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Scope: Mathematics is an important tool for the study of physics. Basic mathematical tools like Fourier
analysis, Fourier transform, Laplace Transform, differential equations etc. are explained in this paper.

Objective: This paper gives the clear idea about Fourier series & transforms, Laplace transforms,
differential equations and numerical methods. The integration involved is very useful in the application of

mathematics.

UNIT I

Ordinary Differential Equations: Equations of First Order and of Degree Higher than one —
Solvable for p, x, y — Clairaut’s Equation — Simultaneous Differential Equations with constant

coefficients of the form i)f; D(x) + g:D(y) = ¢,(t) ii) LD (x) + g, D(y) = ¢,(¢),

. . d . . .
wheref;, g1, f> and g, are rational functions D = Ewnh constant coefficients ¢, and ¢, explicit

functions of t.

UNIT 1I

Finding the solution of Second and Higher Order with constant coefficients with Right Hand
Side is of the form Ve®*, where V is a function of x — Euler’s Homogeneous Linear Differential
Equations— System of simultaneous linear differential equations with constant coefficients.

UNIT 111

Partial Differential Equations: Formation of Partial Differential Equation by eliminating arbitrary
constants and arbitrary functions — Solutions of Partial Differential Equations by direct
integration — Solution of standard types of first order partial differential equations.
UNIT IV
Laplace transforms: Definition — Laplace Transforms of standard functions — First Shifting
Theorem — Transform of # (t),it), £'(t), £ (t)- Inverse Laplace Transforms — Applications to

t

solutions of First Order and Second Order Differential Equations with constant coefficients.
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UNIT V

Interpolation with unequal intervals — Lagrange’s interpolation — Newton’s divided difference
interpolation — Interpolation with equal intervals — Newton’s forward and backward difference

formulae.

SUGGESTED READINGS

1. Treatment as in Kandasamy. P, Thilagavathi. K “Mathematics for B.Sc — Branch — I Volume
I, S. Chand and Company Ltd, New Delhi, 2004.

2. S. Narayanan and T.K. ManickavasagamPillai, Calculus, S. Viswanathan (Printers and
Publishers) Pvt. Ltd, Chennai 1991

3. N.P. Bali, Differential Equations, Laxmi Publication Ltd, New Delhi, 2004

4. Dr. J. K. Goyal and K.P. Gupta, Laplace and Fourier Transforms, PragaliPrakashan
Publishers, Meerut, 2000.

5. SankaraRao K., Numerical methods for scientists and Engineers, Prentice Hall of India
Private, 3" Edition, New Delhi, 2007.
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\%% KARPAGAM ACADEMY OF HIGHER EDUCATION
KA R P A G AM (Deemed to be University Established Under Section 3 of UGC Act 1956)

Coimbatore — 641 021.

LECTURE PLAN

DEPARTMENT OF MATHEMATICS
Staff name: R.Gayathri

Subject Name: Mathematics-11 Sub.Code:17PHU602
Semester: VI Class: III B.Sc.Physics
Lecture .
S.No | Duration Topics to be Covered Support Material/
. Page Nos
Period
UNIT-I
1 1 Equations of First Order and Degree Higher than one S1:Chapter-1,
— Solvable for p. Pg.No: 1-16
) 1 Problems on Equations of First Order and of Degree S1:Chapter-1,
Higher than one — Solvable for x. Pg.No: 1-16
3 1 Problems on Equations of First Order and of Degree S1:Chapter-1,
Higher than one — Solvable for y . Pg.No: 1-16
o . S1:Chapter-1,
4 1 Clairaut’s Equation problems. PgNo : 17-28
. . o . S1:Chapter-1,
5 1 Continuation onClairaut’s Equation problems. PgNo : 17-28

Simultaneous Differential Equations with constant | S1:Chapter-1,
coefficients of the form i)f; D(x) + g.D(y) = ¢,(t) | Pg.No:28-41
6 1 where f;,9,,f; and g, are rational functions D =

d_. . .
Ewnh constant coefficients ¢, and ¢, explicit

functions of t.

Simultaneous Differential Equations with constant | S1:Chapter-1,
coefficients of the form ii) f,D(x)+ g,D(y) = | Pg.No:28-41

¢, (t),

7 1 where f;,91,f, and g, are rational functions D =
d . . .
Ewrch constant coefficients ¢, and ¢, explicit
functions of ¢.

8 1 Recapitulation and discussion of possible questions
Total No. of Lecture hours planned-8Hours
UNIT-II

Finding the solution of Second and Higher Order with | S3:Chapter-3,

1 1 constant coefficients with Right Hand Side is of the | Pg.No : 222-235
form V e®*, where V is a function of x
Continuation onFinding the solution of Second and S3:Chapter-3,

2 1 Higher Order with constant coefficients with Right Pg.No : 222-235

Hand Side is of the form V e®*, where V is a function
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Batch

of x

S3:Chapter-5,

3 1 Euler’s Homogeneous Linear Differential Equations Pg No : 286-313
4 1 Continuation onEuler’s Homogeneous Linear S3:Chapter-5,
Differential Equations Pg.No : 286-313
5 1 Continuation onEuler’s Homogeneous Linear S3:Chapter-5,
Differential Equations Pg.No : 286-313
6 1 Problems on System of simultaneous linear | S3:Chapter-9,
differential equations with constant coefficients. Pg.No : 417-428
7 1 Problems on System of simultaneous linear | S3:Chapter-9,
differential equations with constant coefficients. Pg.No : 417-428
8 1 Recapitulation and discussion of possible questions

Total No. of Lectur

e hours planned-8 Hours

UNIT-III

Formation of Partial Differential Equation by

S1 : Chapter 5,

! ! eliminating arbitrary constants and arbitrary functions. | Pg.No :117-126
Continuation on Formation of Partial Differential S1 : Chapter 5,

2 1 Equation by eliminating arbitrary constants and Pg.No :117-126
arbitrary functions.

3 1 Solutions of Partial Differential Equations by direct S2 : Chapter 8,
integration Pg.No :179-185

4 1 Continuation onSolutions of Partial Differential S2 : Chapter 8,
Equations by direct integration Pg.No :179-185

5 1 Solution of standard types of first order partial S1 : Chapter 5,
differential equations. Pg.No :133-150

6 1 Continuation onSolution of standard types of first S1 : Chapter 5,
order partial differential equations. Pg.No :133-150

7 1 Continuation on Solution of standard types of first S1 : Chapter 5,
order partial differential equations. Pg.No :133-150

8 1 Recapitulation and discussion of possible questions

Total No. of Lecture hours planned-8 Hours
UNIT-IV
) . S4 : Chapter 1,

1 1 Laplace Transforms: Definition and Problems Pg.No: 9-10

) 1 Problems on Laplace Transforms of standard S4 : Chapter 1,
functions Pg.No: 9-10

3 1 Linearity property IS);}N(éhaf (;(ﬁ 11 ’

4 1 First Shifting Theorem IS);N((:)?E}IT_?;’

5 1 Transform of ¢f (t),@, £'(t), /" (t) Problems IS);}N((?)haF ;331’

6 1 Inverse Laplace Transforms: Definitions and S4 : Chapter 1,
Problems Pg.No: 99-110
Applications to solutions of First Order and Second S4 : Chapter 1,

7 1 Order Differential Equations with constant Pg.No: 114-140
coefficients.

8 1 Recapitulation and discussion of possible questions

Total No. of Lecture hours planned-8 Hours

Prepared by R

.Gayathri ,Department of Mathematics ,KAHE

2/3




2017-2020

Lesson Plan | g,

UNIT-V
. . . S5 : Chapter 6,
1 1 Interpolation with unequal intervals problems Pg No :94-96
, . . S5 : Chapter 6,
2 1 Lagrange’s interpolation problems Pg.No :96-112
s e . . . S5 : Chapter 6,
3 1 Newton’s divided difference interpolation problems PgNo :113-116
, . S5 : Chapter 6,
4 1 Newton’s forward and backward difference problems PgNo :116-125
5 1 Recapitulation and discussion of possible questions
6 1 Discussion of previous year ESE question papers
7 1 Discussion of previous year ESE question papers
8 1 Discussion of previous year ESE question papers
Total No. of Lecture hours planned-8 Hours
Total Planned Hours 40
SUGGESTED READINGS

1. Treatment as in Kandasamy. P, Thilagavathi. K “Mathematics for B.Sc — Branch — I
Volume III”, S. Chand and Company Ltd, New Delhi, 2004.

2. S. Narayanan and T.K. Manickavasagam Pillai, Calculus, S. Viswanathan (Printers and
Publishers) Pvt. Ltd, Chennai 1991

3. N.P. Balj, Differential Equations, Laxmi Publication Ltd, New Delhi, 2004

4. Dr.J. K. Goyal and K.P. Gupta, Laplace and Fourier Transforms, PragaliPrakashan
Publishers, Meerut, 2000.

5. Sankara Rao K.,Numerical Methods for scientists and Engineers,Prentice Hall of India
Private,3"Edition ,New Delhi,2007.

Signature student Representative Signature of the Course Faculty

Signature of the Class Tutor Signature of Coordinator

Head of the Department
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-II
COURSE CODE; 17PHU602 UNIT: I BATCH-2017-2020

Ordinary Differential Equations: Equations of First Order and of Degree Higher than one
— Solvable for p, x, y — Clairaut’s Equation — Simultaneous Differential Equations with constant
coefficients of the form i)f; D(x) + g:D(y) = ¢, (t) ii) LD (x) + g, D(y) = ¢, (t),
where fi,91,f, and g, are rational functions D = %with constant coefficients ¢; and ¢,

explicit functions of t.
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CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-II
COURSE CODE; 17PHU602 UNIT: I BATCH-2017-2020
DEFINITION:

Differential equations which involve only one independent variable are called Ordinary
Differential Equations.

1.1 HIGHER ORDER LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT
COEFFICIENTS.

1.1(a) General form of a linear differential equation of the nth order with constant coefficients is

dny dn—ly dn—Zy
m-l‘kl " +k, o + - thkpyy =X ol (1)

Where kq, ko, ...., k,, are constants. Such equations are most important in the study of
electro —mechanical vibrations and other engineering problems.

1.1(b). General form of the linear differential equation of second order is
a2y ay — 2 _ r_a
dx2+de+Qy—ROr Dy+PDy+Qy—RWhereD—dx
Where P and Q are constants and R is a function of x or Constants.
Complete Solution = Complementary Function + Particular Integral

To Find the Complementary Functions:

S.No. Roots of Auxillary Equation Complementary Functions
1 Roots are Real and Different y = Ae™* + Be™2*
my,my (Mg #m, )
2 Roots are real and equal y=(Ax+B)e™ Or y=(A+ Bx)e™
m; = m, = m(say)
3 Roots are imaginary ¢ + i 8 y =e**(AcosfBx+ Bsinfd

To Find the Particular Integral:P.I = L x

(D)
S.No X P.1
L. e™ P.I=%eax = o™ %, D=aD =h
2. x" P.I= ]%x" , Expand [f(D)]~! and then operate.
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CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-1I
COURSE CODE: 17PHU602 UNIT: L BATCH-2017-2020
3. Sinax or Cosax P.I= —Si nasor Cosax
f(D)
4. e®p(x —_ 1 _ax 2 hy — 2
P(x) P.I o ¢@(x) Replace D“ by —a
Result:
1. ﬁ(p(x) = e™ [e P p(x)dx
1 _
2. m(p(x) = e ™ [e™p(x)dx
1.1.1 Problems based on R.H.S of the given differential equation is Zero.
1. Solve (D? + 1)y = 0given y(0) =0 and y'(0) =1  [AU, April 1996]
Solution:
Given (D?+ 1)y =0
Auxillary Equationis m? + 1 = 0
m? =+i
y(x) = Acosx+ Bsinx
y(0) = Acos0 + Bsi®
y'(0)=B=1
A=0,B=1
y'(x) = —ASinx+ B Cosx
ie.,,y =(0)(cos® + sinx
y = sinx
d3y d’y dy
2. Solveﬁ— 3m+33—y= 0
Solution:
(D3 —3D2+3D—1)y=0
The Auxillary Equation is m3 —3m? +3m —1=0
(m-13%3=0
m = 11,1
Hence the Solution is y = e*(4 + Bx + Cx?)
3. Solve2 - 6424 11% _6y=0
. Solve = ) . 6y =

Solution:

. d3y d?y dy _

leenﬁ— 6@4‘ 115— 6y =0
(D? —6D? + 11D — 6)y = 0

The Auxillary Equationis m3 —6m? + 11— 6 =0

fm =1,1-6+11—-6 =0
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CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-1I
COURSE CODE: 17PHU602 UNIT: I BATCH-2017-2020
m = 1lisaroot

m-1)(m-2)(m—-3)=0
m = 1,2,3

Hence the Solution is y = Ae* + Be?* + Ce3*

1.1.2 Problems based on P.I =% e =——>Replace D by a

1. Solve (4D2 —4D+ 1)y =4 [AU, March 1996]
Solution:

Given (4D% + 4D + 1)y = 4
4m? —4m+1=0
4m? - 2m—-2m+1=0
2m(2m—-1)—-12m—-1) =0
(2m—1)%=0
m=1/2,1/2

Complementary function = (Ax + B) el/?*

Particular Integral = 0x

(4D%2-4D+1)
=i er
1
=4
Y=C.F+PlI
y = (Ax + B)e'/** + 4
d%y dy .
2. Solve Z + 4; +5y=-2coshx [AU, April 2002]
Solution:

Given (D? + 4D + 5)y = —2coshx
The Auxillary Equations is m? + 4m +5 =0

—44+V16-20
m=-——
—4 + 2i
m=———
2
m=-2+i

Complimentary Function =e"2*[Acosx + B sini]

Particular Integral

PI=—0 (—2 coshx)

© D2+4D+5
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CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-II
COURSE CODE: 17PHU602 UNIT: L BATCH-2017-2020
-2 [e*+e™™]

T D2+4D+5 2
1
D2+4D+5

[e* + e™™]

-1 -1 _
= e* + e’ ”*
D2+44D+5 D2+4D+5

— -1 X 1 —-X
1+4+5 1-4+5

— l e_x

10 2

Y= Complementary Function + Particular value
. -1 1 _

Y=e **[Acosx+ B sinx et —se"

3. Solve(D? —1)y =sinh x.

Solution:

The given ODE is (D> ~1)y = sinh x="——— (1)

The AEof (1)is m> —1=0=m" =1=>m ==*1

x -x 1 ex —eﬂr

.. CF=A4e x+ Be PI=—;
D" -1 2
1 1 1
=— e — e | {replace D by a

_1 21 e’ — 12 e’ | (orfinI & II terms)
1" -1 (D" -1

1 1
=—|x—e" —x—e " replace D by a
(xzDe S j freplace D by a }

1( 1, 1 j
=—|x——e —x——e¢
21720 2(-1)

.=£[e re J=£coshx
2

2 2

". The general solutionis y=C.F + P.I=Ae*x+ Be™™" +§coshx.
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1.1.3 Problems based on P.I = ——si naxor — cosax. Replace D? by —a?

f(D) f()

1. Find the Particular Integral of (D? + 4)y = cos 2x [AU, May 2001]
Solution:
Given (D? + 4)y = cos 2x

1
D2+4

= —1+4 cos2x Replace D? by - (2)? [ Ordinary Rule fail]

PI = Esian
2. Find the particular integral of (D? + 1)y = si nxsi n2x
Solution: [AU, May 1997]

Given (D? + 1)y = si nxsin2x
= —% [cos3x —cosA

1 1
= ——cosSx +E cCoSX

1 1
P.1= D2+1 [——cos3x] D2+1 [Ecosq
1 1 1 . .
- _E[—9+ ]coﬁx + _ﬁ cosx [Ordinary Rule Fail]

1 1 1
—c0S3x +—=x —cosx
16 2 2D

1 x
= —cos3x += [ cosxdx
16 4

1 X .
PI= —cos3x +=sinx
16 4
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3. Solve(D’ + 16)y = cos’ x .(AU Dec 2010)
Solution:

The AEof (1)is m*+16=0=>m’> =—16 =>m = +4i
o C.F =e"[Acos4x+ Bsin4x]= Acos4x + Bsin4x

e ! T [%(cos3x+3cosx)}
+

1 1 3 1
— = cos3x +— > COS X
41 D° +16 41 D° +16

A=

ﬁ} cos 3x +%{12;16} cosx { Replace D* by —a’}
-3+ -1+

111 311
=—| —|cos3x +—| — |cosx
4|7 4|15
1 1
=—C0S3x +—cosx
28 20

". The general solution is

y=C.F +PIl=Acos4x+ Bsin4x +2L80053x +icosx.

1.1.4 Problems based on R.H.S = e™ + sinax(or)e™ + cosax

1. Solve (D? —4D + 4)y = e** + cos2x
Solution:
Given (D? — 4D + 4)y = e** + cos2x
The Auxillary Equation is m? —4m + 4 = 0

(m—-2)2=0
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m=22

Complementary Function = (Ax + B)e?*

Particular Integral = 2x cos2x
D2-4D+4 D2—4D+4
1 1
= e?* 4+ —— cos2x
4—-8+4 —22-4D+4
1 2x
=3¢ +— cos2x
1
=x——e?* — — cos2x
2D-4

Y=CF+P.I

Y= (Ax + B)e** + xz%er - [_sian]

8

2. Solve(D’ -3D+2)y =2cos(2x +3) + 2e* .(Jan. 2005, Nov/ Dec.2009Solution:
The given ODE is (D> —3D +2)y = 2cos(2x + 3) + 2" —--- (1)

The A.E of (1)is m?> =3m+2=0

(m=1)(m=2)=0

m=1m=2
C.F= Ae* + Be?™.
1 I
P.I=2 cos(2x+3)+2 e =2PI,+2Pl1,
/(D) f(D)
Now P.[| = 2—005(2x +3) ZZ;COS(zx +3)
D" -3D+2 -2°-3D+2
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CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-II
COURSE CODE: 17PHU602 UNIT: I BATCH-2017-2020
=————cos(2x+3)=- %cos@x +3)
-(3D+2) (3D)* -2
= - %cos@x +3)= —wcos(bc +3)
9D" -2

_ [-6sin(2x+3)—2cos(2x+3)] _ [3sin(2x +3) + cos(2x + 3)]
40 20

e” (Ordinary rule fails)

_[3sin(2x +3)+cos(2x +3)] 2y

S PI=2PI +2PI,= m

The general solution of (1) is y(x) =C.F+P.1

_ [3sin(2x +3) + cos(2x + 3)] _

=Ae” + Be** 2xe”.
10
| 1.1.5 Problems based on RHS=x |
The following formulae are important.
(I+x)" =1-x+x"—x"+.., (I-x)" =1+x+xX"+x" +...,
(I1=x)2 = 14+2x+3x" +4x +..., (I1+x)7 =1-2x+3x" —4x" +...,
2

LSolve L2 sY 46,23

dx dx

2
Solution: Given d f— d—y+ 6y=x>+3
dx dx

ie,(D*—5D+6)y=x%+3

Auxillary Equationis m? —5m+6 =10
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CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-II
COURSE CODE; 17PHU602 UNIT: I BATCH-2017-2020

(m-2)(m—-3)=0
m=2 m=3

Complimentary function is Ae” + Be'*

Particular Integral = 2;()(2 +3)
D -5D+6

1

= 2
6{1+D _511
6

_1 1_(’92 ‘SDJ+[D2_5DJ ....,}(x2 +3)
6 6 6

1|, D* sSD D* 25D* 10D’ 5
== 4 -, |(x*+3)
6 6 6 36 36 36

[(x2 +3)—2+@+0+m}
6 6

(x> +3)

36

1
—[18x% +30x+73]
108
The Complete Solution is y=C.F + P.1
y =A™ + Be™ +L[18x2 +30x+73]
108

2. Find the Particular Integral of (D? — 1)y = x
Solution:
Given (D> — 1)y =x
Auxillary Equation m? —1 =0
m? =1
m = =+1

Complementary function is Ae ™ + Be'

Particular Integral = ———x
D™ -1
-1

1D
=-11-D*)'x
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CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-II
COURSE CODE; 17PHU602 UNIT: I BATCH-2017-2020

= —[1+D*+(D*) +...]x
= —[x+0+0+...]
= —X

The Complete Solution is y=A4e "+ Be' —x

ax ax

1.1.6 Problems based on R.H.S = ¢“x _ Particular Integral = ;e x=e" ————x
f(D) f(D+a)

1. Solve: (D’ +4D+3)y =¢ " sinx+xe™*

Solution:

Given (D> +4D+3)y =€ “sinx+xe”

AE is m*+4m+3=0

(m+1)(m+3)=0
m=-1,m=-3

CF=Ae™ +Be™

1 .
Pl= ————e "sinx
D" +4D+3

— | — sin x
(D-1)"+4(D-1)+3

p— —X

=" 5 ! sin x
D" -2D+1+4D—-4+3

= e’)‘z;sinx
D +2D

1 )
= sin x
-1+2D

Take Conjugate we get,
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CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-II
COURSE CODE: 17PHU602 UNIT: I BATCH-2017-2020
. 2D+1 .
=e ———sinx
4D —1
2D+1 .
=e sin x
—4-1

eS (2D +1)sinx

e*’(

Pl = ' (2cosx +sinx)

1
P.]2=2—xe3x
D +4D+3

3x l
(D+3)2+4(D+3)+3x

3x 1
X
D*+6D+9+4D+12+3

3x - 1 X
D +10D +24

e 1

24| D> 10 ¥
—+—D+1
24 24

e3x 5 D2 -1
= l+—D+—| x
24 12 24

—Xx 3x
y:Ae”‘+Be’3x—e (2c0sx+sinx)+e x—i
5 24

2. Solve (D° —2D+2)y=¢e'x* +5+e

Solution:
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Given (D* —2D+2)y=e"'x* +5+e "
A.Eis m*—2m+2=0
m=1%xi

C.F =e'(Acosx+ Bsinx)

1 x_ 2

Pl =————e
D" -2D+2

e’ > ! x’
D+ =2(D+1)+2

1
e — x’
D +2D+1-2D-2+2

X 1 2
e 2 X
D7 +1

=" (D*+1)7'x’
=e'(1-D*+..)x°

P.I,= e (x’ -2)

Pl,=—e
10

y=C.F+P.I

y=e"(Acosx+ Bsinx)+e*(x* —2)+§+%e‘2"

3.Solve (D’ +4D +3)y =e “sinx + xe’*. (Nov./Dec. 2002)

Solution:

The given ODE is (D’ +4D +3)y =e “sinx + xe’* -—--(1)
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The A.E of (1)is m?> +4m+3=0

(m+1)(m+3)=0

m=-1,m=-3

C.F= Ade ™ + Be™>*.

| O 1
P.I= e " sinx+ xe*=PI, +Pl,
S(D) f(D)
1 —x . . 1 .
Now Py = —————¢ "sinx=e 3 sin x
D" +4D+3 (D-1)"+4D-1)+3
=e " %sinx =e ;sinx =e %sin
D2 +2D ~1+2D D)% -1
x(2D+1) . * .
=e stmx=—e (2cos x + sin x)
—4-1 5
1 1 1
I, = xe™ =2—63xx= e 5 x
f(D) D +4D+3 (D+3)* +4(D+3)+3

3x 2 -1

) | 1 e D? +10D
e 2 X = 1+ F——— X

D” +10D +24 24 24

2

e>x D? +10D D? +10D

1-— + — ... |x
24 24 24

3x
5
624 |:1 — ED:|x omitting Higher order derivatives

3x

5 —-X 3x 5
= X—— .‘.P.I=P.]1+P.12=—e (2cosx+sinx)+e X——
24 12 5 24 12

The general solution of (1) is y(x) =C.F+P.I
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e—x e3x 5
=Ae™™ + Be " — (2cos x +sin x) + x——|.
5 24 12

4.Solve (D> -2D + 2)y = e'x> +5+e7". (April/May 2003)
Solution:

The given ODE is (D> —2D +2)y =e*x* +5+e > —-(1)

The A.E of (1)is m?> =2m+2=0

2
2322 -400) _

5 1+
C.F= e*(Acosx+ Bsinx).
1 x 2 1 1 —2x
PI=—— "2 ¢ 5+ e =PI +P.l,+P.I,
f(D) fD)  f(D)
1
Now P.[| = z—exx2=ex 5 ! x?
D”=2D+?2 (D+1)"=2(D+1)+2
=e” D21+1xz =" (1+D*)'x? = (1= D? + (D?)? - ..)x?
= e*(1-DHx? =" (x* -2)
1 0x
Ply=4— =4 =2
D" -2D+2 2
PI; = __ e = 1 e = i
> p2_2p+2 (=2)2 = 2(=2)+ 2 10

e—Zx

= " (x? —2)+2+

The general solution of (1) is y(x) =C.F+P.I

-2x
—e¥(Acosx + Bsinx)+e* (x2 —2)+2+%
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1.1.7  Problems based on f(x)=x"sinax or x"cosax

To find Particular Integral when

f(x)=x"sinax or x"cosax P.I =

x"sinax (or) x" cosax

—1 (xV)=x;Vj{i—l }V
f(D) S (D) dD f(D)

1 (xV)=x ! V—{f'(D) ! }V
/(D) (D) f(D) f(D)

—l xV=x ! V- fI(D)z
O D) |[f(D)]

1. Solve (D*—-4D+4)y=8x"e* sin2x
Solution:

Given (D’ —4D+4)y =8x’¢"* sin 2x
AEis m* —4m+4=0

(m-2)"=0

The roots are m=2,2.

Complementary Function is (c,x +c,)e™

1 .
Particular Integral = —————8x’¢”" sin2x

D*—-4D+4

=8e2"‘i 2 —Cos2x oy —sin2x 2 cos 2x
D 2 4 8

2x 1 2 1 : 1
=e - _4x CcOoS Zx + — 4)CS][] 2)( =+ 2COS2X

o _4x2s1n2x oy —cos2x ) —sin2x aly —cos2x) (—sin2x +sin 2x
2 4 4 2 4

=™ [(3 —2x%)sin 2x —4xcos 2x]
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The general Solution is y = C.F + P.L.
y=(cx+c,)e’ +e**(3—2x")sin 2x —4xcos2x
2. Solve the differential equation (D> + 4)y = x° cos 2x (May/ June 2009)

Solution:
The given ODE is(D* + 4)y = x* cos 2x ----(1)

The AEof (1)is m> +4=0=>m’> =—4 =>m==12i
C.F=A4cos2x+ Bsin2x

P.I=[f(1D)}x2 cos2x = {Dzl 4}x2R.P of e
+

=R.P of e ;2 x> =RP of eiz’“[%}xz
(D+2i)" +4 D* +4Di

—RPof | — |

e i2x 2 3
=RPof —£ =22 (2], |
4D 4 \4i 4i
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. . 2 3
_RPof (cos2x+isin2x)((x~ 1 X x
4 4 32 3 8

1 (x* 1 x* ox) .
=—|| ———1|cos2x+| ———{sin2x
41\ 4 32 3 8

The general solution of (1) is y(x) =C.F+P.1

2 3
=A4cos2x+ Bsin2x +l X——L cos2x + X2 sin2x |.
411 4 32 3 8

5 1_ » f(x)=e" I e “ f(x)dx Type.

[General Method of finding the Particular Integral of any function f(x)]

1.1.8 Problems based on

1. Solve (D’ +a’)y =secax .
Solution:

Given (D’ +a’)y =secax
A.E.is m*+a’ =0

The Roots are m == ia

Complementary function = Acosax+ Bsinax.

P.I 2(1)21—2)SCCGX
+a

1

P.I= secax
(D —ia)(D+ia)
L
_| 2ia __2ia |qoo
D—ia D+ia

- e I e " sec axdx — 1 e’ j e sec axdx [; X =e™ j Xe "™ dx]
2ia 2ia D—-m

1 . 1 .
= —e"|(1-itanax)dx ———e ™ | (1+itan ax)dx
2ia I ( ) 2ia I ( )

= L.e"‘”‘ (x —ilog sec ax) — L.e”” (x+ ilog secax)
2ia a
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X eiax _e—iax 1 eiax +e—iax
= —| ——— |~ logsecax| ————
a 2i a 2i

X . 1
= —sin ax —— log sec ax cos ax
a a
General Solution is y=C.F + P.I

. X . 1
y = Acos ax + Bsin ax +—sin ax —— logsec ax cos ax
a

Simultaneous First Order Linear Equations With Constant Coefficients

Linear differential equation in which there are two or more dependent variables and a
single independent variable. Such equations are known as simultaneous linear equations. Here
we shall deal with systems of linear equations with constant coefficients only. Such a system of
equations is solved by eliminating all but one of the dependent variables and then solving the
resulting equations as before. Each of the depend variables is obtained in a similar manner.

Problems Based on Simultaneous First Order Linear Equations With Constant coefficients
1. Solve the simultaneous equations % + 2x + 3y = 2e%, % +3x+2y=0
Solution:

Given%+2x+3y=2e2t Z—)t’+3x+2y=0

(i.e.,)Dx + 2x + 3y = 2e?t Dy +3x+2y=0

(D +2)x + 3y =2e% ... (1) (D+2)y+3x=0 ...
(DXMD+2)=>D+2)?x+3(D+2)y=2(D+2)e* ... (3)
(2)X3 => 9x+3(D+2)y=0 . 4)
(3)-(4) => [(D+2)2—9]x =2(D +2) e?

(D? +4D + 4 —9]x = 2(2 + 2) e
(D? + 4D — 5]x = 8 e?t

It’s Auxillary equationis m? + 4m —5 =0

Prepared by R. Gayathri, Asst Prof, Department of Mathematics KAHE Page 19/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-II
COURSE CODE; 17PHU602 UNIT: I BATCH-2017-2020

(m+5(m-1)=0
m=-5m=1
Complementary Function = Ae~ >t + Be!

Particular Integral = 2t

(D%2+4D-5]

1
— o2t
(D2+4D-5]

_ 1 2t
((2)2+4(2)-5]

2t

e

N

x=Ae 3t + Bet + geZt

Differentiate with respect to ‘t’

dx 16

— = -54 -5t B t 4, — 2t

at e+ Be" + = e
Substitute above values in (1) we get,

—5Ae 5t + Bet + 22¢2t142[54e75t + Bet + 2 e2t]4+3y = 22t
7 7
—5Ae75t + Be® + " e?12Ae75 + 2Bet + et 43y =2e?
—34e75t + 3Be + et 43y =2e?
—Ae5t + Bet + 2%ty =0
y=Ae 5 + Be' — ge”
Hence the desired solutions are
x=Ae™ > + Be' + SeZt, y=Ae > + Be' — geZt.
: . dx Ay ‘o
1. Solve the simultaneous equations E-f‘ 2y ="S5e ;E_ 2x =5e" given

thatx=-1, y=3 at t=0.
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Solution:
. . . X (o t
The given simultaneous equations are —+ 2y = Se’; I 2x =5e
t
ie. Dx+2y=>5¢" -—-------- (1) Dy—2x=35¢"-----mmmmmmmmm- 2)

Eliminate x from (1) and (2)

(Hx2=> 2Dx+4y =10¢" --m-m-mmmmmmmm (3)
(2Q)xD=> D’y —2Dx = 5¢' -----mmmmmmnnn- 4)
B)t@)= (D* +4)y =15¢" --mmrmmmzeeeee- (5)

The A.E of (5)is m* +4=0
=>m’=-4=>m=+2i

.. C.F=A4cos2¢t+ Bsin2¢t

PI= [ ! }(we’)

D* +4

1° +4

= 15{ ! }et =1516’ =3¢
5

The general solution of (5) is y(¢) = C.F + P.I= Acos2t + Bsin2t + 3¢’
(2) = 2x(t) = y'(t) - 3¢’
=—2Asin2t+2Bcos2t +3e’ —5¢'
=-2Asin2t+2Bcos2t —2¢'
5. x(t) =—Asin2t + Bcos2t —e'
.. The solutions of (1) and (2) are x(¢) =—Asin2¢+ Bcos2t —e' and

y(t) = Acos2t + Bsin2t +3e'.

Given x(0) = —1=—A(0)+ B(1) —e’ = B=0
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Given y(0)=3= A1)+ B(0) = A=0
.. The solutions of (1) and (2) are x(¢) = —e' and y(¢)=3e".

1. Solve (D+5)x+y=e';(D+3)y—x=¢e".
Solution

The given simultaneous equations
are (D+5)x+y=e' ———(1); —x+(D+3)y=e" ————(2)

Eliminate x from (1) and (2)

(Hxl=> (D+5x+y=¢e 3)

Q) x(D+5)= —(D+5)x+(D+5)(D+3)y =(D+5)e” ——mmmmmmmmm- 4)

B+ = 1+ (D+3)(D+5))y=¢€"+(D+5)e”
(D> +8D +16)y =e' +2e* +5¢*

(D> +8D+16)y=¢' +7e” 5)

The A.E of (5)is m> +8m+16=0= m =4, — 4
C.F= (At + B)e™

1

Pl
(D+4)

I
1

}(eZ +7e™)

—4t 1 t 7 2t

The general solution of (5) is y(¢) = (At + B)e +Ee +£e

)= x(t)=Dy+3y—e”
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—4¢ —4¢ —4¢ e’ 14e* —4¢ —4¢
=Ade ™ —4Ate™ —4Be +2—5+ +3Ate™ +3Be
V3 2
25 36
4et ezt
x(t)= Ae ™™ (1—t)—Be™ + ———
(1) (1-1) 5 36
. —4¢ 1 t 7 2t
Thesolutions of (1) and (2) are y(¢) = (At + B)e +2—se +£e and
4et ezt

x(t)= de " (1-t)-Be ™ +———
(1) (1-1) 25 36

2. Solve the simultaneous equations% +2x-3y = t;% —3x+2y=e*. (Jan.2006)

Solution:

The given simultaneous equations are %+2x—3y:t; 7);—3x+2y:e2’
e Dx+2x-3y=t¢ Dy -3x+2y=¢"
(D+2)x-3y=t———(1) (D+2)y-3x=e" ———(2)

Eliminate x from (1) and (2)

()x3= 3(D+2)x -9y =3t ~(3)

Q)x(D+2)= (D+2)*y-3(D+2)x=(D +2)e* - (4)

B)+H4)= -9y +(D+2)*y =3t+(D +2)e*

= -9y +(D*> +4D +4)y =3t +2e* +2e*

= (D* +4D —5)y =3t + 4e™ 5)
The A.E of (5)is m> +4m—-5=0

=>m+5)(m-1)=0=>m=1, -5

.CF=Ae' + Be™
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P 3[;}4[;}
D* +4D-5 (D +5)(D-1)

2t

]
(+4 —— e
4D] (2+5)2-1)

|+

3 D*+4D) (D> +4DY 4
=——|1+ + +..t+=e
5 5 5 7
S A PO o P
50 5 7
3[ 4} ’
=—=|t+—|+=e
50 5
. . t =5t 3 4 4 2t
The general solution of (5)is  y(t) = C.F + P.I=Ae' + Be -3 t+§ +7e

(2) = 3x(t) = (D +2)y(t) €'

2
=(D+2) de' + Be™ —Et—£+ fe —e”
5 25 7

2t 2t
| s —5Bev =213 || ouet 1 2Bev — 824 8
57 5 25 7
2t
_3de' —3Be 4240, P
7 5 25
2t
:>x(t)=Aet—Be_5t+3e——%t—£
7 5 25

.. The solutions of (1) and (2) are
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2t
x(t) = de' —Be™ + e _ gt _13 and y(t)=Ade' +Be™ _3 t+ 4 + ie” :
7 5 25 5 51 7

3. Solve% -y=t Y +x=¢t>. (Nov./Dec. 2003) (Nov./Dec. 2006).

dt
Solution:
The given simultaneous equations are ax _ y=t P +x=t
dt dt
ie Dx—y=t———(1) Dy+x=t>———(2)
Eliminate y from (1) and (2)
(DxD = D*x—Dy = Dt 3)
Q)x1= Dy+x=t 4)
)+ = D’x+x=Dt+¢
SRR O R | DA R — (5)

The A.E of (5)is m* +1=0

=>m=2i Here a =0;4=1

- C.F=e"(Acost+ Bsint) = Acost + Bsint

_ 1 2y _ 21 2
P.I—[D2+l}(1+t )=(1+D*)"(1+¢)

=[1-D* +(D*)* -..]J(1+¢%)
= [1L-D?*](1+¢*) omitting Hr,. derivatives
=[1+¢-2]=¢> -1
The general solution of (5) is x(¢) = C.F + P.1 = Acost + Bsint +1> —1
()= y(t) = Dx(t)—t = —Asint + Bcost + 2t —t

= — Asint + Bcost +t
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. The solutions of (1) and (2) are x(¢) = Acost+ Bsint+¢t* —1 and

y(t)=— Asint + Bcost +1¢.

d. d
4. Solve the simultaneous equations ?); +2x -3y =5t; 7); —3x+2y=0given

that x(0) =0, y(0) =—1.
Solution:
The given simultaneous equations are
dx dy
—+2x-3y=5t —-3x+2y=0
dr YT Y

e (D+2)x-3y=5%———1) (D+2)y-3x=0-------- (2)
Eliminate x from (1) and (2)
(H)x3=> 3(D+2)x-9y=15¢ (3)

()X (D+2) = (D+2)* y=3(D +2)x = 0 --mmmeeemmmmmmev (4)
(3)t+4) = (D+2)’y-9y =151
ie (D*+4D—5)y =15 ~mmmmmmmmmmmemen (5)

The A.E of (5)is m*> +4m—5=0
=>(m+5)(m-1)=0
=>m=-S50orm=1

.CF=Ae' + Be™

1

o)

r -1
2
B I(D—swﬂ t

D*+4D) (D*+4DY
1+ s + s +...0t

=15

Il
|
(o8}
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=-3/1+ Q} t
.5
=-3|t+ i}
L 5

The general solution of (5)is  y(¢) = C.F + P.I = Ae' + Be™ -3t 5

2)=>D+2)y-3x=0
= 3x(t) = (D +2)(4e' + Be™ -3t —%)

=Ade' —5Be™ —3+2A4e' +2Be™" —6t—?

=3A4e' —3Be™ —6t —%

= x(t) = Ae' — Be™ —2t—?.

13

. The solutions of (1) and (2) are x(¢) = Ae' —Be™ — 2t 3 and

y(t) = Ae' + Be™ —3t—%

13 13

Given x(0) =0= A1)~ B1) =0~ = A= B == -—-—(6)

12

Given y(0) = =1 = 4()+B(1) ~0--= :A+B:% ------ (7)

6)H7)=>24=4=A=2

7 3
NN=>B=—--2=-=
(7) s s

13

.. The solutions of (1) and (2) are x(¢) =2e' + %e‘St —2t 5 and
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3 12
t)=2¢' —=Be™ —3t——=
»(2) s s

5. Solve(2D-3)x+ Dy =¢', Dx+(D+2)y=cos2t.(April/May 2005)
Solution
The given simultaneous equations are (2D —3)x + Dy = ' ~----- 1)
and Dx+ (D +2)y = cos2t ------- (2)

Eliminate x from (1) and(2)

(H)xD = DD -3)x+D*y = D(e") (3)

(2)x(2D-3)= (2D -3)Dx+ (2D —3)(D +2)y = (2D —3)cos 2t -—-- )

(3)-(4)= D?y — (2D =3)(D +2)y = D(e') — (2D - 3)cos 2t
— D’y —(2D* +4D 3D —6)y = ¢' —(2(=2sin 2¢) — 3 cos 2f)
= —(D?> +D—6)y =e' +4sin2t+3cos 2t
= (D’ +D—6)y =—¢' —4sin 2t —3cos 2t
The AEof (5)is m* +m—-6=0=>m=-3,2

C.F= Ae™ + Be*
1

Pl =|———||- (e’ +4sin2¢+3cos 2t
[D2+D—6}[ ( )]

1 1 ) 1
S T P T
D +D-6 D +D-6 D +D-6
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:le’ —4 (D2+—10) sin 2t -3 (D2+—10) cos 2t
4 | D> ~100 | | D> 100 ]
:le’ —4 (D+10) sin 2t -3 (D+10) cos 2t
4" | -4-100 | —4-100 |

1 o +4(20052t+1051n2t) +3(—251n2t+10cos2t)
104 104

1 o+ (8cos2t +40sin 2¢) N (—65sin 2z + 30 cos 2t)
4 104 104

1, (38cos2t+34sin2¢)
=—e' +
104

The general solution of (5) is y(¢) = Ae™™ + Be* + %e’ . ﬁ(% c0s 2t + 34sin 2¢)

(Dx1-(2)x2= —3x—Dy—4y=e' —2cos2¢

= -3x- [— 34e™ +2Be* + %e’ + ﬁ(—% sin 2¢ + 68 cos 2t)}

- 4[Ae3’ + Be™ +%e’ +ﬁ(38 cos 2t +34sin 2t)} =e' —2cos 2t

= —3x—Ade™ —6Be” —ée’ - L(60 sin 2¢ + 228 cos 2¢)
4 104

x(1) =%Ae—3t _9Be™ _5i_(20C052t+76sm2tj

12 104

Thesolutions of (1) and (2) are

1 1
t)= Ae™ + Be® + —¢' +——(38¢cos 2t + 34sin 2t
() 2 104( )

and x(¢) = %Ae‘” ~2Be* -

z_ 20cos 2t + 765sin 2t
12 104

6. Solve Dx+ y =sint, x+ Dy =cost giventhatx=2,y=0 at t=0.

(April/May 2006, May/June 2009)
Solution:
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The given simultaneous equations
are Dx+y=sint———(1) x+Dy=cost———(2)

(1)x1=> Dx+y=sinf——————————— 3)
(2)xD = Dx+ D’y =D(cost) ———————— (4)

(3)-49)=(1-D*)y =sint +sint = 2sin¢

(1-D?%)y =2sint &)
The A.E of (5)is 1-m* =0 = m =*1

C.F= de' + Be™

.'.P.I=[ ! 2}25inz‘=2 ;2 sinf =sint
1-D 1-(-1%)

The general solution of (5) is y(¢) = Ae' + Be™ +sint

= Dy = Ae' — Be™" +cost
2)= x=cost—Dy=— Ae' + Be™"

Thesolutions of (1) and (2) are y(¢) = Ae' + Be™' +sint and
x(t)=— Ae' + Be™*

Given x(0)=2=—Ae’ + Be =—A+B=2 (6)
y(0)=0=Ae" + Be™ +5in0 = A+ B = 0 =mmmmmmmmmmm- (7
(6)H7)=2B=2=B=land (7)= A=—1
Thesolutions of (1) and (2) are x(f)=e' +e™" and
y(t)=—e' +e ' +sint

d . d
7. Solveszry:smt+1;d—);+x:costgiven that x=1,y=2 att=0.

t
Solution:
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The given simultaneous equations are

dx ) dy
—+y=sint+1;, ——+x=cost
dt dt

ie Dx+y=sint+1———() Dy+x=cost———(2)

Eliminate x from (1) and (2)

(Hxl= Dx+y=sint+1 3)
2Q)xD = D?y + Dx = D(COSt) ~=mmmnmmmmmmmmmem- (4)
3)-(d) = y—D’y=sint+1- D(cost)

ie (1-D*)y=sint+1+sint
(1-=D?)y =28int + 1 —mmemmemmemmeemee (5)
The A.E of (5)is 1-m*> =0
=>m’=1=>m==I

..C.F=A4e' + Be'

1
PI= 2sint+1
L—Dz}( )

=2 l}sint+1
| 2

=sint+1
The general solution of (5)is ~ y(t) = C.F + P.I = Ae' + Be™' +sint+1

(2) = x(t) =cost— D[Ae' + Be™" +sint+1]
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=cost—[Ae' —Be™" +cost]
= x(t)=—Ae' + Be™'
.. The solutions of (1) and (2) are x(¢) =—Ae' + Be™" and
y(t) = Ae' + Be™ +sint+1
Given x(0)=1=—-4de’ + Be™® = 1=—A+ B =mmemmmmmmmememv (6)
y(0)=2=Ae’ + Be +5in0+1=>2=A+B+1= A+ B=1-—-(7)
6)H7)=>2B=2=B=1
(6)-(7) = —24=0=> A=0

.. The solutions of (1) and (2) are x(t)=e ™ and y(¢) =e ' +sinz+1

8. Solve Dx+ y =sin2¢; —x+ Dy =cos2t. (June 2003)
Solution:

The given simultaneous equations are

Dx + y = sin 2t -——------ (1) —x+ Dy =cos2t---—--—---- 2)
(1)x1= Dx+ y=sin2t A3)
(2)x D = —Dx+ D*y = D(cos 2t) 4)

3)+(4)= (1+ D*)y =sin 2t + D(cos2t)
= sin2¢ —2sin2¢ = —sin 2¢

(D? +1)y =—sin 2t 5)

The A.E of (5)is m* +1=0=>m==i

C.F= Acost+ Bsint

S PI=

D1 (—sin 2¢)
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=— 1 sin 2¢
-2°+1

The general solution of (5) is y(t) = Acost + Bsint + %sin 2t
(2)= x=Dy—cos2t

) 2

=—Asint+ Bcost +§cos2t —cos2t
) 1

=—A4sint+ Bcost —gcos2t

The solutions of (1) and (2) are y(z) = Acost + Bsint +%sin 2t and

x(t) = — Asint + Bcost —%cosZt.

9. SO]VC%-F 2y =—sint; %—Zx =cost given x=1 and y=0 att=0 (Jan. 2005,
Dec 2010)
Solution:

The given simultaneous equations are

@4_2); = —sint; d—y—2x = cost
dt dt

ie Dx+2y=-sint———(1) Dy—-2x=cost———(2)

Eliminate x from (1) and (2)

(1)x2 = 2Dx+4y = —2sint 3)
)xD = D’y —2Dx = D(COSt) ~mnnmmmmmmmmmnmm 4)
)+ = 4y +D*y = -2sint —sint

ie (D’ +4)y=-3sint-=——mmmmmmmmr )
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The A.E of (5)is m> +4=0
=>m==1i2 Here a=0; f=2

- CF=¢"(Acos2t+ Bsin2t)
= Acos2t+ Bsin2¢

P.I :{ ! }(—3 sint)

D? +4

=—3[ 21 }sint
-1"+4

= —sint

The general solution of (5)is y(¢) =C.F + P.I = Acos 2t + Bsin2 t —sint
(2)= D[Acos2t+ Bsin2 t]—2x = cost

= 2x=2[-Asin2t+ Bcos2t]—cost

) cost
= x=—-Asin2t+Bcos2t———

.. The solutions of (1) and (2) are

x(¢) :—Asin2t+Bc052t—%St and

y(t) = Acos</2 t+ Bsin+/2 t —sint.

Given x(0) =1=—A(0)+ B(1)— %) = B= %

Given 1(0) =0= A(1)+ B(0)-0=> A=0.

.. The solutions of (1) and (2) are x(t) = %cos 2t _%St

and

y(t) = %sin2 t —sint.
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10. Solveﬂ _ & +2y =cos2t; & + P _ 2x =sin2t. (Nov./Dec. 2005)
dt dt dt dt
Solution:

The given simultaneous equations are

@_ﬂ.kzy:cos%; @+d—y—2xzsin2t
dt dt dt dt

1.e Dx—(D-2)y=cos2t———(1) Dy+(D—-2)x=sin2t——-(2)

Eliminate y from (1) and (2)

(HxD= D?*x—D(D ~-2)y = D(cos2t) 3)
QxD-2= D(D=2)y+(D—2)*x = (D —2)8in 2t ~=---=-=mmmnmmmm- (4)
3)+4é) = (D-2)*x+D*x =—-2sin 2t + 2 cos 2t — 2sin 2¢
ie (2D’ —4D +4)x = —4sin 2t + 2 cos 2t
ie (D®—2D+2)x=-2sin2¢t+cos2t 5)

The A.E of (5) is m> —2m+2=0

mz—@%iVGﬁf—ﬁDQ)

2(1)

2++-4

2(1)

242i
2(1)

=>m=1xi Here a =14 =1

-.C.F=¢'(Acost + Bsint)

P.I 2{2;} cos 2t — 2{2;} sin 2¢
D" -2D+2 D°-2D+2

{ﬁ} cos 2t — Z{ﬁ} sin 2t
— — + — — +

= ;cos%—#sin%
-2D-2 -2D-2
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:—l ! cos 2t + ! sin 2¢
2| D+1 D+1
:—l % cos 2t + D2_1 sin 2¢
2. D" -1 D" —
:—% _fz__ 2}cos2t+[_ 2__ }sinZt
__l_—2sin2t—0052t}+[2c052t—sin2t}
20 -5 -5

= —L[2 sin 2¢ + cos 2t]—l[2 Co0s 2t —sin 2t]
10 5
= —%[2sin2t +cos2t+4cos2t — 2sin2t]
= —L[S CcoS 2t]
10

1
=——cos2t
2

The general solution of (5) is x(¢) = C.F + P.I =¢'(Acost + Bsint) —%cos 2t

D +(2)= 2%+2y—2x=cos2t+sin2t

:>2y:c052t+sin2t+2x—2%

= 2y =c0s 2t +sin 2t + 2e' (Acost + Bsint) — cos 2¢

: . 1 .
- 2[(A cost + Bsint)e' +e'(—Asint + Bcos t)]— 25(—2 sin 2¢)
= 2y =sin 2t +2e' (A cost+ Bsin t)

- 2[(A cost + Bsint)e' +e'(—Asint + Bcos t)]— 2%(—2 sin 2¢)
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= 2y =sin 2t +2e' (A cost+ Bsin t)
) . 1 .
— 2[(A cost+ Bsint)e' +e'(—Asint + Bcos t)]— 25(—2 sin 2¢)

sin 2t

y=e'(Acost — Bsint) —

.. The solutions of (1) and (2) are

(—2sin2¢ —cos2¢) (2cos2t —sin2t)
10 5

x(t)=e'(Acost+ Bsint)+

sin 2t

and y(t) =e'(Acost — Bsint) —

11. Solve% + 2y =sin2t; % —2x =cos 2t (Nov. Dec/2009)

Solution:

The given simultaneous equations are

@4. 2y =sin 2¢; ﬂ—2)C= cos 2t
dt dt

ie Dx+2y=sin2t———() Dy—-2x=cos2t———(2)

Eliminate x from (1) and (2)

(Hx2= 2Dx +4y =2sin2¢ - 3)
2)xD = D?y —2Dx = D(COS 2t) ~==mnmmmmmmem- 4)
3td)= 4y+ D*y =2sin 2t — 2sin 2t
ie (D°+4)y =0 (5)

The A.E of (5)is m* +4=0
=>m=22i Here a =0;=2
- C.F=e"(Acos2t+ Bsin2t) = Acos 2t + Bsin 2t

The general solution of (5) is y(¢) = C.F = Acos2t + Bsin 2t
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(2)=>2x=Dy—cos2t———-(2)

= (—2Asin 2t + 2B cos2t) —cos 2t

. . 1
x(t) =—Asin 2t + Bsin 2t — ECOS 2t

.. The solutions of (1) and (2) are x(¢) = — Asin2¢+ Bsin 2t — %cos 2t and

y(t)=Acos2t + Bsin2t.
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Possible Questions

Question Opt 1 Opt 2 Opt3 Opt 4 Answer
An equation involving one or more dependent . . .

. . i differential intergral constant . . . .
variables with respect to one or more independent ) ! ) Eulers equation differential equations

. . equations equation equation
variables is called....................... ...
An equation involving one or more ............
variables with respect to one or more independent |[single dependent independent constant dependent
variables is called differential equations
An equation involving one or more dependent
variables with respect to one or . . . .

. : . . t t 1 fferent t
more........... variables is called differential dependen independen Single differen independen
equations
A differential equation involving ordinary ) .

. ) . . . partial ordinary ) : ) . .
derivatives of one or moredependentvariables with |differential . . . . total differential ordinary differential
. . ; . . differential differential . .
respect to single independent variables is called equations . ) equations equations
equations equations




A differential equation involving ordinary
derivatives of one or more dependentvariables with
respect to.......... independent variables is called
ordinary differential equations

Z€1ro

single

different

one or more

single

A differential equation involving .............
derivatives of one or more dependentvariables with
respect to single independent variables is called
ordinary differential equations

partial

different

total

ordinary

ordinary

A differential equation involving partial derivatives
of one or more dependent variables with respect to
oneor more independent variables is called

differential
equations

partial
differential
equations

ordinary
differential
equations

total differential
equations

partial differential
equations

A differential equation involving partial derivatives
of one or more dependentvariables with respect
to...c...... independent variables is called partial
differential equations

Z€1ro

single

different

one or more

oncormore

A differential equation involving .............
derivatives of one or more dependentvariables with
respect to one or moreindependent variables is
called partial differential equations

partial

different

total

ordinary

partial

The order of .........derivatives involvedin the
differential equations is called order of the
differential equation

Z€1ro

lowest

highest

infinite

highest

The order of highest derivatives involvedin the
differential equations is called .................. of the
differential equation

order

power

value

root

order

The order of highest ..................... involvedin
the differential equations is called order of the
differential equation

derivatives

intergral

power

value

derivatives

The order of the differential equations is (d"2
y)/[dx)"2 +xy(dy/dx)"2=1

A non linear ordinary differential equation is an
ordinary differential equation thatis not ............

linear

non linear

differential

intergral

linear




A ordinary differential equation is an
ordinary differential equation that is not linear

linear

non linear

differential

intergral

non linear

A non linear ordinary differential equation is an
................ differential equation that is not linear

ordinary

partial

single

constant

ordinary

............... ordinary differential equations are
further classified according to the nature of the
coefficients of the dependent variables and its
derivatives

linear

non linear

differential

intergral

linear

Linear ................... differential equations are
further classified according to the nature of the
coefficients of the dependent variables and its
derivatives

ordinary

partial

single

constant

ordinary

Linear ordinary differential equations are further
classified according to the nature of the coefficients
ofthe ................... variables and its derivatives

single

dependent

independent

constant

dependent

Linear ordinary differential equations are further
classified according to the nature of the coefficients
of the dependent variables and its

integrals

constant

derivatives

roots

derivatives

Both explicit and implicit solutions will usually be
called simply ...............

solutions

constant

equations

values

solutions

Both ................... solutions will usually be
called simply solutions.

general and
particular

singular and non

singular

ordinary and
partial

explicit and implicit

explicit and implicit

Let f be a real function defined for all x in a real
interval I and having nth order derivatives then the
function fiscalled ............. solution of the
differential equations

constant

implicit

explicit

general

explicit

Let f'be a real function defined for all x in a real
interval [ and having .............. order derivatives
then the function f'is called explicit solution of the
differential equations

1st

2nd

nth

(n+1)th

nth




The relation g(x,y)=0 is called the .........
of F[x,y,(dy/dx)........... (dy/dx)"n]=0

solution

constant

implicit

explicit

general

implicit
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Finding the solution of Second and Higher Order with constant coefficients with Right
Hand Side is of the form V e®*, where V is a function of x — Euler’s Homogeneous Linear
Differential Equations— System of simultaneous linear differential equations with constant
coefficients.
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ax ax 1

1.1.6 Problems based on R.H.S = ¢“x _Particular Integral = ;e x=e" ————x
f(D) f(D+a)

1. Solve: (D’ +4D+3)y=¢ " sinx+xe™*

Solution:

Given (D’ +4D+3)y=¢ *sinx+xe™
AE is m’+4m+3=0
(m+1)(m+3)=0

m=—-1,m=-3

C.F=Ae" +Be™

1 )
PI= Z—e"‘ sin x
D +4D+3

— ! — sin x
(D-1)"+4(D-1)+3

j— —X

—X

> 1 sin x
D" =2D+1+4D—-4+3

—X

=e 2—sinx
D*+2D

—X

-1+2D

sin x

Take Conjugate we get,

2D+1 .
WSIHX

—X
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= 65 (2D +1)sinx

—X

Pl = 65 (2cosx +sinx)

1
e
D +4D+3

3x 1
X
(D+3) +4(D+3)+3

PI,=

1
3x X
D*+6D+9+4D+12+3

1
P X
D +10D +24

3x

-Xx 3x
y:Ae”‘+Be’3x—e (2c0sx+sinx)+e {x—i}
5 24

2. Solve (D° —2D+2)y=e'x> +5+e
Solution:
Given (D*-2D+2)y=€'x> +5+¢™
AEis m*=2m+2=0

m=1+%i
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=e"(Acosx+ Bsin x)

2 1 e
D -2D+?2

x_ 2

e’ > ! x?
(D+1)"=2(D+1)+2

ex - 1 X2
D +2D+1-2D-2+2

x 1 2
e ) X
D™ +1

=e'(D*+1)'x

e(1-D* +..)x°

Pl=e'(x’-2)

PlI,

PI,

y

y=e"(Acosx+ Bsinx)+e*(x’ —2)+§+%e2

3. Solve(D* +4D +3)y =e “sin x + xe’*. (Nov./Dec. 2002)

1
= 5%
D°-2D+?2

=—ce
10
=C.F+P.I

Solution:

X

The given ODE is (D> +4D +3)y = e “sin x + xe”* —-(1)

The A.E of (1)is m?> +4m+3=0

(m+1)(m+3)=0

m=-l,m=-3
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C.F= de™  + Be ™3~

e “sinx+

1
f(D) f(D)

Now P.[1=2;e_xsinx=e_x 5 1
D? +4D+3 (D—=1)2 + 4D —1)+3

P.I=

xe™*=PI, +PlI,

sin x

_ . _ ) _ 2D +1 )
e ¥ ———sinx=e sinx =e szm

D?+2D —-1+2D (2D)2—12

X

=e_stinx— € (2cos x + sin x)

I 1

/(D) D> +4D +3 (D+3)2+4(D+3)+3x

3 2 N
. 1 e D +10D
e > X = 1+ S X
D” +10D+ 24 24 24

2
e D? +10D D? +10D
1-— + — .. |x
24 24 24

3x

5
c 1-2Dlx omitting Higher order derivatives
24 12

1 1
12 — X 3x _ e3xx_e3x

e 5 e e 5
= xX—— | PlI=Pl +Pl,=— (2cosx+sinx) + X——
24 12 5 24 12

The general solution of (1) is y(x) =C.F+P.I

e &> 5
=Ade”™ + Be > ———(2cosx +sinx) + x——|.
5 24

4.Solve (D’ -2D+2)y =e*x* +5+¢>*. (April/May 2003)
Solution:
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The given ODE is (D*> —2D +2)y =e*x* +5+e > ——-(1)

The A.Eof (1)is m*> =2m+2=0

2
2 J(—z)2 -40@) _,,

C.F=e"(Acosx+ Bsinx).

P.I=;exx2+ ! 5+ ! e
f(D) f(D)  f(D)

=PI, +PI,+Pl,

1
Now P.Il=2—exx2=ex 5 1 x?
D”-2D+2 (D+1)"=2(D+1)+2

1

——x’ =e'(1+ D) x? =" (1-D +(D?)? —.)x*
D +1

=e

=" (1-D*)x? =e*(x2=2)

Py =4— : e =4—=2
D" -2D+2 2
1 l —2x
PI; = z—e_zx = 3 Bl ¢
D*-2D+2 (=2)* = 2(-2)+2 10

PI= Pll +P12+P13

e—2x

= e (x?-2)+2+

The general solution of (1) is y(x) =C.F+P.I

-2x
e

=e" (Acosx+ Bsin)c)vLex(x2 —2)+2+

1.1.7  Problems based on f(x)=x"sinax or x" cosax
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To find Particular Integral when f(x)=x"sinax or x"cosax

x"sinax (or) x" cosax

pr=—"
J(D)

—1 (xV):x—1 V+{i—1 }V
f(D) f(D) dD f(D)

L (xV)=x ! V—{f'(D) ! }V
f(D) f(D) f(D) f(D)

—l xV=x ! - fI(D)z V
O D) | [

1. Solve (D*—4D+4)y=8x¢""sin2x
Solution:

Given (D> —4D+4)y =8x’¢*" sin2x
AEis m*—4m+4=0

(m—2)"=0

The roots are m=2,2.

Complementary Function is (¢,x+c,)e’

Particular Integral = Z;szez" sin 2x
D" —-4D+4

= 8€2x (D—2)2x2 sin 2x

:Sele 2 —c082x oy —sin2x ) cos2x
D 2 4 8

1 1 1
= ¥ {— —4x% cos2x )+ —(4xsin2x)+—(2cos2x }
( )+ ¢ )+ )

_ o _4xzsm2x oy —cos2x 42 —sin2x valy —cos2x | (—sin2x +sin 2x
2 4 4 2 4

=¢”" [ (3-2x")sin 2x —4xcos 2x |
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The general Solution is y = C.F + P.L.
y=(cx+c,)e’ +e*(3—2x%)sin 2x —4xcos 2x
2. Solve the differential equation (D* + 4)y = x* cos 2x (May/ June 2009)

Solution:
The given ODE is (D* + 4)y = x” cos 2x ---(1)

The AEof (1)is m*> +4=0=>m" =—4 =>m=+2i
C.F=A4cos2x+ Bsin2x

P-| —— |x* cos2x = { 21 }sz.Pof e
f(D) D* +4

=R.P of e ;2 x> =R.Pof eiz"{%}xz
(D+2i)" +4 D” +4Di

—RPof | ————Ix

e i2x 2 3
_RPof 1P} (2], e
4D 4i \4i) 4
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.. 2 3
_RPof (cos2x+isin2x)((x~ 1 XX
4 4 32 3 8

1 x? 1 x> x) .
=—|| ———|cos2x+| ———[sin2x
4|\ 4 32 3 8

The general solution of (1) is y(x) =C.F+P.I =

2 3
Acos2x+ Bsin2x +l x__L CcoS2x + *r 2 sin2x |.
411 4 32 3 8

1

—da

1.1.8 Problems based on f(x)= e‘”‘J-e““ f(x)dx Type.

[General Method of finding the Particular Integral of any function f(x)]

1. Solve (D* +a’)y=secax.
Solution:

Given (D’ +a’)y =secax
A.E.is m*+a’ =0

The Roots are m =+ ia

Complementary function = Acosax+ Bsinax.

P.I Z(Z)ZI—Z)SCCGX
+a

1

P.I= sec ax
(D —ia)(D +ia)
LU
| 2ia __2ia g0 o
D—ia D+ia
1 iax —iax 1 —iax iax 1 mx —mx
= —e je secaxdx ———e Ie secaxdx [——X =e IXe dx]
2ia 2ia D—m
- L e I (1—itan ax)dx — 1L e I (1+1itan ax)dx
2ia 2ia

1, ] | ]
= —e"“(x— L logsecax)——e " (x+ ilog sec ax)
2ia a 2ia a
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X eiux _e—iax 1 eiax +e—iax
= —| ———— |—-—logsecax| ————
a 2i a 2i

. 1
sin ax ——-log sec ax cos ax
a

Q| =

General Solution is y=C.F + P.I

. X . 1
y = Acos ax + Bsin ax +—sin ax ——logsec ax cos ax
a

Homogeneous Equations of Euler Type [Cauchy’s Type]

Linear Differential Equations with Variable Co-efficient

An Equation of the form

n n-1

ay _1d y
n n—-1
ApgX +ax

0 dx™ 1 dxn

+a2x”‘2%+---+any=f(x) .............. (1)
Wherea, a,, ... a,re constants and f(x) is a function of x.

Equation(1) can be reduced to linear differential equation with constant

Co - efficient by putting the substitution.

x = e%(or)z = logx

x = p 2)

,d’y  ,d’y dy

Y axz T Y 42 T dz

=(0?-D)y  where D' =+ 3)

Similarly,

? %2~ pr(p' — 1)(D' - 2) )
dx? y
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and so on, substituting (2), (3), (4) and so on in (1) we get a differential equation with constant
coefficients and can be solved by any one of the known methods.

PROBLEMS BASED ON CAUCHY’S TYPE

1. Solvex’y +2xy +2y=0.
Solution:

The given ODE is x*y" +2xy +2y=0.1¢e (x’D* +2xD +2)y =0---(1)
To solve (1)use x =e” = z=1logx, xD =D'; x’D* = D'(D'-1)

- (1) becomes (D'(D'-1)+2D'+2)y =0 ,where D = i;D': 4
dx dz

= (D" +D'+2)y = () ===mmmmmmmmmmem- ()

The AEof (2)is m* +m+2=0

1)’ —40)2) _ 1217

2(1) 2

=>m

1
CF=c? (4 cosngrBsingz)

.. The general solution of (1) is y(x) =C.F

1
=e 2% Acos ﬁlogx + Bsin ﬁlogx
2 2
:L Acos ﬁlogx + Bsin ﬁlogx .
Jx 2 2

2. Solvex’y" —xy +y=x.(June 2004)
Solution:

The given ODE is x>y —xy + y=x.1i.e (x’D*> —xD +1)y = x (1)

To solve (1) use x =e” = z=1logx, xD =D'; x’D* = D'(D'-1)

. (1) becomes (D'(D'-1)— D'+1)y = e” ,where D = i;D'= 4
dx dz
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= (D?-2D'+1)y = " =mmmmmmmmmmmemmm (2)

The AEof (2)is m*> -2m+1=0=(m—-1)’=0=>m=11

-. C.F= (4z + B)e®

Now P.I= 1' e’= '1 —e
S0 (D)

= % e” (Ordinary rule fails)

z e” (Ordinary rule fails)
2(D'-1)

The general solution of (2) is y(z) = C.F+P.I=(A4z + B)e® +z* %ez Soy(x) =

log x

(Alog x + B)e"** + (logx)*

= (Alogx+ B)x + (logx)’ gis the required general Solution of (1)

3. Solve(x*D*-7xD +12)y =x>.
Solution:

The given ODE is (x2D? = 7xD+12)y = x> (1)
To solve (1)use x =e* = z=logx, xD=D'; x’D* = D'(D'-1)

~.(1) becomes (D'(D'=1)=7D'+12)y = e** ,where D = i;D': di
X 4

= (D?—8D'+12)y = %% —rmeemmmeev Q)
The A.E of 2)is m> —=8m+12=0= (m-6)(m—2)=0=>m=2,6
o C.F= 4e?® + Be®

Now P.I=L'e22 =2;e22 =le22 (Ordinary rule fails)
f(D") D'"”-8D'+12 0
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1 2z
=, 0 ezz _ ze
2D'-8 4

2z
The general solution of (2) is y(z) = C.F+P.I= 4e? + Be®* — % soy(x) =

2
Ax? + Bx® — % is the required general Solution of (1)
22 . dy
4. Solve(x"D” +4xD +2)y =log x given that whenx =1,y = O,d— =0.
X
Solution:

The given ODE is (x°D?* +4xD +2)y = log x ---(1)
To solve (1) use x =e” = z=1logx, xD =D'; x’D*> = D'(D'-1)

- (1) becomes (D'(D'-1)+4D+2)y=z D= i;D': a
dx dz

= (D'’ 43D'+2)y = 7z~ )
The AE of 2)is m* +3m+2=0= (m+)(m+2)=0=>m=—1, -2

- C.F= Ade™ % + Be™**

1
1 ; ZA— ) 1 zZ= zZ
f(D')  D?*43D+2 ) 1+D'2+3D

’ -1
1 D'>43D
= |1+ —=|| z=
2 2

- %[1 - %}Z omitting second and Higher derivatives

Now P.I=

2 2 2
D'“+3D D'“+3D
1- + -z
2 2

N | =
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The general solution of (2)is y(z) = C.F+P.I= de™? + Be™** +%|:z - %} soy(x) =
Ax'+ Bx? +%[2 logx — 3] is the required general solution of (1).

Given that y(1)=0; y'(1)=0

y(1)=0=A+B+%[0—3]:A+B=% ....... A3)

_ 51
V' (x)=—Ax2 = 2Bx> +—
2x

y'(1) = —A—2B+%=O A+2B =

2
5. Solvex’ %Y 44y Zy +2y =xlogx. (Nov./Dec. 2006)

dx? _x
Solution:

The given ODE is (x2D? +4xD +2)y = xlogx--(1)

To solve (1)use x=e® = z=1logx, xD=D'; x’D* =D'(D'-1)

ecomes -1+ +2)y=ze" ,where D=—;D'=—
()b (D'(D'-1)+4D'+2) Z ,wh j ' j
X zZ

SN OO Y ) ) S P — Q)
The A.E of (2)is m*> +3m+2=0= (m+)(m+2)=0=>m=—1, =2

- C.F= Ade™ % + Be™**

1 1
Now P.I=———¢7z ‘z=¢” ! z

=—F¢
f(D") D?+3D'+2 (D'+1)? +3(D'+1)+2

.1

ST
D> +5D'+6
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-1
1 1 .1 D?+5D'
= e° — z=e —| 14| —— z
6 D> 45D 6 6
14| — 2

6
[ 2 2 2
1 D?+5D") [ D*+5D'
=e —|1- + -z
6 6 6
= e° % 1- —}z omitting second and Hr. order derivatives

I

®

[N
N| =
1
N

I
AN |
L 1

The general solution of (2)is y(z) = C.F+P.I=Ae™? + Be ™2 +¢? é{z - %} soy(x) =
Ax' + Bx? +%|:logx - %:| is the required general solution of (1).
6. Solve(x’D? —2xD —4)y =32(log x)*. (April/May 2005)
Solution:
The given ODE is (x*D* —2xD —4)y = 32(log x)*---(1)
To solve (1) use x =e” = z=1logx, xD =D'; x’D* = D'(D'-1)

- (1) becomes (D'(D'-1)-2D'-4)y = 3272 ,where D = i;D': 4
dx dz

= (D'?-3D'-4)y =322% - )
The A.E of 2) is m* =3m—4=0= (m—-4)(m+3)=0=>m=-3, 4

- C.F= de™3% 4+ Be¥*

Now P.I=;3222 = !

f(DY D?3p-4 4[1_ (D'2—3D')}
4

3222
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| p23p\]”
= 1| =2 3222
—4 4
2 2 2
32 D'“=3D' D'“=3D' 5
= —|1+ + |z
4 4 4

D?-3D') 1
=_ [1+[—3J+E(D'4+9D'2—6D'3 )+...:|22

4

72 _ 1
==8 1+ [%J + % (9D’2 ):|z2 Omitting Hr. Derivatives

[, 1 3 1
= -8l z2+—(2)—-=(22)+—[9(2
K 4() 4(Z) 16[()]}
: : -3z 4z 2 3 13
The general solution of (2) is y(z) =C.F+P.I=4e ™" + Be™* +—8| z —Ez+§

Soy(x) = Ax 73 + Bxt - 8{(10g x)2 - %logx + %} is the required general solution of (1).

7. Solve(x’D> —xD+1)y = (log’“
X

2
j . (Nov./Dec 2005)

Solution:

2
The given ODE is (x’D*> —xD+1)y = (long --(1)
X
To solve (1)use x =e” = z=1logx, xD =D'; x’D* = D'(D'-1)

2. (1) becomes (D'(D'-1)-D'+1)y = (ze‘z )2 =e ¥z’ where D= i;D'=

da
dx /Z

= (D?-2D'+1)y = ¢ 7 27 ~mmmmmmmmmmmmeme )
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The A.E of (2)is m*> —2m+1=0= (m-1)> =0=>m =1,

-. C.F= (4z + B)e®

Now P.I=;e‘zzz2 -1 ~e =lez (Ordinary rule fails)
f(D") (D'-1) 0
=z e” (Ordinary rule fails)
2D'-1)

The general solution of (2) is y(z) = C.F+P.I=(A4z + B)e* +z* %ez

log x

- y(x) = (Alogx + B)e"** + (logx)> <

y(x) = (Alogx + B)x + (log x)* gis the required general Solution of (1)

8. i)Solve(x’D*—2xD —4)y = x* + 2log x . (AU June 2010)
Solution:

The given ODE is (x>D* —2xD —4)y = x* +2log x -—-(1)
To solve (1) use x =e” = z=1logx, xD =D'; x’D* = D'(D'-1)

. (1) becomes (D'(D'-1)—2D'-4)y = e** + 2z ,where

= (D'?-3D'-4)y =322% - Q)

D= i;D': i

X dz

The AEof (2)is m* -3m—-4=0=>m-4)(m+1)=0=>m=-1, 4
- C.F= de™ + Be*

2z 1 2z 1
f(D") D" -3D'-4 D" -3D'-4
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=PI +PlI,

1 2z

Pl =————c
D?-3D'-4

1 2z
= o 4°
22 -3(2)—4

— 2z
D'"-3D'-4

2

e
S (L
_ ;{I{Dﬂfﬂ}(”zfﬂf ]

_71[1 - 3TD:|Z {Omitting Hr. Derivatives}

z

PI=PlI +PlI,
e 1[ 3}
= -— —_—— Z__
6 2 4

2z
The general solution of (2) is y(z) = C.F+P.I= de * + Be* — e6 —%[z —%}
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x*  logx

soy(x) = Ax7 4+ Bx*t - +§ is the required general solution of (1).

6
i) Solve x* y"'+3xy + 5y = x cos(log x) + 3. (Nov./Dec. 2006, May / June 2009)
Solution:
The given ODE is (x?D? +3xD +5)y = xcos(logx) + 3 -—-(1)
To solve (1)use x =e” = z=1logx, xD =D'; x’D*> = D'(D'-1)

. (1) becomes (D'(D'-1)+3D'+5)y = e” cosz+3 ,where D = di;D': di
X /4

= (D'*+2D'+5)y = €7 C0S Z + 3 =mmmmmmmmmmmmaav Q)

—2+.J4-4(5
The A.E of (2)is m?> +2m+5=0=>m = : ®) _ 140

. C.F= e “(Acos2z+ Bsin2z)

Now P.I= U5

(e“cosz+3)= e’ cosz+3

1 1 1
(DY) J (DY) (D)

=PI, +PlI,

1
Now P.Jj=——————e” cosz
D'"+2D'+5

= ¢° > : cosz
(D+1)” +2(D'+1)+5

= e ;coszReplace D? by-a®

D'?+4D'+8

=€Z — - C0SZ

—1+4D'+8

=e¢" ——c
—1+4D'+8

0SZ
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.1 . 4D'-7
= COSz=e ——CO0SZ
4D'+7 16D'?-49

o2 (—4sinz—"7cosz)
- 65

o7 (4sinz+ 7cosz)
65

The general solution of (2) is

. (4sinz + 7cos z)
65

y(z) =C.F+P.I=e “(Acos2z + Bsin2z) +e

x(4sin(log x) + 7 cos(log x))
65

1
. y(x) = —[Acos(logx?) + Bsin(log x*)]+
X

is the required general solution of (1).

9. Solve(x’D* -3xD +4)y = x” cos(log x)..(AU Dec 2010)
Solution:

The given ODE is (x*D?* —3xD + 4)y = x* cos(log x). ---(1)
To solve (1) use x=e” = z=1logx, xD=D'; x’D* = D'(D'-1)

. (1) becomes (D'(D'-1)-3D'+4)y = e** cosz ,where D = i;D': 4
dx dz

= (D"”—4D'+4)y = €’" COS z ==mmmmmmmmmm=mnm ()
The AEof 2)is m*—4m+4=0=(m—-2)>=0
=>m-2)(m-2)=0=>m=2,2

.. C.F= e*(A4z +B)

Now P.I= (e* cosz)

f(DY)

14 _ V+
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e’ ! c
(D'+2)* —4(D'+2) + 4

0sz

=—¢** cosz
The general solution of (2)is  y(z) = C.F+P.I=e** (4z + B) —e’" cos z

o y(x) = x*[4logx + B] — x* cos(log x) is the required general solution of (1).
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(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Question Opt 1 Opt 2 Opt3 Opt 4 Answer
Iff1,f2... ... ... fm are m given functions and ol flicd ol fl*c2 ol fl/c2
cl,c2... ... ... ...cm are m constants then the cl fl-c2 £2- cl fl+c2
. . ; 24+ . +c [f2%... e [f2/. /em
EXPIesSiON .....oevenvennennnnn iscalled alinear | 7T [ T T -emfm |2+............. +cm fm
o m fm m fm fm
combination of f1,f2... ... ... fm.
2. ... ... fm are m given functions and non
cl,c2... ... ... ...cm are m constants then the non linear homogeneous . o . o
. . o . homogeneous [linear combination |linear combination
expression cl fl+c2 2+ ... ... ... ... +cm fm is combination equation cquation
calleda ................. of FIf2... ... ... fin d
Any ... combination of solutions of the
homogeneous linear differential equation is also a |linear nonlinear Zero separable linear
solution of homogeneous equation.
Any lienar combination of solutions of the non
................... linear differential equation is also | homogeneous singular non singular homogeneous
. . homogeneous
a solution of homogeneous equation.
Any lienar combination of solutions of the
homogeneous linear differential equation is also a |value separable solution exact solution
........................ of homogeneous equation.




The n functions f1,f2... ... .... fn are called

................. on a <x <b ifthere existsa constants |linearly linearly finite infinite linearly dependent
cl,c2... ... ... ...cnnot all zero,such that cl dependent independent

fl(x)+e2 2(x)+ ... .ov v i +cn fn (x)=0 for all x.

The n functions f1,£2... ... .... fn are called linearly

dependent on a <x <b ifthere existsa constants

cl,c2...........cnnot ... ,such that [all zero one zero two zero n zero all zero

cl flx)+e2 2(x)+ ... ... ... ... +cn fn (x)=0 for all

X.

The n functions f1,f2... ... .... fn are called linearly

dependent on a <x <b ifthere existsa constants

cl,c2... ... ... ...cnnot all zero,such that cl

fl1(x)+c2 2(xX)+ ... oo oon ... +cn fn (x)=......... for

all x.

The functions f1,£2... ... .... fn are called

........................ on a <x <b ifthe relation cl [linearly linearly finite infinite linearly independent
fl1(x)+c2 2(xX)+ ... .. o.n ... +cn fn (x)=0 for all x |dependent independent

implies that cl=c2=... ... ... ...=cn=0.

The functions f1,f2... ... .... fn are called linearly

independent on a < x <b if the relation cl

fl1(x)+c2 2(X)+ ... .. ... ... +cn fn (x)=0 for all x

implies that cl=c2=... ... ... ...=cn=...............

The functions f1,f2... ... .... fn are called linearly

independent on a < x <b if the relation cl

fl(x)+e2 2(x)+ ... .ov v i +cn fn equal to 0 <0 >0 not equal to 0 equal to 0
(KX)o for all x implies that

cl=c2= =cn=0

Thenthorder ...................... linear differential non

equations always possess n solutions that are linealy | homogeneous homogeneous singular non singular homogeneous

independent.




The nth order homogeneous linear

...................... equations always possess n differential integral bernoulli euler differential
solutions that are linealy independent.
The nth order homogeneous linear differential
equations always possess . . Zero finite inifinite n n
......................... solutions that are linealy
independent.
The nth order homogeneous linear differential ) .
. i linearly linearly ) e . .
equations always possess n solutions that are : finite infinite linearly independent
dependent independent
Let f1, f2,.. .. .fn ben................. functions each
of which has an (n-1)st derivative on real interval a|real complex finite infinite real
<x<b
Let f1, £2,.. .. ..fn be n real functions each of which
has an ------------ derivative on real interval a<x < [n n-1 n+1 n+2 n-1
b
Let f1, £2,.. .. ..fn be n real functions each of which
has an (n-1)st derivative on ------------ interval a< [real complex finite infinite real
x<b
The oo, solution of homogeneous
equation is called the complementary function of |explicit implicit general particular general
equation.
The general solution of -------------- equation is non . .
. : homogeneous singular non singular homogeneous
called the complementary function of equation. homogeneous
The general solution of homogeneous equation is )
called the —ommmemee function of equation. real complex complementary [particular complementary
ANy oo solution of linear differential
equation involving no arbitrary constants is called |explicit implicit general particular particular
particular integralof this equation.
Any particular solution of linear differential
equation involving -------------- arbitrary constants is|finite infinite no one no

called particular integralof this equation.




Any particular solution of linear differential

equation involving no arbitrary constants is called |general particular finite infinite particular
................ integralof this equation.
The soluation--------------- is called the general N
solutionsof linear differential equations. yeyp yeryp yeryp ye/yp yeryp
The soluation yctyp is called the --------------- explicit implicit general particular general
solutionsof linear differential equations.
In general solutlon‘ yotyp where yeis real complex complementary |particular complementary
................. function
In general solution yc+yp where yp is .. S . .

explicit implicit general particular particular

................. function
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UNIT-III

Partial Differential Equations: Formation of Partial Differential Equation by eliminating
arbitrary constants and arbitrary functions — Solutions of Partial Differential Equations by direct
integration — Solution of standard types of first order partial differential equations.
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INTRODUCTION:

If z=f(x,y), then z is the dependent variable and x and y are independent variables. The

2 2 2
partial derivatives of z w.r.to x and y are %,a—z, 0 f, oz , 0 f etc.we shall employ the following
0x°0y" ox* " OxOy Oy

. az az 0’z 0%z 0%z
notations: — = = =

- sa T s =r, =, =t
ox ~ Py =1 ox’ ox0y oy*

A partial differential equation in z is one which contains the variable z and its partial derivatives

3.1 FORMATION OF P.D.E BY ELIMINATING ARBITRARY
CONSTANTS

3.1.1 Form a partial differential equation by eliminating the arbitrary constants a & b from

z=a(x+y)+b
Solution:
Givenz=a(x+y)+b ...(1)
Differentiate (1) partially with respect to x, we get

62_

a—a

p=a..(2)

Differentiate (1) partially with respect to y, we get

0z
@ =a
q=a..(3)
From equation (2) & (3) we get
pP=q
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3.1.2 Form a partial differential equation by eliminating the arbitrary constants a & b from
z = ax + by

Solution:

Givenz =ax + by ...(1)

Differentiate (1) partially with respect to x, we get

az_
ax_a
p=a

Differentiate (1) partially with respect to y, we get

LY
dy
q=0>
Substituting in equation (1) we get
z=px+qy
3.1.3 Find the PDE of all planes having equal intercepts on the x and y axis.
Solution:

Intercept form of the plane equation is % + % + % =1

Givena=Db [since equal intercepts on the x and y- axis]

<

X Z
2424221 (D)
a c

a

Here a and c are the two arbitrary constants.

Differentiate (1) partially with respect to x,
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1 10z
we get, E+0+;a=0
1 N 1 0
a c p=
1 1 @
—= =P

Differentiate (1) partially with respect to y, we get

1 10z
0O+—+—-——=0
a cady
+1 =0

a 1=

o= gd (3)
From equation (2) & (3) we get
RS
c
pP=q

3.1.4 Form partial differential equation by eliminating the arbitrary constants a and b

from the equation (x — a)? + (y — b)? +z%2 =1
Solution:
Given (x —a)*+ (y—b)*+z* =1 ~..(1)

Differentiate (1) partially with respect to x, we get
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0z
2x—a)+0+2z—=0
0x

(x—a)+zp=0 ..(2)

Differentiate (1) partially with respect to y, we get

0+20—b)+2:2% =0
(y—b)+2zq=0 ..(3)

Substituting (2) & (3) in equation (1) we get
(—zp)?+ (—zq)*+2z%2 =1
2P +q*+1) =1

3.1.5 Form partial differential equation by eliminating the arbitrary constants a and b

from the equation (x — a)? + (y — b)? = z*cot’a
Solution:
Given (x — a)? + (y — b)? = z?cot’a ..(1)
Differentiate (1) partially with respect to x,
we get, 2(x—a)+0= Zzz—icotza
(x —a) = zpcota ...(2)
Differentiate (1) partially with respect to y, we get

0z
0+2(y—»b) = ZZ@cotZa

(y — b) = zqcota ...(3)

Substituting (2) & (3) in equation (1) we get
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(zpcota)? + (zqcota)? = z*cota
z?cotta(p? + q*) = z%cota

1
" cota

p?+q
p% + q* = tarta
3.1.6 Eliminate the arbitrary constants a & b from z = (x* + a)(y* + b)
Solution:
Givenz = (x2 + a)(y? + b) ..(1)

Differentiate (1) partially with respect to x, we get

=%, +b
p=5-= x(y )

p = 2x(y? + b)
P 5
TN 4 +b..(2)

Differentiate (1) partially with respect to y, we get

az_

=3 2y(x* + a)
q=2yx*+a)
%:xz +a..(3)
Substituting (2) & (3) in equation (1) we get
2= (35) z2)

4xyz = pq
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3.1.7 Form partial differential equation by eliminating the arbitrary constants a and b

from the equation z = ax™ + by™
Solution:
Givenz = ax™ + by" ..(1)

Differentiate (1) partially with respect to x, we get

Substituting (2) & (3) in equation (1) we get

px qy
zZ=—+4—
n n
zn = px +qy

3.1.8 Form a partial differential equation by eliminating a and b from the expression

(x —a)® + (y— b)? + z% = ¢?

Solution:
Given (x —a)> + (y —b)?2+z2 =c?..(1)
Here a and b are two arbitrary constants

Differentiate (1) with respect to x, we get
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2(x—a)+0+2z22 =0
x—a)+zp=0
(x—a)=—2zp....(2)
Differentiate (1) with respect to y, we get

0z
0+2(y—b)+225-=0

y—=b)+2zq=0
(y—b)=—2zq....(3)
Eliminating a and b from (1), (2) and (3) we get
(=zp)* + (=2q)* + z* = ¢*
22p? + 72q% + 7% = ¢?
z2(p?+ g%+ 1) =c?

3.2 FORMATION OF P.D.E BY ELIMINATING ARBITRARY
FUNCTIONS

3.2.1 Form the partial differential equation by eliminating the arbitrary function z = f (g)
Solution:
. X
Given z = f(;) ..(1)
Differentiate (1) partially with respect to x, we get
0z (x\ (1
=—=f1=])l=)-.(2
P 0x f (y)(y) @)

Differentiate (1) partially with respect to y, we get
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g = 2—f]=f'(§) (;—f) . (3)

@ » GG

@_r_rG))
® 4 7))

p__Y

q X

px = —qy
px+qy =0

3.2.2 Form the partial differential equation by eliminating the arbitrary function z = xy +
fG? +y%)

Solution:
Given z = xy + f(x? + y?) (D

Differentiate (1) partially with respect to x, we get
0z (2 2
p=-_=y+f " +y)(x)

p-y=f0?+y)(2x)..(2)
Differentiate (1) partially with respect to y, we get

0z ,
q =@=X+f(x2 +y2)(2y)

q—x=fx*+y)2y)..(3)

@ _p-y_[fG&+yH(20
B3) q-x fx*+yH2y)
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—y)y=(@q—x)x
py — qx = y’-x°

3.2.3 Form the PDE by eliminating the arbitrary function from z = f(x?+ y?)

Solution:
Given z = f(x? + y?) ..(1)

Differentiate (1) partially with respect to x, we get
0z ,
p=o=f( +y)@0)

p=f&*+y)H(2x)..(2)
Differentiate (1) partially with respect to y, we get

62_

1=3, f'(x2+y5)(2y)

q=1f*+y)2y)..(3)

@ _p_fE+yHe

3) q fEE+yHy)

p x
q
py = qx
3.2.4 Form the PDE from z = f(2x — 6y)
Solution:
Given z = f(2x — 6y) ..(D)

Differentiate (1) partially with respect to x, we get,
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_ %% _ rox—en2
p=o=2x—6)()

p=2f(2x — 6y) ...(2)

Differentiate (1) partially with respect to y, we get,

0z ,
1=5y = f(2x — 6y)(—6)
q=—6f'(2x — 6y) ..(3)

@ﬁgz 2f ' (2x — 6y)
(3) q —6f(2x—6y)

p_zt
q 3
3p=—q
3p+q=0
3.2.5 Form the PDE from z = x + y + f(xy)
Solution: Givenz =x +y + f(xy) ..(1)

Differentiate (1) partially with respect to x, we get

62_

p=-=1 + £ ) )

p—1=yf(xy)..2)
Differentiate (1) partially with respect to y, we get

_az

a=5,=1+f (N
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q—1=xf(xy)..(3)

@ _p-1_yf )
3) g-1 xf(xy)

xp-D=y@-1
Xp—x=yq—Y
Xp—yq=x-y
3.2.6 Form the PDE by eliminating the functions from z=f(x+t)+gx—1t)
Solution:
Givenz = f(x +t) + g(x — t) ~..(1)

Differentiate (1) partially with respect to x, we get

0z , ‘
622_ ) p
2=+ +g (x—1)..(3)
aZ_ , ' 4
622_ ) p
sz G+ +gx-0..09

From equation (3) & (4) we get

0%z B 0%z
0x?  Ot>

3.2.7 Form the partial differential equation by eliminating the arbitrary function
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from ¢ (z2 — xy, E) =0
Solution:
Given ¢ (Z2 — Xy, g) =0

X
Let u=z2—xy,v==-
VA

au_z 0z _
ox Zax y=42p =y
au_z 0z h,
ay_ Zay x=2zq—x

2
a_vzz(l)—xﬁ_z—px

0x 72 72

v x 0z —xq
dy  z20x  z2

Ju 0Jv
dx Ox ~0
ou Jv|—
dy Oy

Z —px
2zp —y >

z 0

2zq — x 7

(2zp —y) (_;q) —(2zq —x) (Z — px) =0

72

2xpq  xyq Z—pxy
2 +Z—2—(22q—X)( ZZ )—0

x%p — (xy — 2z%)q = xz
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3.2.8 Form the P.D.E by eliminating f and ¢ from z = xf G) + y@(x) Solution:
- _ y
Given z = xf (;) + yop(x) ..(D)
0z SN Y y :
p=—=xf'(5)(-5)+/(3) +79'® @

X

== () +ew =1 2) +0 .3

s = a‘j:azy = 7 (%) (- 3—2) 4o (x) .. ()

2
t= Z—yi — (%) G) ..(5)
(2)x + (3)yimpl ies
px+qy = —yf’ (%) +xf (%) +xyo'(x) + yf’ (%) +yp(x)
= xyp'(x) + xf (%) +yp(x)

px+qy =xyp'(x) +z..(6)

Use (5) in (4), we get

y '
=—-=t
s . +¢'(x)

xs + yt .
Pl A C))
Use in (6) we get
xs + yt
px+qy=xy[ 2 ]+Z

px +qy = xys + y*t+z
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z=px+qy —xys —y*t

3.2.9 Form the partial differential equation by eliminating the arbitrary function f and g in

z = x*f(y) + y*g(x)

Solution:

Given z = x2f(y) + y?g(x) ....(1)

0z
p====2xf(y) +y*9'(x) ...(2)

ox
0z o o
1=5,=% ')+ 2yg(x) ..(3)
0%z W 4
r=oas 2f()+ y°g"(x)...(4)
0%z ) )
S = oxay 2xf'(y) + 2yg'(x) ... (5)
0%z -
t=a—yz=xf(y)+29(x) ..(6)

(2)x + (3)yimpl ies
px +qy = 2x°f(y) + xy?g' (x) + yx*f'(y) + 2y*g(x)
px +qy = 2[x*f(y) + y*g ()] + xylyg'(x) + xf'(¥)]
px+qy = 22+xy(£)
2
2px + 2qy = 4z + xys

4z = 2px + 2qy — xys
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3.2.10 Form a partial differential equation by eliminating arbitrary functions from

z=xf2x+y)+g2x+y)

Solution: Givenz = xf(2x +y) + g(2x + y)

0
p == =xIf'Qx +)2] + f2x +y)(1) + g'(2x + )2
. aZZ . 14 !
T—W—Zx[f Cx+y)2]+f'(2x +y)2

+f'2x+y)2+2g9"(2x + y)2]

=4xf"QRx+y)+4f'Qx+y)+4g9"(2x + )

0%z

r= ok Alxf"Cx+y)+9"Qx+y)|+4f'Q2x +y)...(D)
_ 0z (2 ‘(2
q—a—y—xf( x+y)+9'2x+y)
aZZ rn rn
t=ﬁ=xf x+y)+9"Qx+y)...(2)
y
2
s = 923y =2xf"Cx+y)+f'Cx+y)+29"2x+y)..(3)

Equation (1) implies

0%z 0%z

W_46_}12+4f 2x+y)...(4)
Equation (3) implies

022 —262Z+ '2x +7) (5)

oxdy " dy? Jaxes)..

(4) — 2(5) implies
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O 0 40 apaxty) 80t a2t y)
dx? dxdy  0y? frex+y dy? frex+y
0%z 0%’z 0%z
d0x? dxdy 0yZ2

0%z A 0%z +4622 — o
dx? d0xdy dy?

SOLUTION OF STANDARD TYPES OF FIRST ORDER PARTIAL
DIFFERENTIAL EQUATIONS

3.4.1 Complete integral:

A solution containing as many arbitrary constants as there are independent variables is

called complete integral.
3.4.2 Singular integral:

The equation of the envelop of the surface represented by the complete integral of given

PDE is called its singular integral.

Thus if f(x,y,z,a,b)=0 is the complete integral of given PDE then the singular integral is
obtained by eliminating a,b from f(x,y,z,a,b)=0

I _p
oa
I _y
ob

3.4.3 General solution:
If f(x,y,z,a,b)=0 is the complete integral of PDE g(x,y,z,p,q)=0 then put b=¢(a) and

9 _y.
a

eliminate ‘a’ from f(x,y,z,a, ¢(a) )=0 and
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SOLUTION OF STANDARD TYPES OF FIRST ORDER PARTIAL DIFFERENTIAL
EQUATIONS

9%z
1. Solve W =0

Solution:

2
z

=0
dxdy

d (62)_0
ox\ay)

Integrating with respect to x we get

Given

az_
a—y—f(}’)

Integrating with respect to y we get
z=xf(y)+gk)
z=+xf(y)+g&)
Where f(y) and g(y) are arbitrary.
2. Solveij = siny
ax
Solution:

Given

0%z
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d (62)_ _
Ox \0x - Sty

Integrating with respect to x we get

0z

3 = xsiw+f)

Integrating with respect to x we get

x2
Z=Siry7+xf(y)+g(y)

2

Z=x7siry +xf(y)+g9Q)

Where f(y) and g(y) are arbitrary.

TYPE I

3.4.1 PROBLEM BASED ON FIRST ORDER P.D.E F[p,q]=0
1. Find the complete solution of the partial differential equation \/5 + \/E =1
Solution:

Given,/p +./q =1 (D)
This equation is of the form f(p,q)=0
Hence the trial solution is z = ax + by + ¢
To get the complete integral we have to eliminate any one of the arbitrary constants.
Since in a complete integral

Number of arbitrary constant = number of independent variable
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z=ax+by+c

p_ax_a
_az_b

Substituting in equation (1) we get

Va+vb=1
Vb=1-+a
b= (1-a)?
Hence the complete solution is
z=ax+ (1 —+Va)iy+c
2. Find the complete integral of p—q =0
Solution:
Givenp—q=0 ..(1)
This equation is of the form f(p,q)=0
Hence the trial solution is z = ax + by + ¢
To get the complete integral we have to eliminate any one of the arbitrary constants.
Since in a complete integral
Number of arbitrary constant = number of independent variable

z=ax+by+c
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p= ox @
_ 0z _5

Substituting in equation (1) we get
a—b=0
a=>b
Hence the complete solution is

z=ax+ay+c

3. Find the complete solution of the partial differential equation p? + q> —4pq =0

Solution:

Given p? + q% = 4pq

This equation is of the form f(p,q)=0

Hence the trial solution is z = ax + by + ¢

To get the complete integral we have to eliminate any one of the arbitrary constants.
Since in a complete integral

Number of arbitrary constant = number of independent variable

z=ax+by+c

p_ax_a
_62_b
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Substituting in equation (1) we get
a’?+ b%?—4ab =0

B 4a +V16a? — 4a?

b
2
_4ai\/12a2
- 2
_4ai2\/§a
B 2
=2ai\/§a
b=a(2++V3)

Hence the complete solution is
z=ax+a+V3)y+c
TYPE 11

3.4.2 PROBLEM BASED ON F(x,p,q)=0
1. Find the complete integral of p = 2qx
Solution:

Given p = 2qx

This equation is of the form f(x,p,q) =0

Let g =a

Thenp = 2ax

We know that

dz=pdx+qdy
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dz = 2axdx +ady

Integrating on both sides

jdz=f2axdx+fady
22
Z=2a<7>+ay+c

z=ax’*+ay+c
This is the required complete integral.
2.Solve p(1 — q?) = q(1 — 2)
Solution:

Givenp(1—¢qg%) = q(1 = 2) ..(1)

The equation is of the formf (z,p,q) = 0

Letu =x+ ay
au_l ou
ox Oy_a
_dz _ dz
P=au 1= T

Substituting in equation (1) we get

dz 1 2<d2)2 _ dz 1 ]
du a du _adu z

2

1—a2<;l—lzl) =a(l—-2)
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dz\?
1—a(l—2)=a* (—)
du

dz\?
1—a+az=a2(—)
du

<d2)2 = %[1 —a+az]

du

dz 1
—=—-Vl—-a+az
du a

a
f mdz = j du
2Vl—a+az=u+c
4(1—a+az) = (u+c)?
4(1—a+az) = (x +ay +c)?

This is the complete integral of the given equation.
3.Solve p(1+q) = qz
Solution: Given p(1 + q) = qz
The equation is of the formf (z,p,q) = 0

Letu =x+ ay

Substituting in equation (1) we get
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dz<1+ dz>_ dz
adu _aduz

Integration on both sides [ du = [ #dz

u=1ogaz—1)+1og
x+ay=log(az—1)
This is the complete integral of the given equation.
4. Solve z2 = 1 + p? + ¢*
Solution:
Givenz? =1+p?+q*> (1)
The equation is of the formf (z,p,q) = 0

Letu =x + ay
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ou _4 ou B
ox dy 4
dz _ dz
p du’ 1= du

Substituting in equation (1) we get

—1+[ ]+ dz)’
w T

2 —_ dzzl_l_ 2

z = |7z [ a“]
[dzr_zz—l
dul 1+ a2
dz z2—1
du 1+ a?
dz du

Integration on both sides

f\/zfz— 1 f\/ld-ll-la2

1
-1, —
cosh Z—mu+b
1 1
cosh Z=m(x+ay)+b

This is the complete integral
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TYPE 111
3.4.3 PROBLEM BASED ON f{(x,p,)=g(y.q)
1. Find the complete integral of pq = xy

Solution: Given pq = Xy

RIS
Q<

This equation is of the form f(x, p) = g(y, q)

Y
o = d = —
P ax ana q A

We know that

dz = pdx + qdy
dz = ax dx+%dy

Integrating on both sides

2az = a*x*+y*+b

This is the required complete integral.
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2. Find the complete solution of the PDE p? + q> = x + y
Solution:
Givenp? +q*=x+y
p?—x=-q"+y

This  equation is of the form fx, p) = gy, Q)
p’-—x=-q’+y=a

p?—x=a —q*+y=a
pl=x+a g =y—a
p=vx+a q=\y-a
We know that
dz = pdx + qdy

1 1
dz = (x+a)zdx + (y — a)zdy

Integrating on both sides

_G+a)¥? (y—a)
Z,= +

+
3/2 32 ¢

2 2
Z=§(x+a)3/2+§(y—a)3/2+c

This is the required complete integral.

3. Find the solution of px — qy = x
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Solution:

Givenpx —qy = x

px —Xx =qy
x(p—1) =qy
1_a =
p = qQy=a
—a+1 A
'P—x q_y
We know that

dz = pdx + qdy

Integrating on both sides

z=alogtc+x+alogy+»b
z=alogy+x+b

This is the required complete integral.

4.Solve /p+.[q=x+y
Solution: Given \/5 + \/E =x+y

Jp-x=y-q
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Letﬁ—x=y— q=a
\/E—x=a andy—\/a=a
ﬁ=x+a and—\/ﬁza—y
p=((x+a) and q=(y—a)’
We know that dz = p dx + q dy
dz = (x + a)? dx + (y — a)?dy

Integrating on both sides
fdzzf(x+a)2dx+f(y—a)2dy

z:<("+3“)3>+(y‘3“)3+c

This is the required complete integral.
TYPE IV
3.4.4 CLAIRAUT’S FORM z=px + qy + f (p,q)
1. Find the complete solution of the partial differential equation z = px + qy + p? + ¢*
Solution:
Given z = px + qy + p? + ¢*
This is of form z = px + qy + f(p, q)
Hence the complete integral is z = ax + by + a? + b?
Where a and b are arbitrary constants

2. Find the complete solution of the partial differential equation z = px + qy + (pq)3/?
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(or)

Find th lete solution of th tial differential tion ==%+2+ /ng
m € compliete solution o € partial diirerential equation va » q pq

Solution:

Given— ==+ + /
Vo Tp T T VP

Z _px +qy +pqpq
pq pq

z=px +qy + (pq)*/?
This is of form z = px + qy + f(p, q)
Hence the complete integral is z = ax + by + (ab)3/?

Where a and b are arbitrary constants

3. Find the singular solution of the partial differential equation z = px + qy + p? — ¢*

Solution:
Given z = px + qy + p? — ¢*
This is of form z = px + qy + f(p, q)
Hence the complete integral is z = ax + by + a? — b? ..(1)
Where a and b are arbitrary constants
Differentiating (1) p.w.r.to a we get

0=x+4+2a
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Differentiating (1) p.w.r.to b we get
0=y—2b

p=2
2

Substituting a and b value in equation (1) we get

%2 2 42 2
2= 4L 2 L
2 2 4 4

—2x2% + 2y% + x%2 — y?
Z:
4

3 —x% + y?

4z = y? — x?
This is the required singular solution.

4. Find the singular solution of the partial differential equation z = px + qy + 3pq

Solution:

Given z = px + qy + 3pq
This is of form z = px + qy + f(p, q)
Hence the complete integral is z = ax + by + 3ab ...(1)
Where a and b are arbitrary constants

Differentiating (1) p.w.r.to a we get
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0=x+3b
h=-=

3

Differentiating (1) p.w.r.to b we get
O=y+a
a=-—

4
3

Substituting a and b value in equation (1) we get

9z = —5xy
9z +5xy =0
This is the required singular solution.
5. Find the singular solution of the partial differential equation z = px + qy + pq
Solution:
Given z = px + qy + pq
This is of form z = px + qy + f(p,q)
Hence the complete integral is z = ax + by + ab ...(1)
Where a and b are arbitrary constants
Differentiating (1) p.w.r.to a we get

O=x+b
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b=—x

Differentiating (1) p.w.r.to b we get
O=y+a
a=-y
Substituting a and b value in equation (1) we get
z=(=y)x+ (=x0)y + (=y)(—x)
Z=—-yx—Xxy+xy
zZ=—Xxy
z+xy=0
This is the required singular solution.
6. Solve z = px + qy + pq
Solution:
Given z = px + qy + pq
This is of form z = px + qy + f(p, q)
Hence the complete integral is z = ax + by + ab
Where a and b are arbitrary constants
Singular solution is found as follows
z=ax+by+ab ..(D)
Differentiating with respect to ‘a’, we get

O=x+b
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b=—x

Differentiating (1) with respect to ‘b’, we get
O=y+a
a=-y
Substituting in equation (2) we get
Z=—-yx—xy+xy
zZ=—-xy
z+xy=0
This is the singular integral
To get the general integral
Put b = ¢(a) in equation (1), we get
z=ax + ¢(a)y + ap(a) ..(2)
Differentiating w.r.to a we get
0=x+¢'(a)y +ap'(a) + p(a) ..(3)
Eliminate a between (2) & (3) we get the general solution.

_ For) Z=X17
7. Solve z = px + qy + (pq)Z(or)pq = q+p +./pq

Solution:

3
Given z = px + qy + (pq)2

This is of form z = px + qy + f(p, q)

3
Hence the complete integral is z = ax + by + (ab)z
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Where a and b are arbitrary constants

Singular solution is found as follows
3

z = ax + by + (ab)2 ..(1)

Differentiating with respect to ‘a’, we get

3 lbi
0=x+-=
X 2az 2
3 12
x——zaz 2
3 27 ibz
X ——Eaz 2
Differentiating with respect to ‘b’, we get
3 zbz
O=y+-=
y 2a2 2
3 sz
y = —Eaz 2
27 2.2
x_3_ —?azbz
y —Eagb%
2
3
x_: b4
y 4
3
b4 :fx_
9
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13
i _ -3 azbz
y 3 27 agb%
8
3
gt =2y
9 x

44y3
“= Jox

Substituting a and b value in equation (1) we get

This is the required singular integral.
8. Solve z = px + qy + p*q*
Solution:
Given z = px + qy + p?q*
This is of form z = px + qy + f (v, q)
Hence the complete integral is z = ax + by + a?b?
Where a and b are arbitrary constants

Singular solution is found as follows
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z = ax + by + a?b? ..(1)

Differentiating with respect to ‘a’, we get
0 = x + 2ab?

x =—2ab?> ..(2)

= —2ab

Sl IR

Differentiating with respect to ‘b’, we get

0=y+2a®b
y = —2a?b
Y=—2ab ..(3)
a
s =Y = “2ap =2 (say)
p =5 = —2ab=_(say
a=ky, b=kx
Put in equation (2) we get
x = —2k3yx?
s __1
2xy

Put a & b in equation (1) we get

z = kxy + kxy + k*x?y?

Prepared by R. Gayathri, Asst Prof, Department of Mathematics KAHE Page 38/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: III B.Sc Physics COURSENAME: MATHEMATICS-II
COURSE CODE: 17PHU602 UNIT: 111 BATCH-2017-2020
z = 2kxy + x%y? (— i)
2xy
z = 2kxy — ﬁxy = Ekxy
2 2
73 = %k3x3y3 _ % (_ %) x3y3
23 = — % x2y?
1623 + 27x%y? =0
This is the singular solution.
To get the general integral
Put b = ¢(a) in equation (1), we get
z=ax + @(a)y + a*(p(a))? . (4)

Differentiating w.r.to a we get
0=x+ ¢ (@)y+a*2¢(a)e’'(a) + [p(a)]*2a ...(5)
Eliminate a between (4) & (5) we get the general solution.
9. Solve z = px+qy+\/m
Solution:

Given z = px+qy+\/m

This is of form z = px + qy + f(p, q)

Hence the complete integral is z = ax + by + V1 + a2 + b?

Where a and b are arbitrary constants
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Singular solution is found as follows
z=ax+by+V1+a?+b? ~..(1)

Differentiating with respect to ‘a’, we get

1 0+2a+0
241+ a2 + b2

a

Ny

0=x+0+

0=x+

a
X= ——— ..(2)
V1 + a? + b?

Differentiating (1) with respect to ‘b’, we get

1 0+2b+0
0=0+y 4+
21+ a2 + b2
b
0=y +——o--—
V1 + a? + b2
. b 3
Y T e
a? + b?
2 2 _
Xty 1+ a2+ b2
a’? + b?
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1
1 y2 _ 2= 00
Y T Ty a2
1
[1— x2 — y2 =
V1 + a? + b?
1
Vi+ta?+bh2=—oo-—o
J1—x2—y?
Substituting in equation (2) we get
X =—ay1—x%—y?
X
a=——
J1—x%2—y2

Substituting in equation (3) we get

y=-=by1l—x%—y?

Y

[1=%Z =2

Substituting in equation (1) we get

b=—

x? y? 1

~ —~ +
Y1-x2—y? J1-x2—y%? J1-x2-y?

7 =

1—x%—y?
Z=—"
J1—x%2—y2
z=41—-x%2—-y?

z2=1—x2%—y?

x*+y*+2z2=1
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This is the required singular solution
To get the general integral

Put b = @(a) in equation (1), we get

z=ax+e(a)y + \/1 +a? + [p(a)]? ..(4)

3.4.5 EQUATIONS REDUCIBLE TO STANDARD FORM
1. Find the complete integral of x?p? + y?q? = z*
Solution:
Given x%p? + y?q? = z2
(xp)* + (y@)* = z° (D)
This equation is of the form f(z, x™p,y™q) = 0

Herem=1,n=1

Put X =1og

OX_

ox x

P_az
0X

az_azax

ox 00X ox

P= X

xp =P
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Put Y =1o0gy
ay 1
y y
_ 0z
=%
dz 0zdY
dy Y dy
q=-
yq=Q

Substituting in equation (1) we get
P? + Q% = 72 ..(2)
This equation is of the form f(z, P,Q) =0

Letu=X+aY

au_l au_
ox ay_a
P_dz _ dz
Cdu’ d

Substituting in equation (1) we get

dzz_l_ 5 dz1?
du a du

=Z2

[Z—ir [1+a?] = 22

2
dz z?

du 1+ a?
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dz _ A

du 1+ a2

dz _ du

Z 1+4a?

Integration on both sides

j‘dz_ du
z JVi+a

1
log = X+aY)+ b
= Azt

(logc+alogy)+b

1
%= e

This is the complete integral
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Part — A: Questions

Family of sphere having their centre on the linex =y =1z

z = ax+ by

centre lie on xy plane with radius “r” (or) (x - a) 24 (y-b) 2+ 2=r
2= (x+a) *H(y+b)”.

z=(+2°) (Y + )

z=x*f(y) +y g ()

z=1f(y) +¢ (x+y+z)

Eliminate the arbitrary function f from z = f(xy/z)

2
Solve —f =siny
ox

Form a PDE by eliminating the arbitrary constants a and b from the equation

(x—a)’ +(y—b)>=z"cot’ a.

11.

Form a partial differential equation by eliminating arbitrary constants aand b from

z=(x+a)?+ (y + b)?

12.

13.

14.

15.
16.
17.
18.
19.
20.

PTqd=pq

z=px+qy+p’-q’

z=px+tqy+t \/E

prq=xty

z2=1+p*+’

(I-x)p + (2-y) g =3-z.

Solve :pg=y

Define General and Complete intégrals of a partial differential equaitons.

Define singular integral of a partial differential equations.
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Part — B : Questions

1. Form a P.D.E by eliminating arbitrary functions from z=xf(2x+y) + g(2x+y).

2. Solve : p’y(1+x?%) = qx*

3. Find the singular integral of z = px+qy+p°-q°
4. Solve : x(Z%-y*)p + y(x*-z°)q = z(y*-x?)

5. Solve: Z—Z - 2% = eX*t2Y + 4sin(x + y)
6. x(y-z)p+ty(z-x)q=z(x-y)

7. (Bz-4y)p +(4x-2z)q=2y-3x

8. (y—z)p-(2x+y)q=2x+z

9. px(y2+z)+qy(x2+z)=z(x2-y2)

10. y’p—xyq=x(z-2y)

11. (x*—y?=z*)p+2xyq=2zx
12. (D’-3DD?+2D?)Z=0
13. (D> =DD +D ~1)=0

14. (D*2DD’+D’%)z=0

622_ 0’z 0’z

12 +9 =0

15. 4
o’ oxdy oy’

16. (D* -DD-20D?)Z=¢ ™Y +sin (4x — y)

17. (D2 ~-DD' -2D"? )z=2x+3y+e3”4y

18. (D’-7DD*-6D?)Z=e™"Y +sin (x 2y)
19. (D> +4DD' 5D )p=3¢*" +sin(x—2y)

20. (D*-2DD +D* -3D+3D +2f=(" +2¢ ™)
21. (2D2-5DD’+2D’2)Z=5sin(2x +y)

22. (D*-2DD’)Z=x"y+¢e*

23. (D*+2DD +D*fr=x’y+e™

24. (D> —5DD' +6D” )z=ysinx

25. Solve (D* +3DD —4D? Jr=x+sin y
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Possible Questions
Question Opt 1 Opt 2 Opt3 Opt 4 Answer
In a PDE, there will be one dependent variable and
independent variables only one two or more no infinite number of two or more
The of a PDE is that of the highest order
derivative occurring in it degree power order ratio order
The degree of the a PDE is of the higest order
derivative power ratio degree order power
Number of Number of

Number of arbitrary arbitrary constants

arbitrary constants [constants is is greater than Number of arbitrary

is equal Number |lessthan Number |Number of constants is not equal |Number of arbitrary

of independent of independent  |independent to Number of constants= Number of
Afirst order PDE is obtained if variables variables variables independent variables |independent variables
In the form of PDE, f(x,y,z,a,b)=0. What is the order? 1 2 3 4 1
What is form of the z=ax+by-+ab by eliminating the
arbitrary constants? zZ=qx+py+pq Z=px+qy+pq Z=pX+qy+p Z=py+qy+q z=px+qy+pq
General solution of PDE F(x,y,z,p,q)=0 is any arbitray
function F of specific functions u,vis___ satisfying
given PDE F(u,v)=0 F(x,y,z)=0 F(x,y)=0 F(p,q)=0 F(u,v)=0




The PDE of the first order can be written as----------

F(x,y,s,t) F(x,y,z,p,9=0 |F(x,y,2,1,3,2)=0 [F(x,y)=0 F(x,y,z,p,q)=0
The complete solution of clairaut's equation is z=bx+ay+f(a,b) |z=ax+by+f(a,b) |z=ax+by z=f(a,b) z=ax+by+f(a,b)
:l:l_l_e_ Clairaut’s equation can be written in the form Z=px+qyH(p.q) lz) X(Jf)qerf(X’y) 2=PptQq Pq+Qp=r Z=px+qyHi(p.q)
From the PDE by eliminating the arbitrary function from
z=f(x"2 -y"2) is Xp+yq=0 p=-(x/y) q=yp/x yp+xq=0 yp+xq=0
Which of the following is the type f(z,p,q)=0 ? p(1+q)=gx p(1+q)=qz p(1+q)=qy p=2x f(y+2x) p(1+q)=qz
The equation (D2 z+2xy(Dz)"2+D'=5 is of order

and degree 2 and 2 2and 1 1 and 1 Oand 1 2 and 1

The complementry function of (D2 -
4DD'+4D'"2)z=x+y is f(y+2x)+xg(y+2x) [f(y+x)+xg(y+2x) [fy+x)+xg(y+x) |f(y+H4x)+xg(y+4x) f(y+2x)+xg(y+2x)
The solution of xp+yq=z is f(x*2,y"2)=0 f(xy,yz) f(x,y)=0 f(x/y ,y/z)=0 f(x/y ,y/z)=0

The solution of p+q=z is

f(xy,ylogz)=0

f(x+y, y+logz)=0

f(x-y, y-logz)=0

f(x-y,y+logz)=0

f(x-y, y-logz)=0

A solution which contains the maximum possible

number of arbitrary functions is called------------- singular complete general particular general
integral.
The lagrange's linear equation can be written in the
FOT e Pq+Qp=r Pq+Qp=R Pp+Qq=R F(x,y)=0 Pp+Qq=R
- I YIS S
The complete solution of the PDE 2p+3q =1 is z=ax+{[(1 z=axtyto z=ax+(1-2x)y+c | z=ax+b Z=ax+[(1-22)3]y+c
------------ 2a)/3]y+c
The complete solution of the PDE pq=1 is --------- z=ax+(1/a)y+b |z=ax+y+b z=ax+ay/b+c z=ax+b z=ax+(1/a)y+b
The solution got by giving particular values to the
arbitrary constants in a complete integral is called a |general singular particular complete particular
The general solution of Lagrange's equation is _ _ _
denoted aSem f(u,v)=0 ZX f (xy) F(x,y,s,t)=0 f(u,v)=0
The subsidiary equations are px+qy=z is -------------- dx/y=dy/z=dz/x |dx/x=dy/y=dz/z (xdx=ydy=zdz dz/z=dx/y=dy/x dx/x=dy/y=dz/z
- ]
The general solution of equation p+q=1 is f(xyz.0) f(x-y.y-2) f(x-y.y+2) F(x.y.5.6)=0 f(x-y.y-2)
The separable equation of the first order PDE can
] fygcy)  [fab=gkxy) |fxpera)  [fx)=g() f(x,p)=g(y.9)

be written in the form of ------——----




__________ f(a,b) f(1,0)=0 f(D,D")z=0 f(a,b)=F(x,y) f(D,D")z=0

C.F+P.I is called solution singular complete general particular general

Particular integral is the solution of ------------- f(a,b)=F(x,y) (1,0)=0 [1/f(D,D")]F(x,y) |f(a,b)=F(u,v) [1/f(D,D")]F(x,y)

Which is independent varible in the equation z=

10x+5y x&y z X,y,Z x alone x&y

Which is dependent varible in the equation z=2x+3y|x z y x&y z

Which of the following is the type f(z,p,q)=0 p(1+q)=gx p(1+q)=qz p(1+q)=qy p=2xf"(x"2)-(y*2)) |[p(1+q)=qz
=ax+by+(a’

Which is complete integral of z=px+qy+(p”2)(q"2) i2§l R z=atb+ab z=ax+by+ab z=a+tf(a)x z=ax+by+(a”2)(b"2)

The complete integral of PDE of the form F(p,q)=0 z=ax+f(a)y+c z=ax+f(a)+b z=a+f(a)x z=ax+f(a) z=ax+f(a)y+c

1S

The relation between the independent and the

dependent variables which satisfies the PDE is solution complet solution|general solution [singular solution solution
called-------
A solution which contains the maximum possible ) )

. . general complete solution singular complete
number of arbitrary constant is called---------
The equations which do not contain x & y explicitly _ _ _ _ _
can be written in the FOrMemeemeemeee f(z,p,q)=0 f(p.q)=0 (p,q)=0 f(x,p,q)=0 f(z,p,q)=0
The subsidiary equations of the lagranges equation dx/2y(z-3) = EX/(ZX_Z) dx/2y=dz/(z- dx/2y(z-3) =dy/(2x-z)
2y(z-3)p + (2x-7)q = y(2x-3) dy/(2x-2) =dyR2y(z-3) - 1dx2y=dzi(z-3) A qony —dz/y(2x-3)

4 —dz/y(2x-3) —dz/y(2x-3)
A PDE ., the partial derivatives occuring in which |.. . .
. linear non-linear order degree linear
are of the first degree is said to be --------------
A PDE., the partial derivatives occuring in which ) . .
. linear non-linear order degree non-linear
are of the 2 or more than 2 degree is said to be------
If z=(x"2+a)(y"2+b) then differentiating z partially A
+ A+ + A+
with respect fo x is ----- 2x 3x(y"2+b) 2x(y"2+b) 3x+y 2x(y"2+b)
I - — - -

If z=ax+by+ab then differentiating z partially with ath 0 b b

respect to y is




The complete solution of the PDE p=2qgx is -------- Z=axtayto axtb 7= axH(bc)
-------- z = ax"2+ay+c z = ax"2+ay+c
The general solution of px-qy=xz is f(u,v)=0 f(xy,x-logz)=0 |f(x-y,y-z)=0 f(x-y,y+z)=0 f(xy,x-logz)=0

e : . : P
gi?h rfé:pj;;;:oiz itsh_e_r_ljhfferentmuﬁg # partially I()X/\zz)fy/\z) p=2xf(x"2+y"2) | p=2x £ (x"2- y"2)|p(1+q)=qy p=2xf’ (x"2+y"2)
If 2= f(x*2+y"2 +2°2) thendifferentiating z q(2y+222) q=(Q2y+227))

. . . q=2xf(x"2+y"2) |f(x 2+y"2 q=2y q=0
partially with respect to y is ----- +2°) f(x"2+y"2 +2/°2)
The solution of diff.erentiating z partially with X axtbyte axth ax=p axtb
respect to x twice gives -----
The general solution of PDE is of the form C.F+P.1 C.F-P.I C.F*P.] C.F/P.I C.F+P.1
The Equation is of the form Z=px+qy+f(p,q) is
called clairaut charpit crout separable clairaut
f(x,p)=g(y,q) is called equation clairaut charpit crout separable separable
Reducible equation is defined as te product of

factors. linear nonlinear polynomial recursive linear

The order of PDE to be the order of the derivative
of order occurring in it. lowest highest first second highest
The solution of the PDE consists main parts ) 3 4 5
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Laplace Transforms: Definition — Laplace Transforms of standard functions — Linearity
property — First Shifting Theorem — Transform of # (t),@, £'(t), £ (¢) Inverse Laplace

Transforms — Applications to solutions of First Order and Second Order Differential Equations
with constant coefficients.
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LAPLACE TRANSFORM

Definition

Let a function f{t) be continuous and defined for all positive values of ‘t’. The Laplace

transform of f{t) associates a function by the equations

—st
o) = [ f.dt
0
Here @(s) is said to be the Laplace Transform of f(t) and it is written as L[f(t)].

Thus ¢(s) = LIf(D)] = [,” e *tf(O)dt, 0
PROPERTIES OF LAPLACE TRANSFORMS

Property 1: Change of scale property

If LIF ()] = @(s), then L[f (at)] = =.F(5)

Property 2: First shifting Property
IfL[f(t)] = F(s) then (i) L[e"® f(t)] = F(s + a)

(i) L[e™ f(O)] = F(s — a)

Property 3: (i) Laplace Transform of Derivative

LIf"(®©)] = sLf(©)] = £(0).
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(ii) Laplace Transform of derivative of order n.

LIf '] = s"LIfF O] — s f(0) = s™2f(0) = ..o — f=1(0)

Property 4: Laplace Transform of integrals.

F(s)

IFLIF(O)] = F(s) then L[ f} F(0)de] = 72

Property 5: Laplace Transform of t — f(¢t)
If LIf ()] = F(s).then L[t. f(£)] = == F(s)

Note: In general L[t". f(t)] = (—1)"di—1;.F(s).

Property 6: Laplace Transform of [@]

IfL[f()] = F andifli m%@ exists then.

L [@] = LwF(s).ds
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. e —cosbt . ) )
Find the Laplace transform of fand sintyu_(t)where g _(¢)is the unit step
function.
Solution:

! (sin tu, (t)) =L (sin(;z y t))
1
s?+1

=

Verify the initial value theorem for the functionl+e ™.
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ltof(t) = It sF(s)
> §—>00
ltof(t) = lt0(1+e‘2’):1+1:2
t—> t—>
vlt sF(s) = vlt SLLf ()]
= It sL[l+e*]
= It s[L()+L(e™)]
= It S|:l + }
soe | s s+2
= It sl + 5 ! }
soo| s s+2
s
=t |1+———
500 2
I S(l + A )
Initial value theorem: =1+1

Hence initial value theorem is verified.

Verify the final value theorem for the function 7(¢)=L" {ﬁ}
S(s+

Solution:

t -2t =2 —2t —2t
fo=r" ;2 =_[te‘2’dt= P I P
s(s+2) 0 -2 4 o -2 4 4

FVT: Lim f(t)= Lim sF(s)
t—o s—0

e e 1
LHS: Lim|t - +—[=—
foo| —2 4 4 4

Prepared by R. Gayathri, Asst Prof, Department of Mathematics KAHE Page 5/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: TIT B.Sc Phyics COURSENAME: MATHEMATICS-TT
COURSE CODE: 17PHU602 UNIT: 1V BATCH-2017-2020

Ky 1
sF(s)= L(H 2)2}  (542)

Lim sF(s)= % = RHS

s—0

Hence Proved

CONVOLUTION THEOREM

5.3.1 Using convolution theorem, find the inverse Laplace transform of

1
a —————
SZ(Sz +25)

Solution:
11 1 1
-1 -1
L O =L AP N
s (s7+25) |57 (s7+25)

[ 1 1
== *rY ———r
52 i| {(52+25)}

=lj(z—u)sm5u du
50

1 —cosSu —sin5u)]'
_3[(t_”)( 5 )_(_1)( 2 ﬂo

1(—sin5¢ ¢
=_ +—
5 25 5
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1
b. —

s7(s+5)
Solution:
lotss] -+ ity
s(s +5)

1
(s +5)
* 71

1
P
15
PE
* o3

_ 1
(s +5)

2
1 t
_ EJ‘uz efs(zfu)du
0
1 -5t 2 _Su
=Ee u-e du

t
!
S5u S5u S5u 4
L P R D AN WL
2 5 25 125 |,

=50 [251‘265’ —10te’ + 2e° — 2]

1

cC.—————
(s2 + az)2

Solution:

El|:%:| :L_l|: 21 N 21 2:|
(s"+a’) (s"+a) (s +a)

L'[F(s)G(s)] = j F(u).g(t —u)du

sin at
F(s)=——5= f(0)=
s*+a a
sin at
G(s)=—77F=>g)=
s +a
_ 1 1 ¢ . .
L l{m} = ?.([smau.sm a(t—u)du

t
= %J‘ [cos(2au —at) —cos at Jdu
a 0
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L_{ 2 1 2 2} _ 12 (sm(2au—at)j — cosat ),
(s"+a) 2a 2a 0

1 [sinat sinat
= + —tcosat

24| 2a 2a

_ sinat — atcosat
2a°

s
| (S2 + az)2

Solution:

I s _ s 1
(S2+c12)2 - (s2+a2)'(s2+a2)

L' [F($)G(9)] = [ f (w).g(t ~u)du

F(s)=———= f(t)=cosat
s°+a
sin at
Gs)=7——F=8g0)=
s +a
L' % L L cosau.sina(t_u)du
(s"+a’) 2az, a

= Lj[sin(at) —sin(2au — at)]du
2a,

t
_ 1 sinat (u), + [cos(2au — at)}
2a 2a 0
1] . 1
=—1| tsinat + —[cosat — cos(—at)]
2a 2a
1] . 1
=—| tsinat + —[cosat — cosat]
2a| 2a
_ tsinat
2a

Prepared by R. Gayathri, Asst Prof, Department of Mathematics KAHE Page 8/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

COURSE CODE: 17PHU602

CLASS: III B.Sc Phyics COURSENAME: MATHEMATICS-II
UNIT; IV BATCH-2017-2020

2
S

e.
(s> +a’)(s* +b°)

Solution:

I s° _ S )
(s>+a®) s> +bY) | | (5P +dP) (P +b)
=L [F(s).G(s)]
S

F(s)=— 2:>f(r)=l:{ . 2}=cosat
S +a S +a

S s
G(s) = = o()=L" = cosbt
() s* +b? &) [sz +b2} ©

2 t
L il = | cosau.cosb(t —u)du
|:(S2 +az)(s2 +b2)} '([ ( )

N | —

j[cos((a — b)u +bt) + cos((a + b)u — bt)]du

_ 1] sinl(a ~b)u +br] _sinl(a+byu - bt]}t
2| (a—Db) (a+Db) .

:l_sinat \ sinat _ sinbt N sinbt}
2la-b a+b a-b a+b

_ 1] 2asinat — 2bsinbt

_5_ a —-b’ }

_asinat —bsinbt

- a’—b’

. s2(s+5) . (May/June 2005)
solution:
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1 [t L St 4
L‘l{z—} = ”e‘S’dt dt = J'[ } dt
sT(s+5) ] 0% o\ =3 0
t =5t
- 1
— I[e——i_}dl‘
0 5
t
1= o5t
=— +t
5{ =5
0
1
= —(e‘Sf +5t= 1)
25
—S¥2  May/June 2006)
& (s* +4s+13)*° v
solution:
s+ 2 s+2

(s® +4s+13)? B (s +2)2 +9)?

L_l s+ 2 =L_1 s+ 2
Lﬁ +4s+13)2} |:((s+2)2 +9)?
o2yl d
¢ |:(s2 +9)2}

_p ¢sin 3¢
6

1

h. ————
S(S2 - az)

solution

I 1 _ j‘ sinh at y
s(s> —a?) ,a

B I_(COSh atjt
a a o

= Lz(cosh at — 1)
a
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INVERSE LAPLACE TRANSFORM

Definition: If F(s) is the Laplace transform of a function f(t)i.e., L[f(t)] = F(s), then f(t) is

called the inverse Laplace transform of the function F(s) and is written as
f(t) = L7Y[F(s)]L™! is called the inverse Laplace transform operator.
Important Results in Laplace Transform

Result 1. Linearly property:

If a and b are any constant while F(s) and G(s) are the Laplace transform of f{t) and g(t)

respectively.

Then L™ [a.F(s) + b.G(s)] = a. L™ [F(s)] + b. L7Y[G(s)]

Result 2. First shifting property:
WL HF(s +a)] = e L 1[F(s)]
)LHF(s —a)] = e®L[F(s)]
WORKED EXAMPLE

Ex.1. Find L1 [ﬁ]

Sol. L1 [ﬁ] = e?t? E] = e?(1) = e*

Ex.2. Find L-l[ ! ]

$2425

Sol. L1 [;] =11 [L] = Zsi bt

52425 5 52425

Ex.3. FindL—l[ s ]

s2+9

Sol. L7 [ =171

5249

sZ+32] = cos 3t
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Ex.4. Find L—l[ ! ]

s2+9

SOLL-l[ ! ]=L-1[ ! ]=1L-1[ 3 ]=§sink3t

5249 52+32 3 52432

SOLUTION OF LINEAR ODE OF SECOND ORDER WITH CONSTANT
COEFFICIENTS USING LAPLACE TRANSFORMATION TECHNIQUES.

Using Laplace transform solve % —3y =e” subject to y(0) =1.

Solution:

dy 2t
—-3y=e
a7

Taking L.T. on both sides,

dy 2t
L2\ 30 =1
(w) (»)=L(e™)
sy — (0)—3_—L:>s_—1—3_— !
F-y0)=3y=—— = y=—
ﬂs—$=S12+1
R
T =2)(s-3)
_ -1 S—l
y=~L [@—m@—aj
s—1 4 B

Now consider

= + =>A=-1, B=2
(s=2)(s=3) s—-2 s-3

e
(s=2)(s-3) s—2 s—3

y= — e 426
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Solve the following initial value problem using

2
Laplace transformsd—f + 6ﬂ +9y=2e",y=0,y'(0)=-2.
dt dt
Solution:
d’y _dy 3 2= ' _ _ 2
—+6—+9y=2 = -sy(0)=» (0)+6lsy—»(0))+9y =—
L t6 49y =27 = 5 = 5(0) = O+ 65y - y(0)+97 =

)7(s2+6s+9)+2=s+3

2
543 °_ 4 B c

= + +
(s+3)> s+3 (s+3)? (s+3)°
—2s—4=A(s+3)  +B(S+3)+C

when s=-3=>C=2

y=

Comparing the coefficientsof s, 4=0

Comparing the coefficient of s, 6A+ B=-2—=> B=-2
Comparing the constant coefficient, 94+ 3B + C = —4
=>C=-4+6=2
-2 2
2 T 3
(s+3)° (s+3)

-2 2
= !
4 L(s+3)2J+ [(s+3)3J

3 1
:y=2€_t ?—l‘
2

Solve using Laplace transforms% + 4% +4y=te”,y(0)=0,y'(0)=-1.
t t

y=

Solution:

t

y'+4y'+4y=te

— , _ — 1
s*Y = y(0) = y'(0) + 4[sy - y(0)]+ 4y = ——
(S + 1)
_E 2y I; 1
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when s=—-1= B =1

when s=-2= D=1

Comparing s° coefficients, SA+B+4C+D=1=54+4C=-1
Comparing s° coefficients, A+ C=0=>C=1= A=-1

y=L" ! =L‘1(_1)+L‘1 L Y B S !
(s+1) (s +2)° s+1 (s+1)’ (s+2) (s +2)

y=e'(-1+t)+e (1+1)

Using Laplace transform solve y''+2y'-3y =3, (0) = 4, y'(0) = -7.
Solution:
Y'2y'-3y =3,
2y = sp(0)— y'(0)+ 2(sy — ¥(0)) -3y = %

y(s2+2s—3)—4s+7—8=§
S

)7(52 +2s—3)=§+1+4s
N
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3144
_Hitas 34+s+4s>2 A4 B C

S _ [—
(s4+3)(s=1) s(s+3)(s=1) s s+3 (s=1)

when s=0=>-34=3= A4A=-1
when s=1=24C=8=C=2
when s=-3=>12B=36= B =3

y=

_ 345445t -1 3 2
yE=———— = +
s(s+3)(s=1) s s+3 (s=1)
y=L"l(_—l)+L‘1( 3 j+L‘1 2
s s+3 (s=1)

y=—1+3e" +2¢'

Using Laplace transform solve y"'+3y'+2y=¢"', »(0)=1,'(0)=0.

Solution:
V'H3y2y=e’
2— ’ _ - 1
2y = sp(0) = y'(0) + 3(sy — »(0)) + 2y=m
)7(S2+3S+2)—S—3=_
s+1
L+ +3
s+l s*+4s+4  s+2 4 B

YU GAD6+D) 54026+ (4D S+1+(S+1)2

when s=—-1= B=1
Comparing constant coefficients, A+ B=2= A=1

5= s+2 _ 11
(s+D? s+l (s+1)?
~f 1 -1 -
y=L (—)+L s |=e7 1+
s+1 (s+1)

Prepared by R. Gayathri, Asst Prof, Department of Mathematics KAHE

Page 15/30




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: III B.Sc Phyics COURSENAME: MATHEMATICS-II
COURSE CODE; 17PHU602 UNIT; IV BATCH-2017-2020
d’ d d
Using Laplace transform solve { Y A y=e¢ with y= 2,—y =—1 atx=0.
X dx dx
Solution:
d*y dy f 2o : _ o
— 2=+ y=e" =5’ T 5p(0)— y'(0) = 2y - y(0))+ y = —
dx dx s—1

y(s2—2s+1)—2s+1+4=L1

9

1
o—1 >t 227546 4 B c

= = + +
(s=1)° (s=1)°  s=1 (s-1> (s=1)°
But 2s*—=7s+6=A(s—1)*>+B(s-1)+C
when s=1=>C=6

y=

Comparing the coefficients of s?, A=2
Comparing the coefficients of s, —2A+B=-T=>B=-T7+4= B=-3

2+—3+6
s=1 (s=1>  (s=1)°

y=

4 2 -3 6
y=1L" + -+ T |=2¢" =3t +3%" =’ (23t +31%)
s=1 (s=1)" (s=1)

Solve by using Laplace transform j/— 3 j/+ 2y =4given that y(0)=0,»'(0)=0.

Solution:
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. ) 3 , 3 4
y=3y+2y =4=> 525 —s59(0) = y'(0) = 3(s7 — 1(0)) + 27 =

4 A+ B C
s(s=D(s=2) s s—-1 s=2

=>1=As-1)(s—=2)+B(s)(s=2)+ C(s)(s—1)

When s=1=> B=-1

when s=2:>C=%

4 N

yzs(s—l)(s—Z)zs s—1 s-2
1 _ 1
s s—-1 s=2 2 2

Solve the differential equation using Laplace transform )'"+4)'+4y=¢'given that
y(0)=0,y'(0)=0.

Solution:

V'+4y'+dy =e”’

s = (0)— »'(0) +4[sy — y(0)] + 4y = b
s+1

)7(52+4s+4)=L
s+1

1 _ 4, B C
(s+1)s+2)* s+l (s+2) (s+2)?
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when s=—-1=> A4=1
when s=-2=C=-1

Comparing 52 coefficients, A+ B=0=> B=-1

ot =L‘1[LJ L"l[ ~! j =
g [(s+1)(s+2)2} s+1)7 (s +2) * (s+2)2

y=e - o2t o2
Using Laplace transform technique, solve % + 2% +5y=e¢"sint,y=0,'(0) =0 when
t=0.

Solution:

2
Q+2d—y+ 5y=e"sint
> dt

Taking Laplace equation on both sides,

7 -0~ (0) + 2sF = y(0) + 57 =5
(s+1)" +1
¢ ! -

(s> +25+2)

1

(s7 +2s-|—2)(s2 +2s+5)

P(s”+25+5)=

)7:

:>y=[f1 !
((s+1)2 +1)((s+1)2 +4)

et s

1 sint* sin 2¢
(S2 +1)(S2 +4)

t
= % j sin 2u sin(t —u)du
0
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1
sin 2u sin(f —u) = E[cos(3u —t)—cos(u + t)]

S =D Ginu+ t)j

_( sin(2f) _ sin ZtJ — [ —sint _ sin t}
L3 3

_1 _( —2sin(2t) j 3 ( —4sint ﬂ

4L 3 3

y= e_tlfl[(s2 " lisz " 4)J =e™ é[4sint— 2sin2t]= e’ %[2sint—sin2t]

Using convolution, solve the initial value problem y''+9y =sin 3¢, y(0) =0, y'(0) = 0.

Solution:
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y"+9y =sin3t

L(y")+9L(y) = L(sin37)

_ , _ 3

=5’y —s59(0) - »'(0)+ 9y = —
s°+9

3
s +9

(s2 +9))7

1 6s

=L
S (s2+9)

t
:ljtsin3t dt

0

t . t
lj-tsin3t dt _1 t(_COS3tj—l(_SIn3tj
27 2 3 o J]

et

_ l{— 3tcos3t+ sin3t}

2 9

t
Using Laplace transform find the solution of »'+3y + ZI ydt =t,y(0) =1
0

Solution:

t
y+3y+ 2J. ydt =t

0
Taking L. T. on both sides,

Page 20/30
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L(»")+3L(y)+2L U ydtj = L(t)

B 1+
(sz +3s+2)s s(s+1)(s+2)

1+ 52 A B C

S(S+1)(s+2)= s s+1 s+2

Using partial fractions, A= %, B=-2, C= %
- 1+s°
(sz +3s + 2)s

1 1+s°
=y =L [S(S+1)(s+2)j

AR
s(s+1)(s+2) s s+1 s+2

1 5
H=— ()-2¢e'+=¢e™
y(t) 5 @) 2

1
Find the inverse Laplace transform of —————— (May / June 2009)
(s+D(s” +4)

Solution:

P =L‘1( ! LJ
(s +4)(s+1) s2+4 s+l
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=L [F(S) : G(S)]
= f(t)* g(t)=sin2t * e

= [ f)g(t—u)du

t
= Jsin 2u e " du
0

t
=e” Isin 2u e'du
0
u

=e’ lj- 4(sin2u —2c0s2u) g

=’ {e—(sin 2t —2cos Zt) + %}
5 5

-t

=l(sin2t —2cos2t) + 2e
5 5

Solve the equation y''+9y = cos2t, y(0)=1, y(%j = —1, using Laplace transform(May/ June
2009)
Solution:

Given V'+9y = cos 2¢
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L(y")+9L(y) = L(cos2t)

S L) = 59(0) = y'(0) + IL(y(1)) = - >

*+4
s Y(s)—s(1) =k +9Y(s)= 2S k Assume L(y())=Y(s) & y'(0)=k
ST+
Y(S)(SZ+9):S2+4+S+k
+s5s+k

S s+k

V()= A +9) [ +9)

s
"0 LL e +9)*(§2++kg)}” %[(Szizt)‘(szig)}*(;ikg)

S

_ gl \ oS |k
H)=L [(s2+4 s2+9)J+L [ls2+9i}+L [ls2+9ij

y= lc052t+icos3t+ﬁsin3t
5 5 3

Given y | =—l:>k=2
2 5

y= lc0s2t+icos3t+isin3t
5 5 5

1

Using Convolution theorem find L' ——————
(s"+1D(s+1)

} (Nov/ Dec. 2009)

Solution:

sttt
(s"+1D(s+1) s +1 s+1
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=L [F(s) : G(s)]
= f(t)* g(t)=sint * e’

= [ f@)g(t —u)du

t
= Isin ue "™du
0

=e ' |sinu e'du

O e

u

=e_’le?(sinu —cosu)

e, 1
=e'| —(sint —cost) + =

—/

:%(sint - cost) +%

2

Solve the differential equation 6;; + y=sin2ty(0)=0,y'(0)=0by using Laplace

transform method(Nov/Dec. 2009)

Solution:

2
Given —; + y =sin 2t
dt

Applying Laplace on both sides,

L(y")+ L(y) = L(sin 2¢)

sZL(y()) = s7(0) = »'(0) + L(¥(t)) = s22+

Let L(y(1)) = Y(5) = s2Y (5) = 59(0) = ' (0) + ¥ (s) = —— ;
ST+
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= s*Y(s)+Y(s) = 5
S™+

Y(s)(s2 +1)= S2i4

= (52 +4)(s2 +1)

_ 71 2
w =L (s2+4)(s2+1)]

|

=L"'[F(s). G(s)]
= f(t)* g(t) =sin2t *sint¢

= [ /gt~ u)du
0

t
= [ sin2u sin(t = u) du
0

:

= %I (cos(3u —t)—cos(u + f))d”
0

(cos(2u —t+u)—cos(u+ t))du

N | —

SINGU=D _ Gingu + z)jt

0

@ —sin(r + 1) — @ + sin(z ))

1

2
1(sin(2t) . sint .

—| ————=—sin(2¢) + — + sin(¢
5 3 (21) 3 ())

(— sin 2¢ + 2sin t)
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(Question Nos. 1 to 20 Online Examinations)
Possible Questions

Question Opt 1 Opt 2 Opt3 Opt 4 Answer
The operator L that transforms f(t) into F(s) is called the
———————— operator. Fourier Hankel Laplace operator |Z Laplace operator
The Laplace transform is said to exist if the integral is ---
------ for some value of s; otherwise it does not exist. discontinuous divergent closed convergent convergent
If f(t) is --------- on every finite interval in (0,00) and is
of exponentialorder 'a' for t>0, then the Laplace
transform of f(t) exists for all s>a, ie F(s) exists for unifromly piecewise
every s>a. continuous continuous convergent divergent piecewise continuous

If {(t) is piecewise continuous on every and is of
exponentialorder 'a' for t>0, then the Laplace transform
of f(t) exists for all s>a, ie F(s) exists for every s>a.

closed interval
[0,1]

Half open interval
[0.1D)

infinite interval in
(0,00)

finite interval in (0,00)

finite interval in (0,00)

If {(t) is piecewise continuous on every finite interval in
(0,0) and is of ------- 'a’ for t>0, then the Laplace
transform of f(t) exists for all s>a, ie F(s) exists for
every s>a.

exponential order

quadratic order

cubic order

n th order

exponential order




If {(t) is piecewise continuous on every finite interval in
(0,0) and is ofexponentialorder'a’ for t>0, then the
Laplace transform of f{(t) exists for all s>a, ie F(s) exists

both necessary and

for every s>a. This condition is necessary non sufficient Sufficient sufficient Sufficient
L[l]= n!/sNn+l) 1/s,s>0 1/(t+1) 1/ (s-a) 1/s,s>0
L[t"n] = 2/(s-1) n! 1/ s"(n+1) n!/sMn+1) n! / sNn+1)
L[eM(at)] = 1/ (s-a) 1/s,s>0 n! / s"(nt1) a/(s-a) 1/ (s-a)
s"2 F(s)-s f(0)- f

L[e(-at)] = F(s-a) '(0) 1/ (s+a) n! / s™(n+1) 1/ (sta)
L[sinat]= a/(s"2 +a”2) 1/(s"2 +a™2) (s"2 +a”2) a/(s"3+a"3) a/(s™2 +a"2)
L[cosat]= n!/s"(n+1) s"(nt+1) t"(n+1) s/(s"2 +a2) s/(s"2 +a2)
L[coshat]= s/(s"2 -a™2) 1/(s"3 -a"3) s/(s"2 +a2) 1/a F(s/a) s/(s"2 -a"2)
L[af(t) + bg(t)]= aF(s)+bG(s) aF(s)-bG(s) bF(s)-aG(s) bF(s) * aG(s) aF(s)+bG(s)
L[af(t) + bg(t)]= aF(s)+bG(s) is called ------ property quasi linear non-linear Linearity homogenous Linearity

L[af(t) + bg(t)]= |L[af(t) + bg(t)]= L[af(t) + bg(t)]= aF(s){L[af(t) + bg(t)]=
Lineraity property is aF(s) * bG(s) aF(s)+bG(s) 1/a F(s/a) bG(s) aF(s)+bG(s)
If L[f(t)]=F(s) then L[e"at f(t)]= aF(s)+bG(s) F(st+a) 1-s F(s-a) F(s-a)

L[erat f(t)]=F(s- [L[f(at)]= 1/a s"2 F(s)-s f(0)- f
First Shifting property is if L[f(t)] = F(s) then ------ a) F(s/a) '(0) s™(n+1) L[e"at f(t)]=F(s-a)

If L[f(t)]=F(s) then L[e"at f(t)]=F(s-a) is called ----

First shifting

property linear convolution property non homogenous First shifting property
If L[f(t)]= F(s) then L[f(at)]=1/a F(s/a) is called First shifting
property. Change of scale  |convolution property non homogenous Change of scale
If L[f(t)]= F(s) then L[f(at)]= F(s/a) 1/a F(s/a) F(s-a) a F(s/a) 1/a F(s/a)
L[f(at)]= 1/(s"3 - [L[f(at)]= 1/a
s called the change of scale property L[f(at)]=t-1 an3) F(s/a) L[erat f(t)]=F(s-a) [L[f(at)]= 1/a F(s/a)

Change of scale property is -----

L[f(at)]= 1/a
F(s/a)

L[f(at)]= F(s/a)

L[f(at)]= F(a/s)

L[f(at)]=a F(s/a)

L[f(at)]= 1/a F(s/a)

If L[f(t)]= F(s) then L[f"' (t)] =

F(s)-f(0)

s F(s)-+(0)

s F(s)-f(0)

F(s)+f(0)

s F(s)-(0)

"2 F(s)-s f(0)- f

"2 F(s)-s f(0)+

IfL[f(t)]= F(s) then L[f"(t)]= s"2 F(s)-s (0) '(0) '(0) s"2 F(s)+s f(0)+ £'(0) |s"2 F(s)-s f(0)- £'(0)
L[5 @"3)]= 1 1/s,s>0 3/ (s™4) 30/ (s™4) 30/ (s™4)

L[6t] = 6 6/(s"2) 6/s 6-s 6/(s"2)
L2er(-61)]= 2/(s+6) 2 2/(s-6) 2/s 2/(s+6)

L[7]= 7/s 1/s,s>0 (-7/s) 7 7/s




L[10 sin2t]= 20/(s"2-4) 2/(s"2+4) 2/(s"2-4) 20/(s"2+4) 20/(s"2+4)
L[7 cosh3t]= 7s/(s"2-9) 7/(s"2-9) s/(s"2-9) 7s/(s"2+9) 7s/(s"2-9)
The inverse laplace transform of 1/s is = 0 -1 sta 1 1

The inverse laplace transform of 1/(s-a) is = e”(-at) 1/e”(at) e’(at) 1/e"(-at) e”(at)

The inverse laplace transform of 1/(s+a) is = e”\(-at) 1/e™(at) 1/e”(-at) e”\(at) e”\(-at)

If L[f(t)]=F(s) then f(t) is called -------- laplace

transform of F(s) Linear non-linear inverse quasi linear inverse

If L is linear then -------- is Linear. L+1 LA-1) 1/L (-1/L) LA(-1)

If L is linear then L inverse is -------- non-linear Linear divergent quasi linear Linear

The convolution of f*g of f(t) and g(t) is defined as

(P*g)(t)=] (from 0
to t) f(u) g(t+u) du

(P*g)(t)=/ (from 0
tot) f(u) du

(P*g)(t)=[ from 0
to t f(u) g(t-u) du

(f*g)(t)=/ (from 0 to t)
g(t-u) du

(F*g)(t)=/ (from 0 to t)
f(u) g(t-u) du

(P*g)(t)=/ from 0

(Prg)(t)=] from 0 to t

is called the convolution theorem. to t f(u) g(t-u) du |(f*g)(t)=1-t (f*g)(t)=e"(-at) (f*2)(t)=L"(-1)(1) f(u) g(t-u) du
A function f{(t) is said to be ----- with period T>0 if
f(t+T)=f(t) for all t even projection odd peroidic periodic
L[k] = k/s k/s,s>0 (-1/s) k k/s
L[sinhat]= a/(s™2 -a™2) 1/(s"3 -a"3) a/(s"2 +a™2) 1/a F(s/a) a/(s™2 -a™2)
L[e”(8t)] = 1/ (s-8) 1/s,s>0 n! / s™(n+1) 8/(s-8) 1/ (s-8)
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Interpolation with unequal intervals problems-Lagrange’s interpolation problems-
Newton’s divided difference interpolation problems-Newton’s forward and backward difference problems

Introduction

Interpolation means the process of computing intermediate values of a function a
given set of tabular values of a function. Suppose the following table represents a set of

values of x and y.

XX X) ) CHN X
Yy V2 Vierrereereens Va

We may require the value of y =y; for the given x = x; wherexlies between x; fo x,

Lety = f{x) be a function taking the values yy, y; y> ...y, corresponding to the values

X0, X X2, ........... X, Now we are trying to find y =y; for the given x = x; under
assumption that the function f(x) is not known. In such cases , we replace f(x) by simple
fan arbitrary function and let ®(x) denotes an arbitrary function which satisfies the set of
values given in the table above . The function ®(x) is called interpolating function or
smoothing function or interpolation formula.

Newton’s forward interpolation formula(or) Gregory-Newton forward

interpolation formula ( for equal intervals)

Let y = f{x) denote a function which takes the values yy, y;, y2 ...... ... , ¥n corresponding
to the values xg, x7, X2 oo oo oo, X,
Let suppose that the values of x i.e., Xg, Xi, X2 +......... , Xp.are equidistant .

xXj=xo+h; xo)=x;+h; andsoon x,=x,;+h;
Therefore xi =x0 +ih,where i =12, .., n
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Let P,(x) be a polynomial of the nth degree in which xis such that
vi=fx) =Pux), 1=012, ...n

Let us assume Pn(x) in the form given below

1 2
P,x)= ap+ a1(x—xo)() + ag(x—xo)() +

.......... + arx —xo)(r) +ot
LTI + a, (x—xo)(n) ...... (1)
This polynomial contains the n + 1 constants aga; a,,
follows :

Pu(x0) =yo = ap (setting x =x0, in (1))

Similarly Yir=dap+apXg —X())

Y2 =ap+ajx2—xg) T a;x—xg)
From these, we get the values of ay, a; ay,
ie.,

Therefore, ap= o

Ayo=y-y0 = a;x;—xo)

ah
=>aq =Ayg /h

Ity =>a, = (Ay;-Ayy 20 =Ny 21 K
lly

=>q; = A3y0/3./ h3

e —
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Putting these values in (1), we get

P,x)= =y + (x—xo)(I)Ayo /h + (x—xo)(z)Azyo/( 2! hz) + o + & —xo)(r)Aryo/(r! )

...... + o —x0) A yo/(n! ")

X- X0
By substituting
h

=u, the above equation becomes

y(xg +uh) =y, =yot ulyy +u (u-1) A2y0 +u (u-1)(u-2) A3yo Forenn

2! 3!

o 1
By substituting u = u' ),

2
u(u-1) = u( ),

u(u-1)(u-2) = u(j), ... in the above equation, we get

P, (x)= Py(xg + uh) =yy+ u(j)Ayo M(Z) A2y0 M(j)Ajyo +o + u(r)AryO +...ﬂ(n)Any0
2! 3! r! n!
The above equation is known as Gregory-Newton forward formula or Newton's
forward interpolation formula.
Note : 1. This formula is applicable only when the interval of difference is uniform.
2. This formula apply forward differences of yy, hence this is used to interpolate

the values of y nearer to beginning value of the table (i.e., x lies between x0 to*1 or x1 to

X2)

Example.
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Find the values of y at x = 21 from the following data.

X: 20 23 26
X: 0.3420 0.3907
0.4384
29
0.4848
Solution.

Step 1.Since x = 21 is nearer to beginning of the table. Hence we apply Newton’s

forward formula.

Step 2. Construct the difference table

X y Ayo A%y,
20 03420 (0.3420-0.3907)
0.0487  (0.0477-0.0487)
23 0.3907 -0.001
0.0477
26 0.4384 -0.0013
0.0464
29 0.4848

Step 3. Write down the formula and put the various values :

P, (x)= Pyy(xg + uh) =yt umAyo +u” Azyoﬂ(j)ﬁyo +

2! 3!

Ay()

-0.0003

n) n

+ u(r)AryO +... tu Ay

r! n!
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Where u” = (x—xp)/h=(21 —20)/3 = 0.3333
u(2)=u(u-1) = (0.3333)(0.6666)

P, (x=21)= y(21)= 0.3420+ (0.3333)( 0.0487)+ (0.3333) (-0.6666) ( -0.001)
+ (0.3333) (-0.6666)(-1.6666) ( -0.0003)

=0.3583

Example: . From the following table of half yearly premium for policies maturing at
different ages, estimate the premium for policies maturing at age 46.

Age X: 45 50 55 60 65
Premium y: 114.84 96.16 83.32 74.48 68.48
Solution.

Step1.Sincex = 46 is nearer to beginning of the table and the values of x is equidistant
i.e., h = 5..Hence we apply Newton’s forward formula.

Step 2. Construct the difference table

X y Ayo Ay A yo Ay
45 114.84

_18.68
50 96.16 5.84

_12.84 _1.84
55 83.12 4.00

-8.84 _1.16 0.68
60 74.48 2.84

-6.00
65 68.48
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Step 3. Write down the formula and put the various values :

P, (x)=Py(xg +uh) =yy+ u(j)Ayo ﬂ(z) A2y0 MG)ASyo LTI +u AAryO o " Anyo

2! 3! y! n!
Where u = (x—xg) /h = (46— 45)/5=01/5=0.2
P, (x=46)= y(46)= 114.84 + [0.2 (-18.68)] +[0.2 (-0.8) (5.84)/ 3]
+ 0.2 (-0.8) (-1.8)(-1.84)/6 ]
+ [0.2 (<0.8) (-1.8)(-2.8)(0.68)]

=114.84 -3.7360 — 0.4672 — 0.08832 — 0.228

= 110.5257

Example .From the following table , find the value of tan 45°15°

0

X : 45 46 47 48 49 50
tan xO: 1.0 1.03553 1.07237 1.11061 1.15037 1.19175
Solution.

Step 1.Sincex = 45° 15is nearer to beginning of the table and the values of x is
equidistant i.e., # =/.Hence we apply Newton’s forward formula.

Step 2. Construct the difference table to find various A’s

2 3 4 5
X y Ayo Ay Ay Ay Ay
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45°1.0000
0.03553
460 1.03553 0.00131
) 0.03684 0.00009
47° 1.07237 0.00140 0.00003
) 0.03824 0.00012 -0.00005
48°1.11061 0.00152 20.00002
) 0.03976 0.00010
49 1.15037 0.00162
) 0.04138
50 1.19175

Step 3. Write down the formula and substitute the various values :

P, (x)=Py(xg +uh) =yy+ u(j)Ayo ﬂ(z) Azyo M(3)A3yo LTI + u(r)AryO +.. + u(n)Anyo

2! 3/ 7l )
Where u = (457 15"~ 45 /1°

—15/1°

=025 oo, (since 1" =60 )

y (x=45"15)=P5s (45°15")  =1.00 + (0.25)( 0.03553) + (0.25)(- 0.75)(0.00131)/2
+(0.25)(- 0.75)(-1.75)(0.00009)/6
+(0.25)(- 0.75) (-1.75) (-2.75) (0.0003)/24
+(0.25)(- 0.75) (-1.75) (-2.75) (-3.75) (-0.00005)/120

= 1.000 + 0.0088825 — 0.0001228 +0.0000049
=1.00876
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Newton’s backward interpolationformula(or) Gregory-Newton backward
interpolation formula ( for equal intervals)

Let y = f{x) denote a function which takes the values yy, y;, y> .......... , ¥n corresponding
to the values xg, X7, X2 v vevnnns, Xp
Let suppose that the values of x i.e., Xo, X1, X2 «vevnnnn. , Xp.are equidistant .

Xj=xo+h; xo=x;+h,; andsoon x,=x,;+h;
Therefore xi =x0 +ih where i =12, ..,n

Let P,(x) be a polynomial of the n" degree in which xis such that
yi=f(x) =Pux;), =012, ...n

(1)
P,x)= ap+a;x—x,)  +axx —xn)(x—xn_J)) + o
+ Ay X X)X —Xnp) X —X7) e (1)

Let us assume Pn(x) in the form givzen below

Pux)= ap+ajx—x,)  +taxx—x,) + ... + arx —xn)(r) A
Fo + @y —xn)" (L)
This polynomial contains the n + 1 constants aga; ay, ......... a, can be found as
follows :
Pu(xn)= y» =ap (settingx=xn, in(l))

Similarlyy,.; = ag + a; xp-1 —x»)
V-2 = Qg+ A1 Xn2 —Xn) T A2 Xp-2 —X)

From these, we get the values of ay a; a; ... ... an
Therefore, ap=Yn
“yn =ypyn-1 = ag X1 —Xn)
= a1h
=>q =y, /h
Iy => a; — Y- v 20 = Ty 21
lly=> a; = /310
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Putting these values in (1), we get

Pyx)= =y, + x —x,,)(") “Yn/h + (x—x,,)(2) 'Zy,,/( 2! hz) + —xn)(r) Jyn/(r! n)

...... + o =x)” Tyl )

X-Xpn

By substituting = v, the above equation becomes

h

Y+ vh) =y, v Tyt v (vtl) “Zy,ﬂr v (v+1)(v+2) ’?y,ﬂr ........
2/ 3!

1
By substituting v = v ),

vivtl) = v(z),

3 . .
vv+1)(v+2) = V) ), ... in the above equation, we get

(1) 2) 2 3)

P, (x)=Pyk,+vh) =y, +v “y,tv Ty, tv ﬁyn+...+ v

Jyn +... -I-v(n)Any,,

2! 3! r! n!
The above equation is known as Gregory-Newton backward formula or Newton’s

backward interpolation formula.

Note : 1. This formula is applicable only when the interval of difference is uniform.
2. This formula apply backward differences of yy,, hence this is used to interpolate
the values of y nearer to the end of a set tabular values. ( i.e., x lies between xn to xn- 1 and

xn-1 to X,.0)
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Example: Find the values of y at x = 28 from the following data.

X: 20 23 26 29
y 0.3420 0.3907 0.4384 0.4848
Solution.

Step 1.Since x = 28 is nearer to beginning of the table. Hence we apply Newton’s
backward formula.
Step 2. Construct the difference table

2

- - -

X y yn yn yn
20 0.3420  (0.3420-0.3907)
0.0487 (0.0477-0.0487)
23 0.3907 -0.001
0.0477
26 0.4384 -0.0003
-0.001
29 0.4848 0.0464 &

Step 3. Write down the formula and put the various values :

) 2 2 3 3
y Y

Ps3 (x)= Py(xpt vR)=y,tv "yt v Ty v Ty,
21 3/
Where v = (x — x2) / h = (28 = 29) / 3 = -0.3333
V= viv+1) =(-0.333)(0.6666)

V= vo+1) (v+2) =(-0.333)(0.6666)(1.6666)

P, (x=28)= 1(28)= 0.4848+ (-0.3333)( 0.0464)+ (-0.3333) (0.6666) (-0.0013)/2
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+(-0.3333) (0.6666)(1.6666) (-0.0003)/6
= 0.4848 — 0.015465 +0.0001444 + 0.0000185

=0.4695

Example: From the following table of half yearly premium for policies maturing at
different ages, estimate the premium for policies maturing at age 63.

Age X: 45 50 55 60 65
Premium y: 114.84 96.16 83.32 74.48 68.48
Solution.

Step 1.Sincex = 63 is nearer to beginning of the table and the values of x is equidistant
i.e., h = 5..Hence we apply Newton’s backward formula.
Step 2. Construct the difference table

> 2 3 A
X y Yo 0 Yo Yo
45 114.84

-18.68
50 96.16 5.84

-12.84 -1.84
55 83.12 4.00 -

884 1.16
60 74.48 2.84

-6.00
65 68.48

0.68

Step 3. Write down the formula and put the various values :

Ps ()= Py(xt vh) =yt vy v Ty e Tna 7,
2! 3/ 4!
Where v = (x —x,) /h= (63— 65)/5= -2/5=-0.4
W2) =v(+1) = (-0.4)(1.6)
Vv(3) = v(v+1) (v+2) = (-0.4)(1.6) (2.6)
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V() =v(v+1) (v+2)) (v+3) = (-0.4)(1.6) (2.6)(3.6)

P, (x=63)=y(63) = 68.48 + [(-0.4) (-6.0)] +[(-0.4) (1.6) (2.84)/ 2]
+ [(-0.4) (1.6) (2.6)(-1.16)/6 ]
+ [(-0.4) (1.6) (2.6)(3.6) (0.68)/24 ]

=68.48 +2.40 - 0.3408 +0.07424 — 0.028288

= 70.5852

Example: From the following table , find the value of tan 49° 15’

X ! 45 46 47 48 49 50
0 1.0 1.03553 1.07237 1.11061 1.15037 1.19175
tan X
Solution.

Step 1.Sincex = 49° 45’is nearer to beginning of the table and the values of X is
equidistant i.e., # =1.Hence we apply Newton’s backward formula.

Step 2. Construct the difference table to find various A’s

o 2 3 A S
X y Yo y0 Yo Yo Yo
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0
45" 1.0000
46 1.03553 0.03553
0.00131
47" 1.07237 0.03684 0.00009
0.00140 0.00003
48" 1.11061 0.03824 0.00012 -0.00005
0.00152 -0.00002
49° 115037 0.03976 0.00010
0.00162
50" 1.19175 0.04138

Step 3. Write down the formula and substitute the various values :

Ps ()= Pyt vi) =yt v 5t v Dt Dne s i 2y,
2! 3/ 4! 51
Where v=(49"45"—50)/1°
1571
=025 oo (since 1° = 60 )
W2) =v(v+I) — (:0.25) )(0.75)

= (-0.25) (0.75)(1.75)
v(3) =v(v+1) (v+2)

e —
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V() =v(v+1) (v+2) (vi3) = (-0.25)(0.75) (1.75) (2.75)

y (x=49"15)=P5 (49°15")  =1.19175 + (-0.25)( 0.04138) + (-0.25)( 0.75) (0.00162)/2
+(-0.25) (0.75)(1.75) (0.0001)/6

+(-0.25)(0.75) (1.75) (2.75) (-0.0002)/24
+(-0.25)(0.75) (1.75)(2.75) (3.75) (-0.00005)/120

= 1.19175 - 0.010345 — 0.000151875 +0.000005+ ...

=1.18126

Lagrange’s Interpolation Formula
Interpolation means the process of computing intermediate values of a function a

given set of tabular values of a function. Suppose the following table represents a set of

values of x and y.

We may require the value of y =y; for the given x = x; wherexlies between x o x,

Let y = f{x) be a function taking the values yy, y; v> ...y, corresponding to the values

X0, X1, X2, .eeeren. Xy. Now we are trying to find y =y; for the given x = x; under
assumption that the function f(x) is not known. In such cases, x; ‘sare not equally spaced

we use Lagrange’s interpolation formula.
Newton’s Divided Difference Formula:
The divided difference f [xo.x1.x2. ... 5] sometimes also denoted [*o-¥1-x2. ...l on n + Ipoints

Xo, "1, ..., of a function [ (v)is defined by f [0l = [ (w)and
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Flege covwxyu g = Flxye oos x,
Flowg.xi. oo xe ] = - o - _I . : -
i — Xy

for n= |, The first few differences are

fa = fi

flvg. x| = Yo =X

Flrg.x ] = Flxp, xal

flxo.x1,x0]= Xg = X3

Flrge x|l = Flepeooxy,

flag, e, ox] = xg = X,

Defining

Ty ) =le=w)le=x)-(r=x)  and taking the derivative

H:u b )=l =xp) - i =2 ) O = x4 ) - g =x,) gives the 1dent1ty

L fh
f ['“'?' S IR | = Z m
L Xp

i
k=0 "

Lagrange’s interpolationformula( for unequal intervals)

Let y = f{x) denote a function which takes the values yy, y;, ¥2 .o ooeooes, vn corresponding
to the values xg, x7, x> oo, X,

Let suppose that the values of xi.e, xg, x;, X7 ..., X,. are not equidistant .

vi=ftx) 1=012 ...N
Now, there are (n+1) paired values(x;);,), [ = 0,1,2, ... n and hence f(x) can be

represented by a polynomial function of degree n in x.
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Let us consider f(x) as follows

J(X)= ap(x —x1)x —X2)x — X3)... X —Xp)
+a; (x—xg)x —X)x —x3) ... X —X)

+ ay (x —Xxp)x —X3)x — Xyg) ... X —Xp)

ta, (X —Xp)ok —X2)X —X3) .. X = Xpog) ooee i (1)
Substituting x= xy, y=yy, in the above equation
Yo = ap(X — X)X —X3) X =X3)...6 —X)
which implies  ayp = yw/xp —x1)Xo— X2) X0 — X3) ... X0 — X»)
Similarly ar=Yyi/Xi—Xp)X1 —X2)X1 —X3) ... X1 —Xn)

a =2 /(Xg —JC())(XZ —)CI)()CZ —Xg)...(XZ —x,,)

An =Y (Xn —X0) @n = X2) @n —X3) ... (Xp — Xp.1)
Putting these values in (1), we get
(X —X7)xX —X2) X —X3) ... X — Xy)
y=fx) = Yo

(X() —X1)(XU—— x;)(X() ——X3)...(XO - Xn)

(X — X)X —X2)X —X3) ... X — Xp)

(x; —X())(X1 —Xg) X1 —Xg)...()CI —Xn)

(X —Xp)x —X1)xX —X3) ... X — Xp)

+ V2

(X2 —Xo) X2 —X23) @1 —X3) ... X1 —X)
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(X — X)X —X2) X —X3) ... X —Xn.1)

+ Va

(Xn —X0) Xn — X2)n —X3) ... Xn — Xn-1)

The above equation is called Lagrange’s interpolation formula for unequal intervals.
Note : 1. This formula is will be more useful when the interval of difference is not

uniform.

Prepared by R.Gayathri, Asst Prof, Department of Mathematics, KAHE Page 17/19




KARPAGAM ACADEMY OF HIGHER EDUCATION |

CLASS: III B.Sc PHYSICS COURSE NAME:MATHEMATICS-1I
COURSE CODE: 17PHU602 UNIT: V BATCH:2017-2020

POSSIBLE QUESTIONS

Prove thatEA= A= VE.
Write Gregory Newton backward interpolation formulae.
Define Inverse Lagrange’s interpolation

52,2
Prove that u = (1+ T)Z
Prove that AV =A—V = §2.
From the following table, find the value of tan 45°15’
X° @ 45 46 47 48 49 50

tan x° : 1.0000 1.0355 1.072 1.1106 1.1503  1.1917
7. Using inverse interpolation formula, find the value of x when y=13.5.

S R ke

x:  93.0 96.2 100.0 104.2 108.7
y:  11.38 12.80 14.70 17.07 19.91
8. From the following table find f(x) and hence f(6) using Newton interpolation formula.
x 1 2 7 8
fix): 1 5 5 4
9. Find the values of y at X=21 and X=28 from the following data.
X: 20 23 26 29
Y: 0.3420 0.3907 0.4384 0.4848

10. Using Newton’s divided difference formula. Find the values of f(2),f(8) and
f(15) given the following table
X: 4 5 7 10 11 13
f(x): 48 100 294 900 1210 2028
11. Using Lagrange’s interpolation formula find the value corresponding to x =
10 from the following table
X:5 6 9 11
y:12 13 14 16

12. From the following table of half-yearly premium for policies maturing at
different ages. Estimate the premium for policies maturing at age 46 & 63.
Age x : 45 50 55 60 65
Premiumy : 114.84 96.16 8332 7448  68.48

13. Find the value of y at x = 1.05 from the table given below.
x: 1.0 1.1 1.2 1.3 1.4 1.5
y: 0.841 0.891 0932 0964 0.985 1.015
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14. Using inverse interpolation formula, find the value of x when y=13.5.
x:  93.0 96.2 100.0 104.2 108.7
y: 11.38 12.80 14.70 17.07 19.91
15. Find the age corresponding to the annuity value 13.6 given the table
Age(x) .30 35 40 45 50
Annuity Value(y): 15.9 14.9 14.1 133 125
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Possible Questions
Question Opt 1 Opt 2 Opt3 Opt 4 Answer
The process of computing the value of the function
inside the given range is called Interpolation extrapolation reduction expansion Interpolation
If the point lies inside the domain [x_0, x_n], then the
estimation of f(y) is called Interpolation extrapolation reduction expansion Interpolation
The process of computing the value of the function
outside the given range is called Interpolation extrapolation reduction expansion extrapolation
If the point lies outside the domain [x_0, x_n], then the
estimation of f(y) is called Interpolation extrapolation reduction expansion extrapolation
In the forward difference table y 0 is called
element. leading ending middle positive leading
In the forward difference table forward symbol ((y_0)),
forward symbol(*2(y_0)) . are called
difference. leading ending middle positive leading
The difference of first forward difference is called
. divided difference |2nd forward differ|3rd forward differe|4th forward difference|2nd forward difference
Gregory Newton forward interpolation formula is also
called as Gregory Newton forward
formula. Elimination iteration difference distance difference




Gregory Newton backward interpolation formula is also
called as Gregory Newton backward

formula Elimination iteration difference distance difference
Gregory Newton backward interpolation formula is also
called as Gregory Newton backward
formula . Elimination iteration difference distance difference
The divided differences are in their
arguments. constant symmetrical varies singular symmetrical
In Gregory Newton forward interpolation formula 1st
two terms of this series give the result for the
interpolation. Ordinary linear ordinary differenti|parabolic central Ordinary linear
Gregory Newton forward interpolation formula 1st
three terms of this series give the result for the
interpolation. Ordinary linear ordinary differenti|parabolic central parabolic

Gregory Newton forward interpolation formula is
mainly used for interpolating the values of y near the

of the set of tabular values. beginning end centre side beginning
Gregory Newton backward interpolation formula is
mainly used for interpolating the values of y near the

of the set of tabular values. beginning end centre side end
From the definition of divided difference (u-u_0)/(x-
x_0) we have = v,y 0) x,y) (x 0,y 0) (x,x_0) (x 0,y 0)
If f(x) =0, then the equation is called Homogenous non-homogenougfirst order second order Homogenous
The order of y (x+3)-5y (x+2)+ 7y (x+1)+ty x=
10x is 2 0 1 3 3
A function which satisfies the difference equation is a
of the difference equation. Solution general solution |complementary sqparticular solution |Solution

The degree of the difference equation is The highest powe| The difference b The difference be{ The highest value of | The highest powers of
The degree of the difference equation is 2 0 3
The order of y (x+3) -y (x+2) = 5x"2 is 3 2 0
The difference between the highest and lowest
subscripts of y are called of the difference
equation degree order power value order




E-1= backward differer|forward symbol |u d forward symbol
Which of the following is the central difference

operator? backward differer|forward symbol |u d d

1+(forward symbol)= backward differer|E v d E

u is called the operator Central average backward displacement average

The other name of shifting operator is

operator Central average backward displacement displacement
The difference of constant functions

are 0 1 2 3 0

The nth order divided difference of x_n will be a

polynomial of degree . 0 1 2 3 2

The operator forward symbol is homogenous heterogeneous |linear a variable linear
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