7)
VA Viom - M Jr-pli+ “EV f—Tdt { as from continuity equation 8% =-
-V.]}
) 1 924 :
OrVA-EE—-uJT-uJHrqu { from equation (13) }
ap LO2A
VA e Wl
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I A=-pJr - (16)
The equation for A can be expressed entirely in terms of the transverse current. So this
gauge sometimes is also called as transverse gauge.
The Coulomb gauge has a entire advantage. In it the scalar potential is exactly the

electrostatic potential and electric field,
_ 24
E=-grad ¢ - PR
Is separable into an electrostatic field V = ¢ and a wave field given by — (CA/0t).

This gauge is often used when no sources are present. Then according to equation 5, ¢ =0

and A satisfies the homogeneous wave equation 16. The fields are given by,

.9 JndB=VXA
ot
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Possible Questions

2 marks
1. What do mean by gauge?
2. What is called Lorentz gauge?
3. What is the concept of gauge?
4. State Poynting theorem.
5. What is called displacement current?
6. Write down four Maxwell’s equations.
7. What are the significance of Maxwell’s equations?

6 marks

Obtain Maxwell equations.

2. State and explain Coulomb Gauge.

3. Derive Poynting vector.

4. Explain the non uniqueness of electromagnetic potential and Lorentz Gauge.

5. Obtain an equation for electromagnetic potential (A and ¢) and Maxwell equation in
terms of electromagnetic potential.

6. Discuss about displacement current.

7. What is the concept of gauge? Explain Lorentz gauge.
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MULTIPLE CHOICE QUESTIONS

Questions

UNIT-1I

The net amount of electric charge in a closed system is

The continuity equation is

The equation I = - (dg/dt) implies that charge contained in a specified volume with time.
The div of curl of any vector is

The magnitude of displacement current is equal to the time rate of change of

The displacement current in a good conductor is

Displacement current have a value in perfect vacuum.
J d=
Displacement current density J4 makes conduction current across a discontinuity.

The unit for free charge density is
The gauss’s law for magnetic field is

The unit for current density is

The unit for magnetic induction B is
enclosed by the closed surface.

Gauss’s law for electric field of charges is

Gauss’s law for magnetic field is

Unit of electric field intensity is

The flux of magnetic induction B across any closed surface is always

Electric and magnetic phenomena are

Electric and magnetic phenomena are asymmetry arises due to the non-existense of

TVITZY VYV UIT O TITOC CYUTTTUTIT OISIITITITD. UIOT UTT TUTAT ITUZY UT CITUTITU UTID PTOUCTITUITT TN VY ITIT O CTUDCY DU Tavvw

is the total charge enclosed by the closed surface.
mmmmmmm
surface is

T =4 T T

conducting current plus displacement current linked with the path.
Maxwell’s fourth equation signifies that is equal to the negative rate of change of magnetic

perpendicular to the plane containing E and H per unit time.




from the point source of radiation.

The definition of a poynting vector is not a

If the poynting vector is then no electromagnetic energy flows across a closed surface.

In case of time varying fields S= E X H gives the value of the poynting vector.
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which would be exerted by the Maxwell stresses on the region considered.

The striking phenomena resulting directly from the effects of radiation pressure is found in

The field vector B is always

The field vectors E and B are

Electromagnetic potentials are

plays an important role in relativistic electrodynamics.

Electromagnetic potentials define the field vectors

Field vectors are to gauge transformation.

Lorentz condition is div A + me of/ot =

Gauge functions are solutions of the wave equation.

Lorentz gauge is of the co-ordinate system.

gauge is often used when no sources are present.

The dipole moment of an electric dipole is p=

Accelerated charges radiates

dipole.

The magnetic induction which varies as 1/ is

The magnetic induction which varies as 1/r is

frequency.

current I,.

The radiation resistance of half wave antenna is ohms.

If charge is placed at infinity, it's potential is

If we move a positive charge to a positive plate, then potential energy of charge is

In an electric field energy per unit positive charge is

A charge in electric field always

If a charge is moved from lower power potential to higher potential, then energy should be

at a point may be defined as equal to lines of force passing normally through a unij

The electrostatic force between two charges of one coulomb each and placed at a distance of 0.5 m will be
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Propagation of Electromagnetic Waves: Electromagnetic waves in Free space - Isotropic
dielectric - Anisotropic dielectric — Conducting media - Ionized gases.
Radiating systems: Oscillating electric dipole — Radiation from an oscillating dipole — Radiation

from small current element.
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ELECTROMAGNETIC WAVES IN FREE SPACE
Maxwell's equations possess propagating wave-like solutions. Let us start from

Maxwell's equations in free space (i.e., with no charges and no currents):

(Y O J— (1)
VB=0 e )

VXE= -0B/6t ~----nmmnmmv 3)
VXB = gopto OE/Ot --mmmnmmnme (4)

These equations exhibit a nice symmetry between the electric and magnetic fields. There
is an easy way to show that the above equations possess wave-like solutions, and a hard way.
The easy way is to assume that the solutions are going to be wave-like beforehand.

let us search for plane-wave solutions of the form:

E(r,t) = Eo cos (k.r-ot) ----------- (5)

B(r,t) = Bo cos (k.r-ot+d) ----------- (6)

Here, Eo and By are constant vectors, K is called the wave-vector, and w is the angular
frequency. The frequency in hertz, f, is related to the angular frequency via w=2nf. The
frequency is conventionally defined to be positive. The quantity ¢ is a phase difference between
the electric and magnetic fields. Actually, it is more convenient to write

E=Fg ek ot . 7)

SR S T — (8)
where, by convention, the physical solution is the real part of the above equations. The phase

difference ¢ is absorbed into the constant vector B by allowing it to become complex.

BU — BU eid‘ .
Thus, . In general, the vector Ey is also complex.

A wave maximum of the electric field satisfies k.r=ot+n2n+¢ ------- 9)
where 7 is an integer and ¢ is some phase angle. The solution to this equation is a set of equally
spaced parallel planes (one plane for each possible value of 72), whose normal lie in the

direction of the wave-vector K, and which propagate in this direction with phase-velocity

v=o/k -------- (10)
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The spacing between adjacent planes (i.e., the wave-length) is given by A=2n/k ----- (11)

k—

A

Consider a general plane-wave vector field A=Aq e*" ¢ - (12)

BA, ¥ aAu + aA_-_ — (onikr + Aouiku + Ag;ik;) ei(k‘r—wt)
We have V.A= 0z 0y = 0z o

=ik A ------ (13)
ba, o4, (ik,A, —ik,A,) .
(VxAx= % 0z ' =ik X A)x ----- (14)
This is easily generalized to Vx A =ik X A ------- (15)

The vector field operations on a plane-wave simplify to replacing the V operator with ik.
The first Maxwell equation reduces to ik.Eg =0 ----- (16)
using the assumed electric and magnetic fields. Thus, the electric field is perpendicular to the
direction of propagation of the wave. Likewise, the second Maxwell equation gives

ik.Bo=0 ----- (17)
implying that the magnetic field is also perpendicular to the direction of propagation. Clearly, the
wave-like solutions of Maxwell's equation are a type of transverse wave. The third Maxwell
equation gives
ik x Eo = iw Bo ----- (18)

where use has been made of Eq. 15. Dotting this equation with Eg yields

Ep -k x Eg
Eg-Bp=——=0.
0" Bo B (19)

Thus, the electric and magnetic fields are mutually perpendicular. Dotting equation 18
with By yields Bo -k X Eo=wBy* >0._____. (20)
Thus, the vector Eo,Bo and k are mutually perpendicular, and form a right-handed set. The

final Maxwell equation gives
ikXBD:—iEUIJ.DLL)EU. _______ (21)
Combining this with Eq. (18) yields

kx(kng) = (k'E‘D)k—szD:szoz—EDIJ.DDJZEU, ______ (22)
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or k* = eopow’, (23)
where use has been made of Eq. (15). However, we know from Eq. that the phase-velocity c is
related to the magnitude of the wave-vector and the angular wave frequency via c=w/k. Thus, we

obtain
——
NCTTa— (24)

So, transverse wave solutions of the free-space Maxwell equations, propagating at some
phase-velocity ¢, which is given by a combination of €9 and po. The constants €9 and L are easily
measurable. The former is related to the force acting between stationary electric charges, and the
latter to the force acting between steady electric currents. Both of these constants were fairly
well-known in Maxwell's time. Maxwell, incidentally, was the first person to look for wave-like
solutions of his equations, and, thus, to derive Eq. (24). The modern values of €9 and o are

g0 = 8.8542 x 10 2C°N " m2-----—-- (25)

o =41 x 10"NA2----—--- (26)

Let us use these values to find the phase-velocity of *“electromagnetic waves." We obtain

1
=2998 x 10°ms~1.
Vek (27)

Maxwell was able to make another remarkable prediction. The wave-length of light was

c=

well-known in the late nineteenth century from studies of diffraction through slits, etc. Visible

light actually occupies a surprisingly narrow wave-length range. The shortest wave-length blue

light which is visible has A=0.54 microns (one micron is 107" meters). The longest wave-
length red light which is visible has A=0.76 microns. However, there is nothing in our analysis
which suggests that this particular range of wave-lengths is special. Electromagnetic waves can
have any wave-length. Maxwell concluded that visible light was a small part of a vast spectrum
of previously undiscovered types of electromagnetic radiation. Since Maxwell's time, virtually
all of the non-visible parts of the electromagnetic spectrum have been observed. Electromagnetic
waves are of particular importance because they are our only source of information regarding the
universe around us. Radio waves and microwaves (which are comparatively hard to scatter) have
provided much of our knowledge about the centre of our own galaxy. This is completely
unobservable in visible light, which is strongly scattered by interstellar gas and dust lying in the

galactic plane. For the same reason, the spiral arms of our galaxy can only be mapped out using
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radio waves. Infrared radiation is useful for detecting proto-stars, which are not yet hot enough to

emit visible radiation. Of course, visible radiation is still the mainstay of astronomy. Satellite
based ultraviolet observations have yielded invaluable insights into the structure and distribution
of distant galaxies. Finally, X-ray and y-ray astronomy usually concentrates on exotic objects in
the Galaxy, such as pulsars and supernova remnants and the relation c=w/k, imply that

Bo=Eo/c------ (28)

Thus, the magnetic field associated with an electromagnetic wave is smaller in magnitude
than the electric field by a factor c. Consider a free charge interacting with an electromagnetic
wave. The force exerted on the charge is given by the Lorentz formula f=q(E +v x B) ---- (29)

fmagnctic v BD v

~N —_——~ —

The ratio of the electric and magnetic forces is faewic ~ Eo ¢ —oeev (30)

So, unless the charge is relativistic, the electric force greatly exceeds the magnetic force.
Clearly, in most terrestrial situations electromagnetic waves are an essentially electric
phenomenon. For this reason, electromagnetic waves are usually characterized by their wave-
vector (which specifies the direction of propagation and the wave-length) and the plane of
polarization (i.e., the plane of oscillation) of the associated electric field. For a given wave-
vector K, the electric field can have any direction in the plane normal to k. However, there are
only two independent directions in a plane (i.e., we can only define two linearly independent
vectors in a plane). This implies that there are only two independent polarizations of an
electromagnetic wave, once its direction of propagation is specified.

Let us now derive the velocity of light from Maxwell's equation the hard way. Suppose that we

take the curl of the fourth Maxwell equation, Eq. We obtain

0V x E
ot ... 31

Here, we have used the fact that V.B=0. The third Maxwell equation, yields

(VZ - Cig—t) B=0, (32)

, 1 82>
V“ ~ 5 7A E = 0,
( c? 0t? (33)

VXxVxB=V(V-B)-VB=-V’B = e

We have found that electric and magnetic fields both satisfy equations of the

(v2 - la—) A=0
form coer) " ______ (34)
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in free space. As is easily verified, the most general solution to this equation (with a positive

frequency) is

Ax=Fx [kr-ct] ....... (35)
Ay=Fy[kr-ct] ....... (36)
A;=F,[kr-ct]....... (37)

where Fx (¢),Fy (¢) and F, (¢) are one-dimensional scalar functions. Looking along the direction

of the wave-vector, so that r=(k/k)r, we find that

Ax=Fy [K(t-cO)] ....... (38)
Ay=F, [k(t-cO)] ....... (39)
Az =Fy [k(r=ct)] ....... (40)

The x-component of this solution is shown schematically in Fig. It clearly propagates
in r with velocity c. If we look along a direction which is perpendicular to k then k.r = 0, and
there is no propagation. Thus, the components of A are arbitrarily shaped pulses which
propagate, without changing shape, along the direction of k with velocity c. These pulses can be
related to the sinusoidal plane-wave solutions which we found earlier by Fourier transformation.
Thus, any arbitrary shaped pulse propagating in the direction of k with velocity ¢ can be broken
down into lots of sinusoidal oscillations propagating in the same direction with the same

velocity.

E(r, t=0) E(r, t=t)

r—

ct
, 18
The operator My J— (41) is called the d'dlembertian. 1t is the four-dimensional equivalent

of the Laplacian. Recall that the Laplacian is invariant under rotational transformation. The
d'Alembertian goes one better than this, since it is both rotationally invariant and Lorentz
invariant. The d'Alembertian is conventionally denoted [°. Thus, electromagnetic waves in free
space satisfy the wave equations [1?’E=0 & [?B=0
When written in terms of the vector and scalar potentials, Maxwell's equations reduce to
[ = -pleo
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(PA = -]

ELECTRO-MAGNETIC WAVES IN ISOTROPIC DIELECTRIC MEDIUM

Maxwell's equations are

V-B=0-—(2)
L
Vx H=]+ 22 (3)

VxE= 22 (4)
for isotropic medium,
J =coFE
B = uH
D =¢E
here,
c=0
p=20
then the Maxwell's equation reduces to,
V.E = 0------ (5)
V.H = 0------ (6)
VxH=eZ(7)
VXE=—p2 e (8)
taking curl for third and fourth equation,
for third equation,
vH - 221 = 0 9)
for fourth equation,
V2E 5 2E = 0 (10)
these two waves satisfies the wave equation,
vy - 22 = e (11)

the solution for the wave equation is,

Y=o i@i-kn)_____ (12)
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the solution of equations are will be of the given in the form,

E = Ejei(@t=kr)______ (13)
H = Hye twt=kr)______ (14)

where k is the wave vector

21 2m
with n as the unit vector in the direction of wave propagation. The equation can be written as
k.E = 0------ (a)
k.H = 0------ (b)

Propagation of electromagnetic waves in dielectric

I. The waves E and H are orthogonal.
2. The electromagnetic wave is transverse in nature.
3. The electric and magnetic vectors are also mutually orthogonal.

PROPAGATION OF ELECTROMAGNETIC WAVES IN ANISOTROPIC MEDIUM
An anisotropic medium is one in which electromagnetic field properties depend on
direction. Let us consider a non-magnetic homogeneous isotropic medium in which
J=0, p=0 and p=pyo...(1)
Permittivity is tensor not scalar so, that the components of electric displacement D are in
general related to components of E by the equations
Dx=exxExtexyEytexEz
Dy=¢yxExteyyEyteyE,
D, =exExteyEytesEs...(2)
where the coefficients are scalar constants for a homogeneous medium. If we choose the co-
ordinate axes as the principle axes of Freshnel ellipsoid for the medium, then D and E are related
rather simple equations
Dx =exEx=Kx€oEx
Dy=¢yEy=KyeoEy
D= &,E.=K.&0E; ...(3)
So Maxwell’s equations in an anisotropic dielectric medium take the form
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Div D =0...(a)

Div H=0...(b)
Curl E=—pooH/ét...(c)
Curl E=0D/¢ét...(d) ...(4)
So, Maxwell’s equations in an isotropic dielectric medium take form shown in equation
(4). D and E do not possess the same direction so; div E is not the symmetrical as of equation
(4a).
Now consider a plane wave advancing with angular frequency w and phase
velocity v along the direction of propagation vector K. Then
E=Eoe*™ .. (5)
where r is the radius vector from origin and
k = kn=(2n/L) n=(w/v)n Here n is unit vector along k. from equation(4c)0H/ot= (1/po) curlE
=(1/po) curl(Eoe®™*")...(6)
Using vector identity curl(¢pA)=dpcurlA—Axgradd...(7)
Here Curl Eo=0 is spatially constant. So, equation (6) gives
OH/0t=(Eo/po)x grad(Ege™® i)
grad(Eoes™ oty =jkelkriot
OH/0t =(Eo/po)x(ike™" Y
=(ie™ o) E*(K)
Integrating, H=—(i/p10)(e™*" *"i) Eoxk
=—(1/pow)e™ ' Eoxk
=—(1/pow)k*xE[using equation(5)]
H=—(1/pow)Exk
This shows that H is normal to the plane of E and k. Now from equation (4d)
oD/ot=curl H
—curl(Hpe 100y - H=Hekio0]
Using vector identity in equation (7) and nothing that curl H=0, we obtain
0D/ot=—Hoxgrad(elk9)
— Hxikelkrion
D=—Hxike*Y/(—ie)

=(1/o)Hx*k...(10)
Dr.B.Janarthanan , Associate Professor KAHE, Coimbatore-21
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This equation shows that D is normal to k and H and both H and D are normal to the

direction if propagation vector k. Therefore the electromagnetic wave in anisotropic non
conducting medium is transverse with respect to H and D.

Now substituting values of H from (9) to(10), we get

D=1/o(1powk*xE)*xk
=(1/pow?)kx(kxE)=1/pow*[(k.k)E—(E.k)E]
=1/’ [K*E—(k.E)K]...(11)

This equation shows D, E and k all lie in the same plane.

Now Poynting vectors S=ExH is normal to the plane containing E and H. This implies
that vector D,E, k and S are coplanar. Also, since k is normal to D; and S is normal to E;
therefore the angle between S and k is equal to the angle between E and D. In other word S is in
the direction of k. As a result an anisotropic medium energy is not propagated in general, in the
direction of wave propagation: since poynting vectors k represents the direction of energy flow.
since poynting vectors k represents the direction of energy flow.
Fresnel’s law for phase velocity v.
Equation (11) can be written as

D=K?/pow?’[(E—n.E)n][sinceK=kn]
=1/uov*[E—(n.E)E][sincek=wv]
If cos a, cos B and cos vy are direction cosines of unit wave vector n; then
n=i"cos a+j*cos f+k”*cos y...(12)
Now the components of D are Dy=(1/pov?)[Ex—(n.E)cos a]
Dy=(1/pov*)[Ey—(n.E)cos B]
D, = (1/pov?)[E,~(n.E)cos v] ...(12)
Now from equation (3) Ex=Dx/Kxéo,
Ey= Dy/Kyeo
And E.=D./Kgo
From definition of refractive index
n=VKx=c/vx, ny=VKy=c/vy and n,=VK,=c/ v,
c=1/ (pogo)

Using these equations, we get

Ex= HOszDx;
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Ey=pov*yDy

And E;=nov*,D,

So that equation (12), (13) and (14) becomes

Dy=(1/po)(n.E)cos a/vx—v?

Dy=(1/po)(n.E)cos B/v?,—v?

D,=(1/po) (n.E)cos y/v*,—v?
Since vector D is normal to n, we get

D.n=Dx cosa+Dy cosp+D; cosy=0
using equation(13),we obtain
cos?a/(vi—v?) +cos?B/(vEy—v?) +cos?y/(vi—vH)=0...(14)

This is well known Freshnel’s law for phase velocity. This equation indicates that the
phase velocity v, in general, can have two values in any given direction. However for most
anisotropic media, it is found that there are two directions for which equation (14) has only one
solution i.e. it gives only one velocity phase. These directions are called optic axes and the
medium is said to be biaxial.

PROPAGATION OF ELECTROMAGNETIC WAVES IN CONDUCTING MEDIA

In a conducting medium, such that the conductivity 60 Maxwell's equations become

V-D=0,V-B=0, Vxa=7+22 VxE=-4

ct and ot

|CO|

By neglecting resonant or other effects we may use the linear approximations J=0E,D=¢cE

and B=1"H where €+ !* and  are independent of time.

=  QE

, V-E=0,V-H=0,VxH=0E+e&=  VxE=—nlE.
Maxwell's equations become ¢t and ot
Taking the curl of the last of these gives
Vx(VxE)=-Vx _’(3 =L (VxH) =& nz-(% =V(V-E)-V2E
. . . . V‘E:un_—qui.
We have now the wave equation in a conducting medium: o ot
= c B I:B
.. V' B=o—+ue—m.
Similarly ot &t
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The last two equations are called the telegraph equations and incorporate damping terms

(
wo

éB
o and "' so electromagnetic waves travelling in a conducting medium experience

attenuation proportional to the conductance.

By assuming B and E are of complex exponential form A "™ the last two of
0o, =

Maxwells equations above become VXH=—iowH g4 VxA=0E=io(e-5)E

v'E-qul (—2 E: 0
The first telegraph equation then becomes which has the form of the

. =2 kr™ -— . ;\:k_:(')v‘ ] ——i
Helmhotz equation V4K E=0 i (e

nw p—
=MWyUue€

We may use the identity ) to demonstrate that the equations for conducting and

non conducting media are the same if the dielectric constant  is replaced by a complex dielectric
10

constant © ~ ¢ T ™

Since we have replaced k by a complex equivalent, we must obtain a complex equivalent
for the refractive index. This is done by writing
N=nl1-IK) where k is a constant called the extinction coefficient.

s wn
N&=—y1-ik]).

We replace the propagation constantk by ¢ ¢

Assuming that K is parallel to the * — axis, then

E=E,e'"e

This wave is attenuated by the factor ¢
PROPAGATION OF ELECTROMAGNETIC WAVES IN IONIZED GASES:-

In certain situations such as the ionosphere or tenuous plasma there is so little air that the
electrons may vibrate without colliding with the molecules. So the force on a charged particle is
an electromagnetic field, neglecting the earth's magnetic field will be

F =e[E + (v X B)] - 1)
now as in a plane wave

_an

c
v
|v><B|=vB=EE
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and also,

E = Eoe—i(wt—k.r)

E = Eoe—i(wt r\A)n.r)

E = Eje™(@t)
so equation reduces to,

F = eEje™ '@t

dZT — —iwt
mﬁ = eEye
d’r e ot
ez —Eye

dr eEje 't

dt m(—iw)

. e
v = i Fee(2)

now if there are N electrons per unit volume then as

J = Nev
substituting the value of v from equation we get,
, Ne?
] = lmE ------- (3)
J =o0F

we find that the conductivity is purely imaginary,

. Ne?
o= lm------(4)

various shortcuts are possible in deriving equations of wave propagation in an ionized medium

but it worthwhile to go all the way back to Maxwell's equation.

V.D=p
V.B=0
oD

X H = —
VH]+61:

0B

VXE=-2 (5

ot

which for the present situation reduces to
VE=0
VH=0
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0E

V><H=0E+EOE

0H
VX E = g 5rerre=(6)

in case of ionized medium p = 0, &, = 1 and p, = 1.Now taking curl for fourth equation,
VX (VXE)= —MO%(VXH)
solving this we get,
V2E — oty 52 — oo 5z = 0-—-—(7)

similarly taking curl for third equation,

0%H

oH
2 - _ =
V°H — o, o Moo 5

the solution of these two equations be,
Y = (poe—i((ut—k.r)
then,

(g) — (fz?)) p-ilwt—kr)_______ (A)

so that field equation reduces,
, E
V(K? — ipgwo — pogow?) ( ) =0
as vector E or H is not zero,

K*? 2[1+ o
= UoEoW —
Ho€o o

2 2
K? = (:—2 1-— %]-------(9)
c c kc

_v:w/k:w

so the index of refraction in this case will be given by,
W2
e

from this equation it is clear that for frequencies w? > wpz

In region of vanishing small ionization and high frequency range index of refraction is
real and so waves propagate freely as in dielectric, however if the plasma frequency increases
with distance, the index of refractive will decreases according. This is turn means that the beam
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will bends in a direction away from the normal as it moving from a region of higher index of

refraction to that of lower index of refraction. This bending of high frequency or short
wavelength electromagnetic wave by earth's ionosphere is used in long distance radio
transmission.

In the limit w? >» wpz as n = 1 = constant, the transmission is unaffected by the
presences of ionosphere this is why the radar signals that have been received after reflection
from the moon had to be rather higher frequency waves to pass through the ionized part of

earth's atmosphere. For frequency w? < a)pz in heavily ionized region and for low frequencies

ranges the index of refraction is purely imaginary. so if we write n —in then from equation

W o [ wy?
k==(n)=i— ||—5—-1
c c w
so that

(E> = <EO) e_B(n-r)e_i(w-t)
H) = \H,

with B = %
Oscillating Electric Dipole

An electric dipole is formed by a pair of charge of equal magnitude and of opposite sign
separated by a small distance. The dipole moment of a dipole is defined as

P=qd1
Where d1 has direction from —ive to +ive charge along the line joining the charges.
However if the charge q varies sinusoid ally the dipole moment will vary accordingly
i.eif g=qo e™"

Then p=(qoe™") d1 or p=po e™" with po=qod]
A dipole whose dipole moment varies sinusoid ally is called an oscillating dipole.

Regarding an oscillating dipole it is worthy to note that

(1) As due to the oscillation of charges current I=dq/dt flows

dp

4 _ 4 — 4=
Sop—dt—dt(qdl) dtdl [dl

i.e the time rate of change of dipole moment of an oscillating dipole is equal to a current element.
(i1) As, in oscillation , charge are always undergoing acceleration an electric dipole

radiates energy(because a charge undergoing acceleration radiates energy).
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Radiation from an Oscillatin dipole

In order to calculate the various quantities of ineterst for an oscillating dipole assume that
the length of the dipole dl is small aas compared to the wavelength A corresponding to any
periodic function so that all source points have the same retarted time and no phase difference

occurs between waves from different parts of the source.

b A 000
g
q
(i) Vector potential
Vector potential is given by A =Z—; f H dl
As in case of an oscillating dipole Idl = dp/dt =p
SoA =2l 1)

4ntr

From eqn., (1) it is clear that
(i) Vector potential is independent of  and ¢ and varies as r'! with distance r.
(i1) Vector potential is every where parallel to polar axis dl.
(i11)If n is a unit vector along polar axis
n=nr cos 6- nesin 0
then A= % [nr cos 0- nesin 0]

the components will be Ar= % cos 6 A= — % sin 8 and A¢ =0

(ii) Scalar potential
As Lorentz condition is div A + pe dp/ot =0
0D/ot =- 1/n0e0 div A =-c2 div A

i.e. 0D/ot =% [L {M + % } cos 9]

4mey r2

e, ® = 1/4me, {28 Pl 3)
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From eqn., (3) it is clear

(1) scalar potential varies as cos 0 and is zer in the equatorial plane where the fields of the
two changes cancel exactly.

(i1) The scalar potential varies as 1/r2 for small values of r and as 1/r for large value of r.

p cos 9}
{ r2 4TT€E) e, P /e’

O = 1/4me,

(iii) Magnetic Induction B
B=curl A
Substituting the value of AO and Ar in the eqn., B and expanding
B= {(uo[p] sin 6)/(4nr"2) + (uo[p] sin 6)/4mrc } ------ 4)
From eqn., (4) it is observed that
(1) The magnetic induction vector B varies as sin 0 and is minimum along the axis of the
dipole and maximum along the equatorial plane.
(ii) The magnetic induction varies as 1/r?> for small values of r while as 1/r for large values
of r. The term varies as 12 is called inductive part and term varies as r'! is called

radiative part. Actually for small r

B= Uolp]cos 6 _ poldlsin®  ppldlxr

4mr? 4mr2 ¢ 4mr3
(iii) Electric Intensity E
Electric intensity is given by E = -grad @ - 0A/0t

6<D 10 1 00 d [uolplcoso uo[b] sin @ ]
=- =— —ny|l—= n, — n
o i T e EY a4 ] at [ anr T amr 6
]cos@ plsin@ plcos B [p] sin @ sin @ -
OrE= [ ] + n n
41ENT3 4-7TT‘3 4megr3c et amrzc O ' agps 0 [p]

This is the required result.
(1) The first bracketed terms in E is the only static field of an electric dipole and because it
falls off as 1/r* it is dominant only at small distances.
(i1)) The second bracketed term E depends on [;5] or the current I and gives fields which
would arise from steady currents. They fall off as 1/r* and are called induced fields or

inductive part.
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(ii1) The third term falls off as 1/r and predominates at large distance and represents radiation

field because the energy given by integrating S over a sphere round the dipole does

not decrease as the radius gets larger. This term is called radiative part.
RADIATION FROM A SMALL CURRENT ELEMENT

As the dipole moment of an oscillating dipole is given by p = q dl

So p =dg/dt dl = 1dl
Le.p=dl/dtdl
Now if the current is sinusoidal, I = I cos ot = R e (Ip e'*)
p =il dl et (1)

In the light of equation (1) compute quantities of for a small current element.

() Electric field: The electric field is given by E = psind
4megre?
0
In this case E = -1 i% PR i B P — )
TTEQTC
(ii) Magnetic field: The magnetic field is given by B = %
0
In this case B = - 220415100 ooy, (3)

4megre

(iii) Poynting Vector: Poynting Vector is defined by S =2 Re(E x H)

w2102 dl2sin2 6

In this case <S> =1, ———— —np x ny
16m2€027C3
w2102 dl2 sin2 6
<S§>= ——F——nr.eo.....l (4)
32m2€027C3

(iv) Radiation Resistance: The ordinary ohmic power loss is P = RI%ms is found that

( 2T Uo (wdl)2 )
3 €p 2mc

R= 2m ar\? *ohms --------- (5)
3 2o (A)

80 72 (%)2 = 787 (%)ZJ
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F

1 y
¢ /

The resistance Rr is called radiation resistance. It is the resistance which would dissipate

X

the same power than the current element. A simple example of current element radiator is a
centre fed short linear antenna whose length dl is small compared to wavelength A.

It must be noted that for all dI<< A the radiation resistane is much less than the ohmic
resistance. For example if dl = 0.01A then the radiation resistance is only 0.08Q. While the ohmic
resistance of an antenna could have appreciably larger than this value.A short linear antenna is
therefore in general only an inefficient radiator. dl must be comparable with A in order that

electromagnetic energy can be efficiently radiated, but the dipole approximation is not valid.
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Possible Questions

2 marks

What is called free space?
What is called ionized gas?
What is called conducting medium?

1.
2.
3.
4. What is called an isotropic medium?
5. Define radiation.

6

marks

1. How the electromagnetic waves propagate in a free space? Explain it.

2. Explain the propagation of electromagnetic waves in an ionized gas.

3. How the electromagnetic waves propagate in an isotropic dielectric medium? Explain it.
4. How the EMW waves propagate in an anisotropic medium? Explain it.

5. Discuss the problem of radiation from oscillating dipole.

6. How the electromagnetic vector propagates in the conducting media.

7. Find the total power radiated from the current element.
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MULTIPLE CHOICE QUESTIONS

Questions

UNIT-III

Electromagnetic waves propagates in free space with the velocity of

The velocity of electromagnetic waves in free space is

The field vector operator N is equivalent to

In an electromagnetic wave the amplitude of electric Vector E is times that of the
magnetic vector H.

The flow of energy in a electromagnetic wave in free space is in the direction of

The electromagnetic energy density is equal to the energy density.

The electromagnetic field vectors E and H are in

Zyis

In plane electromagnetic wave, the wave vectors E, H and K are

The field vector operator 0/0t is equivalent to

T T

electromagnetic waves in free space.

radiation is emitted due to the interaction of uniformly moving charged particles
with the dielectric medium.

When high energy particles having velocities greater than c¢ passes through a dielectric a
light known as cerenkov radiation is emitted.

The poynting vector in case of propagation of electromagnetic waves in iotrophic dielectric is
times of the poynting vector if the same wave propagates through free space.

The total energy density in case of electromagnetic waves in isotrophic dielectrics 1s times
of the energy density if the wave propagates through free space.

anldsh i Y N At A i Ykt e % Gt — el —
density is the magnetostatic energy density.
In an anisotrophic medium, the energy is in the wave propagation.
In case of propagation of EMW in conducting medium the wave gets with penetration.

and H.

TIT CO0U  UT  PIUPOSOtIUIT UT IV VYV IIT  CUITOUCUTIITS  TITOUUTUTIT,;,  TITOSITOTIC OIToT ™
PrY P25 1<) g (=] oJ

electric energy density.

When electromagnetic waves crosses a boundary surface, then the normal component of the electric
displacement is by an amount equal to the free density of charge.

The normal component of the magnetic induction is across a surface of discontinuity.




TITC TOIISCIItIOr CUTITPUITCIIT UT IO SITUTIC IIITOTIIoIty 10 Ty OIT OIITUOIIT Uy Uar tU v SuUr rave

current density.

The tangential component of E is across a surface of discontinuity.
refraction.
According to law of reflection, the angle of reflection is angle of incidence.

ratio of the refractive index of the two media.

vibrations are perpendicular to the plane of incidence.

angle is also called as polarizing angle.

If light is incident on a glass plate at 56°, the reflected light will

are incident on it at 84°.

All the light is reflected as the angle of incidence approaches 90°, the angle is called

glasses transmit only one direction of vibration.

The value of angle of incidence for which qt becomes 90° is called

The velocity is a function of angle of incidence.

The waves which do not have energy are called waves.

angle, the reflected wave will be

The phenomena of total internal reflection is used to produce polarized lights.

All good conductors are good and good

Good conductor of electricity are to light.

If white light is incident on thin gold foils, then the transmitted light appears

The reflection coefficient of substance of high conductivity at low frequency will

If the cross-section of the waveguide is rectangular, it is called waveguide.

If the cross-section of waveguide is circular, it is called waveguide.

The walls of the waveguide are perfectly

T

T » S =4 T T

walls of the wave guide.

The phase velocity becomes exactly at cutoff frequency.

In the waveguide the Maxwell’s first equation for the propagation of EMW is

If the EMW propagates in a waveguide, the Maxwell’s second equation is

waves cannot be propagated along the axis of a waveguide.

longitudinal component of magnetic vector B,.

The mode is called the principal or dominant mode.

longitudinal component of the electric field E-,.

In waveguide TE and TM have the same set of cutoff frequencies.

Waveguides are used in region.

Waveguides are used in region.




(=3 (=3 r t=J r r=o

then the wave is called

Prepared by: Dr. B. Janarthanan, Associate Professor, Department of Physics, KAHE,
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SYLLABUS

Interaction of E.M.Waves with matter (Macroscopic): Boundary conditions at interfaces -
Reflection and refraction — Frenel’s laws-Brewster’s law and degree of polarization - Total
internal reflection and critical angle.

Interaction of E.M.Waves with matter (Microscopic): Scattering and Scattering parameters -
Scattering by a free electron (Thomson Scattering) - Scattering by a Bound electron (Rayleigh
scattering) — Dispersion Normal and Anomalous — Dispersion in gases (Lorentz theory) —
Dispersion in liquids and solids.
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BOUNDARY CONDITION

The electromagnetic field vectors changes as one moves across the boundary.

(1) The normal component of the electric displacement is discontinuous by an amount
equal to the free surface density of charge at the boundary D1,-D2n=0

(1)  The normal componentof the magnetic induction is continuous across s surface of
discontinuity Bip-B2, =0

(ii1))  The tangential component of magnetic intensity is discontinuous by an amount equal
to the free surface current density Hi-Ha=Js

(iv)  The tangential component of E is continuous across surface of discontinuity E-E2=0

REFLECTION AND REFRACTION OF ELECTROMAGNETIC WAVE

Consider that when plane electromagnetic waves which are travelling in one medium are
incident upon an infinite plane surface separation this medium from another, with different
electromagnetic properties. When an electric wave is travelling through space there is an exact
balance between the electric and magnetic field. Half of the energy of wave as a matter of fact is
the electric field and half in the magnetic. If the wave enters some different medium, there must
be a new distribution of energy, whether the new medium is a dielectric a magnetic a conducting
or an ionised region, there will have to be a readjustment of energy related as the wave reaches
its surface. Since no energy can be added to the wave as it only way that a new balance can be
achieved is for some of the incident energy to be reflected.

The transmitted energy constitutes the reflected wave and the reflected one the reflected
wave. The reflection and refraction of light at a plane surface between two media of different
dielectric properties is a familiar, example of reflection and refraction of electromagnetic waves.
The various aspects of the phenomenon divide themselves into two classes.

Kinematic properties :
Following are the kinematic properties of reflection and refraction.

(1) Law of frequency :

The frequency of the wave remains unchanged by reflection or refraction.
(i1) The reflected and refracted waves are in the same plane as the incident wave and the normal
to the boundary surface.

(ii1) Law of reflection :

Dr.B.Janarthanan , Associate Professor KAHE, Coimbatore-21 Page 2 of 24
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In case of reflection the angle of reflection is equal to the angel of incident.
01=0Or
(IV) Snell’s Law :

In case of reflection the ration of the sin of the angle of refraction to the sin of angle of
incident is equal to the ratio of the refractive indices of two media.
n;sin 6 =n2sin Or
Dynamic properties
These properties are concerned with the
(1) intensities of reflected and refracted waves
(i1) Phase changes and polarisation of waves
The kinematic properties follow immediately from the wave nature of phenomenon and
the fact that these are boundary condition to be satisfied. But they do not depends on the nature
of the wave or the boundary conditions.
FRESNEL FORMULAE
The formulae relating the amplitude of the reflected and transmitted electromagnetic
waves with that of incident one when the boundary is between two dielectrics are called Fresnel

formulae. These are contained in the boundary condition.

DOt DR =D T oo (1)
Bt Brn=B 1 ()
E)t+Er)e=Em (3)
H)+ Hr)=MHT)Y 4)

The condition (1) and (2) when coupled with Snell’s law yield no information not included in the
(3) and (4) conditions. So it is necessary to consider only condition (3) and (4). Now to derive
the desired formulae we consider a plane EMW in x-z plane incident on a plane boundary and
consider it as a superposition of two waves one with the electric vector perpendicular to the plane
of incidence. Therefore it is sufficient to consider these two cases separately. The general result

may be obtained from the appropriate linear combination of the two cases.
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Plane of incidence

Bound
;Boundary

CASE I : E parallel to the plane of incidence
The situation is shown in figure. The electric and propagation vectors in two media are
indicated. The directions of H vector are chosen as to give a positive flow of energy in the

direction of wave vectors. In this situation the magnetic vectors are all parallel to the boundary

surface.
(Hi)e =H
(Hr) =HRr
(Hr) =Hr
And (En)y=Eicos 0

(Er)t=- Er cos O r
(Er=ErcosOr
So the boundary condition (3) and (4) reduce to,
Eicos0i- ERcosOrR=ErTcosOT ------mmemememv (5)
H-Hy,=Hr e 6)
In equation (5) and (6) we have emitted the zero subcript on E and H, it being understood
that the phases now cancel and equation are relations between amplitudes.

0i-0r and H=(E/Z)=(n/pn:Zo)=E

H=(n/Z o)E
So equation (5) and (6) reduce to
Eicos0i-ErRcosOrR=E ;cos0; --mmmmemmmmm- (7)
nmEi+n2Er=n2E: = e (8)

The interest lies in the fraction of incident amplitudes which are reflected and

transmitted. So eliminating E ; from equation (7) with the help of (8) we get
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(Ei-Er)cos0="(Ei+Er)cos 0,

(E R) Z—icos fi—cos @
Ei 12 c0s@i+cos O
ni

(sinGi

ER sinGT) cosBi—cos O
(E) = (sinei

) cos @i+cos 6

sin@ T
ER sinf@ i cos@i—sinf rcosfr sin 20i—sin 26T
(=)= — — ST o - (A)
Ei sin i cosfi+sinfrcosfr sin 20i + sin 26T

Similarly eliminating E r from equation (7) with the help of (8)

Eicosﬂl—(%ET—EI)cos9=ETCOSOT

(E T) _ 2c0s6i
)1l
Ei "2 0s@i+cos T
n1

2C0S0isinfT
Sin@icos@i+sinfrcosbr

ET
G
2C0S0isinfT

ET, _
(E)H sin(9i+6T)Cos(6i-06T) T (B)

CASE 11 : E perpendicular to the plane of incidence
The situation is shown the magnetic field vectors and the propagation vectors are indicated. The
electric vectors all directed into the plane of the figure.

Since the electric vectors are all parallel to the boundary surface,

(EI)t =E;
(Er):= Er
(Etx=ET

And
(Hi)i =- Hicos 0
(Hr): =H rcos 0 p
(Ht) =- Hrcos Ot
So boundary condition (3) and (4) reduce to

Ei—-Er=Er
Hicos0i-HrcosOr=HrcosO1 W ----mmmmmmeme- 9
0i-O0r andH=(E/Z)=(e/Z¢) = --—-mmmmmmmmm- (10)
So equation (10) reduce to
nEjcos@i—n2ErcosOr=n2ErcosOr W ---m-mmmmemmee- (11)
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Now eliminating E r from equation (11) with help of (9) we get,
(Ei-Er)nlcosO1=nzcosO1(Ei+Er)

. n2
cos i——cos6OT
ni

(ER) _
Ei cos 6 i+ 2 cosO T
ni
cosHi—SinGicoseT
(ﬂ); = si_n%T_
El . sin l
cos 1+Sin6Tc050T
(ER)_sinercosai—cos Tsin6i
Ei’" sin rcos i+cosfTsi i
ER sin(60i-6T
(ZH)=2020 ©)
Ei sin(@i—6T)

Similarly eliminating E r from equation (11) with the help of (9) we get,
nEijcosOi—ni(Er—Ei)cosOi=n2ETcos0rT

ET 2cosfi
(57)-=

~ nz
cosf i+2cosOT
ni

(ET) _ 2cosfi
Ei s . sin i
COSBL+Sin6T

cosOT

2cosfisinfT
cos B isinf T+si icos@T

ET
(57)-=

ET 2cosBisi T
R e L E (D)

Equation (A), (B), (C), (D) are the desired result known as Fresnel formulae.
BREWSTER’S LAW AND POLARIZATION OF E.M.W.

From Fresnel’s formula (A) i.e

(ER ) __ tan(61 - 0r)
E; ! tan(e1+6n)

It is evident that (Er/E;)1=0 for
tan(6; - 8;) =0 i.e O1-6,=0
tan(6; + 0;)=x i.e 61 +0,= m/2
Or

The first result is trivial since it implies that the twwo media are optically identical*. But

the secound result shows that when the reflected and refracted rays are perpndicular there is no
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energy carried by the reflected ray. The angle of incidence for which this occurs is called

brewster’s anglefs.

Now as from snell’s law

n; sin 6;=ny sin O

sin6l__ n,
sinfr nq
. sin6B n, a
1.e ————— [as O+ O,/=—
sin [3-6B] n, [as O+ 6=
. n2
1.e tan 0= —
ni

o112
Op=tan [nl]
Op =tan’! (in2) ........ (a)

Thus if an unpolarised wave is incident on the boundary surface with 8;= @sonly the
portion of the wave with electric vector perpendicular to thr plan of incidence will be reflected.
That is the reflected wave is linearly polarised with vibration to the plan of incidence. Brewster’s
angle is therefore some times called the polarising angle. For light incident on glass with n>=1.5
08=56° and so 6,=34°. So if light is incident on a glass plate at 56° , the reflected light will be
plane polarized with vibrations to the plane of incidence and transmitted light will also be plane
polarized with vibration parallel to the plane incidence. For radio wave incident on water as
n2=9, B=84° and so 8,=6° so water cannot reflect radio wave which are polarised with vibration

in the plane of incident and are incident on it at 84°,

Ordinary
unpolarised light Plane polarised light
A N o
; ;
w2, L
/ | i
/ ipte=ip #

ﬂl\, Rarer medium
b4 : v

;.9.0’ Unpolarised light
haiin | ‘f'/j/,
[
LT
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Even if the unpolarised incident wave is reflected at angles other than the Brewster’s
angle, there is a tendency for the reflected wave to be predominantly polarized with vibration
perpendicular to the plane of incident. The success of dark glasses which selectively transmits
only one direction of vibration depends on this fact. In such cases the degree of polarisation is

defined as
R1-R1

P (6)= oo(b)

R1+R1

Where Riand R are the reflection coefficient for the I and II components of reflected light and
are given by

tan?(0i-6r sin?(8i-6r
_tan?@ic6n oo _sin?(0i-0)
tan?(6i+06r) sin2(0i—06r)

The curves for Rrand R; for glass are shown in fig 6.12
From these it is clear that
For ;=0 R=Ri=04 soP =0
For 61=03 Ri=0and Ri="16so P @g)=1
For6:=90 Ri=Ri=1 so P (90% =0

i.e the reflection wave is partially polarized with vibrations perpendicular to the plane of

incidence except near 0° and 90°.

g

Further fro the curves it is clear that the reflecting power at normal incidence is 4% only
and it falls to zero at polarising angle for the light with vibration in the plane of incidence and for
light with its vibration Ito the plane of incidence it is 15% . All the light is reflected as the angle

of incidence approaches 90°i.e grazing angle.
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TOTAL INTERNAL REFLECTION AND CRITICAL ANGLE

If n, is greater than n, then in the light of snell’s law we

Sin §; = % sin @, ....(1)
1
9; < 6, (as:—i)<1)

So for a particular value of angle of incidence, 68, will become 90°. The value of angle of

incidence for which 6, become 90° is called critical angle and is represented by .. so for

Sin §; = %sin 90°="2 ... )
1

ni
The refracted wave is propagated parallel to the boundary surface
Now it is certainly possible to have 6;>0..in this situation from equation (1) in the light

of (2) we get

Sin 6;  Sin 6;
s 1 — - l.>
(11_1) Sin 6,

Sin 9i =

1 J[asf;>6.] ....3)

Equation (3) means that 0, is imaginary (as the sine of any real angle can never be greater than

1) . To find the meaning of imaginary 8, we consider the transmitted electromagnetic wave

ErzEC —l(wl-K.r)

i E,=E,~lot-KrGesinopscosol 4)
but from equation (3)
cos 6,=(1-sin® 6,)=I {(22—2’;)2-1 Y=ib .o (5)
So equation (4) reduces to
E,=E, cllot-{r(Spgp-ier 1 (6)

Equation (6) shows that 8; > 6, the transmitted wave is propagated only parallel to the
surface and is attenuated exponentially beyond the interface.* regarding the surface wave it is
worthy to note that

(1) The phase velocity of the wave is a function of angle of incidence i.e

w _ o Sinf; w ny

¥r Kr(m) Kr Sin 6, Krn,Sin 6;
Sin 6,

yxc/y c
Or = =
" n,Sin6; n,Sin6;

[as K,—,/y and n=c/y
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z

And in the event the first medium is air it become equal to ¢ for grazing incidence as expected

(i1) These waves do not carry any energy inyo the second medium This is because the

time average normal component of the pointing vector just inside the surface

<§>*n=<§,> cosb,

<Sr>*n=% Re (E; * 11 *)cosO,

<Sr>*n=% Re [E, * M]coser
e <Sr>*n=% Re%[Er. E, x]cos@,n (as n and E,. are perpendicular)
i.e < sr>*n=2”71 Re[E, < P¥"2112 (ib) n
e <§,>*n=0 ( as it has no real part)

such waves are called evanescent waves and are set by the transient effect of the incident waves

which strike the surface first.

It is also interesting to see what Fresnel’s equations tells us about the field when we use

the value of sin6,- and cos@,given by equation (3) and (5) we consider first the case in which E is

perpendicular to the plane of incidence i.e

ng
ER_cosel nlcoser_a_ib

. np
with {a=cosf, b= —cosf
Er cosGﬁZ—icosar a+ib { r nq r}

ERy_o—01yi 01_b+
(Er) e~ ”*with tan ST e (7)
Similarly when E is parallel to the plane of incidence

. _n2 .
E_R\_cosel nlcoser_a_lb

. ny
with {a= cos6, b=—=cosf
Er/ C059i+z—iC059r a+ib { r nq r}

Or (EB)=e~Olwith tan"== ....... (8)
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So from equation 7 and 8 it is clear that the amplitudes and the intensity of the reflected
wave is equal to that of incident wave i.e the wave is totally reflected and that the phases of the
perpendicular and parallel reflected wave are @1 and @1 and depend on the angle of incidence.
The general consequence of this is that if a linearly polarised wave is reflected from the
boundary at an incident angle greater than the critical angle the reflected wave will be elliptically
polarised.

Assume that the incident wave is linearly polarized by this we mean that the oscillating
electric field always lies along the same direction. If two write the field in their real forms. The
component of the linearly polarised field can be written.

(Eg)1= (Ep)icos ot and (ER)1 = (E,)icos ot

After reflection each of these component will have its phase changed by different amount

and can be written as
(Ex)1= (E,)icos (ot-01) and (Eg)i = (Eg)1= (E,)icos (ot-01)

So now the components no longer vanish nor reach their maxima simultaneously and
when we add the two we find the resultant E trace an ellipse.

The phenomenon of total internal reflection is used to produce elliptically or circularly
polarised light. It is also exploited in many applications where it is required to transmit light
without loss in intensity. In nuclear physics Lucite or ‘light pipes’ are used to carry light emitted
from a scintillation crystal because of the passage of an ionizing particle to a photo-multiplier .
where it is converted into a useful electric signal.

SCATTERING AND SCATTERING PARAMETERS

If an electromagnetic wave is incident on a system of charged particles, the electric and
magnetic components of the wave will Exert Lorentz force on the charge and they will be set
into motion. Since the electromagnetic wave is periodic in time, so will be the motion of the
particles Thus there will be changes in the directions of motion and hence there will be
acceleration. The system will therefore radiate ; that is energy will be absorbed from the incident
wave by the particles and will be re-emitted into space in all directions. We describe such a
process as scattering of the electromagnetic wave by the system of charge particles. If the
energies of the incident and scattered radiations are equal the scattering is called elastic

otherwise inelastic.
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Scattering is most conveniently characterized by following parameters-

(A) Differential Scattering Cross-Section :It is defined as the ratio of the amount of energy
scattered by the system per unit time per unit solid angle to the energy flux density or intensity
(i.e energy per unit area per unit time in a normal direction) of the incident radiations. So if a
solid angle dQ is substandard at the system of an area ds. The mean power (i.e energy per unit
time) scattered by the system will be given by dPs=Sqds

Where Ssis the intensity of scattered radiation. The mean energy scattered per unit time per

unit solid angle will therefore be

dPsr _ Ssrds
dQ dQ
dPsr b _ds
Or o =Sqr (as dQ r2) ...... 1

If the incident energy flux density i.e intensity (pointing vector is Sy , the differential

scattering cross-section will be

do _ dPsr
dQ dQ

Se (A)

do_Ssr.r2
dQ  SIr

(Substituting the value of % from eqn .1)

From the above it is clear that the differential scattering cross section has the dimension

of the area.

(B) Total Scattering Cross-section : we have defined the differential scattering cross-section

as
E _ Ssr.r2
dQ SIr
dG:Ssr.erQ
SIr
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s _ds
o=/ < ds (asdQ=—)

P
o= [ as Py=/ Ssrds]...(B)

o is called the total scattering cross-section and is defined as the ratio of the power
scattered (total energy scattered per sec) to the intensity (energy per unit area per unit time) of

the incident radiations.

SCATTERING BY A FREE ELECTRON (THOMSON SCATTERING)

Let there be an electron of mass m and change q in the path of a plane polarized
monochromatic wave in vacuum. Both the electric and magnetic wave vector E and B will exert
a force on a q given by the Lorentz formula

F=q(E+vXB) .ccooiiiiiiii, (1)
Where v is the velocity of the particle its self-produced by wave, and assumed though out this

treatment to be non-relativistic so that v <<c. because in a plane wave.
B=n X é
So expression (1) become
F=q[E+v/cX (n X E)] ~--------=----- (2)
F=qE
Thus only action of the electricity field on the charge needs to be considered. And so the

equation of motion.

. _azr
F—ms—mdt2 - ---->(3)

In the light of (2) becomes

azr

—5 = QF - 4)
And becomes in a plane wave

E=E, e-i(u)t-k.r)
Equation (4) becomes
B BOiatk) | e (5)

dt m

Equation (5)implies that the acceleration, velocity and displacement of the particle are all in the

same direction as Eo which itself is constant and that the charge is oscillating sinusoid ally.
Dr.B.Janarthanan , Associate Professor KAHE, Coimbatore-21 Page 13 of 24
Department of Physics



M.Sc., PHYSICS ELECTROMAGNETIC THEORY AND
2019-2020 (Odd) UNIT-4 ELECTRODYNAMICS (18PHP303)
Interaction of E.M.Waves with matter

Now if the incident electromagnetic wave in which the electric vector is along x-axis is moving

along z-axis as shown in fig 7.2 (a) then the acceleration in the x- direction will be given by

d2x qE0 (ot-kz)
dzx _ a0, 6
dat2 m ( )

So that the displacement x at time t will be given by

Now as an oscillating charge behaves like an oscillating dipole with dipole moment
P=gx.
It follows from equation (7) that
EO
PO=Qq2.— (8)

mw?2

But as the average energy radiated per sec. per unit area in a normal direction by an oscillating

dipole is given by

1 q4E02

Ssr = —_—
4me0 8TM2c3r4

Further as for a plane wave
S1r=ExH

So the average value of Sir will be given by

So the differential scattering cross-sectionj—; =102 S0 = 1C2 COS2D ..evvivinnrnnnnn (A)

the incident radiation here has been taken to be plane polarized. For unpolarised an average must
be taken over all orientation of the plane of AB is the direction of E in another wave of incident
on the particle of fig (a) containing field point is . It is now preferable to express the scattering
in terms of the angle® which common to all azimuth . in fig (b) the plane POB is drawn
perpendicular to the plane containing AB so that the length BQ is given both by r cos and by r
sin@® cosy .

cos 6= sin @Pcosy

sin?0=sin*®cos>y

sin?0=1-cos®y(1-cos’®)*................. (11)
averaging equation (11) over all y, we get
sin’0=1/2(1+cos? @) --- Su— lr)
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substituting the value of sin?0 from eqn (12) in (A), we get

do

1
i rOZE (14 cos2®) ................ (B)

This is called Thomson formula for scattering of radiation and is appropriate for the scattering of
x-ray by electrons or gamma rays by photons. In it angle is called the scattering angle and the
factor 1/2(1+cos® @) is called degree of depolarization. From expression (B) it is clear that:
1) Scattering of electromagnetic waves is independent of the nature of incident wave,
(i1) Scattering occurs in all direction and is maximum when ¢=0 or 7,while when is minimum
(ng or3m/2,

(iii) Scattering depends on the nature of the charge particle i.e. scattered and is symmetrical
about the line given by o=m/2.

For s plane polarized light as y=0
Sin?0=1-(1-cos*@p)=cos’ which is also evident from fig (a)in which 9=(§ —¢)
The total scattering cross-section will be

_fdadg
o= a0

= rOZ%(l + cos2¢)dQ

Q=21(1 — cosyp)

Result (c) was first of all derived by Thomson and so after his name it is called Thomson
scattering cross-section.

A quantum mechanical calculation carried out by Klein and Mishna shows that
derivations from Thomson result become significant for incident photon energy hy whoch is
comperable with or larger than the rest energies of the scattering electron mc?.according to them

oKN = r02(8?” 1- 2h$ + 1)) for hy < mc2.

c2

oKN= rOZ(H:;/

(loge(2h$ + 1/2)))for hy > mc2

From these curves it is clear that;

(1) The scattering depends on the nature of incident radiations.
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Quantum mechanical result approaches the classical one on the long wavelength side as the

w
frequency y = 5-goes to zero.

(i1) The scattering is not symmetrical. In general the scattered radiation is more
concentrated in the forward direction.

Apart from these is another feature to Thomson scattering which is modified by quantum

considerations. The relation between the wavelength of the scattered radiation at an angle ¢ and

the incident radiation is

— rq -
As=A1 + — (1 — coso)
Scattering by a bound electron (Rayleigh Scattering)

Considering a charge whose restoring force is mwo?x is displaced. Assume that there is a
small amount of damping proportional to dx/dt which may be produced in particle by collisions
or radiation. The quation of motion becomes,

m(d?x/dt?) = qE —(my) dx/dt — mwe*x
wherey is the damping constant per unit mass. Thus
(d?x/dt?) +(y) dx/dt +w¢*x = (q/m)Eoe ) (D
The solution of this differential equation consists of two parts:
(a) The complementary function: It is obtained by solving equation
(d?x/dt?) +(y) dx/dt +®¢*x = 0 -------- (2)

Let the solution of equation (2) be

So that dx/dt = Aae™
Substituting the values of x, dx/dt and d*x/dt? in equation (2) we get

o?+yo+n?o=0

le.a=-L+i|w?- r
2 4
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50 that x= A el-0/2+@F-y2/9)t) 4 A, e[~ (3)-iV@i-r?*/9)0)
i.e. x= eV [A1eP+ Are ] ------ (a)
The constant A and A> can be determined by applying initial conditions.
(b) Perpendicular integral:
It is obtained by solving the equation
(d*x/dt?) +(y) dx/dt +wo’x = (q/m)Eoe k2 4)
So that dx/dt = -ioBe i(*t*?)
d’x/dt? = w’Be @)
substituting these values of x, dx/dt and dx/dt in eqn., (4) we obtain
-0’B+y(-20B)+0%B = g/m (Eo)

E,
OrB=——=2"0——
mlwg—w?-iy ]

E .
So that x = —1—% $—_ grilotka)
mlwi-—w?—iyw]

qEOe—i(mt—kz—S)

(b)

m[(w%—wz)ﬂlzwz]%
with § = tan"! (yo/[wE — w?)]
So from expression (a) and (b) conclude that the general solution of equation (1) will be

qEOe—i(wt—kz—S)

x=e-(y/2)t[Aleift+ A2e-ift]+ -(¢)

2 1
m[(wE-w?) +y2w?]z
In this solution first term on RHS represents free damped vibrations of the charge. These
vibrations die out soon on account of the factor of the charge e-(y/2)t and the first term can be
neglected in considering the final motion. So eqn., © reduces to

qE, e~ l(wt-kz-3)

(d)

2 1
m[(wi-w?) +y2w?]2
An oscillating charge is equivalent to an induced electric dipole of moment p=qx

It follows from eqn., (d)
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qZEOe—i(wt—kz—S)

T
m[(wg—a)z)zﬂfzwz]f

or q= 4o . (6)

m[((ug—a)z)zﬂfzwz]f

But as average energy radiated per sec per unit area in a normal direction by an
oscillating dipole is given by

S=(1/4meo) (0*p?o/8nc’r?) sin’0

o *sin%0
For the present situation do/dQ = 12 il (A)

T
m[(wé—wz)zﬂlzwz]f

Now if ¢ is the angle of scattering and incident radiations are unpolarised then sin’0 = %
(160579) ---nvvvo- (7)
%(1+cosz¢)r§w4

So eqn. (A) in the light of (7) becomes, do/dQ = T - (B)

m[(wé—wz)zﬂ/zwz]f

This is the required result. It is clear that

(1) Scattering depends on the nature of the incident radiations, ®
(i1) Scattering depends on the angle of scattering ¢
(ii1))  Scattering depends on the nature of the scatter mo and vy.

Thomson

E

/éa}_.—'la' th

: . . d
The total scattering cross-section will be o = [ ﬁ df

2. .4
o = 8n/3 il . (C)
[(W§-w?) +y2w?]2
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The expression ¢ gives the total scattering cross-section for an elastically bound electron.

The total scattering cross-section is an evident of a function of the frequency of incident

radiations.

(1) If ®>>wo then c—or

(i)  If o~mo, then 6=(87/3) 1% (wo/y)* which is very large compared to Thomson
scattering cross-section. This is known as resonance scattering.

(iii)  Ifw<<wo the 6—K/A* i.e., amount of scattered light is proportional to 1/A* where A
is the wavelength of the incident radiation. This scattering is known as Rayleigh
scattering. This will occur when ® corresponds to the frequencies of visible light

and wo to ultraviolet.

Dispersion normal and anomalous
If in the medium the index of refraction various with frequency then the medium is said to be
dispersive the phenomena its self is called dispersion and the rate of change refractive index with
wavelength i.e. dn/dA is known as dispersive power
Generally the variation of /] is such that
(1) The index of refraction increase as the frequency increase
(i1) The rate of increases dn/dwi.e. the slop of the /] — w curve is greater at the high frequency

However it is also found that over small frequency range there is often decrease of index of refraction

- N
g

In these is narrow spectral region due to it is abnormal behavior the dispersion is called anomalous

DISPERSION IN GASES (LORENTZ THEORY)

with increase in frequency.

N

/

=1

ANSANAN

In order to investigate the frequency dependence of refractive index n or dielectric constant

er and to discuss dispersive Lorentz assumed that in cases of gases
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(1) There is no appreciable interaction between the atom cases of atomic gases or

between the molecules in case of molecules gases.

(i1) As a electromagnetic wave passes through a gas electric field induces dipole moment

in the gas molecule.

(ii1))  In polarization the position of the electrons are altered from their equilibrium value

while nuclei remain stationary.
(iv)  The electrons are bound to the nucleus is an atom by linear restoring force.
(v) There is a damping proportional to the velocity of the electron.
(vi)  Over an atom or a molecule E is constant in space i.e
E=Foe wt — k.v'~ Ele - iwt
In the light of above assumption the equation of motion of an electron will be

O YOS 4 mwodr = eE
mdtz my dt mwodsir = e

dazr dar e
E-}_YOE-I_O)OZT_ME ..................... (1)

This equation is fully discussed in 7.3 and its solutions was found to be

i

e wt .
r= (;) EQe — o T oW (2)

So that dipole moment which results from the displacement of the electron under consideration
e2 . .
p=er= (Z) EOe —iwt [ w02 — w2 —iyow .................... 3)

Now if there are N electrons per unit volume in the gas, the polarization vector
P=Np

In the light of equation (3) is given by

In deriving the above equation we have assumed that there is only one type of charge which

is characterized by the constants wg and yg. It is quite reasonable to expect that the electrons are

not all in identical situations within molecules and that there should be different pair of

characteristic frequency m.j and associated damping factors 7y, pair reflecting that particular

environment in which the given type of electron is found. So if we define fj as the probability that
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an electron has characteristics frequency y0f and damping coefficient then the generalization of
equation yields This is the required result which expresses the frequency dependence of er or n.
to study what this equation implies we consider the following situations;

(A)Static case : if w — 0 i.e the frequency of the incident wave is very small in comparision to

the natural frequency of the electrons, equation (A) reduces to

n2=1+——2ENe2 2 (a)

4TE0 M  wo

Equation (a) clearly shows that the index of refraction is a constant greater than unity and

depends on the nature of the medium

(B)ynormal dispersion: If yo andw < woj 1ie the region is remote from the natural
frequency is of the electrons equation a reduce to

1 4mNe zf1
= 4mE0 M wWOoj2—

From equation B is clear that the refractive index in real and increases with frequency of the
incident wave

(c) Anomalous dispersion If w ~ woj i.e in the extremely narrow spectral region in
which the impressed frequencies include one of the so many natural frequencies of the electron
for simplicity we assume that there is one natural frequency i.e., w0 = woj so that
equation(A)becomes Now as the index of refraction of gases under normal conditions is a
approximately unity so that expression (1+y)"?>=1+1/2y for y< 1 may be employed to obtain
Multiplying numerator and denominator of the second term on R.H.S by its complex conjugated
equation shows that the index of refraction is a complex function of frequency of the

electromagnetic waves propagating through the gas.

The real part of equation i.e n is plotted as a function of frequency w. At very low frequency

n is slightly greater than unity, n increase with increasing w, reaching a maximum at wl =
(wO _1/2_0) falling to unity (w0 _1/2_0) where apart it increase again and approache unity
asymptotically for large values of w
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The imaginary part of n2is corresponding to absorption of the electromagnetic waves
propagating through the gas. The imaginary of n* gas a typical resonance shape. X is maximum
at w = w0 where n is unity and a width at half maximum approximately equal to y0 .therefore in
region where n changes rapidly, the gas is relatively high absorbing.

For any real gas exist many imaginary resonant frequency w0j and corresponding damping

coefficient y0j so that

1 2ntNe2
4o’ m

n*1+4

2fr/(w0j2 — w2+ y0j2 w4)..ccovveeiiiiiiia.. (d)

the behavior of the real and imaginary parts of the equation (c) is illustrated .

It is worthy to note here that this classical theory cannot of course predict the values of
the resonance w0j ; only a correlation of observation relating to optical properties of matter can
be attempted. Quantum theory must be used for complete description and even though a quantum
calculation can in principle yield value for the resonance frequency, the computation can be

carried out exactly only for the most simple cases.

DISPERSION IN LIQUID AND SOLIDS

In these materials the molecules are sufficiently close to each other do the effect of
interactions among the molecules can longer be neglected . Since the material is polarised we
expect that the actual electric field on a given charge will have a contribution from the
polarisation and hence it will be different from the applied field. The usual way of approximating
this is imagine a small sphere centered at the position of the electron question to be cut out of the
material. The sphere is to be large enough microscopically and small enough macroscopically o
that the material outside it can be described in terms of the continuous polarisation vector P.
Then, because of the discontinuity in P there are bound surface changes on the surface of a
spherical volume with density

o'=P.n=p cos 0

So the contribution to the local field E’ by the change on area ds

,_ ods
4meOR2

The components normal to the direction of P clearly cancel so integrating over all the

surface we find that local field E’ parallel to P is equal to
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xcos OR?sin0dodp P
fO 2 Sy (1)

. , _ P 2x

E’=[ dE’cos 0= — [
The result is the contribution to the local field from the material outside the sphere. We
still have to calculate the contribution due to the molecules within the small sphere. It can be
shown that this contribution averages to zero in an isotropic material such as a liquid or when the
molecules are arranged in a cubic lattice. Therefore if E is applied electric field the total electric

field acting on the average is
Ei=E+E =E+ %(using equation 1) ..., 2)
0

The equation of motion of an electron in this case will be

d2r dr P
m— +myy—+t mywy2,-e [E+—]
dt 380

2

asr dr Ner
-+ —+ _ 4+ — =
m—— +myo — mywy2,-¢e[E 350] (as P=Ner)

Ne? ) rzi E (3)

3ggm m

d%r
dt?

dr
+ Yo P +(wp?

The solution of equation (3)

N ) A )

Ne .
[w023m80—(02—l)/0 ol

However as electron are not all in identical situation with the molecules there should be
different pairs of characteristic frequency w, and associated damping factors y, each pair
reflecting the particular environment in which the given type of electron is found .So if we define
fj as the probability that an electron has characteristic frequency w,jand damping coefficient y,j

then the generalisation of equation (4) yields

_ Ne? fj
p=—Y
w

2f.
2Nef

j .
03meg —02=iyg o]
o=’ E—Np = P_e > 4
NE NE m*%“J) _ _Nef;
2 j—OJZ—i)/ ]
0 3meg 0w

Using the result of Clausius-Mossotti relation obtain an equation called Lorentz-Lorentz
formula
(n%-1)/(n*+1) (M/p) = constant
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Possible Questions

2 marks

1. State Fresnel law
State Brewster’s law
What is called polarizing angle?
What is called critical angle?

What is called scattering cross-sections?

A O i

What is called scattering angle?

6 marks

1.Explain briefly about boundary conditions.

2.Briefly discuss about Rayleigh scattering.

3.Explain Frenel’s law.

4. Briefly discuss about Lorentz theory.

5.Discuss the phenomenon of total internal reflection and critical angle.
6.Explain the dispersion in liquids and solids.

7.Discuss about dynamic properties.

8.Explain Thomson scattering.

9.Explain scattering and scattering parameters.
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Questions

UNIT-IV
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a force on the charges.
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solid angle to the energy flux density of the incident radiation.

is defined as the ratio of the power scattered to the intensity of the incident radiation.

Lorentz formula is F=

The factor is called degree of polarization.

Scattering depends on the nature of the particles.

Thomson formula for scattering is appropriate for the scattering for

Scattering occurs in all directions and is maximum when f =

Scattering occurs in all directions and is minimum when f =

The total scattering cross-section according to Thomson’s scattering is st =

In general the scattered radiation is more concentrated in the direction.
Scattering of electromagnetic waves is of the nature of the incident wave.

An oscillating charge behave like an oscillating dipole with dipole moment p = _

[ B T B — . .~ __
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then scattering is known as scattering.

The blue color of the sky is due to scattering.
light has longest wavelength in the visible region.

The rate of change of refractive index with wavelength is known as
The index of refraction as the frequency increases.

molecules.

The electrons are bound to the nucleus in an atom by




R T R - _ R

remains stationary.
The classical radius of the electron r, =

In a plane wave B = .
If the index of refraction decreases with the increase in frequency over small frequency range, then it is
called dispersion.

In dispersion in gases, there is a damping proportional to the velocity of the

The dipole moment results from the displacement of the electron is p=

In case of gases, g,

v a 1 v

of the electron.

Thomson scattering is known as scattering.

Oscillating charge is equivalent to an induced _of moment p = gx.

than rest energies of the scattering electron.

that of the incoming waves.
of the scattering.
The restoring force is

Example of resonance scattering is

The color of the sky during sunset or sunrise is .
light has shorter wavelength in visible region.
According to normal dispersion, the refractive index is .
According to normal dispersion, the refractive index with frequency of the incident

waves.

frequencies.

frequency.

For anomalous dispersion, there is natural frequency.

The index of refraction is a function of frequency of the electromagnetic waves

propagating through the gas.

At very low frequencies, the index of refraction is slightly unity.

The imaginary part of index of refraction corresponds to the of electromagnetic
waves propagating through gases.

For any real gas, there exists resonant frequencies.
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RELATIVISTIC ELECTRODYNAMICS
Relativistic Electrodynamics: Purview of special theory of relativity — 4-vectors and Tensors -

Transformation equations for charge and current densities J and p — For electromagnetic
potentials A and ¢ - Electromagnetic field tensor Fyuv - Transformation equations for the field
vectors E and B - Covariance of field equations in terms of 4-vectors - Covariance of Maxwell

equations in 4-tensor forms — Covariance and transformation law of Lorentz force.
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RELATIVISTIC ELECTRODYNAMICS

Purview of special theory of relativity

This theory is based on the postulates that:

(@)

(ii)

All inertial frames are equivalent for the description of nature i.e., physical laws are
covariant under change of inertial frames.

The velocity of light is a universal constant, independent of the motion of source and
observer.

According to this theory the relations linking the event as (x, y, z, t) in inertial frame
S and as (x’,y’,z’t’) in inertial frame S’ which is moving along z axis with a uniform

velocity v relative to S are

X'=X = - (A)
y=y - (B)
z = (z-vt)yN(1-p?)  ----- (C)
t—izz
v Tase )

From frame S to S’ and are called Lorentz transformations. Following are the important

consequences of these transformation:

(a) Length : The length of an object viewed by a moving observation in the direction of

motion is motion is V(1-p?) times the length observed by a stationary observer in the
same direction. The length of the objection is same for both the observers in
directions perpendicular to the direction of motion. So if the dimension of in object
W.r.t a stationary observer are dx dy and d, then the dimensions of the same object
with respect to an observer moving with a velocity v along z-axis are given by

dx’=dx

dy’=dy

dz’=dzN(1-p?)=dz/y

(b) Time : The time interval between two event occurring at the same place as observed

bya moving ob i !
ya moving observe S«/(1—Bz)
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i.ey times the time interval between the same event as observed by a stationary

observer if dt’ and dt are time intervals between any two event occurring at the same

place as observed by moving and stationary observes respectively then

. dt
dt T v dt

(c) Mass : The mass of an object viewed by a moving observer is times the mass

_t
V(1-p2)
of the same object as viewed by a stationary observer. So if m’ and m are the masses

of an object as viewed by a moving and stationary observer then

’= m —
m V(1-B)2 ym
(d) Energy and Momentum : The energy and momentum of a body whose apparent
mass is m’ according to this theory are given by

E==m’ ¢’

CURRENT DENSITY 4-VECTOR

Let us now consider the laws of electromagnetism. These laws are compatible with the
relativity principle. In order to achieve this, it is necessary for us to make an assumption about
the transformation properties of electric charge. The assumption is well substantiated
experimentally, is that charge, unlike mass, is invariant. That is, the charge carried by a given
particle has the same measure in all inertial frames. In particular, the charge carried by a particle

does not vary with the particle's velocity.

Let us suppose, following Lorentz, that all charge is made up of elementary particles,
each carrying the invariant amount e. Suppose that n is the number density of such charges at
some given point and time, moving with velocity u, as observed in a frame S. Let no be the
number density of charges in the frame So in which the charges are momentarily at rest. As is
well-known, a volume of measure Vin S has measure y(u)Vin So (because of length
contraction). Since observers in both frames must agree on how many particles are contained in
the volume, and, hence, on how much charge it contains, it follows that n = y(u)no. If p=en and po

=eno are the charge densities in S and So, respectively, then p = y(u)po - (1)
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The quantity po is called the proper density, and is obviously Lorentz invariant.

Suppose that x* are the coordinates of the moving charge in S. The current density 4-vector is

dz*
B — po— = po UP.
constructed as follows: Fo dr S (2)
J“ :pﬂ’\f(u) (1.1, C) = (Japc)a _______ (3)

where j=pu is the current density 3-vector. Clearly, charge density and current density transform

as the time-like and space-like components of the same 4-vector.

Consider the invariant 4-divergence of J*

Op
| - .1 —
OpJ _VJ+at.

one of the caveats of Maxwell's equations is the charge conservation law

dp
— +V.j=0.
ot T T )

It is clear that this expression can be rewritten in the manifestly Lorentz invariant form

This equation tells us that there are no net sources or sinks of electric charge in

nature: i.e., electric charge is neither created nor destroyed.
4 VECTORS AND TENSORS

The covariance of space-time interval and D’ Alembertian are

2 2 2 2

2,.2,.2 2.2 0 0 a 1 0
x4y 72 22 and — + 2+ 2 1 %
Y ¢ d 0%x + 0%y + 0%z  c? 0%t

suggested that the fourth dimension may be taken as ict. The vector with components x,y,x and

ict is called 4 dimensional radius vector. Denote this components by x, where p=1,2,3 and 4.
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X] = X ==-------- (1)
G (2)
X3 =Z -------- 3)
X4 = iCt ---------- 4)

Under a transformation from one inertial reference system to another i.e., under a Lorentz

transformation the components of the fourth dimensional radius vector transform according to

SRR S —— (5)
ORI D — (6)
x3” = (x3-vt) / N(1-B?) = y(xs+iPxa) ----r--meov (7)
x4’ = ic (t-vx*/c?) / V(1-P?) = y(xa-ifx3) ----=--- (®)

We can write the above transformation as x;” = 1.x1+0.x2+0.x3+0.x4
x2” = 0.x1+1.x21+0.x3+0.X4

x3” = 0.x110.x2+y.x3+H1YP.X4

x4’ = 1.x110.x2+1yB.X3+Y.X4
All the above results can be written as X’ = quXy --------- (A) in matrix form
For example if p=3

X3'= 03Vxy = 031X1H032X2H033X3H034X4 = Y[X3+1PXa] ----- (B)

So the law of transformation of any 4 vector is A" = oAy ---------- (©)

Four vectors have properties which are very similar to those of ordinary vectors. Actually
4 vectors are tensors of the first rank in a four dimensional space tensor of higher ranks are
defined in a analogous way. A second rank tensor Tpv is a set of sixteen quantities which

transform according to the lawT =0yt TAg -------- (D)
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TRANSFORMATION EQUATIONS FOR CHARGE AND CURRENT DENSITIES J

AND p
The law of conservation of charge is mathematically expressed by the continuity equation

dp
di —=0
w]+6t

Current density and charge density cannot be distinct and completely separable entities
since charge distribution that is static in one reference frame will appear as a current distribution

in a moving reference frame. The current density J and the charge density p according to

Ju=(J,icp) -------- (1)
To justify this consider the charge contained in a small volume dt i.e., dg=pdt ------- 2)
Multiply both sides by dxp, we get dq dx, = p(dx/dt)dtdt = ---------- 3)

As dq is a scalar and dxp is a vector, LHS of eq., (3) is a four vector. So RHS must also be a 4

vector. But as dtdt = dxidx2dx;dt
= (1/ic) dxidx2dx3dx4 is a Lorentz
scalar i.e., invariant. So p(dx,/dt) must be a four vector.
Ju = p(dx/dt)
Ji= p(dxi/dt) = pwvi
Jo=p(dxo/dt) = pv2
J3= p(dxs/dt) = pv3
J4= p(dx4/dt) = icp
The components of the 4 vector Ju are given by J,=(J,icp)
Transform reference frame S to S’ under Lorentz transformation as J,w’ =0y

SothatJy’=J; ---—--- (A)
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=)y - (B)
137 = J-vp/AN(1-v¥c?) —-mmev (C)

47 = y[J4-iBJs]

9
p—z)3

-2

Gives, p’ = ------ (D)

Eqn., (A), (B), (C) and (D) are the required laws for the transformation of charge and

current from one system S to other S’.

Discussion of the results

(1) In the above results, the charge and current densities transformed from reference
frame S to S’. The inverse transformations are obtained by replacing v to —v and

changing the primed and unprimed quantities.

9
T Y. T Jat O (s
=)0 J=) I = and p = Tao2/ed)

92
-z

(i1)The continuity equation, div J + dp/ot = 0.
can be written as AJ + d(icp)/d(ict) =0
ie., 0J/oxy =Ju=0. -=-----—- (E)

(ii1) If the charge is at rest in frame S than J=0. So the transformation (A), (B), (C) and (D) yield

I’ = 0----- (a)
12°=0------- (b)
3 =-vp? e (©)
e (d)

This in turn implies that an observer in frame S’ observes a charge at rest in frame S at a charge

density p’ = yp together with a convection current.
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TRANSFORMATION EQUATIONS FOR ELECTROMAGNETIC POTENTIALS A

AND ¢

The magnetic field vector B is represented as curl of vector potential A. Since A is not

completely determined by the specification of its curl alone we have choose the div of A.

In Lorentz gauge: div A+(1/c*)(0p/0t) =0 —--—--- (1)
This equ., suggest A, as Ay=(A, i/c ¢)  -----—--—-- ()
Consider the field equations, V2A-(1/c*)(0*A/0t?) = - poJ ~ —--—-—-- (3)
V29-(1/2)(@4/0) = -pleo  weomeeee @
. 2 1 62A1 B
These eqn., can be written as V<A, — arroa woJy —------- (5a)
1 0242
V2Ay — 5 = Moy (5b)
1 924
VA3 — 5 5a = ols e (5¢)
1 0%¢
V2¢—C—2m—-p/80 ------ (Sd)

. 2 .
The eqn., 5d can be written as V2 (%ﬁ) — Lo (l—) = -ip/ce0

c2 at2 \c

2
O L e )

c2 ot2

So that eqn., (5) can be written in general as [12A, = -poly,

(12 is the Lorentz invariant and Jp is a 4 vector, so that A, must be a 4 vector. If A, is a 4

vector, the transformation will be A’ = oAy

So that A’1 = avAy re., A'=1’Ay ————--- (A)
A’ = ovAy i.e., A1=1’Ay —————-- (B)
Dr.B.Janarthanan , Associate Professor KAHE, Coimbatore-21 Page 8 of 20
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As—2g
A’3 = tayAy = 2= - (C)

Eqn., (A), (B), (C) and (D) are the desired transformation laws.

In the light of above, Lorentz condition div A+ (1/c?) (8¢/0t) = 0 can be written as

e
divA+—<,L> =0
d\ ict

8A, 04, = BA; . 04,

l.e., a_xl + axz 6x3 6x4 = 0
9A
¢ = =0 — — — — —
ie., P HA, = 0. (E)
a . . : .
where = S is called four dimensional divergence operator.

X
ELECTROMAGNETIC FIELD TENSOR

Let us now write the components of the electric and magnetic fields as the components of
some proper 4-tensor. There is an obvious problem here. The former components transform

differently under parity inversion than the latter components. Consider a proper-3-tensor whose

covariant components are written Bik, and which is antisymmetric: Bi;; = —Bj
This immediately implies that all of the diagonal components of the tensor are zero. In fact, there

are only three independent non-zero components of such a tensor.

.1 .
B'==é*B,;.
Let us write 2 (2)

It is clear that B* transforms as a contravariant pseudo-3-vector. It is easily seen that
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0 B, -B,
B i - Bi 7 - —B: 0 B T 3
B, -B, 0 ) G)

where B!'=B1=By, efc. In this manner, we can actually write the components of a pseudo-3-vector
as the components of an antisymmetric proper-3-tensor. In particular, we can write the
components of the magnetic field B in terms of an antisymmetric proper magnetic field 3-tensor

which we shall denote B;;.

Let us now examine Eqgs. 1 and 2. It follows that we can write Eq. (1) in the form

Ei - —5,434 + 84§pi.

cB' = = ¢ By = —e7* 5.4,
Likewise, Eq. (2) can be written 72— (%)

Let us multiply this expression by &iap, making use of the identity
Eap €0F = &2 5{: - 6; 5:‘.

E (Bab - Bba) . _8«1@6 + 8b¢av
Weobtain 2~ (7)

or CBij = —8ldjj -I-aj(P,-,

since Bjj = -B;i.

Let us define a proper-4-tensor whose covariant components are given by

Fuv = 0,2, = 0,%u___ ()
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F

It is clear that this tensor is antisymmetric: * #¥ — — F”I»" ------ (10)

This implies that the tensor only possesses six independent non-zero components. So that
equations (6 and 7) becomes, Fy=0,0,— 0%, =E;. ___ (11)

Likewise, Egs. (8) and (9) imply that Fij = ai‘I’j — a_,-d’i = —cBiJ-.

Thus, Fis=-Fs; = -E; ------- (13)
Fij = -Fji= -cBij ------ (14)
In other words, the completely space-like components of the tensor specify the
components of the magnetic field, whereas the hybrid space and time-like components specify
the components of the electric field. The covariant components of the tensor can be written

0 —cB, +cB, -E,

Fo +c B, 0 —cB, —-E,

L B, +cB, 0 —E,
+E. +E, +E; O (15)

Fuv is usually called the electromagnetic field tensor. The above expression, which
appears in all standard textbooks, is very misleading. We cannot form a proper-4-tensor from the
components of a proper-3-vector and a pseudo-3-vector. The expression only makes sense if we

interpret Bx as representing the component B3 of the proper magnetic field 3-tensor Bj
The contravariant components of the electromagnetic field tensor are given by
Fi=F% = Fl oo (16)
Fi = _Fi=_cBl - (17)

0 —cB, +cB, +E,
+cB. 0 —cB, +E,
—cB, +cB, 0 +E,

Or B =R -E0 ) (18)

F* —

Let us now consider two of Maxwell's equations: V.E=p/gg ------- (19)

o OB
Ho J-l-foat .

VxB= e (20)
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The 4-current is defined J* = (j,cp). The first of these equations can be written

) : J4
31-E' = 6,:}714 +84F.H = .
CEQ mmmmmmmm (21)
since F**= 0. The second of these equations takes the form
ijk i ijk J ab 4i J'
€7%0;(c By) — O4E' = €77 0;(1/2€papc B*) + O,F ™ = —.
Cé _____. (22)
The above expression reduces to
1 ij i 4i i 4 i
Z8,(cBY — c B") + 8,F% = §,F" + §,F% =
2 C€pg ______ (2 3)
JU
B F* = —.
The above equation can be combined to give Cé - (24)
8, J* =0
This equation is consistent with the equation of charge continuity, , because of the

antisymmetry of the electromagnetic field tensor.

Lorentz Transformation of the Fields

Let us consider the Lorentz transformation of the fields. A, just transforms like a vector.

We could derive the transformed E and B fields using the derivatives of A,.

Maxwell's equations indicate that if we transform a static electric field to a moving frame,

a magnetic field will be generated, because there is a current in that frame. It was clear from

E&M that E and B were not simply parts of 4-vectors.

The Electric and Magnetic fields are part of a rank 2 tensor and so they transform

accordingly.

— 1
Fw BHPFPUBUV
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2% iBy 0 O 0 iby iE; 1B, v —=iBy 0 O
=By ~ 00 —iFE, 0 B, -B, 187 y 0 0
- 0 0 1 O —iky, —B, 0 B, 0 0 1 0
o= 0 0 0 1 —iE, By —B, 0 0 0 0 1
W =
¥ By 0 O —B~E, ivE, 1B, 1B,
_|-#By ~» 00 —ivE, —BvE: B. —B,
N 0 0 1 0 —iyEy —i8yB, —pyEy,—~vB. 0 B,
Fu 0 0 0 1 —ivE,+ifvBy —pyE.+~By —B; 0

—BY?E, + Bv*E, v*E, —iB*y?*E, ivE,+iByB, yE,—iByB,
Z.BZ’\//QE-T - Z’FYZEI %B’TZEI - 672Ea: B’YEy +B. BYE, — "/By

—i1vEy — 0B, —pyEy — VB, 0 B,
—ivE, + ifvB, —ByE, + 7By —B, 0
0 tE, Z.'7(Ey . 4 3Bz) Z.'\/(Ez - 5By)
_ —1 B, 0 v(B: + BEy) —v(By —BE:)
_i’Y(Ey + BBz) _’Y(Bz + /BEy) 0 Bac
—iy(E. — BBy) (By — BE:) — B, 0

E\, =~(EL - X B)
5, =v(BL+ 3 x E)

Since we could choose any direction for the x axis that we boosted along, these results for
the field transformation are correct for all boosts.

COVARIANCE OF FIELD EQUATIONS IN TERMS OF 4-VECTORS

An equation does not change its form by the change of frame of reference. All frames
moving with constant velocities are equivalent for the description of nature, any physical law

must be put in a form which is unaltered by the change of frame of reference.

Maxwell’s equation in terms of scalar and vector potentials are given by [124 = —p, I

N
2p= =L (1)
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The four vector for potential and charge are defined as A, = (A; é ¢) &J, =(,icp) ———(2)
. . (A Ag
and the law of their transformation under Lorentz invariance is )i }= au { J }———-03)
9
u

where a9 are the coefficients of the transformation matrix
1 00 O
am_c,.:(O 10 O)————(4)
0 0y ipy

So the components of the 4 vectors transform according to the relations

J1=h A=A
2=l A=A
J3’=y(J3-vp) A’ 3=y(As-v/c? )
Va=7y[J4-1BJls] A’4 =y[A4-1BA3]  ------- (5)

And in terms of 4 vectors Maxwell’s equation given by expression (1) becomes
[12Au= -poly with 8AW/0x, = 0 - (6)

The invariance of these equations require that in any other inertial frame S’ the form of

these equations must be retained i.e. [1”> A’ =-poJ’, with 0A’/0x° =0 ------ (7)
So Maxwell’s equations are invariant under Lorentz transformations.
COVARIANCE OF MAXWELL EQUATIONS IN 4-TENSOR FORMS

Maxwell's equations are

V-B=0 e )
_j4 9D

Vo H = 52 e 3)
_ 98

VxE= = (4)

If w=1=¢:, the above equations reduces to
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By introducing co-ordinates, X=X1; y=X2; Z=X3; iCt= X4

Above equation can be written as

VEze% -------- (5)
V.B =0 - (6)
VXB =550 = o) = (7)
UxE+ic B —o————— (8)
0X4

O ~ax Tan, M- 9
0Bs 0By 19E; _ .
dx1 0x3 _cax4 = Hol2 10
9B, 0B, _ i0F;
ot axz 0o, KT b

i0E, i0E, i0E;
cdx; co0x, cOxs

By introducing four current density in LHS,

F11=0 F12=B3 Fi13=-B2 Fi4=-(i/c)E1
F21=-B3 F2,=0 F23=-Bi Fa4=-(1/c)E>
F31=B> F3>=- Bi F33=-0 F34=-(i/c)E3

F41=(i/c) E4 F4=(i/c)E>  Fa3=-(i/c) E3 F44=0

(a) If p=1, then in general,
J0E;,
0x,

= Uo1

(b) If u=4, then in general,
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0E,,

dax,

= UoJs

Now consider eqn., (8)and (6)

dE; |, OE, , i9B1 _

0% + 0x3 c 0xy4 O————-—- (13)
0By o4 0B 108, 14
dx1 0x3  cox, 14
J0E, O0E; i 0B;

— -+ 0+-——=—=0-—-——-—- 15
dx1 0x2 O+ cOxy, (15)
idB, i0dB, i0B
-2 - 24 0=0-———— - (16)
cdx; cO0x, cO0x;
Dividing these eqn., with ic
., 0E; |, i 0E, | 0E; _
0-i/c Py + Py a =0
i 0E; i 0E; 0B,
__3 147720
cox1 + c 0x3 + dx,
i 0E, i 0E; 0B3

cox1 26x2+ +6x4_0

6B1+6B2+633+0_
dx; O0x, O0x; B

Using Fuv these eqn., can be written as

0F, . OFy, . 023

O+ 0x + 0x 0xy =0 - a7
0Fy3 OF4 | 0F31 _
0x +0+6x + 0xy = 0-mo (18)
0Fyy | OFy 0F1 _
ox1 + 0x2 +0+ dxq 0-oee (19)

Wz 4 W1 4 92 4 = (e (20)
6x3

6x1 axz

All these eqn., can be written as

JF. JF, JF.
i + uv + Av
ox, 0dxp 0x,

This equation express Maxwell’s equation in tensor form.
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COVARIANCE AND TRANSFORMATION LAW OF LORENTZ FORCE

The Lorentz force equation which gives the force experienced by single partivle having charge e
and moving with velocity v in an electric field E and magnetic field B is
F=e(E+VX B)
So if in volume 7 there are n charge carriers then the force experienced in the volume 7 will be
F=ne(E+V X B)
Or F=q(E+V X B)
Therefore the force experienced by a small volume element dt containing charge dq will be
d F=dq(E+vX B)
d F=dqE+dq dl/dt x B
d F=dqE+IdIx B
so the force experienced per unit volume

_AF_ 49l
T dr dr dt

F =pE + (Ix B)

dsdl
F = pE+ (] XB) as J=In/ds.....(2)
In terms of components equation (2) can be written as
fl1=pE1+]J2B3—]J3B2............ 3)
f2=pE2+]J3B1—]J1B3.......... (4)
f3=pE3+J1B2—]2B1........... (5)
And if we use electromagnetic field tensor Fuythese equations can be written as
f1=F11J1+ F12]J2 + F13]3 + F14J4........... (6)
f1=F21J1+ F22]2 + F23]3 + F24J4 ......... .. .....(7)
f1=F31J1+F32J2+F33J3+F34J4.................... (8)
Equation 6,7and 8 can be written more compactly as fa = FayJy
The right hand side ofthe above equation is evidently the space component of a 4- vector;

so f must be space part of a 4- vector fu with

fu = Fuyl]y
To see the meaning of the fourth component of the 4- vector force density we write
f4="FayJy
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= FA1J1 + F42J2 + FA3]3 + F44]4

= %(El]l + E2J2 + E3J3)

fI=1/c(BEJ) v ©)
equation (c) shows that {4 is imaginary and within the factor i/c represents the work done per unit

volume per unit time .the equation (B)can also be written as

fp= % FUY (o) (D)

Equation (D) is a tensor equation of rank one so it is invariant under Lorentz
transformation i.e equation (d) or (b) is the covariant from of Lorentz force equation and gives
the rate of change of mechanical moment per unit volume as it is time space part and mechanical
energy per unit volume as its time part. Alternatively it may be viewed as given the space and
time derivatives of something of the dimensions of work per unit volume
As in the rest system of charges no works done on moving charges

f4=0
so the law of transformation of 4- vector given by

fu'=auyfy....9

fl'=f1....... (10)
f2'=f2...... (11)
f3=vyf3....... (12)

The component of total force which will be exert on a particular charge distribution or on
a particular volume of space containing charge will therefore be .
Fa'= [tfa'dt’

So that F1' = [zf1'dt

=[v (1—-p2)f1ldr

Fl=v (1 - B2)F1
F2=y (1 -B2)F2 .............. (BE)
F1=F2

expression (E) is the require transformation for the Lorentz force and can be written more

confidently as Fo==V (1 — f2) F . With inverse Fo==V (1 —-2) F ~....... (F)
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Where F. is component of Lorentz force in a plane transfer to the direction of motion

while f1 is the component of Lorentz force in the direction of motion. The transform=motion
given byexpression (E) or (F) are in agreement with the mechanical force transformation,
provingthereby that the nature of course (i.e electrical or mechanical) does not effect its

transformation properties.
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RELATIVISTIC ELECTRODYNAMICS
Possible Questions

2 marks
1. Give a note on 4 vectors.
2. What is called tensor?
3. What is called vector?
4. Give a note on special theory of relativity?
5. Define current density.
6 marks
1. Discuss in detail about 4 tensors and 4 vectors.
2. Explain about the covariance of Maxwell equation in terms of 4 vectors.
3. Discuss in detail about transformation equation for charge and current density.
4. Explain about the covariance of Maxwell equation in terms of 4 tensor.
5. Obtain transformation equation for electromagnetic potential A and ¢.
6. Briefly discuss about electromagnetic field tensor Fuv.
7. Explain Covariance and transformation law of Lorentz force.
8. Explain the transformation equation of field vector E and B.
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MULTIPLE CHOICE QUESTIONS
Questions

UNIT-V

The three dimensional formulae are under Lorentz transformation.
The fourth component of four vector is

have properties similar to those of ordinary vectors.
4 — vectors are tensors of rank

The current and charge density cannot be
The fourth component of current density is .
The charge distribution that is static in one reference frame will appear as a distribution in
a moving reference frame.

The law of conservation of charge is mathematically expressed by the equation
If the charge is at rest, then J=
The fourth component of A is

The electromagnetic field vector E in terms of scalar and vector potential is E =
The electromagnetic field vector B in terms of scalar and vector potential is B =

The electromagnetic field tensor is in nature.
Electromagnetic field tensor is a tensor of rank
0/ 0X 1s a dimensional divergence operator.

We group together the current density J and current density r as

The inverse transformation are obtained by replacing v by

Maxwell’s equation are under Lorentz transformation.
VB=

VXE - 0B/ot =

V.D=

Tensor equations are under co-ordinate transformation.

E and magnetic field B is given by

another co-ordinate frame.
The electromagnetic field tensor has form in all Lorentz reference frames.

VY LIVLL VWV LU VY GLUVLLE O PVEPVIIVIVULGL VL VUUIULL LU G DLUUY LIVIG, WIIVIL L SV ULIU UL ALID V VIOV 1)

gets



EB= .
E.B =0 in all inertial frames only if E and B are mutually to each other.

The nature of force effect its transformation properties.

The velocity of light is a universal

Physics laws are under change of inertial frames.

D’Alembertian operator is

E.Bis under Lorentz transformation.

Maxwell’s equation change its form by the change of frame of reference.
As the electromagnetic field tensor is antisymmetric, then F, =

D’ Alembertian operator is defined as the of a 4 — vector.
The fourth component of 4 - vector force density is f, =

In the fourth component of 4 — vector force density, the factor (i/c) represents the
per unit volume per unit time.
In the rest system of charges, the fourth component of 4 — vector f; =
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