Semester-11
19CHUG611 MATHEMATICS-II - PRACTICAL 4H -2C

Instruction Hours /week: L:0T:0P: 4 Marks: Internal: 40 External: 60 Total: 100
End Semester Exam: 3 Hours

Course Objectives

This course enables the students to learn
e To solve simultaneous linear algebraic equations using various methods.
e To evaluate definite integrals using numerical techniques.
e Problem-solving through (computer language) programming.

Course Outcomes (COs)

On successful completion of this course, the student will be able to
« Familiarize with the programming environment for numerical methods.
o Develop proficiency in skills to solve the algebraic equations.
« Evaluate the definite integrals using computer programming techniques

List of Practical

Compute Fourier Coefficients.

Solution of simultaneous linear algebraic equations — Gauss Elimination method
Solution of simultaneous linear algebraic equations — Gauss Jordan method
Solution of simultaneous linear algebraic equations — Gauss Jacobi method
Solution of simultaneous linear algebraic equations — Gauss Seidal method
Numerical Integration — Simpson’s one third rule

Numerical Integration — Simpson’s three eighth rule
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Numerical Integration — Trapezoidal rule
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UNIT =l

LAPLACE TRANSFORM

Def. Exponential order
A function f(¢) is said to be of exponential order if
Lt e 5'f(@® =0

t—=> oo

Example 1 Show that x" is of exponential order as x—> o, n > (.

Solution :

Lt e x" = Lt —e% [% i.e., Indeterminant form]
X —» o I e 00 -

= Lt nxna:l % i.e., Indeterminant form

X ac [Apply L’ Hospital Rule]
Lt n(%;la)x.._.l [Repeating this process we get]

X =

=x I.:tm a::‘”‘ [Applying L’Hospital’s rule]

_nl_y

Hence x" is of exponential order.

Example Show that ¢ is of exponential order.
2
Solution : Lt e 5't? = Lt tTt' [% i.e., Indeterminant form}
t > co t—»> o€

[Apply L’Hospital’s rule]

=L 2
t > oo S€

2 2

~ oo
cht

o0 > 2 >
T | form|[Apply L’Hospital’s Rule]

= Lt

t—=>00$

= 0
Hence £ is of exponential order.
Example Show that the function

2
(¢ = e' is not of exponential order.

Solution : Lt ¢ % et2 = Lt e +¢

t—> t-> oo

= e = oo

2
So f(f)=e€' is not of exponential order.



Define function of class A.

Solution : A function which is scctionally continuous over any finite
interval and is of exponential order is known as a function of class A.

4 Important Result

1) L] = % o

n!
+
S“ 1

(2 L") = wheren = 0, 1, 2, ...

(3) L") = Eﬁ%l where nois not a integer.

s

4) L[e"'] = s—i—; where s>aors—a > (

1
s+a

(5) Lfe™ = where s +a > 0

(6) Lisinat])

I

where s > 0

(7) Lcos at] = where s > ()

S

(8) Lfsinh af] = ——— where s> [a| or s’ >a

(9) Ljcosh at] = —2~s-5 where 5° >
S —a

(10) Liaf (t) £bg ()] = a L [f(t)] £b L[g(f)] [Lincarity property]

Note: (1) &=1+%+X 4.,

a2



@ Tyuy = [P
0

(5) Ta4y = nTy
(6) Ty = vz

ax

(7) [e™sinbxdx = [a sin bx — b cos bx]

& +. b
eax
8) [e*cosbrdx = = [a cos bx + b sin bx]

a“+b
©) sin®6 = %[3 sin 6 — sin 36
(10) cos’@ = %[cos 38 + 3 cos 6]
(11) sin A cos B = = [sin (A + B) + sin (A — B)]

(12) cos A sin B [sin (A + B) — sin (A — B)]

Il

(13) cos A cos B [cos (A + B) + cos (A — B)]
(14) sin A sin B = —3 [cos (A + B) - cos (A - B)]

5.2 TRANSFORMS OF ELEMENTARY FUNCTIONS -
BASIC PROPERTIES

(Result (1) : Prove that L[1] = i' where s >0)
Proof : We know that LIf(1)] = [ e *'f () dt
0
Here f(t) = 1
o e St ®
L] = fedt =
0 =% |

I
ty
o= |

|

@«

iad
| N——]
© 8

i

|
© | =
iy

|

8

|

0

|
<
—

= ~Lfo ~ 1] by note @

2%,5‘)0



Result (2) : Prove that L [{"] =

Proof : We know that

rop = .ge‘“f(f) dt

© o ~st
L{f"} =fe™t"a = [a [e J
0 0 i
e—st = oo —Sst
= " e I nt" " ar

ie, L[ = Trpny
Similarly L{""1] = E-}lL{t““zl
L) = ";21.[:“‘3]

....................................

....................................

L~y _r=-(—1) L[t(n =ifn = q)- u]

L] =

L X

n-1 211 _m1
e 8 & sh s

tn

s where [ = 0, 1, 2, -

n+1

sn+l

Result (3) Prove that L{f"] = where 7 is not a integer.

8

Proof : We know that LIf®] = f e ™ fyar

[w)

0
"l = f e " ar
0



Put st = x as t»0 =2 x-0

sdt dx aS [> ® > X —»
-] n
_ -x [x) dx
-] %
o n
o ~-x X
- {e sn+1dx
1 (- -}
=sn+lfxne “ax
b tn rn+l ..“xn -
x.e.,L[]==sn+1v [.{ e “dx = TIy]

when n is a positive integer.
weget [y = n!

] - 2k

il. PROBLEMS BASED ON TRANSFORMS OF ELEMENTARY
FUNCTIONS - BASIC PROPERTIES

Example 1 Find L[t}

Solution :  L["] = 'T’:'-;'T [we know that]
s
1! 1
] = e = e
L JETS B
Example 2 Find L [¢}]
Solution : We know that L [("] = : _:1
s

_ 3
LIl = 555 = 3

Example 3 Find L{Vi]

' T
Solution : We know that Lff"}] = —2-!

sn +1

., €
Ll = UM = iy



Example 4. Find L[]
Solution :

1—‘n-r-l

We know that L[f"] = ——
5

L[t%] _Tyer _ 2

3
5T +1

§

_3vm
4siE

Example 5.2.5. Find L [—\%—]

Solution : We know that L[t"]

1 . -w] _ T-1n2+1
L[v’?] - L[t ]—;:—1/37?

_ Ty
_S
vIT JT
%= Yy

s”+1 - V2

[

Iy = V|

Result 4. Prove that L [e*'] = ;%; where s > a.

Proof : We know that

Lrer = {e““f(t)dt



|
— © %
I‘\l
~~
el
4
S| =
il CR
o
|
|

-1
T s—a [0 =3
Example 6. Find the value L [e3']
Solution : We know that
1
L at s
L s—a
1
L 3t SO
[e™] P
Example 7 Find L [e‘w's]
Solution :
WKT L™ = —
s—a

Example

Solution :

Example

Sohn

ue32+5] s L[e3t eS]

s eSL[e3l] i eS [

at
8 Find L [9-—]
a

WK.T L™ =

§—a

9 Find L [2Y

wKT. L[ =

L2 =

1
£§=3

™
T —
lth
0
a
(i
]
—
-
p———
2
0
Lol
L
|

a=

—(s —a)t dt
S

I
l |
£
=
[
]
(¢
%Y

|
|
\'
(=3

&

s —3




Resuit 5. Prove that L [e™™'] =

s+a,’(s+a)>o

8

Proof : WKT. LIf ()] = [ e 5 f(t) ar

0
L[e-—al] - fe—-ste—atd‘
0
o ?e-—(s-i-a)tdt
0
= _C_(_s__:a)_t i 1 [e—(8+a)t]°°
= G+a), s+a 0
1
- _s +a[0 -1

= —— where (s+a) >0
sta

Example  10. Find L [e "]

- 1
s aty  _
Solution : W.K.T L[e ] g
—bt _ 1
L{e "] o= s+b
Example 11. Find L [2e™]
Solution : WK.T. Lle ] = cta

L2e™] = 2Lfe™¥

2] -

( Result 6. Prove that L [sinat] = —— s > 0) J Gais

s> + a2
Proof : WK.T. L[f(1)] = _(])' e S'F ) dt [ &b () de
L [sinat] = _!)'e_“sinatdt = a2+b2[asm X cqs x)
RS- g

o0

—~st
= —f——z [—s sinat — a cos ai] by Notc 7.
s“+a .



= 0— §—a)2 = za 5 where s > 0.
s“+a s“+a

Example 5.2.12. Find L [sin 2t]

Solution : W.K.T L[sin af] = 5 2 3
a +a
. 2
Lisin 2} =
[ ! 52+ 22
_ 2
s2+4
Example 5.2.13. Find L [sinxz t]
. a
Solution : W.K.T Lfsinat] =
L[ ] sz + a2
2 T
sin tt] = ————
L ] s ¥ m?

[Result : 7. Prove that Llcos at] = — - = (s> 0))
s“"+ a

Proof : WK.T. LIf(t) = [ e f(0) dt
0 |

oo
Licos at] = [ e *' cosar dt
0

2+a

e-—st
= |5 ——5[—scosar +asina]
s

1
= Q- -
[sz ke % a2 ( )}
5
= (s > 0)
2+ a?
Example 5.2.14. Find L [cos 2t]
Solution : W.K.T. L[cos af] = 2—s~——2~
s“+a
s
L{cos 2] = —

s+ 4

o0

0



a

Example 15 Prove that L {cos at] =—2——§-— and L [sin at] =

s? + a2 sZ + a°
Solution : By Euler’s thecorem
ix o5, 55
e = cosx +isinx
e = cosat +isinat
L[e®} = Ljcosat + isinat]

= Lfcos at] + i L[sin at]
L[cos af] + i Lisin af] = L{e'®]

1
s —ia

_ 1 s +ia
s —ia s+ ia

s +ia
sz+a2

Equating real & Imaginary parts we get

5
Lfcos af] = ———~
52 + a?

. a
Lfsin af] = ———5
.5‘2 + a2

Example 16 Find L [cos (at + b)]
Solution : Ljcos (at + b)]

= L[cos at cos b — sin at sin b]

= cosb L [cos at] — sin b L [sin at]

s Yo a
= cosbh —sinb
[sz + az] [sz + az]

scosb —asinb
sz+a2

Example 17 Find L [sin® 2¢]
Solution : L[sin®2] = L [1—1%95—‘11] - %

- % [L (1] — L feos 4]

- _1_[_1_____3___]
215 2416

L [1 — cos 4¢]



Example

Solution : Lfsin 5¢

Example

Solution : L[(sint

Result 8. Prove that L[sinh at] =

at

Proof : sinhat =

L[sinh atf]

2

D =

N =

Result 9. Prove that L [coshat] =

Proof : cosh at

L{cosh at]

18 Find L [sin 5t cos 2f]

cos 2| = %L[sin 7t + sin3¢] by Note 11.
o L » 7 + 23
2|24+49 49

19 Find L[(sint — cos t)2]

- COoS t)z] = L[sinzt + cos® ¢ — 2sint cos t]
L [1—-sin2¢ = L[1] - L[sin 2]

3 2
s+ 4

5

5 where s > | a |

s 2

o [eat _'e—at] - % [L [eat] T [e~at]]

1

2

s+a—-s+a
5 =

s> |al

S

= 3| 8]

s> —a?

a

s —a*

sz—az

B eat+e-—at

1. cat, -aty _
2L[e +e ] =

N =

[L [ + L [e““]]

=_1_-1 1 | _lis+ta+s—a
2is—a s+a Z §% — g
2 |52 - q? st ~d¥




Result 10. Linearity property.
Prove that L [af(t) = bg(t)] = aL [f(t)] = bL [g(1)]

Proof : WK.T. L [f(1)] = § e £ dt
0

Liaf@) xbg®] = J e ™ [af () = bg ()] at

|
S8

i
St

e taf ()dt = Te‘s‘ bg (t) dt
0

a? e S'f@)ydt £ b? e Stg () dt
0 0

=aL{f(Ol = b L [g@®)]
Example Lie*+¢+7
Solution : Lfe* + 1* + 7]
= L[M+LE1+L[7]

1.4
Tt s TL

-—-1—-+24+7[%]

it

=43

= 1
Example 52.26. Find L [£(8)] if £(t) = {; ; t: & 4

Solution : WKT. LIf ()] = ?e'“ F@ ar
S o |

4 o
= [ e e tdt+ [ e S0dt

0 4 :

4
= feC*Dtg 40

0

4

~(s+1
& e_.(i+_):_ I .o [e—(s+1)t]“

-—(s+,1)0 (s+1) 0
_ _—1 [ —4s+1) _ ] - _—4(s+1)
Ts+1tf L P e J



Result 11, Prove that L (f ()] = s L [f(1)] = F(0)

Proof : WKT. L] = J e™f ()t
0
L@ = { e f (tyat

e ()

e s L

= e¥0), f10 e

= [0=f(0)] +5 {e"‘f(f)df

= =f(O) +s L[]
=sLIF®]-1fO

Result 12. Prove that L[’ ()] = $*L [f(8)] - sf(0) — 1" (0)

Proof : WK.T. L[f ()] = Te"‘ £ () de
0
Ul = f e @a

e Mdlf (1)

StmE S8

- ) - I OEeta



- [0-1'(0)1'*8{ e ™ (1ydr
= =f"(0) +sL[F @]
* =f"(0) +s[BLIF(©)] = f(O)] by result (1y)

=S LM =sf0)=f'(0)

Note : (15) |
U@ = L@ ="' f0) =s"2f (0) = .. =71 (0)

Result ;: 13, FIRST SHIFTING THEQOREM
o KL} = () then LS (1)) = ¢ (s —a)
o L) = pls) then Lie™f ()] = ¢ (s +a)

Proof : WKT LIf(1)] = ¢(s) = }c"‘j(t)dl
0
L Q)= | e ef e
0

e—(s - a)tf(‘)d'

L
S8

]
O S

(s-a)

Le™f () e ()



= Ze—(s-i—a)tf(‘)d‘

- Ze—(s+a)tf(‘)d‘

wls + a)

iIl. PROBLEMS BASED ON FIRST SHIFTING THEOREM AND
SECOND SHIFTING THEOREM

Example Find L ["e™ )
Solution : Li"e ] = [L (‘")] s->(s+a)

= +1
5" s+ (s +a)

re !
G +a)*!

Example Find L [e ™ cos bt]
Solution : Lie ™ costt] = [L [cos brl]s i
_ s
["2 + bz]s - (s +a)
s +a

G+ a)2 + b2
Example Find L [e™ sinh bt)
Solution : Lfe® sinh bt] = [1, [sinh bt]]

s (s —a)

L T - b
I_sz—bz]s_’(._.) s —a)* —b?
Example Find L |e' :“‘*]
Solution : L|é&' I-H] = :L [t—”]]s il

_ E:&:_l] - [53_]
- -+l s
ol s=(E—-1) = s+*(s—1)

[V7r -\/Jt
- Trs—] - [ s
s+ (s~1)

S Jis+»(-1)

2/ =



Rogult 14. Second shifting theorem,

t<a

o ILF®) = ps) and G(O) = ]{,“.‘ h.1>e

then LIG(N) = ™ pls)

0 t>a

I 1<a l

a f{t-a)
o

Proof : L[G()] = ?e'“G(I)dt
0

e OYm®

e ™ 0dt+ }. e ™ f(t~a)de

e f(t~a)dt

Patt=a=u f+a=u-=(
d =du (*»o=>yu>w®

i ? e-s(u *"f(u)du
0

=e ™ [ ™ fu)du
0

~%a U; =M rsn 0 s ’ 3 ER
= ¢ J e Ju)ar l L HS A Ollmmy VarlaDlej
0

= ™ Lif ()

e p(s)

Result : 15. If L{F(1)] = p(s) and C > 0 then

I, t>0

LIF(t - ¢) H(t - 0] = ¢ “p (s) where H(t) = {o, t<0

Proof : LIf(1)] = f e f () d
0

LIFt-c)H(t-¢) = ?e'“F(t—c)H(f-c)dl
0



DERIVATIVES AND INTEGRALS OF TRANSFORMS -
TRANSFORMS OF DERIVATIVES AND INTEGRALS

wesult : 17, Transforms of Derivatives
If LIf(t)] = ¢(s) then L [tF(t)] = -ad;p(s) ==~¢'(s)

Proof : ¢(s)

L90)

¢'(s)

ds

o S— R

Lir o)

d
ZLI0)
d

e () dt

o S8
o %= B

e
AL

e (=0)f () dt = -? e ef )t
0

T

Put t —¢ = u
dt = du

=

t=>0 = u-»—c

[—>0 > Yy—>0

7 e SUTO R ) H () du

e = }o e ™ Fu)H (u)du

0 ©
e [ e ™" F)0du+ [ e F(u)du
e 0

o0
e % [ e F(u)du
0

e ™ [ e S'F()dt [ u is a dummy variable]
0

e “LIFO] = e p(s)



LSO = —p' ()

Corollary :- If L[f (1)] = ¢(s) then LI"f (1)) = (=1)" ¢" (5).
Proof : WKT. Litf ()] = —¢' (5)

LIZf @) = Lt.tf (@)
d
=2 LU @)
d |=-d
i [E Lf (’)]

2
(~1)2§rbf(ol

- (—1)’;‘-2; #(5)

------------------------------------

L7 @) = (-U“ﬁ;v(s) = (~1)"¢" ()

PROBLEMS BASED ON TRANSFORMS OF DERIVATIVES
Example 1. Find L (tsin2t]
Solution : WK.T. L["f(0)]= (-D)"¢"(5)

L{t sin ) = -%[L(sin?x)] - —% [5214]

G+ P+
Example 2. Find L [#e™]
Saution = WKT LIPS 0) = (-1 10 )
R R e Y
ufzﬂ ]_ ( 1)2‘#21‘(9 3] b d’z I:s+3]

O 8 . ) S,
a5 (s 437 (s+3)°




Example 3. Find L [te™*'sint]

Solution : Lte Hsinf] = —% [L (¢ sinn))

d 5 d 1
= == Llsint]kusge2)) = —52 H—"} ]
dS[ o ] & s’z+l s> (s+2)

" d‘: 1 ]_ 2(s + 2)

ds {s +22 +1|  [s+2° + 1
Example Find L [tsin 3tcos 2t]

Solution : Lirsin3tcos2] = —%[L(sinStcos?t)]

= 4|1 ; = Todi] <8 1
- d‘_[z[L(snnSI)-f-L(smt)]] 2d5|:52+25+52+1]

= Ss + 5
(2 +25° (s> +1)

Example 5,  Given that L [sin Vi ] = 2‘—3 V % &7V find LT, of

= cos Vi
Solution : Let  f(f) = sinvi
1) = gypoosvi
L ©) = sLYO1-f )

o] - o)
1 T
oL

5 VT =0 f(0):= 0]

_12_ L e~ Vs



Example 6 S"OW that [e 'tcostdt = 0
0

Solution tdt = [L [toosl]]"_1 Tanit AEC
0 o
_[_a [lafs )] _|. [0 @=s)
..[ dsL(COS')]‘“l [ ds 32‘._1 ];.] [ (;2-0- 1)2 ]]s-l

24128 1=# ]
R e

Example 7  Find L [te™ cosht]
Solution : |, “‘coshf] = --:;L[e" cosh¢]

_oodf s ) ([e#DP-1-@+1)2(+1)
ds [(sﬂ)’-l} [ [ + 12 -1

L |Ernt-1-2¢+1) R\ s S Y L)

[+ 1)* - 12 TR St dd

Result 18, Integrals of transform

If L [f()] = ¢(s) and %f(:) has a limit s (0 then
L [}f(«)] = [p@)as
Proof : ¢(s) = L [f(1)]

[e@)ds = [ Lif()ds

7

S 8

et dds = [ e [ s
0 s

[since s and ¢ arc independent variables and hence the order of integratios
in the double integral can be interchanged)
G

- Jr0|f etala =10 [’T,] "
0 0 5

© [ -5t ® -5t
= [1@|0+5|d = [ 10 a
o | 0
= fe -y [%f(r)]
0



ie, L [%f(r)] = § p)ds

PROBLEMS BASED ON INTEGRALS OF TRANSFORM

e
Example 8 | Find L [l s ]

Solution : L[%f(:)] = [p@)d = }.L[f(r)]ds

s

[i54] - Fun-e - Fi-r2ya

- [Iogs-log(s-l)]: = [logsjl]s

Exampleg  Find L [—“-‘“——“] [A.U., March 1996]

Solution : [ f (t)] = [ LU(‘)ld‘

[sm at] } Lisinat]ds = I 3 ds

5 gs+a

ol | N S

8|«
Il
g
|
|
B
I
-
.
8] |«
B
el



PROBLEMS BASED ON INITIAL VALUE AND FINAL VALUE
THEOREM

Example 54.1. If L [f(1)] =

- (s'+ 0 LT and Lt

Solution : L f(:) = Lt 5.F(s)

s+ ®

R TIUET S
s,l,lnss(ﬁ-a) -sljt,s-i-a o

1
SO =T =L e

|
s»05ta @
Example 2. Verify the initial and final value theorem for the function
ft) = 14¢ " (sint+cost)
Solution : Initial value theorem states that
hm f(t) = lim sF(5)

§+*m

T

Lf () = F(s) = —+L[sm¢+cosq,.,“
. 12 " s+21
o+ +1 (s+1)°+1
alystl
¥ o(s+1)°+1

LHS =lmf() =1+1=2
t+0

RHS = 1ims[1+—~‘—*-}-—
g+ m § (S"'l) +1

2
P+s9+n] L f0+ﬂ

E+17+1 2 ,+z+z]
s 5
14=
lim (1+ =141 =2
§+®w 14- 2.
32
LHS. = RHS.

Initial value theorem verified,



Final value theorem states that
lim f(f) = limsF ()

t» s> 0
i’}i 3.4 : 197
LHS" = lim [L+ e ! (sint + cos ()]
t-> o
=1+ 0=1
RHS. = lim |1+-28%2
s=>0 C+DH°+1
=1+ 0=1
LHS. = RHS.

Final value theorem verified.

Example 3. Verify the initial and final vaiue theorems for f(f) =3¢~
Solution :  f(f) = 3¢

3

-~ -2[ g " e————
FE) = L) = e ™) = =
Initial value theorem : Lt f(f) = Lt sF(5)
t=0 s
LHS. = Lt f(i) = Lt3e™® =3
1=+0 t=0
: 5 ol ol
RHS = LtsF(s)—.Ll $ (5+2) = It g
T -] s @ 3w
- L 3s -
A Y b2
§
= 4 32 =3
5% 4 H
s
LHS = RHS.

Hence Inmitial value theorem verified.



Final value theorem Lt f(f) = Lt sF(s)

t> e s=+0

fi

T
LHS. = Lt f(t) = Lt 3¢ % = 0 [Fe™® = 0]

t—> % t=> o

l
o

3
RHS. = Lt sF(s) = Lt s (s+2)

50 s>0
LHS. = RHS.
Hence Final value theorem verified.

TRANSFORMS OF UNIT STEP FUNCTION AND
IMPULSE FUNCTION

4 UNIT STEP FUNCTION (OR) HEAVISIDE'S UNIT STEP FUNCTION
PROBLEMS BASED ON UNIT STEP FUNCTION

Example¢ 1. Define the unit step function,
Solution :

The unit step function, also called Heavi side’s unit function is defined

Qfort<a
Ug-a) = {lforr>a

This is the unit step functions at ¢ = a
It can also be denoted by H (r - a).
3
Example 2. Give the L.T. of the unit step function. (M.U. Oct., 96]
Solution :

The L.T. of the unit $tep function is given by

LU(=a)]=[ e™U(@-aa

Ot 8

Il
S -

e™0dt+ [e™ (1) dt
a

-]
e 1
e dt = [e__]
-5
a

0 -

I
&t 8



TRANSFORM OF PERIODIC FUNCTIONS
Define periodic function and state its Laplace transform formula.

4 Det. Periodic

A function f (x) is said to be "periodic” if and only if f(x +p) =f () is
true for some value of p and every value of x. The smallest positive value of
p for which this equation is true for every value of x will be called the period
of the function.

The Laplace Transformation of a periodic function f () with period p

Lt e rga
0

ive
given by T

Proof 1 L1 = [ S

- Fepas | e a
0 P

Put t = u+p in the second integral

ie,u =t=p t=p > u-=0
Le, du = dt (0 > yu>®
P ®
w [t @yt + [e PR f(u+ p)du
0 0

o6

e f@ydi+eF .g e fWdu [ flu+p)=FQ)

O SO

o o

e ™f(O)dt +e*P 7 e"S'f () dt [ u is a dummy variable]
0
P
@) = Je™ fod + e LY @)
0

P
[L-eFILFO) = { e i dt

p
WOl = — ] e o
1-¢ 0



Example!  Find the Laplace transform of the Half wave rectifier function

smwt, 0<t<%
1= T
A S

Solution :  This function is & periodic function with period %ﬁ in the

N
0, 'a}-)

2
WOl mrrosn { e

interval

l=¢ w»
| o
= T [ [ e sinotd + 0]
]=e @ 0
/
1 1 H e-ﬂ . wu
S —ryr 2+ ) I‘SSII'IWI-MCOS(MI
|]-¢ ® dhia 0

1 ¢ 4o
. =73 2, 2

1 -GT 5 +w
bt 114
w(l+ew ] :
ll - ”“’J ll tet "EJ (* + )

_ W
(’.2 +w2) (l - e-sx/m)




Example 2 Find the Laplace Transform of

() = |, 0<t<a
2a-t, a<t<la with f(t+2a) f(t)

Solution : L|f ()] = f e f0)dt

= l_m [} e+ f e (% -1)dt
0

o]

' ¢S o
] (1)[ 2 +|(%a=)

1l
—
I
Q' i
&
=
—————y
’ — ’

i a
1 g st e
= wf | | (28 =) —
O R [ $ 0 f =) 5
0 ‘N
-5 -8s =28 . P
_ l-m bt | 12 ol : e ¢
1-¢ § ¢ § § g
_ { ~ae-u .c"‘+_1_+e'm+ae"_ef"
| - e-m § 32 32 J2 § 52
R I KTt T
1 -e"hl 52

I S ET A
Fl=e™+e™ e unt [2]



INVERSE LAPLACE TRANSFORM

Now we obtain f (f) when ¢ (s5) is given, then we say that inverse Laplace
transform of ¢ (s) is f(t).

() HL@) = ¢(s), then L' [p(s)) = ()

where L™ is called the inverse Laplace transform operator.
(2) If p;(s) and ¢, (s) are L.T. of f(f) and g () respectively then
L7 Crer () + Crpp)) = GL™ oy ()] + G L™ [y )]
Proof : Given : L[f(t)] = ¢ (5)
f® = L7 p ()]
Lig ()] = ¢, )
g() = L™ [y ()
WKT. LICif () + Cg ()] = GLIF@O1+GLI ()]
= C1p1(5) + Gy, 6)
Cif )+ Cog ) = L [Cugy )+ Gy )
ie, L [Crpy )+ G ) = Cf0)+ Cog )
= L) +GL gy )
Note : (1) T LF )] = p(6) then LI )] = p (s - )
e, HL7 [p (5)] = f(t) then
L p(s-a) = €'f() = L™ [p (o)
Nate : (2) IE L [F()] = ¢ (6) then Lie™{t) =p (s +a)
ic, L7 o (5)] = f(0) then
L ps+a) = () = e IL 7 p (o)



UNIT-V
SOLUTIONS OF SYSTEM OF EQUATIONS
Introduction

We come across, very often simultaneously linear algebraic equations for
its solutions, especially, in the fields of science and engineering. In lower classes, we
have solved such equations by Cramer’s rule (determinant methods) or by matrix
methods. These methods become tedious when the number of unknown in the system is
large. After the availability of computers, we go to numerical methods which are suited
for computer operations. These numerical methods are of two types namely: (i) direct
and (ii) iterative.

We will study a few methods below deals with the solution of simultaneous Linear
Algebraic Equations

Gauss Elimination Method (Direct Method)

This is a direct method based on the elimination of the unknowns by combining
equations such that the n unknowns are reduced to an equation upper triangular system
which could be solved by back substitution.

Consider the n linear equations in n unknowns, viz.
aiXataiXe+.... +ainXn=b1

Ao1X1+axXe+.... +axnxn=h>

AniX1+an2Xo+..... +anan:bn (1)
Where aj; and b; are known constants and x; s are unknowns.

The system (1) is equivalent to AX=B .....(2)

e N 7N TR

ailr a12 ......... ain X1 b1

Where AT ax ax......... an| X=X and B =| b,
dn1 an2 ..... dnn Xn bn

\ J "/ "

Now our aim is to reduce the augmented matrix (A,B) to upper triangular matrix.



(a1 a12 e, ain b1 )
(AB)=] azz azn...... azn b2

an1 an2 ceeeenens ann bn (3)

i1
Now, multiply the first row of (3) (if a1z # 0) by - %11 and add to the ith row of (A,B),

where i=2,3,...,n. By thia, all elements in the first column of (A,B) except a1 are made
to zero. Now (3) is of the form

ain a12 ... ain by )
~
0 b22 ......... bzn C2
0 bn ......... bnn Cn ------- 4
2 n) 4)

Now take the pivet bo.. Now, considering b2, as the pivot, we will make all
elements below b2z in the second column of (4) as zeros. That is, multiply second

bi:

row of (4) by - b2: and add to the corresponding elements of the ith row
(i=3.4,...,n). Now all elements below b2, are reduced to zero. Now (4) reduces to

(a1 a1z Aze....... ain b1 ")
0 b2z  bos......... ban C2
0 0 C23uvviinnnn C3n d3

O O Cn3 ......... Cnn dn ...... (5)

Now taking css as the pivot, usingjelementary operations, we make all elements
below c33 as zeros. Continuing the process, all elements below the leading diagonal
elements of A are made to zero.



Hence, we get (A,B) after all these operations as

/all A12  A13  ceeeeeeens e ain bD
0 bzz b23 .............. bzn C2
0 0 C23 C34.uennnnns Can ds
0 0 0 0 ... cn | dnl| ...(6)

% : : g
From, (6) the given system of linear equations is equivalent to
aXataioXo+aisxXs+.... tainXn=b1 M
b2oXo+b23X3+.... +hanXn=C2

C33X3+.... +canXn=d3

OnnXn=Kn

_/
Going from the bottom of these equation, we solve for x,.= &nn. Using this in the
penultimate equation, we get X»-1 and so. By this back substitution method for we solve

Xn ; Xn-1, Xn-2, .. ... X2, X1.
Gauss — Jordan Elimination Method (Direct Method)

This method is a modification of the above Gauss elimination method. In this
method, the coefficient matrix A of the system AX=B is brought to a diagonal matrix or
unit matrix by making the matrix A not only upper triangular but also lower triangular by
making the matrix A not above the leading diagonal of A also as zeros. By this way, the
system AX=B will reduce to the form.

rar 0 0 0 e, am | br)
0 b O 0 e b2n C2
....................................................... ds
o 0 0 0 e, ann kn | ...(7)
From (7) <
kn Ca b,




Note: By this method, the values of Xi,X2,.....xn are got immediately without using the
process of back substitution.

Example 1. Solve the system of equations by (i) Gauss elimination method (ii) Gauss —
Jordan method.

X+2y+z=3, 2x+3y+3z=10, 3x-y+2z=13.
Solution. (By Gauss method)

This given system is equivalent to

(35 30) (k)

AX = B
1 2 1 3
2 3 3 |10
AB) =13 -1 2 |13 | ............... (1)
Now, wewill make the niatrix A upper triangluar.
~
1 2 1 |3
> 3 3 |1lo
(AB) = 3 -1 2 |13
1 2 1| 3
0 -1 1| 4
~0 -7 -1| 4 Ro+(-2)R1, R:+(-3)R:

Now, take b2>=-1 as the pivot and make bs> as zero.

1 2 1 3
[n -1 1 4 ]
(AB) ~lo o -8 |-241Rs(-7)........... (2)
From this, we get
X+2y+z= 3, -y+z2=4 , -8z2=-24

z=3, y=-1, x=2 by back substitution.
x=2,y=-12=3

Solution. (Gauss — Jordan method)



In stage 2, make the element, in the position (1,2), also zero.

1 2 1 3
[n 11 4]
(AB) ~lo o -8 |-24
11
1 0 3
[n -1 1 4‘
~lo o -8 —24 1 R12(2)
1 0 3 11]
0 -1 1 4 (1}
~lo o0 -1 —3] Rs's
1 0 0 2
0 -1 0 1
~lo 0o -1 —3 R13(3), R23(1)
ie., x=2,y=-1, z=3

Example 2 Solve the system by Gauss- Elimination method
2X+3y-z =5; 4x+4y-3z=3 and 2x-3y+2z =2.

Solution. The system is equivalent to

£ 2200

A X =B

2 3 -1
I4 + -3
(AB)=12 -3 2

5
3
2

Step 1. Taking a11= 2 as the pivot, reduce all elements below that to zero.
2 3 -1

[ﬂ -2 -1 —F"]
(AB)=1lo -6 3 —3lRxu(-2), Ra(-1)

Step 2. Taking the element -2 in the position (2,2) as pivot, reduce all elements

all elements below that to zero.

2 3 -1 5
[n -2 -1 -7
(A,B)=1o o 6 1s R32(-3)



Hence 2x+3y-z =5
-2y-2 = -7
6z =18
z=3, y=2, x=1. By back substitution
Example 3 Solve the following system by Gauss - Jordan method
Bxi+Xo+Xs+Xa=4;, Xa+7Xo+Xs+x4=12
X1+ Xo+6Xs+Xa=-5; X1 + X2+ X3+ 4x4=-6

Solution. Interchange the first and the last equation, so that coefficient of x; in the first
equation is 1. Then we have

4 N

1 1 1 4|-6
(AB)= 1|1 7 1] 12
1 1 6 1|-5
5 1 1 1) 4
\ J

(1 1 1 4]-67)

0 E 0 -3|18
0 0 5 -3|1 |Rau(-1), Rai(-1), Ra(-5)
0 -4 -4 -19| 34

1 1 1 4| -6)

1
0O 0 5 -3 1 Rz(E} to make the

0 -4 -4 -19 | 34| pivotasl




o O +—» O

o —, O O

o O

[N

= O

1
0

5.1
-0.5
-0.6

-23.4

5.1
-0.5

-0.6

4.5
-0.5

-0.6
-21

-9.2

0.2
46.8

9.2 )

Ri2(-1), R42(4)

0.2
46

o)

Ri2(-1), Ra3(4)

2

LA



3 1
O 1 0 (-1 R34(_§), R24(_§), R14(5.1)

Xx1=1 X2=2, Xx3=-1, x4 =-2
Example 4. Solve the system of equations by Gauss — Jordan method:
X+y+z+w=2
2X—y+2z-w=-5
X+2y+3z+4w=7
X—2y—-3z+2w=5

Solution.
g
1 1 1 1122
2 -1 2 -11-5
(AB) = 3 2 3 4|7
1 -2 -3 2|5
~ Y,
N
1 1 1 1 |2 R,-2R1
0 -3 0 -3 1]-9 R3-3R:
0O -1 0 1 |1 R4-R1
0 -3 -4 113
J
1 M 1 1 2 )
~ 0 ] 0 1 |3
_1
0o -1 0 1 1 Rz( §)
0O -3 -4 1| 3




o O O

o o +—» O

o O O -

o O +—» O o O —» O

o O —» O

XA DN B O

o —», O O S B, O B

o —», O O

- O O O

R1+(-1)R2
Rs3+R2
R4+3R>
1)
3
1
2 R3(§}
1
-3 R4(_ E)
J
1)
3 | Interchanging
-3 R3 and Ry
2
J
2 2
3
-3 Ri+(-1)R3
2
J
0 N
1 Ri+(-1)Ra4
-1 Ro+(-1)R4
2 Rs+R4
J




x=0, y=1,z=-1,w=2

Example 5. Apply Gauss — Jordan method to find the solution of the following system:
10x+y+z2=12; 2x+ 10y + z = 13; X+y+52=7.

Solution. since the coefficient of x in the last equation is unity, we rewrite the equations
interchanging the first and the last. Hence the augmented matrix is

1 1 5 7
(AB) = 2 10 1 |13
0 1 1 |12
1 1 5 7
~ 0 8 -9 -1 Ro+(-2)R;
0 -9 -49 | -58 Ra+(-10)R;
~
1 1 5 7))
E 1 1
~ 0 1 - 8 -8 RQ(E)
0 -9 -49 | -58
g J
1 1 5 7 )
9 1
~ 0 1 -8 |-8
73 473
0 0 -8 |-"8
J
J
(1 1 5 7
9 1 (_L)
0 1 - 8 -8 R\ 473
0 0 1 1

10



11

=
o
@
@

9 1
~ 0 1 -8 -8 Ri+(-1)Rz
0 0 1 1
G _/
(1 0 0 1)
Q
~ 0 1 0 1 R> (E)Rs
()
L0 0 1 1) R: 3 /Rs

x=1 y=1z=1

Method Of Triangularization (Or Method Of Factorization) (Direct Method)

This method is also called as decomposition method. In this method, the
coefficient matrix A of the system AX = B, decomposed or factorized into the product of
a lower triangular matrix L and an upper triangular matrix U. we will explain this
method in the case of three equations in three unknowns.

Consider the system of equations
a1 Xa+ amXe+ aXs = by
A21X1+ @22X2+ A23X3 = b2
as1X1+ as2X2+ assXs = b3
This system is equivalent to AX =B

) ),

Where A = (ﬂ 31

Now we will factorize A as the product of lower triangular matrix

1 o 0
(521 1 n)
L= E31 E3: 1

And an upper triangular matrix



12

uli ul: ulz
0 Uz; Uz,
=10 0  Uszz/ sothat
LUX =B Let UX =Y And hence LY=B
0 0 Vi bi
( E21 1 n)(:’-":) b:
That is, E13:1 E3: 1/\Va/ = \b,
y1 =D, lbyi+yz = by, laiyi+lsye+ys = bs
By forward substitution, 1, Y2, y3 can be found out if L is known.
u’li ul: uls Xy :""‘1
0 Uz Uzs || Xz Vs
From (4), 0 0 Uzs//\ts/ =1z
U11X1 + U12X2 + U13X3 = Y1, U22X2 + U23X3 = Y2 and U3sX3 = Y3
From these, X1, X2, X3 can be solved by back substitution, since y1, y2, yz are known
if U is known.Now L and U can be found from LU=A
1 0 0 uli ul: 'uls i311 il11: il113
321 10 0 Uz, Uz |= |z, Oz; A3zq
l.e., E13:1 E13: 1 0 0 Ugzg 3, Q3; Q3
i.e.,
- N
U1 Uiz ui3
a 11 a 1z a 1=
iz, Oz; Gz,
lo1u11 U +u22  l21Ugs+uU2s 3, O3; Uz
l31u11 l31U12+I32uU22 I31U13+I32U23+U33

N—
Equating corresponding coefﬁjcients we get nine equations in nine unknowns.

From these 9 equations, we can solve for 3 I’s and 6 U’s.

That is, L and U re known. Hence X is found out. Going into details, we get ui1 = @ 11-
U= @1z uz= @1z, That is the elements in the first rows of U are same as the

elements in the first of A.
Also, lxuin=9%92: lyUi+uyp = G2z lb1U13+U23 = (23

sz, (z, as,

oy =011, Up=02; -1, A1z and ux =

again, lsauir = A3y, IzUi2+ls2U22 = B3z and lspuis+lsoUzs+Uss = G 2s



a
1‘1131 a
: —a _ . a e
solving, ls1=t1s, I3 =32 11 z

31 _ ﬂE:l. a
Uss=02z-fl1:. a3 iz g, "1z

Therefore L and U are known.
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Example 1: By the method of triangularization, solve the following system.

oX—2y+z=4, Ix+y-52=8, 3x+ 7y +4z=10.

Solution. The system is equivalent to
5 -2 1°\/X 4
(71 2)).(8)
3 7 4/\z/=\lo

Now, let LU=A

Ja—y

1 0 0 Uqy Uqpg U,
L2 Off 0 Uz, Uy, :(
That iS, E31 E3: 1 0 0 Uz,

Multiplying and equating coefficients,

U11=5' Uz= =2 Upz=1

wui1=7 laup+ur =1 luiz+up= -2
7 7 -2 1o
1= 5, up=1 -5 - 5 and
5_7 32
Uz = 5. (1)= s

Again equating elements in the third row,

lasuss = 3+ lsaUia+laolize = 7 and lapUss+laoUps+uss = 4

3
7 _E'{_Z}

; 19
lss = 5, In= 5

41

= 1o



, 3 (1) ﬂ(_%) 3 1312
U3z = 5.\ - 19 ] :4_§+ 95
1635 327
= 95 = 19
Now L and U are known.Since LUX =B, LY =B where
From LY =B,

7

L Vy
o
2l U (s)
5 1 = \lo

7 3 4
y1—4 §y1+y2—3 _5y1+ 19 y2+y3:10
28 12
y2—8-_5_ 5

S 10Kk
o o 3272 |
UX =Y gives 1o =\1o
SX—-2y+z=4
1o 32 12
B5y-5 z=5
327 4
1o z= 19
46

7= 327

UX =Y.

14



Ty:_5+ 3 27
284
y= 327
(563) 46
Sx=4+2y- z=4+2\ 327/ 327
366
X= 327
366 284 de

x= 327, y=327, 2= 327
Example 2: Solve, by triangularization method, the following system:
X+5y+z=14, 2x+y+32=13, 3x+y+4z=17.
Solution. this is equivalent to
14

1 5 1y /X
(3190).(5)
3 1 4/\z/ =\17
A X = B

1 0 0 Uy, Ug,
321 1 0 0 Uy,

Now, let llJ:(fh [3; 1

By seeing, we can write U= 1+ U;z=5 U= 1

Hence, ly=2. Bly+up =1 lo1+u3 =3

again, ls = 3+ Slu+latz =1 and ls+lsUss+uss = 4

1 -1s5 14 14 5

;2= -9 =9 ; up=% -3-9 = g

15



LUX=B implies LY =B where UX =Y.

LY = B, gives,
1 0 0,
(2 1 n)(}l_}) (14
14 Sz 13)
35 Ve gy
14
yi=14, 2 yi+y, =13, 3 y;+ 9 y,+y; = 17
2
y1=14, y2=-15 ys=-3
14
15 1 i
X -1s
(n —9 15)(3,) s
UX =Y gives \° ° 75/ = 3
X+by+z=14
-9y +z2=-15
5 B a
"9z= 3

x=1, y:E’ZZE

Jacobi Method Of Iteration or Gauss — Jacobi Method
Let us explain this method in the case of three equations in three unknowns.
Consider the system of equations,
aix+by+ciz =ds
axx+boy+coz = do

asxtbay+csz=dz ............ (1)
Let us assume la,l > |by]+1c,l
Ibil > dzl+1C:0

161 > lasl+ |bs|
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Then, iterative method can be used for the system (1). Solve for X, y, z (whose
coefficients are the larger values) in terms of the other variables. That is,

1

X =0a; (di-byy - c12)
1

y= b, (d2— axx — C22)

If X°, V" Z° are the initial values of X, y, z respectively, then

1
N —a; (di- bt - Clzlzﬂzl)
1
v = b, ((Ziz—c’:lz-‘v'lzﬂzI —CZZIZGZI)
1
2\ = T (ds-ast' ) ') 3)
Again using these values X'/, ¥/ 22} in (2), we get
1
v = (d1-b1"llll - 1Z|:1|)
1
v = by (dp- a2t
1
2% = T (ds- 2! — by @)

Proceeding in the same way, if the rth iterates are X V7" 2z the iteration
scheme reduces to

1
l—rr'+1p — ﬂ_i (dl' bljsrr‘y . Clzm)

1
;1-‘1"""'1? — b: (dz_azx{'r"} _sz{'r'})

1
z+ — T, (ds- agx ™ _ bgjl’m) e.n(5)

The procedure is continued till the convergence is assured (correct to required
decimals).
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Note 1: To get the (r+1)th iterates, we use the values of the rth iterates in the scheme (5).

Note 2: In the absence of the initial values of X, y, z we take, usually, (0, 0, 0) as the
initial estimate.

Gauss — Seidel Method of Iteration:

This is only a refinement of Guass — Jacobi method. As before,

1
x =@y (di-bay - c12)
1
y= b, (d2— axx — C22)

1
7= C_E (d3- asX — b3y)

We start with the initial values V°, Z° fory and z and get X' from the first
equation. That is,

1
A1 e A0 (0

)

- - - I. G .I .I. 1 .I - -
While using the second equation, we use Z* ' for zand X~ for x instead of X* as
in Jacobi’s method, we get

1
(1)

. ] 1. A1 (00

)

. . . A1 . . A1 . .
Now, having known X and y'*! 'yse x® for x and ¥~/ fory in the third
equation, we get

1
{ i - A i ,|' l.l
Z.l. — CE (d3'a31'"1—b3j' )
In finding the values of the unknowns, we use the latest available values on the right hand
side. If X% ¥z are the rth iterates, then the iteration scheme will be
1
k{f"‘lf — ﬂ_i (d]_ _ bljl.'{-l'”j _ Clz{'r'_l)

1
J:i'r"-l'lb = b, (dz_az_rrr%lp _sz{h)

1
zr+1ly _ 'C_s (ds - ag_rw+1p _ bg:l:q'r"+1p)
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This process of iteration is continued until the convergence assured. As the
current values of the unknowns at each stage of iteration are used in getting the values of
unknowns, the convergence in Gauss — seidel method is very fast when compared to
Gauss — Jacobi method. The rate of convergence in Gauss — Seidel method is roughly
two times than that of Gauss — Jacobi method. As we saw the sufficient condition
already, the sufficient condition for the convergence of this method is also the same as we
stated earlier. That is, the method of iteration will converge if in each equation of the
given system, the absolute value of the largest coefficient is greater than the sum of the
absolute values of all the remaining coefficients. (The largest coefficients must be the
coefficients for different unknowns).

Note 1: For all systems of equations, this method will not work (since convergence is
not assured). It converges only for special systems equations.

Note 2: Iteration method is self — correcting method. That is, any error made in
computation, is corrected in the subsequent iterations.

Note 3: The iteration is stopped when the values of x, y, z start repeating with the
required degree of accuracy.

Example 1. Solve the following system by Gauss — Jacobi and Gauss — Seidel methods:
10x-5y-2z = 3; 4x-10y+3z=-3; x+6y+10z =-3.

Solution: Here, we see that the diagonal elements are dominant. Hence, the iteration
process can be applied.

lo -5 -2
4+ -lo 3
That is, the coefficient matrix L 1 6 1o |isdiagonally dominant, since

| 10 >1-51+ [I-21
-lo] >1 41 + | 31
| 10| s 1]+ |6 ]

Gauss — Jacobi method, solving for x, y, z we have

1

Xx=10 3+5y +22) e, (1)
1

y=10 3+4X+32) e, (2)
1

z= 10 (-3-%X-6Y) e, (3)

First iteration: Let the initial values be (0, 0, 0).
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Using these initial values in (1), (2), (3), we get

o 1
X' =T (3+5(0) + 2(0)) = 0.3
1

v =To (3+4(0) +3(0)) = 0.3

1
z = To (-3- (0)—6(0)) =- 0.3

Second iteration: using these values in (1), (2), (3), we get
1
X2} = Tg (3+5(0.3) + 2(-0.3)) = 0.39
5 L
Vi =1o

. PR 5
V¥ =10 (3+4(0.3) + 3(-0.3)) = 0.33 z\% = 1o (-3-(0.3) -
6(0.3)) =- 0.51

Third iteration: using these values of X'2/, ¥'2/ | z(2) in (1), (), (3), we get,

1

x'*) =To (3+5(0.33) + 2(-0.51)) = 0.363
1
v =T,

(3+ 4(0.39) + 3(-0.51)) = 0.303
1

z®) = T¢ (-3- (0.39) — 6(0.33)) = - 0.537
Fourth iteration:

1
%) =To (3+5(0.303) + 2(-0.537)) = 0.3441
L
'1.".4.' — 1“

(3+ 4(0.363) + 3(-0.537)) = 0.2841
.

z'*) = Tg (-3- (0.363) — 6(0.303)) = -0.5181

Fifth iteration:

x>} =To (3+5(0.2841) + 2 (-0.5181)) = 0.33843

1
=1o
1
"'*! = 1o (3+4(0.3441) + 3(-0.5181)) = 0.2822



1
z'*) = To (-3- (0.3441) - 6(0.2841)) = - 0.50487

Sixth iteration:

x1®) (3+5(0.2822) + 2 (-0.50487)) = 0.340126

!

2

o) =T

o L
“7' =10 (3+ 4(0.33843) + 3(-0.50487)) = 0.283911

L

®) = Ty

z'®) = To (-3- (0.33843) - 6(0.2822)) = - 0.503163

Seventh iteration:

x(7) (3+5(0.283911) +2(-0.503163)) =0.3413229
_,1:.I. ? .I

1
1o
1
1o

(3+ 4(0.340126) +3(-0.503163)) = 0.2851015

1
z") =Tq (-3- (0.340126) — 6(0.283911)) = - 0.5043592

Eighth iteration:

1
x'% =To (3+5(0.2851015) +2 (-0.5043592))

=0.34167891

v = ﬁ (3 + 4(0.3413229) + 3(-0.5043592))
= 0.2852214
1
z'%) = To(-3-(0.3413229)- 6(0.2851015))
= . 0.50519319

Ninth iteration:

1
1o (3+5(0.2852214) + 2 (-0.50519319))
0.

.‘L":g:l =
=0.341572062

21



,Irl. g.l

1o (3+4(0.34167891) + 3(-0.50519319))

1
= 0.285113607

1

z'?) = To (-3- (0.34167891) — 6(0.2852214)) = - 0.505300731

Hence, correct to 3 decimal places, the values are
x=0.342, y=0.285 z=-0.505

Gauss — Seidel method: Initial values:y =0,z =0.

1
First iteration:X'*! = To (3+ 5(0) + 2(0)) = 0.3
1

v =To (3+4(0.3) + 3(0)) = 0.42

1

z\1) = 1o (-3- (0.3) - 6(0.42)) = - 0.582
Second iteration:
x(2) (3+5(0.42) + 2(-0.582)) = 0.3936
j..'

(%]

1

=1o

: 1

““' =10 (3+4(0.3936) + 3(- 0.582)) = 0.28284
1

= 1o (-3- (0.3936) — 6(0.28284)) = - 0.509064
Third iteration:

ZI- & .I

1

x3) =T (3+5(0.28284) + 2(-0.509064)) = 0.3396072V"*' =T (3 +4(0.3396072)+3(-

0.509064))= 0.28312368
1

z'3) = To (-3- (0.3396072) — 6(0.28312368))
= - 0.503834928

Fourth iteration:

1
x'*) =Tq (3+5(0.28312368) + 2(-0.503834928))
=0.34079485

1

22



1
v = Tg (3+4(0.34079485) + 3(-0.503834928))
= 0.285167464

1

z'*) = To (-3- (0.34079485) — 6(0.285167464))
=-0.50517996

Fifth iteration:

1
x'*' =710 (3+5(0.285167464) + 2(-0.50517996))
= 0.34155477

vy = ﬁ (3 + 4(0.34155477) + 3(-0.50517996))
= 0.28506792
1
z'%) = 1o (-3- (0.34155477) — 6(0.28506792))
= - 0.505196229

Sixth iteration:

1
x®) = To (3+5(0.28506792) + 2(-0.505196229))
= 0.341494714

1
v =T (3+ 4(0.341494714) + 3(-0.505196229))
= 0.285039017

z'®) = ﬁ (-3- (0.341494714) — 6(0.28506792))
= - 0.5051728
Seventh iteration:
1
=To (3+5(0.285039017) + 2(-0.5051728))
= 0.3414849

..i:l. ? -I
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1
VU = To (3+4(0.3414849) + 3(- 0.5051728))
= 0.28504212

1
z\") = To (-3- (0.3414849) — 6(0.28504212))
= - 0.5051737

24



The values at each iteration by both methods are tabulated below:

I.tera Gauss - jacobi method Gauss — seidel method
tion

X y z X y z
1 |03 0.3 -0.3 0.3 0.42 -0.582
2 1039 (033 |-051 |0.3936 |0.2828 | -0.5090
3 [0.363 |0.303 |[-0.537 [0.3396 |0.2831 |-0.5038
4 |0.3441 | 0.2841 | -0.5181 |0.3407 | 0.2851 |-0.5051
5 |0.3384 | 0.2822 |-0.5048 | 0.3415 | 02850 |-0.5051
6 10.3401 | 0.2839 | -0.5031 | 0.3414 | 0.2850 | -0.5051
7 103413 | 0.2851 | -0.5043 | 0.3414 | 0.2850 | -0.5051
8 |0.3416 |0.2852 | -0.5051
9

0.3411 | 0.2851 | -0.5053

The values correct to 3 decimal places are

x=0.342, y=0.285, z=-0.505
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Example 2. Solve the following system of equations by using Gauss — jacobi and Gauss
— Seidel methods (correct to 3 decimal places):

8x -3y +3z=20

4x + 11y —z =33

6x + 3y + 12z = 35.

Solution: since the diagonal elements are dominant in the coefficient matrix, we write X,
y, z as follows

X

1
=8 (20 + 3y - 22)



1
=11 (33+4x+2) i, (2)

1
7= 12 (35-6X-3Y) e, (3)

Gauss — Jacobi method:
First iteration: Let the initial valuesbe x=0,y=0,z=0

Using the values x =0,y =0,z =0in (1), (2), (3) we get,

=

X' =3 (20 + 3(0) - 2(0)) = 2.5

1
=11 (33 + 4(0) + (0)) = 3.0
1
= 12 (35-6(0) — 3(0)) = 2.916666

oy P
[ | £ )

Second iteration: using these values of X*°/ V' zZ'

1
=3 (20 + 3(3.0) — 2(2.916666)) = 2.895833

1
=11 (33 + 4(2.5) + (2.916666)) = 2.356060

1
= 12 (35-6(2.5) - 3(3.0)) = 0.916666

b

bed

L

i
|¢,|

Third iteration:

=

x3) = § (20 + 3(2.356060) — 2(0.916666)) = 3.154356

1

v =11 (33+ 4(2.895833) + (0.916666)) = 2.0303032"°
3(2 356060)) 0.879735

Fourth iteration:

- 1
x\*) = § (20 + 3(2.030303) — 2(0.879735)) = 3.041430

1
V' =11 (33 + 4(3.154356) + (0.879735)) = 2.932937

1
z'*) =13 (35— 6(3.154356) — 3(2.030303)) = 0.831913

“in (1), (2), (3), we get,

1

'=12 (35- 6(2.895833) —

26



Fifth iteration:

=

X7 =g (20 + 3(2.932937) — 2(0.831913)) = 3.016873
~ 1
v =77 (33 + 4(3.041430) + (0.831913)) = 1.969654
P 1
z'2) =12 (35 - 6(3.041430) — 3(2.932937)) = 0.912717
Sixth iteration:

. 1
x'® =3 (20 + 3(1.969654) — 2(0.912717)) = 3.010441

1
V'%'=11 (33 + 4(3.016873) + (0.912717)) = 1.985930
R
z'®) =13 (35— 6(3.016873) — 3(1.969654)) = 0.915817
Seventh iteration:

(71 L

x\7) = F (20 + 3(1.985930) — 2(0.915817)) = 3.015770
1

v =17 (33 + 4(3.010441) + (0.915817)) = 1.988550
1

z\") =12 (35— 6(3.010441) — 3(1.985930)) = 0.914964

Eighth iteration:

8 5 (20 + 3(1.988550) — 2(0.914964)) = 3.016946
1

v'¥ =771 (33 + 4(3.015770) + (0.914964)) = 1.986535
1

z'%) =13 (35 - 6(3.015770) — 3(1.988550)) = 0.911644

Ninth iteration:

- 1
x\%) = § (20 + 3(1.986535) — 2(0.911696)) = 3.017039

27
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1
v =77 (33 + 4(3.016946) + (0.911696)) = 1.985805
P 1
z\%) =12 (35— 6(3.016946) — 3(1.986535)) = 0.911560
Tenth iteration:
(9 1
x'"' =73 (20 + 3(1.985805) — 2(0.911560)) = 3.016786
1

)= T1 (33 + 4(3.017039) + (0.911560)) = 1.985764
1
z\?) =13 (35— 6(3.017039) — 3(1.985805)) = 0.911696

In 8", 9" and 10™ iterations the values of X, y, z are same correct to 3 decimal places.
Hence, we stop at this level.

Gauss — Seidel method:
We take the initial values are y = 0, z = 0 and use equations (1)

First iteration:

- 1
X' =3 (20 + 3(0) - 2(0)) = 2.5
1
=11 (33 + 4(2.5) + (0)) = 2.090909
1
Y= T3 (35— 6(2.5) - 3(2.090909)) = 1.143939

R

Second iteration:

b

1
X'" =7 (20 + 3(2.090909) — 2(1.143939)) = 2.998106

1 1
2/ =12 (35— 6(2.998106) —

,|2|

'=T1 (33 + 4(2.998106) + (1.143939)) = 2.0137742 "
3(2.013774)) = 0.914170

Third iteration:

- 1
X3 =g (20 + 3(2.013774) — 2(0.914170)) = 3.026623



1

V3 =17 (33 + 4(3.026623) + (0.914170)) = 1.9825162'%) =12 (35 — 6(3.026623) —

3(1.982516)) = 0.907726

Fourth iteration:

4= % (20 + 3(1.982516) — 2(0.907726)) = 3.016512
1

v =T (33 + 4(3.026623) + (0.907726)) = 1.985607
1

z'*) =13 (35 - 6(3.016512) — 3(1.985607)) = 0.912009

Fifth iteration:
1

x'>) =8 (20 + 3(1.985607) — 2(0.912009)) = 3.016600
1

V+?' =11 (33 + 4(3.016600) + (0.912009)) = 1.985964
1
z3) =15 (35 - 6(3.016600) — 3(1.985964)) = 0.911876
Sixth iteration:
6 _L
X7 =g (20 + 3(1.985964) — 2(0.911876)) = 3.016767

1
V' =T7 (33 + 4(3.016767) + (0.911876)) = 1.985892

1
z'®) =13 (35-6(3.016767) — 3(1.985892)) = 0.911810

1
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(The values of x, y, z got by jacobi method correct to 3 decimal places are got even in the

6" iteration by Gauss — seidel method.)

Seventh iteration:

- 1
x\7) = § (20 + 3(1.985892) — 2(0.911810)) = 3.016757

1
) 11 (33 + 4(3.016757) + (0.911810)) = 1.985889
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1
z\7) =13 (35 - 6(3.016757) — 3(1.985889)) = 0.911816

Since the seventh and eighth iterations give the same values for X, y, z correct to 4
decimal places, we stop here.

x =3.0168, y =1.9859, z=0.9118

The values of x, y, z by both methods at each iteration are tabulated below:

Iter Gauss — jacobi Gauss — seidel
atio | method method
n

X y Z X y z

2.5 3.0 2.9166 | 2.5 2.0909 | 1.1439
2.8958 | 2.3560 | 0.9166 | 2.9981 | 2.0137 | 0.9141
3.1543 | 2.0303 | 0.8797 | 3.0266 | 1.9825 | 0.9077
3.0414 | 1.9329 | 0.8319 | 3.0165 | 1.9856 |0.9120
3.0168 | 1.9696 | 0.9127 | 3.0166 | 1.9859 |0.9118
3.0104 | 1.9859 |0.9158 | 3.0167 | 1.9858 | 0.9118
3.0157 | 1.9885 | 0.9149 | 3.0167 | 1.9858 | 0.9118
3.0169 | 1.9865 | 0.9116
3.0170 | 1.9858 | 0.9115
3.0167 | 1.9857 | 0.9116

© 00 ~N oo o B~ w NP

=
o

This shows that the convergence is rapid in Gauss — seidel method when compared
to Gauss — Jacobi method. We see that 10 iterations are necessary in jacobi method to get
the same accuracy as got by 7 iterations in Gauss — Seidel method.

Example 3. Since the diagonal elements in the coefficient matrix are not dominant, we
arrange the equations, as follows, such that the elements in the coefficient matrix are
dominant.

28X +4y —72=32, x+3y+10z =24, 2x +17y + 4z =35



Solution:Since the diagonal elements in the coefficient matrix are not dominant, we
rearrange the equations, as follows, such that the elements in the coefficient matrix are
dominant.

28X +4y —z7 =32
2X +17y + 4z =35
x+3y+10z=24

1
Hence, x =28 (32—-4y+2) .l (1)
1
y=17 (35-2x-42) ... (2)
1
z= 10 (24-x-3y) . 3)

setting y =0, z=0, we get

First iteration:

1
X' =28 (32 - 4(0) + 0) = 1.1429

1
v =T7 (35 - 2(1.1429) - 4(0)) = 1.9244

1
z\ = To (24— 1.1429- 3(1.9244)) = 1.8084

Second iteration:

1

x\2) =28 (32 - 4(1.9244) + 1.8084) = 0.9325
1

v =717 (35 - 2(0.9325) - 4(1.8084)) = 1.5236
1

z\%) = To (24— 0.9325- 3(1.5236)) = 1.8497

Third iteration:

1
X3} = 2g (32 - 4(1.5236) + 1.8497) = 0.9913
1

v =17

(35 - 2(0.9913) - 4(1.8497)) = 1.5070
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1
z'%) = To (24-0.9913 - 3(1.5070)) = 1.8488

Fourth iteration:

1
x\*) = 78 (32 - 4(1.5070) + 1.8488) = 0.9936
1

" =T7 (35 - 2(0.9936) - 4(1.8488)) = 1.5069

L
I

1
z\4 = 1o (24 — 0.9936- 3(1.5069)) = 1.8486
Fifth iteration:

(5]

1
28 (32 - 4(1.5069) + 1. 8486) = 0.9936
1

v =77 (35 - 2(0.9936) - 4(1. 8486)) = 1.5069
.
z'% = 10 (24 -0.9936- 3(1.5069)) = 1.8486

Since the values of X, y, z in the 4" and 5" iterations are same, we stop the process
here.

Hence, x =0.9936, y = 0.5069 and z = 1.8486

Numerical Integration

We know that J;bf(xkb: represents the area between y = f(x), x — axis and the

ordinates x = a and x = b. This integration is possible only if the f(x) is explicitly
given and if it is integrable. The problem of numerical integration can be stated as
follows: Given as set of (n+1) paired values (xiyi), i = 0,1,2,...,n of the function y=f(x),
where f(x) is not known explicitly, it is required to compute L[:}r dx.

As we did in the case of interpolation or numerical differentiation, we replace f(x)
by an interpolating polynomial Pn(X) and obtain f:ﬂ” E,(x)dx which is approximately

taken as the value for f; " fx)dx.

A general quadrature formula for equidistant ordinates (or Newton — cote’s
formula)

For equally spaced intervals, we have Newton’s forward difference formula as
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H H

y(X)=y(Xo+uh)=yo+uAyo+— ﬂ Yot... ... (1)

Now, instead of f(x), we will replace it by this interpolating formula of Newton.
A—Xp .. . .
Here, u= . where h is interval of differencing.

rx—Xx

) X—Xp
Since xn = Xo + nh,and u = T we have =n=u.

.k-rl_+]

[rrCode= [T f()dx
xpt+nh L . .
= fxﬂ P, (x) dx where Py, (x) is interpolating polynomial
n u—1) .- lu—1u—-2
:fc. (}-‘D +u Ay, + - "12! = A2y, + 113% Ay, + .. ) (hdu)

Since dx = hdu, and when x = Xo, u = 0 and when x = Xo+nh, u = n.

-

The equation (2), called Newton-cote’s quadrature formula is a general quadrature
formula. Giving various values for n, we get a number of special formula.

Trapezoidal rule

By putting n = 1, in the quadrature formula (i.e there are only two paired values
and interpolating polynomial is linear).

f:ﬂ f(x)dx=nh [1 Vg + = ﬂn ] since other differences do not exist if n =

_J['l“f(x)dx = f%r‘ﬂ fx)dx
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f (’t)dHf”“ fF)dx+......... +

h
> [(J-‘c. V) 20 )ty o +J’]=—1)J

h
= > [(sum of the first and the last ordinates) + 2(sum of the remaining ordinates)]

This is known as Trapezoidal Rule and the error in the trapezoidal rule is of the order h?.
Note

Though this method is very simple for calculation purposes of numerical
integration; the error in this case is significant. The accuracy of the result can be
improved by increasing the number of intervals and decreasing the value of h.

Truncating error on Trapezoidal rule

In the neighborhood of x = Xo, we can expand y = f(Xo) by Taylor series in power
of X — Xo. That is,

Y(X) = Yo +(X-X0) ¥’0 + (X-X0)2y ot ......+

_ _ 2
where  y(x)=yo + & ;ﬂ}yo’ & ;“} Vo'l .. ... (1) where yo' = [¥'(x)] x=x0

_ a2
f;i ydx = f;[,.l Yo+ t xa})/o T+ (r=xo) Yo'l ... dx]

1! 2!
(x_x }2 I (x_ }
=[yox+ — Yo+ Yo + ﬁ;
—x5)2 x—xp)°
=Yo (X1—Xo)+(x %o) o’ ¢ o) Yo'l + ...
2! 3!
h? h?
=hyo+;)/o’+;yo”+.... ........ (2)
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If his the equal interval length.
h
Also fxi ydx = 3 (Yo + y1) = area of the first trapezium = Ao.....(3)
X

Putting x=x1 in (1)

(xl_xﬂ} s (xz—xﬂ}z, ’s

y(x)=y1= yo+— Yo'+ S Yot
- h 5] hz b
e, Yyi1= y°+ﬂy° +;yo + o (4)

h (x—xg) | (x—x9)®

AOZE[)/0+Y<)+ l!ﬂ)/o + 2!:} Yo't ... }

Using (4) in (3).
h? h3
—hyo'l‘?yo +ﬁyo Tl

Subtracting Ao value from (2),

Xy _ Ll r 1
fxn y dx - Ao= hdyo [3! -2*2J+ .........

1 ha
=-—— T
121 /0

1
Therefore the error in the first interval (Xo, X1) is - > h3yo’” (neglecting other terms)

1
Similarly the error in the ith interval = - 2 h3yi1”
Therefore, the total cumulative error (approx.),

1
E-=- E h3 (Yo " +y1" " +y2 "+ +yn1”)

nh? ) .
|E| < 'y (M) where M is the maximum value of |v,"[, vy "], 1v."1, .....

(b—a)h?
< —

. (M) if the interval is (a,b) and
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Hence, the error in the trapezoidal rule is of the order h?.

Simpson’s one-third rule

Setting n = 2 in Newton- cote’s quadrature formula, we have_]':nf (x)dx = h
@

4 1 B 4 _ _
Eyo+ Eﬁyo+ N E — EJ A2y, %mce other terms vanish)
h
=7 (z+y1+yo)
X h
Similarly, [ f (x)dx = S (yzdys+ys)

X h
fx; fGe)dx =7 (yitdyimtyie)
If nis an even integer, last integral will be
Xy h
fxr'l_z flx)dx = 3 (Yn-2+4Yn-1+Yn)

Adding all the integrals, if n is an even positive integer, that is, the number of ordinates
Yo, Y1, Y2....yn is 0dd, we have

f: flx)dx = f: F(x)dx + _]':2” Fx)dx+ ... +
[ fodx

En—z

h
=3 |/£y0+)/n) +2(y2t yat..)+ ... +4(y1t yst..... ﬂ

= ;—l [(sum of the first and the last ordinates) + 2(sum of remaining odd ordinates)
+ 2(sum of even ordinates)]
Note. Though y- has suffix even, it is third ordinate (odd).
Simpson’s three-eighths rule

Putting n = 3 in Newton — cotes formula
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3h
=3 (Yo+yn) + 3(y1+ Yotyatys+....+yn1)+2(yz+

ye+yg+....+yn)J n(2)

Equation (2) is called Simpson’s three — eighths rule which is applicable only when n is a
multiple of 3.Truncation error in simpson’s rule is of the order h

Note 1: In trapezoidal rule , y(x) is a linear function of x. The rule is the simplest one but
it is least accurate.

Note 2: In simpson’s one — third rule, y(x) is a polynomial of degree two. To apply this
rule n, the number of intervals must be even. That is, the number of ordinates
must be odd.

Note 3: In weddle’s rule, y(x) is a polynomial of degree six and this rule is applicable
only if n, the number of intervals, is a multiple of six. A minimum number of 7 ordinates
IS necessary.

Truncation error in simpson’s rule
By taylor expansion of y=f(x) in the neighborhood of x = X0 we get,

[.1 xp) (x—2g)"

Yy=Yot yot—— Yot ... (1)
Xz _ (%2 (x=xg) , , (a-x)®
L_-U y dx—fxu Vot TJ’U"‘ — Yo + ...\ dx

[yox_i_ (- ,I ar_l_'i"‘ -7:|:|' 6(_1_}:3

42 .3
—x)” | (xg—ag)
2 Yo T

{a
= Yo (X2— Xo) +— Vol F ...

E -1.-

yo” yo”’ .

_2hyo+—yo +

, 4 2h* 4n3
=2h yo + 2h? yq +3 h3yo”+?yo”’+g

: h
A1 = area :f;: ydx= 7 (Y2+4y1+Yyo)
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by simpson’srule ... (3)
Putting X = xzin (1)

(g _-xu:'yo, + (arg _xu:'z

yi=Yotr—3 2! BT
h 9 hz 29
= W"';YO +EYO e (4)
Putting x = x2in (1)
4 2
V1= Yoty F ooy b (5)
substituting (4) in (5) , in (3),
4 2n* shS :
A1 =2hyo + 2h?yo’ +3 h3yo”+?yo”’+a Yo'+ .....(6) equations (2) —
(6) give
¥z —_ 4 5 5 9999
fxu vdx-A= (E_E) h>yo™”+.....

hE 9999
=-— +o
0 Yo

Leaving the remaining terms involving h® and higher powers of h, principal part of the
error in (Xo,X2) is

hE 2999
=" Yo ...
Similarly the principal part of the error in (x2,xa) is

2999

I3
=- % Y2 and so far each interval.
Hence the total error in all the intervals is given by

hE
- = — ””+ ””+
E - (Yo V2 ceeer)

h3 . .
|E| < T;—n (M) where M is the numerically greater value of yo’*”’, y2’"”’,...y2n2

since (Xzn,X2n) IS the last paired value because we require odd number of ordinates to
apply simpson’s one — third rule. (i.e., 2n intervals).
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(b—1)h*
120

If the interval is(a,b) then b —a =h(2n). using this, |E| < (M).

Hence, the error in simpson’s one — third rule is of the order h

Example 1

Evaluate ’-_33 x*dx by using (1) trapezoidal rule (2)simpson’s rule. Verify your results by
actual integration.

Solution

Here y(x) = x*. Interval length(b — a) = 6. So, we divide 6 equal intervals with  h EE
1.

We form below the table
X -3 -2 -1 0 1 2 3
y 81 16 1 0 1 16 81

Q) By trapezoidal rule:

3 , h . .
I~y dx = [(sum of the first and the last ordinates) +

2(sum of the remaining ordinates)]

[(81+81)+2(16+1+0+1+16)]

Ba |

=115
(i) By Simpson’s one - third rule (since number of ordinates is odd):
2 . 1
[Z,y dx = - [(81+81) + 2(1+1) + 4(16+0+16)]
= 98.

(i) Since n = 6, (multiple of three), we can also use simpson’s three - eighths rule.
By this rule,

[Z,y dx = 2[(81481) + 3(16+1+1+16) + 2(0)]
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=99

(iv) By actual integration,

) .
7 xtdx = 2% ["—}D =T =972

From the results obtained by various methods, we see that simpson’s rule gives better
result than trapezoidal rule

X 0/ 0.2 0.4 0.6 0.8 1.0
y=1/1+x?| 1/ 0.961 |0.8620 | 0.73529 |0.609 |0.5
54 7 76 0
Example 2
Evaluate fnl li":g, using Trapezoidal rule with h = 0.2. hence obtain an approximate value

of m. Can you use other formulae in this case.

Solution.

1
1+a”

Let y(x) =

Interval is (1-0) = 1. Since the value of y are calculated as points taking h =0.2

(i) By Trapezoidal rule,

1+a”

1 dx
b= = 2 E’anﬂfn) 2yt vz o -+J"n—1)]
:¥[(1+0,5)+2(O.96154+0.8620+0.73529+0.60976)]

= (0.1)[1.5+6.33732]
= 0.783732

By actual integration,

1 dx -1 _m

f ~ 0.783732

m ~ 3.13493 (approximately).
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In this case, we cannot use simpson’s rule (both) and weddle’s rule. (since number of
intervals is 5).

Example 3

From the following table, find the areas bounded by the curve and the x-axis from x =
7.47 to x = 7.52.

X 747 |748 |749 |750 |751 |7.52

y=f(x) [1.93 |195 [198 |201 |2.03 |2.06

Solution

Since only 6 ordinates (n = 5) are given, we cannot use Simpson’s rule. So, we will
use trapezoidal rule.

_ 7.52
Area=|. . f(x) dx

_0.01
2

= 0.09965.

[(1.93+2.06)+2(1.95+1.98+2.01+2.3)]

Example 4
Evaluate [, ~—, using (i) Trapezoidal rule (ii) Simpson’s rule (both) . Also, check up
by direct integration.

Solution

Take the number of intervals as 6.

h=""=1
B

X 0 1 2 3 4 5 6

y 1 0.5 |1/3 1/4 | 1/5 |1/6 |1/7
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i) By Trapezoidal rule
Q) =3[+ Draleie ir 1)

= 2.02142857

i) By Simpsons’s one — third rule,

=3fae e Ptz )

J (g4 iy 18,2,
=1 (1+ g E) = 1.95873016

iii) By Simpsons’s three - eighths rule,
NED! 1 101 1 1
“@ @+;%3E+a+g+ﬂ”¢)

=1.96607143

iv) By actual integration,

° 2 =[log(1+ x)]§ = log, 7 = 1.94591015

0 1+x
Example 5

By dividing the range into ten equal parts, evaluate fnnsinxdx by trapezoidal and

Simpson’s rule. Verify your answer with integration.

X 0 /10 21/10 3n/10 | 4n/10 | 57/10
y=sinx | 0 0.3090 | 0.58878 | 0.8090 | 0.9511 | 1.0
X 6m/10 | 7n/10 | 8a/10 on/10 | =

y=sinx | 0.9511 | 0.8090 | 0.578 0.3090 | O

Solution
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Range=n-0=m
Hence h = —
10

We tabulate below the values of y at different x’s

Note that the values are symmetrical about x = g

(i) By Trapezoidal rule,
| = % [ (0 + 0) + 2(0.3090+0.5878+0.8090+

0.9511+1.0+0.9511+0.8090+0.5878+0.3090)]
=1.9843 nearly.

(if) By Simpsons’s one — third rule,

EE (ﬁ) [(0+0)+2(0.5878+0.9511+0.5878+0.9511) +

4(0.3090+0.8090+1+0.3090+0.8090)]
=2.00091
Note: We cannot use Simpson’s three eighth’s rule.

(ili) By actual integration, | = (—cosx)j = 2
Hence, Simpson’s rule is more accurate than the trapezoidal rule.

Example 6
X

ful
1+x%!

1 . . .
Evaluate fn using Romberg’s method. Hence obtain an approximate value of .

Solution

To use the method, we shall give various values of h and evaluate the integral.
By taking h=0.5, tabulate the values of y=1/1+x?

x:0 05 1

y:1 0.80 0.50

By Trapezoidal rule
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Therefore | = 0.5/2[1.5+2(0.8)] =0.775

By taking h=0.25, we have the table

x: 0 0.25 0.5 0.75 1

y: 1 0.9412 0.8 0.64 0.5
Therefore | = 0.25/2[1.5+2(0.9412+0.8+0.64)]=0.78280

By taking h=0.125, we have the table

x: 0 0125 0250 0.375 0.5 0.625 0.75
y: 1 0.9846 0.9412 0.8767 0.8 0.7191 0.64

Therefore

| =0.125/2[1.5+2(0.9846+0.9412+0.8767+0.8+0.7191+0.64+0.5664)]= 0.78475

The different values got by Trapezoidal rule for various h’s are

0.775 0.78280 0.78280

0.875
0.5664

1
0.5

44

Applying the formula | = I+ 1/3[l>- 11], we will get two important values, namely

0.7828+1/3[0.7828-0.7750]=0.7854
0.78475+1/3[0.78475-0.7750] =0.7854

As these two values happen to be equal, we finalise the result.

Hence | = 0.7854.

By actual integration,

1 dx _
i 2 = ant o}

= f = (0.7854

=n =3.1416
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POSSIBLE QUESTIONS:

1. Applying Gauss Elimination method to find the solution of the following system
10x+y+z = 12;2x+10y+z = 13;x+y+5z = 7

2. By the Gauss Jordan method solve the following equations.
S5X-2y+z=4; 7x+y-5z=8; 3x+7y+4z=10

3. By the Method of Triangularization solve the following system
S5X-2y+z =4; 7x+y-5z = 8; 3x+7y+4z =10

4. Solve the system of equation by Gauss Jacobi method.
S5X-2y+z= -4; Xx+6y-2z= -1; 3x+y+5z=13

5. Solve the system of equation by Gauss Seidel method
10x-5y-2z =3; 4x-10y+3z =-3; x+6y+10z =-3

6. Solve the system of equations by Gauss Seidel method correct to 3 decimal places.
8x-3y+2z=20; 4x+11y-z=33; 6x+3y-12z=35

7. Applying Gauss Jacobi method to find the solution of the following system
10x+2y+2z=9; 2x+20y-2z= - 44; -2x+3y+10z=22

8. Solve the following system by Relaxation method.
10x-2y-2z =6; -x+10y+-2z =7; -x-y+10z =8

9. Solve the following system of equations by relaxation method
10x-2y+z=12, x+9y-z = 10, 2z-y+11z=20.

10. By dividing the range into 10 equal parts evaluate f; sinxdx by Trapezoidal &

Simpson’s rule. Verify your answer with integration.

d

11. Evaluate ff "

~ using Trapezoidal rule.
=

12. Evaluate f_aa x* dx using Simpson’s rule.
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