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Lecture
S. No | Duration Topics To Be Covered Support Materials
Hour
UNIT-I
1 1 Introduction to polynomials T:Ch2, 33
2 1 Theorem relating to polynomials when the variable | T: Ch 1,5
receives large value
3 1 Theorem when the variable receives small values T:Ch1l,6
4 1 Continuity of a rational integral function T:Ch1, 10
5 1 Continuity of a rational integral function T:Ch1, 11
6 1 Tutorial
7 1 Form of the quotient and remainder when a T:Ch1l,11
polynomial is divided by a Binomial
8 1 Form of the quotient and remainder when a T:Ch1,11
polynomial is divided by a Binomial
9 1 Tabulation of functions. T:Ch1l, 12
10 1 Tabulation of functions T:Ch1,12
11 1 Tabulation of functions. T:Ch1, 13
12 1 Tutorial
13 1 Graphic representation of a polynomial T:Ch1l, 14
14 1 Graphic representation of a polynomial T:Ch1, 15
15 1 Graphic representation of a polynomial R1: Ch
16 1 Graphic representation of a polynomial T:Ch1l, 17
17 1 Maximum and minimum values of polynomials T:Ch1, 18
18 1 Tutorial
19 1 Maximum and minimum values of polynomials T:Ch1, 18
20 1 Maximum and minimum values of polynomials T:Ch1l,18
21 1 Recapitulation and Discussion of possible questions
Total No of Hours Planned For Unit1l 21 hours
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UNIT-1I
1 1 Theorems relating to the real roots of equations T:Ch2,19
2 1 Theorems relating to the real roots of equations T:Ch 2,20
3 1 Theorems relating to the real roots of equations T:Ch 2,20
4 1 Existence of a root in the general equation T:Ch2,21
5 1 Existence of a root in the general equation T:Ch2,21
6 1 Tutorial
7 1 Imaginary roots T:Ch2,22
8 1 Imaginary roots T:Ch2,22
9 1 Imaginary roots T:Ch2,22
10 1 Theorem determining the number of roots of an T:Ch2,22
equation
11 1 Theorem determining the number of roots of an T:Ch2,23
equation
12 1 Tutorial
13 1 Descartes' rule of signs for positive roots T:Ch 2,28
14 1 Descartes' rule of signs for negative roots T:Ch?2, 28
15 1 Use of Descartes' rule in proving the existence of R2: Ch
imaginary roots
16 1 Use of Descartes' rule in proving the existence of T:Ch 2,30
imaginary roots
17 1 Use of Descartes' rule in proving the existence of T:Ch 2,30
imaginary roots
18 1 Tutorial
19 1 Theorem relating to the substitution of two given T:Ch2,31
numbers for the variable
20 1 Theorem relating to the substitution of two given T:Ch2,32
numbers for the variable
21 1 Recapitulation and Discussion of possible questions
Total No of Hours Planned For Unit 11 21 hours
Unit 111
1 1 Relations between the roots and coefficients T:Ch 3,35
2 1 Relations between the roots and coefficients T:Ch 3, 36
3 1 Applications of the theorem T:Ch3, 37
4 1 Applications of the theorem T: Ch 3,37-38
5 1 Applications of the theorem T:Ch 3,39
6 1 Tutorial
7 1 relation exists between two of its roots T:Ch 3,40
8 1 relation exists between two of its roots T:Ch 3,41-42
9 1 relation exists between two of its roots T:Ch 3,43
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10 1 The cube roots of unity T:Ch 3,44
11 1 The cube roots of unity T:Ch 3,45
12 1 Tutorial
13 1 Symmetric functions of the roots T: Ch 3,46-47
14 1 Symmetric functions of the roots T: Ch 3,47
15 1 Symmetric functions of the roots T:Ch 3,48
16 1 Examples T:Ch 3,49
17 1 Examples T:Ch 3,49
18 1 Tutorial
19 1 Theorems relating to symmetric functions R3: Ch
20 1 Theorems relating to symmetric functions T: Ch 3,51-53
21 1 Recapitulation and Discussion of possible questions
Total No of Hours Planned For Unit 111 21 hours
UNIT-IV
1 1 Transformation of equations T:Ch 4,60
2 1 Transformation of equations T:Ch 4,60
3 1 Roots with signs changed T:Ch 4,62
4 1 Roots with signs changed T:Ch4,63
5 1 Roots multiplied by a given quantity T:Ch 4,64
6 1 Tutorial
7 1 Roots multiplied by a given quantity T: Ch 4, 65
8 1 Reciprocal roots and reciprocal equations T: Ch 4, 65-66
9 1 Reciprocal roots and reciprocal equations T:Ch4, 67
10 1 increase or diminish the roots by a given quantity T: Ch 4, 68-69
11 1 increase or diminish the roots by a given quantity T:Ch4,70
12 1 Tutorial
13 1 Removal of terms T:Ch 4,70
14 1 Binomial coefficients T:Ch 4,70
15 1 Reciprocal equations T:Ch4,71
16 1 Binomial equations T:Ch4,72-73
17 1 Propositions embracing their leading general T:Ch4,73
Properties
18 1 Tutorial
19 1 The special roots of the equation - Solution of T:Ch4,75
binomial equations by circular functions
20 1 The special roots of the equation - Solution of T: Ch54, 82
binomial equations by circular functions
21 1 Recapitulation and Discussion of possible questions

Total No of Hours Planned For Unit IV 21 Hours

UnitVv
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1 1 The algebraic solution of equations T:Ch 6,101

2 1 The algebraic solution of equations T: Ch 6,102-103

3 1 The algebraic solution of the cubic equation T: Ch 6,104

4 1 The algebraic solution of the cubic equation T: Ch 6,105

5 1 Application to numerical equations T: Ch 6,105-106

6 1 Tutorial

7 1 Expression of the cubic as the difference of two T: Ch 6,107
cubes

8 1 Expression of the cubic as the difference of two T: Ch 6,108-109
cubes

9 1 Solution of the cubic by symmetric functions of the | T: Ch 6,109-110
roots

10 1 Graphic representation of the derived function T:Ch6,111

11 1 Theorem relating to the maxima and minima of a T: Ch 7,146-147
polynomial

12 1 Tutorial

13 1 Theorem relating to the maxima and minima of a T:Ch 7,147
polynomial

14 1 Rolle's Theorem T:Ch 7,148

15 1 Rolle's Theorem T:Ch 7,148

16 1 Corollary T:Ch 7,149

17 1 Constitution of the derived functions T:Ch 7,149

18 1 Tutorial

19 1 Constitution of the derived functions

20 1 Recapitulation and Discussion of possible questions

21 1 Recapitulation and Discussion of possible questions

Total | 21 Hours

Total no. of Hours for the Course: 60 hours

TEXT BOOK
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T: Burnside W.S., and Panton A.W.,(1954). The Theory of Equations, Eighth Edition ,
Dublin University Press.

REFERENCES

R1: Leonard Eugene Dickson (2012). First Course in the theory of Equations. J. Wiley
& sons, London: Chapman & Hall, Limited, New York.
R2: Turnbull,H.W (2013)., Theory Of Equations, Fourth Edition, Published In Great

Britain Bt, Oliver And Boyd Ltd., Edinburgh.

R3. James Victor Uspensky., (2005). Theory of Equations, McGraw-Hill Book Co, New
York.

R4. MacDuffee C.C., (1962). Theory of Equations, John Wiley & Sons Inc., New York.
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 IT: I(Polynomial BATCH-2017-202
UNIT-I
SYLLABUS

General properties of polynomials:Theorem relating to polynomials when the variable receives large values,
similar theorem when the variable receives small values.

Continuity of a rational integral function - Form of the quotient and remainder when a polynomial is divided by a
Binomial - Tabulation of functions - Graphic representation of a polynomial - Maximum and minimum values of
polynomials

Theorem.—1If i the polynontial
Qo™ + A& + @™ 4 v A+ Ay
the value ;E+ 1, or aiy greater value, be substituted _fb:-*' &, where ay
i§ that one '::}f the coefficients @, oy . . « @y whose numerical value 1is

greatest, irrespective of sign, the term containing the highest power
of z will exceed the sum of all the terns whick follow.
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations

RSE DE:17 202 IT: I(Polynomial BATCH-2017-202

The inequality

G2 > A" + @A+ L+ a2
is satisfied by the following :—
Q2 > ap(@+ 2+ .. +a+ 1),
where a; is the greatest among the coefficients
@1y Oy + o « Gaoty Gy

without regard to sign.
This leads, summing the geometric series, to the condition

1 b
o™ >ty —, or a"> — (2" ~ 1
‘a1 P TR

which is satisfied if @, (2 — 1) be > or = az,

ar
or ®>0r=—+1;
(l«)

which proves the theorem.

Theovem.—If in the polynomial

1% ol O U S N Sy I o

a ; .
the value ——, or any sincaller value, be substituted for w, where

t, + U

is the greatest coefficient exelusive of ay,, the term ay witl be nume-
rieally greater than the swm of all the others.
1
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 IT: I(Polynomial BATCH-2017-202

To prove this, let z = ;; then by the theorem of Art. 4,

ax being now the greatest among the coefficients a, ., ... . @y,
- - all'-
without regard to sign, the value e 1, or any greater value of

oy

y, will make

A" > Upa Y™ + G2+ o o oY+ o

y 1 1 1
that 1s, U > Upoy — + Apn—;

e lly—;
Y Y Y
a,

~—, or any less value of #, will make
((” } “J','

hence the value

(lr‘ > {(-;,‘_l.'l“ 3K ((ﬂ.-‘_:t‘lv'.?‘ T BT e (((Iil.v‘)‘c
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 IT: I(Polynomial BATCH-2017-202

6. Change of form of a Polynomial corresponding
to an increase or diminution of the Variable. Derived
Functions.—We shall now examine the form assumed by the
polynomial when # + % is substituted for .

1f we suppose % essentially positive, the resulting form will
correspond to an increase of the variable; and by changing the
gign of % in the result we obtain the form corresponding to a
diminution of .

When « is changed to « + %, f(x) becomes f(» + /), or

(2 + B)" +a (@ +R) "+ au(Z+R) 4 o+ Gya(@+ B)E+ B (€4 R) + e

Let each term of this expression be expanded by the binomial
theorema, and the result arranged according to ascending powers

of 2. We then have

G+ @I L Qe AT+ ay
+h g'naum’” +(n—1) 2™ + (- 2) @@+ . . . + 205 2@ + Gy

]I’g : =2 3 (o) s =3 -+ )
A (n - 1Da,a"?+ (n-1)(n-2)a 2™ +... 4 Qa,.,_zj
- s 2 <y = . N

7" i us [
]..2.3.””1/1." l...2.1’ao.

T
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations

RSE DE:17 202 IT: I(Polynomial BATCH-2017-202

It will be observed that the part of this expression indepen-
lent of % is f(#) : a result which is obvious d prieri; and that
‘he subsequent coefficients of the different powers of b are
funetions of « of degrees diminishing by unity. It will further
be observed that the coefficient of 4 may be derived from f(#)
n the following manner :—Let each term in 7(x) be multiplied
oy the exponent of & in that term, and let the exponent of # in
‘he term be diminished by unity, the sign being retained ; the
sum of all the terms of f(#) treated in this way will constitute a
solynomial of dimensions one degree lower than those of /().
['his polynomial is called the first derived function of f(r).
[t is usual to represent this function by the notation f(z).

The coefficient of -~ may be derived from /’(«) by a process

1 2

the same as that employed in deriving /'(#) from /' (z), or by the
operation twice performed on f(#). It is represented by /“(2).
Thus 7" (z) is called the second derived function of f(x); and in
like manner the succeeding coefficients may all be derived by
successive operations of this character; so that, employing the
notation here indicated, we may write the result thus:—

: B ff( ) 2 N f.-"'."."( } | ”
_f'(dt‘—'+ﬁ‘)-~f(w)- ()ﬁ-{l—-;g—} 1 A d "!'a..."l'ﬂ-'[;.;ﬂ-.
‘Wea may ohserve that, since the interchange of « and 4 does

not alter /(@ + %), the expansion may also be written in the form

Sl@+h)= f{ﬁ) + 1 (h) @ 'f;(;;) 1f rz(;!')g T A
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 IT: I(Polynomial BATCH-2017-202

DUAAMY LS.

1. Find' the quotient and remainder when 324 — 62° + 1022 | 112 — 61 is divided
W -3,

The calculation is arranged as follows :—
o 10 11 - 6L
9 12 66 231.

7 170.

e
]
LS

Thus the quotient is 32 + 422 4 222 + 77, and the remainder 170.
2. Find the quotient and remainder when 23 + 52? + 3 + 2 is divided by =~ 1.
Ans. Q=2*>+6x+9, R=11.
3. Find Q and R when #°— 42* + 72° — 112 — 13 is divided by 2z — 5.
[N. B.—When any term in a polynomial is absent, care must be taken to supply
he place of its cocfficient by zero in writing down the coefficients of f(z). TIn this
xample, therefore, the series in the first line will be

1 =4 ¢ 0 1 <i%]
Ans, Q=a*+2®+122% + 602+ 289, R = 1432.
4. Find the quotient and remainder when 2% + 827 — 152* + 2 is divided by z - 2.
Ans. Q= o8+ 227+ T8 4 1425+ 282 + 5643+ 1122% 4+ 2092+ 418, K =838.

5. Find the quotient and remainder when #° + #* — 10z + 113 is divided by z 4 4.
Ans. Q=2 - 423 + 162* — 632 + 242; R=—8355.
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CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations

RSE DE:17 202 IT: I(Polynomial BATCH-2017-202

For example, the result of substituting 4 for « in the poly-
nomial of Ex. 1, Art. 8, viz,,

Szt — Ha® + 102 + 11z - 61,

is 170, this being the remainder after division by #-3. The
student can verify this by actual substitution.
Again, the result of substituting — 4 for « in

@+ af — 102+ 113
is — 855, as appears from Ix. 5, Art. 8. We sawin Art. 7 that

a8 & receives a continuous series of values increasing from — oo to
+o0, f(z) will pass through a corresponding continuous series.
If we substitute in succession for #, in a polynomial whose eoef-
ficients are given numbers, a series of numbers such as

s, @ Ty B Bis ue Baas

and calculate, and note down, the corresponding values of #(2),
the process may be called the fabulufion of the function.

1. Tabulate the trinomial 2z* 4+ x - G, for the values of =
o 4, 3| - 2! o ]j u’ 1, 2, 3-, ‘}-

Values of «, -4 -3 -2 -1 0| 1‘ 2 3] 4

22 9 0

Yalues of £(z), | -5 | -8 | —38

2. Tabulate the polynomial 102% — 172 + 2 + 6 for the values of &
ety 6 T § 8% L
-1

Values of 2, -*415 — 5 =2

|
I | 1
zz| J 90 | 126 | 378

i
I
Values of f(z) ‘ 010 | —420 ' —144
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UNIT - 1/2017-2020 Batch

\—gg — KARPAGAM ACADEMY OF HIGHER EDUCATION

KA RP A G AM (Deemed to be University Established Under Section 3 of UGC Act 1956)

ACADEMY OF HIGHER EDUCATION Pollachi Main Road, Eachanari (Po),

Coimbatore —641 021

Subject: THEORY OF EQUATIONS Subject Code: 17MMU202

Class : 1 B.Sc Mathematics Semester : 11

UNIT -1
PART A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions
_ Question Choice 1 Choice 2 Choice 3 Choice 4 Answer

fet flx) =x° — 7x — 6
. Then I 0 1 2 3
fet f(x) =x% — 7x — 6
. Then P -6 -7 -8 0
Let flx) =xc—7x+ 6
. Then P 0 1 2 3
et f(x) =x“+ 7x+ 6
. Then A i 11 12 13 14
Root of
¥ +2x2+1=0 ' -1 1 0
Number of positive roots of
kit + 2x2 +1 =0 0 1 2 3
Number of negative roots of
kit + 2x2 4+1 =0 0 1 2 3
Number of imaginary roots of
Kkt + 2x2 +1 =0 1 2 3 4
Number of terms involving in a complete equation of degree n is |n n+1 n+2 n+2
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Number of terms involving in a complete equation of degree

. 100 101 102 103

100 is
x* +2x+1=0 ) )

s a --—-- equation complete incomplete algebraical all the above
* +2° +1=0 ) )

1S a --—-- equation complete numerical algebraical all the above
ax* +bx*+c=0 . '

1S a --—-- equation complete numerical algebraical all the above
Number of terms involving in an incomplete equation of degree less than or greater than or

. less than greater than
nis -------- n equal equal
Number of terms involving in an incomplete equation of degree less than or greater than or

less than greater than

100 is ----- 100 equal equal
Xx* +2x* + 1
isa--—--—- polynomial guadratic biquadratic cubic quintic
4§ a =-230lyhoshial quadratic biquadratic cubic quintic
¥§a ﬂ=--3§6lyh0}hial quadratic biquadratic cubic quintic
x> +2x + 1 ) . . . _—

1S a --—-- polynomial guadratic biquadratic cubic quintic

S L= a= S L= a=

x* +22* 4+ 1=0
1S a --—-- equation guadratic biquadratic cubic quintic
%8 a =-2%qudtioh = 0 quadratic biquadratic cubic quintic
%5 a £--2%¥qudtich = 0 quadratic biquadratic cubic quintic
x2 +2x +1=0 ) i ) . .

s a --—-- equation guadratic biquadratic cubic quintic

. . . th . .
First derlyed function of 4™ degree polynomial is a ---- quadratic biquadratic cubic quintic
polynomial
First derived function of biquadratic polynomial is a ----

. q POl guadratic biquadratic cubic quintic

polynomial

. . . th . .
First derlyed function of 5 degree polynomial is a ---- quadratic biquadratic cubic quintic
polynomial
First derived function of quintic polynomial is a ---- polynomial Jquadratic biquadratic cubic quintic
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First derived function of 3™ degree polynomial is a ----

. quadratic biquadratic cubic quintic
polynomial
The simple arc is also known as .... multiple Jordan double multiple Jordan
The derivative of an analytic function is also ... analytic continuous derivative bounded continuous
The function (z-i)> have a zero i of order..... 2 1 0 3 2

Prepared by: Dr. K. Kalidass, ASST PROF, Department of Mathematics, KAHE




UNIT - 1/2017-2020 Batch

Prepared by: Dr. K. Kalidass, ASST PROF, Department of Mathematics, KAHE



Prepared by: Dr. K. Kalidass, ASST PROF, Department of Mathematics, KAHE

14

n+l

UNIT - 1/2017-2020 Batch



Prepared by: Dr. K. Kalidass, ASST PROF, Department of Mathematics, KAHE

101

incomplet
e

numerical

complete

less than
or equal

less than
or equal

biquadrati
c

cubic

quintic

guadratic

biquadrati
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cubic

quintic

guadratic

cubic

cubic

biquadrati
C
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c
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 IT: II(properties of tion BATCH-2017-202
UNIT-II
SYLLABUS

General properties of equations: Theorems relating to the real roots of equations - Existence of a root in
the general equation. Imaginary roots - Theorem determining the number of roots of an equation.

Descartes' rule of signs for positive roots - Descartes' rule of signs for negative roots - Use of Descartes'
rule in proving the existence of imaginary roots - Theorem relating to the substitution of two given
numbers for the variable

"Wheorem.—I} {wo real quaniilies a and b be substituted for
the unknown quantity @ in any polynomial f(x), and if they furnish
resulls having different segns, one plus and the other winus ; then the
equation f(¢) = 0 wmwst have at least one veal root intermediale
t valie between a and b,

This theorem 18 an immediate consequence of the property
of the continuity of the function f(z) established in Art. 7 ; for
since f(z) changes continuously from f(«) to /(0), 1. e, passes
through all the intermediate values, while « changes from «
to.b; and since one of these quantities, #(«) or #(3), is positive,
and the other negative, it follows that for some value of @ inter-
mediate between « and 4, f(x) must attain the value zero which
is intermediate between /() and /' (J).

Covoliary.— /7 there ewist wo real quantity whieh, substituicd
Sor x, makes f(x) =0, then f (&) must be positive for every real value
of . '
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 IT: [I(properties of equations)  BATCH-2017-202
13. Mheorem.—very equation of ain odd degree has at teast
me real root of a sign opposite to that of ils last term.
This is an immediate consequence of the theorem in the last
Article. Substitute in succession — o, 0, o for z in the poly-
1omial f(#). The results are, # being odd (see Axt. 4),

@=-w, f(z)1s negative ;
@ =0, sign of /() is the same as that of a;;
@ =+, f(z)is positive.

[f @, is positive, the equation must have a real reot between — o
ind 0, 4. e. a real negative root; and if @, is negative, the equa-
ion must have a real root hetween 0 and e, ¢.c. a real positive
'oot. The theorem is thus proved.

14. Theovem.—/livery equation of an éven degree, whose last
term is negative, has af least fwo real vootls, one positive and the
other negate,

The results of substituting — oo, 0, oo are in this case

=%, Ty
O, o
+ @0, + 3

henee there is a real root between - oo and 0, and ancther be-
tween 0 and +oo; i.e., there exist at least one real negative, and
one roal positive root.
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 IT: II(properties of tion BATCH-2017-202

In this simple instance we observe that, in the absen

ce of

any real values, there are two imaginary expressions which
reduce the polynomial to zero. The general proposition of

which this is a very particular illustration is, that every ra
integra  equation

B + " @ 4. O @ty =0
Must have a root of the form

o ;’3«/——1,

tional

a und (3 being real finite quantitics. 'This proposition includes
both real and imaginary roots, the former corresponding to the

value 3 = 0.

16, Wheovrem.— Every equalion of n dimensions has n roots,
and no more.

‘We first observe that if any quantity % is a root of the equa-
tion /() = 0, then /' (#) is divisible by 2~ 4 without a remainder.
This is evident from Art. 9; for if £ (%) =0, i.c. if 2 i3 a root
of /(#) = 0, 2 must be =0.

The converse of this is algo obviously true.

Let, now, the given equation be

F @) =a™+ g™ + P 4 L oL Ppa 2+ Py =0,
This equation must have a root, real or imaginary (see Art. 15),
which we shall denote by the symbol a;. Tet the quotient, when
F(x) is divided by #—a;, be ¢, («); we have then the identical

equation
A o dy % g dhoik
S&) = (0= a) galo),
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KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
COURSE CODE: 17MMU202 UNIT: II(properties of equations)  BATCH-2017-2020

Again, the equation ¢, () = 0, which is of 2~ 1 dimensions, must
have a root, which we represent by a.. Let the quotiont ob-

Y

tained by dividing ¢, () by « - a. be ¢.(x). IHence

b (1) = (0= o) g (2),
and .. f(x) = (v -a) (& - a) ¢ (¥},

where ¢. () 1s of » —2 dimensions.

Proceeding in this manner, wo prove that 7(») consists of the
product of » factors, each containing @ in the first degree, and a
numerical factor ¢, (#). Comparing the coefficients of «", it is
plain that ¢,(#)=1. Thus we prove the identical egquation

h;(- (:-!1) == [ﬁ: - [-!.]_:I: (:;[: - ﬂ"z} I::{: - ff;a,) ----- (nl; - ﬂﬂ j:' !:[1’3' e Hﬂ:!q.

It is evident that the substitution of any one of the quanti-
ties ay, ag, - . . ay, for z in the right-hand member of this equation
will reduce that member to zero, and will therefore reduce /()
to mero; that is fo say, the equation f(#) = 0 has for roots the »
quantities a, as, as. .. au, ap.  And it can have no other roots ;
for if any quantity other than one of the quantities a:, s, . . . a,
be substituted in the right-hand member of the above equation,
the factors will be all different from zero, and therefore the pro-

duect eannot vanish,
Corollary.— Two polynomials of the n' degree eannot be equnl

to one another for more than n values of the variable without being
complelely identical.,
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1. Find the equation whoge roots are
-4, -1, 4, &.
Aug. 2 -543=1342L 5324 60=0.

2. The equation
gt— 6231 8221724+ 10=0
has a root 5; find the equation containing the remaining roots,

[N. B.—TUse the method of division of Art. §.]
Ans. 2 =24+ 3x-2=10.

3. Solve the equation
zt— 1623+ 8622 — 1762 + 106 =0,

two roots being 1 and 7.
Ans. The other two voots ave 3, 5,

4. Porm the equation whose roots are

3 1
S -
2’ T
Ans. 1433 - 234* - 60w+ 9=0.
5. Bolve the cubie equation
_.-!.-H- —_1 = ﬂ.‘

Here it is evident that # = 1 satisfies the equation. Divide by #— 1, and solve the
The two roots are found to be

1 1 1 1 -
=g Pg¥ A mpegV

resulting quadratic.

It can be easily shown that if either of these imaginary roots is squared, the other

results. It is usual to represent these roots by w and &®.  They are called the two

vnaginery cube rouls of wnity. We have the identical equation

' —1=(x-1)(z- ) (-
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18, Emaginary Roots enter Eguations in Pairs, —
The proposition we have to prove may be stated as follows :—
If an equation f(x) =0, whose coefficients ave all veal quentitios,
have for @ root the tmaginary expression a + 3 4/ — 1, it must also
have for a oot the conjugate imaginary expression a — 3 =1

The product,

(e—a-B/~-Dg-a+B+/-1)= (- o)+

Let the polynomial /() be divided by the second member of
this identity, and if possible let there be a remainder Kz - £,
We have then the identical equation

fle)={(z-a)*+ 3 Q+ Bz + I,

where @ is the quotient, of # — 2 dimensicns in ».  Substitute in
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this identity « + [34/—1 for #. This, by hypothesis, causes f{z)
to vanish. 1t also causes (z —a)® + 3° to vanish. Ience
Ra+B+/-1)+E =0.
From thig we obtain the two equations
Ra+ R'=0, B3=0,

sinee the real and imaginary parts cannot destroy one another ;

henece

RB=0, =0,

il

Thus the remainder Rz + R’ vanishes; aund, therefore, /() is
divisible without remainder by the product of the two factors

gon-Bi/ol,  wewifn o1

The equation has, consequently, the root a- 84/ 1 as well
as the root « + 34/~ 1.

Thus the total number of imaginary roots in an equation
with real coeflicients will always be even ; and every polynomial
may be regarded as composed of real factors, each pair of ima-
ginary roots producing a real quadratio factor, and each real
root producing a real simple factor. The actual resolution of
the polynomial into these factors constitutes the complete solu-
tion of the equation.
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19. Bescartes’ Rule of Signs— Positive Roots,—This
rule, which enables us, by the mere inspection of a given equa-
tion, to assign a superior limit to the number of its positive
roots, may be enunciated as follows :—No equation can have more
positive yoots than it has changes of sign from + to —, and from — to
+, i the terms of its first member.

We shall content ourselves for the present with the proof
ich is usnally given, and which is more a verification than a
neral demonstration of this celebrated theorem of Descartes,

t will be subsequently shown that this rule of Descartes, and
other similar rules which were discovered by early investi-
gators relative to the number of the positive, negative, and
imaginary roots of equations, are immediate deductions from
the more general theorems of Budan and Fourier,

Lot the signs of a polynomial taken at random succeed each
other in the following order :—

TR T e T A
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20. Descartes’ Rule of Siguns—Negative Roots.—In
order to give the most advantageous statement to Descartes’ rule
in the case of negative roots, we first prove that if - 2 be substi-
tuted for # in the equation f(«) =0, the resulting equation will
have the same roots as the original except that their signs will
be changed. This follows from the identical equation of Art. 16

F@=(-w) (@3a) (@ -a). ... (2-am),
from which we derive

SER) =" @+a) (v+a) (@+as). .. (z+ay).
From this it is evident that the roots of /(- 2) = 0 are

— (!1, - (le, - (‘39 2 SO BT S oo ”n.

Hence the negative roots of /() are positive roots of 7' (- ), and
wo may enunciate Descartes’ rule for negative roots as fol-
lows :—No equation can have a gieater number of negative roots
than there are changes of sign in the terms of the polynomial f (- ).
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22. Theorem.— We shall cloge this chapter with the fol-
lowing theorem, which defines fully the conclusions which can
bo drawn as to the roots of an equation from the signs furnished
by its first member when two given numbers are substifuted
for @ :—1If two wwmnbers a and b, substituted for x in the polynomial
7 (@), give rvesults with contrary signs, an odd number of real roots
of the equation f(x) =0 lies between them ; and iof they give results
with the same sign, either no real voot or an even nunber of real
roots lies between them. |

‘We proceed to prove the first part of this proposition : the
second is proved in an exactly similar manner.

Let the following = roots ay, az . . . . an, and no others, of
the equation f(z) = 0 lie between the quantities ¢ and 5, of
which, as usual, we take ¢ to be the lesser.

Let ¢ () be the quotient when #(z) is divided by the product
of the m factors (v -a)(*—a2) . ... (= au). We have, then,
the identical equation

fl@)=(z—a)(z—ay) . ... (z=ay)¢().

Putting in this successively « = @, # = b, we ghtain
fla)y=(t~a)(e~a) .... (¢—an) qﬁ),
£(B)=(-a)(b—a) . . - . (b—an) ¢ (D).

Now ¢(a) and ¢(0) have the same sign; for if they had dif-
ferent signs there would be, by Axrt. 12, one root at least of the
equation ¢ (#) = 0 between them. By hypothesis, f(«) and /(%)
have different signs; hence the signs of the pducts

(a—a)(a—ag) . ... (a=am),

(b — aJ (:1/— ﬂz} SR (?’ -""'>’
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Possible Questions
Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
et f(x) =x* —7x — 6
First derived function of cubic polynomial is a ---- polynomial Jquadratic biquadratic cubic quintic guadratic
( both increasin neither
If first derived thﬁ‘tTi&l)l ot f(x) is positive at a then f(x) is ------ decreasing increasing . 8 increasing nor increasing
and decreasing .
decreasing
both increasin neither
If first derived function of f(x) is negative at a then f(x) is ------ decreasing increasing . 8 increasing nor decreasing
and decreasing .
decreasing
r o "
> F x) = X% T3, — Hath il e A
s6tohd %erw{éd findorrof degree polynomial is a quadratic biquadratic cubic quintic quadratic
polynomial
d derived f i f biquadrati I ial isa----
secon .erlve urﬁflé)_)ng lquiacratic polynomial 15a guadratic biquadratic cubic quintic guadratic
polynomial
. . th . .
second C%erlved function of 5 degree polynomial is a ---- quadratic biquadratic cubic quintic cubic
polynomial
| o - e
sgtofitiiderivid fimdivort o quinti ial is a -
0 .eﬁv\_ SiBRquintic polynomial isa guadratic biquadratic cubic quintic cubic
polynomial
. . th . .
second C%erlved funCtH?13f2 degree polynomial is a - quadratic biquadratic cubic quintic biquadratic
polynomial
d derived functi f cubi I ial isa----
secon .erlve tnction of cublc polynomial 1s 3 guadratic biquadratic cubic quintic biquadratic
polynomial
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Let f(x) =x“+ 7x+ 6
If the number of points in which the curve of f(x) cuts is less real ositive real negative real aginar aginar
than the degree of the polynomial then f(x)=0 has ------- roots P 8 ginary ginary
If the number gfpblres in which the curve of f(x) cuts is equal » . . . . .
i real positive real negative real imaginary imaginary
to the degree of the polynomial then f(x)=0 has no ------- roots
If the number of points in which the curve of f(x) cuts is less
than the degree of the polynomial then f(x)=0 has ------ number Jodd even 3 5leven
of imaginary roots
If the number of points in which the curve of f(x) cuts is equal
to the degree of the polynomial then f(x)=0 has ------- 0 1 2 3 0
number of imaginary roots
[£fla)and¥(b)tard havi ite signs then f(x)=0 has ------
e Eme Rg opposite signs then f(x) as at least at most exactly no at least
one real root between a and b
If f(a) and f(b) are having opposite signs then f(x)=0 has at least
1 2 3 4 1
----- real root between a and b
> 20"+l =0
f f(a) and f(b) are having ------- signs then f(x)=0 has at least . both opposite neither opposite .
opposite same opposite
one real root betweenaandb and same nor same
If f(a) and f(b) are having opposite signs then f(x) must attain
0 1 2 3 0
the value ----- betweenaandb
P st =0
ff(a) and f(b) are having -------- signs then f(x) must attain the ) both opposite neither opposite )
opposite same opposite
value 0 betweenaandb and same nor same
both positive neither positive
If f(x)=0 has no real root then f (x) must be negative positive P . P . positive
and negative nor negative
2 33 2L =l both real and neither real nor
If f(x)=0has no ------ root then f (x) must be positive real . . . . imaginary real
imaginary imaginary
Every equation of an ----- degree has at least one real root of a both odd and neither odd nor
. ) . odd even odd
sign opposite to that of its last term even even
Every equation of an odd degree has ----- one real root of a
) ) . at least at most exactly more than at least
sign opposite to that of its last term
BveryleqUstion of aFrofld degree has at least - real root of a 1 5 3 4 1
sign opposite to that of its last term
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x* + 23" +1 =0
Every equation of an odd degree has at least one real root of a

both opposite

neither opposite

) . opposite same opposite
sign ------- to that of its last term PP and same nor same PP
Bvety dylaiorof@rrodd degree has at least one real root of a |, .

. . . first second third last last
sign opposite to that of its ---- term
------ equation of an odd degree has at least one real root of a .

. . . Every No Few Finite Every
sign opposite to that of its last term
Every equation of an ------- degree whose last term is negative both odd and neither odd nor

odd even even
has at least two real roots even even
EVer Ustioh of an even degree whose - term is negative
e & & first second third last last
has at least two real roots
x* +2x* 4 3
Every equation of an even degree whose last term is ------- has . . both positive neither positive .
negative positive ) i negative
at least two real roots and negative nor negative
Ei/’éry*e@‘éficﬁ of an even degree whose last term is negative
at least at most exactly more than at least
has -------- two real roots
Everyleqitiontoflan even degree whose last term is negative
has at least ---- real roots
32.bglutior- oll af &ven degree whose last term is negative .
Every No Few Finite Every
has at least two real roots

x* +2x* +1=0

Every equation of an ------- degree whose last term is negative both odd and neither odd nor
. . odd even even
has at least one positive and one negative root even even
Everytleqlistion of an 8ven degree whose -—--- term is negative
i . & . & first second third last last
has at least one positive and one negative root
x> +2x_ +1=0 . . . .
Every equation of an even degree whose last term is ------- has . . both positive neither positive .
. ) negative positive ) i negative
at least one positive and one negative root and negative nor negative
Every equation of an even degree whose last term is negative
N . at least at most exactly more than at least
has -------- one positive and one negative root
Every equation of an even degree whose last term is negative
has at least ---- positive and one negative root
——————— equation of an even degree whose last term is negative .
Every No Few Finite Every

has at least one positive and one negative root
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Every equation of an even degree whose last term is negative
has at least —one positive and ---- negative root

Every equation of n degree has ----- roots and no more n

n+1

n+2

n+3
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Relations between the roots and coefficients-Theorem - Applications of the theorem - Depression of
an equation when a relation exists between two of its roots - The cube roots of unity - Symmetric
functions of the roots — Examples - Theorems relating to symmetric functions - Examples

Prepared by Dr. K. Kalidass, Asst Prof, Department of Mathematics, KAHE Page 1/5




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 IT: III(R n fficien BATCH-2017-202

23. Relations between the MRoots and Coeflicients.—
Taking for simplicity the coefficient, of the highest power of «
as unity, and representing, as in Art. 16, the » roots of an equa~

tion by ay, as, a3, . . . . a,, we have the following identity :—
2+ 7‘1[.-1:" o YAl R Y I 7
\ ’
= (J ﬂll \ 3) (@"“0-5} oia 2 b l\{(’—an)- (1)

‘When the factors of the second member of this identity are
multiplied together, the product will consist, as is proved in
elementary works on Algebra, of a highest tcr 2" ; plus a
term 2" multiplied by the factor

\
-‘[al":‘ag+aa+. ...+an,',

7. e, the sum of the roots with their signs changed ; plus a term
«"* multiplied by the factor

aydg + ayaz+ azaz + .. .0+ Quoa Ay,

i. e. tho sum of the produets of the roots taken in pairs ; plus a
term »*? multiplied by the factor

- (Hlﬂa Uzt 1Ayt oo ot Qpuay an),

i. e. the sum of the products of the roots with their signs
changed taken three by three; and so on. It is plain that the
sign of each coefficient will be negative or positive according as
the number of roots in each product is odd or even. The last

term 1s
T g .o a Uy Uy,
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the sign being — if # is odd, and + if # is even. Hquating the
coofficients of @ on each side of the identity (1), we have the
following series of equations :—

P:= {al a: +ayay +azagt ... tag a,,), |

’ 2\
1)3-‘-‘: - (ala-;ag+ 1, 0y 0y + .0 est Ay 20y |(7”), J> ( /
Pn= ("‘ 1)”“1 Aoy « v v o Oy Oy

which furnish us with the following

Theorem.—In cvery algebraic equation, the coefficient of
whose highest term is unity, the coefficient p, of the second term with
its sign changed s equal To the swin of the roots.

The coefficient p. of the third term 1is equal fo the sum of the
products of the roots taken two by two.

The coefficient ps of the fourth term with its sign changed is
equal to the sum of the products of the voots taken three by three ;
and so on, the signs of the cocfficients bevng taken alternately negative
and positive, and the number of roots multiplied together in each lerm
of the corresponding function of the rools increasing by wnity, till
finally that function is reached which consists of the product of the
i roots.

(or. 1.—Bvery root of an equation is a divisor of the last
term.

Cor. 2.—Tf the roots of an equation be all positive, the coef-
ficients will be alternately positive and negative; and if the
roots be all negative, the coefficients will be all positive. This
is obvious from the equations (2) [ef. Arts. 19 and 207

Prepared by Dr. K. Kalidass, Asst Prof, Department of Mathematics, KAHE Page 3/5




KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 IT: III(R n fficien BATCH-2017-202

1. Solve the equation
23~ Hz® — 162+ 80=10,
the sum of two of its roots being equal to nothing.
Let the roots be a, B8, 7. We have, then,
e+ Bty= I,
aB+ay+ By =16,
afy =~ 80,

Taking B -4 =0, we have, from the first of these, e=5, and from either
second or third we obtain By = —16. We find for 8 and  the values 4 and =4, '
the three roots are 5, 4, — 4.

2. Solve the equation

&3 — 307 +4 =0,
two of its roots being equal.

Lot the roots be @, a, B. We have

2o+ B=237,
o+ 2a8=0,
from which we find a=2, and B ==1. The roots arc 2, 2, — 1.
|

3. The oquation 7
ot 4ot = 2t~ 12249 =1

has two pairs of equal roots; find them.
Let the roots be a, e, 8, 8; we have
2a+28=—4,
a’+ B+ 4g8 = -2,
from which we obtain for ¢ and 8 the values 1 and - 3.

4. Solve the equation
23 =9a% + 1da -+ 24 =10,

iwo of whose rootls are in the ratio of 3 to 2.
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20. PBepression of an Equation when a relation

exists between two of its Roois.—The examples given
under the preceding Axrticle illustrate the use of the equations
connecting the roots and coeflicients in determining the roots in
particular cases when known relations exist among them. The
object of the present Article is to show that, in general, if «
velation of the form [3 = ¢(a) erist between two of the voots of wu
equation f(x) = 0, the equation may be depressed two dimensions.
Let ¢(~) be substituted for # in the identity

J(z) sax + a2+ ..o+ tny
then f(p(x)) =a(p(@) ) +a.(¢p(x) )"+ . .. o + oy () + .

‘We represent, for convenience, the second member of this
identity by F(z). Substitute a for #, then

F(a) =7 (p(a) ) =/ (B) =0;
hence « satisties the equation #'(z) =0, and it also satisfies the
oquation /() = 0 ; hence the polynomials /() and # (z) have a
common measure » — a ; thus « can be determined, and from it

¢(a) or 3, and the given equation can be depressed two dimen-
s10M8.
Exaurpres.
1. The equation
- —4a+20=0
has two roots whose difference = 3: find thom.
Here B—a=3, B=3{ a; substitute # + 3 for # in the given polynomial /(2]
it becomes @ +42% — T2 —10; the common measure of this and f(z) is z—-2; from
which a=2, B8=5: the third root is — 2.

2. The equation
ar—Hxd 4 112 132+ 6=0

has two roots conneeted by the velation 28 + 3a=T7: find all the roofs.

Ang. T, 2 l-_::\/—':.’.
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Possible Questions
Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
Every equation of ------- degree has n roots and no more n n+1 n+2 n+3 n
————— equation of n de_gree has n roots and no more Every No Few Finite Every
The total number of imaginary roots in an equation with real both odd and neither odd nor
. ) odd even even
coefficients will always be even even
L . -l
fle 1080 rianerof AX-—rddts in an equation with real . . . . . .
. ) real positive real negative real imaginary imaginary
coefficients will always be even
---- equation can hayve more positive roots than it has changes .
. . ‘fﬂ (% =. Every No Few Finite no
of signs in the ternis of’its first member
No equation can have more ----- roots than it has changes of . . both positive neither positive .
. L negative positive ) i positive
signs in the terms of its first member and negative nor negative
Jet f(x) =x*—-7x+ 6
If the signs of the terms of an equation be all ------- , it cannot . . both positive neither positive .
. negative positive . . positive
have a positive root and negative nor negative
If the signs of the terrfi{ @i aa equation be all positive, it cannot . . both positive neither positive .
negative positive ) i positive
have a ----- root and negative nor negative
If the signs of the terms of an equation be --- positive, it cannot .
. all no few finite all
have a positive root
k
iethd SighsoPthetelidofan equation be all positive, then 0 1 5
number of positive roots of an equation is
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If the signs of tifd 1rms of an equation be all positive, it may

both positive

neither positive

it igfdex? + ¢ = 0

negative positive . ) negative
have a ----- root and negative nor negative
If the signs of the terms of any complete equation be . . both positive neither positive .
i . ] negative positive ) i negative
alternatively positive and negative cannot have a ------ root and negative nor negative
If an equation involve only even powers of x and if all the . .
. L real positive real negative real all the above all the above
coefficients have positive signs, cannot have a --- root
x* + 2% +1 =10 _ .
If an equation involve only ------ powers of x and if all the both odd and neither odd nor
- e odd even even
coefficients have positive signs, cannot have a real root even even
If an equation involve only even powers of x and if all the . . both positive neither positive .
- . negative positive ) i positive
coefficients have ------ signs, cannot have a real root and negative nor negative
g* 4+ " + 1 =0
If an equation involve only odd powers of x and if all the
coefficients have positive signs, then number of real root is
If an equation involve only odd powers of x and if all the
coefficients have positive signs, the real root is
k* + 2x* +1 =10
If an equation involve only odd powers of x and if all the . . both positive neither positive .
- . negative positive ) i positive
coefficients have ------- signs, has the root zero and negative nor negative
If an equation involve only ------ powers of x and if all the both odd and neither odd nor
- e odd even odd
coefficients have positive signs, has the root zero even even
5Ca i adiictorol = 0
if mig”
x-a is a factor of
Fre™x? + 1 = 0 odd odd
X2 _ 1 2/ctorof = 0
X-a X x+a a X-a

If n 1s even then number of real roots of

e —1=0

I¢H istevdli then dumber of positive real roots of

e —4 2:0 + 1
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LT istevi then dumber of negative real roots of

-4 20 + 1 ! 2 3 4 1
I£% istevl then dumlRr of imaginary roots of

-4 20 + 1=0 n n-1 n-2 n-3 n-2

¥ istevesi thdn dne=d? the real root of : 5 3 . |
-4 20 +1=0

I“t;n 1s‘ e\fzn then one of the real root of 1 2 3 4 1
I_t;n is od_d then number of real roots of | 5 3 4 !
If n is odd then number of positive real roots of
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CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 NIT: IV(Transformation of Equations) BATCH-2017-202

UNIT-IV

SYLLABUS

Transformation of Equations: Transformation of equations - Roots with signs changed - Roots
multiplied by a given quantity - Reciprocal roots and reciprocal equations - To increase or diminish the
roots by a given quantity - Removal of terms - Binomial coefficients.

Solution of reciprocal and binomial equations: Reciprocal equations - Binomial equations. Propositions
embracing their leading general Properties - The special roots of the equation - Solution of binomial
equations by circular functions — Examples.
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29. Transformation of Eguations.—We can, without
knowing the roots of an equation, transform it into another
whose roots shall have certain assigned relations to those of
the proposed. The utility of this process consists in the fact
that the discussion of the transformed equation will offen be
more simple than that of the original. We proceed to explain
the most important transformations of equations.

30. Roots with Sigus changed.—T'o transform an equa-
tion into another whose roots are those of the given equation

with contrary signs, let ai, as, ay, . . . @, be the roots of
B+ @t P L L P pe=0;
then
At g Pt p=(—a) (T —a) .. (- a,) ;

change # into —; we have, then, whether » be even or odd,

Y =Py Pyt E Py Epae (Yt ) (Yt as). . (Y Fan).
The polynomial in  equated to zero is an equation whose

roots are —e;, —ay ... —a,; and to effect the required trans-

formation we have only to change the signs of every alternale terme
of the given equation beginning with the second.
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31. Roots Multiplied by a Given Quantity.—'1'0 trans-
form an equation whose roots are a,, a, . .. a, into another whose

; Y . S :
roots are ia,, Mas, . . . Nid,, We chn,nge 2 into = in the 1dentity

oz
»f the preceding article. 'We have then, after multiplication
by m™,
Y+ mp PPyt A T Py Y " py

=(y—ma,) (y—ma) . . . . (y — mag).

Hence, to multiply the roots of an equation by a given quan-
tity an, we have only to multiply the successive coefficients, beginning
with the second, by m, m?, m?, . . . *.

The present transformation is useful for getting rid of the
coefficient of the first torm of an equation when it is not unity;
and generally for removing fractional coefficients from an equa-
tion. If there is a coefficient ¢, of the first term, we form the
equation. whose roots are ey, dwas, . - . dyay; the transformed
squation will be divisible by «,, and after such division the coeffi-
sient of 2" will be unity.

When there are fractional coefficients, we can get rid of them
by multiplying the roots by a quantity s, which is the least
common multiple of all the denominators of the fractions. In
many cases, multiplication by a quantity less than the least
common multiple will be sufficient for this purpose, as will
appear in the following examples :—

1. Change the equation
Gt —dard L 42 2241 =10
into another the coefficient of whose highest term will be unity. We multiply the

roots by 3.
Amns, at—d4a? 4 1202 — 18x + 27 =10,

s T - O ) PSR et T BEPCRCR | p iRt SRRy ARG IR B DR B |
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32. Reciprecal Roots.—To transform an equation into
one whose roots are the reciprocals of the roots of the proposed
equation, we change « into ; in the identity of Art. 30, This
gives, after certain easy reductions,

1 ) D, D 7 NS 1\
o0 + j?lll > ]7_).._..._*_{___3 +p"=ﬁn (y——“ ! 7/"'"“' (/—'_\
¥y 3 Y i a/\"  ay an)

or

j”'?n— 12”“ n-—~+ +f +1_ y 1\/ 1.\ l/y -];>.
Pn J Pa T ])nJ Pa k )\J ) ) :

hence, if in the given equation we replace z by %, and multiply by

", the resulting polynomial in y equated to zero will have for
| P | 1

rootq Sl , " Vi
a, a; ay

1’ VAT W
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There 1s a certain class of

1

equations which remain unalfered when # is changed into —.
z

These are called reciprocal equations. The conditions which must
obtain among the coefficients of an equation in order that it
should be one of this class are, from the preceding Auxticle,
plainly the following :—

33. Reciprocal Equations.

pn-l f)ﬂ-2 ])l »
b ])l’ —'_" —])2’ (K',U. T, Setrom :1))‘__1’ "_ .-'?)u.

1 -'; . Pa Pn Pa

—

The last of these conditions gives pi=1, or p,=+1. IRe-
ciprocal equations are divided into two classes, according as p,
is equal to + 1, or to — 1.

(1). In the first case

Puoa=Piy Pu2a=Pr « v s Pr=Ppa1y

and we have the first class of reciprocal equations, in which the
coefficients of the corresponding terms taken from the beginning and
end are equal in maynitude and have the same signs.

(2). In the second case, when p, = - 1,

Pua==P1, Pur==Pas &C... . pi==pu;

and we have the second class of reciprocal equations, tn which cor-
responding terms counting from the beginning and end are equal in
magnitude but different in sign., 1t 13 to be observed that in this
case when the degree of the equation is even, say # = 2m, one of
the conditions becomes p,, = = p,, orpn=0; so thatin reciprocal
equations of the second class, whose degree is even, the middle

term 1s absent.
. . . . - 1 .
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1. Find the equation whose roots are those of

2t =Bt Ta? = 1Tz + 11 = 0,
each diminished by 4.
The operation is best oxhibited as follows :—

1 -5 7 =17 g

1 = | 12 — 20

-1 3 -5 | -9
4 12 i |
3 15 | 55
4 28 |
= : 43
4 |

e

Here the first division of the given polynomial by # — 4 gives the remainder
~ 9 (= 4,), and the quotient 2* — 2* + 82 — 5 (cf. Art. B). Dividing this again by
x— 4, we get the remeinder §5 (= Ay), and the quotient 2% + 3z + 15. Dividing this
again, weo get the remainder 48 (= 42), and quotient 2+ 7 ; and dividing this we get

Ar=11, and 4o =1; hence the required transformed equation is

¥+ 11y° + 43> + 55y -9 =0.
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KARPAGAM ACADEMY OF HIGHER EDUCATION
(Deemed to be University Established Under Section 3 of UGC Act 1956)
Pollachi Main Road, Eachanari (Po),
st e o Coimbatore —641 021
Subject: THEORY OF EQUATIONS Subject Code: 17MMU202
Class : 1 B.Sc Mathematics Semester : 1l
UNIT -1V
PART A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Question Choice 1 Choice 2 Choice 3 Choice 4 Answer

Ifnis odd then number of negative real roots of
s +1=0

Ifnis odd then number of imaginary roots of
s +1=0

If n is odd then one of the real root of
s +1=0

The sum of products of the roots of
alkEnlome Gt a time, is

The sum of products of the roots of
akEnlirprs, is

The sum of products of the roots of
takénklmel by three, is

The sum of products of the roots of
rakEnlfguy four , is

The sum of products of the roots of
rakEnlfiveDy five, is

The sum of products of the roots of
KakEnkix B six, is

If n is even, the products of roots of
s +1=0

If n is odd, the products of roots of
s +1=0

Prepared by: Dr. K. Kalidass, ASST PROF, Department of Mathematics, KAHE



KARPAGAM ACADEMY OF HIGHER EDUCATION

CLASS: I B.Sc MATHEMATICS COURSE NAME: Theory of equations
RSE CODE: 17 202 NIT: V(Cubic and Biguadratic) BATCH-2017-202

UNIT-V

SYLLABUS

Algebraic Solution Of the Cubic and Biquadratic: On the algebraic solution of equations - The algebraic
solution of the cubic equation - Application to numerical equations - Expression of the cubic as the
difference of two cubes - Solution of the cubic by symmetric functions of the roots — Examples .

Properties of the Derived Functions: Graphic representation of the derived function - Theorem relating
to the maxima and minima of a polynomial - Rolle's Theorem. Corollary - Constitution of the derived
functions
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(1). First method of solution : by resolving into factors. Let
it be required to resolve the quadratic &* + Pz + @ into its simple
factors. For this purpose we put it under the form

@+ Px+ Q+0-0,
and determine 0 so that
2+Pr+Q+ 0

may be a perfect square, ¢.e. we make

0+Q=-fzf, or G=I';

whence, putting for 8 its value, we have

[ P\t (o /P—4QY
2+ P+ Q -—--(.L +§—> —<{),¢. + L /i

Thus we have reduced the quadratic to the form »*—+*; and
its simple factors are « + », and » - ».

Subsequently we shall reduce the cubic to the form
(o +m)® = (I'e+ w')’,  or ud -1,
and obtain its solution from the simple equations
v—0v=0, vw-wr=0, wu-wer=0.
It will be shown also that the biquadratic may be reduced to
either of the forms
(02 + e+ n)? — (I'a® +m'z +0)’,
(@* +pe +q) (@ +pz+q),
by solving a eubie equation ; and, consequently, the solution of
the biquadratic completed by solving two quadratics, viz., in the
first case, l2*+ mx +n =+ ({'a* + m'z +»") ; and in the second case,
2+ pe+q=0,and #*+ p'e+q¢ = 0.
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(2). Second method of solution : by assuming for a root ¢ general
Jorm mvolving radicals.
Assuming 2= p + /¢ to be aroot of the equation #*+Pr+Q=0,
and rationalizing the equation 2 = p + /g, we have
& - 2pxe + p*—q = 0.
Now, if this equation be identical with «* + Pz + Q =0, we have
2p=—-P, p’—q=8Q,
giving = ‘/(;-——-Pi‘/f’ 2,

which is the solution of the quadratic equation.
In the case of the cubic equ&tion we shall find that

n=vp+—

«/ P
is the proper form to represent a root ; this formula giving
precisely three values for #, in consequence of the manner in

which the cube root enfers into it.
Tn the casge of the biquadra‘cic equation we shall find that

7+ ( ————'—*“s \/(vl tvl‘ D - 7l
VELE T e vp+Bvq

are forms which represent a root; these formulas each giving

tour, and only tour, values 0t # When the square roots recelve
their double signs.

4k s - - - - -
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(3). Third method of solution : by symmetiic functions of the
r00ts.
Consider the quadratic equation «* + Pz + @ = 0, of which the

roots are a, 3.
Then a+ 3=~ P,

3= Q.

If we attempt to determine « and (3 by these equations, we
fall back on the original equation (see Axt. 24); but if we
could obtain a second equation between the roots and coeflicients,
of the form la + mf3 = f(P, Q), we could easily find a and 3 by
means of this equation and the equation a + [3 = - P.

Now in the case of the quadratic there is no difficulty in
finding the required equation ; for, obviously,

(a—f3)*=P*-4Q; and, therefore, a — 3= 4/ Pio4q.

In the case of the cubic equation 2 + P#* + Qe + B = 0, we

require fwo simple equations of the form
la +mf3 +ny =7 (P, Q, R),

in addition to the equation « + 3 + y = — I°, to determine the
roots a, [3, y. It will subsequently be proved thet the functions

(a+wf+w’y)’, (ar e+ oy)

may he expressed in terms of the coefficients by solving a guad-
ratic equation; and when their values are known the roots of

the cubic may be easily found.
In the case of the biquadratic equation

2+ P+ Qe+ Re+ S=0
we require three simple equations of the form
la+mf3 +ny+ré = f(P, A, R, 8),
in addition to the equation
atB+ry+é=—0P,
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06, The Algebraic Solution of the Cubic Eqgua-
tion.—Let the general cubic equation

a + 302+ 3ecxr+d=0

be put under the form
3+3Hz+G=0,

where z=ar+b, H=ac-¥, G=a"d-3abe+20 (see Art. 37).
To solve this equation, agsume®

. 2=vp+~q:
hence, cubing,
2=p+q+3vp Vo (V2 +v1),

therefore o
-8Upg.s-(p+q) =0.

Now, comparing coeflicients, we have
LYY o 7 s .
VoS g=—H, p+ g~
from which equations we obtain

P3G+ @F+4HY), ¢=4(-G-./ 6" +4H);
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58. Expression of the Cubic as the Bifference of two
Cubes.—Let the given cubic
ar® + 3’ + Sew + d = ¢ ()
be put under the form

2+ 31z + @G,
where z = ar + b.
Now assume
23—l-3Hs-1-G:-—1—{y(z+v)’—v(57p)’}, (1)
v

where p and v are quantities to be determined ; the second side
of this identity becomes, when reduced,
2 = Buvz - uv (u +v).
Comparing coeflicients,
w=—H, uv(ut+v)=—G;
therefore
G av/ A

pty = T M-ve ——H——-
where «'A = G* + 4H?, as in Arxt. 41

also (5+p) (z+v) = +—(i , - 1. (2)

Whence, putting for # its value, az+ b, we have from (1)

o ()= (G +ad® ( s G -addy (G- aA*\) ax+b+(uaM 3
e\ 2 ,) (T ( Zab ) ( Y14

which is the required expression of ¢ () as the difference of two
cubes.
The function (2), when transformed and reduced, becomes
a*
T !
which contains the two factors ax + b+ p, aw+ b+ v.
The expression of the roots of this quadratic in terms of the
.roots of the given cubic may be seen on referring to Ex. 23, p. 7.
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60. Homographic Relation beitween ftwo Rools of a
Cubie.—DBefore proceeding to the discussion of the biquadratic
we prove the following important proposition relative fo the
cubio :—

T'he roots of the cubic are connected in pairs by a homographie
relation in terms of the coefficients.

Referring to Example 13, Art. 27, we have the relations
a'f (B-v)?+ (y-a)f+ (a-[3)*)=18(a°-ctt.),
tt{a(B-v)*+ By —aff +yla-3)) = 9(aa-aa),
(B + By - 0 ¥ B} - 180 - aucs).

We adopt the notation

totts — " = H, asas—a,a,=2H,, a,a;— = H,.

Now, multiplying the above equations by af3, - (a + f3), 1,

respectively, and adding, since

—ala+f3)+aB3=0, [*-B(a+B)+a3=0,

we have
ai*(B—7v)(y —a)(a — B)' =18{Haf3 + Hi(a + 3] + H,;
a'(B=yl(y—a)f (a—B)=-272=108(HH,-H})
(see Art. 41); whence

but

tJ‘ % %§>“ Haf3+ Hi(a+[3) + Hy,

and, therefore,

s 1 [ a for: A J—A e

HGB"‘(H}:‘}"@V —g)a*‘(\ﬂl—g —3-)‘3-*-]{2_0’

which is the required homographic relation (see Art. 39).
12
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\gg_;/ KARPAGAM ACADEMY OF HIGHER EDUCATION
KA RP A G AM (Deemed to be University Established Under Section 3 of UGC Act 1956)
ACADEY OF HIGHER EDUCATION Pollachi Main Road, Eachanari (Po),
(abshagindrSection 3 UGCAc, 156 Coimbatore —641 021
Subject: THEORY OF EQUATIONS Subject Code: 17MMU202
Class : 1 B.Sc Mathematics Semester : 1l
UNIT -V
PART A (20x1=20 Marks)
(Question Nos. 1 to 20 Online Examinations)
Possible Questions
Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
The sum of products of the roots of
) y - , 99 100 0 -1 -1
rhkentond athxinies +1 =0
The sum of products of the roots of
ot BRik A® + o+ 1 = 0 » 100 * ' :
The sum of products of the roots of
: 5 99 100 1 -1 -1
erhkenttiede tyifited; s+ 1 = 0
The sum of products of the roots of
: . 99 100 1 -1 1
rehikentfaur by four s+ 1 =0
The sum of products of the roots of
99 100 1 -1 -1
xthkentin paifs ¥s° + -+ +1 =0
The absolute term of
¥SIOC. 3 “_gg i3 A\_gs ErI— l — 0 99 100 1 -1 1
The leading coefficient of
100 e T = 99 100 1 1 1
The number of terms involving in
1300 4 x95 4 x58 4 .4 1 =g0 99 100 101 102 101
The number of negative roots of
li_sleo_’x_g.g_'_‘rgs_“’_*_ l — O 100 99 1 0 0
The number of real roots of
The number of imaginary roots of
koo + x5 + x58 S i il 98 99 1 0 98
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and negative

nor negative

Root of 5 0
kS + x5 +x% + o+ x =10
Every root of an equation is a divisor of the ------ term first second third last last
--—-- root of an equation is a divisor of the last term Every Not every No positive Every

. . . . . both positive neither positive .
If all roots be negative, all coefficients will be negative positive P ] P i positive

and negative nor negative
. . . " both positive neither positive .

If all roots be -------- , all coefficients will be negative positive P P negative
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Date: 19.01.2018(AN)
Class: I B.Sc Mathematics

17MMU202

Karpagam Academy of Higher Education
Coimbatore-21
Department of Mathematics
Second Semester- I Internal test
Theory of equations

Time: 2 hours
Max Marks: 50

Answer ALL questions
PART - A (20 X 1 = 20 marks)

. The remainder when 3x* — 5x° + 10x2 + 11x — 61 is
divided by (x — 3), is

a. 173 b. 172
c. 171 d. 170

. The quotient when x° + x*> — 10x + 113 is divided
by (x +4), is

a. x* —4x3 + 16x% — 63x + 242
b. x* + 4x3 — 16x> — 63x + 242
c. x* —4x3 —16x% — 63x + 242
d. x* — 4x3 — 16x% — 63x — 242

. The curve of 2x% + x + 2 lies

a. entirely above x-axis
c. bothaandb

b. entirely below x-axis
d. neither anor b

. Roots of 2x2 + x — 6 are

a. -2 b.
c. bothaandb d. neither a nor b.

NI

10.

11.

Roots of 2x% + x + 2 are

a. real
c. bothaandb

b. complex
d. neither a nor b.

Roots of 2x% + x — 6 are

a. real
c. bothaandb

b. complex
d. neither a nor b.

The number of real zeros of the polynomial func-
tion x2 + 1 is

a.2 b. 3
c. 1 d. 0.
x1901 + 1001 = 0 has —— one real root

a. atmost b. atleast
c. exactly d. all the above.
x1902 _ 1001 = 0 has —— two real roots

a. atmost b. atleast
c. exactly d. all the above.
x192 — 102 = 0 has ——positive root

a. 1 b. 2
c.3 d. 0.

A polynomial equation in x of degree n always
have

b. n real roots
d. n — 1 complex roots

a. n distinct roots
c. n complex roots



12.

13.

14.

15.

16.

17.

18.

If -2 - 3i is a root of the polynomial equation
p(x) = 0, then another root is

b. 2+ 3i
d. neitheraorb

a. -2+ 3i
c.2-3i

A zero of the polynomial x> + 2x — 1 equals:

a. 1 b.i
c. —i d 1+

The equation x* + 2x + 3 = 0 has

b. three real roots
d. four real roots

a. one positive real root
c. one negative real root

The graph of x!% + 2x — 3 intersect the x axis at

a. atleast two points
c. bothaandb

b. one positive point
d. neither a nor b.

An even degree equation whose last term is posi-
tive, may have no —- root at all

a. real
c. bothaandb

b. complex
d. neither a nor b.

An odd degree equation whose last term is posi-
tive has atleast one —- root at all

a. positive
c. bothaand b

b. negative
d. neither a nor b.

Rootof x> —1=0is
—1+iV3

2
d. all the above

a. -1 b.

-1-ivV3
c. —

19.

20.

21.

22.
23.

24.

If the signs of the terms of an equation be all posi-
tive, it cannot have —

a. positive
c. bothaand b

b. negative
d. neither a nor b.

If the signs of the terms of a complete equation be
alternatively positive, it cannot have —

b. negative
d. neither a nor b.

a. positive
c. bothaandb

Part B-(3 X 2 = 6 marks)

Find Q and R when x° — 4x* + 7x® — 11x — 13 is
divided by x — 5

N

Form the equation whose roots are —%, 3,

State Descartes rule of signs for positive roots
Part C-(3 x 8 = 24 marks)

a) Ifin the polynomial apx" +a;x" 1+ - -+a,_1x+
ay, the value 7 + 1, or any greater value, be
substituted for x, where g4 , is that one of the
coefficients aq, - - - ,a, whose numerical value
is greatest, irrespective of sign, then prove
that the term containing the highest power of
x will exceed the sum of all the terms which
follow.

OR

b) i Find Q and R when x° +3x” — 15x% + 2 is
divided by x — 2
ii Tabulate polynomial x° + 3x” — 15x% + 2
for values of x



25.

26.

a)

b)

b)

Prove that an odd degree equation has atleast
one real root of a sign opposite to that of its
last term

OR

Prove that every equation of n dimensions
has n roots

i State and prove Descartes rule of signs
for negative roots

ii Form a rational equation which shall
have for two of is roots 1 + 5V-1 and

5-v-1
OR

Prove that if two numbers a and b, substi-
tuted for x in tle polynomial f(x), give results
with contrary signs, an odd rnumber of real
roots of the equation f(x) = 0 lies between
them. Also prove that if they give results
with the same sign, either no real root or an
even number of real roots lies between them.
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