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KARPAGAM ACADEMY OF HIGHER EDUCATION 
(Deemed to be University Established Under Section 3 of UGC Act 1956) 

Pollachi Main Road, Eachanari (Po), 
Coimbatore –641 021 

DEPARTMENT OF MATHEMATICS 
 

Semester-IV 
18PHU404                                                        Mathematics-II                                                  4H – 4C                 
  
Instruction Hours / week: L: 4 T: 0 P: 0  Marks: Internal: 40  External: 60 Total: 100 

       End Semester Exam: 3 Hours 
 
Course Objectives 
This course enables the students to   

 Solve Ordinary and Partial differential Equations.  

 Gain the knowledge of evaluating the Laplace and inverse Laplace transforms. 

 

Course Outcomes (COs) 
On successful completion of this course, the students will be able to 

 Solve various types of ordinary differential equations. 

 Form partial differential equations and also solve the first order partial differential 

equations. 

 Solve the Laplace and inverse Laplace transforms. 

UNIT I 

Ordinary Differential Equations: Equations of First Order and of Degree Higher than one 

– Solvable for p, x, y – Clairaut’s Equation – Simultaneous Differential Equations with constant 

coefficients of the form i) ���(�) + ���(�) = ��(�)  ii) ���(�) + ���(�) = ��(�),  

where ��,  �� , ��  and ��  are rational functions � =
�

��
  with constant coefficients ��  and �� 

explicit functions of �. 

 

UNIT II 

Finding the solution of Second and Higher Order with constant coefficients with Right 

Hand Side is of the form � ��� , where � is a function of �  – Euler’s Homogeneous Linear 

Differential Equations – System of simultaneous linear differential equations with constant 

coefficients. 

 

UNIT III  
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Partial Differential Equations: Formation of Partial Differential Equation by eliminating 

arbitrary constants and arbitrary functions – Solutions of Partial Differential Equations by direct 

integration – Solution of standard types of first order partial differential equations. 

 

 UNIT IV 

 Laplace Transforms: Definition – Laplace Transforms of standard functions – Linearity 

property – First Shifting Theorem – Transform of        tftf
t

tf
ttf ''' ,,, . 

UNIT V 

Inverse Laplace Transforms – Applications to solutions of First Order and Second Order 

Differential Equations with constant coefficients. 

 

SUGGESTED READINGS 
 
1. Treatment as in Kandasamy. P, Thilagavathi. K “Mathematics for B.Sc – Branch – I Volume 

III”, S. Chand and Company Ltd, New Delhi, 2004. 

2. S. Narayanan and T.K. Manickavasagam Pillai, Calculus, S. Viswanathan (Printers and 

Publishers) Pvt. Ltd, Chennai 1991  

3. N.P. Bali, Differential Equations, Laxmi Publication Ltd, New Delhi, 2004  

4. Dr. J. K. Goyal and K.P. Gupta, Laplace and Fourier Transforms, Pragali Prakashan 

Publishers, Meerut, 2000 
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KARPAGAM ACADEMY OF HIGHER EDUCATION 

(Deemed to be University Established Under Section 3 of UGC Act 1956) 

Coimbatore – 641 021. 

LECTURE PLAN 

DEPARTMENT OF MATHEMATICS 
Staff name: V.Kuppusamy  

Subject Name: Mathematics-II    Sub.Code:18PHU404 

Semester: IV       Class:  II B. Sc. Mathematics 

S.No 

Lecture 

Duration 

Period 

Topics to be Covered 
Support Material/ 

Page Nos 

UNIT-I   

1 1 
Equations of First Order and of Degree Higher than 

one – Solvable for p. 

S1:Chapter-1, 

Pg.No : 1-16 

2 1 
Problems on Equations of First Order and of Degree 

Higher than one – Solvable for x. 

S1:Chapter-1, 

Pg.No : 1-16 

3 1 
Problems on Equations of First Order and of Degree 

Higher than one – Solvable for y . 

S1:Chapter-1, 

Pg.No : 1-16 

4 1 Clairaut’s Equation problems. 
S1:Chapter-1, 

Pg.No : 17-28 

5 1 Continuation onClairaut’s Equation problems. 
S1:Chapter-1, 

Pg.No : 17-28 

6 1 

Simultaneous Differential Equations with constant 

coefficients of the form i)𝑓1𝐷(𝑥) + 𝑔1𝐷(𝑦) = 𝜙1(𝑡) 

where 𝑓1, 𝑔1 , 𝑓2 and 𝑔2 are rational functions 𝐷 =
𝑑

𝑑𝑡
with constant coefficients 𝜙1 and 𝜙2 explicit 

functions of 𝑡. 

S1:Chapter-1, 

Pg.No : 28-41 

7 1 

Simultaneous Differential Equations with constant 

coefficients of the form ii) 𝑓2𝐷(𝑥) + 𝑔2𝐷(𝑦) =
𝜙2(𝑡), 
where 𝑓1, 𝑔1 , 𝑓2 and 𝑔2 are rational functions 𝐷 =
𝑑

𝑑𝑡
with constant coefficients 𝜙1 and 𝜙2 explicit 

functions of 𝑡. 

 

S1:Chapter-1, 

Pg.No : 28-41 

8 1 Recapitulation and discussion of possible questions  

Total No. of Lecture hours planned-8Hours  

UNIT-II 

1 1 

Finding the solution of Second and Higher Order with 

constant coefficients with Right Hand Side is of the 

form 𝑉 𝑒𝑎𝑥, where 𝑉 is a function of 𝑥 

S3:Chapter-3,  

Pg.No : 222-235 

2 1 

Continuation onFinding the solution of Second and 

Higher Order with constant coefficients with Right 

Hand Side is of the form 𝑉 𝑒𝑎𝑥, where 𝑉 is a function 

S3:Chapter-3, 

 Pg.No : 222-235 
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of 𝑥 

3 1 Euler’s Homogeneous Linear Differential Equations 
S3:Chapter-5,  

Pg.No : 286-313 

4 1 
Continuation onEuler’s Homogeneous Linear 

Differential Equations 

S3:Chapter-5, 

 Pg.No : 286-313 

5 1 
Continuation onEuler’s Homogeneous Linear 

Differential Equations 

S3:Chapter-5, 

 Pg.No : 286-313 

6 1 
Problems on System of simultaneous linear 

differential equations with constant coefficients. 

S3:Chapter-9, 

 Pg.No : 417-428 

7 1 
Problems on System of simultaneous linear 

differential equations with constant coefficients. 

S3:Chapter-9,  

Pg.No : 417-428 

8 1 Recapitulation and discussion of possible questions  

Total No. of Lecture hours planned-8 Hours  

UNIT-III 

1 1 
Formation of Partial Differential Equation by 

eliminating arbitrary constants and arbitrary functions. 

S1 : Chapter 5, 

Pg.No :117-126 

2 1 

Continuation on Formation of Partial Differential 

Equation by eliminating arbitrary constants and 

arbitrary functions. 

S1 : Chapter 5, 

Pg.No :117-126 

3 1 
Solutions of Partial Differential Equations by direct 

integration  

S2 : Chapter 8, 

Pg.No :179-185 

4 1 
Continuation onSolutions of Partial Differential 

Equations by direct integration  

S2 : Chapter 8, 

Pg.No :179-185 

5 1 
Solution of standard types of first order partial 

differential equations. 

S1 : Chapter 5, 

Pg.No :133-150 

6 1 
Continuation onSolution of standard types of first 

order partial differential equations. 

S1 : Chapter 5, 

Pg.No :133-150 

7 1 
Continuation on Solution of standard types of first 

order partial differential equations. 

S1 : Chapter 5, 

Pg.No :133-150 

8 1 Recapitulation and discussion of possible questions  

Total No. of Lecture hours planned-8 Hours  

UNIT-IV 

1 1 Laplace Transforms: Definition and Problems 
S4 : Chapter 1,  

Pg.No : 9-10 

2 1 
Problems on Laplace Transforms of standard 

functions 

S4 : Chapter 1,  

Pg.No : 9-10 

3 1 Linearity property  
S4 : Chapter 1,  

Pg.No:  10-11 

4 1 First Shifting Theorem  
S4 : Chapter 1,  

Pg.No : 11-12 

5 1 Transform of ( )
( )

( ) ( )tftf
t

tf
ttf ''' ,,,  Problems 

S4 : Chapter 1,  

Pg.No:  12-23 

6 1 
Inverse Laplace Transforms: Definitions and 

Problems  

S4 : Chapter 1,  

Pg.No:  99-110 

7 1 

Applications to solutions of First Order and Second 

Order Differential Equations with constant 

coefficients. 

S4 : Chapter 1,  

Pg.No:  114-140 

8 1 Recapitulation and discussion of possible questions  

Total No. of Lecture hours planned-8 Hours  
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SUGGESTED READINGS 

1. Treatment as in Kandasamy. P, Thilagavathi. K “Mathematics for B.Sc – Branch – I 

Volume III”, S. Chand and Company Ltd, New Delhi, 2004. 

2. S. Narayanan and T.K. Manickavasagam Pillai, Calculus, S. Viswanathan (Printers and 

Publishers) Pvt. Ltd, Chennai 1991  

3. N.P. Bali, Differential Equations, Laxmi Publication Ltd, New Delhi, 2004  

4. Dr. J. K. Goyal and K.P. Gupta, Laplace and Fourier Transforms, PragaliPrakashan 

Publishers, Meerut, 2000. 

5. Sankara Rao K.,Numerical Methods for scientists and Engineers,Prentice Hall of India 

Private,3rdEdition ,New Delhi,2007. 

 

 

Signature student Representative    Signature of the Course Faculty 

     

 

 

 

Signature of the Class Tutor                                             Signature of Coordinator 

 

 

 

 

Head of the Department 

  

 

 

UNIT-V 

1 1 Interpolation with unequal intervals problems 
S5 : Chapter 6,     

Pg.No :94-96 

2 1 Lagrange’s interpolation problems 
S5 : Chapter 6,     

Pg.No :96-112 

3 1 Newton’s divided difference interpolation problems 
S5 : Chapter 6,     

Pg.No :113-116 

4 1 Newton’s forward and backward difference problems 
S5 : Chapter 6,     

Pg.No :116-125 

5 1 Recapitulation and discussion of possible questions  

6 1 Discussion of previous year ESE question papers  

7 1 Discussion of  previous year  ESE question papers  

8 1 Discussion of  previous year  ESE question papers  

Total No. of Lecture hours planned-8 Hours  

Total Planned Hours 40 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-II 

COURSE CODE: 18PHU404                   UNIT: I                    BATCH-2018-2021 
 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 1/30 
 

 

 

 

Ordinary Differential Equations: Equations of First Order and of Degree Higher than one 

– Solvable for p, x, y – Clairaut’s Equation – Simultaneous Differential Equations with constant 

coefficients of the form i) 𝑓1𝐷(𝑥) + 𝑔1𝐷(𝑦) = 𝜙1(𝑡)  ii) 𝑓2𝐷(𝑥) + 𝑔2𝐷(𝑦) = 𝜙2(𝑡),  

where 𝑓1, 𝑔1 , 𝑓2 and 𝑔2 are rational functions 𝐷 =
𝑑

𝑑𝑡
  with constant coefficients 𝜙1 and 𝜙2 

explicit functions of 𝑡. 
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DEFINITION: 

 Differential equations which involve only one independent variable are called Ordinary 

Differential Equations. 

1.1 HIGHER ORDER LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT 

COEFFICIENTS. 

1.1(a) General form of a linear differential equation of the nth order with constant coefficients is  

𝑑𝑛𝑦

𝑑𝑥𝑛 + 𝑘1
𝑑𝑛−1𝑦

𝑑𝑥𝑛−1 +𝑘2
𝑑𝑛−2𝑦

𝑑𝑥𝑛−2 + ⋯ . +𝑘𝑛𝑦 = 𝑋 ……..(1) 

Where 𝑘1, 𝑘2, … . , 𝑘𝑛  are constants.  Such equations are most important in the study of 

electro –mechanical vibrations and other engineering problems. 

1.1(b). General form of the linear differential equation of second order is  

𝑑2𝑦

𝑑𝑥2 + 𝑃
𝑑𝑦

𝑑𝑥
+ 𝑄𝑦 = 𝑅 Or 𝐷2𝑦 + 𝑃𝐷𝑦 + 𝑄𝑦 = 𝑅 Where 𝐷′ =

𝑑

𝑑𝑥
 

Where P and Q are constants and R is a function of x or Constants. 

Complete Solution = Complementary Function + Particular Integral 

To Find the Complementary Functions: 

S.No. Roots of Auxillary Equation Complementary  Functions 

1 Roots are Real and Different 

 𝑚1, 𝑚2  (𝑚1 ≠ 𝑚2 ) 

𝑦 = 𝐴𝑒𝑚1𝑥 + 𝐵𝑒𝑚2𝑥 

 

2 Roots are real and  equal 

𝑚1 =  𝑚2 = 𝑚(say) 

𝑦 = (𝐴𝑥 + 𝐵)𝑒𝑚𝑥   Or  𝑦 = (𝐴 + 𝐵𝑥)𝑒𝑚𝑥 

3 Roots are imaginary 𝛼 ± 𝑖𝛽 𝑦 = 𝑒∝𝑥(𝐴𝑐𝑜𝑠𝛽𝑥 + 𝐵 𝑠𝑖𝑛𝛽𝑥) 

 

To Find the Particular Integral:𝑷. 𝑰 = 
𝟏

𝒇(𝑫)
𝑿 

S.No X P.I 

1. 𝑒𝑎𝑥 P.I= 
𝟏

𝒇(𝑫)
𝑒𝑎𝑥 = 𝑒𝑎𝑥 𝟏

𝒇(𝑫)
 ,     𝑫 = 𝒂, 𝑫′ = 𝒃 

2. 𝑥𝑛 P.I= 
𝟏

𝒇(𝑫)
𝑥𝑛  ,  Expand  [𝒇(𝑫)]−1 and then operate. 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-II 

COURSE CODE: 18PHU404                   UNIT: I                    BATCH-2018-2021 
 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 3/30 
 

3. Sinax or Cosax P.I= 
𝟏

𝒇(𝑫)
Sinax or Cosax 

4. 𝑒𝑎𝑥𝜑(𝑥) P.I= 
𝟏

𝒇(𝑫+𝒂)
𝑒𝑎𝑥𝜑(𝑥)  Replace 𝐷2 𝑏𝑦 − 𝑎2 

Result: 

1. 
𝟏

𝑫−𝒂
𝜑(𝑥) =  𝑒𝑎𝑥 ∫ 𝑒−𝑎𝑥𝜑(𝑥) 𝑑𝑥 

2. 
𝟏

𝑫+𝒂
𝜑(𝑥) =  𝑒−𝑎𝑥 ∫ 𝑒𝑎𝑥𝜑(𝑥) 𝑑𝑥 

 

1.1.1  Problems based on R.H.S of the given differential equation is Zero. 

 

1. Solve (𝑫𝟐 + 𝟏)𝒚 = 𝟎 given 𝒚(𝟎) = 𝟎  𝒂𝒏𝒅 𝒚′(𝟎) = 𝟏 [AU, April 1996] 

Solution: 

Given (𝐷2 + 1)𝑦 = 0  

Auxillary Equation is  𝑚2 + 1 = 0 

                                     𝑚2 = ±𝑖 

  𝑦(𝑥) = 𝐴𝑐𝑜𝑠𝑥 + 𝐵𝑠𝑖𝑛𝑥 

  𝑦(0) = 𝐴𝑐𝑜𝑠0 + 𝐵𝑠𝑖𝑛0 

  𝑦′(0) = 𝐵 = 1 

  A=0, B= 1 

  𝑦′(𝑥) =  −𝐴 𝑆𝑖𝑛𝑥 + 𝐵 𝐶𝑜𝑠𝑥 

  i.e. , 𝑦 = (0) (𝑐𝑜𝑠𝑥)   +  𝑠𝑖𝑛𝑥  

          𝒚 =  𝒔𝒊𝒏𝒙  

2. Solve  
𝒅𝟑𝒚

 𝒅𝒙𝟑 −  𝟑
𝒅𝟐𝒚

𝒅𝒙𝟐 + 𝟑
𝒅𝒚

𝒅𝒙
− 𝒚 = 𝟎 

Solution: 

 (𝐷3 − 3𝐷2 + 3𝐷 − 1)𝑦 = 0 

The Auxillary Equation is 𝑚3 − 3𝑚2 + 3𝑚 − 1 = 0 

                            (𝑚 − 1)3 = 0 

    𝑚  =  1,1,1 

Hence the Solution is  𝒚 = 𝒆𝒙(𝑨 + 𝑩𝒙 + 𝑪𝒙𝟐) 

 

3. Solve  
𝒅𝟑𝒚

 𝒅𝒙𝟑 −  𝟔
𝒅𝟐𝒚

𝒅𝒙𝟐 + 𝟏𝟏
𝒅𝒚

𝒅𝒙
− 𝟔𝒚 = 𝟎 

Solution: 

Given 
𝒅𝟑𝒚

 𝒅𝒙𝟑 −  𝟔
𝒅𝟐𝒚

𝒅𝒙𝟐 + 𝟏𝟏
𝒅𝒚

𝒅𝒙
− 𝟔𝒚 = 𝟎 

 (𝐷3 − 6𝐷2 + 11𝐷 − 6)𝑦 = 0 

The Auxillary Equation is 𝑚3 − 6𝑚2 + 11 − 6 = 0 

If  𝑚  =  1 , 1 − 6 + 11 − 6  = 0 
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     𝑚  =  1 is a root 

(𝑚 − 1)(𝑚 − 2)(𝑚 − 3) = 0 

  𝑚  =  1,2, 3 

Hence the Solution is  𝒚 = 𝑨𝒆𝒙 + 𝑩𝒆𝟐𝒙 + 𝑪𝒆𝟑𝒙 

 

 

1.1.2 Problems based on P.I = 
𝟏

𝒇(𝑫)
𝒆𝒂𝒙               Replace D by a 

 

1. Solve (4𝐷2 − 4𝐷 + 1)𝑦 = 4     [AU, March 1996] 

Solution: 

Given  (4𝐷2 + 4𝐷 + 1)𝑦 = 4 

               4𝑚2 − 4𝑚 + 1 = 0 

               4𝑚2 − 2𝑚 − 2𝑚 + 1 = 0 

2𝑚(2𝑚 − 1) − 1(2𝑚 − 1) = 0 

(2𝑚 − 1)2 = 0 

𝑚 = 1/2, 1/2 

Complementary function = (𝑨𝒙 + 𝑩) 𝒆𝟏/𝟐𝒙 

Particular Integral =  
1

 (4𝐷2−4𝐷+1)
4𝑒0𝑥 

                                 =  
4

1
𝑒0𝑥 

                                 =  4 

Y= C.F + P.I 

𝒚 = (𝑨𝒙 + 𝑩)𝒆𝟏 𝟐𝒙⁄ + 𝟒 

 

2. Solve  
𝒅𝟐𝒚

 𝒅𝒙𝟐 + 𝟒
𝒅𝒚

𝒅𝒙
+ 𝟓𝒚 = −𝟐 𝒄𝒐𝒔𝒉𝒙                       [AU, April 2002] 

    Solution: 

Given (𝐷2 + 4𝐷 + 5)𝑦 = −2𝑐𝑜𝑠ℎ𝑥 

The Auxillary Equations is  𝑚2 + 4𝑚 + 5 = 0 

 𝒎 =
−𝟒±√𝟏𝟔−𝟐𝟎

𝟐
 

            𝒎 =
−𝟒±𝟐𝒊

𝟐
 

            𝒎 = −𝟐 ± 𝒊  

       Complimentary Function = 𝒆−𝟐𝒙[𝑨𝒄𝒐𝒔𝒙 + 𝑩 𝒔𝒊𝒏𝒙] 

       Particular Integral 

P.I = 
𝟏

𝐷2+4𝐷+5
 (−2 𝑐𝑜𝑠ℎ𝑥) 
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         = 
−𝟐

𝐷2+4𝐷+5

[𝒆𝒙+𝒆−𝒙]

𝟐
 

      = 
−𝟏

𝐷2+4𝐷+5
[𝒆𝒙 + 𝒆−𝒙] 

      = 
−𝟏

𝐷2+4𝐷+5
𝒆𝒙 +

−𝟏

𝐷2+4𝐷+5
𝒆−𝒙 

                  = 
−𝟏

𝟏+𝟒+𝟓
𝒆𝒙 +

𝟏

𝟏−𝟒+𝟓
 𝒆−𝒙 

                  = 
−𝟏

𝟏𝟎
𝒆𝒙 −

𝟏

𝟐
 𝒆−𝒙   

Y= Complementary Function + Particular value 

Y= 𝒆−𝟐𝒙[𝑨𝒄𝒐𝒔𝒙 + 𝑩 𝒔𝒊𝒏𝒙] + 
−𝟏

 𝟏𝟎
𝒆𝒙 −

𝟏

𝟐
 𝒆−𝒙    

3. Solve xyD sinh)1( 2 =− . 

 Solution: 

                    The given ODE is xyD sinh)1( 2 =− =
2

xx ee −−
------(1) 

                    The A.E of (1) is 012 =−m  12 =m  1=m  

                                   xx BexAeFC −+= .                                   

                                           P.I= 






 −

−

−

21

1
2

xx ee

D
 

                                                = 








−
−

−

−xx e
D

e
D 1

1

1

1

2

1
22

{replace D  by a } 

                                               








−−
−

−
= −xx ee

1)1(

1

11

1

2

1
22

    (orf in I & II terms) 

                                               







−= −xx e

D
xe

D
x

2

1

2

1

2

1
         {replace D  by a }                                                     

                                                








−
−= −xx exex

)1(2

1

)1(2

1

2

1
               

                                               . 






 +
=

−

22

xx eex
x

x
cosh

2
=  
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                        The general solution is IPFCy .. += = xx BexAe −+ + x
x

cosh
2

. 

1.1.3 Problems based on P.I = 
𝟏

𝒇(𝑫)
𝐬𝐢𝐧𝐚𝐱 𝐨𝐫 

𝟏

𝒇(𝑫)
𝐜𝐨𝐬𝐚𝐱 . Replace  𝑫𝟐  by −𝒂𝟐 

 

1. Find the Particular Integral of (𝑫𝟐 + 𝟒)𝒚 = 𝒄𝒐𝒔 𝟐𝒙     [AU, May 2001] 

Solution: 

Given (𝑫𝟐 + 𝟒)𝒚 = 𝒄𝒐𝒔 𝟐𝒙     

P. I  = 
1

𝐷2+4
 𝑐𝑜𝑠 2𝑥     

 = 
1

−4+4
 𝑐𝑜𝑠 2𝑥    Replace 𝐷2 𝑏𝑦 – (2)2   [ Ordinary Rule fail] 

 = 𝑥
1

2𝐷
𝑐𝑜𝑠2𝑥 

 = 
𝑥

2

1

𝐷
 cos2x 

 = 
𝑥

2
∫ 𝑐𝑜𝑠2𝑥 𝑑𝑥 

 = 
𝑥

2
 (

𝑠𝑖𝑛2𝑥

2
) 

      P.I  =  
𝒙

𝟒
 𝒔𝒊𝒏𝟐𝒙 

2. Find the particular integral of (𝑫𝟐 + 𝟏)𝒚 = 𝒔𝒊𝒏𝒙 𝒔𝒊𝒏𝟐𝒙  

     Solution:       [AU, May 1997] 

Given (𝑫𝟐 + 𝟏)𝒚 = 𝒔𝒊𝒏𝒙 𝒔𝒊𝒏𝟐𝒙 

   = −
1

2
 [𝑐𝑜𝑠3𝑥 − 𝑐𝑜𝑠𝑥] 

                               = −
1

2
𝑐𝑜𝑠3𝑥 +

1

2
 𝑐𝑜𝑠𝑥 

P. I = 
1

𝐷2+1
 [−

1

2
𝑐𝑜𝑠3𝑥 ] + 

1

𝐷2+1
 [

1

2
𝑐𝑜𝑠𝑥 ] 

 

      = −
1

2
[

1

−9+1
] 𝑐𝑜𝑠3𝑥 + 

1 

2
 

1

−1+1
 𝑐𝑜𝑠𝑥    [Ordinary Rule Fail] 

 

     =  
1

16
 𝑐𝑜𝑠3𝑥  +  

1 

2
𝑥   

1 

2𝐷
𝑐𝑜𝑠𝑥  

     =  
1

16
 𝑐𝑜𝑠3𝑥  +  

𝑥 

4
∫ 𝑐𝑜𝑠𝑥 𝑑𝑥 
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          P.I =  
𝟏

𝟏𝟔
 𝒄𝒐𝒔𝟑𝒙  +  

𝒙 

𝟒
𝒔𝒊𝒏𝒙 

 

3. Solve xyD 32 cos)16( =+ .(AU Dec 2010) 

Solution: 

             The given ODE is  xyD 32 cos)16( =+ = )cos33(cos
4

1
xx + -----(1) 

             The A.E of (1) is 0162 =+m imm 4162 =−=                                                        

                   xBxAxBxAeFC z 4sin4cos]4sin4cos[. 0 +=+=                                   

                          P.I= 







+

+
)cos33(cos

4

1

16

1
2

xx
D

 

                               = x
D

3cos
16

1

4

1
2 









+
x

D
cos

16

1

4

3
2 









+
+  

                               = x3cos
163

1

4

1
2 









+−
xcos

161

1

4

3
2 









+−
+  { Replace 

2D  by 2a− } 

                              = x3cos
7

1

4

1








xcos

15

1

4

3








+  

                              = x3cos
28

1
xcos

20

1
+  

                        The general solution is          

                                  IPFCy .. += = xBxA 4sin4cos + x3cos
28

1
+ xcos

20

1
+ . 

1.1.4  Problems based on R.H.S = 𝒆𝒂𝒙 +  𝒔𝒊𝒏𝒂𝒙 (𝒐𝒓) 𝒆𝒂𝒙 +  𝒄𝒐𝒔𝒂𝒙  

  

1. Solve  (𝑫𝟐 − 𝟒𝑫 + 𝟒)𝒚 = 𝒆𝟐𝒙 +  𝒄𝒐𝒔 𝟐𝒙     

      Solution: 

 Given (𝑫𝟐 − 𝟒𝑫 + 𝟒)𝒚 = 𝒆𝟐𝒙 +  𝒄𝒐𝒔 𝟐𝒙     

 The Auxillary Equation is  𝑚2 − 4𝑚 + 4 = 0 
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            (𝑚 − 2)2 = 0 

             𝑚 = 2, 2 

                   Complementary Function  = (𝑨𝒙 + 𝑩)𝒆𝟐𝒙 

                   Particular Integral =  
1

𝐷2−4𝐷+4
𝑒2𝑥 +  

1

𝐷2−4𝐷+4
 𝑐𝑜𝑠 2𝑥     

                  =  
1

4−8+4
𝑒2𝑥      + 

1

−22−4𝐷+4
 𝑐𝑜𝑠 2𝑥     

              = 
1

0
𝑒2𝑥      + 

1

−4𝐷
 𝑐𝑜𝑠 2𝑥     

       = x
1

2𝐷−4
𝑒2𝑥 − 

1

4𝐷
 𝑐𝑜𝑠 2𝑥     

       = 𝑥
1

0
𝑒2𝑥 −

1

4
  [

1

𝐷
 𝑐𝑜𝑠2𝑥]     

                             = 𝑥2 1

2
𝑒2𝑥 −

1

4
  [

𝑠𝑖𝑛2𝑥

2
 ]  

                  = 𝑥2 1

2
𝑒2𝑥 −  [

𝑠𝑖𝑛2𝑥

8
 ]  

                                    Y= C.F + P.I 

                                    Y= (𝑨𝒙 + 𝑩)𝒆𝟐𝒙 + 𝒙𝟐 𝟏

𝟐
𝒆𝟐𝒙 −  [

𝒔𝒊𝒏𝟐𝒙

𝟖
 ] 

2. Solve xexyDD 2)32cos(2)23( 2 ++=+− . (Jan. 2005, Nov/ Dec.2009          

Solution:  

              The given ODE is  xexyDD 2)32cos(2)23( 2 ++=+− -----(1) 

                The A.E of  (1) is 0232 =+− mm  

                                   
2,1

0)2)(1(

==

=−−

mm

mm
 

                                  C.F= xx BeAe 2+ . 

                          P.I= xe
Df

x
Df )(

1
2)32cos(

)(

1
2 ++ = 21 .2.2 IPIP +  
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          Now )32cos(
23

1
.

21 +
+−

= x
DD

IP = )32cos(
232

1
2

+
+−−

x
D

 

                                       = )32cos(
)23(

1
+

+−
x

D
= )32cos(

2)3(

)23(
22

+
−

−
− x

D

D
                                     

                                       = )32cos(
40

)23(
)32cos(

29

)23(
22

+
−

−
−=+

−

−
− x

D
x

D

D
 

                           = 
40

)]32cos(2)32sin(6[ +−+− xx
=

20

)]32cos()32sin(3[ +++
−

xx
 

 

            =2.IP xe
DD 23

1
2 +−

= xe
231

1

+−
(Ordinary rule fails) 

                     = xx xee
D

x −=
− 32

1
 

                         

                                     = IP. 21 .2.2 IPIP + =
10

)]32cos()32sin(3[ +++
−

xx xxe2−  

             The general solution of (1) is =)(xy C.F+P.I 

                                            = xx BeAe 2+
10

)]32cos()32sin(3[ +++
−

xx xxe2− . 

1.1.5  Problems based on R.H.S = x 

 

The following formulae are important. 

1 2 3(1 ) 1 ...,x x x x−+ = − + − +     
1 2 3(1 ) 1 ...,x x x x−− = + + + +  

2 2 3(1 ) 1 2 3 4 ...,x x x x−− = + + + +     
2 2 3(1 ) 1 2 3 4 ...,x x x x−+ = − + − +  

1. Solve  
2

2

2
5 6 3

d y dy
y x

dx dx
− + = +

 

Solution:  Given 
2

2

2
5 6 3

d y dy
y x

dx dx
− + = +  
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i.e., (𝐷2 − 5𝐷 + 6)𝑦 = 𝑥2 + 3 

 Auxillary Equation is     𝑚2 − 5𝑚 + 6 = 0 

                                     (𝑚 − 2)(𝑚 − 3) = 0 

                      𝑚 = 2, 𝑚 = 3 

      Complimentary function is 
2 3x xAe Be+  

      Particular Integral    = 2

2

1
( 3)

5 6
x

D D
+

− +
 

      = 
2

2

1
( 3)

5
6 1

6

x
D D

+
 −
+ 

 

 

     = 

2
2 2

21 5 5
1 ...., ( 3)

6 6 6

D D D D
x

    − −
− + − +    

     

 

     = 
2 4 2 3

21 5 25 10
1 ..., ( 3)

6 6 6 36 36 36

D D D D D
x

 
− + + + − − + 

 
 

    = 21 2 5(2 ) 25(2)
( 3) 0

6 6 6 36

x
x

 
+ − + + + 

 
 

    = 21 1 5 25
( 3) 0

6 3 3 18

x
x

 
+ − + + + 

 
 

    = 21
18 30 73

108
x x + +   

      The Complete Solution is y = C.F + P.I 

                     2 3 21
18 30 73

108

x xy Ae Be x x = + + + +   . 

2.  Find the Particular Integral of  (𝑫𝟐 − 𝟏)𝒚 = 𝒙 

      Solution: 

Given (𝑫𝟐 − 𝟏)𝒚 = 𝒙 

Auxillary Equation   𝑚2 − 1 = 0 

               𝑚2 = 1 

                𝑚 = ±1 

Complementary function  is 
x xAe Be− +  

Particular Integral  = 
2

1

1
x

D −
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              = 
2

1

1
x

D

−

−
 

                    = 
2 11(1 )D x−− −  

              = 2 2 21 ( ) ....D D x − + + +   

              =  0 0 ....x− + + +  

             = x−   

The Complete Solution   is 
x xy Ae Be x−= + −  . 

 

1.1.6  Problems based on R.H.S = 
axe x . Particular Integral = 

1 1

( ) ( )

ax axe x e x
f D f D a

=
+

 

1. Solve: 
2 3( 4 3) sinx xD D y e x xe−+ + = +  

Solution:  

Given 
2 3( 4 3) sinx xD D y e x xe−+ + = +  

A.E  is  
2 4 3 0m m+ + =  

 ( 1)( 3) 0m m+ + =  

 1, 3m m= − = −  

 
3. x xC F Ae Be− −= +          

   1.P I = 
2

1
sin

4 3

xe x
D D

−

+ +
 

          = 
2

1
sin

( 1) 4( 1) 3

xe x
D D

−

− + − +
  

      = 
2

1
sin

2 1 4 4 3

xe x
D D D

−

− + + − +
 

     = 
2

1
sin

2

xe x
D D

−

+
 

     =
1

sin
1 2

xe x
D

−

− +
 

Take Conjugate  we get,    
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               = 
2

2 1
sin

(2 ) 1

x D
e x

D

− +

−
 

               = 
2

2 1
sin

4 1

x D
e x

D

− +

−
 

               = 
2 1

sin
4 1

x D
e x− +

− −
 

              = (2 1)sin
5

xe
D x

−

+
−

         

      1.P I  = (2cos sin )
5

xe
x x

−

+
−

 

      2.P I = 3

2

1

4 3

xxe
D D+ +

 

            = 3

2

1

( 3) 4( 3) 3

xe x
D D+ + + +

 

            = 3

2

1

6 9 4 12 3

xe x
D D D+ + + + +

 

            = 3

2

1

10 24

xe x
D D+ +

 

        = 

3

2

1

24 10
1

24 24

xe
x

D
D

 
+ + 

 

 

        = 

1
3 25

1
24 12 24

xe D
D x

−

 
+ + 

 
 

        = 
3 25

1 ....,
24 12 24

xe D
D x

  
− + +  
  

 

        = 
3 5

24 12

xe
x
 
− 

 
 

    . .y C F P I= +  

    
3

3 5
(2cos sin )

5 24 12

x x
x x e e

y Ae Be x x x
−

− −  
= + − + + − 

 
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2.  Solve 
2 2 2( 2 2) 5x xD D y e x e−− + = + +  

     Solution: 

    Given 
2 2 2( 2 2) 5x xD D y e x e−− + = + +  

    A.E is 
2 2 2 0m m− + =  

   1m i=   

  . ( cos sin )xC F e A x B x= +  

  2

1 2

1
.

2 2

xP I e x
D D

=
− +

 

         = 2

2

1

( 1) 2( 1) 2

xe x
D D+ − + +

 

         = 2

2

1

2 1 2 2 2

xe x
D D D+ + − − +

 

        = 2

2

1

1

xe x
D +

 

        = 
2 1 2( 1)xe D x−+  

        = 
2 2(1 ...)xe D x− +  

1.P I
 
= 

2( 2)xe x −  

0

2 2

1
. 5

2 2

xP I e
D D

=
− +

 

2

5
.

2
P I =  

2

3 2

1
.

2 2

xP I e
D D

−=
− +

  

        = 21

4 4 2

xe−

+ +
 

2

3

1
.

10

xP I e−=  

     y = C.F +P.I 

    

2 25 1
( cos sin ) ( 2)

2 10

x x xy e A x B x e x e−= + + − + +
 

3. Solve xx xexeyDD 32 sin)34( +=++ − . (Nov./Dec. 2002)
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 Solution: 

            The given ODE is xx xexeyDD 32 sin)34( +=++ − ----(1) 

               The A.E of  (1) is 0342 =++ mm  

                                                
3,1

0)3)(1(

−=−=

=++

mm

mm
 

                                  C.F= xx BeAe 3−− + . 

                          P.I= xx xe
Df

xe
Df

3

)(

1
sin

)(

1
+− = 21 .. IPIP +  

                Now xe
DD

IP x sin
34

1
.

21
−

++
= = x

DD
e x sin

3)1(4)1(

1
2 +−+−

−  

                                  

                           = x
D

D
ex

D
ex

DD
e xxx sin

1)2(

)12(
sin

21

1
sin

2

1
222 −

+
=

+−
=

+

−−−  

                           = )sincos2(
5

sin
14

)12(
xx

e
x

D
e

x
x +−=

−−

+ −
−  

           =2.IP x
DD

exe
DD

xe
Df

xxx

3)3(4)3(

1

34

1

)(

1
2

33

2

3

++++
=

++
=  

                    = x
DDe

x
DD

e
x

x

1
23

2

3

24

10
1

242410

1
−



























 +
+=

++
 

                    = x
DDDDe x















−












 +
+













 +
− ...

24

10

24

10
1

24

2
223

 

                    =  sderivativeorderHigheromittingxD
e x









−

12

5
1

24

3

 

                 = 







−

12

5

24

3

x
e x

   = IP. 21 .. IPIP + = )sincos2(
5

xx
e x

+−
−

+ 







−

12

5

24

3

x
e x
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       The general solution of (1) is =)(xy C.F+P.I 

                             = xx BeAe 3−− + )sincos2(
5

xx
e x

+−
−

+ 







−

12

5

24

3

x
e x

. 

4.Solve xx exeyDD 222 5)22( −++=+− . (April/May 2003) 

      Solution:  

       The given ODE is  xx exeyDD 222 5)22( −++=+− ----(1) 

                             The A.E of  (1) is 0222 =+− mm  

                                                im =
−−

= 1
2

)2)(1(4)2(2 2

 

                                  C.F= )sincos( xBxAe x + . 

                          P.I= xx e
DfDf

xe
Df

22

)(

1
5

)(

1

)(

1 −++ = 21 .. IPIP + + 3.IP                   

                Now 2

21
22

1
. xe

DD
IP x

+−
= = 2

2 2)1(2)1(

1
x

DD
ex

++−+
                                  

                           = 22222122

2
...))(1()1(

1

1
xDDexDex

D
e xxx −+−=+=

+

−  

                           = )2()1( 222 −=− xexDe xx
 

                   =2.IP
0

2

1 1
4 4 2

2 2 2

xe
D D

= =
− +

 

                  3.IP   = 
102)2(2)2(

1

22

1 2
2

2

2

2

x
xx e

ee
DD

−
−− =

+−−−
=

+−
 

                     P.I = 21 .. IPIP + + 3.IP  

                          =  )2( 2 −xe x
+2+

10

2xe−
 

       The general solution of (1) is =)(xy C.F+P.I 
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                          = )sincos( xBxAe x + + )2( 2 −xe x +2+
10

2xe−
 

 1.1.7      Problems based on  ( ) sin cosn nf x x ax or x ax=  

 

To find  Particular Integral when 

( ) sin cosn nf x x ax or x ax=
1

. sin ( ) cos
( )

n nP I x ax or x ax
f D

=  

1 1 1
( )

( ) ( ) ( )

d
xV x V V

f D f D dD f D

 
= +  

 
 

'1 1 ( ) 1
( . )

( ) ( ) ( ) ( )

f D
xV x V V

f D f D f D f D

 
= −  

 
 

                 
 

'

2

1 1 ( )

( ) ( ) ( )

f D
xV x V V

f D f D f D

 
= −  

    
 

1. Solve 
2 2 2( 4 4) 8 sin 2xD D y x e x− + =  

Solution: 

Given 
2 2 2( 4 4) 8 sin 2xD D y x e x− + =  

A.E is 
2 4 4 0m m− + =  

2( 2) 0m− =  

The roots are  2,2m = . 

Complementary Function is 2

1 2( ) xc x c e+   

Particular Integral       = 2 2

2

1
8 sin 2

4 4

xx e x
D D− +

 

 = 2 2

2

1
8 sin 2

( 2)

xe x x
D−

 

 = 
2 21 cos 2 sin 2 cos 2

8 2 2
2 4 8

x x x x
e x x

D

 − −      
− +      

      
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 = ( )2 21 1 1
4 cos 2 (4 sin 2 ) (2cos 2 )xe x x x x x

D D D

 
− + + 

    

 

2 2 sin 2 cos 2 sin 2 cos 2 sin 2
4 2 2 4 sin 2

2 4 4 2 4

x x x x x x
e x x x x

  − −   − −          
= − − + + − +             

             

 

2 2(3 2 )sin 2 4 cos 2xe x x x x = − −   

The general Solution is y = C.F + P.I.             
2 2 2

1 2( ) (3 2 )sin 2 4 cos2x xy c x c e e x x x x= + + − −
 

2. Solve the differential equation xxyD 2cos)4( 22 =+ (May/ June 2009)
 

  Solution: 

        The given ODE is  xxyD 2cos)4( 22 =+ ----(1) 

    The A.E of  (1) is 042 =+m 42 −= m im 2=                                                     

                              C.F= xBxA 2sin2cos +               

                            P.I= xx
Df

2cos
)(

1 2









 =  xieofPRx

D

22

2
.

4

1









+
        

                         
2

2

2

4)2(

1
. x

iD
eofPR xi










++
= 2

2

2

4

1
. x

DiD
eofPR xi










+
=       

                         2

2

2

4
14

. x

Di

D
Di

e
ofPR

xi





























+

=                                                            

                       
2

122

4
1

4
. x

i

D

Di

ei
ofPR

xi −









+

−
=  

                       2

322

...
444

1
4

. x
i

D

i

D

i

D

D

ie
ofPR

xi














+








−








+−

−
=  

                       2
22

64164

11

4
. x

i

DD

iD

ie
ofPR

xi























−−








−+−−=  
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                        2
22

64164

1

4
. x

DDi

D

ie
ofPR

xi























−








++−=  

                        





















−








++








−=

64

2

16

2

434
.

232 xixx
i

e
ofPR

xi

 

                        






















−−








−

+
=

8332

1

44

)2sin2(cos
.

32 xx
i

xxix
ofPR       

                        
















−+








−= x

xx
x

x
2sin

83
2cos

32

1

44

1 32

         

          The general solution of (1) is =)(xy C.F+P.I               

                                     = xBxA 2sin2cos + 
















−+








−+ x

xx
x

x
2sin

83
2cos

32

1

44

1 32

. 

1.1.8   Problems based on  
1

( ) ( )ax axf x e e f x dx
D a

−=
−   Type. 

[General Method of finding the Particular Integral of any function f(x)] 

 

1. Solve 
2 2( ) secD a y ax+ = . 

Solution: 

Given 
2 2( ) secD a y ax+ =  

A. E. is 
2 2 0m a+ =  

The Roots are m ia=   

Complementary function = cos sinA ax B ax+ . 

2 2

1
. sec

( )
P I ax

D a
=

+
 

1
. sec

( )( )
P I ax

D ia D ia
=

− +  

     

1 1

2 2 secia ia ax
D ia D ia

 
 

= − 
− + 

 

 

     = 
1 1

sec sec
2 2

iax iax iax iaxe e axdx e e axdx
ia ia

− −−   
1

[ ]mx mxX e Xe dx
D m

−=
−   
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     = 
1 1

(1 tan ) (1 tan )
2 2

iax iaxe i ax dx e i ax dx
ia ia

−− − +   

= 
1 1

( logsec ) ( logsec )
2 2

iax iaxi i
e x ax e x ax

ia a ia a

−− − +  

= 
2

1
logsec

2 2

iax iax iax iaxx e e e e
ax

a i a i

− −   − +
−   

   
 

= 
2

1
sin logsec cos

x
ax ax ax

a a
−  

General Solution is y = C.F  +  P.I 

2

1
cos sin sin logsec cos

x
y A ax B ax ax ax ax

a a
= + + −  

 

Simultaneous First Order Linear Equations With Constant Coefficients 

Linear differential equation in which there are two or more dependent variables and a 

single independent variable.  Such equations are known as simultaneous linear equations. Here 

we shall deal with systems of linear equations with constant coefficients only.  Such a system of 

equations is solved by eliminating all but one of the dependent variables and then solving the 

resulting equations as before.  Each of the depend variables is obtained in a similar manner. 

Problems Based on Simultaneous First Order Linear Equations With Constant coefficients 

1. Solve the simultaneous equations 
𝒅𝒙

𝒅𝒕
+ 𝟐𝒙 + 𝟑𝒚 = 𝟐𝒆𝟐𝒕,   

𝒅𝒚

𝒅𝒕
+ 𝟑𝒙 + 𝟐𝒚 = 𝟎 

Solution: 

Given 
𝑑𝑥

𝑑𝑡
+ 2𝑥 + 3𝑦 = 2𝑒2𝑡 

𝑑𝑦

𝑑𝑡
+ 3𝑥 + 2𝑦 = 0 

(i.e.,)𝐷𝑥 + 2𝑥 + 3𝑦 = 2𝑒2𝑡   𝐷𝑦 + 3𝑥 + 2𝑦 = 0  

(𝐷 + 2)𝑥 + 3𝑦 = 2𝑒2𝑡  ….  (1)  (𝐷 + 2)𝑦 + 3𝑥 = 0 …..(2) 

(1)𝑋(𝐷 + 2) => (𝐷 + 2)2𝑥 + 3(𝐷 + 2)𝑦 = 2(𝐷 + 2)𝑒2𝑡          …….(3) 

(2)𝑋3             =>    9𝑥 + 3(𝐷 + 2)𝑦 = 0            …….(4) 

(3) – (4)          = >  [(𝐷 + 2)2 − 9]𝑥 = 2(𝐷 + 2) 𝑒2𝑡 
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                               (𝐷2 + 4𝐷 + 4 − 9]𝑥 = 2(2 + 2) 𝑒2𝑡 

                                 (𝐷2 + 4𝐷 − 5]𝑥 = 8 𝑒2𝑡  

    It’s Auxillary equation is   𝑚2 + 4𝑚 − 5 = 0 

         (𝑚 + 5)(𝑚 − 1) = 0 

                                       𝑚 = −5, 𝑚 = 1 

           Complementary Function = A𝒆−𝟓𝒕 + 𝑩𝒆𝒕 

                       Particular Integral =  
1

(𝐷2+4𝐷−5]
8 𝑒2𝑡 

           = 8 
1

(𝐷2+4𝐷−5]
 𝑒2𝑡 

             = 8 
1

((2)2+4(2)−5]
 𝑒2𝑡 

           = 
8

7
𝑒2𝑡 

              x = A𝒆−𝟓𝒕 + 𝑩𝒆𝒕 + 
8

7
𝑒2𝑡 

Differentiate with respect to ‘t’ 

𝑑𝑥

𝑑𝑡
= −5𝐴𝒆−𝟓𝒕 + 𝑩𝑒𝑡 + 

16

7
𝑒2𝑡 

Substitute above values in (1) we get, 

[−5𝐴𝒆−𝟓𝒕 + 𝑩𝑒𝑡 + 
16

7
𝑒2𝑡]+2[5𝐴𝒆−𝟓𝒕 + 𝑩𝑒𝑡 + 

8

7
𝑒2𝑡]+3y = 2𝑒2𝑡 

−5𝐴𝒆−𝟓𝒕 + 𝑩𝑒𝑡 + 
16

7
𝑒2𝑡+2𝐴𝒆−𝟓𝒕 + 𝟐𝑩𝑒𝑡 + 

16

7
𝑒2𝑡+3y = 2𝑒2𝑡 

−3𝐴𝒆−𝟓𝒕 + 𝟑𝑩𝑒𝑡 + 
32

7
𝑒2𝑡+3y = 2𝑒2𝑡 

−𝐴𝒆−𝟓𝒕 + 𝑩𝑒𝑡 + 
6

7
𝑒2𝑡+y = 0 

y = A𝒆−𝟓𝒕 + 𝑩𝒆𝒕 −
6

7
𝑒2𝑡 

Hence the desired solutions are 

x = A𝑒−5𝑡 + 𝐵𝑒𝑡 + 
8

7
𝑒2𝑡,   y= A𝒆−𝟓𝒕 + 𝑩𝒆𝒕 −

6

7
𝑒2𝑡.    
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1. Solve the simultaneous equations  tt ex
dt

dy
ey

dt

dx
52;52 =−=+  given 

that 03,1 ==−= tatyx . 

           Solution: 

          The given simultaneous equations are tt ex
dt

dy
ey

dt

dx
52;52 =−=+  

         i.e.  teyDx 52 =+ ----------(1)  texDy 52 =− ----------------(2) 

         Eliminate x  from (1) and (2) 

           (1) teyDx 10422 =+ --------------(3) 

           (2) D     teDxyD 522 =− --------------- (4) 

             (3)+(4) teyD 15)4( 2 =+  ----------------(5) 

               The A.E of (5) is 042 =+m  

                           imm 242 =−=  

                         C.F = tBtA 2sin2cos +  

                              P.I= )15(
4

1
2

te
D 









+
 

                                   te








+
=

41

1
15

2

te
5

1
15=

te3=        

   The general solution of (5) is IPFCty ..)( += = tBtA 2sin2cos + te3+  

            tetytx 5)(')(2)2( −=  

                            tBtA 2cos22sin2 +−= tt ee 53 −+  

                            tBtA 2cos22sin2 +−= te2−  

                   tBtAtx 2cos2sin)( +−= te−                  

 The solutions of (1) and (2) are tBtAtx 2cos2sin)( +−= te−      and   
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       )(ty = tBtA 2sin2cos + te3+ . 

                 Given )1()0(1)0( BAx +−=−= 0e−  0= B   

                 Given == 3)0(y )0()1( BA + 0= A  

                    The solutions of (1) and (2) are =)(tx te−   and  )(ty = te3 .                                                                                       

1. Solve tt exyDeyxD 2)3(;)5( =−+=++ . 

       Solution 

          The given simultaneous equations           

            are )2()3();1()5( 2 −−−−=++−−−−=++ tt eyDxeyxD  

           Eliminate x  from (1) and (2) 

          (1) 1                                     teyxD =++ )5( ------------------------(3) 

                (2) + )5(D teDyDDxD 2)5()3)(5()5( +=++++− -------------(4) 

-------------------------------------------------------------------------------------------------- 

              (3)+(4)    tt eDeyDD 2)5())5)(3(1( ++=+++     

                                      ttt eeeyDD 222 52)168( ++=++        

                                    tt eeyDD 22 7)168( +=++ ------------------------------ (5) 

                  The A.E of (5) is 4,401682 −−==++ mmm  

                                             C.F= teBAt 4)( −+  

                                        
( )

)7(
4

1
. 2

2

tt ee
D

IP +








+
=  

                                                  
( ) ( )

tt ee 2

22
42

1
7

41

1









+
+









+
=                                  

                                                   tt ee 2

36

7

25

1
+=  
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              The general solution of (5) is =)(ty teBAt 4)( −+ tt ee 2

36

7

25

1
++                                                           

                                                      (2) teyDytx 23)( −+=                                     

    

 
36

14

25
44

2
444

tt
ttt ee

BeAteAe ++−−= −−− tt BeAte 44 33 −− ++                                                 

ttt eee 22

36

21

25

3
−++     

                       )(tx = 
3625

4
)1(

2
44

tt
tt ee

BetAe −+−− −−                    

               The solutions of (1) and (2) are  =)(ty teBAt 4)( −+ tt ee 2

36

7

25

1
++  and    

                                                                    )(tx = 
3625

4
)1(

2
44

tt
tt ee

BetAe −+−− −−  

2.  Solve the simultaneous equations teyx
dt

dy
tyx

dt

dx 223;32 =+−=−+ .      (Jan. 2006) 

              Solution: 

   The given simultaneous equations are teyx
dt

dy
tyx

dt

dx 223;32 =+−=−+  

               i.e  teyxDytyxDx 223;32 =+−=−+  

               )2(3)2()1(3)2( 2 −−−=−+−−−=−+ texyDtyxD  

       Eliminate x  from (1) and (2) 

           (1) tyxD 39)2(33 =−+ ------------------------(3) 

           (2) + )2(D teDxDyD 22 )2()2(3)2( +=+−+ -------(4) 

             (3)+(4) teDtyDy 22 )2(3)2(9 ++=++−  

                         tt eetyDDy 222 223)44(9 ++=+++−  

                          tetyDD 22 43)54( +=−+ ----------------------(5)                                      

                    The A.E of (5) is 0542 =−+ mm  
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                                            5,10)1)(5( −==−+ mmm  

                                        C.F= tt BeAe 5−+  

                              P.I= 
te

DD
t

DD

2

2 )1)(5(

1
4

54

1
3 









−+
+









−+
 

                                  tet
DD

2

2 )12)(52(

1
4

5

4
1

1

5

3









−+
+




























 +
−

−
=   

                                  tet
DD 2

1
2

7

4

5

4
1

5

3
+
















 +
−−=

−

  

                                  
tet

DDDD 2

2
22

7

4
...

5

4

5

4
1

5

3
+














+







 +
+







 +
+−=  

                                  tet
D 2

7

4

5

4
1

5

3
+








+−=

 

                                   tet 2

7

4

5

4

5

3
+








+−=  

     The general solution of (5) is   IPFCty ..)( += = tt BeAe 5−+ tet 2

7

4

5

4

5

3
+








+−  

                           tetyDtx −+= )()2()(3)2(                                

                                  
t

t
tt e

e
tBeAeD 2

2
5

7

4

25

12

5

3
)2( −








+−−++= −

                                    

                                  

t
t

tt
t

tt e
e

tBeAe
e

BeAe 2
2

5
2

5

7

8

25

24

5

6
22

7

8

5

3
5 −








+−−++








+−−= −−

 

                                  
25

39

5

6

7

9
33

2
5 −−+−= − t

e
BeAe

t
tt    
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25

13

5

2

7

3
)(

2
5 −−+−= − t

e
BeAetx

t
tt       

         The solutions of (1) and (2) are 

 
25

13

5

2

7

3
)(

2
5 −−+−= − t

e
BeAetx

t
tt  and  )(ty = tt BeAe 5−+ tet 2

7

4

5

4

5

3
+








+− . 

3.   Solve 2; tx
dt

dy
ty

dt

dx
=+=− . (Nov./Dec. 2003) (Nov./Dec. 2006). 

      Solution: 

          The given simultaneous equations are 2; tx
dt

dy
ty

dt

dx
=+=−  

                   i.e  )2()1( 2 −−−=+−−−=− txDytyDx                 

       Eliminate y  from (1) and (2) 

           (1) DtDyxDD =− 2 --------------------(3) 

           (2) 1                      2txDy =+ ---------------------(4) 

        (3)+(4) 22 tDtxxD +=+  

                                     i.e  22 1)1( txD +=+ ----------------(5) 

                The A.E of (5) is 012 =+m  

                                            im =   Here 1;0 ==   

                                        C.F= tBtAtBtAe t sincos)sincos(0 +=+  

                                            P.I = )1()1()1(
1

1 2122

2
tDt

D
++=+









+

−  

                                                  = )1...]()(1[ 2222 tDD +−+−  

                                                  = )1](1[ 22 tD +− omitting Hr,. derivatives 

                                                  = 1]21[ 22 −=−+ tt  
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    The general solution of (5) is IPFCtx ..)( += = 1sincos 2 −++ ttBtA  

                          tttBtAttDxty −++−=−= 2cossin)()()1(  

                                         = ttBtA ++− cossin          

  The solutions of (1) and (2) are  =)(tx 1sincos 2 −++ ttBtA  and  

                                                         )(ty = ttBtA ++− cossin . 

4. Solve the simultaneous equations 023;532 =+−=−+ yx
dt

dy
tyx

dt

dx
given 

that 1)0(,0)0( −== yx . 

  Solution: 

              The given simultaneous equations are 

                           023;532 =+−=−+ yx
dt

dy
tyx

dt

dx
 

                   i.e  )1(53)2( −−−=−+ tyxD 03)2( =−+ xyD ---------(2)                

              Eliminate x  from (1) and (2) 

             (1) tyxD 159)2(33 =−+ --------------------(3) 

             (2) + )2(D 0)2(3)2( 2 =+−+ xDyD -----------------(4) 

             (3)+(4)  tyyD 159)2( 2 =−+  

            i.e  tyDD 15)54( 2 =−+ ----------------(5) 

                The A.E of (5) is 0542 =−+ mm  

                                        0)1)(5( =−+ mm  

                                        15 =−= morm    

                                      C.F= tt BeAe 5−+                                                                                

                                          P.I = )15(
54

1
2

t
DD −+

 

                                               t
DD










































 +
−−

=

5

4
15

1
15

2
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                                              t
DD

1
2

5

4
13

−

















 +
−−=  

                                              t
DDDD














+







 +
+






 +
+−= ...

5

4

5

4
13

2
22

 

                                              t
D








+−=

5

4
13            

                                              







+−=

5

4
3 t  

       The general solution of (5) is    IPFCty ..)( += tt BeAe 5−+=
5

12
3 −− t  

                        (2) 03)2( =−+ xyD  

                              )
5

12
3)(2()(3 5 −−++= − tBeAeDtx tt       

                                        
5

24
62235 55 −−++−−= −− tBeAeBeAe tttt   

                                        
5

39
633 5 −−−= − tBeAe tt     

                              
5

13
2)( 5 −−−= − tBeAetx tt .                                          

            The solutions of (1) and (2) are 
5

13
2)( 5 −−−= − tBeAetx tt  and  

                                                                   )(ty tt BeAe 5−+=
5

12
3 −− t                                                                                    

             Given 
5

13
0)1()1(0)0( −−−== BAx 

5

13
=− BA ------(6) 

              Given =−= 1)0(y )1()1( BA +
5

12
0 −− 

5

7
=+ BA ------(7) 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-II 

COURSE CODE: 18PHU404                   UNIT: I                    BATCH-2018-2021 
 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 28/30 
 

             (6)+(7) 242 == AA                                                                                    

                     (7)  
5

3
2

5

7
−=−=B  

             The solutions of (1) and (2) are 
5

13
2

5

3
2)( 5 −−+= − teetx tt  and  

                                                                   )(ty tt Bee 5

5

3
2 −−=

5

12
3 −− t                            

5. Solve tyDDxeDyxD t 2cos)2(,)32( =++=+− . (April/May 2005) 

     Solution 

       The given simultaneous equations are teDyxD =+− )32( ------(1)  

       and     tyDDx 2cos)2( =++ -------(2)  

       Eliminate x  from (1) and (2) 

          (1) D    )()32( 2 teDyDxDD =+− ------------------------------------ (3) 

                (2) − )32( D tDyDDDxD 2cos)32()2)(32()32( −=+−+− ----- (4) 

-------------------------------------------------------------------------------------------------- 

              (3)-(4)    tDeDyDDyD t 2cos)32()()2)(32(2 −−=+−−  

                                )2cos3)2sin2(2()6342( 22 tteyDDDyD t −−−=−−+−  

                                tteyDD t 2cos32sin4)6( 2 ++=−+−  

                              tteyDD t 2cos32sin4)6( 2 −−−=−+  

                  The A.E of (5) is 2,3062 −==−+ mmm  

                                             C.F= tt BeAe 23 +−                         

                       )2cos32sin4(
6

1
.

2
tte

DD
IP t ++−









−+
=                                  
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                              t
DD

t
DD

e
DD

t 2cos
6

1
32sin

6

1
4

6

1
222 









−+
−









−+
−









−+
−=     

                                    t
D

t
D

e t 2cos
62

1
32sin

62

1
4

611

1
222 









−+−
−









−+−
−









−+
−=      

                                    t
D

t
D

e t 2cos
10

1
32sin

10

1
4

4

1









−
−









−
−=     

                                    t
D

D
t

D

D
e t 2cos

100

)10(
32sin

100

)10(
4

4

1
22 









−

+
−









−

+
−=  

                                    t
D

t
D

e t 2cos
1004

)10(
32sin

1004

)10(
4

4

1









−−

+
−









−−

+
−=  

                                     =
104

)2cos102sin2(
3

104

)2sin102cos2(
4

4

1 tttt
et +−

+
+

+  

                                     =
104

)2cos302sin6(

104

)2sin402cos8(

4

1 tttt
et +−

+
+

+  

                                     =
104

)2sin342cos38(

4

1 tt
et +
+                                                                                      

The general solution of (5) is =)(ty tt BeAe 23 +−
)2sin342cos38(

104

1

4

1
ttet +++                                                                     

            − 2)2(1)1( teyDyx t 2cos243 −=−−−  

   







+−+++−−− − )2cos682sin76(

104

1

4

1
233 23 tteBeAex ttt  

         tetteBeAe tttt 2cos2)2sin342cos38(
104

1

4

1
4 23 −=








++++− −  

 







+−−−−− − )2cos2282sin60(

104

1

4

5
63 23 tteBeAex ttt  








 +
−−−= −

104

2sin762cos20

12

5
2

3

1
)( 23 tte

BeAetx
t

tt                                                                               

               The solutions of (1) and (2) are  
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=)(ty tt BeAe 23 +−
)2sin342cos38(

104

1

4

1
ttet +++  

and 






 +
−−−= −

104

2sin762cos20

12

5
2

3

1
)( 23 tte

BeAetx
t

tt  

6. Solve tDyxtyDx cos,sin =+=+ given that 00,2 === tatyx .         

(April/May 2006, May/June 2009) 

       Solution: 

              The given simultaneous equations           

              are )2(cos)1(sin −−−=+−−−=+ tDyxtyDx  

          (1) 1    )3(sin −−−−−−−−−−−=+ tyDx  

                (2) D )4()(cos2 −−−−−−−−=+ tDyDDx  

              (3)-(4)    tttyD sin2sinsin)1( 2 =+=−           

           tyD sin2)1( 2 =− ----------------------(5) 

               The A.E of (5) is 101 2 ==− mm  

               C.F= tt BeAe −+  

            ttt
D

IP sinsin
)1(1

1
2sin2

1

1
.

22
=









−−
=









−
=  

              The general solution of (5) is =)(ty tBeAe tt sin++ −  

                                                           tBeAeDy tt cos+−= −  

                                      (2)   =−= Dytx cos  
tt BeAe −+−                          

               The solutions of (1) and (2) are  =)(ty tBeAe tt sin++ −  and    

                                                                   =)(tx tt BeAe −+−    

           Given 002)0( −+−== BeAex 2=+− BA  ------------------(6) 

                       0sin0)0( 00 ++== −BeAey 0=+ BA -------------(7) 

                  (6)+(7) 122 == BB  and  (7) 1−= A              
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                The solutions of (1) and (2) are =)(tx tt ee −+  and 

                                                                   =)(ty tee tt sin++− −   

7.  Solve tx
dt

dy
ty

dt

dx
cos;1sin =++=+ given that 02,1 === tatyx . 

 Solution:   

   The given simultaneous equations are 

                           tx
dt

dy
ty

dt

dx
cos;1sin =++=+  

                   i.e  )2(cos)1(1sin −−−=+−−−+=+ txDytyDx                 

     Eliminate x  from (1) and (2) 

           (1) 1sin1 +=+ tyDx -----------------------(3) 

           (2) D             )(cos2 tDDxyD =+ ------------------ (4) 

        (3)-(4) )(cos1sin2 tDtyDy −+=−  

                                i.e  ttyD sin1sin)1( 2 ++=−  

                                      1sin2)1( 2 +=− tyD ------------------ (5) 

                The A.E of (5) is 01 2 =−m  

                                        12 =m 1=m    

                                        C.F= tt BeAe −+                                                                                

                                           P.I = )1sin2(
1

1
2

+








−
t

D
 

                                               te
D

t
D

0

22 1

1
sin

1

1
2 









−
+









−
=  

                                               
tet 0

22 01

1
sin

)1(1

1
2 









−
+









−−
=  
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                                              1sin
2

1
2 +








= t  

                                              1sin += t   

 The general solution of (5) is     IPFCty ..)( += tt BeAe −+= 1sin ++ t  

                          ]1sin[cos)()2( +++−= − tBeAeDttx tt  

                                         ]cos[cos tBeAet tt +−−= −  

                                tt BeAetx −+−=)(                        

            The solutions of (1) and (2) are tt BeAetx −+−=)(  and  

                                                                 )(ty tt BeAe −+= 1sin ++ t                                                                                    

                       Givcn 001)0( −+−== BeAex BA+−=1 ---------------- (6) 

                                  10sin2)0( 00 +++== −BeAey 12 ++= BA 1=+ BA ---(7) 

                  (6)+(7) 22 =B   1=B  

                  (6)-(7)  02 =− A 0= A         

           The solutions of (1) and (2) are tetx −=)(   and   )(ty te−= 1sin ++ t                                                                         

                       

8.   Solve tDyxtyDx 2cos;2sin =+−=+ . (June 2003) 

        Solution: 

              The given simultaneous equations are  

                 tyDx 2sin=+ --------(1)    tDyx 2cos=+− -----------(2) 

          (1) 1           tyDx 2sin=+ -----------------------------(3) 

                (2) D )2(cos2 tDyDDx =+− ------------------------(4) 

              (3)+(4) )2(cos2sin)1( 2 tDtyD +=+  

                                              = ttt 2sin2sin22sin −=−         
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                           tyD 2sin)1( 2 −=+ ----------------------(5) 

               The A.E of (5) is imm ==+ 012  

                                                C.F= tBtA sincos +  

                                            )2sin(
1

1
.

2
t

D
IP −

+
=  

                                                  t2sin
12

1
2 









+−
−=                                                      

                                                      t2sin
3

1
=  

              The general solution of (5) is =)(ty tBtA sincos + t2sin
3

1
+                                                        

                                        (2) tDyx 2cos−=  

                                                   tBtA cossin +−= tt 2cos2cos
3

2
−+  

                                                   tBtA cossin +−= t2cos
3

1
−  

               The solutions of (1) and (2) are  =)(ty tBtA sincos + t2sin
3

1
+  and    

                                                                   =)(tx tBtA cossin +− t2cos
3

1
− .  

9. Solve tx
dt

dy
ty

dt

dx
cos2;sin2 =−−=+  given  001 === tatyandx  (Jan. 2005,  

Dec 2010) 

Solution:   

   The given simultaneous equations are 

                           tx
dt

dy
ty

dt

dx
cos2;sin2 =−−=+  

                   i.e  )2(cos2)1(sin2 −−−=−−−−−=+ txDytyDx                 
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    Eliminate x  from (1) and (2) 

           (1) tyDx sin2422 −=+ --------------------(3) 

          (2) D             )(cos22 tDDxyD =− -----------------(4) 

         (3)+(4) ttyDy sinsin24 2 −−=+  

                                     i.e  tyD sin3)4( 2 −=+ --------------(5) 

                The A.E of (5) is 042 =+m  

                                            2im =   Here 2;0 ==   

                                        C.F= )2sin2cos(0 tBtAe t +                                                                               

                                                  tBtA 2sin2cos +=  

                                           P.I = )sin3(
4

1
2

t
D

−








+
 

                                                 tsin
41

1
3

2 








+−
−=  

                                                 tsin−=  

 The general solution of (5) is  IPFCty ..)( += tBtA 2sin2cos += tsin−  

                            txtBtAD cos2]2sin2cos[)2( =−+  

                                 ttBtAx cos]2cos2sin[22 −+−=     

                                
2

cos
2cos2sin

t
tBtAx −+−=     

            The solutions of (1) and (2) are 

                                                  
2

cos
2cos2sin)(

t
tBtAtx −+−=  and  

                                                   )(ty tBtA 2sin2cos += tsin− .            

 Given 
2

3

2

)1(
)1()0(1)0( =−+−== BBAx   
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  Given )0(y 00)0()1(0 =−+== ABA .            

              The solutions of (1) and (2) are 

                                                  
2

cos
2cos

2

3
)(

t
ttx −=  and  

                                                  )(ty t2sin
2

3
= tsin− .           

10. Solve tx
dt

dy

dt

dx
ty

dt

dy

dt

dx
2sin2;2cos2 =−+=+− . (Nov./Dec. 2005) 

            Solution:   

                The given simultaneous equations are 

                           tx
dt

dy

dt

dx
ty

dt

dy

dt

dx
2sin2;2cos2 =−+=+−  

                   i.e  )2(2sin)2()1(2cos)2( −−−=−+−−−=−− txDDytyDDx                 

       Eliminate y  from (1) and (2) 

           (1) )2(cos)2(2 tDyDDxDD =−− --------------------------(3) 

      (2) − 2D          tDxDyDD 2sin)2()2()2( 2 −=−+− -----------------(4) 

          (3)+(4) tttxDxD 2sin22cos22sin2)2( 22 −+−=+−  

          i.e  ttxDD 2cos22sin4)442( 2 +−=+−  

                        i.e ttxDD 2cos2sin2)22( 2 +−=+− --------------------------(5)                                  

                The A.E of (5) is 0222 =+− mm  

                                        
)1(2

)2)(1(4)2()2( 2 −−−−
= m  

                                               
)1(2

42 −
=  

                                              
)1(2

22 i
=  

                                      im = 1   Here 1;1 ==   

                                     C.F= )sincos( tBtAe t +        
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                                         P.I = t
DD

t
DD

2sin
22

1
22cos

22

1
22 









+−
−









+−
 

                                              = t
D

t
D

2sin
222

1
22cos

222

1
22 









+−−
−









+−−
 

                                              = t
D

t
D

2sin
22

2
2cos

22

1

−−
−

−−
 

                                              t
D

t
D

2sin
1

1
2cos

1

1

2

1









+
+









+
−=  

                                              t
D

D
t

D

D
2sin

1

1
2cos

1

1

2

1
222 









−

−
+









−

−
−=  

                                             t
D

t
D

2sin
12

1
2cos

12

1

2

1
222 









−−

−
+









−−

−
−=  

                                              








−

−
+









−

−−
−=

5

2sin2cos2

5

2cos2sin2

2

1 tttt
 

                                                 tttt 2sin2cos2
5

1
2cos2sin2

10

1
−−+−=  

                                               tttt 2sin22cos42cos2sin2
10

1
−++−=                                             

                                               t2cos5
10

1
−=                                                                                         

                                              t2cos
2

1
−=  

   The general solution of (5) is IPFCtx ..)( +=   = )sincos( tBtAe t + t2cos
2

1
−    

                  ttxy
dt

dx
2sin2cos222)2()1( +=−++  

                                
dt

dx
xtty 222sin2cos2 −++=   
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                               ttBtAetty t 2cos)sincos(22sin2cos2 −+++=                                              

                                 )2sin2(
2

1
2)cossin()sincos(2 ttBtAeetBtA tt −−+−++−  

                              )sincos(22sin2 tBtAety t ++=  

                                 )2sin2(
2

1
2)cossin()sincos(2 ttBtAeetBtA tt −−+−++−       

                             )sincos(22sin2 tBtAety t ++=        

                               )2sin2(
2

1
2)cossin()sincos(2 ttBtAeetBtA tt −−+−++−             

                        
2

2sin
)sincos(

t
tBtAey t −−=                         

            The solutions of  (1) and (2) are  

                     =)(tx )sincos( tBtAe t + +
5

)2sin2cos2(

10

)2cos2sin2( tttt −
−

−−
 

              and 
2

2sin
)sincos()(

t
tBtAety t −−= .           

11. Solve tx
dt

dy
ty

dt

dx
2cos2;2sin2 =−=+ (Nov. Dec/2009) 

 Solution:   

                The given simultaneous equations are 

                           tx
dt

dy
ty

dt

dx
2cos2;2sin2 =−=+  

                   i.e  )2(2cos2)1(2sin2 −−−=−−−−=+ txDytyDx                 

     Eliminate x  from (1) and (2) 

           (1) tyDx 2sin2422 =+ --------------------(3) 

          (2) D             )2(cos22 tDDxyD =− ----------------- (4) 

        (3)+(4) ttyDy 2sin22sin24 2 −=+  
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                                     i.e 0)4( 2 =+ yD ---------------- (5) 

                The A.E of (5) is 042 =+m  

                                            im 2=   Here 2;0 ==   

                                        C.F= tBtAtBtAe t 2sin2cos)2sin2cos(0 +=+                                                    

                The general solution of (5) is FCty .)( = = tBtA 2sin2cos +  

                          )2(2cos2)2( −−−−= tDyx  

                                                                      = ttBtA 2cos)2cos22sin2( −+−   

                                                               ttBtAtx 2cos
2

1
2sin2sin)( −+−=                         

            The solutions of (1) and (2) are =)(tx ttBtA 2cos
2

1
2sin2sin −+−  and  

                                                                 )(ty = tBtA 2sin2cos + .   
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Question Opt 1 Opt 2 Opt 3 Opt 4 Answer

An equation involving one or more dependent 
variables  with respect to  one or more independent 
variables is called……………………...

differential 
equations

intergral 
equation 

constant 
equation 

Eulers equation differential equations

An equation involving one or more ………... 
variables  with respect to  one or more independent 
variables is called differential equations

single dependent independent constant dependent

An equation involving one or more dependent 
variables  with respect to  one or 
more………..variables is called differential 
equations

dependent independent single different independent

A differential equation involving ordinary  
derivatives of one or moredependentvariables with 
respect to single independent variables is called 
……………

differential 
equations

partial 
differential 
equations

ordinary 
differential 
equations

total differential 
equations

ordinary differential 
equations
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KARPAGAM ACADEMY OF HIGHER EDUCATION
(Deemed to be University Established Under Section 3 of UGC Act 1956)

Pollachi Main Road, Eachanari (Po),
Coimbatore –641 021                                                                                                                                                                                            

        Subject: MATHEMATICS-II                                                                                                                        Subject Code: 18PHU404

        Class   : II - B.Sc. Physics                                                                                                                              Semester      : IV

Unit I                                                                                                                                                       

Part A (20x1=20 Marks)                                                                                                                  
(Question Nos. 1 to 20 Online Examinations)

Prepared by: V.Kuppusamy, Department of Mathematics,KAHE



Algebra / 2018-2021 Batch

A differential equation involving ordinary  
derivatives of one or more dependentvariables with 
respect to………. independent variables is called 
ordinary differential equations

zero  single different one or more  single

A differential equation involving ………….  
derivatives of one or more dependentvariables with 
respect to single independent variables is called 
ordinary differential equations

partial different total ordinary ordinary

A differential equation involving partial derivatives 
of one or more dependent variables with respect to 
oneor more independent variables is called 
……………

differential 
equations

partial 
differential 
equations

ordinary 
differential 
equations

total differential 
equations

partial differential 
equations

A differential equation involving partial  derivatives 
of one or more dependentvariables with respect 
to………. independent variables is called partial 
differential equations

zero  single different one or more oneormore

A differential equation involving ………….  
derivatives of one or more dependentvariables with 
respect to one or moreindependent variables is 
called partial differential equations

partial different total ordinary partial

The order of ……...derivatives involvedin the 
differential equations is called order of the 
differential equation

zero lowest highest infinite highest 

The order of highest derivatives involvedin the 
differential equations is called ……………... of the 
differential equation

order power value root order

The order of highest ………………... involvedin 
the differential equations is called order of the 
differential equation

derivatives intergral power value derivatives

The order of the differential equations is  (d^2 
y)/〖dx〗^2 +xy(dy/dx)^2=1

0 1 2 4 2

A non linear ordinary differential equation is an 
ordinary differential equation that is not …………

linear non linear differential intergral linear 
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A ……………..ordinary differential equation is an 
ordinary differential equation that is not linear

linear non linear differential intergral non linear 

A non linear ordinary differential equation is an 
……………. differential equation that is not linear

ordinary partial single constant ordinary

…………... ordinary differential equations are 
further classified according to the nature of the 
coefficients of the dependent variables and its 
derivatives

linear non linear differential intergral linear 

Linear ………………. differential equations are 
further classified according to the nature of the 
coefficients of the dependent variables and its 
derivatives

ordinary partial single constant ordinary

Linear ordinary differential equations are further 
classified according to the nature of the coefficients 
of the ……………….variables and its derivatives

single dependent independent constant dependent

Linear ordinary differential equations are further 
classified according to the nature of the coefficients 
of the dependent variables and its 
……………………..

integrals constant derivatives roots derivatives

Both explicit and implicit solutions  will usually be 
called simply ……………

solutions constant equations values solutions 

Both ……………….. solutions  will usually be 
called simply solutions.

general and 
particular

singular and non 
singular

ordinary and 
partial

explicit and implicit explicit and implicit

Let f be a real function defined for all x in a real 
interval I and having nth order derivatives then the 
function f is called ………….solution of the 
differential equations

constant implicit explicit general explicit

Let f be a real function defined for all x in a real 
interval I and having …………..order derivatives 
then the function f is called explicit solution of the 
differential equations

1st 2nd nth (n+1)th nth

Prepared by: V.Kuppusamy, Department of Mathematics,KAHE
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The relation g(x,y)=0 is called the ………solution 
of F[x,y,(dy/dx)………..(dy/dx)^n]=0

constant implicit explicit general implicit
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UNIT-II 

 

Finding the solution of Second and Higher Order with constant coefficients with Right 

Hand Side is of the form 𝑉 𝑒𝑎𝑥 , where 𝑉 is a function of 𝑥 – Euler’s Homogeneous Linear 

Differential Equations – System of simultaneous linear differential equations with constant 

coefficients. 
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1.1.6  Problems based on R.H.S = 
axe x . Particular Integral = 

1 1

( ) ( )

ax axe x e x
f D f D a

=
+

 

1. Solve: 
2 3( 4 3) sinx xD D y e x xe−+ + = +  

Solution:  

Given 
2 3( 4 3) sinx xD D y e x xe−+ + = +  

A.E  is  
2 4 3 0m m+ + =  

 ( 1)( 3) 0m m+ + =  

 1, 3m m= − = −  

 
3. x xC F Ae Be− −= +          

   1.P I = 
2

1
sin

4 3

xe x
D D

−

+ +
 

          = 
2

1
sin

( 1) 4( 1) 3

xe x
D D

−

− + − +
  

      = 
2

1
sin

2 1 4 4 3

xe x
D D D

−

− + + − +
 

     = 
2

1
sin

2

xe x
D D

−

+
 

     =
1

sin
1 2

xe x
D

−

− +
 

Take Conjugate  we get,    

               = 
2

2 1
sin

(2 ) 1

x D
e x

D

− +

−
 

               = 
2

2 1
sin

4 1

x D
e x

D

− +

−
 

               = 
2 1

sin
4 1

x D
e x− +

− −
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              = (2 1)sin
5

xe
D x

−

+
−

         

      1.P I  = (2cos sin )
5

xe
x x

−

+
−

 

      2.P I = 3

2

1

4 3

xxe
D D+ +

 

            = 3

2

1

( 3) 4( 3) 3

xe x
D D+ + + +

 

            = 3

2

1

6 9 4 12 3

xe x
D D D+ + + + +

 

            = 3

2

1

10 24

xe x
D D+ +

 

        = 

3

2

1

24 10
1

24 24

xe
x

D
D

 
+ + 

 

 

        = 

1
3 25

1
24 12 24

xe D
D x

−

 
+ + 

 
 

        = 
3 25

1 ....,
24 12 24

xe D
D x

  
− + +  
  

 

        = 
3 5

24 12

xe
x
 
− 

 
 

    . .y C F P I= +  

    
3

3 5
(2cos sin )

5 24 12

x x
x x e e

y Ae Be x x x
−

− −  
= + − + + − 

 
 

2.  Solve 
2 2 2( 2 2) 5x xD D y e x e−− + = + +  

     Solution: 

    Given 
2 2 2( 2 2) 5x xD D y e x e−− + = + +  

    A.E is 
2 2 2 0m m− + =  

   1m i=   
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  . ( cos sin )xC F e A x B x= +  

  2

1 2

1
.

2 2

xP I e x
D D

=
− +

 

         = 2

2

1

( 1) 2( 1) 2

xe x
D D+ − + +

 

         = 2

2

1

2 1 2 2 2

xe x
D D D+ + − − +

 

        = 2

2

1

1

xe x
D +

 

        = 
2 1 2( 1)xe D x−+  

        = 
2 2(1 ...)xe D x− +  

1.P I
 
= 

2( 2)xe x −  

0

2 2

1
. 5

2 2

xP I e
D D

=
− +

 

2

5
.

2
P I =  

2

3 2

1
.

2 2

xP I e
D D

−=
− +

  

        = 21

4 4 2

xe−

+ +
 

2

3

1
.

10

xP I e−=  

     y = C.F +P.I 

    

2 25 1
( cos sin ) ( 2)

2 10

x x xy e A x B x e x e−= + + − + +
 

3. Solve xx xexeyDD 32 sin)34( +=++ − . (Nov./Dec. 2002)
 

 Solution: 

            The given ODE is xx xexeyDD 32 sin)34( +=++ − ----(1) 

               The A.E of  (1) is 0342 =++ mm  

                                                
3,1

0)3)(1(

−=−=

=++

mm

mm
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                                  C.F= xx BeAe 3−− + . 

                          P.I= xx xe
Df

xe
Df

3

)(

1
sin

)(

1
+− = 21 .. IPIP +  

                Now xe
DD

IP x sin
34

1
.

21
−

++
= = x

DD
e x sin

3)1(4)1(

1
2 +−+−

−  

                                                             =

x
D

D
ex

D
ex

DD
e xxx sin

1)2(

)12(
sin

21

1
sin

2

1
222 −

+
=

+−
=

+

−−−  

                           = )sincos2(
5

sin
14

)12(
xx

e
x

D
e

x
x +−=

−−

+ −
−  

           =2.IP x
DD

exe
DD

xe
Df

xxx

3)3(4)3(

1

34

1

)(

1
2

33

2

3

++++
=

++
=  

                    = x
DDe

x
DD

e
x

x

1
23

2

3

24

10
1

242410

1
−



























 +
+=

++
 

                    = x
DDDDe x















−












 +
+













 +
− ...

24

10

24

10
1

24

2
223

 

                    =  sderivativeorderHigheromittingxD
e x









−

12

5
1

24

3

 

                 = 







−

12

5

24

3

x
e x

   = IP. 21 .. IPIP + = )sincos2(
5

xx
e x

+−
−

+ 







−

12

5

24

3

x
e x

 

       The general solution of (1) is =)(xy C.F+P.I 

                             = xx BeAe 3−− + )sincos2(
5

xx
e x

+−
−

+ 







−

12

5

24

3

x
e x

. 

4.Solve xx exeyDD 222 5)22( −++=+− . (April/May 2003) 

      Solution:  
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       The given ODE is  xx exeyDD 222 5)22( −++=+− ----(1) 

                             The A.E of  (1) is 0222 =+− mm  

                                                im =
−−

= 1
2

)2)(1(4)2(2 2

 

                                  C.F= )sincos( xBxAe x + . 

                          P.I= xx e
DfDf

xe
Df

22

)(

1
5

)(

1

)(

1 −++ = 21 .. IPIP + + 3.IP                   

                Now 2

21
22

1
. xe

DD
IP x

+−
= =

2

2 2)1(2)1(

1
x

DD
ex

++−+
                                                             =

22222122

2
...))(1()1(

1

1
xDDexDex

D
e xxx −+−=+=

+

−  

                           = )2()1( 222 −=− xexDe xx
 

                   =2.IP
0

2

1 1
4 4 2

2 2 2

xe
D D

= =
− +

 

                  3.IP   = 
102)2(2)2(

1

22

1 2
2

2

2

2

x
xx e

ee
DD

−
−− =

+−−−
=

+−
 

                     P.I = 21 .. IPIP + + 3.IP  

                          =  )2( 2 −xe x
+2+

10

2xe−
 

       The general solution of (1) is =)(xy C.F+P.I 

                          = )sincos( xBxAe x + + )2( 2 −xe x
+2+

10

2xe−
 

 1.1.7      Problems based on  ( ) sin cosn nf x x ax or x ax=  
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To find  Particular Integral when ( ) sin cosn nf x x ax or x ax=

1
. sin ( ) cos

( )

n nP I x ax or x ax
f D

=  

1 1 1
( )

( ) ( ) ( )

d
xV x V V

f D f D dD f D

 
= +  

 
 

'1 1 ( ) 1
( . )

( ) ( ) ( ) ( )

f D
xV x V V

f D f D f D f D

 
= −  

 
 

                 
 

'

2

1 1 ( )

( ) ( ) ( )

f D
xV x V V

f D f D f D

 
= −  

    
 

1. Solve 
2 2 2( 4 4) 8 sin 2xD D y x e x− + =  

Solution: 

Given 
2 2 2( 4 4) 8 sin 2xD D y x e x− + =  

A.E is 
2 4 4 0m m− + =  

2( 2) 0m− =  

The roots are  2,2m = . 

Complementary Function is 2

1 2( ) xc x c e+   

Particular Integral       = 2 2

2

1
8 sin 2

4 4

xx e x
D D− +

 

 = 2 2

2

1
8 sin 2

( 2)

xe x x
D−

 

 = 
2 21 cos 2 sin 2 cos 2

8 2 2
2 4 8

x x x x
e x x

D

 − −      
− +      

      
 

 = ( )2 21 1 1
4 cos 2 (4 sin 2 ) (2cos 2 )xe x x x x x

D D D

 
− + + 

    

 

2 2 sin 2 cos 2 sin 2 cos 2 sin 2
4 2 2 4 sin 2

2 4 4 2 4

x x x x x x
e x x x x

  − −   − −          
= − − + + − +             

             

 

2 2(3 2 )sin 2 4 cos 2xe x x x x = − −   
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The general Solution is y = C.F + P.I.             
2 2 2

1 2( ) (3 2 )sin 2 4 cos2x xy c x c e e x x x x= + + − −
 

2. Solve the differential equation xxyD 2cos)4( 22 =+ (May/ June 2009)
 

  Solution: 

        The given ODE is  xxyD 2cos)4( 22 =+ ----(1) 

    The A.E of  (1) is 042 =+m 42 −= m

im 2=                                                                                   C.F= xBxA 2sin2cos +               

                            P.I= xx
Df

2cos
)(

1 2









 =  

xieofPRx
D

22

2
.

4

1









+
                                 

2

2

2

4)2(

1
. x

iD
eofPR xi










++
=

2

2

2

4

1
. x

DiD
eofPR xi










+
=       

                         2

2

2

4
14

. x

Di

D
Di

e
ofPR

xi





























+

=                                                            

                       
2

122

4
1

4
. x

i

D

Di

ei
ofPR

xi −









+

−
=  

                       2

322

...
444

1
4

. x
i

D

i

D

i

D

D

ie
ofPR

xi














+








−








+−

−
=  

                       2
22

64164

11

4
. x

i

DD

iD

ie
ofPR

xi























−−








−+−−=  

                        2
22

64164

1

4
. x

DDi

D

ie
ofPR

xi























−








++−=  

                        





















−








++








−=

64

2

16

2

434
.

232 xixx
i

e
ofPR

xi
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





















−−








−

+
=

8332

1

44

)2sin2(cos
.

32 xx
i

xxix
ofPR       

                        
















−+








−= x

xx
x

x
2sin

83
2cos

32

1

44

1 32

         

          The general solution of (1) is =)(xy C.F+P.I                                                    =

xBxA 2sin2cos + 
















−+








−+ x

xx
x

x
2sin

83
2cos

32

1

44

1 32

. 

1.1.8   Problems based on  
1

( ) ( )ax axf x e e f x dx
D a

−=
−   Type. 

[General Method of finding the Particular Integral of any function f(x)] 

 

1. Solve 
2 2( ) secD a y ax+ = . 

Solution: 

Given 
2 2( ) secD a y ax+ =  

A. E. is 
2 2 0m a+ =  

The Roots are m ia=   

Complementary function = cos sinA ax B ax+ . 

2 2

1
. sec

( )
P I ax

D a
=

+
 

1
. sec

( )( )
P I ax

D ia D ia
=

− +  

     

1 1

2 2 secia ia ax
D ia D ia

 
 

= − 
− + 

 

 

     = 
1 1

sec sec
2 2

iax iax iax iaxe e axdx e e axdx
ia ia

− −−   
1

[ ]mx mxX e Xe dx
D m

−=
−   

     = 
1 1

(1 tan ) (1 tan )
2 2

iax iaxe i ax dx e i ax dx
ia ia

−− − +   

= 
1 1

( logsec ) ( logsec )
2 2

iax iaxi i
e x ax e x ax

ia a ia a

−− − +  
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= 
2

1
logsec

2 2

iax iax iax iaxx e e e e
ax

a i a i

− −   − +
−   

   
 

= 
2

1
sin logsec cos

x
ax ax ax

a a
−  

General Solution is y = C.F  +  P.I 

2

1
cos sin sin logsec cos

x
y A ax B ax ax ax ax

a a
= + + −  

 

Homogeneous Equations of Euler Type [Cauchy’s Type] 

Linear Differential Equations with Variable Co-efficient 

An Equation of the form 

𝑎0𝑥𝑛 𝑑𝑛𝑦

𝑑𝑥𝑛 + 𝑎1𝑥𝑛−1 𝑑𝑛−1𝑦

𝑑𝑥𝑛 + 𝑎2𝑥𝑛−2 𝑑𝑛−2𝑦

𝑑𝑥𝑛−2 + ⋯ + 𝑎𝑛𝑦 = 𝑓(𝑥)          …………..(1) 

Where𝑎1, 𝑎2, … 𝑎𝑛re constants and f(x) is a function of x. 

Equation(1) can be reduced to linear differential equation with constant 

Co - efficient by putting the substitution. 

𝑥 = 𝑒𝑧  (𝑜𝑟)𝑧 = 𝑙𝑜𝑔𝑥  

𝑥
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑧
= 𝐷′𝑦                        (2) 

𝐷′ =
𝑑

𝑑𝑧
                

𝑥2
𝑑2𝑦

𝑑𝑥2
= 𝑥2

𝑑2𝑦

𝑑𝑧2
−

𝑑𝑦

𝑑𝑧
 

              = (𝐷′2
− 𝐷′)𝑦          where      𝐷′ =

𝑑

𝑑𝑧
                     (3) 

Similarly,  

𝑥2 𝑑2𝑦

𝑑𝑥2 = 𝐷′(𝐷′ − 1)(𝐷′ − 2)𝑦            (4) 
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and so on, substituting (2), (3), (4) and so on in (1) we get a differential equation with constant 

coefficients and can be solved by any one of the known methods.   

PROBLEMS BASED ON CAUCHY’S TYPE 

1.   Solve 022 '''2 =++ yxyyx . 

        Solution: 

        The given ODE is 022 '''2 =++ yxyyx . i.e 0)22( 22 =++ yxDDx ---(1)  

       To  solve (1) use )1'(';',log 22 −==== DDDxDxDxzex z  

      (1) becomes 0)2'2)1'('( =++− yDDD  ,where 
dz

d
D

dx

d
D == ';  

                          0)2''( 2 =++ yDD ----------------(2) 

       The A.E of (2) is 022 =++mm  

                         
2

71

)1(2

)2)(1(4)1(1 2
i

m
−

=
−−

=  

                                C.F= )
2

7
sin

2

7
cos(2

1

zBzAe
z

+
−

                      

            The general solution of (1) is =)(xy

C.F                                                                                             


























+













=

−

xBxAe
x

log
2

7
sinlog

2

7
cos

log
2

1

 

                                                                  

























+













= xBxA

x
log

2

7
sinlog

2

7
cos

1
. 

2. Solve xyxyyx =+− '''2 . (June 2004) 

          Solution: 

           The given ODE is xyxyyx =+− '''2 . i.e xyxDDx =+− )1( 22 ---(1)  

            To  solve (1) use )1'(';',log 22 −==== DDDxDxDxzex z  
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         (1) becomes zeyDDD =+−− )1')1'('(  ,where 
dz

d
D

dx

d
D == ';  

                              zeyDD =+− )1'2'( 2 ----------------(2) 

                    The A.E of (2) is 1,10)1(012 22 ==−=+− mmmm  

                    C.F= zeBAz )( +  

              Now P.I= ze
Df )'(

1
= ze

D 2)1'(

1

−
= ze

0

1
(Ordinary rule fails) 

                            = ze
D

z
)1'(2

1

−
(Ordinary rule fails) 

                            =  zez
2

12  

              The  general solution of (2) is =)(zy C.F+P.I= zeBAz )( + + zez
2

12                                 

 =)(xy
2

)(log)log(
log

2log
x

x e
xeBxA ++  

          =   
2

)(log)log( 2 x
xxBxA ++  is the required general  Solution of (1)    

3. Solve 222 )127( xyxDDx =+− . 

      Solution: 

           The given ODE is 
222 )127( xyxDDx =+− ---(1)  

           To  solve (1) use  

          (1) becomes 
zeyDDD 2)12'7)1'('( =+−−  ,where 

dz

d
D

dx

d
D == ';  

                              
zeyDD 22 )12'8'( =+− ----------------(2) 

           The A.E of (2) is 6,20)2)(6(01282 ==−−=+− mmmmm  

        C.F= zz BeAe 62 +  

)1'(';',log 22 −==== DDDxDxDxzex z
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    Now P.I= ze
Df

2

)'(

1
= ze

DD

2

2 12'8'

1

+−
=

ze2

0

1
(Ordinary rule fails) 

                 = ze
D

z 2

8'2

1

−
=

4

2zze
−                            

      The  general solution of (2) is =)(zy C.F+P.I= zz BeAe 62 +
4

2zze
−                               

=)(xy
4

log2
62 xx

BxAx −+  is the required general  Solution of (1)    

4. Solve xyxDDx log)24( 22 =++ given that when 0,0,1 ===
dx

dy
yx . 

             Solution: 

            The given ODE is xyxDDx log)24( 22 =++ ---(1)  

            To  solve (1) use )1'(';',log 22 −==== DDDxDxDxzex z  

        (1) becomes zyDDD =++− )2'4)1'('(      
dz

d
D

dx

d
D == ';  

                            zeyDD z=++ )2'3'( 2
----------------(2) 

            The A.E of (2) is 2,10)2)(1(0232 −−==++=++ mmmmm  

        C.F= zz BeAe 2−− +  

    Now P.I= z
Df )'(

1
= = z

DD













 +
+

2

3'
12

1

2
 

                            = z
DD

1
2

2

3'
1

2

1
−



























 +
+  = z

DDDD















−












 +
+













 +
− ...

2

3'

2

3'
1

2

1
2

22

 

                             =  z
D








−

2

3
1

2

1
 omitting second and Higher derivatives 

z
DD 2'3'

1
2 ++
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                             = 







−

2

3

2

1
z  

              The  general solution of (2) is  =)(zy C.F+P.I= zz BeAe 2−− + + 







−

2

3

2

1
z                            

 =)(xy 21 −− + BxAx +  3log2
4

1
−x    is the required general    solution of  (1). 

                Given that 0)1(';0)1( == yy  

                                      == 0)1(y BA + +  30
4

1
−

4

3
=+ BA -------(3) 

                                      =)(' xy
x

BxAx
2

1
2 32 +−− −−  

                                      =)1('y  0
2

1
2 =+−− BA =+ BA 2  

5. Solve xxy
dx

dy
x

dx

yd
x log24

2

2
2 =++ . (Nov./Dec.  2006) 

           Solution: 

            The given ODE is xxyxDDx log)24( 22 =++ ---(1)  

            To  solve (1) use  

         (1) becomes 
zzeyDDD =++− )2'4)1'('(  ,where     

dz

d
D

dx

d
D == ';  

                             zeyDD z=++ )2'3'( 2
----------------(2) 

            The A.E of (2) is 2,10)2)(1(0232 −−==++=++ mmmmm  

         C.F= zz BeAe 2−− +  

            Now P.I= ze
Df

z

)'(

1
= ze

DD

z

2'3'

1
2 ++

= z
DD

e z

2)1'(3)1'(

1
2 ++++

  

)1'(';',log 22 −==== DDDxDxDxzex z
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                         = z
DD

e z

6'5'

1
2 ++

  

                         =  z
DD

e z



























 +
+

6

'5'
1

1

6

1

2
= z

DD
e z

1
2

6

'5'
1

6

1
−



























 +
+  

                           = z
DDDD

e z















−












 +
+













 +
− ...

6

'5'

6

'5'
1

6

1
2

22

 

                           = z
D

e z








−

6

'5
1

6

1
omitting second and Hr. order derivatives 

                           = 







−

6

5

6

1
ze z   

   The  general solution of (2) is  =)(zy C.F+P.I= zz BeAe 2−− + + 







−

6

5

6

1
ze z                                     

 =)(xy 21 −− + BxAx + 







−

6

5
log

6
x

x
   is the   required general  solution of  (1). 

6. Solve 222 )(log32)42( xyxDDx =−− . (April/May 2005) 

            Solution: 

            The given ODE is 222 )(log32)42( xyxDDx =−− ---(1)  

            To  solve (1) use )1'(';',log 22 −==== DDDxDxDxzex z  

         (1) becomes 
232)4'2)1'('( zyDDD =−−−  ,where   

dz

d
D

dx

d
D == ';  

                            
22 32)4'3'( zyDD =−− ----------------(2) 

           The A.E of (2) is 4,30)3)(4(0432 −==+−=−− mmmmm  

        C.F= zz BeAe 43 +−  
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            Now P.I= 232
)'(

1
z

Df
= 2

2
32

4'3'

1
z

DD −−
=

2

2
32

4

)'3'(
14

1
z

DD











 −
−−

  

                        = 
2

1
2

32
4

'3'
1

4

1
z

DD
−



























 −
−

−
  

                      =  2

2
22

...
4

'3'

4

'3'
1

4

32
z

DDDD



























 −
+













 −
+

−
 

                     = 2324
2

...)'6'9'(
16

1

4

'3'
18 zDDD

DD














+−++













 −
+−  

                     = 22
2

)'9(
16

1

4

'3'
18 zD

DD














+













 −
+−  Omitting Hr. Derivatives 

                    = 







+−+− )]2(9[

16

1
)2(

4

3
)2(

4

1
8 2 zz  

                    = 







+−−

8

13

2

3
8 2 zz  

      The  general solution of (2) is =)(zy C.F+P.I= zz BeAe 43 +− + 







+−−

8

13

2

3
8 2 zz  

  =)(xy 43 BxAx +−








+−−

8

13
log

2

3
)(log8 2 xx    is the  required general  solution of  (1). 

7. Solve

2

22 log
)1( 








=+−

x

x
yxDDx . (Nov./Dec 2005) 

       Solution: 

           The given ODE is 

2

22 log
)1( 








=+−

x

x
yxDDx ---(1)  

            To  solve (1) use )1'(';',log 22 −==== DDDxDxDxzex z  
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         (1) becomes ( ) 222
)1')1'('( zezeyDDD zz −− ==+−−  ,where  

dz

d
D

dx

d
D == ';  

                            222 )1'2'( zeyDD z−=+− ----------------(2) 

           The A.E of (2) is 1,10)1(012 22 ==−=+− mmmm  

       C.F= zeBAz )( +  

              Now P.I= 22

)'(

1
ze

Df

z− = ze
D

2

2)1'(

1 −

−
= ze

0

1
(Ordinary rule fails) 

                            = ze
D

z
)1'(2

1

−
(Ordinary rule fails) 

                           =  zez
2

12  

              The  general solution of (2) is =)(zy C.F+P.I= zeBAz )( + + zez
2

12  

                                                             =)(xy
2

)(log)log(
log

2log
x

x e
xeBxA ++  

            =)(xy   
2

)(log)log( 2 x
xxBxA ++  is the required general  Solution of (1)    

8. i)Solve xxyxDDx log2)42( 222 +=−− . (AU June 2010) 

               Solution: 

            The given ODE is xxyxDDx log2)42( 222 +=−− ---(1)  

            To  solve (1) use )1'(';',log 22 −==== DDDxDxDxzex z  

        (1) becomes zeyDDD z 2)4'2)1'('( 2 +=−−−  

,where                                                                                                                                     

  
22 32)4'3'( zyDD =−− ---------------- (2) 

dz

d
D

dx

d
D == ';  

           The A.E of (2) is 4,10)1)(4(0432 −==+−=−− mmmmm  

        C.F= zz BeAe 4+−  
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           Now P.I= )2(
)'(

1 2 ze
Df

z + = ze
DD

2

2 4'3'

1

−−
z

DD
2

4'3'

1
2 −−

+  

                                                  
21 .. IPIP +=  

                                           
1.IP = ze

DD

2

2 4'3'

1

−−
 

                                                         ze2

2 4)2(32

1

−−
=  

                                                        
6

2ze
−= . 

                                                 =2.IP z
DD

2
4'3'

1
2 −−

 

                                                        = z
DD

















 −
−

−

4

'3'
1

1

4

2

2
 

                                                      = z
DD

1
2

4

'3'
1

2

1
−

















 −
−

−
    

                                                     =  z
DDDD














+







 −
+







 −
+

−
...

4

'3'

4

'3'
1

2

1
2

22

 

                                                     = z
D








−

−

4

'3
1

2

1
 {Omitting Hr. Derivatives}  

                                                    







−

−
=

4

3

2

1
z  

                                               
21 ... IPIPIP +=  

                                                    
6

2ze
−= 








−−

4

3

2

1
z  
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    The  general solution of (2) is  =)(zy C.F+P.I= zz BeAe 4+−

6

2ze
− 








−−

4

3

2

1
z  

   =)(xy 41 BxAx +−

8

3

2

log

6

2

+−−
xx

   is the  required general  solution of  (1). 

      ii) Solve 3)cos(log53'' '2 +=++ xxyxyyx . (Nov./Dec.  2006, May / June 2009) 

                Solution: 

            The given ODE is 3)cos(log)53( 22 +=++ xxyxDDx ---(1)  

            To  solve (1) use )1'(';',log 22 −==== DDDxDxDxzex z  

       (1) becomes 3cos)5'3)1'('( +=++− zeyDDD z
 ,where  

dz

d
D

dx

d
D == ';  

                          3cos)5'2'( 2 +=++ zeyDD z
----------------(2) 

           The A.E of (2) is immm 21
2

)5(442
0522 −=

−−
==++  

       C.F= )2sin2cos( zBzAe z +−
 

   Now P.I= )3cos(
)'(

1
+ze

Df

z =   zz e
Df

ze
Df

0

)'(

1
3cos

)'(

1
+  

                = 21 .. IPIP +    

Now 1.IP = ze
DD

z cos
5'2'

1
2 ++

 

               =         

                =  z
DD

e z cos
8'4'

1
2 ++

Replace 
22' abyD −  

               = z
D

ez cos
8'41

1

++−
 

z
DD

e z cos
5)1'(2)1'(

1
2 ++++
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               = z
D

ez cos
8'41

1

++−
 

                = z
D

e z cos
7'4

1

+
= z

D

D
e z cos

49'16

7'4
2−

−
    

                = 
65

)cos7sin4(

−

−− zz
e z  

                = 
65

)cos7sin4( zz
ez +

                           

              The  general solution of (2) is  

   =)(zy C.F+P.I= )2sin2cos( zBzAe z +−
+

65

)cos7sin4( zz
ez +

 

 =)(xy )]sin(log)cos(log[
1 22 xBxA
x

+ +
65

))cos(log7)sin(log4( xxx +
   

 is  the required general  solution of  (1). 

9. Solve ).cos(log)43( 222 xxyxDDx =+− .(AU Dec 2010) 

            Solution: 

        The given ODE is ).cos(log)43( 222 xxyxDDx =+− ---(1)  

         To  solve (1) use )1'(';',log 22 −==== DDDxDxDxzex z  

      (1) becomes zeyDDD z cos)4'3)1'('( 2=+−−  ,where 
dz

d
D

dx

d
D == ';

 

                         zeyDD z cos)4'4'( 22 =+− ----------------(2) 

         The A.E of (2) is 0442 =+− mm 0)2( 2 =− m  

                                                           2,20)2)(2( ==−− mmm  

                                                   C.F= )(2 BAze z +  

                          Now P.I = )cos(
)'(

1 2 ze
Df

z                                
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                                        = ze
DD

z cos
4'4'

1 2

2 








+−
 

                                        = z
DD

e z cos
4)2'(4)2'(

1
2

2










++−+
 

                                        = z
D

e z cos
'

1
2

2  

                                         = ze z cos2−  

              The  general solution of (2) is     =)(zy C.F+P.I= )(2 BAze z + ze z cos2−  

           =)(xy ]log[2 BxAx + )cos(log2 xx−    is  the required general  solution of  (1). 
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Question Opt 1 Opt 2 Opt 3 Opt 4 Answer
If f1,f2… … ….fm are m given functions  and 
c1,c2… … … …cm  are m constants then the 
expression  ………………...is called a linear 
combination of  f1,f2… … …fm.

c1 f1+c2 
f2+………….+c
m fm 

c1 f1*c2 
f2*………….*c
m fm 

c1 f1/c2 
f2/…………./cm 
fm 

c1 f1-c2 f2-
………….-cm fm 

c1 f1+c2 
f2+………….+cm fm 

If f1,f2… … ….fm are m given functions  and 
c1,c2… … … …cm  are m constants then the 
expression  c1 f1+c2 f2+ … … … ….+cm fm is 
called a ……………... of  f1,f2… … …fm.

non linear 
combination

homogeneous 
equation

non 
homogeneous 
equation

linear combination linear combination

Any ………….. combination of solutions of  the 
homogeneous  linear  differential equation is also a 
solution of  homogeneous equation.

linear nonlinear zero separable linear

Any lienar combination of solutions of  the 
……………….  linear  differential equation is also 
a solution of  homogeneous equation.

 homogeneous
 non 
homogeneous

singular non singular  homogeneous

Any lienar combination of solutions of  the 
homogeneous  linear  differential equation is also a 
…………………...of  homogeneous equation.

value separable solution exact solution

Possible Questions                               
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The n  functions  f1,f2… … ….fn are called 
……………..  on a ≤ x ≤ b  ifthere existsa constants 
c1,c2… … … …cn not all zero,such that   c1 
f1(x)+c2 f2(x)+ … … … ….+cn fn (x)=0 for  all x.

linearly 
dependent

linearly  
independent

finite infinite linearly dependent

The n  functions  f1,f2… … ….fn are called linearly 
dependent  on a ≤ x ≤ b  ifthere existsa constants 
c1,c2… … … …cn not ………………..,such that   
c1 f1(x)+c2 f2(x)+ … … … ….+cn fn (x)=0 for  all 
x.

all zero one zero two zero n zero all zero

The n  functions  f1,f2… … ….fn are called linearly 
dependent  on a ≤ x ≤ b  ifthere existsa constants 
c1,c2… … … …cn not all zero,such that   c1 
f1(x)+c2 f2(x)+ … … … ….+cn fn (x)=……... for  
all x.

1 2 3 0 0

The  functions  f1,f2… … ….fn are called 
…………………...  on a ≤ x ≤ b if the relation    c1 
f1(x)+c2 f2(x)+ … … … ….+cn fn (x)=0 for  all x 
implies that  c1=c2=… … … …=cn=0. 

linearly 
dependent

linearly  
independent

finite infinite linearly independent

The  functions  f1,f2… … ….fn are called linearly 
independent  on a ≤ x ≤ b if the relation    c1 
f1(x)+c2 f2(x)+ … … … ….+cn fn (x)=0 for  all x 
implies that  c1=c2=… … … …=cn=…………... 

0 1 2 3 0

The  functions  f1,f2… … ….fn are called linearly 
independent  on a ≤ x ≤ b if the relation    c1 
f1(x)+c2 f2(x)+ … … … ….+cn fn 
(x)…………………….. for  all x implies that  
c1=c2=… … … …=cn=0

equal to 0 < 0 > 0 not equal to 0  equal to 0

The nth order ………………….linear differential  
equations always possess n solutions that are linealy 
independent.

 homogeneous
 non 
homogeneous

singular non singular  homogeneous

Prepared by: V.Kuppusamy, Department of Mathematics,KAHE
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The nth order homogeneous  linear 
…………………. equations always possess n 
solutions that are linealy independent.

differential integral bernoulli euler differential

The nth order homogeneous  linear differential  
equations always possess 
…………………….solutions that are linealy 
independent.

zero finite inifinite n n

The nth order homogeneous  linear differential  
equations always possess n solutions that are 
…………………

linearly 
dependent

linearly  
independent

finite infinite linearly independent

Let f1, f2,.. .. ..fn  be n……………..functions each 
of which has  an (n-1)st derivative on real interval  a 
≤ x ≤ b 

real complex finite infinite real

Let f1, f2,.. .. ..fn  be n real functions each of which 
has  an ------------derivative on real interval  a ≤ x ≤ 
b 

n n-1 n+1 n+2 n-1

Let f1, f2,.. .. ..fn  be n real functions each of which 
has  an (n-1)st derivative on ------------ interval  a ≤ 
x ≤ b 

real complex finite infinite real

The ……………...solution of homogeneous 
equation  is called the complementary  function of 
equation.

explicit implicit general particular general 

The general solution of -------------- equation  is 
called the complementary  function of equation.

 homogeneous
 non 
homogeneous

singular non singular  homogeneous

The general solution of homogeneous equation  is 
called the ------------------ function of equation.

real complex complementary particular complementary

Any ………………….solution of linear differential 
equation involving no arbitrary constants is called 
particular integralof this equation.

explicit implicit general particular particular

Any particular solution of linear differential 
equation involving -------------- arbitrary constants is 
called particular integralof this equation.

finite infinite no one no
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Any particular solution of linear differential 
equation involving no arbitrary constants is called 
……………. integralof this equation.

general particular finite infinite particular

The soluation--------------- is called the general 
solutionsof linear differential equations.

 yc-yp  yc+yp  yc*yp  yc/yp  yc+yp

The soluation  yc+yp is called the --------------- 
solutionsof linear differential equations.

explicit implicit general particular general 

In general solution  yc+yp where yc is 
……………..function

real complex complementary particular complementary

In general solution  yc+yp where yp is 
……………..function

explicit implicit general particular particular

Prepared by: V.Kuppusamy, Department of Mathematics,KAHE
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UNIT-III 

 

Partial Differential Equations: Formation of Partial Differential Equation by 

eliminating arbitrary constants and arbitrary functions – Solutions of Partial Differential 

Equations by direct integration – Solution of standard types of first order partial differential 

equations. 
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INTRODUCTION: 

 If z=f(x,y), then z is  the dependent variable and x and y are independent variables. The 

partial derivatives of z w.r.to x and y are 
𝜕𝑧

𝜕𝑥
, 

𝜕𝑧

𝜕𝑦
,

2

22

2

2

,,
y

z

yx

z

x

z












 etc.we shall employ the following 

notations: 
𝜕𝑧

𝜕𝑥
= 𝑝, 

𝜕𝑧

𝜕𝑦
= 𝑞, t

y

z
s

yx

z
r

x

z
=




=




=




2

22

2

2

,,  

A partial differential equation in z is one which contains the variable z and its partial derivatives 

3.1 FORMATION OF P.D.E BY ELIMINATING ARBITRARY 

CONSTANTS 

3.1.1 Form a partial differential equation by eliminating the arbitrary constants a & b from 

𝒛 = 𝒂(𝒙 + 𝒚) + 𝒃             

Solution: 

               Given 𝑧 = 𝑎(𝑥 + 𝑦) + 𝑏  …(1) 

Differentiate (1) partially with respect to x, we get 

𝜕𝑧

𝜕𝑥
= 𝑎                                                                        

𝑝 = 𝑎                               … (2)                             

Differentiate (1) partially with respect to y, we get 

𝜕𝑧

𝜕𝑦
= 𝑎                                                                         

𝑞 = 𝑎                                 … (3)                            

From equation (2) & (3) we get 

 𝑝 = 𝑞                                                                       
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3.1.2 Form a partial differential equation by eliminating the arbitrary constants a & b from 

 𝒛 = 𝒂𝒙 + 𝒃𝒚                             

Solution: 

     Given 𝑧 = 𝑎𝑥 + 𝑏𝑦 …(1) 

    Differentiate (1) partially with respect to x, we get 

𝜕𝑧

𝜕𝑥
= 𝑎                                                                        

𝑝 = 𝑎                                                                           

Differentiate (1) partially with respect to y, we get 

𝜕𝑧

𝜕𝑦
= 𝑏                                                                         

𝑞 = 𝑏                                                                           

Substituting in equation (1) we get 

𝑧 = 𝑝𝑥 + 𝑞𝑦                                                                    

3.1.3  Find the PDE of all planes having equal intercepts on the x and y axis.                 

Solution: 

 Intercept form of the plane equation is 
𝑥

𝑎
+

𝑦

𝑏
+

𝑧

𝑐
= 1 

           Given a = b    [since equal intercepts on the x and y- axis]  

𝑥

𝑎
+

𝑦

𝑎
+

𝑧

𝑐
= 1                       … (1)                         

           Here a and c are the two arbitrary constants. 

            Differentiate (1) partially with respect to x,  
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we get,     
1

𝑎
+ 0 +

1

𝑐

𝜕𝑧

𝜕𝑥
= 0                                        

1

𝑎
+

1

𝑐
𝑝 = 0                                                

 

1

𝑎
= −

1

𝑐
𝑝                 … (2)                      

Differentiate (1) partially with respect to y, we get 

0 +
1

𝑎
+

1

𝑐

𝜕𝑧

𝜕𝑦
= 0                                        

 

1

𝑎
+

1

𝑐
𝑞 = 0                                                

1

𝑎
= −

1

𝑐
𝑞          … (3)                          

            From equation (2) & (3) we get 

−
1

𝑐
𝑝 = −

1

𝑐
𝑞                                                

 𝑝 = 𝑞                                                 

3.1.4  Form partial differential equation by eliminating the arbitrary constants a and b from 

the equation (𝒙 − 𝒂)𝟐 + (𝒚 − 𝒃)𝟐 + 𝒛𝟐 = 𝟏   

Solution:      

        Given (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 + 𝑧2 = 1  …(1) 

                     Differentiate (1) partially with respect to x, we get 
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2(𝑥 − 𝑎) + 0 + 2𝑧
𝜕𝑧

𝜕𝑥
= 0                              

(𝑥 − 𝑎) + 𝑧𝑝 = 0             … (2)               

                      Differentiate (1) partially with respect to y, we get 

0 + 2(𝑦 − 𝑏) + 2𝑧
𝜕𝑧

𝜕𝑦
= 0                                        

(𝑦 − 𝑏) + 𝑧𝑞 = 0             … (3)                

  Substituting (2) & (3) in equation (1) we get 

(−𝑧𝑝 )2 + (−𝑧𝑞 )2 + 𝑧2 = 1                

𝑧2(𝑝2 + 𝑞2 + 1) = 1                  

3.1.5 Form partial differential equation by eliminating the arbitrary constants a and b from 

the equation (𝒙 − 𝒂)𝟐 + (𝒚 − 𝒃)𝟐 = 𝒛𝟐𝒄𝒐𝒕𝟐𝜶                                                                                                 

Solution: 

            Given (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 = 𝑧2𝑐𝑜𝑡2𝛼  …(1) 

Differentiate (1) partially with respect to x,  

we get,   2(𝑥 − 𝑎) + 0 = 2𝑧
𝜕𝑧

𝜕𝑥
 𝑐𝑜𝑡2𝛼                                        

(𝑥 − 𝑎) = 𝑧𝑝 𝑐𝑜𝑡2𝛼             … (2)               

Differentiate (1) partially with respect to y, we get 

0 + 2(𝑦 − 𝑏) = 2𝑧
𝜕𝑧

𝜕𝑦
 𝑐𝑜𝑡2𝛼                                        

(𝑦 − 𝑏) = 𝑧𝑞 𝑐𝑜𝑡2𝛼             … (3)                

Substituting (2) & (3) in equation (1) we get 
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(𝑧𝑝 𝑐𝑜𝑡2𝛼)2 + (𝑧𝑞 𝑐𝑜𝑡2𝛼)2 = 𝑧2𝑐𝑜𝑡2𝛼                

𝑧2𝑐𝑜𝑡4𝛼(𝑝2 + 𝑞2) = 𝑧2𝑐𝑜𝑡2𝛼                

𝑝2 + 𝑞2 =
1

𝑐𝑜𝑡2𝛼
                                       

𝑝2 + 𝑞2 = 𝑡𝑎𝑛2𝛼                                      

3.1.6 Eliminate the arbitrary constants a & b from 𝒛 = (𝒙𝟐 + 𝒂)(𝒚𝟐 + 𝒃) 

Solution:       

 Given 𝑧 = (𝑥2 + 𝑎)(𝑦2 + 𝑏)  …(1) 

Differentiate (1) partially with respect to x, we get 

𝑝 =
𝜕𝑧

𝜕𝑥
= 2𝑥(𝑦2 + 𝑏)                                                             

𝑝 = 2𝑥(𝑦2 + 𝑏)                                                                        

𝑝

2𝑥
= 𝑦2 + 𝑏            … (2)                                                         

Differentiate (1) partially with respect to y, we get 

𝑞 =
𝜕𝑧

𝜕𝑦
= 2𝑦(𝑥2 + 𝑎)                                                             

𝑞 = 2𝑦(𝑥2 + 𝑎)                                                                        

𝑞

2𝑦
= 𝑥2 + 𝑎            … (3)                                                         

Substituting (2) & (3) in equation (1) we get 

𝑧 = (
𝑞

2𝑦
) (

𝑝

2𝑥
)                                                                           

       4𝑥𝑦𝑧 = 𝑝𝑞 
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3.1.7 Form partial differential equation by eliminating the arbitrary constants a and b from 

the equation 𝒛 = 𝒂𝒙𝒏 + 𝒃𝒚𝒏   

Solution: 

Given 𝑧 = 𝑎𝑥𝑛 + 𝑏𝑦𝑛     …(1) 

Differentiate (1) partially with respect to x, we get 

𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑎𝑛𝑥𝑛−1                                                                              

𝑝𝑥

𝑛
= 𝑎𝑥𝑛                                           … (2)                            

Differentiate (1) partially with respect to y, we get 

𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑏𝑛𝑦𝑛−1                                                                       

𝑞𝑦

𝑛
= 𝑏𝑦𝑛                                           … (3)                            

Substituting (2) & (3) in equation (1) we get 

𝑧 =
𝑝𝑥

𝑛
+

𝑞𝑦

𝑛
                                                                               

𝑧𝑛 = 𝑝𝑥 + 𝑞𝑦                                                                           

3.1.8 Form a partial differential equation by eliminating a and b from the expression 

(𝒙 − 𝒂)𝟐 + (𝒚 − 𝒃)𝟐 + 𝒛𝟐 = 𝒄𝟐                      

Solution: 

Given (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 + 𝑧2 = 𝑐2              … (1) 

Here a and b are two arbitrary constants 

Differentiate (1) with respect to x, we get 
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 2(𝑥 − 𝑎) + 0 + 2𝑧
𝜕𝑧

𝜕𝑥
= 0                                                              

(𝑥 − 𝑎) + 𝑧𝑝 = 0                                            

(𝑥 − 𝑎) = −𝑧𝑝                                … . . (2)   

Differentiate (1) with respect to y, we get 

 0 + 2(𝑦 − 𝑏) + 2𝑧
𝜕𝑧

𝜕𝑦
= 0                                                              

(𝑦 − 𝑏) + 𝑧𝑞 = 0                                            

(𝑦 − 𝑏) = −𝑧𝑞                                 … . . (3)   

  Eliminating a and b from (1), (2) and (3) we get 

             (−𝑧𝑝)2 + (−𝑧𝑞)2 + 𝑧2 = 𝑐2 

𝑧2𝑝2 + 𝑧2𝑞2 + 𝑧2 = 𝑐2                                

𝑧2(𝑝2 + 𝑞2 + 1) = 𝑐2                                  

3.2 FORMATION OF P.D.E BY ELIMINATING ARBITRARY 

FUNCTIONS 

3.2.1 Form the partial differential equation by eliminating the arbitrary function 𝒛 = 𝒇 (
𝒙

𝒚
)  

Solution: 

Given 𝑧 = 𝑓 (
𝑥

𝑦
)   …(1) 

Differentiate (1) partially with respect to x, we get 

𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑓 ′ (

𝑥

𝑦
) (

1

𝑦
)                … . (2)                                            

Differentiate (1) partially with respect to y, we get 
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𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑓 ′ (

𝑥

𝑦
) (

−𝑥

𝑦2
)                … . (3)                                            

(2)

(3)
⇒                   

𝑝

𝑞
=

𝑓 ′ (
𝑥

𝑦
) (

1

𝑦
)

𝑓 ′ (
𝑥

𝑦
) (

−𝑥

𝑦2)
                                                    

𝑝

𝑞
= −

𝑦

𝑥
                                      

       𝑝𝑥 = −𝑞𝑦 

       𝑝𝑥 + 𝑞𝑦 = 0                                           

3.2.2 Form the partial differential equation by eliminating the arbitrary function 𝒛 = 𝒙𝒚 +

𝒇(𝒙𝟐 + 𝒚𝟐)  

Solution: 

 Given 𝑧 = 𝑥𝑦 + 𝑓(𝑥2 + 𝑦2)  …(1) 

Differentiate (1) partially with respect to x, we get 

𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑦 + 𝑓 ′(𝑥2 + 𝑦2)(2𝑥)                                               

𝑝 − 𝑦 = 𝑓 ′(𝑥2 + 𝑦2)(2𝑥)              … (2)                             

                  Differentiate (1) partially with respect to y, we get 

𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑥 + 𝑓 ′(𝑥2 + 𝑦2)(2𝑦)                                               

𝑞 − 𝑥 = 𝑓 ′(𝑥2 + 𝑦2)(2𝑦)              … (3)                             

(2)

(3)
⇒                   

𝑝 − 𝑦

𝑞 − 𝑥
=

𝑓 ′(𝑥2 + 𝑦2)(2𝑥)

𝑓 ′(𝑥2 + 𝑦2)(2𝑦)
                                                     

𝑝 − 𝑦

𝑞 − 𝑥
=

𝑥

𝑦
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 (𝑝 − 𝑦)𝑦 = (𝑞 − 𝑥)𝑥 

  𝑝𝑦 − 𝑞𝑥 = 𝑦2- 𝑥2 

3.2.3 Form the PDE by eliminating the arbitrary function from  𝒛 = 𝒇(𝒙𝟐 + 𝒚𝟐)                                              

Solution: 

Given 𝑧 = 𝑓(𝑥2 + 𝑦2)  …(1) 

Differentiate (1) partially with respect to x, we get 

𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑓 ′(𝑥2 + 𝑦2)(2𝑥)                                                   

𝑝 = 𝑓 ′(𝑥2 + 𝑦2)(2𝑥)              … (2)                                   

Differentiate (1) partially with respect to y, we get 

𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑓 ′(𝑥2 + 𝑦2)(2𝑦)                                                   

𝑞 = 𝑓 ′(𝑥2 + 𝑦2)(2𝑦)              … (3)                                  

(2)

(3)
⇒                   

𝑝

𝑞
=

𝑓 ′(𝑥2 + 𝑦2)(2𝑥)

𝑓 ′(𝑥2 + 𝑦2)(2𝑦)
                                                          

𝑝

𝑞
=

𝑥

𝑦
                                                      

   𝑝𝑦 = 𝑞𝑥 

3.2.4 Form the PDE from 𝒛 = 𝒇(𝟐𝒙 − 𝟔𝒚)  

Solution: 

Given 𝑧 = 𝑓(2𝑥 − 6𝑦)          …(1) 

Differentiate (1) partially with respect to x, we get, 
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𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑓 ′(2𝑥 − 6𝑦)(2)                                                    

𝑝 = 2𝑓 ′(2𝑥 − 6𝑦)                         … (2)                              

Differentiate (1) partially with respect to y, we get, 

𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑓 ′(2𝑥 − 6𝑦)(−6)                                               

 

𝑞 = −6𝑓 ′(2𝑥 − 6𝑦)                   … (3)                             

(2)

(3)
⇒                   

𝑝

𝑞
=

2𝑓 ′(2𝑥 − 6𝑦)

−6𝑓 ′(2𝑥 − 6𝑦)
                                                     

𝑝

𝑞
=

−1

3
                                            

           3𝑝 = −𝑞 

           3𝑝 + 𝑞 = 0                                             

3.2.5 Form the PDE from 𝒛 = 𝒙 + 𝒚 + 𝒇(𝒙𝒚)                     

Solution:  Given 𝑧 = 𝑥 + 𝑦 + 𝑓(𝑥𝑦)          …(1) 

Differentiate (1) partially with respect to x, we get 

𝑝 =
𝜕𝑧

𝜕𝑥
= 1 + 𝑓 ′(𝑥𝑦)(𝑦)                                                    

𝑝 − 1 = 𝑦𝑓 ′(𝑥𝑦)                         … (2)                              

Differentiate (1) partially with respect to y, we get 

𝑞 =
𝜕𝑧

𝜕𝑦
= 1 + 𝑓 ′(𝑥𝑦)(𝑥)                                                     
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𝑞 − 1 = 𝑥𝑓 ′(𝑥𝑦)                          … (3)                             

(2)

(3)
⇒                   

𝑝 − 1

𝑞 − 1
=

𝑦𝑓 ′(𝑥𝑦)

𝑥𝑓 ′(𝑥𝑦)
                                                     

𝑝 − 1

𝑞 − 1
=

𝑦

𝑥
                                            

     𝑥(𝑝 − 1) = 𝑦(𝑞 − 1)   

       𝑥𝑝 − 𝑥 = 𝑦𝑞 − 𝑦                               

           𝑥𝑝 − 𝑦𝑞 = 𝑥 − 𝑦                                            

3.2.6 Form the PDE by eliminating the functions from    𝒛 = 𝒇(𝒙 + 𝒕) + 𝒈(𝒙 − 𝒕) 

Solution: 

Given 𝑧 = 𝑓(𝑥 + 𝑡) + 𝑔(𝑥 − 𝑡)  …(1) 

Differentiate (1) partially with respect to x, we get 

𝜕𝑧

𝜕𝑥
= 𝑓 ′(𝑥 + 𝑡) + 𝑔′(𝑥 − 𝑡)             … (2)                         

𝜕2𝑧

𝜕𝑥2
= 𝑓 ′′(𝑥 + 𝑡) + 𝑔′′(𝑥 − 𝑡)         … (3)                         

𝜕𝑧

𝜕𝑡
= 𝑓 ′(𝑥 + 𝑡) − 𝑔′(𝑥 − 𝑡)             … (4)                         

𝜕2𝑧

𝜕𝑡2
= 𝑓 ′′(𝑥 + 𝑡) + 𝑔′′(𝑥 − 𝑡)         … (5)                        

From equation (3) & (4) we get 

𝜕2𝑧

𝜕𝑥2
=

𝜕2𝑧

𝜕𝑡2
                                                           

3.2.7 Form the partial differential equation by eliminating the arbitrary function  
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from 𝝋 (𝒛𝟐 − 𝒙𝒚,
𝒙

𝒛
) = 𝟎     

Solution: 

 Given 𝜑 (𝑧2 − 𝑥𝑦,
𝑥

𝑧
) = 0 

Let    𝑢 = 𝑧2 − 𝑥𝑦, 𝑣 =
𝑥

𝑧
                                                                

𝜕𝑢

𝜕𝑥
= 2𝑧

𝜕𝑧

𝜕𝑥
− 𝑦 = 2𝑧𝑝 − 𝑦                                                   

 

𝜕𝑢

𝜕𝑦
= 2𝑧

𝜕𝑧

𝜕𝑦
− 𝑥 = 2𝑧𝑞 − 𝑥                                                   

𝜕𝑣

𝜕𝑥
=

𝑧(1) − 𝑥
𝜕𝑧

𝜕𝑥

𝑧2
=

𝑧 − 𝑝𝑥

𝑧2
                                                   

𝜕𝑣

𝜕𝑦
= −

𝑥

𝑧2

𝜕𝑧

𝜕𝑥
=

−𝑥𝑞

𝑧2
                                                                

||

𝜕𝑢

𝜕𝑥

𝜕𝑣

𝜕𝑥
𝜕𝑢

𝜕𝑦

𝜕𝑣

𝜕𝑦

|| = 0                                                                            

|
2𝑧𝑝 − 𝑦

𝑧 − 𝑝𝑥

𝑧2

2𝑧𝑞 − 𝑥
−𝑥𝑞

𝑧2

| = 0                                                          

(2𝑧𝑝 − 𝑦) (
−𝑥𝑞

𝑧2
) − (2𝑧𝑞 − 𝑥) (

𝑧 − 𝑝𝑥

𝑧2
) = 0                    

−
2𝑥𝑝𝑞

𝑧
+

𝑥𝑦𝑞

𝑧2
− (2𝑧𝑞 − 𝑥) (

𝑧 − 𝑝𝑥

𝑧2
) = 0                           

𝑥2𝑝 − (𝑥𝑦 − 2𝑧2)𝑞 = 𝑥𝑧                                           
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3.2.8 Form the P.D.E by eliminating f and 𝝋 from 𝒛 = 𝒙 𝒇 (
𝒚

𝒙
) + 𝒚 𝝋(𝒙)                                                                    

 Solution: 

 Given 𝑧 = 𝑥 𝑓 (
𝑦

𝑥
) + 𝑦 𝜑(𝑥)  …(1) 

𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑥𝑓′ (

𝑦

𝑥
) (−

𝑦

𝑥2
) + 𝑓 (

𝑦

𝑥
) + 𝑦𝜑′(𝑥)            … (2)            

  𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑥𝑓′ (

𝑦

𝑥
) (

1

𝑥
) + 𝜑(𝑥) = 𝑓′ (

𝑦

𝑥
) + 𝜑(𝑥)         … (3)            

𝑠 =
𝜕2𝑧

𝜕𝑥𝜕𝑦
= 𝑓′′ (

𝑦

𝑥
) (−

𝑦

𝑥2
) + 𝜑′(𝑥)                                … (4)           

𝑡 =
𝜕2𝑧

𝜕𝑦2
= 𝑓′′ (

𝑦

𝑥
) (

1

𝑥
)                                                       … (5)           

(2)𝑥 + (3)𝑦  𝑖𝑚𝑝𝑙𝑖𝑒𝑠                                                                                                  

𝑝𝑥 + 𝑞𝑦 = −𝑦𝑓′ (
𝑦

𝑥
) + 𝑥𝑓 (

𝑦

𝑥
) + 𝑥𝑦𝜑′(𝑥) + 𝑦𝑓′ (

𝑦

𝑥
) + 𝑦𝜑(𝑥)              

= 𝑥𝑦𝜑′(𝑥) + 𝑥𝑓 (
𝑦

𝑥
) + 𝑦𝜑(𝑥)                                         

     𝑝𝑥 + 𝑞𝑦 = 𝑥𝑦𝜑′(𝑥) + 𝑧                                                            … (6)  

Use (5) in (4), we get 

𝑠 = −
𝑦

𝑥
𝑡 + 𝜑′(𝑥)                                                                               

𝑥𝑠 + 𝑦𝑡

𝑥
= 𝜑′(𝑥)                                                                                    

Use in (6) we get 

𝑝𝑥 + 𝑞𝑦 = 𝑥𝑦 [
𝑥𝑠 + 𝑦𝑡

𝑥
] + 𝑧                                                               
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𝑝𝑥 + 𝑞𝑦 = 𝑥𝑦𝑠 + 𝑦2𝑡 + 𝑧                                                                      

𝑧 = 𝑝𝑥 + 𝑞𝑦 − 𝑥𝑦𝑠 − 𝑦2𝑡                                                                       

3.2.9 Form the partial differential equation by eliminating the arbitrary function f and g in 

𝒛 = 𝒙𝟐𝒇(𝒚) + 𝒚𝟐𝒈(𝒙)  

Solution: 

 Given 𝑧 = 𝑥2𝑓(𝑦) + 𝑦2𝑔(𝑥)                                        … . (1) 

𝑝 =
𝜕𝑧

𝜕𝑥
= 2𝑥𝑓(𝑦) + 𝑦2𝑔′(𝑥)                                           … (2)            

 

  𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑥2𝑓′(𝑦) + 2𝑦 𝑔(𝑥)                                            … (3)            

𝑟 =
𝜕2𝑧

𝜕𝑥2
= 2 𝑓(𝑦) +  𝑦2𝑔′′(𝑥)                                          … (4)           

𝑠 =
𝜕2𝑧

𝜕𝑥𝜕𝑦
= 2𝑥𝑓′(𝑦) + 2𝑦𝑔′(𝑥)                                     … (5)           

𝑡 =
𝜕2𝑧

𝜕𝑦2
= 𝑥2𝑓′′(𝑦) + 2 𝑔(𝑥)                                           … (6)           

(2)𝑥 + (3)𝑦   𝑖𝑚𝑝𝑙𝑖𝑒𝑠                                                                                                   

𝑝𝑥 + 𝑞𝑦 = 2𝑥2𝑓(𝑦) + 𝑥𝑦2𝑔′(𝑥) + 𝑦𝑥2𝑓′(𝑦) + 2𝑦2 𝑔(𝑥)                             

𝑝𝑥 + 𝑞𝑦 = 2[𝑥2𝑓(𝑦) + 𝑦2 𝑔(𝑥)] + 𝑥𝑦[𝑦𝑔′(𝑥) + 𝑥𝑓′(𝑦)]                               

𝑝𝑥 + 𝑞𝑦 = 2𝑧 + 𝑥𝑦 (
𝑠

2
)                                                                                             

2𝑝𝑥 + 2𝑞𝑦 = 4𝑧 + 𝑥𝑦𝑠                                                                                              

4𝑧 = 2𝑝𝑥 + 2𝑞𝑦 − 𝑥𝑦𝑠                                                                                              
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3.2.10  Form a partial differential equation by eliminating arbitrary functions from 𝒛 =

𝒙𝒇(𝟐𝒙 + 𝒚) + 𝒈(𝟐𝒙 + 𝒚)                     

Solution:  Given 𝑧 = 𝑥𝑓(2𝑥 + 𝑦) + 𝑔(2𝑥 + 𝑦) 

𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑥[𝑓′(2𝑥 + 𝑦)2] + 𝑓(2𝑥 + 𝑦)(1) + 𝑔′(2𝑥 + 𝑦)2 

𝑟 =
𝜕2𝑧

𝜕𝑥2
= 2𝑥[𝑓′′(2𝑥 + 𝑦)2] + 𝑓′(2𝑥 + 𝑦)2                              

+𝑓′(2𝑥 + 𝑦)2 + 2𝑔′′(2𝑥 + 𝑦)2] 

       = 4𝑥𝑓′′(2𝑥 + 𝑦) + 4𝑓′(2𝑥 + 𝑦) + 4𝑔′′(2𝑥 + 𝑦) 

 

       𝑟 =
𝜕2𝑧

𝜕𝑥2
= 4[𝑥𝑓′′(2𝑥 + 𝑦) + 𝑔′′(2𝑥 + 𝑦)] + 4𝑓′(2𝑥 + 𝑦)   … (1) 

  𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑥𝑓′(2𝑥 + 𝑦) + 𝑔′(2𝑥 + 𝑦)                                               

𝑡 =
𝜕2𝑧

𝜕𝑦2
= 𝑥𝑓′′(2𝑥 + 𝑦) + 𝑔′′(2𝑥 + 𝑦)               … . (2)         

       𝑠 =
𝜕2𝑧

𝜕𝑥𝜕𝑦
= 2𝑥𝑓′′(2𝑥 + 𝑦) + 𝑓′(2𝑥 + 𝑦) + 2𝑔′′(2𝑥 + 𝑦) … (3) 

Equation (1) implies 

𝜕2𝑧

𝜕𝑥2
= 4

𝜕2𝑧

𝜕𝑦2
+ 4𝑓′(2𝑥 + 𝑦)                        … . (4)                    

Equation (3) implies 

𝜕2𝑧

𝜕𝑥𝜕𝑦
= 2

𝜕2𝑧

𝜕𝑦2
+ 𝑓′(2𝑥 + 𝑦)                      … . (5)                     

(4) – 2(5) implies 
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𝜕2𝑧

𝜕𝑥2
− 4

𝜕2𝑧

𝜕𝑥𝜕𝑦
= 4

𝜕2𝑧

𝜕𝑦2
+ 4𝑓′(2𝑥 + 𝑦) − 8

𝜕2𝑧

𝜕𝑦2
− 4𝑓′(2𝑥 + 𝑦)           

𝜕2𝑧

𝜕𝑥2
− 4

𝜕2𝑧

𝜕𝑥𝜕𝑦
= −4

𝜕2𝑧

𝜕𝑦2
                                                                                

𝜕2𝑧

𝜕𝑥2
− 4

𝜕2𝑧

𝜕𝑥𝜕𝑦
+ 4

𝜕2𝑧

𝜕𝑦2
 = 0                                                                      

SOLUTION OF STANDARD TYPES OF FIRST ORDER PARTIAL 

DIFFERENTIAL EQUATIONS 

3.4.1 Complete integral: 

 A solution containing as many arbitrary constants as there are independent variables is 

called complete integral. 

3.4.2 Singular integral: 

 The equation of the envelop of the surface represented by the complete integral of given 

PDE is called its singular integral. 

 Thus if f(x,y,z,a,b)=0 is the complete integral of given PDE then the singular integral is 

obtained by eliminating a,b from f(x,y,z,a,b)=0 

   

0

0

=




=




b

f

a

f

 

3.4.3 General solution: 

 If f(x,y,z,a,b)=0 is the complete integral of PDE g(x,y,z,p,q)=0 then put b= )(a  and 

eliminate ‘a’ from f(x,y,z,a, )(a )=0 and  0=




a

f
. 
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SOLUTION OF STANDARD TYPES OF FIRST ORDER PARTIAL DIFFERENTIAL 

EQUATIONS 

1. Solve 
𝝏𝟐𝒛

𝝏𝒙𝝏𝒚 
= 𝟎                                    

Solution: 

Given
𝜕2𝑧

𝜕𝑥𝜕𝑦 
= 0                                                                     

𝜕

𝜕𝑥
(

𝜕𝑧

𝜕𝑦
) = 0                                                                  

 Integrating with respect to x we get 

𝜕𝑧

𝜕𝑦
= 𝑓(𝑦)                                                   

Integrating with respect to y we get 

𝑧 = 𝑥 𝑓(𝑦) + 𝑔(𝑥)                                                 

𝑧 = +𝑥 𝑓(𝑦) + 𝑔(𝑥)                                          

Where 𝑓(𝑦) and 𝑔(𝑦) are arbitrary. 

2. Solve 
𝝏𝟐𝒛

𝝏𝒙𝟐
= 𝐬𝐢𝐧 𝒚                                  

Solution: 

Given 

𝜕2𝑧

𝜕𝑥2
= sin 𝑦                                                                     
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𝜕

𝜕𝑥
(

𝜕𝑧

𝜕𝑥
) = sin 𝑦                                                               

 Integrating with respect to x we get 

𝜕𝑧

𝜕𝑥
= 𝑥 sin 𝑦 + 𝑓(𝑦)                                                     

Integrating with respect to x we get 

𝑧 = sin 𝑦 
𝑥2

2
+ 𝑥 𝑓(𝑦) + 𝑔(𝑦)                                                 

𝑧 =
𝑥2

2
sin 𝑦  + 𝑥 𝑓(𝑦) + 𝑔(𝑦)                                                 

 

Where 𝑓(𝑦) and 𝑔(𝑦) are arbitrary. 

                                                             TYPE I 

3.4.1 PROBLEM BASED ON FIRST ORDER P.D.E  F[p,q]=0 

1. Find the complete solution of the partial differential equation           √𝒑 + √𝒒 = 𝟏  

Solution: 

 Given √𝑝 + √𝑞 = 1              …(1) 

 This equation is of the form f(p,q)=0 

              Hence the trial solution is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 

                To get the complete integral we have to eliminate any one of the arbitrary constants. 

 Since in a complete integral  

 Number of arbitrary constant = number of independent variable 
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𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 

𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑎                                                                

𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑏                                                                

 Substituting in equation (1) we get 

 

√𝑎 + √𝑏 = 1                                                         

√𝑏 = 1 − √𝑎                                                       

𝑏 = (1 − √𝑎)2                                       

        Hence the complete solution is  

𝑧 = 𝑎𝑥 + (1 − √𝑎)2 𝑦 + 𝑐                                    

2. Find the complete integral of p – q = 0   

Solution: 

 Given p – q = 0   …(1) 

This equation is of the form f(p,q)=0 

              Hence the trial solution is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 

              To get the complete integral we have to eliminate any one of the arbitrary constants. 

 Since in a complete integral  

 Number of arbitrary constant = number of independent variable 

𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-II 

COURSE CODE: 18PHU404                   UNIT: III                   BATCH-2018-2021 
 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 21/30 
 

𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑎                                                                

𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑏                                                                

 Substituting in equation (1) we get 

𝑎 − 𝑏 = 0                                                         

𝑎 = 𝑏                                                          

Hence the complete solution is  

𝑧 = 𝑎𝑥 + 𝑎 𝑦 + 𝑐                                                

 

3. Find the complete solution of the partial differential equation   𝒑𝟐 + 𝒒𝟐 − 𝟒𝒑𝒒 = 𝟎  

 Solution: 

 Given 𝑝2 + 𝑞2 = 4𝑝𝑞 

This equation is of the form f(p,q)=0 

            Hence the trial solution is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 

             To get the complete integral we have to eliminate any one of the arbitrary constants. 

 Since in a complete integral  

 Number of arbitrary constant = number of independent variable 

𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑐 

𝑝 =
𝜕𝑧

𝜕𝑥
= 𝑎                                                                

𝑞 =
𝜕𝑧

𝜕𝑦
= 𝑏                                                                
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 Substituting in equation (1) we get 

𝑎2 + 𝑏2 − 4𝑎𝑏 = 0                                                    

𝑏 =
4𝑎 ± √16𝑎2 − 4𝑎2

2
                                            

  =
4𝑎 ± √12𝑎2

2
                                                      

  =
4𝑎 ± 2√3𝑎

2
                                                      

= 2𝑎 ± √3𝑎                                                       

𝑏 = 𝑎(2 ± √3)                                                          

Hence the complete solution is  

𝑧 = 𝑎𝑥 + 𝑎(2 ± √3) 𝑦 + 𝑐                                                

                                                                              TYPE II 

                                                3.4.2 PROBLEM BASED ON F(x,p,q)=0 

1. Find the complete integral of 𝒑 = 𝟐𝒒𝒙 

Solution:  

Given 𝑝 = 2𝑞𝑥 

 This equation is of the form 𝑓(𝑥, 𝑝, 𝑞) = 0 

 Let  𝑞 = 𝑎 

Then 𝑝 = 2𝑎𝑥 

We know that  

𝑑𝑧 = 𝑝 𝑑𝑥 + 𝑞 𝑑𝑦 
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𝑑𝑧 = 2𝑎𝑥 𝑑𝑥 + 𝑎 𝑑𝑦                                                        

 Integrating on both sides 

∫ 𝑑𝑧 = ∫ 2𝑎𝑥 𝑑𝑥 + ∫ 𝑎 𝑑𝑦                                           

𝑧 = 2𝑎 (
𝑥2

2
) + 𝑎𝑦 + 𝑐                                                  

𝑧 = 𝑎𝑥2 + 𝑎𝑦 + 𝑐                                                          

 This is the required complete integral. 

2. Solve 𝒑(𝟏 − 𝒒𝟐) = 𝒒(𝟏 − 𝒛)            

Solution: 

 Given 𝑝(1 − 𝑞2) = 𝑞(1 − 𝑧)  …(1) 

 

The equation is of the form𝑓(𝑧, 𝑝, 𝑞) = 0 

Let 𝑢 = 𝑥 + 𝑎𝑦 

𝜕𝑢

𝜕𝑥
= 1,                      

𝜕𝑢

𝜕𝑦
= 𝑎                                                        

𝑝 =
𝑑𝑧

𝑑𝑢
,            𝑞 = 𝑎

𝑑𝑧

𝑑𝑢
                                                                 

Substituting in equation (1) we get  

𝑑𝑧

𝑑𝑢
[1 − 𝑎2 (

𝑑𝑧

𝑑𝑢
)

2

] = 𝑎
𝑑𝑧

𝑑𝑢
[1 − 𝑧]                                          

1 − 𝑎2 (
𝑑𝑧

𝑑𝑢
)

2

= 𝑎(1 − 𝑧)                                             
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1 − 𝑎(1 − 𝑧) = 𝑎2 (
𝑑𝑧

𝑑𝑢
)

2

                                              

1 − 𝑎 + 𝑎𝑧 = 𝑎2 (
𝑑𝑧

𝑑𝑢
)

2

                                                

(
𝑑𝑧

𝑑𝑢
)

2

=
1

𝑎2
[1 − 𝑎 + 𝑎𝑧]                                               

𝑑𝑧

𝑑𝑢
=

1

𝑎
√1 − 𝑎 + 𝑎𝑧                                                      

∫
𝑎

√1 − 𝑎 + 𝑎𝑧
𝑑𝑧 = ∫ 𝑑𝑢                                              

2√1 − 𝑎 + 𝑎𝑧 = 𝑢 + 𝑐                                                    

4(1 − 𝑎 + 𝑎𝑧) = (𝑢 + 𝑐)2                                              

4(1 − 𝑎 + 𝑎𝑧) = (𝑥 + 𝑎𝑦 + 𝑐)2                                    

This is the complete integral of the given equation. 

3. Solve 𝒑(𝟏 + 𝒒) = 𝒒𝒛                     

Solution: Given 𝑝(1 + 𝑞) = 𝑞𝑧 

The equation is of the form𝑓(𝑧, 𝑝, 𝑞) = 0 

Let 𝑢 = 𝑥 + 𝑎𝑦 

𝜕𝑢

𝜕𝑥
= 1,                      

𝜕𝑢

𝜕𝑦
= 𝑎                                       

𝑝 =
𝑑𝑧

𝑑𝑢
,            𝑞 = 𝑎

𝑑𝑧

𝑑𝑢
                                           

Substituting in equation (1) we get  
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𝑑𝑧

𝑑𝑢
(1 + 𝑎

𝑑𝑧

𝑑𝑢
) = 𝑎

𝑑𝑧

𝑑𝑢
𝑧                                        

1 + 𝑎
𝑑𝑧

𝑑𝑢
= 𝑎𝑧                                      

 

𝑎
𝑑𝑧

𝑑𝑢
= 𝑎𝑧 − 1                                     

𝑑𝑧

𝑑𝑢
=

𝑎𝑧 − 1

𝑎
                                  

𝑑𝑢

𝑑𝑧
=

𝑎

𝑎𝑧 − 1
                                  

𝑑𝑢 =
𝑎

𝑎𝑧 − 1
𝑑𝑧                           

 

Integration on both sides ∫ 𝑑𝑢 = ∫
𝑎

𝑎𝑧−1
𝑑𝑧                                                   

𝑢 = log(𝑎𝑧 − 1) + log 𝑐                                     

𝑥 + 𝑎𝑦 = log 𝑐(𝑎𝑧 − 1)                                      

This is the complete integral of the given equation. 

4. Solve 𝒛𝟐 = 𝟏 + 𝒑𝟐 + 𝒒𝟐                            

Solution: 

Given 𝑧2 = 1 + 𝑝2 + 𝑞2              ---------- (1)   

The equation is of the form𝑓(𝑧, 𝑝, 𝑞) = 0 

Let 𝑢 = 𝑥 + 𝑎𝑦 
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𝜕𝑢

𝜕𝑥
= 1,                      

𝜕𝑢

𝜕𝑦
= 𝑎                                                        

𝑝 =
𝑑𝑧

𝑑𝑢
,            𝑞 = 𝑎

𝑑𝑧

𝑑𝑢
                                                                 

Substituting in equation (1) we get  

𝑧2 = 1 + [
𝑑𝑧

𝑑𝑢
]

2

+ 𝑎2 [
𝑑𝑧

𝑑𝑢
]

2

                                                         

𝑧2 − 1 = [
𝑑𝑧

𝑑𝑢
]

2

[1 + 𝑎2]                                                         

[
𝑑𝑧

𝑑𝑢
]

2

=
𝑧2 − 1 

1 + 𝑎2
                                                                        

 

𝑑𝑧

𝑑𝑢
= √

𝑧2 − 1 

1 + 𝑎2
                                                                           

𝑑𝑧

√𝑧2 − 1
=

𝑑𝑢

√1 + 𝑎2
                                                                          

Integration on both sides 

∫
𝑑𝑧

√𝑧2 − 1
= ∫

𝑑𝑢

√1 + 𝑎2
                                                                       

𝑐𝑜𝑠ℎ−1𝑧 =
1

√1 + 𝑎2
𝑢 + 𝑏                                                                    

𝑐𝑜𝑠ℎ−1𝑧 =
1

√1 + 𝑎2
(𝑥 + 𝑎𝑦) + 𝑏                                                       

                  This is the complete integral 
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                                                                                TYPE III 

3.4.3 PROBLEM BASED ON f(x,p,)=g(y,q) 

1. Find the complete integral of pq = xy 

Solution:  Given pq = xy  

𝑝

𝑥
=

𝑦

𝑞
                                                                                 

This equation is of the form f(x, p) = g(y, q) 

 

𝑝

𝑥
=

𝑦

𝑞
= 𝑎                                                                           

∴ 𝑝 = 𝑎𝑥 𝑎𝑛𝑑 𝑞 =
𝑦

𝑎
                                                                  

 We know that 

                                   𝑑𝑧 = 𝑝𝑑𝑥 + 𝑞𝑑𝑦 

𝑑𝑧 = 𝑎𝑥 𝑑𝑥 +
𝑦

𝑎
𝑑𝑦                                                     

Integrating on both sides 

 

𝑧 =
𝑎𝑥2

2
+

𝑦2

2𝑎
+ 𝑐                                                

 

2𝑎𝑧 =  𝑎2𝑥2 + 𝑦2 + 𝑏                                           

 This is the required complete integral. 
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2. Find the complete solution of the PDE 𝒑𝟐 + 𝒒𝟐 = 𝒙 + 𝒚 

Solution:    

 Given 𝑝2 + 𝑞2 = 𝑥 + 𝑦 

𝑝2 − 𝑥 = −𝑞2 + 𝑦                                                            

This equation is of the form f(x, p) = g(y, q) 

𝑝2 − 𝑥 = −𝑞2 + 𝑦 = 𝑎                                                     

𝑝2 − 𝑥 = 𝑎                    −𝑞2 + 𝑦 = 𝑎                              

𝑝2 = 𝑥 + 𝑎                     𝑞2 = 𝑦 − 𝑎                              

 𝑝 = √𝑥 + 𝑎                     𝑞 = √𝑦 − 𝑎 

We know that 

 𝑑𝑧 = 𝑝𝑑𝑥 + 𝑞𝑑𝑦 

𝑑𝑧 = (𝑥 + 𝑎)
1

2 𝑑𝑥 + (𝑦 − 𝑎)
1

2𝑑𝑦                                  

Integrating on both sides 

 

𝑧 =
(𝑥 + 𝑎)3/2

3/2
+

(𝑦 − 𝑎)3/2

3/2
+ 𝑐                                   

𝑧 =
2

3
(𝑥 + 𝑎)3/2 +

2

3
(𝑦 − 𝑎)3/2 + 𝑐                           

 This is the required complete integral. 

 

 

3. Find the solution of 𝒑𝒙 − 𝒒𝒚 = 𝒙  
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Solution: 

Given 𝑝𝑥 − 𝑞𝑦 = 𝑥 

𝑝𝑥 − 𝑥 = 𝑞𝑦                                                                   

 

 𝑥(𝑝 − 1) = 𝑞𝑦 

𝑝 − 1 =
𝑎

𝑥
                                       𝑞𝑦 = 𝑎                    

 

𝑝 =
𝑎

𝑥
+ 1                                        𝑞 =

𝑎

𝑦
                       

We know that 

 𝑑𝑧 = 𝑝𝑑𝑥 + 𝑞𝑑𝑦 

  

𝑑𝑧 = (
𝑎

𝑥
+ 1)  𝑑𝑥 + (

𝑎

𝑦
) 𝑑𝑦                                           

Integrating on both sides 

 

𝑧 = 𝑎 log 𝑥 + 𝑥 + 𝑎 log 𝑦 + 𝑏                                        

𝑧 = 𝑎 log 𝑥𝑦 + 𝑥 + 𝑏                                                     

 This is the required complete integral. 

4. Solve √𝒑 + √𝒒 = 𝒙 + 𝒚                                    

Solution: Given √𝑝 + √𝑞 = 𝑥 + 𝑦 

 √𝑝 − 𝑥 = 𝑦 − √𝑞 
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 Let √𝑝 − 𝑥 = 𝑦 − √𝑞 = 𝑎 

√𝑝 − 𝑥 = 𝑎   𝑎𝑛𝑑  𝑦 − √𝑞 = 𝑎                                                 

√𝑝 = 𝑥 + 𝑎   𝑎𝑛𝑑 − √𝑞 = 𝑎 − 𝑦                                                 

𝑝 = (𝑥 + 𝑎)2     𝑎𝑛𝑑     𝑞 = (𝑦 − 𝑎)2                                         

We know that  𝑑𝑧 = 𝑝 𝑑𝑥 + 𝑞 𝑑𝑦        

𝑑𝑧 = (𝑥 + 𝑎)2 𝑑𝑥 + (𝑦 − 𝑎)2𝑑𝑦                                             

Integrating on both sides 

∫ 𝑑𝑧 = ∫(𝑥 + 𝑎)2 𝑑𝑥 + ∫(𝑦 − 𝑎)2 𝑑𝑦                                   

𝑧 = (
(𝑥 + 𝑎)3

3
) +

(𝑦 − 𝑎)3

3
+ 𝑐                                            

This is the required complete integral. 

                                                                 TYPE IV 

3.4.4 CLAIRAUT’S FORM z=px + qy + f (p,q) 

1. Find the complete solution of the partial differential equation 𝒛 = 𝒑𝒙 + 𝒒𝒚 + 𝒑𝟐 + 𝒒𝟐                         

 Solution: 

  Given 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑝2 + 𝑞2 

  This is of form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 

Hence the complete integral is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎2 + 𝑏2 

  Where a and b are arbitrary constants 

2. Find the complete solution of the partial differential equation  𝒛 = 𝒑𝒙 + 𝒒𝒚 + (𝒑𝒒)𝟑/𝟐 
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(or) 

Find the complete solution of the partial differential equation  
𝒛

𝒑𝒒
=

𝒙

𝒑
+

𝒚

𝒒
+ √𝒑𝒒                                                  

 Solution: 

  Given 
𝑧

𝑝𝑞
=

𝑥

𝑝
+

𝑦

𝑞
+ √𝑝𝑞 

𝑧

𝑝𝑞
=

𝑝𝑥 + 𝑞𝑦 + 𝑝𝑞√𝑝𝑞

𝑝𝑞
                                   

𝑧 = 𝑝𝑥 + 𝑞𝑦 + (𝑝𝑞)3/2                                    

  This is of form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 

Hence the complete integral is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + (𝑎𝑏)3/2 

  Where a and b are arbitrary constants 

 

3. Find the singular solution of the partial differential equation   𝒛 = 𝒑𝒙 + 𝒒𝒚 + 𝒑𝟐 − 𝒒𝟐 

 Solution: 

 Given 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑝2 − 𝑞2 

This is of form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 

Hence the complete integral is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎2 − 𝑏2 …(1) 

  Where a and b are arbitrary constants 

  Differentiating (1) p.w.r.to a we get 

  0 = 𝑥 + 2𝑎 

  𝑎 = −
𝑥

2
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Differentiating (1) p.w.r.to b we get 

  0 = 𝑦 − 2𝑏 

  𝑏 =
𝑦

2
 

  Substituting a and b value in equation (1) we get  

   

𝑧 = −
𝑥2

2
+

𝑦2

2
+

𝑥2

4
−

𝑦2

4
                                                

 

𝑧 =
−2𝑥2 + 2𝑦2 + 𝑥2 − 𝑦2

4
                                                    

 

𝑧 =
−𝑥2 + 𝑦2

4
                                                                          

4𝑧 = 𝑦2 − 𝑥2                                                                          

This is the required singular solution. 

4. Find the singular solution of the partial differential equation   𝒛 = 𝒑𝒙 + 𝒒𝒚 + 𝟑𝒑𝒒 

 Solution: 

 Given 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 3𝑝𝑞 

This is of form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 

Hence the complete integral is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 3𝑎𝑏 …(1) 

  Where a and b are arbitrary constants 

  Differentiating (1) p.w.r.to a we get 
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  0 = 𝑥 + 3𝑏 

  𝑏 = −
𝑥

3
 

Differentiating (1) p.w.r.to b we get 

  0 = 𝑦 + 𝑎 

  𝑎 = −
𝑦

3
 

  Substituting a and b value in equation (1) we get    

 

𝑧 = (−
𝑦

3
) 𝑥 + (−

𝑥

3
) 𝑦 + (−

𝑦

3
) (−

𝑥

3
)                               

𝑧 = −
𝑦𝑥

3
−

𝑥𝑦

3
+

𝑥𝑦

9
                                                                  

9𝑧 = −5𝑥𝑦                                                                                  

9𝑧 + 5𝑥𝑦 = 0                                                                            

This is the required singular solution. 

5. Find the singular solution of the partial differential equation  𝒛 = 𝒑𝒙 + 𝒒𝒚 + 𝒑𝒒 

Solution: 

 Given 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑝𝑞 

This is of form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 

Hence the complete integral is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎𝑏 …(1) 

  Where a and b are arbitrary constants 

  Differentiating (1) p.w.r.to a we get 

  0 = 𝑥 + 𝑏 
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  𝑏 = −𝑥 

Differentiating (1) p.w.r.to b we get 

  0 = 𝑦 + 𝑎 

  𝑎 = −𝑦 

  Substituting a and b value in equation (1) we get    

𝑧 = (−𝑦)𝑥 + (−𝑥)𝑦 + (−𝑦)(−𝑥)                               

𝑧 = −𝑦𝑥 − 𝑥𝑦 + 𝑥𝑦                                                                  

𝑧 = −𝑥𝑦                                                                                     

𝑧 + 𝑥𝑦 = 0                                                                                 

 This is the required singular solution. 

6. Solve 𝒛 = 𝒑𝒙 + 𝒒𝒚 + 𝒑𝒒                                          

Solution: 

 Given 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑝𝑞 

This is of form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 

Hence the complete integral is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎𝑏 

  Where a and b are arbitrary constants 

  Singular solution is found as follows 

  𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎𝑏  …(1) 

Differentiating with respect to ‘a’, we get  

0 = 𝑥 + 𝑏   
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𝑏 = −𝑥                                                                              

Differentiating (1) with respect to ‘b’, we get  

0 = 𝑦 + 𝑎   

𝑎 = −𝑦                                                                              

Substituting in equation (2) we get 

𝑧 = −𝑦𝑥 − 𝑥𝑦 + 𝑥𝑦                                                                  

𝑧 = −𝑥𝑦                                                                           

𝑧 + 𝑥𝑦 = 0                                                                    

This is the singular integral 

To get the general integral 

Put 𝑏 = 𝜑(𝑎) in equation (1), we get 

𝑧 = 𝑎𝑥 + 𝜑(𝑎)𝑦 + 𝑎𝜑(𝑎)                                   … (2)                

Differentiating w.r.to a we get 

0 = 𝑥 + 𝜑′(𝑎)𝑦 + 𝑎𝜑′(𝑎) + 𝜑(𝑎)                   … (3)    

Eliminate a between (2) & (3) we get the general solution. 

7. Solve 𝒛 = 𝒑𝒙 + 𝒒𝒚 + (𝒑𝒒)
𝟑

𝟐  (𝒐𝒓) 
𝒛

𝒑𝒒
=

𝒙

𝒒
+

𝒚

𝒑
+ √𝒑𝒒 

Solution:      

 Given 𝑧 = 𝑝𝑥 + 𝑞𝑦 + (𝑝𝑞)
3

2 

This is of form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 

Hence the complete integral is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + (𝑎𝑏)
3

2 
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  Where a and b are arbitrary constants 

  Singular solution is found as follows 

  𝑧 = 𝑎𝑥 + 𝑏𝑦 + (𝑎𝑏)
3

2  …(1) 

Differentiating with respect to ‘a’, we get   

0 = 𝑥 +
3

2
𝑎

1

2𝑏
3

2                                                                                   

𝑥 = −
3

2
𝑎

1

2𝑏
3

2                                                                                   

𝑥3 = −
27

8
𝑎

3

2𝑏
9

2                                                                                   

Differentiating with respect to ‘b’, we get   

0 = 𝑦 +
3

2
𝑎

3

2𝑏
1

2                                                                                   

𝑦 = −
3

2
𝑎

3

2𝑏
1

2                                                                                   

𝑥3

𝑦
=

−
27

8
𝑎

3

2𝑏
9

2

−
3

2
𝑎

3

2𝑏
1

2

                                                                              

𝑥3

𝑦
=

9

4
𝑏4                                                                                       

𝑏4 =
4

9

𝑥3

𝑦
                                                                                       

𝑏 = √
4

9

𝑥3

𝑦

4
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𝑥

𝑦3
=

−
3

2
𝑎

1

2𝑏
3

2

27

8
𝑎

9

2𝑏
3

2

                                                                           

𝑎4 =
4

9

𝑦3

𝑥
                                                                                       

𝑎 = √
4

9

𝑦3

𝑥

4

                                                                                   

Substituting a and b value in equation (1) we get 

 

𝑧 = (
4

9

𝑦3

𝑥
)

1

4

𝑥 + (
4

9

𝑥3

𝑦
)

1

4

+ [(
4

9

𝑦3

𝑥

4

9

𝑥3

𝑦
)

1/4

]

3/2

                   

𝑧 = (
4

9
)

1

4

𝑦
3

4𝑥
3

4 + (
4

9
)

1

4

𝑥
3

4𝑦
3

4 + (
4

9
𝑥𝑦)

3

                                   

𝑧 = 2 (
4

9
)

1

4

(𝑥𝑦)
3

4 + (
4

9
𝑥𝑦)

3

                                             

This is the required singular integral. 

8. Solve 𝒛 = 𝒑𝒙 + 𝒒𝒚 + 𝒑𝟐𝒒𝟐                                 

Solution: 

 Given 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑝2𝑞2 

This is of form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 

Hence the complete integral is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎2𝑏2 

  Where a and b are arbitrary constants 

  Singular solution is found as follows 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-II 

COURSE CODE: 18PHU404                   UNIT: III                   BATCH-2018-2021 
 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 38/30 
 

  𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎2𝑏2  …(1) 

Differentiating with respect to ‘a’, we get   

           0 = 𝑥 + 2𝑎𝑏2  

𝑥 = −2𝑎𝑏2       … (2)                                                                    

 

𝑥

𝑏
= −2𝑎𝑏                                                                                       

 

Differentiating with respect to ‘b’, we get  

           0 = 𝑦 + 2𝑎2𝑏  

𝑦 = −2𝑎2𝑏                                                                                      

𝑦

𝑎
= −2𝑎𝑏        … (3)                                                                    

𝑥

𝑏
=

𝑦

𝑎
= −2𝑎𝑏 =

1

𝑘
(𝑠𝑎𝑦)                                                            

𝑎 = 𝑘𝑦;      𝑏 = 𝑘𝑥                                                                         

 

Put in equation (2) we get 

𝑥 = −2𝑘3𝑦𝑥2                                                                       

𝑘3 = −
1

2𝑥𝑦
                                                                           

Put a & b in equation (1) we get 

𝑧 = 𝑘𝑥𝑦 + 𝑘𝑥𝑦 + 𝑘4𝑥2𝑦2                                                    
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𝑧 = 2𝑘𝑥𝑦 + 𝑥2𝑦2 (−
1

2𝑥𝑦
)                                                   

𝑧 = 2𝑘𝑥𝑦 −
𝑘

2
𝑥𝑦 =

3

2
𝑘𝑥𝑦                                                    

𝑧3 =
27

8
𝑘3𝑥3𝑦3 =

27

8
(−

1

2𝑥𝑦
) 𝑥3𝑦3                                

𝑧3 = −
27

16
𝑥2𝑦2                                                                   

16𝑧3 + 27𝑥2𝑦2 = 0                                                         

This is the singular solution. 

To get the general integral 

Put 𝑏 = 𝜑(𝑎) in equation (1), we get 

𝑧 = 𝑎𝑥 + 𝜑(𝑎)𝑦 + 𝑎2(𝜑(𝑎))2           … (4)               

Differentiating w.r.to a we get 

0 = 𝑥 + 𝜑′(𝑎)𝑦 + 𝑎22𝜑(𝑎)𝜑′(𝑎) + [𝜑(𝑎)]22𝑎  … (5) 

Eliminate a between (4) & (5) we get the general solution. 

9.  Solve 𝒛 = 𝒑𝒙 + 𝒒𝒚 + √𝟏 + 𝒑𝟐 + 𝒒𝟐                                                        

Solution: 

  Given 𝑧 = 𝑝𝑥 + 𝑞𝑦 + √1 + 𝑝2 + 𝑞2 

  This is of form 𝑧 = 𝑝𝑥 + 𝑞𝑦 + 𝑓(𝑝, 𝑞) 

Hence the complete integral is 𝑧 = 𝑎𝑥 + 𝑏𝑦 + √1 + 𝑎2 + 𝑏2 

  Where a and b are arbitrary constants 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
CLASS: II B.Sc PHYSICS               COURSENAME:  MATHEMATICS-II 

COURSE CODE: 18PHU404                   UNIT: III                   BATCH-2018-2021 
 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 40/30 
 

  Singular solution is found as follows 

  𝑧 = 𝑎𝑥 + 𝑏𝑦 + √1 + 𝑎2 + 𝑏2  …(1) 

  Differentiating with respect to ‘a’, we get   

 

0 = 𝑥 + 0 +
1

2

0 + 2𝑎 + 0

√1 + 𝑎2 + 𝑏2
                                  

0 = 𝑥 +
𝑎

√1 + 𝑎2 + 𝑏2
                                            

𝑥 = −
𝑎

√1 + 𝑎2 + 𝑏2
                         … (2)            

Differentiating (1) with respect to ‘b’, we get    

 

0 = 0 + 𝑦 +
1

2

0 + 2𝑏 + 0

√1 + 𝑎2 + 𝑏2
                                  

                            0 = 𝑦 +
𝑏

√1+𝑎2+𝑏2
                                             

                                                    𝑦 = −
𝑏

√1+𝑎2+𝑏2
                         … (3)            

𝑥2 + 𝑦2 =
𝑎2 + 𝑏2

1 + 𝑎2 + 𝑏2
                                                

1 − (𝑥2 + 𝑦2) = 1 −
𝑎2 + 𝑏2

1 + 𝑎2 + 𝑏2
                             

 

1 − 𝑥2 − 𝑦2 =
1 + 𝑎2 + 𝑏2−𝑎2 − 𝑏2

1 + 𝑎2 + 𝑏2
                      

1 − 𝑥2 − 𝑦2 =
1

1 + 𝑎2 + 𝑏2
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√1 − 𝑥2 − 𝑦2 =
1

√1 + 𝑎2 + 𝑏2
                                     

√1 + 𝑎2 + 𝑏2 =
1

√1 − 𝑥2 − 𝑦2
                                     

Substituting in equation (2) we get 

𝑥 = −𝑎√1 − 𝑥2 − 𝑦2                                       

𝑎 = −
𝑥

√1 − 𝑥2 − 𝑦2
                                         

Substituting in equation (3) we get 

 

𝑦 = −𝑏√1 − 𝑥2 − 𝑦2                                       

𝑏 = −
𝑦

√1 − 𝑥2 − 𝑦2
                                         

Substituting in equation (1) we get 

𝑧 = −
𝑥2

√1 − 𝑥2 − 𝑦2
−

𝑦2

√1 − 𝑥2 − 𝑦2
+

1

√1 − 𝑥2 − 𝑦2
    

𝑧 =
1 − 𝑥2 − 𝑦2

√1 − 𝑥2 − 𝑦2
                                                                      

𝑧 = √1 − 𝑥2 − 𝑦2                                                                       

𝑧2 = 1 − 𝑥2 − 𝑦2                                                                       

𝑥2 + 𝑦2 + 𝑧2 = 1                                                                    

   This is the required singular solution 

To get the general integral 
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Put 𝑏 = 𝜑(𝑎) in equation (1), we get 

𝑧 = 𝑎𝑥 + 𝜑(𝑎)𝑦 + √1 + 𝑎2 + [𝜑(𝑎)]2               … (4)                

 

3.4.5 EQUATIONS REDUCIBLE TO STANDARD FORM 

1. Find the complete integral of 𝒙𝟐𝒑𝟐 + 𝒚𝟐𝒒𝟐 = 𝒛𝟐        

 Solution: 

  Given 𝑥2𝑝2 + 𝑦2𝑞2 = 𝑧2 

(𝑥𝑝)2 + (𝑦𝑞)2 = 𝑧2              … . (1)                       

This equation is of the form 𝑓(𝑧, 𝑥𝑚𝑝, 𝑦𝑛𝑞) = 0 

Here 𝑚 = 1 , 𝑛 = 1 

  Put  𝑋 = log 𝑥 

𝜕𝑋

𝜕𝑥
=

1

𝑥
                                                                             

𝑃 =
𝜕𝑧

𝜕𝑋
                                                                            

𝜕𝑧

𝜕𝑥
=

𝜕𝑧

𝜕𝑋

𝜕𝑋

𝜕𝑥
                                                                       

𝑝 = 𝑃
1

𝑥
                                                                             

𝑥𝑝 = 𝑃                                                                               

Put  𝑌 = log 𝑦 

𝜕𝑌

𝜕𝑦
=

1

𝑦
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𝑄 =
𝜕𝑧

𝜕𝑌
                                                                            

𝜕𝑧

𝜕𝑦
=

𝜕𝑧

𝜕𝑌

𝜕𝑌

𝜕𝑦
                                                                       

𝑞 = 𝑄
1

𝑦
                                                                             

𝑦𝑞 = 𝑄                                                                               

  Substituting in equation (1) we get 

  𝑃2 + 𝑄2 = 𝑧2           … (2)    

This equation is of the form 𝑓(𝑧, 𝑃, 𝑄) = 0 

Let 𝑢 = 𝑋 + 𝑎𝑌 

𝜕𝑢

𝜕𝑥
= 1,                      

𝜕𝑢

𝜕𝑦
= 𝑎                                                        

𝑃 =
𝑑𝑧

𝑑𝑢
,            𝑄 = 𝑎

𝑑𝑧

𝑑𝑢
                                                                 

Substituting in equation (1) we get  

[
𝑑𝑧

𝑑𝑢
]

2

+ 𝑎2 [
𝑑𝑧

𝑑𝑢
]

2

= 𝑧2                                                             

[
𝑑𝑧

𝑑𝑢
]

2

[1 + 𝑎2] = 𝑧2                                                                 

[
𝑑𝑧

𝑑𝑢
]

2

=
𝑧2 

1 + 𝑎2
                                                                        

𝑑𝑧

𝑑𝑢
=

𝑧

√1 + 𝑎2
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𝑑𝑧

𝑧
=

𝑑𝑢

√1 + 𝑎2
                                                                          

Integration on both sides 

∫
𝑑𝑧

𝑧
= ∫

𝑑𝑢

√1 + 𝑎2
                                                                       

log 𝑧 =
1

√1 + 𝑎2
𝑢 + 𝑏                                                               

 

log 𝑧 =
1

√1 + 𝑎2
(𝑋 + 𝑎𝑌) + 𝑏                                              

log 𝑧 =
1

√1 + 𝑎2
(log 𝑥 + 𝑎 log 𝑦) + 𝑏                                 

This is the complete integral 
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Part – A: Questions 

Form the P.D.E of the following 

1. Family of sphere having their centre on the line x = y = z           (NOV-06) 

2. z = ax+ by 

3. centre lie on xy plane with radius “r” (or) (x - a) 2 + (y - b) 2 + z2 = r 2  

           (NOV-03, MAY-07, MAY-08)   

4. z = (x+a) 2+(y+b) 2.                                                                      (MAY-08) 

5. z = (x2 + a2) (y2 + b2)                        (NOV-04)                           

6. z = x2 f (y) + y2 g (x)                                            (MAY-03) 

7. z = f(y) +  (x+y+z)                                             (NOV-04) 

8. Eliminate the arbitrary function f from   z = f(xy/z)        (MAY-04)                                

9. Solve y
x

z
sin

2

2

=



                                      (MAY-07) 

10. Form a PDE by eliminating the arbitrary constants a and b from the  equation

2222 cot)()( zbyax =−+− .                                (NOV-07) 

11. Form a partial differential equation by eliminating arbitrary constants  a and b  from z = 

(𝑥 + 𝑎)2 + (𝑦 + 𝑏)2                                                                

12. p + q= p q                                                                             (MAY-03 , MAY- 04) 

13. z = px + qy + p2 _ q2                                                                                              (NOV-03) 

14. z = px + qy + pq                                                                                            (MAY-07) 

15. p + q = x + y                                                                                  (NOV-04) 

16. z = 1 + p2 + q2                                                                                                                                                         (MAY-03) 

17. (1-x)p + (2-y) q = 3-z.                                                                            (NOV-06) 

18. Solve : pq=y 

19. Define General and Complete intégrals of a partial differential equaitons. 

20. Define singular integral of a partial differential equations. 
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Part – B : Questions 

1. Form a P.D.E by eliminating arbitrary functions from  z =xf(2x+y) + g(2x+y). (May’08) 

2. Solve : p2y(1+x2) = qx2       (May’08) 

3. Find the singular integral of z = px+qy+p2-q2    (May’08) 

4. Solve : x(z2-y2)p + y(x2-z2)q = z(y2-x2)     (May’08) 

5. Solve :  
𝜕2𝑧

𝜕𝑥2
− 2

𝜕3𝑧

𝜕𝑥2𝜕𝑦
= 𝑒𝑥+2𝑦 + 4𝑠𝑖𝑛(𝑥 + 𝑦)                                   (May’08) 

6. x ( y – z )p + y ( z – x ) q = z ( x – y )                                    (MAY-04) 

7. (3z - 4y )p +( 4x - 2z )q =2y - 3x                                      (NOV-06) 

8. (y – z ) p - (2x + y ) q = 2x + z                                                (MAY-03) 

9. px (y2 + z )+ qy ( x 2 + z ) = z ( x2 - y2 )                                   (MAY-07) 

10. y2 p – xy q = x ( z -2y )                                                   (NOV-04) 

11. ( x 2 – y 2 –z2 ) p + 2xy q = 2zx                                      (NOV-07) 

12. (D3 – 3 D D’2 + 2 D’3 ) Z = 0                                                     (MAY-03) 

13. ( ) 01''2 =−+− zDDDD                                                        (NOV-04) 

14. (D2-2DD’+D’2)z = 0                                (May’08) 

15. 09124
2

22

2

2

=



+




−





y

z

yx

z

x

z
                                                    (NOV-03) 

16. (D2  - D D’- 20 D’2 ) Z = e  5x + y  + sin (4x – y)                                     (MAY-03) 

17. ( ) yxeyxzDDDD 432''2 322 +++=−−                                                  (NOV-07) 

18. ( D3 – 7 D D’2 _ 6 D’3 ) Z = e 2x + y  +sin ( x +2y)                          (MAY-04) 

19. ( ) )2sin(354 22''2 yxezDDDD yx −+=−+ −
                                   (NOV-03) 

20. ( ) 223'2''2 )2(2332 yx eezDDDDDD −+=++−+−                    (NOV-03) 

21. ( 2 D2 – 5 D D’+ 2 D’2 ) Z = 5 sin (2x + y)                                         (MAY-07) 

22. ( D2 – 2 DD’) Z = x3 y + e2x                                                                                                  (NOV-04) 

23. ( ) yxeyxzDDDD −+=++ 22''2 2                                                                    (NOV-06) 

24. ( ) xyzDDDD sin65 2''2 =+−                                        (NOV-06) 

25. Solve  ( ) yxzDDDD sin43 2''2 +=−+                               (NOV-07)         
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Question Opt 1 Opt 2 Opt 3 Opt 4 Answer
In a PDE, there will be one dependent variable and ____ 
independent variables only one two or more no infinite number of two or more 
The ______ of a PDE is that of the highest order 
derivative occurring in it degree power order ratio order 
The degree of the a PDE is ______of  the higest order 
derivative power ratio degree order power

Afirst order PDE is obtained if______

Number of 
arbitrary constants 
is equal Number 
of independent 
variables

Number of 
arbitrary 
constants is 
lessthan Number 
of independent 
variables

Number of 
arbitrary constants 
is  greater than 
Number of 
independent 
variables

Number of arbitrary 
constants is not equal 
to Number of 
independent variables

Number of arbitrary 
constants= Number of 
independent variables

In the form of PDE, f(x,y,z,a,b)=0. What is the order? 1 2 3 4 1
What is form of the z=ax+by+ab by eliminating the 
arbitrary constants? z=qx+py+pq z=px+qy+pq z=px+qy+p z=py+qy+q z=px+qy+pq

General solution of PDE F(x,y,z,p,q)=0 is any arbitray 
function F of specific functions u,v is____satisfying 
given PDE F(u,v)=0 F(x,y,z)=0 F(x,y)=0 F(p,q)=0 F(u,v)=0

Possible Questions                               
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The  PDE of the first order can be written as----------
----

F(x,y,s,t) F(x,y,z,p,q)=0 F(x,y,z,1,3,2)=0 F(x,y)=0 F(x,y,z,p,q)=0

The complete solution of clairaut's equation is _____ z=bx+ay+f(a,b) z=ax+by+f(a,b) z=ax+by z=f(a,b) z=ax+by+f(a,b)

The Clairaut’s equation can be written in the form ---
-----

z=px+qy+f(p,q)
 z=(p-
1)x+qy+f(x,y)

z=Pp+Qq Pq+Qp=r z=px+qy+f(p,q)

From the PDE by eliminating the arbitrary function from 
z=f(x^2 -y^2) is xp+yq=0 p=-(x/y) q=yp/x yp+xq=0 yp+xq=0
Which of the following is the type f(z,p,q)=0 ? p(1+q)=qx p(1+q)=qz p(1+q)=qy p=2x f(y+2x) p(1+q)=qz
The equation (D^2 z+2xy(Dz)^2+D'=5 is of order 
____and degree____ 2 and 2 2 and 1 1 and 1 0 and 1 2 and 1
The complementry function of (D^2 -
4DD'+4D'^2)z=x+y is f(y+2x)+xg(y+2x) f(y+x)+xg(y+2x) f(y+x)+xg(y+x) f(y+4x)+xg(y+4x) f(y+2x)+xg(y+2x)
The solution of xp+yq=z is _____ f(x^2,y^2)=0 f(xy,yz) f(x,y)=0 f(x/y ,y/z)=0 f(x/y ,y/z)=0
The solution of p+q=z is ____ f(xy,ylogz)=0 f(x+y, y+logz)=0 f(x-y, y-logz)=0 f(x-y,y+logz)=0 f(x-y, y-logz)=0

A solution which contains the maximum possible 
number of arbitrary functions is called-------------
integral.

singular complete general particular general

The lagrange's linear equation can be written in the 
form -------------

Pq+Qp=r Pq+Qp=R Pp+Qq=R F(x,y)=0 Pp+Qq=R

The complete solution of    the PDE 2p+3q =1 is ----
------------  

z=ax+[(1-
2a)/3]y+c

z=ax+y+c z=ax+(1-2x)/y+c z=ax+b z=ax+[(1-2a)/3]y+c

The complete solution of  the PDE  pq=1 is -----------
-------

z=ax+(1/a)y+b z=ax+y+b z=ax+ay/b+c z=ax+b z=ax+(1/a)y+b

The solution got by giving particular values to the 
arbitrary constants  in a complete integral is called a 
--------

general singular particular complete particular

The general solution of Lagrange's equation is 
denoted as-------

f(u,v)=0 zx f   (x,y) F(x,y,s,t)=0 f(u,v)=0

The subsidiary equations are px+qy=z is -------------- dx/y=dy/z=dz/x dx/x=dy/y=dz/z xdx=ydy=zdz dz/z=dx/y=dy/x dx/x=dy/y=dz/z

The general  solution of equation p+q=1 is ------------
-

f(xyz,0) f(x-y,y-z) f(x-y,y+z) F(x,y,s,t)=0 f(x-y,y-z)

The separable equation  of the first order PDE can 
be written in the form of ------------

f(x,y)=g(x,y) f(a,b)=g(x,y) f(x,p)=g(y,q) f(x)=g(a) f(x,p)=g(y,q)
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Complementary function is the solution  of -----------
----------

f(a,b) f(1,0)=0 f(D,D')z=0 f(a,b)=F(x,y) f(D,D')z=0

C.F+P.I  is called -------------------   solution singular complete general particular general

Particular integral is the solution of ------------- f(a,b)=F(x,y) f(1,0)=0 [1/f(D,D')]F(x,y) f(a,b)=F(u,v) [1/f(D,D')]F(x,y)

Which is independent  varible in the equation  z= 
10x+5y

x&y z x,y,z x alone x&y

Which is dependent varible in the equation z=2x+3y x z y x&y z

Which of  the following is the type f(z,p,q)=0 p(1+q)=qx p(1+q)=qz p(1+q)=qy p=2xf’(x^2)-(y^2))  p(1+q)=qz

Which is complete  integral of z=px+qy+(p^2)(q^2)
z=ax+by+(a^2)(b
^2)

z=a+b+ab z=ax+by+ab z=a+f(a)x z=ax+by+(a^2)(b^2)

The complete integral of PDE of the form F(p,q)=0 
is

z=ax+f(a)y+c       z=ax+f(a)+b z=a+f(a)x z=ax+f(a) z=ax+f(a)y+c       

The relation between the independent and the 
dependent variables which satisfies the PDE is 
called-------

solution complet solution general solution singular solution solution

A solution which contains the maximum possible 
number of arbitrary constant is called---------

general complete solution singular complete

The equations which do not contain x & y explicitly 
can be written in the form---------------

f(z,p,q)=0 f(p,q)=0 (p,q)=0 f(x,p,q)=0 f(z,p,q)=0

The subsidiary equations of the lagranges equation 
2y(z-3)p + (2x-z)q = y(2x-3)

dx/2y(z-3) = 
dy/(2x-z) 
=dz/y(2x-3)

dx/(2x-z) 
=dy/2y(z-3) 
=dz/y(2x-3)

dx/2y=dz/(z-3)
dx/2y=dz/(z-
3)=dy/2x

dx/2y(z-3) =dy/(2x-z) 
=dz/y(2x-3)

A PDE ., the partial derivatives occuring in which 
are of the first degree is said to be --------------

linear non-linear order degree linear

A PDE., the partial derivatives occuring in which 
are of the 2 or more than 2 degree is said to be------

linear non-linear order degree non-linear

 If z=(x^2+a)(y^2+b) then differentiating z partially 
with respect to x is ----- 

2x 3x(y^2+b) 2x(y^2+b) 3x+y                                   2x(y^2+b)

If z=ax+by+ab then differentiating z partially with 
respect to y is ----- 

a a+b 0 b b
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The complete solution of    the PDE p=2qx is --------
--------  

z=ax+ay+c ax+b
z = ax^2+ay+c     

z= ax+(b+c)               
z = ax^2+ay+c     

The general solution of px-qy=xz is f(u,v)=0 f(xy,x-logz)=0 f(x-y,y-z)=0 f(x-y,y+z)=0 f(xy,x-logz)=0

If z= f(x^2+y^2)  then differentiating z partially 
with respect to x is -----  

p=2xf ’ 
(x^2+y^2)  

p=2xf(x^2+y^2)  p=2xf’(x^2-  y^2)  p(1+q)=qy p=2xf ’ (x^2+y^2)  

 If z= f(x^2+y^2 +z^2) thendifferentiating z 
partially with respect to y is ----- 

q=2xf(x^2+y^2)  
q=(2y+2zz') 

f'(x^2+y^2 
+z^2) 

q=2y q=0
q=(2y+2zz') 

f'(x^2+y^2 +z^2) 

The solution of differentiating z partially with 
respect to x twice gives -----  

ax ax+by+c ax+b ax=p ax+b

The general solution of PDE is of the form C.F+P.I C.F-P.I C.F*P.I C.F/P.I C.F+P.I
The  Equation is of the form Z=px+qy+f(p,q) is 
called_________ clairaut charpit crout separable clairaut
f(x,p)=g(y,q) is called _______equation clairaut charpit crout separable separable
Reducible equation is defined as te product of 
_______factors. linear nonlinear polynomial recursive linear
The order of PDE to be the order of the derivative 
of ______ order occurring in it. lowest highest first second highest

The solution of the PDE consists ______ main parts
2 3 4 5 2
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Laplace Transforms: Definition – Laplace Transforms of standard functions – Linearity 

property – First Shifting Theorem – Transform of ( )
( )

( ) ( )tftf
t

tf
ttf ''' ,,, .Inverse Laplace 

Transforms – Applications to solutions of First Order and Second Order Differential Equations 

with constant coefficients. 
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 LAPLACE TRANSFORM 

 

Definition 

 Let a function f(t) be continuous and defined for all positive values of ‘t’. The Laplace 

transform of  f(t) associates a function by the equations 

𝜑(𝑠) =  ∫ 𝑓(𝑡). 𝑑𝑡
−𝑠𝑡

0

 

Here 𝜑(𝑠) is said to be the Laplace Transform of 𝑓(𝑡) and it is written as L[f(t)]. 

Thus 𝜑(𝑠) = 𝐿[𝑓(𝑡)] =  ∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡,
∞

0
                           t>0 

 

PROPERTIES OF LAPLACE TRANSFORMS 

 

Property 1: Change of scale property 

If                                     𝐿[𝑓(𝑡)] = Φ(𝑠), then 𝐿[𝑓(𝑎𝑡)] =
1

𝑎
. 𝐹(

𝑠

𝑎
)  

 

Property 2: First shifting Property 

If 𝐿[𝑓(𝑡)] = 𝐹(𝑠) then (i) 𝐿[𝑒−𝑎𝑡𝑓(𝑡)] = 𝐹(𝑠 + 𝑎) 

                                      (ii) 𝐿[𝑒𝑎𝑡𝑓(𝑡)] = 𝐹(𝑠 − 𝑎) 

 

Property 3: (i) Laplace Transform of Derivative 

𝐿[𝑓′(𝑡)] = 𝑠𝐿[𝑓(𝑡)] − 𝑓(0). 
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 (ii) Laplace Transform of derivative of order n. 

𝐿[𝑓′′(𝑡)] =  𝑠𝑛𝐿[𝑓(𝑡)] −  𝑠𝑛−1𝑓(0) − 𝑠𝑛−2𝑓′(0) −  … … … − 𝑓(𝑛−1)(0) 

 

Property 4: Laplace Transform of integrals. 

If 𝐿[𝑓(𝑡)] = 𝐹(𝑠) then 𝐿 [∫ 𝑓(𝑡)𝑑𝑡
𝑡

0
] =  

𝐹(𝑠)

𝑠
 

 

 

 

 

Property 5: Laplace Transform of 𝒕 − 𝒇(𝒕) 

If                                 𝐿[𝑓(𝑡)] = 𝐹(𝑠). then 𝐿[𝑡. 𝑓(𝑡)] =  
−𝑑

𝑑𝑠
. 𝐹(𝑠) 

Note: In general                         𝐿[𝑡𝑛. 𝑓(𝑡)] = (−1)𝑛 𝑑𝑛

𝑑𝑠𝑛.
. 𝐹(𝑠).  

 

Property 6: Laplace Transform of [
𝒇(𝒕)

𝒕
] 

If 𝐿[𝑓(𝑡)] = 𝐹  and if lim
𝑡⟶0

𝑓(𝑡)

𝑡
 exists then. 

𝐿 [
𝑓(𝑡)

𝑡
] = ∫ 𝐹(𝑠). 𝑑𝑠

∞

𝑠
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Find the Laplace transform of 
t

bteat cos−
and )(sin tt  where )(t is the unit step function. 

Solution: 















−

+
=















+

−
=










+
−

−
=













 −







as

bs

bs

as

ds
bs

s

ast

bte
L

s

s

at

22

22

22

log

log

1cos

 

( ) ( )( )

1

1

sin)(sin

2

11

+
=

−=

−

−−

s
e

tLttL

s

 

 

Verify the initial value theorem for the function te 21 −+ . 

 Initial value theorem:     

( )

0

2

0 0

2

2

( ) ( )

( ) (1 ) 1 1 2

( ) [ ( )]

[1 ]

(1) ( )

1 1

2

1 1

2

1
21

1 1

2

t s

t

t t

s s

t

s

t

s

s

s

s

lt f t lt sF s

lt f t lt e

lt sF s lt s L f t

lt s L e

lt s L L e

lt s
s s

lt s s
s s

s
lt

s
s

→ →

−

→ →

→ →

−

→

−

→

→

→

→

=

= + = + =

=

= +

 = + 

 
= + + 

 
= + + 

 
 = +
 +
 

= +

=
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Hence initial value theorem is verified.   

 

Verify the final value theorem for the function 








+
= −

2

1

)2(

1
)(

ss
Ltf  

Solution: 














+−

−
=














−

−
==













+
=

−−−−
−−

 4

1

4242)2(

1
)(

22

0

22

0

2

2

1
tt

t
ttt

t ee
t

ee
tdtte

ss
Ltf  

FVT:  )()(
0

ssFLimtfLim
st →→

=  

 

LHS:    
4

1

4

1

42

22

=













+−

−

−−

→

tt

t

ee
tLim  

 

 

 

 

 

 

                    Hence Proved 

 

CONVOLUTION THEOREM 

 

5.3.1 Using convolution theorem, find the inverse Laplace transform of  

a. 
)25(

1
22 +ss

 

RHSssFLim

sss

s
ssF

s
==

+
=









+
=

→ 4

1
)(

)2(

1

)2(
)(

0

22
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           Solution: 

5

5sin

)25(

1
*

1

)25(

1
.

1

)25(

11

2

1

2

1

22

1

22

1

t
t

s
L

s
L

ss
L

ss
L

=










+








=










+
=









+

−−

−−

 

 









+

−
=
















 −
−−







 −
−=

−= 

525

5sin

5

1

25

5sin
)1(

5

5cos
)(

5

1

5sin)(
5

1

0

0

tt

uu
ut

duuut

t

t

 

b. 
)5(

1
3 +ss

 

 Solution: 

1 1

3 3

1 1

3

2
5

2 5( )

0

5 2 5

0

5 5 5
5 2

0

5
2 5 5 5

1 1 1

( 5) ( 5)

1 1
*

( 5)

*
2

1

2

1

2

1
(2 ) (2)

2 5 25 125

25 10 2 2
250

t

t

t u

t

t u

t
u u u

t

t
t t t

L L
s s s s

L L
s s

t
e

u e du

e u e du

e e e
e u u

e
t e te e

− −

− −

−

− −

−

−

−

   
=   

+ +   

  
=    +   

=

=

=

 
= − + 

 

 = − + − 





  

 c.
222 )(

1

as +
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  Solution: 

 

 

1 1

2 2 2 2 2 2 2

1

0

2 2

2 2

1 1 1
.

( ) ( ) ( )

( ) ( ) ( ). ( )

1 sin
( ) ( )

1 sin
( ) ( )

t

L L
s a s a s a

L F s G s f u g t u du

at
F s f t

s a a

at
G s g t

s a a

− −

−

   
=   

+ + +   

= −

=  =
+

=  =
+



 

1

2 2 2 2

0

2

0

1 1
sin .sin ( )

( )

1
[cos(2 ) cos ]

2

t

t

L au a t u du
s a a

au at at du
a

−  
 = − 

+ 

= − −





 

  

1

02 2 2 2

0

2

3

1 1 sin(2 )
cos ( )

( ) 2 2

1 sin sin
cos

2 2 2

sin cos

2

t

tau at
L at u

s a a a

at at
t at

a a a

at at at

a

−
   − 

= −   
+      

 
= + − 

 

−
=

 

d. 
222 )( as

s

+
 

Solution: 
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 

1 1

2 2 2 2 2 2 2

1

0

2 2

2 2

1

2 2 2

0

0

1
.

( ) ( ) ( )

( ) ( ) ( ). ( )

( ) ( ) cos

1 sin
( ) ( )

1 ( )
cos .sin

( ) 2

1
[sin( ) sin(2 )]

2

1
sin

2

t

t

t

s s
L L

s a s a s a

L F s G s f u g t u du

s
F s f t at

s a

at
G s g t

s a a

s a t u
L au du

s a a a

at au at du
a

a
a

− −

−

−

   
=   

+ + +   

= −

=  =
+

=  =
+

  −
 = 

+ 

= − −

=







0

0

cos(2 )
.( )

2

1 1
sin [cos cos( )]

2 2

1 1
sin [cos cos ]

2 2

sin

2

t

t au at
t u

a

t at at at
a a

t at at at
a a

t at

a

 − 
+  
   

 
= + − − 

 

 
= + − 

 

=

  

e. 
))(( 2222

2

bsas

s

++
 

     Solution: 

 

2
1 1

2 2 2 2 2 2 2 2

1

1

2 2 2 2

.
( )( ) ( ) ( )

( ). ( )

( ) ( ) cos

s s s
L L

s a s b s a s b

L F s G s

s s
F s f t L at

s a s a

− −

−

−

   
=   

+ + + +  

=

 
=  = = + + 
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1

2 2 2 2

2
1

2 2 2 2

0

0

0

( ) ( ) cos

cos .cos ( )
( )( )

1
[cos(( ) ) cos(( ) )]

2

1 sin[( ) ] sin[( ) ]

2 ( ) ( )

1 sin sin sin

2

t

t

t

s s
G s g t L bt

s b s b

s
L au b t u du

s a s b

a b u bt a b u bt du

a b u bt a b u bt

a b a b

at at bt

a b a b

−

−

 
=  = = + + 

 
 = − 

+ + 

= − + + + −

 − + + −
= + 

− + 

= + −
− +





2 2

2 2

sin

1 2 sin 2 sin

2

sin sin

bt

a b a b

a at b bt

a b

a at b bt

a b

 
+ − + 

− 
=  − 

−
=

−

 

f. 
)5(

1
2 +ss

. (May/June 2005) 

   solution: 

( )15
25

1

55

1

5

1

5)5(

1

5

0

5

0

5

0 0

5

0 0

5

2

1

−+=














+

−

−
=













 +−
=















−
==













+

−

−

−

−
−−



 

te

t
e

dt
e

dt
e

dtdte
ss

L

t

t
t

t t

t t
tt t

t

 

g. 
22 )134(

2

++

+

ss

s
. (May/June 2006) 

      solution: 
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







=













+
=













++

+
=













++

+

++

+
=

++

+

−

−−

−−

6

3sin

)9(

)9)2((

2

)134(

2

)9)2((

2

)134(

2

2

22

12

22

1

22

1

2222

tt
e

s

s
Le

s

s
L

ss

s
L

s

s

ss

s

t

t

 

h. 
)(

1
22 ass −

 

   solution 

( )

1

2 2

0

0

2

1 sinh

( )

1 cosh

1
cosh 1

t

t

at
L dt

s s a a

at

a a

at
a

−  
= 

− 

 
=  

 

= −



 

INVERSE LAPLACE TRANSFORM 

Definition: If F(s) is the Laplace transform of a function 𝑓(𝑡)𝑖. 𝑒. , 𝐿[𝑓(𝑡)] = 𝐹(𝑠), then f(t) is 

called the inverse Laplace transform of the function F(s) and is written as 

𝑓(𝑡) =  𝐿−1[𝐹(𝑠)]  𝐿−1 is called the inverse Laplace transform operator. 

Important Results in Laplace Transform 

Result 1. Linearly property: 

If a and b are any constant while F(s) and G(s) are the Laplace transform of f(t) and g(t) 

respectively. 

Then 𝐿−1[𝑎. 𝐹(𝑠) + 𝑏. 𝐺(𝑠)] = 𝑎. 𝐿−1[𝐹(𝑠)] + 𝑏. 𝐿−1[𝐺(𝑠)] 
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Result 2. First shifting property: 

(i)𝐿−1[𝐹(𝑠 + 𝑎)] =  𝑒−𝑎𝑡𝐿−1[𝐹(𝑠)] 

(ii)𝐿−1[𝐹(𝑠 − 𝑎)] =  𝑒𝑎𝑡𝐿[𝐹(𝑠)]  

WORKED EXAMPLE 

Ex.1. Find 𝐿−1 [
1

𝑠−2
] 

Sol. 𝐿−1 [
1

𝑠−2
] =  𝑒2𝑡𝐿−1 [

1

𝑠
] =  𝑒2𝑡(1) = 𝑒2𝑡 

Ex.2. Find 𝐿−1 [
1

𝑠2+25
] 

Sol. 𝐿−1 [
1

𝑠2+25
] =

1

5
𝐿−1 [

5

𝑠2+25
] =

1

5
sin 5𝑡  

Ex.3. Find 𝐿−1 [
𝑠

𝑠2+9
] 

Sol. 𝐿−1 [
𝑠

𝑠2+9
] = 𝐿−1 [

𝑠

𝑠2+32] =  cos 3𝑡  

Ex.4. Find  𝐿−1 [
1

𝑠2+9
] 

Sol.  𝐿−1 [
1

𝑠2+9
] =  𝐿−1 [

1

𝑠2+32] =  
1

3
𝐿−1 [

3

𝑠2+32] =
1

3
sinh 3𝑡  

 

 

SOLUTION OF LINEAR ODE OF SECOND ORDER WITH CONSTANT 

COEFFICIENTS USING LAPLACE TRANSFORMATION TECHNIQUES. 

Using Laplace transform solve tey
dt

dy 23 =− subject to 1)0( =y . 

      Solution: 
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tey
dt

dy 23 =−  

      Taking L.T. on both sides,  

  )()(3 2teLyL
dt

dy
L =−








 

)3)(2(

1

1
2

1
)3(

2

1
31

2

1
3)0(

−−

−
=

+
−

=−

−
=−−

−
=−−

ss

s
y

s
sy

s
yys

s
yyys

 










−−

−
= −

)3)(2(

11

ss

s
Ly  

     Now consider 2,1
32)3)(2(

1
=−=

−
+

−
=

−−

−
BA

s

B

s

A

ss

s
  

tt eey

s
L

s
L

ss

s
Ly

32

111

2

3

2

2

1

)3)(2(

1

+−=










−
+









−

−
=









−−

−
= −−−

                               

Solve the following initial value problem using  

             Laplace    transforms 2)0(',0,296 3

2

2

−===++ − yyey
dt

dy

dt

yd t . 

     Solution: 

     ( )
3

2
9)0(6)0()0(296 23

2

2

+
=+−+−−=++ −

s
yyysysyysey

dt

dy

dt

yd t
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( )

0,

23

)3()3(42

)3()3(3)3(

2
3

2

3

2
296

2

2

322

2

=

=−=

++++=−−

+
+

+
+

+
=

+

−
+=

+
=+++

AstsofcoefficientheComparing

Cswhen

CSBsAs

s

C

s

B

s

A

s

sy

s
ssy

 

  














−=















+
+















+

−
=

+
+

+

−
=

=+−=

−=++

−=−=+

−

−−

t
t

ey

s
L

s
Ly

ss
y

C

CBAtcoefficientconstheComparing

BBAsoftcoefficientheComparing

t

2
2

)3(

2

)3(

2

)3(

2

)3(

2

264

439,tan

226,

2
3

3

1

2

1

32   

Solve using Laplace transforms 1)0(',0)0(,44
2

2

−===++ − yytey
dt

dy

dt

yd t . 

     Solution: 

       

 

 

 
( )

( )
( )

( )

2

2

2

2

2 2 22

'' 4 ' 4

1
(0) (0) 4 (0) 4

1

1
4 4

1

1

1 ( 1) ( 2) ( 2)1 ( 2)

ty y y te

s y y y sy y y
s

y s s
s

A B C D
y

s s s ss s

−+ + =

− − + − + =
+

+ + =
+

= = + + +
+ + + ++ +
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( )

2

3

1 1 1 1 1

2 2 22

1 1

2 1

, 5 4 1 5 4 1

, 0 1 1

1 1 1 1 1

1 ( 1) ( 2) ( 2)1 ( 2)

t

when s B

when s D

Comparing s coefficients A B C D A C

Comparing s coefficients A C C A

y L L L L L
s s s ss s

y e

− − − − −

−

= −  =

= −  =

+ + + =  + = −

+ =  =  = −

       − 
= = + + +           + + + + + +       

= ( ) ( )21 1tt e t−− + + +  

Using Laplace transform solve 7)0(',4)0(,33'2'' −===−+ yyyyy .

 

       Solution: 

( )

( )

( ) s
s

ssy

s
sssy

s
yyysysyys

yyy

41
3

32

3
87432

3
3)0(2)0()0(

,33'2''

2

2

2

++=−+

=−+−−+

=−−+−−

=−+

 

336123

2841

1330

)1(3)1)(3(

43

)1)(3(

41
3

2

==−=

===

−==−=

−
+

+
+=

−+

++
=

−+

++

=

BBswhen

CCswhen

AAswhen

s

C

s

B

s

A

sss

ss

ss

s
sy

 

)1(

2

3

31

)1)(3(

43 2

−
+

+
+

−
=

−+

++
=

ssssss

ss
y  

tt eey

s
L

s
L

s
Ly

231

)1(

2

3

31

3

111

++−=










−
+









+
+







 −
=

−

−−−

 

Using Laplace transform solve 0)0(',1)0(,2'3'' ===++ − yyeyyy t
. 
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Solution: 

( )

( )

12,tan

11

)1(1)1(

2

)2()1(

44

)2)(1(

3
1

1

1

1
323

1

1
2)0(3)0()0(

2'3''

222

2

2

2

==+

=−=

+
+

+
=

+

+
=

++

++
=

++

++
+=

+
=−−++

+
=+−+−−

=++ −

ABAtscoefficientconsComparing

Bswhen

s

B

s

A

s

s

ss

ss

ss

s
sy

s
sssy

s
yyysysyys

eyyy t

 

)1(
)1(

1

1

1

)1(

1

1

1

)1(

2

2

11

22

te
s

L
s

Ly

sss

s
y

t +=














+
+









+
=

+
+

+
=

+

+
=

−−−

 

 

Using Laplace transform solve 

2

2
2 xd y dy

y e
dx dx

− + = with 2, 1
dy

y
dx

= = −  at 0=x . 

Solution: 

( )

34772,

2,

61

)1()1(672

)1()1(1)1(

672

)1(

25
1

1

1

1
412)12(

1

1
)0(2)0()0(2

2

22

323

2

2

2

2

2

2

−=+−=−=+−

=

==

+−+−=+−

−
+

−
+

−
=

−

+−
=

−

+−
−=

−
=++−+−

−
=+−−−−=+−

BBBAsoftscoefficientheComparing

AsoftscoefficientheComparing

Cswhen

CsBsAssBut

s

C

s

B

s

A

s

ss

s

s
sy

s
sssy

s
yyysysyysey

dx

dy

dx

yd x
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)332(332
)1(

6

)1(

3

1

2

)1(

6

)1(

3

1

2

22

32

1

32

tteettee
sss

Ly

sss
y

tttt +−=+−=














−
+

−

−
+

−
=

−
+

−

−
+

−
=

−

 

 

Solve by using Laplace transform 423
...

=+− yyy given that 0)0(',0)0( == yy . 

      Solution: 

( )

( )

2

1
2

11

2

1
0

)1)(()2)(()2)(1(1
21)2)(1(

4

4
23

4
2)0(3)0()0(423

2

2
...

==

−==

==

−+−+−−=
−

+
−

+=
−−

=

=+−

=+−−−−=+−

Cswhen

BsWhen

AsWhen

ssCssBssA
s

C

s

B

s

A

sss
y

s
ssy

s
yyysysyysyyy

 
tt ee

sss
Ly

ssssss
y

22
1

2
1

1

2
1

2
1

2

1

2

1

21

1

21

1

)2)(1(

4

+−=










−
+

−

−
+=

−
+

−

−
+=

−−
=

−

 

 

Solve the differential equation using Laplace transform 
teyyy −=++ 4'4'' given that

0)0(',0)0( == yy . 

     Solution: 
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 

( )

( ) 22

2

2

)2()2(1)2(1

1

1

1
44

1

1
4)0(4)0()0(

4'4''

+
+

+
+

+
=

++
=

+
=++

+
=+−+−−

=++ −

s

C

s

B

s

A

ss
y

s
ssy

s
yyysyyys

eyyy t

 

( )
ttt teeey

s
L

s
L

s
L

ss
Ly

BBAtscoefficiensComparing

Cswhen

Aswhen

22

2

111

2

1

2

)2(

1

)2(

1

1

1

)2(1

1

10,

12

11

−−−

−−−−

−−=















+

−
+









+

−
+









+
=















++
=

−==+

−=−=

=−=

 

Using Laplace transform technique, solve 0)0(',0,sin52
2

2

===++ − yytey
dt

dy

dt

yd t when

0=t . 

       Solution: 

 

tey
dt

dy

dt

yd t sin52
2

2
−=++  

                  Taking Laplace equation on both sides,  
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( )

( )

( )( )

( )( )

2

2

2

2

2 2

1

2 2

1

2 2

1
(0) (0) 2( (0)) 5

( 1) 1

1
2 5

( 2 2)

1

( 2 2) 2 5

1

( 1) 1 ( 1) 4

1

1 4

t

s y sy y sy y y
s

y s s
s s

y
s s s s

y L
s s

y e L
s s

−

− −

− − + − + =
+ +

+ + =
+ +

=
+ + + +

 
  =
 + + + +
 

 
 =
 + +
 

( )( )2 2

0

1 sin 2
sin *

21 4

1
sin 2 sin( )

2

t

t
t

s s

u t u du

=
+ +

= −

 

 )cos()3cos(
2

1
)sin(2sin tutuutu +−−=−  

                              

 
0

sin 2 1 1
sin * cos(3 ) cos( )

2 2 2

1 sin(3 )
sin( )

4 3

1 sin(2 ) sin
sin 2 sin

4 3 3

1 2sin(2 ) 4sin

4 3 3

t
t

t u t u t du

u t
u t

t t
t t

t t

= − − +

− 
= − + 

 

 −   
= − − −    

    

 − −   
= −    

    



 

( )( )
   ttette

ss
Ley ttt 2sinsin2

6

1
2sin2sin4

12

1

41

1
22

1 −=−=














++
= −−−−

 

 

Using convolution, solve the initial value problem 0)0(',0)0(,3sin9'' ===+ yytyy . 

      Solution: 
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( )

( )

( )

( )

( )

2

2

2

2

2
2

1

2
2

1

2
2

0

0 0

'' 9 sin 3

'' 9 ( ) (sin 3 )

3
(0) (0) 9

9

3
9

9

3

9

3

9

1 6
.

2 9

1
sin 3

2

1 1 cos3 sin 3
sin 3 1

2 2 3 9

1 cos3

2 3

t

tt

y y t

L y L y L t

s y sy y y
s

s y
s

y
s

y L
s

s
L

s s

t t dt

t t
t t dt t

t t

−

−

+ =

+ =

 − − + =
+

+ =
+

 =
+

 
 =
 

+
 

 
 =
 

+
 

=

 − −   
= −    

    

− 
= 







sin 3

9

t  
+   

   

                                  

        






 +−
=

9

3sin3cos3

2

1 ttt
 

 

Using Laplace transform find the solution of  ==++

t

ytydtyy

0

1)0(,23'  

      Solution: 

,..

23'

0

sidesbothonTLTaking

tydtyy

t

 =++
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( )

0

2

2

2 2

2

2 2

2

( ') 3 ( ) 2 ( )

1 1
(0) 3 2

2 1
3 1

3 2 1

1 1

( 1)( 2)3 2

t

L y L y L ydt L t

s y y y y
s s

y s
s s

s s s
y

s s

s s
y

s s ss s s

 
+ + = 

 

− + + =

 
+ + = + 

 

 + + +
= 

 

+ +
= =

+ ++ +



 

                  
21)2)(1(

1 2

+
+

+
+=

++

+

s

C

s

B

s

A

sss

s
 

        Using partial fractions,  A= 
2

1
,  B= -2,   C = 

2

5
 

( )

2

2

2
1

2 51
1 1 1 12 2

2

1

3 2

1
( )

( 1)( 2)

1 2

( 1)( 2) 1 2

1 5
( ) (1) 2

2 2

t t

s
y

s s s

s
y t L

s s s

s
L L L L

s s s s s s

y t e e

−

− − − −

− −

+
=

+ +

 +
 =  

+ + 

 + −     
= + +       

+ + + +      

= − +

 

Find the inverse Laplace transform of 
)4)(1(

1
2 ++ ss

(May / June 2009) 

Solution: 

 










++
=













++

−−

1

1
.

4

1

)1)(4(

1
2

1

2

1

ss
L

ss
L  
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 1

0

( ) . ( )

( ) ( ) sin 2

( ) ( )

t

t

L F s G s

f t g t t e

f u g t u du

−

−

=

=  = 

= −

 

( )

( )

( )

( )

0

0

0

sin 2

sin 2

sin 2 2cos2
1 4

2
sin 2 2cos2

5 5

1 2
sin 2 2cos2

5 5

t

t u

t

t u

u
t t

t
t

t

u e du

e u e du

e
e u u

e
e t t

e
t t

− −

−

−

−

−

=

=

= −
+

 
= − + 

 

= − +





 

Solve the equation 1
2

,1)0(,2cos9'' −=







==+


yytyy , using Laplace transform(May/ June 

2009) 

      Solution: 

Given  tyy 2cos9'' =+  
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( )

( )

( ) ( )( ) ( )

( )( ) ( )

2

2

2

2

2

2

2

2 2 2 2

1 1

2 2 2

9 ( ) (cos2 )

( ( )) (0) (0) 9 ( ( ))
4

( ) (1) 9 ( ) , ( ( )) ( ) & (0)
4

( ) 9
4

4( )
9 4 9 9

1
( )

54 9 9

L y L y L t

s
s L y t sy y L y t

s

s
s Y s s k Y s Assume L y t Y s y k

s

s
Y s s s k

s

s
s k

s s ksY s
s s s s

s s k
y t L L

s s s

− −

 + =

− − + =
+

− − + = = =
+

+ = + +
+

+ +
++= = +

+ + + +

 +
 = + =

+ + +   ( ) ( ) ( )2 2 24 9 9

s s s k

s s s

   +
  − +

 + + +   

 

( )( ) ( ) ( )













+
+















+
+















++
= −−−

9994
)(

2

1

2

1

22

1

s

k
L

s

s
L

ss

s
Lty  

t
k

tty 3sin
3

3cos
5

4
2cos

5

1
++=  

ttty

kyGiven

3sin
5

4
3cos

5

4
2cos

5

1

5

12
1

2

++=

=−=






 

 

 

Using Convolution theorem find  








++

−

)1)(1(

1
2

1

ss
L (Nov/ Dec. 2009) 

Solution: 

1 1

2 2

1 1 1
.

( 1)( 1) 1 1
L L

s s s s

− −   
=   

+ + + +    
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 1

0

( ) . ( )

( ) ( ) sin

( ) ( )

t

t

L F s G s

f t g t t e

f u g t u du

−

−

=

=  = 

= −

 

( )

( )

( )

( )

0

0

0

sin

sin

sin cos
1 1

1
sin cos

2 2

1
sin cos

2 2

t

t u

t

t u

u
t t

t
t

t

u e du

e u e du

e
e u u

e
e t t

e
t t

− −

−

−

−

−

=

=

= −
+

 
= − + 

 

= − +





 

 

Solve the differential equation 0)0(',0)0(,2sin
2

2

===+ yyty
dt

yd
by using Laplace 

transform method(Nov/Dec. 2009) 

Solution: 

Given ty
dt

yd
2sin

2

2

=+  

Applying Laplace on both sides,  

( )

4

2
))(()0()0())((

)2(sin)(

2

2

+
=+−−

=+

s
tyLysytyLs

tLyLyL

 

Let 
4

2
)()0()0()()())((

2

2

+
=+−−=

s
sYysysYssYtyL  
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( ) 1

4

2
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4 1
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4 1

2 1
.

4 1

s Y s Y s
s

Y s s
s

Y s
s s

y t L
s s

L
s s

−

−

 + =
+

+ =
+

=
+ +

 
 =

+ +  

 
 =
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Question Opt 1 Opt 2 Opt 3 Opt 4 Answer
The operator L that transforms f(t) into F(s) is called the 
-------- operator. Fourier Hankel Laplace operator Z Laplace operator

The Laplace transform is said to exist if the integral is ---
------ for some value of s; otherwise it does not exist. discontinuous divergent closed convergent convergent

If f(t) is ---------  on every finite interval in (0,∞) and is 
of exponentialorder 'a' for t>0, then the Laplace 
transform of f(t) exists for all s>a, ie F(s) exists for 
every s>a.

unifromly 
continuous

piecewise 
continuous convergent divergent piecewise continuous 

If f(t) is piecewise continuous  on every -------- and is of 
exponentialorder 'a' for t>0, then the Laplace transform 
of f(t) exists for all s>a, ie F(s) exists for every s>a.

closed interval 
[0,1]

Half open interval 
[0,1)

infinite interval in 
(0,∞) finite interval in (0,∞) finite interval in (0,∞)

If f(t) is piecewise continuous  on every finite interval in 
(0,∞) and is of ------- 'a' for t>0, then the Laplace 
transform of f(t) exists for all s>a, ie F(s) exists for 
every s>a. exponential order quadratic order cubic order n th order exponential order

Possible Questions                               
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If f(t) is piecewise continuous  on every finite interval in 
(0,∞) and is ofexponentialorder'a' for t>0, then the 
Laplace transform of f(t) exists for all s>a, ie F(s) exists 
for every s>a. This condition is necessary non sufficient Sufficient

both necessary and 
sufficient Sufficient

L[1] = n! / s^(n+1) 1/s , s > 0 1/(t+1) 1/ (s-a) 1/s , s > 0
L[t^n] = 2/(s-1) n!  1/ s^(n+1) n! / s^(n+1) n! / s^(n+1)
L[e^(at)] = 1/ (s-a) 1/s , s > 0 n! / s^(n+1) a/(s-a) 1/ (s-a)

L[e^(-at)] = F(s-a)
s^2 F(s)-s f(0)- f 
'(0) 1/ (s+a) n! / s^(n+1) 1/ (s+a)

L[sinat]= a/(s^2 +a^2) 1/(s^2 +a^2) (s^2 +a^2) a/(s^3+a^3) a/(s^2 +a^2)
L[cosat]= n! / s^(n+1) s^(n+1) t^(n+1) s/(s^2 +a^2) s/(s^2 +a^2)
L[coshat]= s/(s^2 -a^2) 1/(s^3 -a^3) s/(s^2 +a^2) 1/a F(s/a) s/(s^2 -a^2)
L[af(t) + bg(t)]= aF(s)+bG(s) aF(s)-bG(s) bF(s)-aG(s) bF(s) * aG(s) aF(s)+bG(s)

L[af(t) + bg(t)]= aF(s)+bG(s) is called ------property quasi linear non-linear Linearity homogenous Linearity

Lineraity property is
L[af(t) + bg(t)]= 
aF(s) * bG(s)

L[af(t) + bg(t)]= 
aF(s)+bG(s) 1/a F(s/a)

L[af(t) + bg(t)]= aF(s)-
bG(s)

L[af(t) + bg(t)]= 
aF(s)+bG(s)

If L[f(t)]=F(s) then L[e^at  f(t)]= aF(s)+bG(s) F(s+a) 1-s F(s-a) F(s-a)

First Shifting property is if L[f(t)] = F(s) then ------
 L[e^at  f(t)]=F(s-
a)

L[f(at)]= 1/a 
F(s/a)

s^2 F(s)-s f(0)- f 
'(0) s^(n+1)  L[e^at  f(t)]=F(s-a)

If L[f(t)]=F(s) then L[e^at  f(t)]=F(s-a) is called ----
property linear convolution

First shifting 
property non homogenous First shifting property

If L[f(t)]= F(s) then L[f(at)]=1/a F(s/a) is called 
_______ property. Change of scale convolution

First shifting 
property non homogenous Change of scale 

If L[f(t)]= F(s) then L[f(at)]=   F(s/a) 1/a F(s/a) F(s-a) a F(s/a) 1/a F(s/a)

 _____is called the change of scale property L[f(at)]= t-1
L[f(at)]= 1/(s^3 -
a^3)

L[f(at)]= 1/a 
F(s/a)  L[e^at  f(t)]=F(s-a) L[f(at)]= 1/a F(s/a)

Change of scale property is -----
L[f(at)]= 1/a 
F(s/a) L[f(at)]=  F(s/a) L[f(at)]=  F(a/s) L[f(at)]= a F(s/a) L[f(at)]= 1/a F(s/a)

If L[f(t)]= F(s) then L[f ' (t)] = F(s)-f(0) s F(s)-+(0) s F(s)-f(0) F(s)+f(0) s F(s)-f(0)

If L[f(t)]= F(s) then   L[f '' (t)] = s^2 F(s)-s f(0)
s^2 F(s)-s f(0)- f 
'(0)

s^2 F(s)-s f(0)+ f 
'(0) s^2 F(s)+s f(0)+ f '(0) s^2 F(s)-s f(0)- f '(0)

L[5 (t^3)] = 1 1/s , s > 0 3/ (s^4) 30/ (s^4) 30/ (s^4)
L[6 t] = 6 6/(s^2) 6/s 6-s 6/(s^2)
L[2 e ^ (-6 t)] = 2/(s+6) 2 2/(s-6) 2/s 2/(s+6)
L[7] = 7/s 1/s , s > 0 (-7/s) 7 7/s
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L[10 sin2t]= 20/(s^2-4) 2/(s^2+4) 2/(s^2-4) 20/(s^2+4) 20/(s^2+4)
L[7 cosh3t]= 7s/(s^2-9) 7/(s^2-9) s/(s^2-9) 7s/(s^2+9) 7s/(s^2-9)
The inverse laplace transform of 1/s is = 0 -1 s+a 1 1
The inverse laplace transform of 1/(s-a) is = e^(-at) 1/e^(at) e^(at) 1/e^(-at) e^(at)
The inverse laplace transform of 1/(s+a) is = e^(-at) 1/e^(at) 1/e^(-at) e^(at) e^(-at)
If L[f(t)]=F(s) then f(t) is called  --------  laplace 
transform of F(s) Linear non-linear inverse quasi linear inverse
If L is linear then -------- is Linear. L+1 L^(-1) 1/L (-1/L) L^(-1)
If L is linear then L inverse is -------- non-linear Linear divergent quasi linear Linear

The convolution of f*g of f(t) and g(t) is defined as
(f*g)(t)=∫ (from 0 
to t) f(u) g(t+u) du

(f*g)(t)=∫ (from 0 
to t) f(u)  du

(f*g)(t)=∫ from 0 
to t f(u) g(t-u) du

(f*g)(t)=∫ (from 0 to t)  
g(t-u) du

(f*g)(t)=∫ (from 0 to t) 
f(u) g(t-u) du

_______is called the convolution theorem.
(f*g)(t)=∫ from 0 
to t f(u) g(t-u) du (f*g)(t)=1-t (f*g)(t)=e^(-at) (f*g)(t)=L^(-1)(1)

(f*g)(t)=∫ from 0 to t 
f(u) g(t-u) du

A function f(t) is said to be -----with period T>0 if 
f(t+T)=f(t) for all t even projection odd peroidic periodic
L[k] = k/s k/s , s > 0 (-1/s) k k/s
L[sinhat]= a/(s^2 -a^2) 1/(s^3 -a^3) a/(s^2 +a^2) 1/a F(s/a) a/(s^2 -a^2)
L[e^(8t)] = 1/ (s-8) 1/s , s > 0 n! / s^(n+1) 8/(s-8) 1/ (s-8)
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                                                                  UNIT-V 

                                                          

 

 

 

Introduction  

Interpolation means the process of computing intermediate values of a function a 

given set of tabular values of a function. Suppose the following table represents a set of 

values of x and y.  

x : x1  x2 x3.............xn 

y : y1  y2 y3............yn 

We may require the value of y = yi for the given x = xi,where x lies between x0 to xn 

Let y = f(x) be a function taking the values y0, y1, y2, …  yn corresponding to the values   

x0,  x1, x2,   ………..    xn.  Now we are trying  to find  y = yi for the given x = xi  under 

assumption that the function f(x) is not known. In such cases , we replace f(x) by simple 

fan arbitrary function and let Φ(x) denotes an arbitrary function which satisfies the set of 

values given in the table above . The function Φ(x)  is called interpolating function or 

smoothing function or interpolation formula.   

Newton’s forward  interpolation formula (or) Gregory-Newton forward 

interpolation formula  ( for equal intervals)  

Let y = f(x) denote a function which takes the values y0, y1, y2 ………., yn corresponding 

to the values x0, x1, x2 ………., xn.  

Let suppose that the values of  x i.e., x0, x1, x2 ………., xn.are equidistant .  

x1= x0 + h ;  x2= x1 + h ;  and so on      xn= xn-1 + h ;   

Interpolation with unequal intervals problems-Lagrange’s interpolation problems- 

Newton’s divided difference interpolation problems-Newton’s forward and backward difference problems 
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            Therefore    xi  =  x0  + i h, where  i = 1,2,   … , n  

Let Pn(x) be a polynomial of the n
th

 degree in which x is such that   

 yI  = f(xi) = Pn(xi),  I = 0,1,2, …. n  

Let us assume Pn(x) in the form given below  

Pn(x) =  a0 + a1 (x – x0)
(1)

 + a 2(x – x0)
(2)

 + ……….+  ar (x – x0)
(r)

 +…….+  

                                                                                            +……    +  an (x – x0)
(n)

 ……(1)  

This polynomial contains the n + 1 constants a0, a1, a2, ………an can be found  as 

follows :  

Pn(x0) = y0 = a0                      (setting x = x0, in (1) )  

Similarly    y1 = a0 + a1 (x1 – x0) 

y2 = a0 + a1 (x2 – x0) + a2 (x2 – x0)   

From these, we get the values of a0, a1, a2 , ……  an 

                  i.e.,     

Therefore,   a0= y0 

                  ∆y0 = y1 - y0   =  a1 (x1 – x0)   

   =  a1h 

      => a1  

lly                    => a2  

 lly                   => a3  

= ∆y0  /h  

= (∆y1- ∆y0) /2h
2
 = ∆

2
y0 / 2! h

2
 

= ∆
3
y0 / 3! h

3
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Putting these values in (1), we get   

 

Pn(x) =  =  y0 +  (x – x0)
(1)

∆y0  /h   + (x – x0)
(2)

 ∆
2
y0 /( 2! h

2
) + ……+   (x – x0)

(r)
 ∆

r
y0 /(r! h

r
)  

                                                                                        +……    +   (x – x0)
(n)

 ∆
r
y0 /(n! h

n
)  

 

               x- x0  

By substituting              = u , the above equation becomes   

                             h  

 

y(x0  + uh) = yu  = y0+ u ∆y0  + u (u-1) ∆
2
y0 + u (u-1)(u-2)  ∆

3
y0  +……..          …  

      2!                       3!  

By substituting   u = u
(1)

,  

 u (u-1)  = u
(2)

, 

 u(u-1)(u-2) = u
(3)

, … in the above equation, we get  

 

Pn (x)= Pny(x0  + uh) = y0+ u
(1)

∆y0  + u
(2)

 ∆
2
y0 + u

(3)
∆

3
y0  +……+ u

(r)
∆

r
y0  +....  + u

(n)
∆

n
y0   

                 2!             3!                           r!                n!  

The above equation is known as Gregory-Newton forward formula or Newton's 

forward interpolation formula.  

Note :  1. This formula is applicable only when the  interval of difference  is uniform.  

 2. This formula apply forward differences of y0, hence this is used to interpolate 

the values of y nearer to beginning value of the table ( i.e., x lies between x0 to x1 or  x1 to 

x2)  
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 Example. 

Find the values of y at x = 21 from the following data.  

x: 

x:   

20  

0.3420   

   23       26   

0.3907   

      

0.4384   

    29  

0.4848  

Solution.    

Step 1.Since x = 21 is nearer to beginning of the table. Hence we apply Newton’s 

forward formula.  

Step 2. Construct the difference table   
 
x  

 

y  

 

∆y0   

 

∆
2
y0  

 

∆
3
y0   

 

20  

 

0.3420        (0.3420-0.3907)  

0.0487          (0.0477-0.0487)  

23  

 

26  

 

29  

0.3907   

 

0.4384   

 

0.4848  

 

0.0477   

 

0.0464  

-0.001  

 

-0.0013  

 

-0.0003  

 

Step 3. Write down the formula and put the various values :  
 

Pn (x)= Pny(x0  + uh) = y0+ u
(1)

∆y0  + u
(2)

 ∆
2
y0 + u

(3)
∆

3
y0  +……+ u

(r)
∆

r
y0  +....  + u

(n)
∆

n
y0   

                 2!             3!                           r!                n!  
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Where  u
(1)

  = (x – x0) / h = (21 – 20) / 3 = 0.3333  

u(2)   = u(u-1) =   (0.3333)(0.6666)  

 

 Pn (x=21)= y(21) = 0.3420 + (0.3333)( 0.0487)+ (0.3333) (-0.6666) ( -0.001)  

+ (0.3333) (-0.6666)(-1.6666) ( -0.0003)  

 

      = 0.3583 

Example: . From the following table of half yearly premium for policies maturing at 

different ages, estimate the premium for policies maturing  at age  46.  
 

Age                 x:  

Premium      y:  
 

Solution.    

 

45  

114.84   

 

50  

96.16    

 

55  

83.32    

 

60  

74.48    

 

65  

68.48  

 

Step 1.Since x = 46 is nearer to beginning of the table and the values of x is equidistant 

i.e., h = 5.. Hence we apply Newton’s forward formula.  

Step 2. Construct the difference table   
 

x  
 

45  
 

50  
 

55  
 

60  
 

65  

 

y  
 

114.84   
 

96.16    
 

83.12    
 

74.48    
 

68.48  

 

∆y0   
 
 

-18.68  
 

-12.84    
 

-8.84    
 

-6.00  

 

∆
2
y0  

 
 
 
 
5.84  
 

4.00  
 

2.84  

 

∆
3
y0  

 
 
 
 
 

-1.84  
 

-1.16  

 

∆
4
y0 

 

 

 

0.68  
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Step 3. Write down the formula and put the various values :  

 

Pn (x)= Pny(x0  + uh) = y0+ u
(1)

∆y0  + u
(2)

 ∆
2
y0 + u

(3)
∆

3
y0  +……+ u

(r)
∆

r
y0  +....  + u

(n)
∆

n
y0   

                 2!             3!                           r!                n!  

 

Where  u  = (x – x0) / h = (46 – 45) / 5 = 01/5 = 0.2  

 

 Pn (x=46)= y(46) = 114.84   + [0.2 (-18.68)] +[0.2 (-0.8) (5.84)/ 3]   

                                                 + [0.2 (-0.8) (-1.8)(-1.84)/6 ]  

 + [0.2 (-0.8) (-1.8)(-2.8)(0.68)] 

     = 114.84 – 3.7360 – 0.4672 – 0.08832 – 0.228  

 

      =  110.5257  

 

Example . From the following table , find the value of  tan  45
0
 15’  

 

          x
0
:  

 

45      46               47  

 

          48             49              50  
 

tan     x
0
:  

 

Solution.    

 

1.0       1.03553       1.07237        1.11061     1.15037      1.19175  

 

Step 1.Since x = 45
o 

15’ is nearer to beginning of the table and the values of x is 

equidistant i.e., h =1.  Hence we apply Newton’s forward formula.  
 

Step 2. Construct the difference table to find various ∆’s  
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x  

 

   y  

 

∆y0   

 

∆
2
y0  

 

∆
3
y0  

 

∆
4
y0 

 

∆
5
y0 

 

45
0 
        1.0000    

 

460        1.03553  
 

47
0
         1.07237  

 

48
0
         1.11061  

 

49
0
         1.15037  

 

50
0
         1.19175  

 
 

0.03553  
 

0.03684  
 

0.03824  
 

0.03976  
 

0.04138  

 
 
 
 
0.00131  
 

0.00140  
 

0.00152  
 

0.00162  

 
 
 
 
 

0.00009  
 

0.00012  
 

0.00010  

 
 
 
 
 
 

0.00003  

     -0.00005  
-0.00002  

 

Step 3. Write down the formula and substitute  the various values :  

Pn (x)= Pny(x0  + uh) = y0+ u
(1)

∆y0  + u
(2)

 ∆
2
y0 + u

(3)
∆

3
y0  +……+ u

(r)
∆

r
y0  +....  + u

(n)
∆

n
y0   

                 2!             3!                           r!                n!  

Where  u  = (45
o 

15’  – 45
0
) / 1

0
 

                             = 15’ / 1
0
 

                             = 0.25  ……………(since 1
0
 = 60 ‘)  

y (x=45
o 
15’  )= P5 (45

o 
15’) =1.00 + (0.25)( 0.03553) + (0.25)(- 0.75)(0.00131)/2  

          +(0.25)(- 0.75)(-1.75)(0.00009)/6 

+(0.25)(- 0.75) (-1.75) (-2.75) (0.0003)/24  

         +(0.25)(- 0.75) (-1.75) (-2.75) (-3.75) (-0.00005)/120  

= 1.000 + 0.0088825 – 0.0001228 +0.0000049  

= 1.00876 
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Newton’s backward interpolation formula (or) Gregory-Newton backward 
interpolation formula  ( for equal intervals)  
 

Let y = f(x) denote a function which takes the values y0, y1, y2 ………., yn corresponding 

to the values x0, x1, x2 ………., xn.  
 

Let suppose that the values of  x i.e., x0, x1, x2 ………., xn.are equidistant .  

x1= x0 + h ;  x2= x1 + h ;  and so on      xn= xn-1 + h ;   
 

            Therefore    xi  =  x0  + i h, where  i = 1,2,   … , n  
 

Let Pn(x) be a polynomial of the n
th

 degree in which x is such that   

 yI  = f(xi) = Pn(xi),  I = 0,1,2, …. n  
 

Pn(x) =  a0 + a1 (x – xn)
(1)

 + a 2(x – xn) (x – xn-1)
)
 + ………  

                         +  an (x – xn) (x – xn-1)    …(x – x1) ……(1)  
 
 
Let us assume Pn(x) in the form given below  

Pn(x) =  a0 + a1 (x – xn)
(1)

 + a 2(x – xn)
(2)

 + ……….+  ar (x – xn)
(r)

 +……  

                                                                                        +……    +  an (x – xn)
(n)

 ……(1.1)  
This polynomial contains the n + 1 constants a0, a1, a2, ………an can be found  as 

follows :  

Pn(xn) =       yn   = a0                      (setting x = xn,   in (1) )  

Similarly    yn-1 = a0 + a1 (xn-1 – xn) 
yn-2 = a0 + a1 (xn-2 – xn) + a2 (xn-2 – xn)   

 

From these, we get the values of a0, a1, a2 , ……  an 

Therefore,                           a0= yn 
                  ˘ yn  =  yn  - yn-1    =  a1 (xn-1 – xn)   

   =  a1h 

      => a1  

lly                    => a2  

 lly                   => a3  

= yn /h  

= (˘ y1-˘  yn) /2h
2
 = ˘

2
yn/ 2! h

2
 

= ˘
3
/ 3! h

3
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Putting these values in (1), we get    

 

Pn(x) =  =  yn +  (x – xn)
(n)

 ˘ yn /h   + (x – xn)
(2)

 ˘
2
yn/( 2! h

2
) +   (x – xn)

(r)
 ˘

r
yn/(r! h

r
)  

                                                                                        +……    +   (x – xn)
(n)

 ˘
r
yn/(n! h

n
)  

               

      x- xn  

By substituting           = v , the above equation becomes   
                             h  
 

y(xn + vh) =  yn + v ˘ yn  + v (v+1) ˘
2
yn+ v (v+1)(v+2)  ˘

3
yn +……..    

     2!                       3!  

 

By substituting   v = v
(1)

,  

 v (v+1)  = v
(2)

, 

 v(v+1)(v+2) = v
(3)

, … in the above equation, we get  

 

Pn (x)= Pny(xn + vh) = yn + v
(1)

˘ yn + v
(2)

 ˘
2
yn + v

(3)
 ˘

3
yn +…+ v

(r)
 ˘

r
yn  +....  +v

(n)
∆

n
yn  

                 2!             3!                        r!                      n!  

The above equation is known as Gregory-Newton backward formula or Newton’s 

backward interpolation formula.  

 

Note :  1. This formula is applicable only when the  interval of difference  is uniform.  

 2. This formula apply backward differences of yn, hence this is used to interpolate 

the values of y nearer to the end of a set tabular values. ( i.e., x lies between xn to xn- 1 and   

xn-1 to xn-2)  
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 Example: Find the values of y at x = 28 from the following data.  
 

x:  

y  

 

20  

0.3420   

 

   23  

0.3907   

 

     26    

0.4384   

 

    29  

0.4848  
 

Solution.    
 

Step 1.Since x = 28 is nearer to beginning of the table. Hence we apply Newton’s 

backward formula.  
 
Step 2. Construct the difference table   
 

x  

 

y  

 

˘ yn  

 

˘
2
yn  

 

˘
3
yn  

 

20  

 

0.3420        (0.3420-0.3907)  

0.0487          (0.0477-0.0487)  

23  
 

26  
 

29  

0.3907   
 

0.4384   
 

0.4848  

 

0.0477   
 

0.0464  

-0.001  

 

-0.0013  

 

-0.0003  

 

Step 3. Write down the formula and put the various values :  

 

P3 (x)= P3y(xn + vh) = yn + v
(1)

˘ yn + v
(2)

 ˘
2
yn + v

(3)
 ˘

3
yn  

                 2!             3!                          

Where  v
(1)

  = (x – xn) / h = (28 – 29) / 3 = -0.3333  

v
(2)

= v(v+1) =( -0.333)(0.6666)  

v
(3)

= v(v+1) (v+2) =( -0.333)(0.6666)(1.6666)  

 

 Pn (x=28)= y(28) = 0.4848 + (-0.3333)( 0.0464)+ (-0.3333) (0.6666) ( -0.0013)/2  
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                                              +(-0.3333) (0.6666)(1.6666)  ( -0.0003)/6  

       = 0.4848 – 0.015465 +0.0001444 + 0.0000185  

 

                              = 0.4695 

 

Example: From the following table of half yearly premium for policies maturing at 

different ages, estimate the premium for policies maturing  at age  63.  
 

Age                 x:  

Premium      y:  
 

Solution.    

 

45  

114.84   

 

50  

96.16    

 

55  

83.32    

 

60  

74.48    

 

65  

68.48  

 

Step 1.Since x = 63 is nearer to beginning of the table and the values of x is equidistant 

i.e., h = 5.. Hence we apply Newton’s backward formula.  

Step 2. Construct the difference table   
 

x  
 

45  
 

50  
 

55  
 

60  
 

65  

 

y  
 

114.84   
 

96.16    
 

83.12    
 

74.48    
 

68.48  

 

˘ y0   
 
 

-18.68  
 

-12.84    
 

-8.84    
 

-6.00  

 

˘
2
y0    

 
 
 
 
5.84  
 

4.00  
 

2.84  

 

˘
3
y0  

 
 
 
 
 

-1.84  
                    -
1.16  

 

˘
4
y0 

 

 

 

 

 

 

0.68  

Step 3. Write down the formula and put the various values :  

P3 (x)= P3y(xn + vh)  = yn + v
(1)

˘ yn + v
(2)

 ˘
2
yn + v

(3)
 ˘

3
yn  + v

(4)
 ˘

4
yn  

                                2!             3!               4!         

Where               v
(1)

  = (x – xn) / h = (63 – 65) / 5 =  -2/5 = - 0.4  

v(2)   = v(v+1)               v(3)   = v(v+1) (v+2)     
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 =  ( -0.4)(1.6)   =  ( -0.4)(1.6) (2.6)  

 v(4)   = v(v+1) (v+2) ) (v+3)    =  ( -0.4)(1.6) (2.6)(3.6)  

 

 

P4 (x=63)= y(63) = 68.48   + [(-0.4) (-6.0)] +[(-0.4) (1.6) (2.84)/ 2]   

                                                 + [(-0.4) (1.6) (2.6)(-1.16)/6 ]  

 + [(-0.4) (1.6) (2.6)(3.6) (0.68)/24 ] 

 

      = 68.48 +2.40 - 0.3408 +0.07424 – 0.028288  

      =  70.5852  

Example: From the following table , find the value of  tan  49
0
 15’  

 

          x
0
:  

 

45      46               47  

 

          48             49              50  

 

tan     x
0
:  

 

Solution.    

 

1.0       1.03553       1.07237        1.11061     1.15037      1.19175  

 

Step 1.Since x = 49
o 

45’ is nearer to beginning of the table and the values of x is 

equidistant i.e., h =1.  Hence we apply Newton’s backward formula.  
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Step 2. Construct the difference table to find various ∆’s  
 

x  

 

   y  

 

˘ y0   

 

˘
2
y0    

 

˘
3
y0  

 

˘
4
y0 

 

˘
5
y0 

 

45
0 
     1.0000    

 

46      1.03553  
 

47
0
    1.07237  

 

48
0
     1.11061  

 

49
0
    1.15037  

 

50
0
    1.19175  

 
 

0.03553  
 

0.03684  
 

0.03824  
 

0.03976  
 

0.04138  

 
 
 
 
0.00131  
 

0.00140  
 

0.00152  
 

0.00162  

 
 
 
 
 

0.00009  
 

0.00012  
 

0.00010  

 
 
 
 
 
 

0.00003  

     -0.00005  

-0.00002  

 

Step 3. Write down the formula and substitute  the various values :  
 

P5 (x)= P5y(xn + vh) = yn + v
(1)

˘ yn + v
(2)

 ˘
2
yn + v

(3)
 ˘

3
yn  + v

(4)
 ˘

4
yn  + v

(5)
 ˘

5
yn  

                 2!             3!               4!                5! 

Where  v = (49
o 

45’  – 50
0
) / 1

0
 

                             = - 15’ / 1
0
 

                             = - 0.25  ……………(since 1
0
 = 60 ‘)  

v(2)   = v(v+1)                 

 

v(3)   = v(v+1) (v+2)     

 =  ( -0.25) )( 0.75)  

 =  ( -0.25) (0.75)(1.75)   
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 v(4)   = v(v+1) (v+2) ) (v+3)    =  (-0.25)( 0.75) (1.75) (2.75)  

y (x=49
o 
15’  )= P5 (49

o 
15’) =1.19175 + (-0.25)( 0.04138) + (-0.25)( 0.75) (0.00162)/2  

          +(-0.25) (0.75)(1.75) (0.0001)/6 

 

+(-0.25)( 0.75) (1.75) (2.75) (-0.0002)/24  

         +(-0.25)( 0.75) (1.75) (2.75) (3.75) (-0.00005)/120  

= 1.19175 -  0.010345  – 0.000151875 +0 .000005+ ….  

                       = 1.18126 

 

                 Lagrange’s Interpolation  Formula 

Interpolation means the process of computing intermediate values of a function a 

given set of tabular values of a function. Suppose the following table represents a set of 

values of x and y.  

 

x:               x0 

y:               y0 

 

 x1  

 y1  

 

 x2   

 y2   

 

x3  ………..    xn  

y3  ………..    yn  

 

We may require the value of y = yi for the given x = xi,where x lies between x0 to xn 

Let y = f(x) be a function taking the values y0, y1, y2, …  yn corresponding to the values   

x0,  x1, x2,   ………..    xn.  Now we are trying  to find  y = yi for the given x = xi  under 

assumption that the function f(x) is not known. In such cases, xi ‘s are not equally spaced 

we use Lagrange’s interpolation formula.  

           Newton’s Divided Difference Formula: 

             The divided difference , sometimes also denoted , on points  



 KARPAGAM ACADEMY OF HIGHER EDUCATION 
     

  CLASS: II B.Sc                                                                  NAME: MATHEATICS-II 

COURSE CODE: 18PHU404                  UNIT: V    BATCH-2018-2020 

 

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics, KAHE          Page 15/19 
 

         X0 , , ..., of a function is defined by and  

 

              for . The first few differences are  

    

            

 

              

  

Defining  

       and taking the derivative  

   gives the identity  

 

 

 Lagrange’s interpolation formula ( for unequal intervals)  

 

Let y = f(x) denote a function which takes the values y0, y1, y2 ………., yn corresponding 

to the values x0, x1, x2 ………., xn.  

 

Let suppose that the values of  x i.e., x0, x1, x2 ………., xn. are not equidistant .  

 yI  = f(xi)   I = 0,1,2, …. N  

http://mathworld.wolfram.com/Derivative.html
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Now, there are (n+1) paired values(xi,yi,), I = 0,1,2,   … n and hence f(x) can be 

represented by a polynomial function of degree n in x.  

 

Let us consider f(x) as follows 

 

f(x) =  a0(x – x1) (x – x2) (x – x3)… (x – xn)   

                       + a1 (x – x0)(x – x2) (x – x3) … (x – xn)   

                          + a2 (x – x0)(x – x3) (x – x4) … (x – xn)   

                               ………………………………………  

                                +an (x – x0)(x – x2) (x – x3) … (x – xn-1)   ……….(1)  

Substituting  x= x0, y=y0 , in the above equation 

y0  = a0(x – x1) (x – x2) (x – x3)… (x – xn)   

which implies     a0 = y0 /(x0 – x1) (x0– x2) (x0 – x3)… (x0 – xn)   

Similarly             a1= y1 /(x1 – x0) (x1 – x2) (x1 – x3)… (x1 – xn)  

    a2  = y2 /(x2 – x0) (x2 – x1) (x2 – x3)… (x2 – xn)  

   ………………………………………………  

    an  = yn (xn – x0)( xn – x2) (xn – x3) … (xn – xn-1)   

Putting these values in (1), we get    

(x – x1) (x – x2) (x – x3)… (x – xn)   

y = f(x)  =     y0 

                (x0 – x1) (x0– x2) (x0 – x3)… (x0 – xn)   

  (x – x0)(x – x2) (x – x3) … (x – xn)  

                  +             y1 

(x1 – x0) (x1 – x2) (x1 – x3)… (x1 – xn)  

  (x – x0)(x – x1) (x – x3) … (x – xn)  
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                  +               y2 

(x2 – x0) (x2 – x2) (x1 – x3)… (x1 – xn)  

        +  …………………………………….  

 (x – x0)(x – x2) (x – x3) … (x – xn-1)   

       +             yn 

(xn – x0)( xn – x2) (xn – x3) … (xn – xn-1)   

The above equation is called Lagrange’s interpolation formula for unequal intervals.  

Note :  1. This formula is  will be more useful when the  interval of difference  is not 

uniform.  
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POSSIBLE QUESTIONS 

 

1. Prove that 𝐸∆= ∆= 𝛻𝐸. 

2. Write Gregory Newton backward interpolation formulae. 

3. Define Inverse Lagrange’s interpolation 

4. Prove that  𝜇 = (1 +
𝛿2

4
)

1

2 

5. Prove that ∆𝛻 = ∆ − 𝛻 = 𝛿2. 

6. From the following table, find the value of tan 4515 

             x    :       45      46        47              48       49         50 

                  tan x     : 1.0000 1.0355     1.072        1.1106 1.1503      1.1917 

7.  Using inverse interpolation formula, find the value of x when y=13.5. 

x:      93.0        96.2       100.0         104.2      108.7 

 y:     11.38      12.80      14.70         17.07        19.91 

8. From the following table find f(x) and hence f(6) using Newton  interpolation formula. 

             x      :  1  2  7  8 

             f(x) :   1  5  5  4 

9. Find the values of y at X=21 and X=28 from the following data. 

                      X:      20     23          26        29 

                      Y:     0.3420    0.3907 0.4384   0.4848 

10. Using Newton’s divided difference formula. Find the values of f(2),f(8) and  

          f(15) given the following table 

    x:  4       5   7  10   11      13 

          f(x): 48 100 294 900 1210    2028 

11.  Using Lagrange’s interpolation formula find the value corresponding to x =  

         10 from   the following table     

          x : 5  6  9  11 

          y : 12  13  14  16 

 

12. From the following table of half-yearly premium for policies maturing at  

         different ages. Estimate the premium for policies maturing at age 46 & 63.  

 Age  x   :           45              50            55             60           65 

 Premium y  :       114.84     96.16       83.32       74.48       68.48 
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13.  Find the value of  y at x = 1.05 from the table given below. 

             x :    1.0 1.1         1.2      1.3          1.4   1.5 

             y :  0.841      0.891     0.932     0.964      0.985 1.015 

14. Using inverse interpolation formula, find the value of x when y=13.5. 

  x:     93.0        96.2     100.0         104.2    108.7 

                        y:    11.38        12.80       14.70         17.07       19.91 

15.   Find the age corresponding to the annuity value 13.6 given the table 

             Age(x)          :      30 35          40     45     50 

         Annuity Value(y):     15.9        14.9 14.1   13.3    12.5 
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Question Opt 1 Opt 2 Opt 3 Opt 4 Answer
The process of computing the value of the function 
inside the given range is called ________ Interpolation  extrapolation reduction expansion  Interpolation
If the point lies inside the domain [x_0, x_n], then the 
estimation of f(y) is called _________ Interpolation extrapolation reduction expansion  Interpolation
The process of computing the value of the function 
outside the given range is called ________ Interpolation extrapolation reduction expansion extrapolation 
If the point lies outside the domain [x_0, x_n], then the 
estimation of f(y) is called _________ Interpolation extrapolation reduction expansion extrapolation 
In the forward difference table y_0 is called 
___________ element. leading ending middle positive    leading 

In the forward difference table forward symbol ((y_0)), 
forward symbol(^2(y_0)) , ….. are called ___________ 
difference. leading ending middle positive    leading 
The difference of first forward difference is called 
________. divided difference      2nd forward difference          3rd forward difference  4th forward difference  2nd forward difference          

Gregory Newton forward interpolation formula is also 
called as Gregory Newton forward_____________ 
formula. Elimination iteration difference  distance   difference
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Gregory Newton backward interpolation formula is also 
called as Gregory Newton backward_____________ 
formula Elimination iteration difference  distance   difference
Gregory Newton backward interpolation formula is also 
called as Gregory Newton backward   _____________ 
formula . Elimination iteration difference  distance   difference
The divided differences are _________ in their 
arguments. constant  symmetrical varies  singular  symmetrical 
In Gregory Newton forward interpolation formula 1st 
two terms of this series give the result for the 
_________ interpolation. Ordinary linear ordinary differential parabolic central   Ordinary linear 
Gregory Newton forward interpolation formula 1st 
three terms of this series give the result for the   
_________ interpolation.  Ordinary linear ordinary differential parabolic central   parabolic 
Gregory Newton forward interpolation formula is 
mainly used for interpolating the values of y near  the 
_____________ of the set of tabular values.   beginning  end centre side beginning
Gregory Newton backward interpolation formula is 
mainly used for interpolating the values of y near the 
_______of the set of tabular values.  beginning  end centre side  end
From the definition of divided difference (u-u_0)/(x-
x_0) we have __________ =      (y,y_0)  (x,y) (x_0, y_0)            (x,x_0) (x_0, y_0)            

If f(x) =0, then the equation is called __________ Homogenous non-homogenousfirst order second order Homogenous
The order of y_(x+3) - 5 y_(x+2) + 7y_(x+1)+y_x= 
10x is 2 0 1 3 3
A function which satisfies the difference equation is a 
________of the difference equation. Solution general solution complementary solutionparticular solution Solution

The degree of the difference equation is ________ The highest powers of y’sThe difference between the arguments of yThe difference between the constantThe highest value of xThe highest powers of y’s

The degree of the difference equation is ________ 2 0 1 3 1
The order of y (x+3) -y (x+2) = 5x^2 is 3 2 1 0 1
The difference between the highest and lowest 
subscripts of y are called ______ of the difference  
equation degree order power value order 
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E-1= backward difference symbolforward symbol µ δ forward symbol
Which of the following is the central difference 
operator? backward difference symbolforward symbol µ δ δ
1+(forward symbol)= backward difference symbolE µ δ E
µ is called the ______ operator Central average backward displacement average
The other name of shifting operator is  ______ 
operator Central average backward displacement displacement
The difference of constant functions 
are___________ 0 1 2 3 0
The nth order divided difference of x_n will be a 
polynomial of degree ________. 0 1 2 3 2
The operator forward symbol is __________ homogenous heterogeneous linear a variable     linear
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PART – A (20 X 1 = 20 MARKS) 

ANSWER ALL THE QUESTIONS 

 

1. The differential equation ( ) 50  ,322 2 =+=+ yxyx
dx

dy
 is---- 

    a) linear   b) nonlinear 

    c) quadratic   d) linear and nonlinear 

2. A differential equation is considered to be ordinary if it has   

    -------------- dependent variable. 

   a) one  b) two  c) zero  d) three 

3. The order of the differential equation 
𝑑3𝑦

𝑑𝑥3 + (
𝑑𝑦

𝑑𝑥
)

2

+ 𝑦 = 0   

    is -----------      

   a)2  b)1  c)3  d)0 

4.Complementry function of (𝐷2 − 1)𝑦 = 0 𝑖𝑠 -----------                             

    a)𝐴𝑒𝑥 + 𝐵𝑒−𝑥  b)𝐴𝑒𝑥 − 𝐵𝑒−𝑥 

    c)−𝐴𝑒𝑥 + 𝐵𝑒−𝑥  d)−𝐴𝑒𝑥 − 𝐵𝑒−𝑥 

5. The value of 
𝑑

𝑑𝑥
(𝑎𝑥) is--------------      

   a)𝑎𝑥𝑙𝑜𝑔𝑎  b𝑎𝑥  c)𝑙𝑜𝑔𝑎  d)0 

 

6. The ordinary differential equation all powers are one then its 

     is called the -------------equation.      

    a) linear b) nonlinear c) quadratic  d) cubic 

7. Which of the following differential equation is called  

     homogeneous differential equation ---------- 

a) 
𝑑3𝑦

𝑑𝑥3
= 0    b) (

𝑑𝑦

𝑑𝑥
)

2

− 1 = 0     

c) 
𝑑3𝑦

𝑑𝑥3
+ 5 = 0   d) (

𝑑𝑦

𝑑𝑥
)

2

+ 𝑦 = 7  

8.  The degree of the equation (
𝑑3𝑦

𝑑𝑥3
)

2

+ (
𝑑𝑦

𝑑𝑥
)

3

+ 𝑦 = 0   

     is -------------------- 

     a)1  b) 2  c)3    d)0 

9. Particular integral of the equation (𝐷4 + 1)𝑦 = 0------------- 

     a) 0    b) 𝑠𝑖𝑛ℎ𝑥 c)2𝑐𝑜𝑠𝑥 d)2 sin2 𝑥 

10. The value of 
𝑑

𝑑𝑥
(𝑎𝑥 + 𝑏)-------------- 

      a)𝑎     b)𝑏   c)𝑎𝑥      d)𝑎𝑥2 + 𝑏 

11.Linear differential equations in which there are two or more 

     dependent variable and a single independent variable. Such 

     equations are called  ----------------linear equations. 

     a) quadratic     b) cubic   

     c) simultaneous       d) biquadratic 

12.  Highest power of order of the differential equation is  

       called--------- 

       a)degree b)order  c)polynomial d)solution 

13. The name of the function 𝑦 = 𝑠𝑖𝑛𝑥 is called the 

      --------------- 

      a)logarithmic  b)polynomial  

      c)exponential   d)trigonometric 



14. What is the expansion of (1 + 𝑥)−1 --------- 

     a)1 + 𝑥2 + 𝑥3 + ⋯   b)1 + 𝑥 + 𝑥2 + 𝑥3 + ⋯     

     c) 1 − 𝑥 + 𝑥2 − 𝑥3 + ⋯ d)1 + 𝑥3 + ⋯  

15. The Auxiliary equation of this equation  
𝑑2𝑦

𝑑𝑥2
− 4𝑦 = 0  

     is------------- 

       a)𝑚 + 1 b)𝑚4 − 1 = 0 c)𝑚4 + 4 = 0 d)𝑚4 − 4 = 0 

16. The total solution of ordinary differential equation is called 

       -------------           

       a)y=CF-PI   b)y=PI-CF 

       c)y=CF+PI   d)y=CF×PI 

17. The number of initial conditions for the differential 

       equation  
𝑑3𝑦

𝑑𝑥3 + 𝑦 = 0-------------- 

       a)3  b)2   c)1    d)0 

18. If the differential equation there is one dependent variable 

       and a one independent variable then system is called------       

       differential equation.                   

       a)ordinary  b)partial c)laplace     d)logarithmic 

19. Which of the following is the Clairaut’s equation form------ 

      a)y=px+c    b)y=px    c) 𝑦 = 𝑐       d)𝑦 = 𝑝2𝑐  

20. The C.F value of 𝑥2 𝑑2𝑦

𝑑𝑥^
+ 𝑥

𝑑𝑦

𝑑𝑥
= 0 is ---------- 

     a)A(logx)+B  b)Alogx    c)Blogx d) A+B 

 

 

 

 

 

 

PART-B (3X2=6 Marks) 

ANSWER ALL THE QUESTIONS 

21. Solve the equation 𝑥𝑝 − 𝑦 + 𝑥
3

2 = 0. 

22. Eliminate y from the system of equation 

      
𝑑𝑥

𝑑𝑡
+ 2𝑦 = −𝑠𝑖𝑛𝑡,    

𝑑𝑦

𝑑𝑡
− 2𝑥 = 𝑐𝑜𝑠𝑡. 

23. Find complementary function of (𝐷3 − 1)𝑦 = 𝑥𝑠𝑖𝑛𝑥.  

 

PART-C (3X8=24 Marks) 

ANSWER ALL THE QUESTIONS 

24. a) Solve 𝑥𝑦𝑝3 + (𝑥2 − 2𝑦2)𝑝2 − 2𝑥𝑦𝑝 = 0 by using p  

          solvable method. 

(OR) 

      b) Solve  𝑥𝑝2 − 2𝑦𝑝 + 𝑎𝑥 = 0 by using y solvable method. 

25. a) Solve the simultaneous differential equations  

           
𝑑𝑥

𝑑𝑡
+ 2𝑥 + 3𝑦 = 2𝑒2𝑡 𝑎𝑛𝑑 

𝑑𝑦

𝑑𝑡
+ 3𝑥 + 2𝑦 = 0 

(OR) 

      b) Solve 
𝑑𝑥

𝑑𝑡
+ 2𝑦 = 5𝑒𝑡,

𝑑𝑦

𝑑𝑡
− 2𝑦 = 5𝑒𝑡given that x=-1 and 

           y=3 at t=0. 

26. a) Solve (𝐷2 − 2𝐷 + 5)𝑦 = 𝑒2𝑥𝑠𝑖𝑛𝑥. 

(OR) 

       b) Solve (𝐷2 − 2𝐷 + 2)𝑦 = 𝑒𝑥𝑥2 + 5 + 𝑒−2𝑥. 



Reg.No----------------- 

 (18PHU404) 

KARPAGAM ACADEMY OF HIGHER EDUCATION 

Coimbatore-21 

DEPARTMENT OF MATHEMATICS 

Fourth Semester 

II Internal Test - Feb'2020 

Mathematics-II 

Date: 04.02.2020(AN)          Time: 2 Hours     

Class: II B.Sc.Physics                         Maximum:50 Marks 

 

PART – A (20 X 1 = 20 MARKS) 

ANSWER ALL THE QUESTIONS 

 

1. An equation involving one or more dependent variables with respect to  

one or more independent variables is called……………………... 

a) differential equations     b) intergral equation  

     c) Eulers equation      d) Laplace equation 

2. A solution which contains as many arbitrary constants as the order 

    of the differential equation is called a ………………...solution of 

     the differential equation. 

    a) general b) singular  c) particular   d) zero 

3. The general solution of ……………………equation is called the  

     complementary function of equation. 

      a) non homogeneous   b) singular 

      c) homogeneous    d) non singular 

4.Complementry function of 𝑥2 𝑑2𝑥

𝑑𝑥2
+ 𝑥

𝑑𝑦

𝑑𝑥
= 0 𝑖𝑠 -----------                             

    a)𝐴(𝑙𝑜𝑔𝑥) + 𝐵  b)𝐴𝑒𝑥 − 𝐵𝑒−𝑥 

    c)𝐴 𝑐𝑜𝑠𝑥 + 𝐵𝑠𝑖𝑛𝑥  d)𝐴𝑒𝑥 − 𝐵𝑒−𝑥 

5. The value of 
𝑑

𝑑𝑥
(𝑐𝑜𝑡𝑥) is--------------      

   a)𝑐𝑜𝑠𝑒𝑐2𝑥  b)𝑐𝑜𝑡𝑥  c)𝑙𝑜𝑔𝑥  d)secx 

 

6.A partial differential equation is the equation involving partial  

    derivatives of one or more dependent variables with respect to ---- 

     --------- independent variable. 

    a) one most one   b) atleast one c) more than one  d) two 

7. Linear ordinary differential equations are further classified  

    according to the nature of the coefficients of the ------------------  

    variables and its derivatives 

     a) single b) dependent c) independent  d) constant 

8. The order of ------------------ derivatives involved in the 

    differential equations is called order of the differential equation 

     a) Zero  b) lowest c) highest  d) infinite 

9. The equation f(x, y, z, a, b) = 0 containing two arbitrary  

     parameters is called --------------- of an equation. 

    a) linear b) non linear c) patial     d) complete solution 

10. The relation g(x,y)=0 is called the ……………….…solution of 

       F[𝑥, 𝑦, (
𝑑𝑦

𝑑𝑥
) … … … . . (

𝑑𝑦

𝑑𝑥
)

𝑛

] = 0  

     a) constant b) implicit c) explicit  d) general 

11. F(x, y, u, uxx, uyy) = 0 is ------------------ order PDE. 

     a) first b) second c) third   d) fourth 

12.Let f be a real function defined for all x in a real interval I and  

      having …………..order derivatives then the function f is called 

      explicit solution of the differential equations. 

    a)1 st  b)2nd  c)nth  d)n+1th 

 

13. Any linear combination of solutions of the homogeneous   

       linear differential equation is also a -------------------- of  

       homogeneous equation. 

     a) value  b) separable c) solution d) exact 



14. What is the expansion of (1 − 𝑥)−1 --------- 

     a)1 + 𝑥2 + 𝑥3 + ⋯   b)1 + 𝑥 + 𝑥2 + 𝑥3 + ⋯     

     c) 1 − 𝑥 + 𝑥2 − 𝑥3 + ⋯ d)1 + 𝑥3 + ⋯  

15. How many arbitrary constant in the equation 

      𝑧 = 𝑎𝑥 + 𝑏𝑦 + 𝑎2 + 𝑏2  is------------- 

       a)0  b)1   c)2  d)3 

16. An equation involving one or more dependent variables with  

      respect to one or more………..variables is called differential  

      equations 

      a)dependent  b)independent c)single     d)different 

17. The number of initial conditions for the differential 

       equation  
𝑑𝑦

𝑑𝑥
+ 𝑦 = 0-------------- 

       a)3  b)2   c)1    d)0 

18. If the differential equation there is one dependent variable 

       and a one independent variable then system is called------       

       differential equation.                   

       a)ordinary  b)partial c)laplace     d)logarithmic 

19. Particular integral value of 𝑥2 𝑑2𝑥

𝑑𝑥2 + 𝑥
𝑑𝑦

𝑑𝑥
= 0----- 

      a)0    b)1     c) 2       d)3 

20.If  z will be taken as a dependent variable which depends on 

      two independent variable x,y so that z=f(x,y) then value of   

       p=---------- 

      a)
𝜕𝑧

𝜕𝑥
  b) 

𝜕𝑧

𝜕𝑦
     c) 

𝜕2𝑧

𝜕𝑥𝜕𝑦
  d) 

𝜕2𝑧

𝜕𝑦2 

PART-B (3X2=6 Marks) 

ANSWER ALL THE QUESTIONS 

21. Solve (𝑥2𝐷2 + 4𝑥𝐷 + 2)𝑦 = 0 

22 . Solve  1p q+ =  

23. Solve 
𝑑𝑥

𝑥2
=

𝑑𝑦

𝑦2
=

𝑑𝑧

𝑧2
.  

PART-C (3X8=24 Marks) 

ANSWER ALL THE QUESTIONS 

24. a) Solve
2 '' '4 2 logx y xy y x x+ + = ..(OR) 

      b) Solve (𝑥2𝐷2 − 𝑥𝐷 + 1)𝑦 = (
𝑙𝑜𝑔𝑥

𝑥
)

2
 

25. a) Solve 
𝑑𝑥

𝑥𝑦
=

𝑑𝑦

𝑦2 =
𝑑𝑧

𝑥𝑦𝑧−2𝑥2. (OR) 

      b) Solve
𝑎𝑑𝑥

(𝑏−𝑐)𝑦𝑧
=

𝑏𝑑𝑦

(𝑐−𝑎)𝑧𝑥
=

𝑐𝑑𝑧

(𝑎−𝑏)𝑥𝑦
. 

26. a) From the PDE by eliminating arbitrary functions from 

            
2 2( ) ( )z x f y y g x= + .(OR) 

       b) Eliminate the arbitrary constants a& b from 

           𝑧 = (𝑥2 + 𝑎)(𝑦2 + 𝑏) 
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