MATHEMATICS-II SYLLABUS/2018-Batch

Y OF Hy
s

i 2 KARPAGAM ACADEMY OF HIGHER EDUCATION
§ g (Deemed to be University Established Under Section 3 of UGC Act 1956)
_— Pollachi Main Road, Eachanari (Po),

Coimbatore —641 021
DEPARTMENT OF MATHEMATICS

Semester-1V
18PHU404 Mathematics-11 4H -4C

Instruction Hours / week: L: 4 T: 0 P: 0 Marks: Internal: 40 External; 60 Total:; 100
End Semester Exam: 3 Hours

Course Objectives
This course enables the students to

e Solve Ordinary and Partial differential Equations.
e Gain the knowledge of evaluating the Laplace and inverse Laplace transforms.

Course Outcomes (COs)
On successful completion of this course, the students will be able to
e Solve various types of ordinary differential equations.

e Form partial differential equations and also solve the first order partial differential
equations.

e Solve the Laplace and inverse Laplace transforms.
UNIT I

Ordinary Differential Equations: Equations of First Order and of Degree Higher than one
— Solvable for p, x, y — Clairaut’s Equation — Simultaneous Differential Equations with constant

coefficients of the form i) f;D(x) + g:D(¥) = ¢4 (t) ii) LD(x) + g, D(y) = ¢, (t),
where f;, g1,f, and g, are rational functions D = % with constant coefficients ¢, and ¢,

explicit functions of t.

UNIT 11

Finding the solution of Second and Higher Order with constant coefficients with Right
Hand Side is of the form V e®** , where V is a function of x — Euler’s Homogeneous Linear
Differential Equations — System of simultaneous linear differential equations with constant
coefficients.

UNIT IIT
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Partial Differential Equations: Formation of Partial Differential Equation by eliminating
arbitrary constants and arbitrary functions — Solutions of Partial Differential Equations by direct
integration — Solution of standard types of first order partial differential equations.

UNIT IV

Laplace Transforms: Definition — Laplace Transforms of standard functions — Linearity

property — First Shifting Theorem — Transform of # (t),@, @), f ().

UNIT V

Inverse Laplace Transforms — Applications to solutions of First Order and Second Order
Differential Equations with constant coefficients.

SUGGESTED READINGS

1. Treatment as in Kandasamy. P, Thilagavathi. K “Mathematics for B.Sc — Branch — I Volume
117, S. Chand and Company Ltd, New Delhi, 2004.

2. S. Narayanan and T.K. Manickavasagam Pillai, Calculus, S. Viswanathan (Printers and
Publishers) Pvt. Ltd, Chennai 1991

3. N.P. Bali, Differential Equations, Laxmi Publication Ltd, New Delhi, 2004

4. Dr.J. K. Goyal and K.P. Gupta, Laplace and Fourier Transforms, Pragali Prakashan
Publishers, Meerut, 2000
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LECTURE PLAN
DEPARTMENT OF MATHEMATICS
Kuppusamy

Subject Name: Mathematics-11 Sub.Code:18PHU404
Semester: IV Class: 11 B. Sc. Mathematics
Lecture .
S.No | Duration Topics to be Covered Support Material/
. Page Nos
Period
UNIT-I

1 1 Equations of First Order and of Degree Higher than | S1:Chapter-1,
one — Solvable for p. Pg.No: 1-16

5 1 Problems on Equations of First Order and of Degree S1:Chapter-1,
Higher than one — Solvable for x. Pg.No : 1-16

3 1 Problems on Equations of First Order and of Degree | S1:Chapter-1,
Higher than one — Solvable fory . Pg.No: 1-16

L ) S1:Chapter-1,

4 1 Clairaut’s Equation problems. Pg.No : 17-28

) . . , . S1:Chapter-1,

5 1 Continuation onClairaut’s Equation problems. Pg.No : 17-28
Simultaneous Differential Equations with constant | S1:Chapter-1,
coefficients of the form i)f;D(x) + g.D(y) = ¢,(t) | Pg.No:28-41

6 1 where fi,91,f, and g, are rational functions D =
%With constant coefficients ¢, and ¢, explicit
functions of t.

Simultaneous Differential Equations with constant | S1:Chapter-1,
coefficients of the form i) f,D(x)+ g,D(y) = | Pg.No: 28-41
¢)2 (t),

7 1 where f;,91,f; and g, are rational functions D =
%with constant coefficients ¢; and ¢, explicit
functions of t.

8 1 Recapitulation and discussion of possible questions

Total No. of Lecture hours planned-8Hours
UNIT-II
Finding the solution of Second and Higher Order with | S3:Chapter-3,

1 1 constant coefficients with Right Hand Side is of the | Pg.No : 222-235
form V e?*, where V is a function of x
Continuation onFinding the solution of Second and S3:Chapter-3,

2 1 Higher Order with constant coefficients with Right Pg.No : 222-235
Hand Side is of the form V e**, where V is a function
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of x

S3:Chapter-5,

3 1 Euler’s Homogeneous Linear Differential Equations Pg.No : 286-313
4 1 Continuation onEuler’s Homogeneous Linear S3:Chapter-5,
Differential Equations Pg.No : 286-313
5 1 Continuation onEuler’s Homogeneous Linear S3:Chapter-5,
Differential Equations Pg.No : 286-313
6 1 Problems on System of simultaneous linear | S3:Chapter-9,
differential equations with constant coefficients. Pg.No : 417-428
- 1 Problems on System of simultaneous linear | S3:Chapter-9,
differential equations with constant coefficients. Pg.No : 417-428
8 1 Recapitulation and discussion of possible questions

Total No. of Lectur

e hours planned-8 Hours

UNIT-II

Formation of Partial Differential Equation by

S1: Chapter 5,

! ! eliminating arbitrary constants and arbitrary functions. | Pg.No :117-126
Continuation on Formation of Partial Differential S1: Chapter 5,
2 1 Equation by eliminating arbitrary constants and Pg.No :117-126
arbitrary functions.
3 1 Solutions of Partial Differential Equations by direct S2 : Chapter 8,
integration Pg.No :179-185
4 1 Continuation onSolutions of Partial Differential S2 : Chapter 8,
Equations by direct integration Pg.No :179-185
5 1 Solution of standard types of first order partial S1: Chapter 5,
differential equations. Pg.No :133-150
5 1 Continuation onSolution of standard types of first S1: Chapter 5,
order partial differential equations. Pg.No :133-150
; 1 Continuation on Solution of standard types of first S1: Chapter 5,
order partial differential equations. Pg.No :133-150
8 1 Recapitulation and discussion of possible questions

Total No. of Lectur

e hours planned-8 Hours

UNIT-1V

. N S4 : Chapter 1,
1 1 Laplace Transforms: Definition and Problems Pg.No : 9-10
9 1 Problems on Laplace Transforms of standard S4 : Chapter 1,
functions Pg.No : 9-10
L S4 : Chapter 1,
3 1 Linearity property Pg.No: 10-11
i ifti S4 : Chapter 1,
4 1 First Shifting Theorem Pg.No : 11-12
ft) oy e S4 : Chapter 1,
5 1 Transform of tf (t)T f(t), f'(t) Problems Pg.No: 12-23
5 1 Inverse Laplace Transforms: Definitions and S4 : Chapter 1,
Problems Pg.No: 99-110
Applications to solutions of First Order and Second S4 : Chapter 1,
7 1 Order Differential Equations with constant Pg.No: 114-140
coefficients.
8 1 Recapitulation and discussion of possible questions

Total No. of Lecture hours planned-8 Hours
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Lesson Plan | ;...

UNIT-V
. . . S5 : Chapter 6,
1 1 Interpolation with unequal intervals problems Pg.No :94-96
, . ) S5 : Chapter 6,
2 1 Lagrange’s interpolation problems Pg.No :96-112
3 1 Newton’s divided difference interpolation problems S5 Chapter 6,

Pg.No :113-116

S5 : Chapter 6,

4 1 Newton’s forward and backward difference problems Pg.No :116-125
5 1 Recapitulation and discussion of possible questions
6 1 Discussion of previous year ESE question papers
7 1 Discussion of previous year ESE question papers
8 1 Discussion of previous year ESE question papers
Total No. of Lecture hours planned-8 Hours

Total Planned Hours 40

SUGGESTED READINGS
1. Treatment as in Kandasamy. P, Thilagavathi. K “Mathematics for B.Sc — Branch — |

Volume III”, S. Chand and Company Ltd, New Delhi, 2004.

2. S. Narayanan and T.K. Manickavasagam Pillai, Calculus, S. Viswanathan (Printers and
Publishers) Pvt. Ltd, Chennai 1991

3. N.P. Bali, Differential Equations, Laxmi Publication Ltd, New Delhi, 2004

4. Dr.J. K. Goyal and K.P. Gupta, Laplace and Fourier Transforms, PragaliPrakashan
Publishers, Meerut, 2000.

5. Sankara Rao K.,Numerical Methods for scientists and Engineers,Prentice Hall of India
Private,3"Edition ,New Delhi,2007.

Signature student Representative Signature of the Course Faculty

Signature of the Class Tutor Signature of Coordinator

Head of the Department
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: I BATCH-2018-2021

Ordinary Differential Equations: Equations of First Order and of Degree Higher than one
— Solvable for p, X, y — Clairaut’s Equation — Simultaneous Differential Equations with constant

coefficients of the form i) f,D(x) + g:D(y) = ¢1(¢t) i) LD(x) + g, D(y) = ¢,(t),
where fi, g1.,f, and g, are rational functions D = % with constant coefficients ¢; and ¢,
explicit functions of t.
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CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: I BATCH-2018-2021
DEFINITION:

Differential equations which involve only one independent variable are called Ordinary
Differential Equations.

1.1 HIGHER ORDER LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS.

1.1(a) General form of a linear differential equation of the nth order with constant coefficients is

Where kq, k,, ..., k,, are constants. Such equations are most important in the study of
electro —mechanical vibrations and other engineering problems.

1.1(b). General form of the linear differential equation of second order is
a2y, pdy — 2 _ P d
dx2+de+Qy—ROr Dy+PDy+Qy—RWhereD—dx
Where P and Q are constants and R is a function of x or Constants.
Complete Solution = Complementary Function + Particular Integral

To Find the Complementary Functions:

S.No. Roots of Auxillary Equation Complementary Functions
1 Roots are Real and Different y = Ae™* + Be™2¥
my,m, (my #m,)
2 Roots are real and equal y = (Ax + B)e™ Or y = (A+ Bx)e™
m; = m, = m(say)
3 Roots are imaginary a * if8 y = e**(AcosPBx + B sinfix)
To Find the Particular Integral:P.I = T;)X
S.No X P.1
1. e =1 jax _ pax_1_ = r =
P.1 ) e D) D=aD =b
2. x" P.I:%x" , Expand [f(D)]~! and then operate.
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CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: I BATCH-2018-2021

3.

Sinax or Cosax P.I= —~ Sinax or Cosax
f(D)

e™p(x) P.I= f(Dl+a) e@(x) Replace D? by — a?

Result:

1.
2.

ﬁ(p(x) = e™ [e ¥ p(x)dx
L(p(x) = e ™ [e™p(x)dx

D+a

1.1.1 Problems based on R.H.S of the given differential equation is Zero.

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE

Solve (D? + 1)y = 0given y(0) =0 and y'(0) =1  [AU, April 1996]
Solution:
Given (D2 + 1)y =0
Aucxillary Equationis m? +1 =0
m? = +i
y(x) = Acosx + Bsinx
y(0) = Acos0 + Bsin0
y'(0)=B=1
A=0,B=1
y'(x) = —A Sinx + B Cosx
i.e.,y = (0) (cosx) + sinx
y = sinx
Solve %— 3%+3%—y= 0
Solution:
(D3 —-3D2+3D—1)y =0
The Auxillary Equation is m3 —3m? +3m—-1=0
(m-12%=0
m = 1,11
Hence the Solution is y = e*(4 + Bx + Cx?)

3 2
Solve 2 - 652 +112 -6y =0
Solution:
3 2
Given =2 - 652 +112 -6y =0
(D®—-6D?2+11D—6)y =0
The Auxillary Equation ism3 —6m? + 11— 6 =0
fm=1,1-6+11—-6 =0
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CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: I BATCH-2018-2021

m = 1lisaroot
m—-1)(m—-2)(m—-3)=0

m = 1,2,3
Hence the Solution is y = Ae* + Be** + Ce3*

1.1.2 Problems based on P.I = %e“’f ——> Replace D by a

1. Solve (4D? —4D + 1)y =4 [AU, March 1996]
Solution:
Given (4D?>+4D+ 1)y =4
4m? —4m+1=0
4m? —-2m—-2m+1=0
2m(2m—-1)—-12m—-1) =0

2m—1)2=0
m=1/2,1/2
Complementary function = (Ax + B) e/?*
. _ 1 0x
Particular Integral = o, W de
- fer
1
=4
Y=CF+P.

y = (Ax+ B)eV/?* + 4

2. Solve 42+ 4% 1 5y = 2 coshx [AU, April 2002]
Solution:

Given (D? + 4D + 5)y = —2coshx
The Aucxillary Equations is m? + 4m + 5 = 0

_ —4+V16-20

_ —412?

2
m=-2+1i

Complimentary Function = e"2*[Acosx + B sinx]

Particular Integral

Pl=—1 (—2 coshx)

T D2+4D+5
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CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: | BATCH-2018-2021
-2 [e*+e™*]

T D2+4D+5 2

— -1 X -X
T D2+4D+5 le* +e77]

-1 . -1 —x

= e + e
D2+4D+5 D2+4D+5
1 x 1

Y= Complementary Function + Particular value
Y= e ?*[Acosx + B sinx] + lex _ % e *

10
3. Solve (D? -1)y =sinh x.
Solution:

—X

e¥—e

The given ODE is (D? —1)y =sinh x= —-----(1)

The AEof (1)ism*-1=0=>m’ =1=>m=+1

.. C.F = Ae*x+Be™

PI= 21 ¢ 8
DZ_1| 2

1
D*-1

N| -

1
e* — e ™ [{replace D by a
o7 1 j{ p y a}

_1 e* — e | (orfinl&Ilterms)
2 -1

xiex —xiexj {replace D by a}
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CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: I BATCH-2018-2021

. The general solutionis y =C.F + P.I = Ae*x+ Be™ +§coshx.

=1 g 1 2 py —a?
1.1.3 Problems based on P.I = 7(pySinax or —-cosax . Replace D* by —a

1. Find the Particular Integral of (D? + 4)y = cos 2x [AU, May 2001]

Solution:
Given (D% + 4)y = cos 2x

P.l =

T D2+4

COS 2x

1
—4+4

cos 2x Replace D? by - (2)? [ Ordinary Rule fail]

1
= x—cos2x
2D

1
=2 cos2x
2D

= gf cos2x dx

_x (sian)
2 2

X .
P.l = " sin2x

2. Find the particular integral of (D? + 1)y = sinx sin2x

Solution: [AU, May 1997]
Given (D? + 1)y = sinx sin2x
1
=9 [cos3x — cosx]
= —2cos3x += cosx
2 2

P.l=—t

T D241

1 1
[——cosBx] + [— cosx]
2 D2+1 12

1 1 1
= ——[—] cos3x + —
2 +1 2 —1+1

cosx [Ordinary Rule Fail]

1 1 1
—coS3x + —x —cosx
16 2 2D

1 X
— cos3x + = [ cosx dx
16 4
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CLASS: Il B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: | BATCH-2018-2021
P.l= lcosBx + Zsinx
16 4

3. Solve (D? +16)y = cos® x .(AU Dec 2010)
Solution:

The AEof (1)is m* +16 =0 = m? =-16 = m = +4i

. C.F =e”[Acos4x + Bsin 4x] = Acos4x + Bsin 4x

1

P.l=— 1(cos3x+3cosx)
D°+16( 4

NP
1

1 3] 1
—5——— |C0S3X +—| —; COSX
| D°+16 4/ D° +16

1
NpPF

ﬁ}cosBx +%{ 121+16}cosx { Replace D* by —a’}

1|1 311
=—| —|c0oS3X +—| — |coSX
4{7} 4[15}

1 1
=—C0S3X +—CO0SX
28 20

*. The general solution is

y =C.F + P.I = Acos4x+ Bsin 4x +ic053x +icosx.

1.1.4 Problems based on R.H.S = e** + sinax (or) e** + cosax

1. Solve (D? —4D + 4)y = e?* + cos 2x
Solution:
Given (D? — 4D + 4)y = e** + cos 2x

The Auxillary Equation is m? —4m + 4 =0
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(m—-2)2=0
m=22

Complementary Function = (Ax + B)e**

. 1 1
Particular Integral = e + cos 2x
D2—-4D+4 D2—-4D+4
1 1
= e?* +——— cos2x
4—-8+4 —22-4D+4

1 1
=-e?* +— cos2x
0 —4D

1 1
=Xx——e?* — — cos 2x

2D—4 4D
1 11
=x=-e?¥ —= [— cost]
0 4 LD
1 1 [sin2x
= y2lp2x 1 [_]
2 4 2

1 sin2x
= x2Llp2x _ [ ]

2 8

Y=C.F+P.l

sin2x ]

Y= (Ax+B)e2x+x2%e2x— [ .

2. Solve(D*-3D +2)y = 2cos(2x + 3) + 2e*. (Jan. 2005, Nov/ Dec.2009

Solution:
The given ODE is (D? —3D +2)y = 2cos(2x + 3) + 2e*-----(1)

The AEof (1)is m?=3m+2=0

(m=-Y(m-2)=0
m=1lm=2

C.F= Ae* + Be?.

P.1=2 e*=2P.l, +2P.I,

COS@2x+3)+2

1 1
f(D) f(D)
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NowP.l; =

cos(2x+3)=
D?-3D+2

2; cos(2x+3)
2°-3D+2

1 (3D-2)
=———C0S(2X+3)=— ————cos(2x+3
—(3D+2) (3D)% - 22 ( )
(3D-2) (3D-2)
———2~cos(2X+3)=——=cos(2x+3
9D? — 27 ( ) 0 ( )

_ [-6sin(2x+3)—2cos@x+3)] _ [3sin(2x + 3) + cos(2x +3)]
B 40 - 20

Pl,=— ! e*= L e* (Ordinary rule fails)
D“-3D+2 1-3+2

=X T X = _yeX
2D-3

S Pl =2P+2P.1,=— [3sin(2x + 3)1-(; cos@2x+3)]

—2xe*

The general solution of (1) is y(x) =C.F+P.1

— AeX 4 B2 — [3S|n(2x+3)1-5 cos(2x +3)]

—2xe*.

| 115 ProblemsbasedonRH.S=x |

The following formulae are important.
L+X) " =1-x+xX*=x*+..., =X =1+ x+ X2+ +...,

(1-%X)? =1+ 2X+3x* +4X> +..., (L+X)? =1-2x+3x* —4x> +...,

2
1. Solve & Z—5ﬂ+6y= X*+3
dx dx

2
Solution: Given 2 Z—5ﬂ+6y=x2+3
dx dx
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CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: I BATCH-2018-2021

ie, (D2 =5D+6)y=x%+3
Auxillary Equationis m? —5m+6 =0
(m-2)(m-3)=0
m=2 m=3

Complimentary function is Ae** + Be*

Particular Integral = 2;(x2 +3)
D°-5D+6

1

= 2
6{1+D _5D}
6

_1 1_[D2_5Dj+[D2_5DJ —....,}(x2+3)
6 6 6

1 D> 5D D* 25D° 10D°
—1l-—t—+—+
6 6 6 36 36 36

_§+w+0+25_(2)}

(x* +3)

—...,}(x2+3)

6 36
(x2+3)—l+%+0+§
3 3 18

[18x” +30x+73]
The Complete Solutionisy = C.F + P.1
y = Ae® + Be™ +i[18x2 +30x+73] .
108

2. Find the Particular Integral of (D? — 1)y = x
Solution:
Given (D* - 1)y =x
Auxillary Equation m?2 -1 =0
m?=1
m =+1
Complementary function is Ae™ + Be”

Particular Integral =

1X
D?-1
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CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: | BATCH-2018-2021

= __lx

1-D?

= -1(1-D?*) *x

= —[1+ D? +(D?)? +....]x

= —[x+0+0+...]

= —X

The Complete Solution is y=Ae ™ +Be* —x

1.1.6 Problems based on R.H.S = e*x _Particular Integral = Leaxx=ea" !

—X
f(D) f(D+a)

1. Solve: (D*+4D+3)y =€ *sinx + xe*
Solution:
Given (D*+4D+3)y =e*sin x+ xe*

AE is m*+4m+3=0
(m+)(m+3)=0
m=-1m=-3

C.F=Ae*+Be™

e *sin x

Pl=__ ~
' D?+4D+3

= e 1 sin x
(D-1)*+4(D-1)+3

1
S
D?-2D+1+4D—-4+3

_ —X

inx

=e” 21 sin x
D°+2D

—n X

= sin X
-1+2D

Take Conjugate we get,
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CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: I BATCH-2018-2021

e5 (2D +1)sinx

e*X
P.I, =

(2cos x+sinx)

P.Izzzéxe3X
D°+4D+3
eSx 1

X
(D+3)°+4(D+3)+3

1
3x X
D?+6D+9+4D+12+3
3X l
D? +10D + 24

e 1

X
2
24{D +10D+1}

24 24

e3X B 5 D2 -1
=—|1+—D+—| X
24 12 24

11
N | @
N
|
[
N|U"
O
+
N
NS
-~
[
>

—X 3x
y=Ae"‘+Be‘3X—e—(2cosx+sinx)+e x—i
5 24 12
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CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
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2. Solve (D?-2D+2)y =e*x? +5+e 2
Solution:
Given (D*-2D+2)y =¢'x*+5+e™
AEis m*-2m+2=0
m=1xi

C.F =e*(Acos x+Bsinx)

P.Ilzzéexx2
D°-2D+2
— AX 1 2
=e > X
(D+D)°-2(D+1)+2
— AX 1 2
=& — X
D°+2D+1-2D-2+2
= ex 21 X2
D +1
= eX(D*+1) X
= e*(1-D%+..)x?
P.l, = e*(x*-2)
P.|2=2;5e°x
D -2D+2
5
P.l,==
22
Pl,=— L o=
D°-2D+2
— 1 —2X
4+4+2
P.|3:ie—“
10
y=C.F +P.l

y =e*(Acos x+ Bsin x) +e* (x? —2)+g+%e2X

3. Solve (D* +4D +3)y =e *sin x+ xe**. (Nov./Dec. 2002)
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Solution:

The given ODE is (D? +4D +3)y =e *sin x+ xe¥*----(1)

The A.Eof (1)is m?+4m+3=0

(m+)(m+3)=0
m=-1m=-3

C.F= Ae X +Be™*,

P.I Xsinx+ xe¥*=P.I +P.l,

1 1
=——e
f(D) f(D)

1 _x A _x 1 .
—— & sinx=e 5 Si
D“+4D+3 (D-)“+4(D-1)+3

Now P.I; = nx

—X

sinx=e~* p sinx=e"* Msin X

:e —
D2+ 2D -1+2D (2D)? —12

—-X
=e™% Msin X = —e—(2cosx+sin X)
—4-1 5

1 1 1
Pl,=——xe¥=——  e¥x=¢¥

X
f(D) D?+4D+3 (D+3)2+4(D+3)+3

3x 2 -1
3x 1 e D“ +10D
—e 5 = 14| —— X
D +10D+ 24 24 24

2
e D? +10D D2 +10D
= 1- + — ... X
24 24 24
3X

= — 1—£D X omitting Higher order derivatives
24 12

3x —X 3X
e e ) e 5
=—yJ|X-——| .~ PlI=Pl,+P.l,=———(2cosx+sinxX)+—| X——
[ } 1+ Py == (2c0sx+sin x) 24{ 12]
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The general solution of (1) is y(x) =C.F+P.I

3 e % e3x 5
=Ae ¥ +Be™* == —(2cosx+sinX) +—| x—— 1.
5 ( ) 24[ 12}

4.Solve (D? —2D +2)y =e*x* +5+e %, (April/May 2003)
Solution:

The given ODE is (D*—-2D+2)y =e*x* +5+e ----(1)

The A.E of (1)is m?-=2m+2=0

25\’ -40@) _
_ : _

1+

C.F= e*(Acosx+ Bsinx).

Pzt %24~ 54— e X=P.1 +P.l,+P.I;
f(D) f(D) (D)
Now P.I1=2;exx2:ex 5 ! X
D°-2D+2 (D+D)-2(D+1)+2
1
X

=e x2 =eX(1+D?)Ix% =eX(1-D? +(D?)? -..)x?

D? +1

= eX(1-D?)x® =eX(x?-2)

Pl,=4——"— ! e -4ty
D°-2D+2 2
—2X
P|3 - Z;e—Zx — > 1 e—2X=e
D°-2D+2 (-2)°-2(-2)+2 10

P.= Pl +P.l,+P.l4

e—2x

= eX(x2=2)+2+
( ) 10

The general solution of (1) is y(x) =C.F+P.1
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e—2x

=eX(Acosx+ Bsin x) +e*(x% = 2) +2+

1.1.7 Problems based on f(x)=x"sinax or x"cosax

To find Particular Integral when

f(x)=x"sinax or x"cosax P.l = . 1

(D)

L(xV):x L v{ii}v
f (D) f (D) dD f(D)

L(x.\/):x L V{fl(D) L }V
f (D) f (D) f(D) f(D)

x"sinax (or) x" cosax

ixV:x 1 V- f‘(D)Z \
f(D) f(D)  |[f(D)]

1. Solve (D?-4D+4)y =8x"*sin2x
Solution:

Given (D?—4D +4)y =8x%"*sin 2x
AEis m*—4m+4=0

(m-2)>=0

Therootsare m=2,2.

Complementary Function is (c,x+c,)e*

. 1 .
Particular Integral = —————8x%sin2x

D?-4D+4

= 8e* — x*sin 2x

(D-2)

_ g L Xz(—COSZXj_ZX[—Sin 2xj+2[c052xJ
D 2 4 8
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= g 1(—4x2 cost)+i(4xsin 2X)+i(20052x)
D D D

o[t o) o ) (o) () ]

=e” [ (3-2x°)sin 2x—4xcos 2x |

The general Solutionisy = C.F + P.1.
y =(Cc,X+C,)e* +e**(3—2x%)sin 2x —4xcos 2X

2. Solve the differential equation (D? +4)y = x* cos2x (May/ June 2009)
Solution:

The given ODE is (D + 4)y = x* cos2x----(1)

The AEof (1)is m*+4=0=m?=—4 =>m==+2i
C.F=Acos2x + Bsin 2x

P.I= L xzcoszx:{ 21 }sz.Pof e
f(D) D% 14

=R.P of e ;2 x> = R.P of e‘“[%}xz
(D+2i)"+4 D° +4Di

12X

| &
2
4Di 1+D—_
4Di

_s2gi2x -1
_RPof & [14P] &
4Di 4

£ Ai2X 2 3
=RPof — 1—2.+(2.j —(3) o X
4D 4i 4 4
rA12X 2
_Rpof € [L_ L1 [ D) [_D°)he
4 \D 4 16 64i

2

=R.P of X
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i2x H : 2
—RPof & LI (L1 T P v
4 D 4 (16 64
i2x 3 2 H
—RPof —iX—+X—+@—£
4 3 4 16 64
- - 2 3
_RP of (cos2x+isin2x)(( x* 1 (XX
4 4 32 3 8

11(x* 1 2 x) .
=—|| ——— [C0S2X +| — —— |SIn 2X
41\ 4 32 3 8

The general solution of (1) is y(x) =C.F+P.1

2 3
= Acos2x + Bsin 2x +1 X——i COS2X + . sin 2x |.
41\ 4 32 3 8

1
D-a
[General Method of finding the Particular Integral of any function f(x)]

1.1.8 Problems based on

f(x) =e™ j e > f (x)dx Type.

1. Solve (D? +a%)y =secax.

Solution:

Given (D*+a%)y =secax

A.E.is m*+a’=0

The Roots are m=+ ia

Complementary function = Acosax+ Bsinax.

PI :([)Z—:Lz)secax
+a

P.l= - —secax
(D—-ia)(D+ia)

11
_|2la___2ia_ |gecay
D—-i1a D+ia

= ieiaxj-e‘iax Sec aXdX—fle_iaXJ.eiax secaxdx [ 1 X = emxj Xe ™dXx]
2ia 2ia D-m
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—_ 1 iax H 1 —jax -
—%e I(l—ltanax)dx—%e J'(l+|tanax)dx

1 iax i 1 —iax i
= —e"*(x——Ilogsecax) ——e " (x+—logsecax)
2ia a 2ia a

X eiax _e—iax 1 eiax +e—iax
= —| ——— |- logsecax| ———
a 21 a 21

X . 1
= —sinax——; logsecaxcosax
a a

General Solutionisy =C.F + P.l

. X . 1
y = Acosax+ Bsinax+—sin ax——zlogsecaxcosax
a a

Simultaneous First Order Linear Equations With Constant Coefficients

Linear differential equation in which there are two or more dependent variables and a
single independent variable. Such equations are known as simultaneous linear equations. Here
we shall deal with systems of linear equations with constant coefficients only. Such a system of
equations is solved by eliminating all but one of the dependent variables and then solving the
resulting equations as before. Each of the depend variables is obtained in a similar manner.

Problems Based on Simultaneous First Order Linear Equations With Constant coefficients
1. Solve the simultaneous equations % + 2x + 3y = 2e*, % +3x+2y=0
Solution:

Given = + 2x + 3y = 2¢%* 24+ 3x +2y =0

(i.e.,)Dx + 2x + 3y = 2e?t Dy+3x+2y=0

(D +2)x+ 3y =2e% ... (1) (D+2)y+3x=0 ....(2)
(DXMD+2)=>{D+2)?x+3(D+2)y=2(D+2)e? ... (3)
(2)X3 => 9x+3D+2)y=0 . 4)
(3)-(4) => [(D+2)2-9]x =2(D +2)e*
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(D2 +4D +4—-9]x =2(2+2) e
(D? + 4D — 5]x = 8 e?t
It’s Auxillary equationis m? + 4m —5 =10
m+5)(m-1)=0
m=-5m=1

Complementary Function = Ae~>t + Be!

. 1
Particular Integral = ————8e?t
(D2+4D-5]
— 1 2t
(D2+4D-5]
— 1 2t

T ((2)%+4(2)-5]

_8
7

eZt

x = Ae 5 + Bet + ge”
Differentiate with respect to ‘t’
& — _54e75t + Bet + o2t
dt 7
Substitute above values in (1) we get,
[-54e~5t + Bet + %eZt]+2[5Ae‘5t + Be® + geZt]+3y =2e?t
—54e 5t + Bet + %e2t+2Ae‘5‘ + 2Bet + %eZt+3y =2e?t
—34e 5" + 3Bet + %e”+3y =2e2t
—Ae 5t + Bet + §e2t+y =0
y =Ae > + Bet — geZt
Hence the desired solutions are

X =Ae 5 + Bet + geZt, y=Ae ™5t + Be® — geZt.
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1. Solve the simultaneous equations % +2y =5e' ;% —2x =5e' given
thatx=-1, y=3 at t=0.
Solution:

The given simultaneous equations are % +2y =5¢"; % —2x =5¢

i.e. Dx+2y=>5e"---------- (1) Dy-—2x=5€"---------n-=---- )

Eliminate x from (1) and (2)

Dx2= 2Dx+4y =10e" -------------- (3)
(2)xD= D?y—2Dx=5€"-------mmmmmm (4)
(3)+(4)= (D*+4)y =15€" ---------------- (5)

The A.Eof (5)is m* +4=0
=m’=-4=m=+2i

.. C.F=Acos2t + Bsin 2t

1
P.I= 15¢"
[DZ +4}( )
:15[ 21 }et :151et =3e!
1°+4 5

The general solution of (5) is y(t) = C.F + P.l = Acos2t + Bsin 2t +3¢'
(2) = 2x(t) = y'(t) - 5¢"
=—2Asin 2t + 2Bcos2t +3e' —5e'
=—2Asin 2t + 2Bcos2t — 2¢e'
- X(t) =—Asin 2t + Bcos2t —e'

. The solutions of (1) and (2) are x(t)=—Asin2t+Bcos2t —e' and
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y(t) = Acos2t + Bsin 2t +3e'.
Given x(0) =-1=—-A(0)+B(1) —e* =B=0
Given y(0) =3 = A()+ B(0) = A=0
. The solutions of (1) and (2) are x(t) = —e' and y(t)=3¢".

1. Solve (D+5)x+y=¢"';(D+3)y—x=¢e?.
Solution

The given simultaneous equations
are (D+5)x+y=e'"———(); —x+(D+3)y=e* ————(2)

Eliminate x from (1) and (2)

Dxl= (D+5)X+ Y =" --mmmmmmmme- --(3)

(2) x(D+5) = —(D+5)x+(D+5)(D +3)y = (D +5)e* ----=-------- (4)

B)+4)= @+(D+3)(D+5)y=¢e"+(D+5)e*
(D*+8D +16)y =¢' +2e* +5e*

(D*+8D+16)y =e' +7e* memmmmemeee e (5)

The AE of (5)is m* +8m+16=0=>m=-4,-4

C.F= (At+B)e™

pfo| 1 a2t
Pl —[(D+4)2}(e +7e%)

ot e

B S
25 36
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. - —4t 1 t 7 2t
The general solution of (5) is y(t) = (At + B)e +2—5e +%e

(2)= x(t) = Dy +3y —e”

2t

t
— et —4Ate ™ —4Be + 5 4 1de +3Ate™ +3Be™
25 36
+iet +£62t eZI
25 36
4et e
X(t)= A (l—t)—Be ™ + — — =
(t) (1-1) = 3

The solutions of (1) and (2) are y(t) = (At + B)e™ +2—15et +%e2t and

4et eZI
X(t)= Ae@-t)-Be™™ + — - —
® S 25 36

2. Solve the simultaneous equations% +2x-3y = t;% —3x+2y=e®. (Jan. 2006)

Solution:
: : . dx . dy 2t
The given simultaneous equations are E+ 2X -3y =t; E_3X+ 2y=e
i.e Dx+2x-3y=t; Dy —3x+2y =e*
(D+2)x—-3y=t———(1) (D+2)y-3x=e*-———(2)

Eliminate x from (1) and (2)

)x3=> 3(D+2)X—9Y =3t ~mmmmmmmmmmmemeeeeeee (3)

(2)x(D+2)= (D+2)*y-3(D+2)x=(D+2)e* ------- (4)

(3)+(4)= -9y +(D+2)’y =3t + (D + 2)e*
= — 9y +(D?* +4D +4)y =3t + 2e* +2¢e*

= (D? +4D —-5)y =3t + 4% -----mmmmme oo (5)
The A.E of (5)is m* +4m-5=0
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= mM+5(M-1)=0=m=1 -5

-.C.F=Ae' +Be™
SEP S T S0/ W
D’+4D-5] | (D+5)(D-1)
3 1 t+4{;}e2‘
-5/, (D*+4D (2+5)(2-1)
5 -
_ , Py
__3[,_(D’+4D)] |, 4.x
5| 5
[ 2 2 2
__38|,,(D’+4D) (D’+4D 4
5 5 5
__31 ﬂ}ufem
57 5
P PP
5 5] 7
The general solution of (5) is  y(t) =C.F + P.I = Ae' + Be™ —g{t +ﬂ + ge”

(2) = 3x(t) = (D + 2) y(t) — €'

2t
=(D+2)| Ae' +Be™ —§t—2+ 4e —e”
5 25 7

2t 2t
_[ pet _sBest —3.88 7 | [onet yoBes 0y 24 87|
5 7 5 25 7
2t
=3Ae' —3Be™ +9e——§t _®
7 5 25
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2t
= X(t) = Ae' —Be™ +3eT—zt—E

.. The solutions of (1) and (2) are

2t
X(t) = Ae' —Be™ £ 2088 y(t) = Ae' + Be™ | PO ey
5 25 5 7

7 5
dx . dy 2
3. Solvea—yzt, E+x=t . (Nov./Dec. 2003) (Nov./Dec. 2006).
Solution:

. . : X
The given simultaneous equations are 0 y=t; dy +x=t?

dt
i.e Dx—y=t———(1) Dy+x=t>———(2)
Eliminate y from (1) and (2)
(1)xD = D?X — Dy = Dt -==-==mm-mmmmmemme (3)
Q)x1=> Dy + X = t?-=mmmmmmmmm oo (4)
QR)+4) = D®X + X = Dt +t?
i.e (D +D)X=1+1t%--mmmmmmmmeeen (5)

The A.E of (5)is m* +1=0
= m=1i Here ¢ =0;4=1

-.C.F=e”(Acost + Bsint) = Acost + Bsint

_ 1 2y _ 2y-1 2
P.|_[D2+J(1+t )=+ D) (1+1?)

=[1- D? +(D?)? —..]@+t?)
= [L— D?](L+t?) omitting Hr,. derivatives

=[1+t*>-2]=t*-1
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The general solution of (5) is x(t) = C.F + P.l = Acost + Bsint +t> —1
@) = y(t) =Dx(t) -t =—Asint+ Bcost + 2t —t
= —Asint + Bcost +t
. The solutions of (1) and (2) are x(t) = Acost + Bsint +t* —1 and

y(t)=—Asint+ Bcost +t.

iy

—3x+2y =0given
at y g

4. Solve the simultaneous equations % +2x—3y =5t;

that x(0) =0, y(0) =-1.
Solution:

The given simultaneous equations are

%+2x—3y=5t; ﬂ—3x+2y=0
dt dt

ie (D+2)x-3y=5t———-(1) (D+2)y—3x=0--------- (2
Eliminate x from (1) and (2)
()x3= 3(D+2)x—9y =15t ----m--m-mmmeme- (3)

(2)x(D+2)= (D+2)*y—3(D +2)X = 0----mmmmmmmmome (4)
(3)+(4) = (D+2)*y—9y =15t
i.e (D?+4D—5)y =15t ----rrmmmeenmem- (5)
The A.E of (5) is m* +4m—-5=0
= (mM+5(m-1)=0

=m=-50rm=1

. C.F=Ae' +Be™

1
Pl=——— (15t
D2+4D—5( )

=15 L t

{77
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[ (D?+4D)]

2 2 2
=-3 1+ D" +4D +(D +4D] +...]t

The general solution of (5) is  y(t)=C.F +P.l = Ae' + Be™ -3t —%

2= (D+2)y-3x=0
= 3x(t) = (D +2)(Ae' + Be™ —&—%)

= Ae' —5Be ™ —3+2Ae' +2Be™ —6t —2—54

=3Ae' —3Be ™ —6t —?

= X(t) = Ae' —Be™ -2t —% :

. The solutions of (1) and (2) are x(t) = Ae' —Be™ —2t —? and

y(t) = Ae' +Be™ -3t —%

Given x(0) =0 = A(1)—B(1)—o—§ =~ A-B :% ------ (6)

Given y(0) =-1= A() + B(1) —0—% :>A+B=% ------ (7)
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6)+(7)=>2A=4=A=2

(= B SRR
5 5
. The solutions of (1) and (2) are x(t) = 2¢' +§ea - _§ and
3 12
t) = Zet ——Be_5t _3t__
y(t) 5 5

5. Solve(2D-3)x+ Dy =¢e', Dx+(D+2)y=cos2t. (April/May 2005)
Solution

The given simultaneous equations are (2D —3)x + Dy =e"------ (1)
and Dx+(D+2)y=cos2t------- (2
Eliminate x from (1) and (2)

()xD= D(2D=3)X+ D?y = D(€") =------=-mm==mmmmmmmmmm oo (3)

(2) x(2D-3) = (2D -3)Dx+ (2D -3)(D +2)y = (2D —3) cos2t - (4)

(3)-(4)= D?y—-(2D-3)(D+2)y=D(e')— (2D —3)cos2t
= D’y —(2D* +4D -3D -6)y = €' — (2(-2sin 2t) —3co0s2t)
= —(D?*+D-6)y =e' +4sin 2t + 3cos2t
= (D*+D-6)y = —e' —4sin 2t —3cos2t
The AEof (5)ism* +m—-6=0=>m=-3,2

C.F= Ae™ +Be®

1 ]
Pl = ———— ||-(e' +4sin 2t + 3cos2t
{D2+D—6}[ ( )]
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_ %}e‘—{%}sin 2t—3[
' D°+D-6 D’+D-6

1 1°+1-6 -2°+D-6 -2°+D-6

1

D?+D-6 |

:let—4 1 sin 2t — 3 1 cos2t
4 | D-10 D-10

_le g (OO0 oo g (D+10) fo o
4~ | D?-100 | | D2 -100_

:let -4 (D+10) sin2t -3 (D+10) cos2t
4 | —4-100 | | —4-100 |

le‘ 4 (2cos2t +10sin 2t) L3 (-2sin 2t +10cos2t)
104 104

le‘ N (8cos2t +40sin 2t) ) (-6sin 2t +30cos2t)
104 104

:let N (38c0os2t +34sin 2t)
104

The general solution of (5) is y(t) = Ae™ + Be” +%et +10i4(380032t +34sin 2t)

D x1-(2)x2 = —3x—Dy-4y=¢e'—2cos2t

= —3x —[— 3Ae™* +2Be* +%et e ﬁ(—?Gsin 2t + 68c032t)}

—4{Ae‘3t + Be” +%et +ﬁ(38c052t +34sin 2t)} =e' —2cos2t

= —3x— Ae™ —6Be” e i(GOsin 2t + 228 cos2t)
4 104

t -
x(t) = 1 pest _pgez 28 _[20cC0S2t+76sin 2t
3 12 104

The solutions of (1) and (2) are
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y(t) = Ae™ + Be” Lo +i(380052t +34sin 2t)
4 104

t -
andx(t) = L ae _ pger _ 36 _ (200082t + 76sin 21
3 104
6. Solve Dx+y=sint, x+ Dy=costgiventhatx=2y=0 at

(April/May 2006, May/June 2009)
Solution:

t=0.

The given simultaneous equations
are Dx+y=sint———(1) x+Dy=cost———(2)

(1)x1= Dx+y=sint

(2) x D = Dx+ D?y = D(cost)
(3)-(4)= (@-D?%)y=sint+sint=2sint
(L1—D?)y = 2sin t -=---=---==mmmmmmmv (5)

The AEof (5)is1-m*=0=>m==1

C.F= Ae' +Be™

.'.P.Iz[ 1 2}28“’]'[:2 P > sint =sint
1-D 1-(-19)

The general solution of (5) is y(t) = Ae' +Be™ +sint

= Dy = Ae' — Be™" +cost
(2)= x=cost—Dy= —Ae' +Be™
The solutions of (1) and (2) are y(t) = Ae' +Be™" +sint and
X(t) = — Ae' + Be™
Given x(0)=2=-Ae’+Be’=-A+B=2
y(0)=0=Ae’ +Be’ +sin0 = A+B=0

(6)+(7)=2B=2=B=1and (7)= A=-1
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The solutions of (1) and (2) are x(t)=e'+e™" and
y(t)=—e'+e™ +sint
dx ) _dy .
7. SolveEJry=smt+1,a+x=costg|ven that x=1,y=2 att=0.

Solution:

The given simultaneous equations are

%+y:sint+1; Q—I—X:COSt
dt dt

e Dx+y=sint+1-——(1) Dy+Xx=cost———(2)

Eliminate x from (1) and (2)

Dx1= Dx+y=sint+1------------ ------(3)
(2)xD= D?y + Dx = D(cost) ----==-----=------ (4)
(3)-(4)= y—D?y =sint+1— D(cost)

ie (1-D?)y=sint+1+sint
(1-D?%)y =2sint +1 -=-m===mmnmmmmmm- (5)
The A.E of (5)is 1-m* =0
=m’=1=>m=+1

.C.F= Ae' +Be™

1 .
P.I—[1 DZ}(Zsmt+l)

=2 1 2}sint{ 1 Z}e‘”
1-D 1-D
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= ZF}sinHl
2
=sint+1

The general solution of (5) is  y(t)=C.F +P.l = Ae' +Be™" +sint +1
(2) = x(t) =cost — D[Ae' + Be ™" +sint +1]
=cost —[Ae' —Be™" +cost]
= X(t)=-Ae'+Be™"
.. The solutions of (1) and (2) are x(t)=—Ae' +Be ™" and
y(t) = Ae' +Be™ +sint+1
Given x(0)=1=-Ae’+Be? =1=—-A+B-----mmmmmemmm- (6)
y(0)=2=Ae’ +Be +sin0+1=2=A+B+1= A+B=1---(7)

6)+(7)=>2B=2 = B=1
(6)-(7) = —2A=0=A=0

.. The solutions of (1) and (2) are x(t)=e™ and y(t) =e™ +sint+1

8. Solve Dx+ y=sin2t; —x+ Dy=cos2t. (June 2003)
Solution:

The given simultaneous equations are

Dx+y=sin2t -------- (1) —x+Dy=cos2t----------- (2)
x1l= DX+ Y =8iN 2t =-=mmmmmmmmmmmmm oo (3)
(2) x D= —Dx+ D?y = D(COS2t) --==-====mmmmmmmmmmm- (4)

(3)+(4)= (1+ D?)y =sin 2t + D(cos2t)

= sin2t —2sin 2t = —sin 2t
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(D% +1)y = —Sin 2t ~--=----mmmmmmeeeeeee (5)

The AEof (5)is m* +1=0=>m=+i
C.F= Acost +Bsint

1
D% +1

= —[ 1 }sin 2t
-2°+1

:Esin 2t
3

S P =

(=sin 2t)

The general solution of (5) is y(t) = Acost + Bsint +%sin 2t
(2)= x=Dy—cos2t

=—Asint + Bcost + %cosZt —Ccos2t
. 1
=—Asint + Bcost —50052t

The solutions of (1) and (2) are y(t) = Acost + Bsint +%sin 2t and

X(t) = — Asint + Bcost —%cosZt.

9. Solve% + 2y =-sint; % —2x=cost given x=1 and y=0 att=0 (Jan. 2005,
Dec 2010)
Solution:
The given simultaneous equations are

%+2y:—sint; %—2x=cost

dt

i.e Dx+2y=-sint———() Dy-2x=cost———(2)
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Eliminate x from (1) and (2)

1x2= 2Dx+4y =-2sint -------------------- 3)
(2)xD= D?y —2Dx = D(COSt) -===--===-==----- (4)
3)+(4)= 4y + D%y = —2sint —sint

i.e (D®+4)y=-3sint---------m---- (5)

The AEof (5)is m*+4=0
= m==i2 Here a=0; f=2

-.C.F=e"(Acos2t+Bsin2t)
= Acos2t+Bsin2t

1 .
P.l {Dz +4}(—?,smt)

:—3{ 21 }sint
-1 +4

=-sint

The general solution of (5) is y(t)=C.F +P.l = Acos2t+Bsin2t —sint
(2) = D[Acos2t+Bsin2t]—2x = cost
= 2x=2[-Asin2t+Bcos2t]-cost

= x=—Asin2t+BcosZt—%St

.. The solutions of (1) and (2) are

X(t) =—Asin2t+Bcos2t —&;t and

y(t) = Acosv/2 t+Bsin/2 t —sint.

Given x(0)=1=—-A(0)+B() —(_;) ~ B zg
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Given y(0) =0=AQ1)+B(0)-0= A=0.

.. The solutions of (1) and (2) are
3 cost

X(t) =—=cos2t——— and
2 2

y(t) =gsin2t—sint.

10. Solve% —% + 2y =C0S2t; d— + ﬂ —2x =sin 2t. (Nov./Dec. 2005)

Solution:

The given simultaneous equations are
%—ﬂ+2y = CO0S2t; %+ﬂ—2x:sin2t
dt dt

dt dt
ie Dx—(D-2)y=cos2t———(1) Dy+(D-2)x=sin2t———(2)

Eliminate y from (1) and (2)
(1)xD = D?*x— D(D —2)y = D(COS2t) -------=-=-=========--=--- (3)
D(D-2)y+(D—=2)*x = (D —2)sin 2t ------=---------- (4)

2)xD—-2 =
3)+4) = (D —2)?x+ D%x =-2sin 2t + 2c0s2t — 2sin 2t
ie (2D? — 4D + 4)x = —4sin 2t + 2cos2t

i.e  (D?-2D+2)x=-2sin2t +cos2t

The AEE of (5)is m* —-2m+2=0

_—(-2£J(-2)" -40)(2)

=m
2(1)

_2+-4

2(1)

_2+2i
- 20)

=m=1+i Here a=1p4=1

-.C.F=e'(Acost + Bsint)
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P.1 :{%}cosm —2{2;}% 2t
D -2D+2 D -2D+2

-2°-2D+ -2°-2D+

= —cosZt—Lsin 2t
-2D-2 -2D-2

=_£ i cos2t + i sin 2t
2| D+1 D+1

_ 1 % cos2t + % sin 2t
2| D? -1 D2 -1

_ _1{%} cos2t + Iz;ll}m 2t

_1[-2sin2t —cos2t | | 2c0s2t —sin 2t
2 ) -5

= —i[ZSin 2t + COSZt]—l[ZCOSZt —sin 2t]
10 5
1, .. .

= —E[Zsm 2t +C0s2t +4c0s2t — 2sin 2t]

= —i[5c052t]
10

= 1 cos2t
2

The general solution of (5) is x(t) =C.F + P.I =e'(Acost + Bsint) —%cosZt
dx .
D+(2)= ZE + 2y —2X =C0S2t +sin 2t

= 2y =C0s2t +sin 2t+2x—2%
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=> 2y = €0s2t +5sin 2t + 2e' (Acost + Bsint) —cos2t

—~ 2[(Acost +Bsint)e' +e'(~Asint + Bcost)]— 2% (—2sin 2t)
= 2y =sin 2t + 2e' (Acost + Bsin t)

- 2[(Acost +Bsint)e' +e'(-Asint+B cost)]— 2% (=2sin 2t)
= 2y =sin 2t + 2e' (Acost + Bsin t)
— 2[(Acost +Bsint)e' +e'(~Asint + Bcost)]— 2% (—2sin 2t)

sin 2t

y =e'(Acost — Bsint) —

.. The solutions of (1) and (2) are

(—2sin 2t —cos2t)  (2cos2t —sin 2t)
10 5

X(t) = e' (Acost + Bsint) +

and y(t) =e'(Acost — Bsint) —&Zm.

11. Solve% + 2y =sin 2t; % —2x = c0s2t (Nov. Dec/2009)
Solution:
The given simultaneous equations are
dy

dt dt

i.e Dx+2y=sin2t———(1) Dy-2x=cos2t———(2)

Eliminate x from (1) and (2)

(Dx2= 2DX+ 4y = 25iN 2t -=--mmmmmmmmmemeen (3)
(2)xD= D?y — 2DX = D(COS2t) ~--==-=-=--==--- (4)
3)+(4) = 4y + D?y = 2sin 2t — 2sin 2t
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RN (O R ) [V e— ()

The AEof (5)is m*+4=0
= m=12i Here ¢ =0;4=2
-.C.F=e"(Acos2t + Bsin 2t) = Acos2t + Bsin 2t
The general solution of (5) is y(t) = C.F = Acos2t + Bsin 2t
(2) = 2x=Dy—-cos2t ———(2)

= (=2Asin 2t + 2B cos2t) —cos2t

X(t) = —Asin 2t + Bsin 2t —%cosZt

.. The solutions of (1) and (2) are x(t) = — Asin 2t + Bsin 2t —%cosZt and

y(t) = Acos2t + Bsin 2t.
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KARPAGAM ACADEMY OF HIGHER EDUCATION
(Deemed to be University Established Under Section 3 of UGC Act 1956)

Pollachi Main Road, Eachanari (Po),

Coimbatore —641 021

Subject: MATHEMATICS-1I

Subject Code: 18PHU404

Class : II - B.Sc. Physics Semester : IV
Unit I
Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions

Question Opt 1 Opt 2 Opt 3 Opt 4 Answer
An equation involving one or more dependent . . .

. ) : differential intergral constant . . . .
variables with respect to one or more independent . . . Eulers equation differential equations

. . equations equation equation
variables is called...........................
An equation involving one or more ............
variables with respect to one or more independent |single dependent independent constant dependent
variables is called differential equations
An equation involving one or more dependent
variables with respect to one or . . . .

. . . . t t 1 fferent t
more........... variables is called differential dependen independen Single differen independen
equations
A differential equation involving ordinary . .

. : ) . . partial ordinary . ) ) . .
derivatives of one or moredependentvariables with [differential . . : . total differential ordinary differential
. . : ) . differential differential : .
respect to single independent variables is called equations . . equations equations
equations equations

Prepared by: V.Kuppusamy, Department of Mathematics,KAHE



Algebra / 2018-2021 Batch

A differential equation involving ordinary
derivatives of one or more dependentvariables with
respect to.......... independent variables is called
ordinary differential equations

Z€ro

single

different

one or more

single

A differential equation involving .............
derivatives of one or more dependentvariables with
respect to single independent variables is called
ordinary differential equations

partial

different

total

ordinary

ordinary

A differential equation involving partial derivatives
of one or more dependent variables with respect to
oneor more independent variables is called

differential
equations

partial
differential
equations

ordinary
differential
equations

total differential
equations

partial differential
equations

A differential equation involving partial derivatives
of one or more dependentvariables with respect

170 JOU independent variables is called partial
differential equations

Z€ro

single

different

one or more

oncormore

A differential equation involving .............
derivatives of one or more dependentvariables with
respect to one or moreindependent variables is
called partial differential equations

partial

different

total

ordinary

partial

The order of .........derivatives involvedin the
differential equations is called order of the
differential equation

Z€ro

lowest

highest

infinite

highest

The order of highest derivatives involvedin the
differential equations is called .................. of the
differential equation

order

power

value

root

order

The order of highest ..................... involvedin
the differential equations is called order of the
differential equation

derivatives

intergral

power

value

derivatives

The order of the differential equations is (d"2
y)/[[dx) "2 +xy(dy/dx)"2=1

A non linear ordinary differential equation is an
ordinary differential equation that isnot ............

linear

non linear

differential

intergral

linear
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A ordinary differential equation is an
ordinary differential equation that is not linear

linear

non linear

differential

intergral

non linear

A non linear ordinary differential equation is an
................ differential equation that is not linear

ordinary

partial

single

constant

ordinary

............... ordinary differential equations are
further classified according to the nature of the
coefficients of the dependent variables and its
derivatives

linear

non linear

differential

intergral

linear

Linear ................... differential equations are
further classified according to the nature of the
coefficients of the dependent variables and its
derivatives

ordinary

partial

single

constant

ordinary

Linear ordinary differential equations are further
classified according to the nature of the coefficients
ofthe ................... variables and its derivatives

single

dependent

independent

constant

dependent

Linear ordinary differential equations are further
classified according to the nature of the coefficients
of the dependent variables and its

integrals

constant

derivatives

roots

derivatives

Both explicit and implicit solutions will usually be
called simply ...............

solutions

constant

equations

values

solutions

Both ................... solutions will usually be

general and

singular and non

ordinary and

explicit and implicit

explicit and implicit

called simply solutions. particular singular partial

Let f be a real function defined for all x in a real

interval I and having nth order derivatives then the T . .
function fis called ............. solution of the constant implicit explicit general explicit
differential equations

Let f be a real function defined for all x in a real

interval [ and having .............. order derivatives Lst nd nth (n+1)th nth

then the function fis called explicit solution of the
differential equations
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of F[x,y,(dy/dx)

The relation g(x,y)=0 is called the .........

(dy/dx)"n]=0

solution

constant

implicit

explicit

general

implicit
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UNIT-II

Finding the solution of Second and Higher Order with constant coefficients with Right
Hand Side is of the form V e®* , where V is a function of x — Euler’s Homogeneous Linear
Differential Equations — System of simultaneous linear differential equations with constant
coefficients.
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e¥x =e¥

1.1.6 Problems based on R.H.S = e*x Particular Integral = =¥ ———Xx
' f(D) f(D+a)

X

1. Solve: (D*+4D+3)y =€ *sin x+ xe’

Solution:

Given (D?*+4D +3)y =e *sin x+ xe**

AE is m*+4m+3=0
(m+)(m+3)=0
m=-1m=-3

C.F=Ae*+Be™

1 .
P.l,= ————€ sinx
D“+4D+3

1 .
(D1’ +4(D-1)+3"

—_ —X

nx

=g > 1 sin x
D?2—2D+1+4D—4+3

=e” 21 sin x
D" +2D

=g 1 sin x
-1+2D

Take Conjugate we get,
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e5 (2D +1)sin x

—X

e
-5
Pl= T xe¥
D°+4D+3

e 1 X
(D+3)*+4(D+3)+3

P.I, =

(2cos x+sin x)

1
3x X
D?+6D+9+4D+12+3
3x 1
e ———————x
D°+10D+24

e 1

X
2
24 {D+1OD+1}

24 24

e3X B 5 D2 -1
=—|1+—D+—| X
24 12 24

I
N | @
NI
i
[EEN
N|m
O
+
N
NI
~
+
[
>

I
| %
>
|
| o1
| I

—X 3x
y:Ae’X+Be’3X—e (2cos x +sin x)+e [x—i}
5 24 12

2. Solve (D°-2D+2)y =e*x*+5+e
Solution:
Given (D*-2D+2)y =e*x* +5+e >

AEis m>-2m+2=0

m=1+i
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C.F =¢e*(Acos x + Bsinx)
1 Xy 2

————€'X

D°-2D+2

e - 1 x?
(D+) -2(D+1)+2

P, =

X 1 2
X
D?+2D+1-2D-2+2
= ex 21 X2
D +1

e*(D*+1)*x?

= e*(1-D*+..)x?
P.l, = e*(x*-2)

1 560)(

Pl =— —
2 D*-2D+2

P.1, =

N | ol

1 —2X

R —
D°-2D+2

1 e—2x
4+4+2
:ie—Zx

10

y=C.F +P.1

P.I, =

P.I,

y =e*(Acos x+ Bsin x) +e* (x? —2)+g+%e2X

3. Solve (D* +4D +3)y =e *sin x+ xe**. (Nov./Dec. 2002)
Solution:

The given ODE is (D? +4D +3)y =e *sin x + xe**----(1)

The A.Eof (1)is m?+4m+3=0

(m+)(m+3)=0
m=-1m=-3

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 4/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: 11 BATCH-2018-2021

C.F= Ae X 4+Be™¥,

PI=— e~ sinx+ xe¥=P.1, +P.l,
f(D) f(D)
Now P.Ilz%e‘xsinx:e‘x 5 ! sin x
D°+4D+3 (D-)“+4(D-1)+3
e_X+sinx=e‘X ! sinx=e‘x%sin
D2 +2D —1+2D (2D)% -1
—-X
= e‘stinx=—e—(2cosx+sin X)
-4-1 5
P.IzzLxe:gX:Z; 3x =e3X ; 1 X
f(D) D“+4D+3 (D+3)° +4(D+3)+3

3x 2 -1
2 1 e D? +10D
e — X = 1+ ———— || x
D- +10D + 24 24 24

2
e D2 +10D D2 +10D
1- + —... X
24 24 24

3X
N 1—iD X omitting Higher order derivatives
24 12

3X B 2
: > e e 5
:Z[X—E} S PI=PI + P.IZ:—?(2c03x+sm X) +E{X_E]

The general solution of (1) is y(x) =C.F+P.1
X e 5
=Ae* +Be ¥ & (2c0osx+sin x) +—| x—— |.
5 ( ) 24 12

4.Solve (D? —2D +2)y =e*x* +5+e7**. (April/May 2003)
Solution:
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The given ODE is (D? -2D+2)y =e*x* +5+e2*----(1)

The A.E of (1)is m?-=2m+2=0

2
2 J(—Z)Z 400 _,,

C.F= e*(Acosx+ Bsinx).

P.I= e*x? + 5+ e =PI +P.1,+P.I;
f(D) f(D) (D)
Now P11=—f5—3————exx2=
D?-2D+2
eX 1 X2 —
(D+1)?-2(D+1)+2
X1 42 2 eX(14D?) k2 =X (1= D? + (D?)2 —.. )X

D? +1

= eX(1-D?)x? =e*(x? =2)

Pl, =4— 1_——&X=41=2
D°-2D+2 2
—2X
P|3 - Z;e—Zx - - 1 e—2X — e
D?2-2D+2 (=2)2-2(-2)+2 10

P.A= Pl +P.l,+P.lg

e—2x

= eX(x? =2)+2+

The general solution of (1) is y(x) =C.F+P.1

e—2x

=eX(Acosx+ Bsin x) +e* (x? — 2) +2+ n

1.1.7 Problems based on f(x)=x"sinax or x"cosax
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To find Particular Integral when f(x)=x"sinax or x" cosax

P.1

1 n ;3 n
= x"sinax (or) x"cosax
f(D)

L(xV)=x 1 v{ii}v
f (D) f (D) dD f(D)

L(x.\/):x L V{fl(D) : }V
f(D) f(D) f(D) (D)

ixV=x L V- f'(D)Z \
f(D) f(D) | [f(D)]

1. Solve (D?-4D+4)y=8x"*sin2x
Solution:

Given (D?—4D +4)y =8x%"*sin 2x
AEis m*—4m+4=0

(m-2)>=0

Therootsare m=2,2.

Complementary Function is (c,x+c,)e*

Particular Integral = ;SXZeZX sin 2x

D?-4D+4

= 8e* ﬁxz sin 2x

:8e2xi e —C0S 2X oy —sin 2x 49 C0S 2X
D 2 4 8

e {l(—4x2 cos 2x) + 1 (4xsin 2x) + 1 (2cos 2X)}
D D D

L e i e o R R R |

=e* [(3— 2%?)sin 2x — 4xcos 2x]
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The general Solutionisy = C.F + P.1.
y =(c,x+C,)e* +e*(3—2x%)sin 2x —4xcos 2x
2. Solve the differential equation (D? +4)y = x* cos2x (May/ June 2009)
Solution:
The given ODE is (D? +4)y = x* cos2x ----(1)

The AEof (1)ism*+4=0=m’=—4

= m==22i C.F=Acos2x + Bsin 2x
P.I= L X2 C0S2X =
f(D)
{ 21 }sz.P of e'* =RP of e ;2 x?
D +4 (D+2i)" +4
=R.P of e‘zx[—z 1 - (X
D? +4Di |
i2x
—RPof | — ¥
4Di| 1+ D -
i 4Di

_i24i2x -1
—RPof L (1+9j X2
4Di

_ini2x 2 3
~RPof —% 1—2_+(2_j —(2) +o. X2
4D 4 \ 4i 4i

= 12X 2
_Rpof (1 L1 (D) D)
4 |D 4 16) | eai

e (2] 2(20)(2)
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- - 2 3
_RP of (cos2x+isin2x)(( x* 1 (XX
4 4 32 3 8

1(x* 1 2 x) .
=—|| ———[C0S2X +| — —— |SIn 2X
41\ 4 32 3 8

The general solution of (1) is y(x) =C.F+P.I =

2 3
Acos2x + Bsin 2x +1 X——i COS2X + x X sin 2x |.
41\ 4 32 3 8

1
f(x)=e*|e™®f(x)dx Type.
5= F(9=e”[e™f(9ax Typ

[General Method of finding the Particular Integral of any function f(x)]

1.1.8 Problems based on

1. Solve (D*+a%)y =secax.

Solution:

Given (D*+a%)y =secax

A.E.ism*+a’=0

The Roots are m=+ ia

Complementary function = Acosax+ Bsinax.

PI =(Dz—1z)secax
+a

P.l = - —Sec
(D—ia)(D+ia)

11
2ia___2ia_ |sacax
D-ia D+ia

= ie‘ax j' g secaxdx—flefiaX I e™secaxdx [ 1 X = a™ J‘ Xe ™dx]
2ia 2ia D-m

1
2ia

e‘”j(l— i tan ax)dx —fle“ax'[ (1+i tan ax)dx
Zia

1 iax I 1 —iax I
= —e"*(x——logsecax) ——e " (x+—logsecax)
2ia a 2ia a
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X eiax _e—iax 1 eiax_i_e—iax
—| ——— |~ logsecax| ———
a 21 a 21

X . 1
—sinax——;logsecaxcos ax
a a

General Solutionisy=C.F + P.I

. X . 1
y = Acosax+ Bsinax+—sin ax——zlogsecaxcosax
a a

Homogeneous Equations of Euler Type [Cauchy’s Type]

Linear Differential Equations with VVariable Co-efficient

An Equation of the form

dny _1 d‘l’l—ly 2 dTl—Zy
Aox" 0+ @XM = E XM T S ety = f(0) (1)

Wherea,, a,, ... a,re constants and f(x) is a function of x.

Equation(1) can be reduced to linear differential equation with constant
Co - efficient by putting the substitution.

x =e? (or)z = logx

dJ"_d_J"_ r
x—=—=Dy 2)

p'=2
dz
dx? dz? dz

= (D'* - D"y where D' = % (3)
Similarly,
29y _ piepr "
Z=D'(D'-1)(D' -2y @
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and so on, substituting (2), (3), (4) and so on in (1) we get a differential equation with constant
coefficients and can be solved by any one of the known methods.

PROBLEMS BASED ON CAUCHY’S TYPE

1. Solvex?y" +2xy +2y=0.
Solution:

The given ODE is x*y +2xy +2y=0.i.e (xX’D?+2xD+2)y =0---(1)
To solve (1) use x=e> =z =1logx, xD=D"; x’D? =D'(D'-1)

..(1) becomes (D'(D'-1)+2D'+2)y =0 ,where D = di; D'= di
X z

= (D?+D'+2) Y = 0 ~-eemmmemmeenee )

The AEof (2)is m*+m+2=0

140 -40)(©2)  -1+i7

> Mm= =
2(0) 2

; V7 V7

C.F= e 2 (Acos -7+ Bsin L= 7)
2 2

.. The general solution of (1) is y(x) =
CF

= e_;logx{Aco{ﬂ log xj + Bsin(ﬂ log xﬂ
2 2
= %{Aco{g log XJ + Bsin[g log xﬂ :

2. Solve x?y" —xy +y=x. (June 2004)
Solution:

The given ODE is X’y —xy +y=x.ie (x*’D?* —=xD +1)y = x---(1)

To solve (1) use x=e*> =z =logx, xD=D"; x’D? =D'(D'-1)
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. : . d .. d
..(1) becomes (D'(D'-1) - D'+1)y =e* ,where D=—;D'=—
dx dz
= (D"?*-2D'+1)y = @7 --------=mm-=-=- )

The AEof 2)is m* -2m+1=0=>(mM-1)*=0=>m=11

. C.F= (Az + B)e?
Now P.1= L e’= 1 2eZ:EeZ(Ordinary rule fails)
f(D") (D'-1) 0
1, .
=z e’ (Ordinary rule fails)
2(D'-1)
= 2 1e
2

The general solution of (2) is y(z) =C.F+P.I1=(Az + B)e* +z? %ez

logx

- Y(X) = (Alog x + B)e'?* + (log x)?

= (Alogx+B)x+ (log x)zg is the required general Solution of (1)

3. Solve(x’D? -7xD +12)y = x°.
Solution:

The given ODE is (x?D? — 7xD +12)y = x2---(1)
To solve (1) use x=e* =z =Ilogx, xD=D"; x*’D* =D'(D'-1)

~.(1) becomes (D'(D'-1) —7D'+12)y = e?? ,where D = di; D'= a

X dz

= (D'?—8D'+12)y = 2% ceeeermmeeev )
The AEof (2)is m? —=8m+12=0= (M—6)(M-2)=0=m= 2,6

. C.F= Ae?? + Be®?
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1 5 1 2

Now P.I=——e®’=— e ZzleZZ(OrdinaryruIefaiIs)
f(D") D'“—8D'+12 0

1 5, ze%

Z———¢€
2D'-8 4

Ze22

The general solution of (2) is y(z) =C.F+P.I= Ae?? + Be%? —

x? log x
4

y(x) = Ax? + Bx® — is the required general Solution of (1)

Y _o.

4. Solve(x’D? +4xD +2)y = log xgiven that whenx =1,y =0, 5
X

Solution:
The given ODE is (x?D? +4xD + 2)y = log x---(1)
To solve (1) use x=e’ = z=Ilogx, xD=D'; x?°D* =D'(D'-1)

(1) becomes (D'(D-1)+4D+2)y=z D= i; D'= b
dx dz

= (D"?+3D'42)y = 77 --rmrmemmeoeeee- (2)
The A.E of (2) is m? +3m+2=0= (m+)(m+2)=0=>m=-1 -2

. C.F= Ae~? + Be %

1 1 1
Now P.I= N1 z= z
f(D') " D243D'+2 ( D'2+3D]
2l 1+
2
2 -1 2 2 2
1 D'“+3D 1 D'“+3D D'“+3D
= -1+ z=—|1- + —...|z
2 2 2 2 2

- %[1_ %}Z omitting second and Higher derivatives
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The general solution of (2) is y(z) =C.F+P.I= Ae™% + Be™%* +%[z —g}

s y(X) = AL+ Bx 2 +%[2 logx—3] is the required general ~ solution of (1).
Giventhat y(1)=0; y'() =0

Y =0= A+B+[0-3= A+B=> (3

y'(X) = — Ax 2 = 2Bx 73 y 3
2X

y'@)= —A—ZB+%=0 A+2B =

, d?%y dy
5. Solvex® — +4x—=+2y = xlog x. (Nov./Dec. 2006)
dx dx
Solution:
The given ODE is (x2D2 + 4xD + 2)y = xlog x ---(1)

To solve (1) use x=e* = z=Ilogx, xD=D'; x*D* =D'(D'-1)
-.(1) becomes (D'(D'-1)+4D'+2)y = ze* ,where D= i; D'=—

= (D'24+3D42)y = €% 7 ~--rxermmmmmev 2)
The A.E of (2) is m? +3m+2=0= (m+Y)(m+2)=0=>m=-1, -2

. CF= Ae"24+Be#

1 z 1 z z 1

Now P.1= ~eI=— e'z= 7 z
f(D") D'“+3D'+2 (D'+1)? +3(D'+1) + 2
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= ! 2;2
D'“+5D'+6
1 1 [ (p24s0)]"
= e’ = 7ze? 2|14+ =2 || 2
6| (D245D 6 6
S

2
1 D?+5D') ( D?+5D'
e —|1- + e V4
6 6 6

% 1- %]z omitting second and Hr. order derivatives

I
D
N
ol
1
N
|
oo
| I |

The general solution of (2)is y(z) =C.F+P.1= Ae™% + Be %2 +¢? %[z - g}

s y(X) = AL+ Bx 2 +%[Iog X = g} is the required general solution of (1).

6. Solve (x’D? —2xD —4)y =32(log x)*. (April/May 2005)
Solution:

The given ODE is (x’D? —2xD —4)y = 32(log x)*---(1)

To solve (1) use x=e> =z =logx, xD=D'; x’D? =D'(D'-1)
~.(1) becomes (D'(D'-1)—2D'-4)y =32z% \where D = i; D'=—
N (DI o I LV J L — )

The AEof (2)is m? =3m-4=0= (M-4)(m+3)=0=>m=-3, 4

- C.F= Ae™%% + Be™?
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NOw P.l=— = 30,2= : ! 327%= ! 3272
(D) D'“-3D'-4 (D2-3D")
-4 1_f

1 p2_3p\|"
S ) I el 3272
_4 4
2 . 2 N2
7 D2-3D") (D2-3D )
= —|1+ + ..z
-4 4 4

2_any
= -8 1+ pr=8p +i(D'4+9D'2—6D'3)+... 22
4 16

12_ 1
=-8 1+[¥]+%(QD'2)}22 Omitting Hr. Derivatives

_ 2,1 8 !
= _8_2 +Z(2)—Z(22)+E[9(2)]i|
__8|:z —§Z+13:|

2 8

The general solution of (2) is y(z) = C.F+P.1= Ae 3% + Be*? +— 8[2 —gz + 15}

y(x) = Ax 3+ Bx* - 8[(Iog X)% — g log x + %} is the required general solution of (1).

7. Solve (x2D? —xD +1)y = ('ngj (Nov./Dec 2005)
X
Solution:

The given ODE is (x2D? — xD +1)y = ('Og XJ (1)
X

To solve (1) use x=e*’ = z=Ilogx, xD=D'; x’D* =D'(D'-1)

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 16/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: 11 BATCH-2018-2021
1 1 ' AV 27,2 d ' d
..(1) becomes (D (D—l)—D+1)y:(ze ) =e*z° ,where D:d—;D e
X z

= (D?-2D'+1)y = @ 2?2 ~-mmmmemmmee- )

The AEof 2)is m* -2m+1=0=>(M-1)*=0=>m=11

- C.F= (Az + B)e*
Now P.I:Le*22 . 2e‘zz:lez(Ordinary rule fails)
f(D') (D-1) 0
1 L .
=z e’ (Ordinary rule fails)
2(D-1)
= 2 1e
2

The general solution of (2) is y(z) =C.F+P.1=(Az + B)e” + z? %ez

logx

- ¥(X) = (Alog x + B)e'9* + (log x)?

y(x)= (Alogx+ B)x+ (log x)* g is the required general Solution of (1)

8. i)Solve (x*D? —2xD —4)y = x* + 2log x. (AU June 2010)
Solution:

The given ODE is (x*D?* —2xD —4)y = x> + 2log x ---(1)
To solve (1) use x=e* = z=Ilogx, xD=D'; x’D* =D'(D'-1)

(1) becomes (D'(D'-1) —2D'-4)y =e* + 2z
,where

SN (D Y] p L) RV o — (2 D=d—iD':
X

The AEof 2)is m*-3m-4=0=(M-4)(M+1)=0=>m=-1, 4

. C.F= Ae* +Be*
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Now P.I=—~ (e +22)=—; L e + — 1 2z
f(D') D?-3D'-4  D2-3D'-4
=P.l,+Pl,
1
Pl,=————¢*
' D?-3D-4
— 1 eZZ
22 _3(2)—4
2z
= — 6 .
I — 1
"2 D2-3D'-4
2 1
= — Z
4

_ -1, (D?-3D" (D?-3D")
= —|1+ + +...|Z
2 4 4

= _?1[ _STDJZ {Omitting Hr. Derivatives}

2]

P.I=P.l,+P.l,

e 1[ 3}
= — ——| Z——
6 2 4
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. . e o €21 3
The general solution of (2) is y(z) =C.F+P.I= Ae™* + Be % 3 z—Z

2
Sy() = AT+ Bx? —%—IO%+§ is the required general solution of (1).

i) Solve x*y"'+3xy +5y = xcos(logx) +3. (Nov./Dec. 2006, May / June 2009)
Solution:
The given ODE is (x?D? +3xD +5)y = xcos(logx) +3---(1)
To solve (1) use x=e’ = z=Ilogx, xD =D'; x’D* =D'(D'-1)

-.(1) becomes (D'(D'-1)+3D'+5)y =e’cosz+3 ,where D= di; D'= di
X z

= (D'?+2D'+5)y = €% C0SZ + 3---nnnmmmmeena- )

. —2+.,/4-4(5
The A.Eof (2) is m?> + 2m+5=0=>m= ()=—112i

2
. C.F= 7% (Ac0s2z + Bsin 27)
Now P.I= — (e?cosz+3) = 1 orcosz43— L o0

f(D") f(D") f(D")

= P, +P.l,

_ 1 z

Now P.ly=————e"cosz

D'242D'+5

= e’ 1 0Sz

e 5 C
(D'+)“ +2(D+1)+5

z

mcosz Replace D'2 by—a2
“+4D'+

=5 ;cosz
-1+4D'+8
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= e ———cosz
—-1+4D'+8
_.z _.z 4D'-
=e cosz=e? ————c0sz

4AD'+7 16D2-49

o (—4sinz—-7cosz)
- 65

o (4sinz+7co0sz)
65

The general solution of (2) is

; (4sinz+7co0sz)

y(z) =C.F+P.I=e7*(Ac0s2z + Bsin 2z) +e =

x(4sin(log x) + 7 cos(logx))
65

Sy(x) = %[Acos(logxz) + Bsin(log x?)]+

is the required general solution of (1).

9. Solve (x*D? —3xD +4)y = x* cos(logx)..(AU Dec 2010)
Solution:

The given ODE is (x?’D?* —3xD +4)y = x° cos(logx). ---(1)
To solve (1) use x=e* = z=Ilogx, xD=D'"; x’D* =D'(D'-1)

(1) becomes (D'(D'-1) —3D'+4)y =e** cosz ,where D = di; D'= di
X Z

= (D -4D'+4)y = €% C0SZ -----=-=-=-==--- 2)
The AEof (2)is m*—4m+4=0=(m-2)* =0
= (M-2)(m-2)=0=>m=2,2

. C.F= e%*(Az +B)

Now P.l =

(e** cosz)

1
f(D)
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= Grama o
—4D'+

= g% 1 c0osz
(D'+2)2 —-4(D'+2)+4

1
= Fcosz

=—e% cosz
The general solution of (2)is  y(z) =C.F+P.I=e*(Az + B) —e** cosz

- Y(xX) = x*[Alog x + B] — x* cos(logx) is the required general solution of (1).
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\&2/ KARPAGAM ACADEMY OF HIGHER EDUCATION
K /:E PA (;; M (Deemed to be University Established Under Section 3 of UGC Act 1956)
ACADEMY OF HIGHER ° Pollachi Main Road, Eachanari (Po),

Coimbatore —641 021

Subject: MATHEMATICS-II Subject Code: 18PHU404
Class : II - B.Sc. Physics Semester : IV

Unit 11

Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions

Question Opt 1 Opt 2 Opt 3 Opt 4 Answer
Iff1,f2... ... .... fm are m given functions and ol flie2 ol fl*c2 ol fl/c2
cl,c2... ... ... ...cm are m constants then the -, e | s |y Jom cl f1-c2 £2- cl fl+c2
EXPression ..................... is called a linear m f1:1:1 """""" m fi’lil """""" fn [ -emfm |2+, +cm fm
combination of f1,f2... ... ... fm.
Iff1,f2... ... .... fm are m given functions and
) non

cl,c2... ... ... ...cm are m constants then the non linear homogeneous . o . o

. . o . homogeneous [linear combination (linear combination
expression cl fl+c2 2+ ... ... ... ... +cm fm is combination equation cquation
calleda ................. of fIf2... ... ... fim, a
Any .............. combination of solutions of the
homogeneous linear differential equation is also a |linear nonlinear Zero separable linear

solution of homogeneous equation.

Any lienar combination of solutions of the
................... linear differential equation is also | homogeneous
a solution of homogeneous equation.

Any lienar combination of solutions of the
homogeneous linear differential equation is also a |value separable solution exact solution
........................ of homogeneous equation.

non

singular non singular homogeneous
homogeneous g g g
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The n functions f1,£2... ... .... fn are called

................. on a<x <b ifthere existsa constants [linearly linearly finite infinite linearly dependent
cl,c2... ... ... ...cnnot all zero,such that cl dependent independent

fl(x)+c2 2(xX)+ ... oo ol e +cn fn (x)=0 for all x.

The n functions f1,£2... ... .... tn are called linearly

dependent on a <x <b ifthere existsa constants

cl,c2............cnnot ...t ,such that |all zero one zero two zero n zero all zero

cl flx)+c2 f2(x)+ ... ... ... ... +cn fn (x)=0 for all

X.

The n functions f1,£2... ... .... fn are called linearly

dependent on a <x <b ifthere existsa constants

cl,c2... ... ... ...cnnot all zero,such that cl 1 2 3 0 0
fl1(x)+c2 2(xX)+ ... oo on ... +cn fn (x)=......... for

all x.

The functions f1,£2... ... .... fn are called

........................ on a <x <b ifthe relation cl [linearly linearly finite infinite linearly independent
fl(x)+c2 2(xX)+ ... oo ol e, +cn fn (x)=0 for all x |dependent independent

implies that cl=c2=... ... ... ...=cn=0.

The functions f1,f2... ... .... fn are called linearly

independent on a <x <b if the relation cl 0 | ) 3 0
fl1(x)+c2 2(xX)+ ... oo ol ... +cn fn (x)=0 for all x

implies that cl=c2=... ... ... ...=cn=...............

The functions f1,f2... ... .... fn are called linearly

independent on a <x <b if the relation cl

fl1(x)+c2 2(X)+ ... oo ol ... +cn fn equal to 0 <0 >0 not equal to 0 equal to 0
()i for all x implies that

cl=c2=... ... ... ...=cn=0

Thenthorder ...................... linear differential

equations always possess n solutions that are linealy | homogeneous non singular non singular homogeneous

) homogeneous

independent.
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The nth order homogeneous linear
...................... equations always possess n
solutions that are linealy independent.

differential

integral

bernoulli

euler

differential

The nth order homogeneous linear differential
equations always possess

......................... solutions that are linealy
independent.

Z€1ro

finite

inifinite

The nth order homogeneous linear differential
equations always possess n solutions that are

linearly
dependent

linearly
independent

finite

infinite

linearly independent

Let f1,f2,......fn ben................. functions each
of which has an (n-1)st derivative on real interval a
<x<b

real

complex

finite

infinite

real

Let f1, f2,.. .. ..fn be n real functions each of which
has an ------------ derivative on real interval a <x <

n-1

n+1

n+2

n-1

Let f1, £2,.. .. ..fn be n real functions each of which
has an (n-1)st derivative on ------------ interval a <
x<b

real

complex

finite

infinite

real

The ....oooviennnnin. solution of homogeneous
equation is called the complementary function of
equation.

explicit

implicit

general

particular

general

The general solution of -------------- equation is
called the complementary function of equation.

homogeneous

non
homogeneous

singular

non singular

homogeneous

The general solution of homogeneous equation is
called the ----------—--—--—- function of equation.

real

complex

complementary

particular

complementary

ANy oo solution of linear differential
equation involving no arbitrary constants is called
particular integralof this equation.

explicit

implicit

general

particular

particular

Any particular solution of linear differential
equation involving -------------- arbitrary constants is
called particular integralof this equation.

finite

infinite

no

one

no
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Any particular solution of linear differential

equation involving no arbitrary constants is called |general particular finite infinite particular
................ integralof this equation.
The soluation--------------- is called the general . ot o o/ o
solutionsof linear differential equations. yeyp yerp yeyp yeyp yeryp
The soluation yetyp is called the --------------- explicit implicit eneral articular eneral
solutionsof linear differential equations. p p & p £

. n .
In general solutlon. yetyp where ye is real complex complementary [particular complementary
................. function
In general solution yc+yp where yp is .. o . .

. explicit implicit general particular particular

................. function
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UNIT-I11

Partial Differential Equations: Formation of Partial Differential Equation by
eliminating arbitrary constants and arbitrary functions — Solutions of Partial Differential
Equations by direct integration — Solution of standard types of first order partial differential
equations.
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INTRODUCTION:

If z=f(x,y), then z is the dependent variable and x and y are independent variables. The

: . oz oz 0°1 0°1 0°z .
partial derivatives of z w.r.to x and y are —, —, : , etc.we shall employ the following
0x’ 0y’ ox* " ooy  oy?

. . 0z 0z 822 622 822
notations: —=p,—=gq, — =T, =8, =t
ox oy OX oxoy oy

A partial differential equation in z is one which contains the variable z and its partial derivatives

3.1 FORMATION OF P.D.E BY ELIMINATING ARBITRARY
CONSTANTS

3.1.1 Form a partial differential equation by eliminating the arbitrary constants a & b from

z=alx+y)+b
Solution:
Givenz=alx+y)+b ...(1)

Differentiate (1) partially with respect to x, we get

az_
ax_a
p=a - (2)

Differentiate (1) partially with respect to y, we get

az_
ay_a
qg=a ..(3)

From equation (2) & (3) we get

P=q
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3.1.2 Form a partial differential equation by eliminating the arbitrary constants a & b from
zZ = ax + by
Solution:

Given z = ax + by ..(D)

Differentiate (1) partially with respect to x, we get

0z
=
p=a
Differentiate (1) partially with respect to y, we get
%
dy
q=>b
Substituting in equation (1) we get
z=px+qy

3.1.3 Find the PDE of all planes having equal intercepts on the x and y axis.

Solution:
Intercept form of the plane equation is E + % + E =1

Givena=b [since equal intercepts on the x and y- axis]

Z
+-=1 (D)
C

<

X

—_ _|_ —
a a
Here a and c are the two arbitrary constants.

Differentiate (1) partially with respect to X,
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weget, -+0+22=0
L S
a P~
1 1
=—Z (2
7 P (2)

Differentiate (1) partially with respect to y, we get

1 162_

0O+—+—-——-=0
a cady

From equation (2) & (3) we get

11
Cp_ Cq

p=4q

3.1.4 Form partial differential equation by eliminating the arbitrary constants a and b from
the equation (x —a)? + (y — b)2+ 2z =1

Solution:
Given (x —a)?+ (y—b)> +z% =1 ..(1)

Differentiate (1) partially with respect to x, we get
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0z
26—a)+0+2z—=0
0x

(x—a)+zp=0 ..(2)

Differentiate (1) partially with respect to y, we get

0+ 2( b) + 2 aZ—O

(y—b)+2zqg=0 ..(3)
Substituting (2) & (3) in equation (1) we get
(-zp)? + (—2zq)* +2z° =1
zZ2(p*+q¢*+1) =1

3.1.5 Form partial differential equation by eliminating the arbitrary constants a and b from

the equation (x — a)? + (y — b)? = z%cot’a

Solution:
Given (x — a)? + (y — b)? = z%cot’a (D)
Differentiate (1) partially with respect to X,
weget, 2(x—a)+0= ZZZ—i cot’a

(x —a) = zp cot’a .. (2)

Differentiate (1) partially with respect to y, we get

0420y —b) = 22 cot?
y = ZayCO a

(v — b) = zq cot’a .. (3

Substituting (2) & (3) in equation (1) we get
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(zp cot?a)? + (zq cot?a)? = z%cot’a
z%cot*a(p? + q%) = z*cot?a

1

2 2 _
cot?a

p°+q

p? + q* = tan’a
3.1.6 Eliminate the arbitrary constants a & b from z = (x? + a) (y* + b)
Solution:
Givenz = (x2+ a)(y? + b) ..(D)

Differentiate (1) partially with respect to x, we get

dz
p=-5-=2x(y*+b)

0x
p =2x(y?>+b)
P _ ey L (2)

2x
Differentiate (1) partially with respect to y, we get

_62_2 2 4
q—ay— y(x“+a)

q=2y(x?+a)
4 _x244q ..(3)
2y

Substituting (2) & (3) in equation (1) we get
_ (L) (P
Z= <2y) (Zx)

4xyz = pq
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3.1.7 Form partial differential equation by eliminating the arbitrary constants a and b from

the equation z = ax™ + by™
Solution:
Given z = ax™ + by™ (1)

Differentiate (1) partially with respect to x, we get

— aZ — n-—1
p= P anx
px n
—= . (2
n ax ( )
Differentiate (1) partially with respect to y, we get

— 0z =b n-—1

q= dy = bny
v _ by™ ..(3)

Substituting (2) & (3) in equation (1) we get

px qy

T n n
zn =px + qy

3.1.8 Form a partial differential equation by eliminating a and b from the expression
(x—a)® + (y—b)? + 2% = ¢?

Solution:
Given (x — a)? + (y — b)? + z% = ¢? .. (1)
Here a and b are two arbitrary constants

Differentiate (1) with respect to x, we get
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0z
2(X—(1)+0+22£—0
x—a)+zp=0
(x—a)=-zp e (2)
Differentiate (1) with respect to y, we get
dz
0+2(y—b)+225—0

(y—b)+2zq=0
(y—b) =—2zq e (3)
Eliminating a and b from (1), (2) and (3) we get
(—zp)* + (—zq)* + z* = ¢*
z2p? + z2q* + z% = ¢?

z2(p*+q*+ 1) =c?

3.2 FORMATION OF P.D.E BY ELIMINATING ARBITRARY
FUNCTIONS

3.2.1 Form the partial differential equation by eliminating the arbitrary function z = f (i)
Solution:
i = (X
Givenz = f (y) ..(D)
Differentiate (1) partially with respect to x, we get
0z (x) (1) )
P=3.7 f VAL

Differentiate (1) partially with respect to y, we get
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06 o
q==—=f{-\—
dy y/ \y?
(X 1
@ _ p_ ()G
3 (XN (X
( ) a f (y) (yz)
p__Y
q X
pxX = —qy
px+qy =0

3.2.2 Form the partial differential equation by eliminating the arbitrary function z = xy +
f&x* +y%)
Solution:

Given z = xy + f(x% + y?) ..(1)

Differentiate (1) partially with respect to x, we get

0z .
p =a=y+f(x2 +y5)(2x)
p—y=f&*+yH(2x) - (2)

Differentiate (1) partially with respect to y, we get

1=5,= x+ f(x* +y)(2y)

q—x=f(x*+y?)(2y) .. (3)
@ _ p—y_f@a?+y)(2x)
(3) q—x fx2+y?)(2y)
p—y _x
q—x y
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(p—y)y=(—-xx
py — qx = y*- x*

3.2.3 Form the PDE by eliminating the arbitrary function from z= f(x?+ y?)
Solution:

Given z = f(x? + y?) (1)
Differentiate (1) partially with respect to x, we get
dz ,
p=——=f 0 +yD)(2x)
p=f(x*+y*(2x) - (2)

Differentiate (1) partially with respect to y, we get

_aZ_ "2 2 2
q—@—f(x +v*)(2y)

q=fx*+yHQy) (3
@ _ p_ LGP +yH0)
(3) q fx*+y>)(Q2y)
p_x
q y
py = qx

3.2.4 Form the PDE from z = f(2x — 6Yy)
Solution:
Given z = f(2x — 6Y) ..(1)

Differentiate (1) partially with respect to x, we get,
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_9% _ riax—6y)(2
p=5-=f(x-6)
p=2f'(2x — 6y) (2

Differentiate (1) partially with respect to y, we get,

d ,
q= —i = £'(2x — 6)(—6)

q=—6f'(2x — 6y) ..(3)
@:}‘ p_ 2f ' (2x — 6y)
(3) q —6f'(2x —6y)
p -1
q 3
3p=—q
3p+q=0

3.25Formthe PDE fromz = x + y + f(xy)
Solution: Givenz =x+y + f(xy) (D)

Differentiate (1) partially with respect to x, we get

)
p=o-=1+fCy)y
p—1=yf(xy) - (2)
Differentiate (1) partially with respect to y, we get

0z

15, = 1+ f (ey)(x)
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q—1=xf(xy) .. (3)
@ _ p—1_yfGy)
(3) q—1 xf'(xy)
p-1_Yy
qgq—1 x

x(p—-1D=y(q-1)
Xp—x=Yyq—Yy
Xp=yq=x-y
3.2.6 Form the PDE by eliminating the functions from z=f(x+t)+ gx —1t)
Solution:
Givenz=f(x+t)+glx—1t) ..(1)
Differentiate (1) partially with respect to x, we get

0z

==+ +g -1 - (2)
622_ " " 3
m=f G+t =0 .(3)
62_ ' ' 4
=Gt -g -0 - (4)
622_ " " 5
=t +g' -0 .5

From equation (3) & (4) we get

0%z B 0%z

0x2  0t2

3.2.7 Form the partial differential equation by eliminating the arbitrary function
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2 _ x\ _
from ¢ (z xy, Z) =0
Solution:
: 2 _ X\ _
Given ¢ (z Xy, Z) =0

Let u=2z%-—xyv =§
Ju _ 0z _
ox Zax =Py
ou _5 dz _
3y = Zay x =2zq —x

2
@=Z(1)—x£=z—px

0x z2 z?2
v x0z —xq
dy  z20x  z2
du Jdv
dx Ox| _ 0
du oJv|
dy 0dy
Z —px
2zp —y e
22q —x  —
z

(2zp —y) (_Z—);q) — (229 — x) (Z ;sz) =0

2xpq
z

xyq z—px
+Z—2—(ZZQ—X)( 42 ):0

x%p — (xy — 2z%)q = xz
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3.28 Form the P.D.E by eliminating f and ¢ from z=xf(§)+y(p(x)

Solution:
Givenz =x f (%) +y o(x) (D)
p=ear (D)D) e @
=53 GG +ew=r@+ew @
s= aizazy =) (-5) +o'@ (@)
t= Z—jj = f" (%) (%) . (5)

(2)x + (3)y implies

px +qy = —yf’ ( )+xf( )+xyq) (x) +yf’ ( )+y<p(x)

= xyp'(x) + xf (%) +yo(x)

px+qy =xyp'(x) + z ..(6)

Use (5) in (4), we get
__7 '
s = xt + @' (x)

xs + yt
X

= ¢'(x)

Use in (6) we get

xs + yt

px+qy—xy[ ]+Z
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px +qy =xys+y*t+z
z =px+qy —xys — y*t

3.2.9 Form the partial differential equation by eliminating the arbitrary function f and g in

z = x*f(y) + y*g(x)

Solution:
Given z = x2f(y) + y?g(x) (1)

_62_2 2 7 2

p=o-=2xf(y) +y°g'(x) - (2)
_62_ 5 o ) h

q—@—xf(y)+ y g(x) - (3)
_622_2 2 I 4

=T fO)+ y2g"(x) . (4)
3 0%z B ) ,

S = 9wy - 2xf'(y) + 2yg'(x) . (5)
_622_ .

t—a—yz—Xf () +2g(x) ..(6)

(2)x + (3)y implies
px +qy = 2x*f(y) + xy*g' (x) + yx*f'(y) + 2y* g(x)
px +qy = 2[x*f(y) + ¥* g()] + xylyg' (x) + xf'(¥)]
s
px+qy = Zz+xy(§)
2px + 2qy = 4z + xys

4z = 2px + 2qy — xys
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3.2.10 Form a partial differential equation by eliminating arbitrary functions from z =

xf2x+y)+g2x+y)
Solution: Givenz = xf(2x+y) + g(2x +y)

0z

p =, =xf'@x+y)2]+ f2x+y)(D) +g'(2x + y)2
— 622 — " 1
r—W—Zx[f Cx+y)2]+f'2x+y)2

+f'2x+y)2+2g"(2x + y)2]

=4xf"QRx+y)+4f'QCx+y)+4g9"(2x +y)

r= g_xi — 4[xfll(2x + y) + g”(2x + y)] + 4f’(2x + _'Y) (1)

dz
q= oy xf'Cx+y)+9'Q2x+y)

0%z
t=gyz =x"Qx+y)+g"Qx+y) (2
2Z
= xdy 2xf"2x+y)+f'2x+y)+29"C2x+y) ..(3)
Equation (1) implies
62z _ 4622 + 4 1(2 + ) (4)
0x2  dy? f'Cx+y
Equation (3) implies
622 _ zazz_l_ /(2 + ) (5)
axay - ayZ f xTy

(4) — 2(5) implies
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0z 4622—4622+4’(2 +y) 8622 4f'(2x +y)

ox2 0xdy  0dy? frex+y dy? flx+y

0%z A 0%z B 4622
dx2 0xdy = 0y?2
0%z 0%z 0%z

— 4 4— =0
d0x? dxdy * dy?

SOLUTION OF STANDARD TYPES OF FIRST ORDER PARTIAL
DIFFERENTIAL EQUATIONS

3.4.1 Complete integral:

A solution containing as many arbitrary constants as there are independent variables is

called complete integral.
3.4.2 Singular integral:

The equation of the envelop of the surface represented by the complete integral of given

PDE is called its singular integral.

Thus if f(x,y,z,a,b)=0 is the complete integral of given PDE then the singular integral is
obtained by eliminating a,b from f(x,y,z,a,b)=0
o _
oa
I _yg
ob
3.4.3 General solution:

If f(x,y,z,a,b)=0 is the complete integral of PDE g(x,y,z,p,q)=0 then put b=¢(a) and

eliminate ‘a’ from f(x,y,z,a, ¢(a))=0 and ;i =0.
a
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SOLUTION OF STANDARD TYPES OF FIRST ORDER PARTIAL DIFFERENTIAL
EQUATIONS

9%z
=0

1. Solve Sty

Solution:

Given

0%z
dxdy

0 (02)_0
ox\ay/

Integrating with respect to x we get

Integrating with respect to y we get
z=xf(y)+gk)
z=+xf(y) +g&)
Where f(y) and g(y) are arbitrary.
2. Solve iﬁ =siny
ox
Solution:
Given
0%z

ﬁ = siny
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d (62) L

ox \ax) ~ 5V

Integrating with respect to x we get

oz L O
ax—xsmy fly

Integrating with respect to x we get

z=siny >+ xfO) +g(y)

2

z="ssiny +xfO) +9()
Where f(y) and g(y) are arbitrary.
TYPE |
3.4.1 PROBLEM BASED ON FIRST ORDER P.D.E F[p,q]=0
1. Find the complete solution of the partial differential equation \/5 + \/E =1
Solution:
Given,/p+. /g =1 (D
This equation is of the form f(p,q)=0
Hence the trial solutionis z = ax + by + ¢
To get the complete integral we have to eliminate any one of the arbitrary constants.
Since in a complete integral

Number of arbitrary constant = number of independent variable
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z=ax+by+c

p‘ax‘“
_az_b

Substituting in equation (1) we get

Va+vb=1
Vb=1-+a
b=(1-+a)
Hence the complete solution is
z=ax+ (1 —+Va)3y+c
2. Find the complete integral of p—q =0
Solution:
Givenp-q=0 ..(1)
This equation is of the form f(p,q)=0
Hence the trial solution is z = ax + by + ¢
To get the complete integral we have to eliminate any one of the arbitrary constants.
Since in a complete integral
Number of arbitrary constant = number of independent variable

z=ax+by+c
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p‘ax‘“
_ 0z _5

Substituting in equation (1) we get
a—b=0
a=>b
Hence the complete solution is

z=ax+ay+c

3. Find the complete solution of the partial differential equation p? + q? — 4pq = 0

Solution:

Given p? + ¢% = 4pq

This equation is of the form f(p,q)=0

Hence the trial solution is z = ax + by + ¢

To get the complete integral we have to eliminate any one of the arbitrary constants.
Since in a complete integral

Number of arbitrary constant = number of independent variable

z=ax+by+c

p_ax_a
_az_b
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Substituting in equation (1) we get
a’?+ b%?—4ab =0

_4at V16a? — 4a?
a 2

B 4a +V12a?
h 2

b

_ 4a + 2+/3a
B 2

= 2a +V3a
b=a(2+V3)
Hence the complete solution is
z=ax+a+V3)y+c
TYPE 11
3.4.2 PROBLEM BASED ON F(x,p,q)=0
1. Find the complete integral of p = 2qx
Solution:
Givenp = 2qx
This equation is of the form f(x,p,q) =0
Let g =a
Thenp = 2ax
We know that

dz=pdx+qdy
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dz =2axdx +ady

Integrating on both sides

fdzszaxdx+fady
x2
Z=2a<7>+ay+c

z=ax’*+ay+c
This is the required complete integral.
2.Solvep(1—-q*) =q(1-2)
Solution:

Givenp(1—q¢%) =q(1—2) ..(1)

The equation is of the formf(z,p,q) = 0

Letu =x + ay

au_l au_
ox ay_a
_dz _ dz

p_du' q_adu

Substituting in equation (1) we get

dz 5 dz\? dz
all—a (a)l:a—[l—Z]
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dz\?
1—a(l—2z) = a? (—)
a(l—2z)=a T
) dz\?
l—-a+az=a (—)
du

dz\*> 1
<@) =§[1—a+a2]

“ o iara
a
fmdz = f du
2Vl—a+az=u+c
4(1—a+az) = (u+ c)?
4(1—a+az) = (x +ay +c)?
This is the complete integral of the given equation.
3.Solvep(1+q) = qz
Solution: Given p(1+ q) = qz

The equation is of the formf(z,p,q) = 0

Letu =x + ay
au_ (')u_
ox ay_a
_dz _ dz
p_du' 1 du

Substituting in equation (1) we get
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dz (1 N dZ) _ dz
du @ du) @ duZ
1+ dz
adu =az
dz _ 1
adu = az

du a
du_ a
dz az—1
du=—2_4
u_az—l d

Integration on both sides [ du = f#dz

u =log(az—1) +logc

x+ay =logc(az—1)

This is the complete integral of the given equation.

4. Solve z% = 1 + p? + ¢*

Solution:

Givenz2 =1+ p? +q*> - (1)
The equation is of the formf (z,p,q) =0

Letu = x + ay
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ou ou
—_— = 1’ —_— =
0x dy
dz _ dz
P= 1= Y0

Substituting in equation (1) we get

—1+[ ]+ dz]
w T

2 1—[dz]2 1+ a?
z ~ ldu [1+a7]

[dz]2 _Z2 -1
dul — 1+a2
dz_ z2 —1
du |1+ a?
dz du

VzZ—1 Vita?

Integration on both sides

f _ du
Vz2 —1 V1 + a?

1

-1, —
cosh™ 'z = —1+a2u+b
. 1
cosh™z = 1_I_az(x+ay)+b

This is the complete integral
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TYPE Il
3.4.3 PROBLEM BASED ON f(x,p,)=g(Y,q)
1. Find the complete integral of pq = xy

Solution: Given pq = xy

2RI
QI

This equation is of the form f(x, p) = g(y, Q)

=a

RI

Y
q

D= _Y
--p—axandq—a

We know that

dz = pdx + qdy
dz = ax dx+£dy

Integrating on both sides

2az = a*x*+y*+b

This is the required complete integral.
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2. Find the complete solution of the PDE p? + q> = x + y
Solution:
Givenp?+ g =x+y
p?—x=-q*+y

This  equation is of the form  f(x,

p’-—x=-q*+y=a
p*—x=a —q*+y=a
pP=x+a g =y—a
p=vx+a q=\y-a
We know that

dz = pdx + qdy

dz = (x + @)z dx + (y— @)ady

Integrating on both sides

_(x+a)? (y—a)¥?
Z="35 YT an

+c

2 2
Z=§(x+a)3/2+§(y—a)3/2+c

This is the required complete integral.

3. Find the solution of px — qy = x
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Solution:

Givenpx —qy = x

pxX —x = qy
x(p—1) =qy
1=2 =
p-1=< qQy=a
=% =4
p=7 '

We know that

dz = pdx + qdy

dz=(;+1) dx+(%)dy

Integrating on both sides

z=alogx+x+alogy+b
z=ualogxy+x+b
This is the required complete integral.
4.Solve \[p+.gq=x+y

Solution:  Given\/p+./q=x+y

Jp—x=y-q
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Let\/E—x=y— q=a
Jp—x=a and y—Jg=a
\/5=x+a and—\/aza—y
p=(x+a)? and q=(y—a)?
We know that dz = p dx + q dy
dz = (x + a)? dx + (y — a)?dy

Integrating on both sides

fdz=f(x+a)2dx+f(y—a)2dy

+c

(+ o)\, - a)?
(57) %5

This is the required complete integral.
TYPE IV
3.4.4 CLAIRAUT’S FORM z=px + qy + f (p,q)
1. Find the complete solution of the partial differential equation z = px + qy + p* + q*
Solution:

Given z = px + qy + p? + ¢*

Thisisof formz =px +qy + f(p, q)

Hence the complete integral is z = ax + by + a? + b?

Where a and b are arbitrary constants

2. Find the complete solution of the partial differential equation z = px + qy + (pq)3/?
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(or)

Find the complete solution of the partial differential equation —==+2+ /pq
P P a pa P 4q
Solution:
iven = =47
Given i + p + \/pq

z _px +qy + pq\pq
pPq pq

z =px +qy + (pg)*¥?
Thisisof formz =px +qy + f(p, q)
Hence the complete integral is z = ax + by + (ab)3/?

Where a and b are arbitrary constants

3. Find the singular solution of the partial differential equation z = px + qy + p? — q*

Solution:
Given z = px + qy + p? — ¢*
This is of form z = px + qy + f (p, Q)
Hence the complete integral is z = ax + by + a? — b? (1)
Where a and b are arbitrary constants
Differentiating (1) p.w.r.to a we get

0=x+4+2a
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Differentiating (1) p.w.r.to b we get
0=y—2b
-
b= 2
Substituting a and b value in equation (1) we get

x2 2 2 2
z=-S 4L L
2 2 4 4

—2x?% + 2y% 4+ x% — y?
7z =
4

_—x2+y2
=Ty

4z = y2 — x?
This is the required singular solution.

4. Find the singular solution of the partial differential equation z = px + qy + 3pq

Solution:

Given z = px + qy + 3pq
Thisisof formz =px +qy + f(p,q)
Hence the complete integral is z = ax + by + 3ab ...(1)
Where a and b are arbitrary constants

Differentiating (1) p.w.r.to a we get
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0=x+3b
X
b=-3

Differentiating (1) p.w.r.to b we get
O=y+a

a=-%
3

Substituting a and b value in equation (1) we get

yx xy Xy
= ———— 4 —
T3
9z = —5xy
9z +5xy =0

This is the required singular solution.
5. Find the singular solution of the partial differential equation z = px + qy + pq
Solution:
Givenz = px + qy + pq
Thisisof formz =px +qy + f(p,q)
Hence the complete integral isz = ax + by +ab ...(1)
Where a and b are arbitrary constants
Differentiating (1) p.w.r.to a we get

O=x+b
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b=—x

Differentiating (1) p.w.r.to b we get
O=y+a
a=-y
Substituting a and b value in equation (1) we get
z=(=y)x+(=0)y+ (=y)(—x)
Z=—-yx—xy+xy
Z ==Xy
z+xy=0
This is the required singular solution.
6. Solve z = px + qy + pq
Solution:
Givenz = px + qy + pq
Thisisof formz = px +qy + f(p, q)
Hence the complete integral is z = ax + by + ab
Where a and b are arbitrary constants
Singular solution is found as follows
z=ax+ by +ab ..(D)
Differentiating with respect to ‘a’, we get

O=x+b
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b=—x
Differentiating (1) with respect to ‘b’, we get
O=y+a

a=-y
Substituting in equation (2) we get

Z=-=yx —Xxy+xy

zZ=—xy

z+xy=0
This is the singular integral
To get the general integral
Put b = ¢(a) in equation (1), we get

z=ax+ @(a)y + ap(a) ..(2)
Differentiating w.r.to a we get
0=x+¢'(a)y+ap'(a) + ¢(a) ..(3)

Eliminate a between (2) & (3) we get the general solution.

_ 2 Z_X,Y . [pa
7.Solve z = px + qy + (pq)? (or) pq_q+p+ pq

Solution:

3
Givenz = px + qy + (pq)2

This is of form z = px + qy + f(p, q)

3
Hence the complete integral is z = ax + by + (ab)2
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Where a and b are arbitrary constants

Singular solution is found as follows

3
z = ax + by + (ab)2 ..(D)

Differentiating with respect to ‘a’, we get

lbi
0= =
x+2a2 2

3 1b3
x——Eaz 2
3 27 zbz

=T

Differentiating with respect to ‘b’, we get

3 31
0=y+za2b2

3 ibl
y_—zazz
x3=—28—7a%b%
y _§a§b§
3
X2
y 4
3
pa X
9
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1 3
X _gazbz

3
gt XY
9 x
44y3
“= 9%

z=2 (f)z (xy)% + (f xy)3
9 9
This is the required singular integral.
8. Solve z = px + qy + p*q>
Solution:
Given z = px + qy + p2q?
Thisisof formz =px +qy + f(p, q)
Hence the complete integral is z = ax + by + a®b?
Where a and b are arbitrary constants

Singular solution is found as follows
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z = ax + by + a?b? ..(D)

Differentiating with respect to ‘a’, we get
0 = x + 2ab?

x=—-2ab? ..(2)

= —2ab

S R

Differentiating with respect to ‘b’, we get

0=y+2a®b
y = —2a?b
Y= —2ab  ..(3)
a
Yo o=l
= 2ab —k(say)

a=ky, b=kx

Put in equation (2) we get

x = —2k3yx?
k3 = _L
2xy

Put a & b in equation (1) we get

z = kxy + kxy + k*x?y?
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z = 2kxy + x%y? (— i)
2xy
= Zkxy —Sxy =k
z = 2kxy —=xy = 5 kxy

27 27/ 1
3 — 20 13,3 3:_(__) 3.,3
ZEg Y T Ty ¥

27
3__Z27 . 2.2
z 16xy

1623 + 27x%y? =0
This is the singular solution.
To get the general integral
Put b = ¢(a) in equation (1), we get
z=ax + @(a)y + a*(p(a))? . (4)
Differentiating w.r.to a we get
0=x+¢' (a)y +a?2¢(@)p’'(a) + [p(a)]*2a ...(5)

Eliminate a between (4) & (5) we get the general solution.
9. Solvez = px + qy + /1 + p* + ¢*
Solution:
Givenz = px + qy +/1+p? + ¢2
Thisisof formz =px + qy + f(p, q)

Hence the complete integral is z = ax + by + V1 + a? + b?

Where a and b are arbitrary constants
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Singular solution is found as follows
z=ax+by+V1+a?+b? ..(1)

Differentiating with respect to ‘a’, we get

1 0+2a+0
0=x+0+<

2Tt @21 be
a

0=x+——u=—
it 102

a
X === - (2)
V1+a? + b?

Differentiating (1) with respect to ‘b’, we get

0oy L 0240
Wy

b
0=y+ e

b

y:_\/1+a2+b2 - (3)
a? + b?
2 4 y2 =
SRR F Ty
a? + b?
1-x2+y)=1—-—7F—
(=457 1+ a?+ b?

1+ a? + b?—a? — b?

1-— 2 _ 2 —
oY 1+a%+b?
1
1_ 2 _ 2 —
Y T iy a2+
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1
/1—x2— 2 - - 00000
Y V1+a? + b?

1
Vita? +bh?2 = —
J1—x%2—y2

Substituting in equation (2) we get
X =—-ay1—x%—y?

X

J1—x%2—y2

Substituting in equation (3) we get

a=—

y =—by1l—x%—y?
po Y
J1—x2—y?
Substituting in equation (1) we get
x? y? 1
z=- N
J1—-x2—y2 J1—-x2—y2 [J1—x2—y2
1—x%—y?
Z =
/1—x2—y2
zZ=+/1—x2%—y?

This is the required singular solution

To get the general integral
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Put b = ¢(a) in equation (1), we get

z=ax+ @(a)y + \/1 +a?+ [p(a)]? .. (4)

3.4.5 EQUATIONS REDUCIBLE TO STANDARD FORM
1. Find the complete integral of x*p? + y*q? = z*
Solution:
Given x?p? + y2q? = z2
(xp)* + (yq)* = 2 (D)
This equation is of the form f(z,x™p,y"q) = 0

Herem=1,n=1

Put X =logx
6X_1
ox x
P_az
- aX
az_azax
dx 0X 0x
=p=
p X
xp =P
Put Y =logy
6Y_1
dy vy
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_ 0z
Q_OY
0z _ 0z dY
dy Y dy
q=~(=
yq =Q

Substituting in equation (1) we get
P? + Q% = 72 (2

This equation is of the form f(z,P,Q) = 0

Letu =X+ aY
au_l au_
ax 6y_a
P_dz _ dz
~du’ Q=az

Substituting in equation (1) we get

2 2

%] a? %] =72
du du

d 2

ﬁ [1+ a?] =z?

dz1? 3 7?2

dul  1+a?
dz _ z
du 1+ a?
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dz _ du

z Vita

Integration on both sides

fdz_ du
z JVira

1

logz = u+b>b

8 V1 + a?

1 L X +ar)+b

0gz = a

& V1+a?

1 ! ¢! +al )+ b
0gz = ogx +alo

S Traz ® &Y

This is the complete integral
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Part — A: Questions

Form the P.D.E of the following

1. Family of sphere having their centre on the linex =y =z (NOV-06)
2. zZ=ax+by
3. centre lie on xy plane with radius “r” (or) (x -a) 2+ (y-b) 2+ z2=r?2

(NOV-03, MAY-07, MAY-08)
4. 7= (x+a)%+(y+b)2 (MAY-08)
5. z=(X>+a% (y*+b? (NOV-04)
6. z=x>f(y)+y?g(X) (MAY-03)
7. z2=1(y) +¢ (xty+z) (NOV-04)
8.  Eliminate the arbitrary function f from z = f(xy/z) (MAY-04)

o’z .

9. Solve y=S|n y (MAY-07)
10. Form a PDE by eliminating the arbitrary constants a and b from the equation
(x—a)’ +(y-b)*=z*cot’ . (NOV-07)
11. Form a partial differential equation by eliminating arbitrary constants aand b fromz =

(x+a)? + (y + b)?

12.
13.

14.

15.
16.
17.
18.
19.
20.

p+g=pq (MAY-03 , MAY- 04)
z=px+aqy +p*-q° (NOV-03)
Z=px+qy++/pq (MAY-07)
p+q=x+y (NOV-04)
z=1+p’+ 0P (MAY-03)
(1-x)p + (2-y) q = 3-z. (NOV-06)

Solve : pg=y

Define General and Complete intégrals of a partial differential equaitons.
Define singular integral of a partial differential equations.
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15. 4

16.

17.
18.
19.

20.

21.
22.

23.

24,

Part — B : Questions

Solve : p2y(1+x?) = qx?
Find the singular integral of z = px+qy+p>-g?
Solve : x(Z%-y?)p + y(x?>-z2)q = z(y?-x?)

Solve : oz _ 26—32 = e**2Y + 4sin(x + y)
T oox2 0x20y

X(y-z)p+ty(z-x)q=z(x-y)
(3z-4y)p +(4x - 2z)q =2y - 3x
(Y-z)p-(2x+y)g=2x+z

PX (Y2 +2z)+ay (x?+2) =z (x*-y?)
y?p-xyq=x(z-2y)

. (x%2—y2-7%)p+2xy q = 2zx
. (D®-3DD?+2D®%)Z=0

(D?-DD + D' -1)z=0
(D*2DD’+D’?)z = 0

2 2 2
0 Z 1o 0°1 ggyfz

- +
OX OXoy
(D? -DD’-20D%)Z=¢e >**Y +sin (4x —y)

0

(D2 -DD -2D* )z: 2%+ 3y + >

(D~ 7D D2-6 D) Z=e>*Y +sin ( x +2y)
(D? +4DD’ —5D2 )z =3e*~ +sin(x—2y)

(D2 —2DD +D? —3D+3D " +2)7=(e% + 26 >¥)?
(2D2-5DD*+2D°2)Z=>5sin (2x +y)
(D*-2DD’)Z=x%y +e*

(D? +2DD + D2 Jz=x?y +e*”

(D? —5DD" +6D? Jz=ysin x

25. Solve (D2 +3DD —4D'2)z=x+sin y

Form a P.D.E by eliminating arbitrary functions from z =xf(2x+y) + g(2x+y). (May’08)

(May’08)
(May’08)
(May’08)
(May’08)
(MAY-04)
(NOV-06)
(MAY-03)
(MAY-07)
(NOV-04)
(NOV-07)
(MAY-03)
(NOV-04)
(May’08)

(NOV-03)

(MAY-03)
(NOV-07)
(MAY-04)
(NOV-03)
(NOV-03)
(MAY-07)
(NOV-04)
(NOV-06)
(NOV-06)
(NOV-07)
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\g,_%/ KARPAGAM ACADEMY OF HIGHER EDUCATION
KARPA EAM (Deemed to be University Established Under Section 3 of UGC Act 1956)
ACADEMY OF WISHER EDUCATION Pollachi Main Road, Eachanari (Po),
e Coimbatore —641 021
Subject: MATHEMATICS-II Subject Code: 18PHU404
Class : II - B.Sc. Physics Semester : IV
Unit 111
Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Question Opt 1 Opt 2 Opt 3 Opt 4 Answer
In a PDE, there will be one dependent variable and
independent variables only one two or more no infinite number of two or more
The of a PDE is that of the highest order
derivative occurring in it degree power order ratio order
The degree of the a PDE is of the higest order
derivative power ratio degree order power
Number of Number of
Number of arbitrary arbitrary constants
arbitrary constants |constants is is greater than Number of arbitrary
is equal Number |lessthan Number |Number of constants is not equal |Number of arbitrary
of independent of independent  |independent to Number of constants= Number of
Afirst order PDE is obtained if variables variables variables independent variables |independent variables
In the form of PDE, f(x,y,z,a,b)=0. What is the order? 1 2 3 4 1
What is form of the z=ax+by-+ab by eliminating the
arbitrary constants? z=qxtpytpq z=px+qy+pq z=pxtqy+p Z=py+qy+q Z=px+qy+pq
General solution of PDE F(x,y,z,p,q)=0 is any arbitray
function F of specific functions u,vis____ satisfying
given PDE F(u,v)=0 F(x,y,z)=0 F(x,y)=0 F(p,q)=0 F(u,v)=0

Prepared by: V.Kuppusamy, Department of Mathematics,KAHE




Algebra / 2018-2021 Batch

The PDE of the first order can be written as----------

F(x,y,s,t) F(x,y,z,p,9)=0 |F(x,y,z,1,3,2)=0 [F(x,y)=0 F(x,y,z,p,q)=0
The complete solution of clairaut's equation is z=bxtay+f(a,b) [z=axtby+f(a,b) |z=axtby z=f(a,b) z=ax+by+f(a,b)
:I:I_I_Ei Clairaut’s equation can be written in the form Z=px+qy+(p.q) 1z) X(fqijf(X,y) 2=PptQq Pq+Qp=r Z=px+qy+(p.q)
From the PDE by eliminating the arbitrary function from
=f(x"2 y"2) is xptyq=0 p=-(x/y) q=yp/x yp+xq=0 ypxq=0
Which of the following is the type f(z,p,q)=0 ? p(1+q)=gx p(1+q)=qz p(1+q)=qy p=2x f(y+2x) p(1+q)=qz
The equation (D"2 z+2xy(Dz)"2+D'=5 is of order
_ and degree 2 and 2 2and 1 land 1 O0and 1 2 and 1
The complementry function of (D2 -
4DD'+4D'"2)z=x+y is f(y+2x)+xg(y+2x) [f(y+x)+xg(y+2x) |f(y+x)+xg(y+x) |f(y+4x)+xg(y+4x) f(y+2x)+xg(y+2x)
The solution of xp+ygq=z is f(x"2,y"2)=0 f(xy,yz) f(x,y)=0 f(x/y ,y/z)=0 f(x/y ,y/z)=0

The solution of p+q=z is

f(xy,ylogz)=0

f(x+y, y+logz)=0

f(x-y, y-logz)=0

f(x-y,y+logz)=0

f(x-y, y-logz)=0

A solution which contains the maximum possible

number of arbitrary functions is called------------- singular complete general particular general
integral.
The lagrange's linear equation can be written in the
form Pq+Qp=r Pq+Qp=R Pp+Qq=R F(x,y)=0 Pp+Qq=R
- I YT E———
The complete solution of the PDE 2p+3q =1 is ----|z=ax+[(1 Z=axtyto z=axH(1-2x)ly+c |z=ax+b Z=ax+[(1-2)3]y+c
------------ 2a)/3]y+c
The complete solution of the PDE pq=1 is ---------~ z=ax+(1/a)y+b [z=ax+y+b z=ax+ay/b+c z=ax+b z=ax+(1/a)y+b
The solution got by giving particular values to the
arbitrary constants in a complete integral is called a |general singular particular complete particular
The general solution of Lagrange's equation is B _ _
denoted aSmmmr f(u,v)=0 zZX f (xy) F(x,y,s,t)=0 f(u,v)=0
The subsidiary equations are px+qy=z is -------------- dx/y=dy/z=dz/x |dx/x=dy/y=dz/z |xdx=ydy=zdz dz/z=dx/y=dy/x dx/x=dy/y=dz/z
- ]
:Fhe general solution of equation p+q=1 is f(xyz.0) f(x-y.y-2) f(x-y.y+2) F(x.y.5.6)=0 f(x-y.y-2)
The separable equation of the first order PDE can
o fxygxy)  [fabexy)  |fxpema)  [fo=g@ f(x,p)=g(y:)

be written in the form of ------------
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__________ f(a,b) (1,0)=0 f(D,D")z=0 f(a,b)=F(x,y) f(D,D")z=0

C.F+P.I is called solution singular complete general particular general

Particular integral is the solution of ------------- f(a,b)=F(x,y) (1,0)=0 [1/f(D,D")]F(x,y) |f(a,b)=F(u,v) [1/f(D,D")]F(x,y)

Which is independent varible in the equation z=

10x+5y x&y z X,Y,Z x alone x&y

Which is dependent varible in the equation z=2x+3y|x z y x&y z

Which of the following is the type f(z,p,q)=0 p(1+q)=gx p(1+q)=qz p(1+q)=qy p=2xf(x"2)-(y*2)) [p(1+q)=qz
=ax+by+(a”

Which is complete integral of z=px+qy+(p”"2)(q"2) f; XFOYHE DO tbrab z=ax-+by+ab z=a+f(a)x z=ax-+by+(a"2)(b*2)

The complete integral of PDE of the form F(p,q)=0 Z=ax-H{(a)y+c z=ax+(a)+b Zz=atfla)x Z=ax-f(a) z=axH(a)y+c

1S

The relation between the independent and the

dependent variables which satisfies the PDE is solution complet solution|general solution [singular solution solution
called-------
A solution which contains the maximum possible . .
. . general complete solution singular complete
number of arbitrary constant is called---------
The equations which do not contain x & y explicitly B _ _ _ _
can be written in the forfmmmemeemeeeer f(z,p.q)=0 f(p,q)=0 (p.9)=0 f(x,p,q)=0 f(z,p.q)=0
The subsidiary equations of the lagranges equation dx/2y(z-3) = dx/(2x-2) dx/2y=dz/(z- dx/2y(z-3) =dy/(2x-z)
2y(z-3)p + (2x-2)q = y(2x-3) dy/(2x-z) —dyR2y(z-3) - dx2y=dzi(z3) 1y oy —dz/y(2x-3)
yiz=2p =y —dzly(2x-3)  |=dziy(2x-3) Y Y
A PDE ., the partial derivatives occuring in which |,. . .
.. linear non-linear order degree linear
are of the first degree is said to be --------------
A PDE., the partial derivatives occuring in which . . .
. linear non-linear order degree non-linear
are of the 2 or more than 2 degree is said to be------
If z=(x"2+a)(y"2+b) then differentiating z partially A
+ A+ + A+
with respect to X is - 2x 3x(y"2+b) 2x(y"2+b) 3x+y 2x(y"2+b)
I - — - -
If z=ax+by+ab then differentiating z partially with . ath 0 b b

respect to y 1s
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The complete solution of the PDE p=2gx is -------- axtavic axtb — ax+(b+c)
........ ZraxTay x z = ax"2+ay+c zmax z = ax”2+ay+c
The general solution of px-qy=xz is f(u,v)=0 f(xy,x-logz)=0 |{(x-y,y-z)=0 f(x-y,y+z)=0 f(xy,x-logz)=0
If z= f(x"2+y"2) then differentiating z partially p=2xf"’ A
— + AN — AV A +a)= — > AN + A\
with respect to x is ----- (X" 2+y"2) p=2xf(x"2+y"2) |p=2xF (x"2- y*2) p(1*a)=qy p=2xf” (x"2+y"2)
: - q=(2y+2zz))
— AN + /N + 7a\ — 2 +2 '
If z f(x 2 y2 +z72) the'ndlfferentlatlng z GE2xE2+y72) [p(xr24y2 =2y =0 q=(2y+2zz')
partially with respect to y is ----- +2°) f(x"2+y"2 +2/°2)
z
The solution of d1ff§rent1at1ng z partially with X ax+bytc axtb ax=p b
respect to X twice gives -----
The general solution of PDE is of the form C.F+P.1 C.F-P.I C.F*P.1 C.F/P.1 C.F+P.I
The Equation is of the form Z=px+qy+f(p,q) is
called clairaut charpit crout separable clairaut
f(x,p)=g(y,q) is called equation clairaut charpit crout separable separable
Reducible equation is defined as te product of
factors. linear nonlinear polynomial recursive linear
The order of PDE to be the order of the derivative
of order occurring in it. lowest highest first second highest
The solution of the PDE consists main parts ) 3 4
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UNIT-IV

Laplace Transforms: Definition — Laplace Transforms of standard functions — Linearity
property — First Shifting Theorem — Transform of tf (t)@ f(t), f"(t).Inverse Laplace

Transforms — Applications to solutions of First Order and Second Order Differential Equations
with constant coefficients.
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LAPLACE TRANSFORM

Definition

Let a function f(t) be continuous and defined for all positive values of ‘t’. The Laplace

transform of f(t) associates a function by the equations

—st
o) = [ re.dt
0
Here ¢(s) is said to be the Laplace Transform of f(t) and it is written as L[f(t)].

Thus (s) = LIF(O)] = [ e stf(t)dt, >0
PROPERTIES OF LAPLACE TRANSFORMS

Property 1: Change of scale property

If LIf(t)] = ®(s),then L[f(at)] = %-F(i)

Property 2: First shifting Property
If L[f(£)] = F(s) then (i) Lle"* f(t)] = F(s + a)

(i) Lle®f(D)] = F(s — a)

Property 3: (i) Laplace Transform of Derivative

LIf'(©)] = sLIf (O] = f(0).
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(ii) Laplace Transform of derivative of order n.

LIf"®)] = s"LIf(®)] — s*1f(0) —s"2f'(0) — ... ()

Property 4: Laplace Transform of integrals.

Fe)
N

If L[f(t)] = F(s) then L [fotf(t)dt] =

Property 5: Laplace Transform of t — f(¢t)
If LIf(®©)] = F(s).then L[t. f(£)] = ;—:.F(s)
Note: In general L[t". f(t)] = (—1)”ﬂ.F(s).

ds™.

Property 6: Laplace Transform of [f (t)]

t

IFLIF(O] = F and if lim @ exists then.

L [@] = LmF(s).ds
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at
Find the Laplace transform of efcosbtand sintu_(t)where g _(t)is the unit step function.

e —cosbt] F( 1 s
L & —cosht)_ - ds
)

o0

Solution:

s—a
Vs? +b? )
(o)

S—a
\ /

= log

= log

LY (sintu, () = L (sin(z —t))
s 1
s2+1

=e

Verify the initial value theorem for the function1+e .

It f()
It f(t) lt(lre?)=1+1=2

t—0 t—0

It sF(s) = It sLLT(0)]

It sSL[1+e™]

S—

SLtoos[L(l) +LEe™)]

It sF(s)

Initial value theorem: =1+1
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Hence initial value theorem is verified.

Verify the final value theorem for the function f(t)=L" %
s(s+2)

Solution:

t 2t 2\t ot -2t
f=4—1 = [te™dt = P R S
s(s+2)% ] ¢ -2 4 -2 4 4

0

FVT: Limf(t)=Lim sF(s)

t—o0 s—0

-2t -2t
Lhs: Limt&__& L t|_t
towo| —2 4 4 4

S 1
SF(S)_|:S(S+2)2:|_ (s+2)2

Lim sF(s) = 1 = RHS
s—0 4

Hence Proved
CONVOLUTION THEOREM

5.3.1 Using convolution theorem, find the inverse Laplace transform of

1
a ———
32(32 + 25)

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 5/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: IV BATCH-2018-2021
Solution:
A1 I
2 (o2 2" 2
s° (s“+25) | s° (s°+25)
_ L—fi]*L—l o
| 52 (s% +25)
. sin 5t
5

= 1J‘(t—u)sin 5u du
59

1 —cosbu —sin5u )
7[“'“)( 5 )'('1)( % ﬂo

1(-sinbt t
= — + —
5( 25 5)

oL
s°(s+5)

Solution:

Cleers)  ClEars)
s®(s+5) s® (s+5)

1 t
z—J'uze*‘r"H‘) du
2 0

1 t
= —e*S‘J'uZeS“ du
2 (o]

1 eSu e5u e5u t
==e|u’ —(2u) +(2)
5 25 125 |,

e75t

= 2—50[25t2e5t —10te® + 2e% — 2]

e 1
(s? +a%)?
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Solution:

LA{%} :L_{ 21 2" 21 2:|
(s°+a) (s +a°) (s*+a)

L [F(s)G(s)] :If(u).g(t—u)du

sinat
F(S)=5——==f(t)=

s“+a a

1 sinat

GS)=F——=F=>9()=
s“+a a
L{ﬁ} :éjsin au.sina(t—u)du
0
t
= 2—22 I [cos(2au —at) — cos at]du
0
. t
B : 1 | - 12 sin(2au — at) _ cosat (u).
(s°+a) 2a 2a 0
1 [sinat sinat
=—— + —tcosat
2a°| 2a 2a
_sinat — atcosat
2a°
s
(s +a?%)?
Solution:
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L S _ | S 1
(s> +a2)? | | (s*+a?) (s’ +a?)
L [F(s)G(s)] :If(u).g(t—u)du

F(s)= = f(t) =cosat

s +a°

G(s) = sinat

a

1
s +a’ =90)=

t
L {ﬁ} = Z_la cosau.sin a(t; u) du
+ 0

1 ¢ .
= 5![sm(at) —sin(2au — at)]du

L _sin at.(u), + [cos(Zau —at) }t }

:2_3. 2a 0
17, . 1

=—| tsinat + —[cosat — COS(—at)]}
23__ 2a
17, . 1

=—| tsinat + —[cosat — cosat]
2a_ 2a

_ tsinat

2a

SZ

e
(s* +a%)(s* +b?)

Solution:

B s _ |- S S
(s2+a?)(s2+b%) | | (s’ +a?) (s*+b?)
= L*[F(5).G(9)]

F(s)=

T f(t):L‘le +a2}:cosat
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G(s) = =gt)=L" = cosbt
(5) s? + b? 9®) [32+b2}
SZ t
L = | cosau.cosb(t — u)du
{(s2 +a’)(s* + bz)} ! (t=u)

[ sin[(a —b)u + bt] N sin[(a + b)u —bt]
(a—h) (a+h)
sinat sinat  sinbt sinbt}
+ — +
'a-b a+b a-b a+b

[ 2asinat — 2bsinbt
a’ —b?
asinat —bsinbt

\ a? —b?

|

1
2
1
2
1
2

. (May/June 2005)

1

Sy
s°(s+5)

solution:

1
52(s+5)

] = ﬁe‘f’tdt dt =
00

O ey~ S ey —+

[EEN

|l—\ o

N

S+2
g. m . (May/June 2006)

solution:
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S+2 3 S+ 2
(s> +4s+13)%>  ((s+2)®>+9)?

L1 S+2 _ S+2
(52+4s+13)2 ((s+2)2+9)2

_ a2t -1 S
=e Tt [(32+9)2}

_ e_zt(tsm 3t)
6

1

h, ————
s(s® —a®)

solution

1 rsinhat
T [P U L L
[s(sz—az)} -([ a

B l[cosh at jt
all a ),
1

= ?(cosh at —1)

INVERSE LAPLACE TRANSFORM

Definition: If F(s) is the Laplace transform of a function f(t)i.e., L[f(t)] = F(s), then f(t) is

called the inverse Laplace transform of the function F(s) and is written as
f(t) = L7Y[F(s)] L™ Yis called the inverse Laplace transform operator.
Important Results in Laplace Transform

Result 1. Linearly property:

If a and b are any constant while F(s) and G(s) are the Laplace transform of f(t) and g(t)

respectively.

Then L™ [a.F(s) + b.G(s)] = a.L™Y[F(s)] + b. L™[G(s)]
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Result 2. First shifting property:
()WL"YHF(s+a)] = e “L71[F(s)]
(NL7YF(s — a)] = e®L[F(s)]
WORKED EXAMPLE

Ex.1. Find L1 [S_LZ]

s—2

ol 171 [1] = 2171 [] = e2(1) = o

Ex.2. FindL—l[ ! ]

$2+25

SoI.L‘l[ ! ]=1L‘1 [L] =§sin5t

s2+425 5 52425

Ex.3. Find L—l[ S ]

s2+9

Sol. L1 [L] = L‘l[ > ] = cos 3t

s2+9 $2+32

Ex.4. Find L—l[ L ]

s2+9

Sal. L—l[ ! ]=L—1[ 1 ]=3L-1[ 3 ]=§sinh3t

s2+9 $2+32 3 §2+32

SOLUTION OF LINEAR ODE OF SECOND ORDER WITH CONSTANT
COEFFICIENTS USING LAPLACE TRANSFORMATION TECHNIQUES.

Using Laplace transform solve % —3y =e*subject to y(0) =1.

Solution:
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dy 2
—-3y=¢
a7

Taking L.T. on both sides,

L(%]—suy) - L(e?)

- o1 = o1
sy—y(O)—3y=§:>sy—1—3y=a

7(5—3)=L+1
s—2

Y= 5-2-93)

| s—1
y=L ((3—2)(3—3)J

Now consider s-1 _ A + B = A=-1 B=2
(s=2)(s-3) s—-2 s-3

y=L" s—1 = L—l(__l)+ L—l(ij
(s—=2)(s-3) s—2 s-3

y=—e? +2¢%

Solve the following initial value problem using

2
d y+6dy

Laplace transforms PRl 9y=2e*,y=0,y'(0)=-2.

Solution:

2
97 16D oy =263 = 52y 5y(0) - y'(0)+6(sy — y(0))+9y = 3—23
+

di2 | dt
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7(52+63+9)+2=:23

—2 2

s+3 A B C
2 = + 2 T 3

(s+3) s+3 (s+3)° (s+3)

—23—4=A(s+3)2+B(S+3)+C

whens=-3=C =2

y=

Comparingthe coefficientsof s2, A=0

Comparing the coefficient of s, 6A+B=-2=B=-2
Comparing the constant coefficient, 9A+3B+C =—-4
=C=-4+6=2
-2 2
2 T 3
(s+3)° (s+3)

o -2 4 2
y="t ((s+3)2]+L ((s+3)3]

=y=2e"" ﬁ—t
2
2

Solve using Laplace transforms ?jtzy + 4% +4y=te”',y(0)=0,y'(0) =-1.

y=

Solution:

y'+4y'+4y=te"

s°Y — y(0) — y'(0) + 4[sy — y(0)] + 4y = %
(S+1)
, 1
v 4s+4)=—— _
y(s +4s + ) (s+1)2
1 A B C D

y= 2 = + 2 T + 2
(s+1) (s+2)* s+1 (s+1)° (s+2) (s+2)
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when s=-1=B=1

when s=-2= D=1

Comparing s* coefficients, 5A+B+4C + D=1=5A+4C=-1
Comparing s° coefficients, A+C=0=C=1=A=-1

S W E VN I T R
s+1) (s + 2)2 s+1 (s+1)° (s+2) (s +2)°
(s+1) (s+2)

y=e"(-1+t)+e™(1+t)

Using Laplace transform solve y"'+2y'-3y = 3,y(0) =4, y'(0) = -7.

Solution:
y'+2y'-3y =3,

_ , y 3
S°Y = sy(0) - Y'(0)+2(sy - ¥(0)) -3y =
7(32+25—3)—4s+7—8=§

S
y(sz+2s—3)=§+1+4s
S
3 r1+4
oo s T 34s+as® A B C
y_(s+3)(s—1)_s(s+3)(s—1)_s s+3 (s—=1)

whens=0=> -3A=3> A=-1
when s=1=4C=8=C=2
whens=-3=12B=36=B=3

3+4s5+4s2 -1 3 2
—_— =4 ——+
s(s+3)(s-1) s s+3 (s-1)

y = L‘l("—l]+ L—l[i) + L‘l( 2 ]
S S+3 (s=1)

=3t

y=

y =—1+3e 4+ 2¢!

Using Laplace transform solve y''+3y'+2y =e™,y(0) =1,y'(0) =0.
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Solution:

y'+3y'+2y = et

$27 = 5y(0) = y'(0)+ Ay - y(0)) + 27 = ——
s+1

y(32+35+2)—s—3=s+_1

1
5+1+S+3_ s2+4s+4 S+2 A B

(+D(+2)  (s+D2(s+2) (s+D2  s+1 (s+1)?
when s=-1=B=1

y=

Comparing constant coefficients, A+B=2= A=1

S+2—1+ 1
(s+1)? s+1 (s+1)?

= L—l(s%ly L—{(S 31)2] et

y=

2

Using Laplace transform solve d 2/ — 2—y + y=e"with y = Z,Q =—1atx=0.
dx dx dx

Solution:

7(32—23+1)—23+1+4=ﬁ

1

5_1_5+25 252 -7s+6 A B C
2 3 + 2 T 3

(s-1) (s-1) s=1 (s=1D° (s-1)

But 252 —-7s+6=A(s-1)2+B(s-=1)+C

when s=1=C=6

y=

Comparing the coefficients of s2, A=2
Comparing the coefficients of s, —-2A+B=-7T=>B=-7+4=B=-3
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_ 2 -3 6

y =

s—1" (s-17 " (s-1°

y=L" 2, _32+ 6 - |=2¢' —3te' +3t%' =e'(2-3t+3t7)
s=1 (s=1D° (s-1)

Solve by using Laplace transform j}— 3 y+ 2y =4given that y(0) =0,y'(0) =0.

Solution:

y-3y+2y = 4= 527 —sy(0) - y'(0) - 3(sy ~ y(0))+ 2y = %

y(s2 - 35+ 2)= g

y= m= §+Si_1+s(_:—2=>l= A(s =1)(s=2) + B(s)(s = 2) + C(s)(s - 1)

When s=0= A=

N

When s=1=B=-1

when s=2:>C=%
V=—4 =é+ —1 —%
s(s=1(s—-2) s s-1 s-2

yzL—l(ﬁ_l_ -1, % )zi_ t 1 2t
S

s-1 s-2) 2 2

Solve the differential equation using Laplace transform y'+4y'+4y=e'given that
y(0)=0,y'(0)=0.

Solution:
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y'Hay'+4y =gt

52y - ¥(0) - y'(0) + 4[sy - y(0)] + 4y = ﬁ

7(32 +4s+ 4)= si+1

1 _ A, B C
(s+1)s+2)% s+l (s+2) (s+2)2

y=

when s=-1=> A=1
when s=-2=>C=-1

Comparing s2 coefficients, A+B=0=>B=-1

4 1 T O R | e o -1
=t [(s+1)(s+2)zj - (s+1)+L ((s+2)]+|' ((s+2)zj

=2t

y=et—e 2 _te

2

Using Laplace transform technique, solve %+2%+5y=etsint,yzo, y'(0) =0when

=0.

Solution:

2
a7y, 2ﬂ+5y= e tsint
dt?  dt

Taking Laplace equation on both sides,
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52y — sy(0) — y'(0) + 2(sY ~ Y(0)) +5Y = — = —
(s+1)%*+1
g(se2se8)= L
(s°+2s+2)
g 1
(5*+25+2)(s* +25+5)

=y=L" L
(((s +1)2 +1)((s +1)2 +4)J

(32 +1)(s2 +4)

t
= l'fsin 2u sin(t —u)du
2 0

sin 2u sin(t—u) = %[cos(:%u —t)—cosu+1)]

- t
sint* 21 2L l.[l[cos(Su —t) —cos(u +t) |du
2 242

sin(3u —t)

—sin(u +t)j

(sin(Zt) —sin ZtJ—(_Sint —sintﬂ
K 3

(—25in(2t)j_(—4sintj
i 3 3
ty -1 1 41 ) ) 41, . .
=e L =e  —|4sint—-2sin2t|=e"" —|2sint —sin 2t
S (e o et )

Nk, DNEFP NP

Using convolution, solve the initial value problem y'+9y =sin 3t, y(0) =0, y'(0) =0.

Solution:
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y"+9y =sin 3t
L(y")+9L(y) = L(sin3t)

= Y- 5y(0) - y'(0) +9Y =~
S°+9

3
s?+9
3

(52 +9)7=

1 i 65
23.(52 +9)2

1t
=—jtsin3t dt
20
t . t
iItsinStdtzl t(—cos?,tj_l(—sm&j
29 2 3 9 /|

o))

_ 1{—3tcos3t +5sin Bt}
B 9

2

t
Using Laplace transform find the solution of y'+3y + 2_[ ydt =t,y(0) =1
0

Solution:

t
y'+3y + ZI ydt =t
0

Taking L. T. on both sides,

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics KAHE Page 19/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: 11 B.Sc PHYSICS COURSENAME: MATHEMATICS-II
COURSE CODE: 18PHU404 UNIT: IV BATCH-2018-2021

L(y)+3L(y)+ ZLU ydt] =L(t)

1+s*  1+4s?
(32 +35+ 2)5 s(s+1)(s+2)

1452 A B C

s(s+1)(s+2)=s S+1 s+2

Using partial fractions, A= % B=-2, C= >

2

o 1+5°
(52 +3s+2)s

o 1+5°
=y=L [s(s +1)(s+2)j

(il ()l ()
s(s+1)(s+2) S s+1 )

1 5
)== (1)-2e'+=e™
y(t) > @ >

. . 1
Find the inverse Laplace transform of ———————(May / June 2009)
(s+1)(s” +4)

Solution:

o SRS
(s2 +4)(s+1) s244 s+1
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—L*[F(s). G(5)]
=f(t)*g(t)=sin2t xe™

:jf(u)g(t—u)du

t
= Isin 2u e “du
0

t
= e‘tjsin 2u e'du
0

L, €

1+4

=e

(sin2u—2cos2u)

Ll e 2
=e™'| —(sin2t —2cos2t) + —
5 5

~t

:%(sin 2t —2cos2t) + 2e

Solve the equation y'"+9y = cos2t, y(0) =1, y(%] = -1, using Laplace transform(May/ June
2009)
Solution:

Given y"'+9y = cos2t
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L(y")+9L(y)=L(cos2t)

SL(Y(1)) ~ 5y(0) ~ Y'(0) + OL(y(t) =
s°+4
SY (s) —s() —k +9Y(s) = © S+ 2 Assume L(y(t))=Y(s)&y'(0)=k
Y(s)(s* +9)= SZ‘14+s+k
+s+Kk
_ 32 +4 _ S s+k
YO o) TFra) o9 (5 49)

0= “[(sz ; 4)3(32 o) (sszikg)} \ [%[(32 i 4) (s \ 9)j ' (s32++k9)]
el {aeleta)

y= lcosZt +ﬂcos3t +Esin 3t
5 5 3

Given y[zj =-1=k= 12
2 5

y= 1cosZt + ﬂcosSt + ﬂsin 3t
5 5 5

1

2—} (Nov/ Dec. 2009)
(s“+1(s+1)

Using Convolution theorem find L‘l[

Solution:

et (et
(s +1(s+1 s°+1 s+1
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=L*[F(s). G(s)]
=f(t)*g(t)=sint xe™

:.tff(u)g(t—u)du

t
= jsin ue “du
0

t
= e*tjsin u e'du
0

S e (sinu—cosu)
T 141 0

t
S {e—(sint —cost) + 1}
2 2

1, . e
==(sint — cost) + —
2(sm COS )+ 5

2
Solve the differential equation thy +y=sin2t,y(0)=0,y'(0)=0by wusing Laplace

transform method(Nov/Dec. 2009)

Solution:

dzy

Given —-+ y =sin 2t
dt?

Applying Laplace on both sides,
L(y")+ L(y) = L(sin 2t)
, 2
s2L(y(1) - sy(0)— y'(0) + L(y(t) = —
s°+4

Let L(y(t)) =Y(s) = s2Y(s)—sy(0)— y'(0) +Y(s) = 22 p
S+
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=sY(s)+Y(s) = 72
J’_
Y(s)(s*+1)= =2
2
Y(s)=
AN Fwy Py
2
t) =L"
v (52 +4)(s2 +1)}

2 1

St

=L'[F(s). Gs)]
= f(t)*g(t) =sin 2t *sint

f(u)g(t—u)du

O Sy —+

sin 2u sin(t—u) du

I
O Gy, O Sy —+

(cos(2u—t+u)—cos(u +t))du

N |

t
_ % [ (cos@u —t)— cosu +t))du
0

t

= E(—sin(Bu -Y_ sin(u + t))
2 3 )

_ %(Si”@’t =Y _gint 41y D sin(t)]
_1fsin(2t) . sint .
_2( 3 sin(2t) + 3 +sm(t)]

= %(—sin 2t + 2sint)
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KARPAGAM ACADEMY OF HIGHER EDUCATION
(Deemed to be University Established Under Section 3 of UGC Act 1956)
Pollachi Main Road, Eachanari (Po),

Coimbatore —641 021

Subject: MATHEMATICS-1I

Subject Code: 18PHU404

Class : II - B.Sc. Physics Semester : IV
Unit IV
Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions

Question Opt 1 Opt 2 Opt 3 Opt 4 Answer
The operator L that transforms f(t) into F(s) is called the
-------- operator. Fourier Hankel Laplace operator |Z Laplace operator
The Laplace transform is said to exist if the integral is ---
—————— for some value of s; otherwise it does not exist. discontinuous divergent closed convergent convergent
If {(t) is - on every finite interval in (0,00) and is
of exponentialorder 'a' for t>0, then the Laplace
transform of f(t) exists for all s>a, ie F(s) exists for unifromly piecewise
every s>a. continuous continuous convergent divergent piecewise continuous

If {(t) is piecewise continuous on every and is of
exponentialorder 'a' for t>0, then the Laplace transform
of () exists for all s>a, ie F(s) exists for every s>a.

infinite interval in
(0,00)

closed interval
[0,1]

Half open interval

[0,1) finite interval in (0,00)

finite interval in (0,00)

If {(t) is piecewise continuous on every finite interval in
(0,0) and is of ------- 'a' for £>0, then the Laplace
transform of f(t) exists for all s>a, ie F(s) exists for
every s>a.

exponential order |quadratic order |cubic order n th order

exponential order
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If f(t) is piecewise continuous on every finite interval in
(0,0) and is ofexponentialorder'a’ for t>0, then the
Laplace transform of f(t) exists for all s>a, ie F(s) exists

both necessary and

for every s>a. This condition is necessary non sufficient Sufficient sufficient Sufficient
L[1]= n! /s™(n+1) 1/s,s>0 1/(t+1) 1/ (s-a) 1/s,s>0
L[t"n] = 2/(s-1) n! 1/ s"N(n+1) n! /s"(n+1) n!/ s"(n+1)
L[e*(at)] = 1/ (s-a) 1/s,s>0 n! / s™(n+1) a/(s-a) 1/ (s-a)

s"2 F(s)-s f(0)- f
L{e"(-at)] = F(s-a) '(0) 1/ (s+a) n! / sN(n+1) 1/ (s+a)
L[sinat]= a/(s"2 +a”2) 1/(s"2 +a™2) (s"2 +a2) a/(s"3+a"3) a/(s"2 +a”2)
L[cosat]= n! / sN(n+1) s™N(n+1) t"(nt+1) s/(s"2 +a™2) s/(s"2 +a™2)
L[coshat]= s/(s"2 -a"2) 1/(s"3 -a"3) s/(s"2 +a™2) 1/a F(s/a) s/(s"2 -a"2)
L[af(t) + bg(t)]= aF(s)+bG(s) aF(s)-bG(s) bF(s)-aG(s) bF(s) * aG(s) aF(s)+bG(s)
L[af(t) + bg(t)]= aF(s)+bG(s) is called ------ property quasi linear non-linear Linearity homogenous Linearity

L[af(t) + bg(t)]= |L[af(t) + bg(t)]= L[af(t) + bg(t)]= aF(s){L[af(t) + bg(t)]=
Lineraity property is aF(s) * bG(s) aF(s)+bG(s) 1/a F(s/a) bG(s) aF(s)+bG(s)
If L[f(t)]=F(s) then L[e"at f(t)]= aF(s)+bG(s) F(s+a) 1-s F(s-a) F(s-a)
L[erat f(t)]=F(s- [L[f(at)]=1/a s"2 F(s)-s f(0)- f
First Shifting property is if L[f(t)] = F(s) then ------ a) F(s/a) '(0) s™(n+1) L[e*at f(t)]=F(s-a)
If L[f(t)]=F(s) then L[e"at f(t)]=F(s-a) is called ---- First shifting
property linear convolution property non homogenous First shifting property
If L[f(t)]= F(s) then L[f(at)]=1/a F(s/a) is called First shifting
property. Change of scale |convolution property non homogenous Change of scale

If L[f(t)]= F(s) then L[f(at)]= F(s/a) 1/a F(s/a) F(s-a) a F(s/a) 1/a F(s/a)

L[f(at)]= 1/(s"3 - [L[f(at)]= 1/a
__is called the change of scale property L{f(at)]=t-1 a”3) F(s/a) Llenat f(t)]=F(s-a) |L[f(at)]= 1/a F(s/a)

L[f(at)]=1/a

Change of scale property is ----- F(s/a) L[f(at)]= F(s/a) [L[f(at)]= F(a/s) [L[f(at)]=a F(s/a) L[f(at)]= 1/a F(s/a)
If L[f(t)]= F(s) then L[f" ()] = F(s)-f(0) s F(s)-+(0) s F(s)-f(0) F(s)+f(0) s F(s)-f(0)

s"2 F(s)-s f(0)- f [s"2 F(s)-s f(0)+ f
IfL[f(t)]= F(s) then L[f" (t)]= s"2 F(s)-s f(0) '(0) '(0) s"2 F(s)+s f(0)+ £'(0) [s"2 F(s)-s f(0)- £'(0)
L[5 (t"3)] = 1 1/s,8>0 3/ (s™4) 30/ (s™4) 30/ (s"4)
L{6t]= 6 6/(s"2) 6/s 6-s 6/(s"2)
L[2enr(-61t)]= 2/(s+6) 2 2/(s-6) 2/s 2/(s+6)
L[7]= 7/s 1/s,s>0 (-7/s) 7 7/s
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L[10 sin2t]= 20/(s"2-4) 2/(s"2+4) 2/(s"2-4) 20/(s"2+4) 20/(s"2+4)
L[7 cosh3t]= 7s/(s"2-9) 7/(s"2-9) s/(s"2-9) 7s/(s"2+9) 7s/(s"2-9)
The inverse laplace transform of 1/s is = 0 -1 sta 1 1

The inverse laplace transform of 1/(s-a) is = e’(-at) 1/e"(at) e”\(at) 1/e”\(-at) e’(at)

The inverse laplace transform of 1/(s+a) is = e”(-at) 1/e”(at) 1/e”(-at) e’(at) e’(-at)

If L[f(t)]=F(s) then f{t) is called -------- laplace

transform of F(s) Linear non-linear inverse quasi linear inverse

If L is linear then -------- is Linear. L+1 LA(-1) 1/L (-1/L) LA (-1)

If L is linear then L inverse is -------- non-linear Linear divergent quasi linear Linear

(P*2)(t)=[ (from 0

(P*2)(t)=[ (from 0

(P*2)(t)=[ from 0

(P*g)(t)=] (from 0 to t)

(F*g)(t)=/ (from 0 to t)

The convolution of f*g of f(t) and g(t) is defined as to t) f(u) g(t+u) du [to t) f(u) du to t f(u) g(t-u) du |g(t-u) du f(u) g(t-u) du
(P*e)(t)=] from 0 (F*g)(t)= from 0 to t

is called the convolution theorem. to t f(u) g(t-u) du |[(f*g)(t)=1-t (f*g)(t)=e"(-at) (f*g)(H)=L(-1)(1) f(u) g(t-u) du

A function f{t) is said to be ----- with period T>0 if

f(t+T)=f(t) for all t even projection odd peroidic periodic

L[k] = k/s k/s,s>0 (-1/s) k k/s

L[sinhat]= a/(s™2 -a™2) 1/(s"3 -a3) a/(s"2 +a”2) 1/a F(s/a) a/(s™2 -a™2)

L[er(8t)] = 1/ (s-8) 1/s,s>0 n! /s™(n+1) 8/(s-8) 1/ (s-8)
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UNIT-V

Interpolation with unequal intervals problems-Lagrange’s interpolation problems-
Newton’s divided difference interpolation problems-Newton’s forward and backward difference problems

Introduction

Interpolation means the process of computing intermediate values of a function a
given set of tabular values of a function. Suppose the following table represents a set of

values of x and y.

X X1 X2 DI Xn
yiyi y2 T Yn

We may require the value of y = y; for the given x = x; where x lies between Xxo t0 Xn

Let y = f(x) be a function taking the values yo, y1, y2, ... Yn corresponding to the values

X0, X1, X2, vreinnn Xn. Now we are trying to find y =i for the given x = x; under
assumption that the function f(x) is not known. In such cases , we replace f(x) by simple
fan arbitrary function and let @(x) denotes an arbitrary function which satisfies the set of
values given in the table above . The function ®(x) is called interpolating function or
smoothing function or interpolation formula.

Newton’s forward interpolation formula (or) Gregory-Newton forward

interpolation formula ( for equal intervals)

Let y = f(x) denote a function which takes the values yo, y1, y2 ... ....... , ¥n corresponding
to the values Xo, X1, X2 ...... .... , Xn.
Let suppose that the values of xi.e., Xo, X1, X2 .......... , Xn.are equidistant .

X1=Xo+h: xo=x1+h; andsoon X,=Xn1+h;
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Therefore xi = X0 +ih,where i=12, .., n

Let Pn(x) be a polynomial of the n" degree in which x is such that
yi =f(xi) = Pn(xi), 1=0,1,2, ... n

Let us assume Pn(x) in the form given below

Po(X) = a0+ a1 X — o) + asx —x0)? + ooooo. . + arX—Xo) Hor
+o.. + anx—x0)™ o.(l)
This polynomial contains the n + 1 constants ao, a, az, ......... an can be found as
follows :
Pn(Xo) = Yo = a0 (setting x = x0, in (1))

Similarly y1 = a0+ a1 X1 — Xo)
Y2 = ag+ a1 (X2 — Xo) + a2 (X2 — Xo)

From these, we get the values of ag, a1, a2, ...... an
i.e.,

Therefore, ao= Yo

Ayo=Yy1-Y0 = ai(X1—Xo)

= ajh
=>a =Ayo /h
Iy =>a, = (Ayi- Ayo) [2h° = Ayp/ 21 W
Iy =>a; =A%/3h’
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Putting these values in (1), we get

PoX) = = Yo+ x—x0)"Ayo /h + x—x0)? A%o/(20h%) + ..ot x—x0)® A'yo/(r! b

o + x—x0)™ A'yo/(n! ")

X- Xo

By substituting = u, the above equation becomes

y(Xo + uh) =y, =Yyo+ UAyo + u (u-1) Azyo + u (u-1)(u-2) A3yo +o,

2! 3!

- — @

By substituting u=u"",
u(u-l) = u®,

u(u-1)(u-2) = u®, ... in the above equation, we get

Pn (X)= Pay(Xo + uh) = yot+ uPAyo +u® A%yo + u®@A%o +....+ uPAy0 +..._ +u"A"y
2! 3! r! n!
The above equation is known as Gregory-Newton forward formula or Newton's
forward interpolation formula.
Note : 1. This formula is applicable only when the interval of difference is uniform.
2. This formula apply forward differences of yo, hence this is used to interpolate

the values of y nearer to beginning value of the table ( i.e., x lies between x0 to*1 or x1 to

X2)

e —
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Example.

Find the values of y at x = 21 from the following data.

X: 20 23 26
X: 0.3420 0.3907
0.4384
29
0.4848
Solution.

Step 1.Since x = 21 is nearer to beginning of the table. Hence we apply Newton’s

forward formula.

Step 2. Construct the difference table

X y Ayo A%y N
20 03420  (0.3420-0.3907)
0.0487 (0.0477-0.0487)
23 0.3907 -0.001
0.0477 -0.0003
26 0.4384 -0.0013
0.0464
29 0.4848

Step 3. Write down the formula and put the various values :

P (X)= Pry(xo + uh) = Yo+ uAyo + u® A%yo + u®A%0 +.....+ uOAy0 +... +u™A"yo

21 3! r! n!
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Where uY = (x—xo)/h=(21-20)/3=0.3333
u(2) =u(u-1) = (0.3333)(0.6666)

Pn (x=21)= y(21) = 0.3420 + (0.3333)( 0.0487)+ (0.3333) (-0.6666) ( -0.001)
+ (0.3333) (-0.6666)(-1.6666) ( -0.0003)

=0.3583

Example: . From the following table of half yearly premium for policies maturing at
different ages, estimate the premium for policies maturing at age 46.

Age X: 45 50 55 60 65
Premium y: 114.84 96.16 83.32 74.48 68.48
Solution.

Step 1.Since x = 46 is nearer to beginning of the table and the values of x is equidistant
i.e., h =5.. Hence we apply Newton’s forward formula.

Step 2. Construct the difference table

X y Ayo A"Yo AYo AYo
45 114.84

-18.68
50 96.16 5.84

-12.84 -1.84
55 83.12 4.00

-8.84 -1.16 0.68
60 74.48 2.84

-6.00
65 68.48
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Step 3. Write down the formula and put the various values :

P (X)= Pry(xo + uh) = Yo+ uMAye +u® A%yo+ u®A%0 +... .+ uOAy0 +... +u™A"yo

2! 3! r! n!
Where u = (X—xo)/h=(46-45)/5=01/5=0.2
Pn (x=46)=y(46) = 114.84 + [0.2 (-18.68)] +[0.2 (-0.8) (5.84)/ 3]
+ [0.2 (-0.8) (-1.8)(-1.84)/6 ]
+ [0.2 (-0.8) (-1.8)(-2.8)(0.68)]

=114.84 -3.7360 - 0.4672 — 0.08832 — 0.228

= 110.5257

Example . From the following table , find the value of tan 45° 15’

0

X : 45 46 47 48 49 50
tan X% 1.0 1.03553 1.07237 1.11061 1.15037 1.19175
Solution.

Step 1.Since x = 45° 15" is nearer to beginning of the table and the values of x is
equidistant i.e., h =1. Hence we apply Newton’s forward formula.

Step 2. Construct the difference table to find various A’s
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X y Ayo Azyo Agyo A4yo Asyo
45°  1.0000
0.03553
460  1.03553 0.00131
0.03684 0.00009
47° 1.07237 0.00140 0.00003
0.03824 0.00012 -0.00005
48" 1.11061 0.00152 -0.00002
0.03976 0.00010
49° 1.15037 0.00162
0.04138
50° 1.19175

Step 3. Write down the formula and substitute the various values :
Pn (X)= Pny(Xo + uh) =yo+ u(l)Ayo ﬂ(z) Azyo ﬂG)Asyo +ol + u(r)AryO +.. + u(”)A”yo

2! 3! r! n!
Where u = (45° 15" —45%/1°
=15"/1°
=025 coorreeennns (since 1° = 60 )

y (x=45° 15" )= Ps (45" 15°) =1.00 + (0.25)( 0.03553) + (0.25)(- 0.75)(0.00131)/2
+(0.25)(- 0.75)(-1.75)(0.00009)/6
+(0.25)(- 0.75) (-1.75) (-2.75) (0.0003)/24
+(0.25)(- 0.75) (-1.75) (-2.75) (-3.75) (-0.00005)/120

= 1.000 + 0.0088825 — 0.0001228 +0.0000049
= 1.00876
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Newton’s backward interpolation formula (or) Gregory-Newton backward
interpolation formula ( for equal intervals)

Let y = f(x) denote a function which takes the values yo, y1, y2
to the values Xo, X1, X2 ... ... ..ct, Xn.

.......... , ¥n corresponding
Let suppose that the values of xi.e., Xo, X1, X2 .......... , Xn.are equidistant .

X1=Xo+h; xo2=xi+h; andsoon Xn==Xn1+h;

Therefore xi = x0 +ih,where i=1,2, ..,n

Let Pn(x) be a polynomial of the n" degree in which x is such that
yi =f(x) =Pn(xi), 1=0,1,2, ....n

Pn(X) = a0+ arx— xn)(l) +aX — Xn) X — Xn-l)) + o
+ anX—Xn) X—Xn-1) e (X —X1) e (1)

Let us assume Pn(x) in the form given below

Po(X) = a0+ a1 X —xn) + asx — xo)? + .. + arX— %) ..
+...... + (ln(X—Xn)(n) ...... (]])
This polynomial contains the n + 1 constants ag, ai, az, ......... an can be found as
follows :
Pn(Xn) = Yo =ao (setting x =xn, in (1))

Similarly  yn1 = a0+ a1 Xn-1 — Xn)
Yn-2 = a0+ a1 (Xn-2 — Xn) + &2 Xn-2 — Xn)

From these, we get the values of ag, a1, a2, ...... an
Therefore, a= Yn
“yn = yn-yn-l = arXn1—Xn)
= aih
=>a =vyn/h
Iy =>a, =("y1-~ Yy /2h° = Pyl 21 W
Iy =>a; = /3IK°
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Putting these values in (1), we get

Po¥) = = yn+ X—X) “yn/h + x—x0)® Aynl(21 09+ x—xa)? ynl(r! 0

+...... + X —x0)™ “ya/(n! h"

X-Xn

By substituting = v, the above equation becomes

h

Yy(Xn+Vvh) = yp+v “yn + v (v+1) ‘2yn+ v (v+1)(v+2) '3yn o,
2! 3!

By substituting v = v,

v(v+l) = v,

®3)

v(v+1)(v+2) = V', ... in the above equation, we get

ey 4@ 2 0

Pn (X)= Pay(Xa+ Vh) =yn+ Vv 7y, +y® 3

Yn yo Fot v Ty L 1Ay,

2! 3! r! n!

The above equation is known as Gregory-Newton backward formula or Newton’s

backward interpolation formula.

Note : 1. This formula is applicable only when the interval of difference is uniform.
2. This formula apply backward differences of yn, hence this is used to interpolate
the values of y nearer to the end of a set tabular values. (i.e., x lies between xn to xn- 1 and

xn-1 t0 Xn-2)

e —
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Example: Find the values of y at x = 28 from the following data.

X: 20 23 26 29
y 0.3420 0.3907 0.4384 0.4848
Solution.

Step 1.Since x = 28 is nearer to beginning of the table. Hence we apply Newton’s
backward formula.

Step 2. Construct the difference table

2 -3

X y N Yn Yn Yn
20 0.3420  (0.3420-0.3907)
0.0487 (0.0477-0.0487)
23 0.3907 -0.001
0.0477
26 0.4384 -0.0003
29 0.4848 0.0464 -0.0013

Step 3. Write down the formula and put the various values :

©) 3

1~ ﬂ(2) »2yn +v Vi

P3 (X)= Pay(Xn+ vh) = yn + v 7yy
21 3!
Where vt = (x—xn) /h = (28 — 29) / 3 = -0.3333
v@=v(v+1) =(-0.333)(0.6666)
vP= y(v+1) (v+2) =( -0.333)(0.6666)(1.6666)

Pn (x=28)= y(28) = 0.4848 + (-0.3333)( 0.0464)+ (-0.3333) (0.6666) ( -0.0013)/2
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+(-0.3333) (0.6666)(1.6666) (-0.0003)/6
= 0.4848 — 0.015465 +0.0001444 + 0.0000185

=0.4695

Example: From the following table of half yearly premium for policies maturing at
different ages, estimate the premium for policies maturing at age 63.

Age X: 45 50 55 60 65
Premium y: 114.84 96.16 83.32 74.48 68.48
Solution.

Step 1.Since x = 63 is nearer to beginning of the table and the values of x is equidistant
i.e., h =5.. Hence we apply Newton’s backward formula.
Step 2. Construct the difference table

X y Yo 0 Yo Vo
45 114.84
-18.68
50 96.16 5.84
-12.84 -1.84
12 : -
55 83 a4 4.00 116
60 74.48 2.84
-6.00
65 68.48
0.68
Step 3. Write down the formula and put the various values :
P3 ()= Pay(xn+ vh) = yn+ v yn 0@y +09 Fyn +09
2! 3! 41
Where v® = (x—xs)/h=(63-65)/5= -2/5=-0.4
v(2) =v(v+1) v(3) =v(v+1) (v+2)
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(-0.4)(1.6) = (-0.4)(L.6) (2.6)
V() =v(v+1) (v+2)) (v+3) = (-0.4)(L.6) (2.6)(3.6)

P4 (x=63)=y(63) = 68.48 + [(-0.4) (-6.0)] +[(-0.4) (1.6) (2.84)/ 2]
+ [(-0.4) (1.6) (2.6)(-1.16)/6 ]
+ [(-0.4) (1.6) (2.6)(3.6) (0.68)/24 ]

68.48 +2.40 - 0.3408 +0.07424 — 0.028288

70.5852

Example: From the following table , find the value of tan 49° 15°

X 45 46 47 48 49 50
0 1.0 1.03553 1.07237 1.11061 1.15037 1.19175
tan X
Solution.

Step 1.Since x = 49° 45 is nearer to beginning of the table and the values of x is
equidistant i.e., h =1. Hence we apply Newton’s backward formula.
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Step 2. Construct the difference table to find various A’s

X y " Yo 0 yo Yo Yo
45°  1.0000
0.03553
46 1.03553 0.00131
0.03684 0.00009
47° 1.07237 0.00140 0.00003
0.03824 0.00012 -0.00005
48" 1.11061 0.00152 -0.00002
0.03976 0.00010
49° 1.15037 0.00162
0.04138
50° 1.19175

Step 3. Write down the formula and substitute the various values :

Ps (X)= Pey(xn+ vh) = yn+ v yn+v@ 2y v Fyn oy Ap 4O Sy
2! 31 41 51
Where v = (49°45" —50% /1°
=-15/1°
=-025 ...l (since 1°=60 )
v(2) =v(v+1) = (-0.25))( 0.75)

= (-0.25) (0.75)(1.75)
v(3) =v(v+1) (v+2)
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V(4) =v(v+1) (v+2)) (v+3) = (-0.25)( 0.75) (L1.75) (2.75)

y (x=49°15" )= Ps (49° 15") =1.19175 + (-0.25)( 0.04138) + (-0.25)( 0.75) (0.00162)/2
+(-0.25) (0.75)(1.75) (0.0001)/6

+(-0.25)( 0.75) (1.75) (2.75) (-0.0002)/24
+(-0.25)( 0.75) (1.75) (2.75) (3.75) (-0.00005)/120

=1.19175 - 0.010345 — 0.000151875 +0.000005+ ...

=1.18126

Lagrange’s Interpolation Formula

Interpolation means the process of computing intermediate values of a function a

given set of tabular values of a function. Suppose the following table represents a set of

values of x and y.

We may require the value of y = y; for the given x = x; where x lies between Xo t0o Xn

Let y = f(x) be a function taking the values yo, y1, y2, ... Yn corresponding to the values

X0, X1, X2, cvrennn Xn. Now we are trying to find y =y for the given x = x; under
assumption that the function f(x) is not known. In such cases, x; ‘s are not equally spaced

we use Lagrange’s interpolation formula.
Newton’s Divided Difference Formula:

The divided difference ./ [x-x1.x2. ...t ] sometimes also denoted [¥o«xi-x2. ... 2] on n+ Ipoints

Prepared by V.Kuppusamy, Asst Prof, Department of Mathematics, KAHE Page 14/19




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: II B.Sc NAME: MATHEATICS-II
COURSE CODE: 18PHU404 UNIT: V BATCH-2018-2020

Xo, 1, ..., “of a function f lis defined by /[l =f{w)and

Flxge ccvexp 1 — Floye oois x,]

X — X

Flo.x . oo x, ] =
L

for n= 1 The first few differences are

fo=h
flw.a] =X —x
Flxg.x 1= Flxy,x]
Jlxg . xp,xa] = g =12
Flrge cccox 1= Flxg. oo xy,
.f [-Tli'- g ens Xy = Xp = X; .

Defining

Ty ()=l =) e —x) - (v —=x)  gand taking the derivative

*T:u () =l =20 ) Qo = xo )l = 2 Do D = ) gives the |dent|ty

Ll fh
_.ir[-l'l.}-.fl 2oeme g | = Z m

k=0 .I.” -
Lagrange’s interpolation formula ( for unequal intervals)
Let y = f(x) denote a function which takes the values yo, y1, y2 .........., yn corresponding
to the values Xo, X1, X2 ... .cv .., Xn.
Let suppose that the values of xi.e., Xo, X1, X2 ... ....... , Xn. are not equidistant .

yi =f(x) =012 ...N

e —
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Now, there are (n+1) paired values(xiyi,), / = 0,1,2, ... n and hence f(x) can be

represented by a polynomial function of degree n in x.
Let us consider f(x) as follows

f(X) = ao(X —X1) X —X2) X — X3)... (X — Xn)
+ a1 (X —Xo)X — X2) X — X3) ... (X — Xn)

+ a2 (X — X0)X — X3) (X — Xa) ... (X — Xn)

+an (X — X)X — X2) X —X3) coe X—X1-1)  veeve e (1)
Substituting x= Xo, y=Yo , in the above equation
Yo = ao(X — X1) X — X2) (X — X3)... X —Xn)
which implies a0 = Yo /(Xo — X1) (Xo— X2) X0 — X3).... (X0 — Xn)
Similarly a1= Y1 /(X1 — Xo) X1 — X2) (X1 — X3) ... (X1 — Xn)

a2 = Y2 [(X2 — Xo) (X2 — X1) (X2 — X3).... (X2 — Xn)

= Vn (Xn — X0)( Xn — X2) Xn — X3) ... (Xn — Xn-1)

Putting these values in (1), we get

(X — X1) (X — X2) X = X3)... (X — Xn)
Yo

y="1(x) =
(Xo — X1) (Xo— X2) X0 — X3)... (X0 — Xn)

(X = X0)X — X2) (X —X3) ... (X — Xn)

(X1 — X0) (X1 — X2) (X1 — X3)... (X1 — Xn)

(X = X0)X — X1) X —X3) ... (X — Xn)

e —
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(X2 — X0) (X2 — X2) (X1 — X3).... (X1 — Xn)

(X — X0)(X — X2) X —X3) ... (X — Xn-1)

(Xn — X0)( Xn — X2) Xn — X3) ... Xn — Xn-1)

The above equation is called Lagrange’s interpolation formula for unequal intervals.
Note : 1. This formulais will be more useful when the interval of difference is not

uniform.
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POSSIBLE QUESTIONS

Prove that EA= A= VE.
Write Gregory Newton backward interpolation formulae.
Define Inverse Lagrange’s interpolation

52,1
Provethat u=(1+ T)Z
Provethat AV =A -V = §2.
From the following table, find the value of tan 45°15'
xe 45 46 47 48 49 50

tan x° :1.0000 1.0355 1.072 11106 1.1503  1.1917
7. Using inverse interpolation formula, find the value of x when y=13.5.

o0~ wbh Pk

x:  93.0 96.2 100.0 104.2 108.7
y: 11.38 12.80  14.70 17.07 19.91
8. From the following table find f(x) and hence f(6) using Newton interpolation formula.
x 1 2 7 8
fx): 1 5 5 4
9. Find the values of y at X=21 and X=28 from the following data.
X: 20 23 26 29
Y: 0.3420 0.3907 0.4384 0.4848

10. Using Newton’s divided difference formula. Find the values of f(2),f(8) and
f(15) given the following table
X: 4 5 7 10 11 13
f(x): 48 100 294 900 1210 2028
11. Using Lagrange’s interpolation formula find the value corresponding to x =
10 from the following table
X:5 6 9 11
y:12 13 14 16

12. From the following table of half-yearly premium for policies maturing at
different ages. Estimate the premium for policies maturing at age 46 & 63.
Age X : 45 50 55 60 65
Premiumy : 114.84 96.16 83.32 7448  68.48
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13. Find the value of y at x = 1.05 from the table given below.

x: 1.0 11 1.2 1.3 1.4 1.5

y: 0.841 0.891 0932 0964 0.985 1.015
14. Using inverse interpolation formula, find the value of x when y=13.5.

x: 93.0 96.2 100.0 104.2 108.7
y: 11.38 12.80 14.70 17.07  19.91

15. Find the age corresponding to the annuity value 13.6 given the table

Age(x) : 30 35 40 45 50

Annuity Value(y): 15.9 149 141 133 125
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\\—g%’; KARPAGAM ACADEMY OF HIGHER EDUCATION
KARPA EAM (Deemed to be University Established Under Section 3 of UGC Act 1956)
ACADEMY OF WISHER EDUCATION Pollachi Main Road, Eachanari (Po),
Coimbatore —641 021
Subject: MATHEMATICS-II Subject Code: 18PHU404
Class : II - B.Sc. Physics Semester : IV
Unit V
Part A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Question Opt 1 Opt 2 Opt 3 Opt 4 Answer
The process of computing the value of the function
inside the given range is called Interpolation extrapolation reduction expansion Interpolation
If the point lies inside the domain [x_0, x_n], then the
estimation of f(y) is called Interpolation extrapolation reduction expansion Interpolation
The process of computing the value of the function
outside the given range is called Interpolation extrapolation reduction expansion extrapolation
If the point lies outside the domain [x_0, x_n], then the
estimation of f(y) is called Interpolation extrapolation reduction expansion extrapolation
In the forward difference table y 0 is called
element. leading ending middle positive leading

In the forward difference table forward symbol ((y_0)),
forward symbol(*2(y_0)), _ are called

difference. leading ending middle positive leading
The difference of first forward difference is called

divided difference |2nd forward differ|3rd forward differe|4th forward difference|2nd forward difference

Gregory Newton forward interpolation formula is also
called as Gregory Newton forward
formula. Elimination iteration difference distance difference
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Gregory Newton backward interpolation formula is also
called as Gregory Newton backward

formula Elimination iteration difference distance difference
Gregory Newton backward interpolation formula is also
called as Gregory Newton backward
formula . Elimination iteration difference distance difference
The divided differences are in their
arguments. constant symmetrical varies singular symmetrical
In Gregory Newton forward interpolation formula 1st
two terms of this series give the result for the
interpolation. Ordinary linear  |ordinary differenti|parabolic central Ordinary linear
Gregory Newton forward interpolation formula 1st
three terms of this series give the result for the
interpolation. Ordinary linear  |ordinary differenti|parabolic central parabolic

Gregory Newton forward interpolation formula is
mainly used for interpolating the values of y near the

of the set of tabular values. beginning end centre side beginning
Gregory Newton backward interpolation formula is
mainly used for interpolating the values of y near the

of the set of tabular values. beginning end centre side end
From the definition of divided difference (u-u_0)/(x-
x_0) we have = (v,y_0) x,y) x 0,y 0) (x,x_0) (x 0,y 0)
If f(x) =0, then the equation is called Homogenous non-homogenoug first order second order Homogenous
The order of y (x+3)-5y (x+2)+ 7y_(x+1)ty x=
10x is 2 0 1 3 3
A function which satisfies the difference equation is a
of the difference equation. Solution general solution |[complementary sdparticular solution |Solution

The degree of the difference equation is The highest powe| The difference bd The difference be| The highest value of|The highest powers of]
The degree of the difference equation is 2 0 3
The order of y (x+3) -y (x+2) = 5x"2 1s 3 2 0
The difference between the highest and lowest
subscripts of y are called of the difference
equation degree order power value order
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E-1= backward differer|forward symbol |p d forward symbol
Which of the following is the central difference

operator? backward differer{forward symbol |u d 0

1+(forward symbol)= backward differer|E n d E

u is called the operator Central average backward displacement average

The other name of shifting operator is

operator Central average backward displacement displacement
The difference of constant functions

are 0 1 2 3 0

The nth order divided difference of x_n will be a

polynomial of degree . 0 1 2 3 2

The operator forward symbol is homogenous heterogeneous |linear a variable linear
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(18PHU404)

KARPAGAM ACADEMY OF HIGHER EDUCATION
Coimbatore-21
DEPARTMENT OF MATHEMATICS
Fourth Semester
I Internal Test - December’2019
Mathematics-11
Date: Time: 2 Hours
Class: Il B.Sc.Physics Maximum:50 Marks

PART — A (20 X 1 = 20 MARKS)
ANSWER ALL THE QUESTIONS

1. The differential equation 2% +x%y =2x+3, y(0)=5 is----
X

a) linear
C) quadratic

b) nonlinear
d) linear and nonlinear

2. A differential equation is considered to be ordinary if it has
-------------- dependent variable.

a) one b) two C) zero d) three
3. The order of the differential equati @+(dl)2+ ~ 0
. The order of the differential equation — + ( — y =
IS -----------
a)2 b)1 c)3 d)o
4.Complementry function of (D? — 1)y = 0 is -----------
a)de* + Be™ b)Ae* — Be™*
c)—Ae* + Be™ d)—Ae* — Be™*
5. The value of :—x o) YL ——
a)a*loga ba* c)loga d)o

6. The ordinary differential equation all powers are one then its
is called the ------------- equation.

a) linear  b) nonlinear c) quadratic d) cubic

7. Which of the following differential equation is called
homogeneous differential equation ----------

dSy_ d_yz_ _
a) dx3 0 b) (dx) 1=
d3 dy\ 2
)2 +5=0 d)(2) +y=7

8. The degree of the equation (dSy)z + (d—y)3 +y=0

dx3 dx

a)l b) 2 c)3 d)o

9. Particular integral of the equation (D* + 1)y = 0-------------

a) 0 b) sinhx C)2cosx d)2 sin? x
10. The value of ;—x (ax + b)---------mmm--
a)a b)b c)ax d)ax? + b

11.Linear differential equations in which there are two or more
dependent variable and a single independent variable. Such
equations are called ---------------- linear equations.
a) quadratic b) cubic
c) simultaneous d) biquadratic

12. Highest power of order of the differential equation is

a)degree b)order c)polynomial d)solution
13. The name of the function y = sinx is called the

a)logarithmic
c)exponential

b)polynomial
d)trigonometric



14. What is the expansion of (1 + x) ™! ---------
)l +x%+x3+ - b)1 +x +x2 +x3 4
Ol—x+x2—x3+- d)l+x%+-

15. The Auxiliary equation of this equation % —4y=0

am+1 bm*—1=0cm*+4=0dm*—-4=0

16. The total solution of ordinary differential equation is called

a)y=CF-PI b)y=PI-CF
c)y=CF+PI d)y=CFxPI
17. The number of initial conditions for the differential
. d3
equation d—x’; | E—
2)3 b)2 c)1 d)o

18. If the differential equation there is one dependent variable
and a one independent variable then system is called------
differential equation.

a)ordinary b)partial c)laplace d)logarithmic

19. Which of the following is the Clairaut’s equation form------

a)y=px+c b)y=px y=c dy=p?

20. The C.F value of x2 %2 + x % = 0 i =-rcrmeeen
dx” x

d
a)A(logx)+B b)Alogx c)Blogx d) A+B

PART-B (3X2=6 Marks)
ANSWER ALL THE QUESTIONS
3

21. Solve the equation xp —y + xz = 0.

22. Eliminate y from the system of equation

dx i ay _
prias 2y = —sint, ” 2x = cost.

23. Find complementary function of (D3 — 1)y = xsinx.

PART-C (3X8=24 Marks)
ANSWER ALL THE QUESTIONS
24. a) Solve xyp3 + (x? — 2y?)p? — 2xyp = 0 by using p
solvable method.
(OR)
b) Solve xp? — 2yp + ax = 0 by using y solvable method.
25. a) Solve the simultaneous differential equations

ax — 2p2t ay _
dt+2x+3y—28 and dt+3x+2y—0

(OR)
b) Solve % + 2y = Set,% — 2y = 5etgiven that x=-1 and
y=3 at t=0.
26. a) Solve (D? — 2D + 5)y = e**sinx.
(OR)

b) Solve (D? — 2D + 2)y = e*x? + 5+ e™%%.



(18PHUA404)
KARPAGAM ACADEMY OF HIGHER EDUCATION
Coimbatore-21
DEPARTMENT OF MATHEMATICS
Fourth Semester
Il Internal Test - Feb'2020
Mathematics-11
Date: 04.02.2020(AN)
Class: 11 B.Sc.Physics

Time: 2 Hours
Maximum:50 Marks

PART — A (20 X 1 = 20 MARKS)
ANSWER ALL THE QUESTIONS

1. An equation involving one or more dependent variables with respect to
one or more independent variables is called...........................
a) differential equations b) intergral equation
c) Eulers equation d) Laplace equation

2. A solution which contains as many arbitrary constants as the order
of the differential equationiscalleda ..................... solution of
the differential equation.

a) general b) singular  c) particular d) zero

3. The general solution of ........................ equation is called the
complementary function of equation.
a) non homogeneous
¢) homogeneous

b) singular
d) non singular

a)A(logx) + B b)Ae* — Be™
C)A cosx + Bsinx d)Ae* — Be™*
5. The value of :—x (cotx) iS--------------
a)cosec?x b)cotx c)logx d)secx

6.A partial differential equation is the equation involving partial
derivatives of one or more dependent variables with respect to ----
--------- independent variable.
a) one most one  b) atleast one c¢) more than one d) two

7. Linear ordinary differential equations are further classified
according to the nature of the coefficients of the ------------------
variables and its derivatives

a) single  b) dependent c¢) independent d) constant

8. The order of ------------------ derivatives involved in the
differential equations is called order of the differential equation
a) Zero b) lowest c) highest d) infinite

9. The equation f(x, y, z, a, b) = 0 containing two arbitrary
parameters is called --------------- of an equation.
a) linear ~ b) non linear c) patial d) complete solution

10. The relation g(x,y)=0 is called the ...................... solution of
dy ay\"*y _

a) constant b) implicit  ¢) explicit d) general
11. F(X, Y, U, Uxx, Uyy) = 0 IS ------=-mmmmmmmmm- order PDE.
a) first b) second ¢) third d) fourth

12.Let f be a real function defined for all x in a real interval | and

having .............. order derivatives then the function f'is called
explicit solution of the differential equations.
a)l s b)2"d c)n® d)n+1t

13. Any linear combination of solutions of the homogeneous

linear differential equation is also a -------------------- of
homogeneous equation.
a) value b) separable c) solution  d) exact



14.

15.

16.

17.

18.

19.

Al+x2+x3+-
Ol—x+x*—x3+-

What is the expansion of (1 — x) ™1 ---------
b)1 +x + x% +x3 + -
d)1+ x> + -

How many arbitrary constant in the equation
z=ax + by + a® + b? is-------------
a)0 b)1 c)2 d)3

An equation involving one or more dependent variables with
respect to one or more........... variables is called differential
equations

a)dependent b)independent c)single  d)different

The number of initial conditions for the differential
. dy O
equation wtry= 0
a)3 b)2 )1 d)0
If the differential equation there is one dependent variable

and a one independent variable then system is called------
differential equation.

a)ordinary b)partial c)laplace  d)logarithmic
Particular integral value of x2 d’x >+ xZ ™ = 0-----
a)0 b)1 c) 2 d)3

20.1f z will be taken as a dependent variable which depends on

two independent variable x,y so that z=f(x,y) then value of

0%z ) 0%z
0x0y dy?

a)— b) Z—JZ] c)

PART-B (3X2=6 Marks)
ANSWER ALL THE QUESTIONS

21. Solve (x2D? + 4xD +2)y =0

22.

Solve \/B+\/a=1

23. Solve i—f = f]—i’ = :i
PART-C (3X8=24 Marks)
ANSWER ALL THE QUESTIONS

24.d) Solve X’y +4xy +2y =xlogx..(OR)

2
b) Solve (x2D? — xD + 1)y = (zofx)
dx dy
25. a) Solve = = e sz (OR)
b) Solvb d __bdy _ _ cdz

-0)yz  (c—a)zx  (a=b)xy
26. a) From the PDE by eliminating arbitrary functions from

z=x"f(y)+y’g(x).(OR)
b) Eliminate the arbitrary constants a& b from

z=(x*+a)(y?+Db)
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