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PART - A (20 x 1 = 20 Marks) 

 

Answer all the questions: 

1. A nonempty set of element G is said to form a ---------, if in G 

there is a binary operation satisfying closure, associative, identity 

and inverse property. 

a) subgroup  b) group 

c) kernel  d) commutator Subgroup 

2. The set of positive rationals is a group under ordinary 

multiplication , then the inverse of any a is -----------. 

a) 1/a   b) -a 

c) a   d) 0 

3. A group G is said to be -------------- if for every a, b   G, a.b = b.a. 

 a) infinite  b) subgroup 

c) abelian  d) finite 

4. Every element of the group G is its own -------then G is abelian. 

a) commutative  b) identity  

c) associative  d) inverse 

5. A nonempty subset H of a group G is said to be a ----------- of G if, 

under the product in G, H itself forms a group. 

a) subgroup  b) group 

c) kernel  d) commutator Subgroup 

 

 

6. A subgroup N of G is said to be a normal subgroup of G if --------- 

a) gng
-1

   G   b) gng   G  

c) gng
-1

   N   d) gng   N 

7. A homomorphism   of G into  ̅ with Kernel K   is an ---------- of 

G into  ̅ iff K   = (e). 

a) automorphism  b) endomorphism 

c) inner automorphism  d) isomorphism 

8.  A group is said to be --------- if it has no non-trivial normal 

subgroup. 

a) normal subgroup  b) commutator Subgroup 

c) group   d) kernel 

9. If   is a homomorphism of G into  ̅,then ----------- is defined by 

K={x   G |  (x) =   ̅}. 

a) subgroup   b) group 

c) kernel   d) commutator Subgroup 

10. A homomorphism of a group to itself is called an ________ 

a) monomorphism  b) canonical homomorphism 

c) homomorphism  d) endomorphism 

11. If two groups G and G
*
 are isomorphic then it is denoted by ------ 

a)        b)      
c)        d)       

12. The mapping  f : G→G/N is called a ------- mapping. 

a) natural   b) one-to-one 

c) onto    d) into 

13. Every subgroup of a ---------- group is normal. 

a) abelian   b) cyclic 

c) ring    d) field 

14. For two groups G and  ̅, a mapping       ̅is said to be --------- 

if   is homomorphism, one-to-one and onto. 

a) isomorphic   b) mesomorphic 

c) homomorphic  d) group 

15. Every homomorphic image of a group G is ----------- to some 

quotient group of G. 

a) automorphism  b) endomorphism 

c) inner automorphism  d) isomorphism 



16.  f    is a homomo phism of G in o G   hen   (x-1
) =  ------- 

a) (  (x))
-1

   b)   (x)  

c) x
-1

    d) x 

17. The ---------------- of a group G is an isomorphism of G onto itself. 

a) automorphism  b) endomorphism 

c) inner automorphism  d) isomorphism 

18. The ------ of a group G is defined by Z = {z G: zx = xz, all x G}. 

a) normal subgroup  b) center 

c) ideal    d) ring 

19. If G is a group, then the identity element of G is ---------- 

a) zero    b) two     

c) unique   d) one   

20. If a G, then N(a)={x G: ax = xa} is called the ---------- of a in G. 

a) kernal   b) group  

c) subgroup   d) normalizer 

 

PART – B (3 x 2 = 6 Marks) 

 

Answer all the questions: 

21. Define Homomorphism. 

22. Write the statement of Third Isomorphism Theorem. 

23. Define Inner Automorphism. 

 

PART – C (3 x 8 =24 Marks) 

 

Answer all the questions: 

24. a) If   is a homomorphism of G into  ̅, then Prove that 

     (i)  ( )   ̅, the unit element of  ̅  

     (ii)  (   )   ( )   for all x   G 

 

 (OR) 

 

      b) If   is a homomorphism of G into  ̅ with kernel K, then prove  

           that K is a normal subgroup of G 

 

25. a) S a e and p ove Cayley’s  heo em. 

 

(OR) 

 

      b) Let   is a homomorphism of G onto  ̅ with kernel K, then    

           prove that     ̅⁄ . 

 

26. a) If G is a group then prove that  ( ) is also a group. 

 

(OR) 

 

      b) Prove that  ( )    ⁄  and is the center of G. 
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S.No Lecture 

Duration 

Period 

Topics to be Covered Support 

Material/Page Nos 

  UNIT-I  

1 1 Introduction to Group 

Homomorphism 

T1:139-141 

2 1 Theorem on Kernels R2:56-58  

3 1 Continuation of the theorem on 

Kernels 

R2:58-60 

4 1 Tutorial – I  

5 1 Equivalence relations and 

partitions 

R4:53-55 

6 1 Cosets R4:57-59 

7 1 Restriction of homomorphism 

to a subgroups 

R4:59-61 

8 1 Tutorial – II  

9 1 Properties of homomorphism T1:142-144 

10 1 Continuation of properties of 

homomorphism 

T1:144-146 

11 1 Properties of elements under 

homomorphism 

R3:194 

12 1 Tutorial – III  

13 1 Properties of subgroup under 

homomorphism 

R3:195-196 

14 1 Introduction to Isomorphism R3:115-117 
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15 1 Cayley’s theorem R3:119-120 

16 1 Tutorial – IV  

17 1 Properties of isomorphism R3:121 

18 1 First isomorphism theorem T1:321-322 

19 1 Examples for First 

isomorphism theorem 

R3:199-200 

20 1 Tutorial – V  

21 1 Second isomorphism theorem T1:322-323 

22 1 Third isomorphism theorem T1:323-324 

23 1 Tutorial – VI  

24 1 Recapitulation and discussion 

of possible questions 

 

 Total No of  Hours Planned  For  Unit 1=24  

  UNIT-II  

1 1 Introduction to Automorphism T1:154-155 

2 1 Theorems on Automorphism R1:135-137 

3 1 Continuation of  theorems on 

Automorphism 

R1:137-139 

4 1 Tutorial – I   

5 1 Inner Automorphism R2:68-69 

6 1 Theorem on inner 

automorphism 

R3:124-125 

7 1 Continuation of theorem on 

inner automorphism 

R3:125-126 

8 1 Tutorial – II  

9 1 Theorems on automorphism 

groups of finite and infinite 

cyclic groups 

R2:66-67 

10 1 Continuation of theorems on 

automorphism groups of finite 

and infinite cyclic groups 

R2:67-68 

11 1 Factor groups T1:151-153 

12 1 Tutorial – III  
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13 1 Theorem on factor groups R3:173-175 

14 1 Continuation on theorem on 

factor groups 

R3:176-178 

15 1 Application of factor groups R3:178-179 

16 1 Tutorial – IV  

17 1 Continuation of application  of 

factor groups 

R3:179-180 

18 1 Characteristics subgroup R2:70-71 

19 1 Theorem on characteristics 

subgroup 

R2:71-72 

20 1 Tutorial – V  

21 1 Commutator subgroup T1:164-165 

22 1 Properties of commutator 

subgroup 

T1:165-166 

23 1 Tutorial – VI  

24 1 Recapitulation and discussion 

of possible questions 

 

  

Total No of  Hours Planned  For  Unit II=24 

 

  UNIT-III  

1 1 Introduction to direct product R1:154 

2 1 Theorems on direct problem R2:104-106 

3 1 Continuation of theorem on 

direct product 

R2:149-151 

4 1 Tutorial – I  
5 1 External direct product R3:149-151 

6 1 Properties of external direct 

product 

R3:151-152 

7 1 Continuation of external direct 

product 

R3:152-154 

8 1 Tutorial – II  

9 1 The group of units modulo n as 

an external direct product 

R3:154-155 

10 1 Continuation of the group of 

units modulo n as an external 

R3:155-156 
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direct product 

11 1 Internal direct product R2:109 

12 1 Tutorial – III  

13 1 Examples of internal direct 

product 

R2:110-111 

14 1 Theorem on U(n) as an 

external direct product 

R3:157 

15 1 Application of indirect product R2:111-112 

16 1 Tutorial – IV  

17 1 Application of direct product R3:158-159 

18 1 Continuation of application of 

direct product 

R3:161-161 

19 1 Finite abelian group R2:113 

20 1 Tutorial – V  

21 1 Fundamental theorem of finite 

abelian group 

T1:122-123 

22 1 Continuation of fundamental 

theorem of finite abelian group 

T1:124-125 

23 1 Tutorial – VI  

24 1 Recapitulation and discussion 

of possible questions 

 

 Total No of  Hours Planned  For  Unit III=24  

  UNIT-IV  

1 1 Notion of a group action T1:168-170 

2 1 Isotropy subgroups T1:170-171 

3 1 Orbits T1:172-173 

4 1 Tutorial – I  

5 1 Stabilizer R1:52-53 

6 1 Kernels R1:53-54 

7 1 Permutation R3:90-91 

8 1 Tutorial – II  
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9 1 Cycle notation R3:93-95 

10 1 Products of disjoint cycle R3:95-96 

11 1 Disjoint cycle commute R3:96-97 

12 1 Tutorial – III  

13 1 Order of permutation R3:97 

14 1 Product of 2 cycle R3:98-99 

15 1 Odd permutation of a group R3:99-100 

16 1 Tutorial – IV  

17 1 Even Permutation of a group R3:100-101 

18 1 Simple group R3:416-417 

19 1 Generalized Cayley’s theorem R3:419-420 

20 1 Tutorial – V  

21 1 Index theorem R3:420-421 

22 1 Continuation of Index theorem R3:421-422 

23 1 Tutorial – VI  

24 1 Recapitulation and discussion 

of possible questions 

 

 Total No of  Hours Planned  For  Unit IV=24  

  UNIT-V  

1 1 Groups acting on themselves 

by conjugacy   

 R1:124-126 

2 1 Class equation R1:126-127 

3 1 Tutorial – I  

4 1 Conjugacy in Sn R1:127-129 

5 1 p-groups R1:190-192 

6 1 Probability that two elements 

commute 

R3:397-398 

7 1 Tutorial – II  

8 1 Sylow’s first theorem R3:399 

9 1 Cauchy’s theorem R3:400 
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10 1 Sylow’s second theorem R3:400-401 

11 1 Tutorial – III  

12 1 Sylow’s third theorem R3:401-403 

13 1 Applications of Sylow theorem R3:403-405 

14 1 Tutorial – IV  

15 1 Continuation of applications of 

Sylow theorem  

R3:406 

16 1 Non Simplicity test  R3:417-418 

17 1 Continuation of Non 

Simplicity test 

R3:418-419 

18 1 Tutorial – V  

19 1 Simplicity of A5 R3:423 

20 1 Tutorial – VI  

21 1 Recapitulation and discussion 

of possible questions 

 

22 1 Discussion of previous ESE 

question papers. 

 

23 1 Discussion of previous ESE 

question papers. 

 

24 1 Discussion of previous ESE 

question papers. 

 

 Total No of  Hours Planned  for  unit V=24  

Total 

Planned 

Hours 

120   

 

TEXT BOOK 

1. Fraleigh.J.B., (2004). A First Course in Abstract Algebra , Seventh  edition , 

Pearson  Education   Ltd, Singapore. 

 

REFERENCES 

 

1. David S. Dummit and Richard M. Foote, (2004)., Abstract Algebra,. Third 

Edition., John Wiley and Sons (Asia) Pvt. Ltd., Singapore. 

2. Herstein.I.N.,(2010). Topics in Algebra ,Second Edition, Willey and sons Pvt 

Ltd, Singapore. 
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Question Choice 1 Choice 2 Choice 3 Choice 4 Answer

If a finite non abelian simple group G has a subgroup of 

index n, then show that G is isomorphic to a subgroup 

of An.

subgroup group kernel commutator Subgroup group

The set of positive rationals is a group under ordinary 

multiplication , then the inverse of any a is -----------.

1/a -a a 0 1/a

 A group G is said to be -------------- if for every a, b ∈ 

G, a.b = b.a.

infinite subgroup abelian finite abelian

Every element of the group G is its own -------then G is 

abelian.

commutative identity associative inverse inverse

A nonempty subset H of a group G is said to be a --------

--- of G if, under the product in G, H itself forms a 

group.

subgroup group kernel commutator Subgroup subgroup

 A subgroup N of G is said to be a normal subgroup of 

G if ---------
gng

-1
 ∈ G gng ∈ G gng

-1 ∈ N gng ∈ N gng
-1 ∈ N

 A homomorphism φ of G into G ̅ with Kernel K φ is an 

---------- of G into G ̅ iff K φ = (e).

automorphism endomorphism inner 

automorphism

isomorphism isomorphism

A group is said to be --------- if it has no non-trivial 

normal subgroup.

normal subgroup commutator 

Subgroup

group kernel normal subgroup

 If φ is a homomorphism of G into G ,̅ then ----------- is 

defined by K={x 

∈

 G | φ(x) =  e }̅.

subgroup group kernel commutator Subgroup kernel

Possible Questions                               
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 A homomorphism of a group to itself is called an 

________

monomorphism canonical 

homomorphism

homomorphism endomorphism endomorphism

 If two groups G and G* are isomorphic then it is 

denoted by ------

The mapping  f : G→G/N is called a ------- mapping. natural one-to-one onto into natural

   Every subgroup of a ---------- group is normal. abelian cyclic ring field cyclic

 For two groups G and G ̅, a mapping φ:G→(G ) ̅is said 

to be --------- if φ is homomorphism, one-to-one and 

onto.

isomorphic mesomorphic homomorphic group isomorphic

15. Every homomorphic image of a group G is ----------- 

to some quotient group of G.

automorphism endomorphism inner 

automorphism

isomorphism isomorphism

 If  φ is a homomorphism of G into G̅ then φ (x
-1

) =  -----

--

(φ (x))
-1 φ (x) x

-1 x (φ (x))
-1

17. The ---------------- of a group G is an isomorphism of 

G onto itself.

automorphism endomorphism inner 

automorphism

isomorphism automorphism

 The ------ of a group G is defined by Z = {z∈G: zx = 

xz, all x∈G}.

normal subgroup center ideal ring center

19. If G is a group, then the identity element of G is -----

-----

zero two    unique one  unique

 If a∈G, then N(a)={x∈G: ax = xa} is called the ---------- 

of a in G.

kernal group subgroup normalizer normalizer

Prepared by: A.Henna Shenofer, Department of Mathematics,KAHE
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Question Choice 1 Choice 2 Choice 3 Choice 4 Answer

 The --------------------- of groups G and H is given by {(g, 

h)|g ∈ G, h ∈ H}.

internal direct 

product

finite subgroup external direct 

product

infinite subgroup external direct 

product

The external direct product is denoted by --------. G⨂H G⨁H G⊝H G⨀H G⨁H

When G and H are any two groups, then G⊕H and H⊕G 

are ----------------- groups.

endomorphic mesomorphic homomorphic isomorphic isomorphic

The external direct product of n groups is -------------------- 

to the external direct product of any permutation of the 

same n groups.

endomorphic mesomorphic homomorphic isomorphic isomorphic

If G and H are finite groups with order m and n 

respectively, then G⊕H is a ------------- group with order 

mn.

infinite finite cyclic ring finite

The Zm⊕Zn≈Zmn when ----------------. gcd(m,n)=0 gcd(m,n)=2 gcd(m,n)=1 gcd(m,n)=3 gcd(m,n)=1

If G and H are infinite groups, then -------- is an infinite 

group.

G⨂H G⨁H G⊝H G⨀H G⨁H

If Z2 and Z3 are abelian, then ------------------- is also 

abelian. 

Z2⨁Z3 Z2⨂Z3 Z2⨀Z3 Z2⊖Z3 Z2⨁Z3

Let G, H be finite groups and let (g, h) ∈G⨁H, then O(g, h) 

= ------------------------.

gcd{O(g)+ O(h)} gcd{O(g), O(h)} lcm{O(g)+ O(h)} lcm{O(g), O(h)} lcm{O(g), O(h)}

Let G, H be finite cyclic groups, then G⨁H is cyclic iff ------

--------------.

lcm{O(G), 

O(H)}=1

lcm{O(G)+ 

O(H)}=1

gcd{O(G), 

O(H)}=1

gcd{O(G)+ 

O(H)}=1

gcd{O(G), O(H)}=1

Possible Questions                               
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Let s and t be natural numbers such that ---------------------, 

then Ut(st) ≈U(s).

lcm(s, t)=1 gcd(s, t)=1 lcm(s, t)=0 gcd(s, t)=0 gcd(s, t)=1

If ------------------ for i≠j, then U(n1.n2....nk) ≈U(n1) ⨁U(n2) 

⨁.......⨁U(nk).

gcd(ni, nj)=1 gcd(ni, nj)=0 gcd(ni, nj)=2 gcd(ni, nj)=3 gcd(ni, nj)=1

Which of the following is the application of external direct 

product?

number theory RSA public key 

encryption

data security all the above all the above

If G is an internal direct product of H and K, then it is 

denoted by -----------.

G=H x K G= H + K G=H – K G=H /K G=H x K

If H and K are normal subgroups of a group G and if G=HK 

and H∩K={e}, then G is ---------------of H and K.

external direct 

product

finite subgroup internal direct 

product

infinite subgroup internal direct 

product

A finite abelian group of prime power order is an internal 

direct product of ----------------- groups.

finite cyclic infinite normal cyclic

If G is a finite abelian group and ----------------, then G has a 

subgroup of order m.

n|O(G) n∤O(G) m∤O(G) m|O(G) m|O(G)

Every group of order 4 is ----------------. cyclic normal abelian finite abelian

U(2) is ----------------------- to {0}. isomorphic mesomorphic homomorphic group isomorphic

The -------------------------- is also called as Cartesian 

product.

external direct 

product

finite subgroup internal direct 

product

infinite subgroup internal direct 

product
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Question Choice 1 Choice 2 Choice 3 Choice 4 Answer

The group with the set of all permutations of a finite set 

with respect to the operation composition of permutations 

is known as --------.

symmetric group asymmetric group normal group cyclic group symmetric group

The set of all permutations of a finite set S is denoted by ---

---------.

s(S) Sym(S) sy(S) sym(sym) Sym(S)

Let G be a group, S be a set and suppose that G acts on S. 

Then the action of G on S is said to be ---if every element 

of group G induce the distinct permutation of S.

truthful cyclic faithful normal faithful

For the trivial action, it is faithful if ---------------. O(G)>0 O(G)>-1 O(G)>2 O(G)>1 O(G)>1

The action of G onto itself by ----------------- is faithful iff 

G has a trivial center.

conjugation normal trivial non trivial conjugation

If the action of group G onto the set S is faithful then the 

permutation represented associated to the action is always -

--------------.

bijective injective unique inverse injective

The -------------------- of a action is a subgroup of G. unique inverse kernel normal kernel

The -------------------- of a action of G on S is defined as {g 

∈ G : g . s = s, ∀ s ∈ S}.

unique inverse kernel normal kernel

For the --------------- action, the kernel of action is whole 

of G.

non trivial trivial kernel normal trivial

Possible Questions                               
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The ----------------- of stabilizers corresponding to every 

element of group G is always equal to the kernel of action.

addition subtraction union intersection intersection

The left cosets and right cosets of --------------- of action 

are same.

kernel inverse unique normal kernel

The number of distinct --------------- of kernel of action in 

G is equal to number of distinct permutations induced by 

elements of G under this action.

group subgroup cosets normal cosets

Let group G acts on a non-empty set S then the action of 

group G on S is said to be ----------- if G has exactly one 

orbit.

symmetric reflexive asymmetric transitive transitive

If group G acts on the set S, then every s ∈ S, the number 

of elements in equivalence class of ‘s’ is equal to the 

index of the ---------------- of ‘s’ in G.

orbit stabilizer normal transitive stabilizer

If group G acts on the set S, the S can be partitioned into 

unique set of disjoint ------------- of G.

normal stabilizer orbit transitive orbit

If the action of group G on S is ------------ then for every s, 

t ∈ S, there exist g ∈ G such that s=g.t.

transitive reflexive symmetric asymmetric transitive

The ---------------- is drawn as a corollary to the 

Generalized Cayley theorem.

Sylow’s theorem Lagrange’s 

theorem

Embedded 

theorem

Index theorem Index theorem

The -------------------- of kernel of action are same. left cosets right cosets both left cosets 

and right cosets

either left cosets or 

right cosets

both left cosets and 

right cosets

For the trivial action, the ------------ of action is whole of 

G.

kernel inverse unique normal kernel

The Index theorem is drawn as a corollary to the -------------

----.

Sylow’s theorem Generalized 

Cayley theorem

Embedded 

theorem

Lagrange’s 

theorem

Generalized Cayley 

theorem
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Question Choice 1 Choice 2 Choice 3 Choice 4 Answer

 A non-trivial group G is called ------------ if its only normal 

subgroups are {e} and G itself.

simple unique inverse identity simple

A infinite ----------------- group cannot be simple. non abelian abelian non trivial trivial abelian

A finite abelian group is simple iff its ------------ is a prime. ring value abelian order order

The alternating group An is simple for -----------. n≥3 n≥2 n≥5 n≥1 n≥5

The G must have a subgroup of order equal to the highest 

power of p that divides |G|. One such subgroup is called a ----

--------------------- of G.

sylow p-subgroup normal subgroup trivial subgroup non trivial 

subgroup

sylow p-subgroup

Using ----------- test , it is possible to sort out numbers which 

cannot be order of any simple group.

odd Sylow even unique Sylow

If G is a group of order ------, where n is an odd integer 

greater than 1 then G cannot be simple.

2+n 2-n 2n 2/n 2n

The ----------------- helps to use the known properties of 

alternating groups to determine non-simplicity of a group.

Sylow’s theorem Lagrange’s theorem Embedded 

theorem

Index theorem Embedded theorem

Which is the test of non-simplicity? Sylow’s theorem odd test both Sylow’s 

theorem and odd 

test

neither Sylow’s 

theorem nor odd 

theorem

both Sylow’s 

theorem and odd 

test

If the normal subgroups are {e} and G itself then the non-

trivial group G is called ----------.

simple unique inverse identity simple

Possible Questions                               
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When does a finite abelian group is simple? iff order is 2 iff order is not 

prime

iff order is odd iff order is prime iff order is prime

The elements a and b of a group G are conjugate in G, if -----

---------.
xax

-1
=1 xax

-1
=b xax

-1
=0 xax

-1
=a xax

-1
=b

The --------------------- of a is the set cl(a)={xax
-1

 |x ∈ G}. normal subgroup conjugacy class prime conjugacy class

A group of order p
n
, where p is prime is called a ----------------

-.

p-group n-group p
2
-group n

2
-group p-group

If |G| = --------------, then G is abelian. p p
2

p
3 –p p

2

If G is a group of order m and n divides m, G need not have 

a subgroup of order ------.

m m
2 n n

2 n

Which is the most important results in finite group theory? Sylow’s theorem Lagrange’s theorem Index theorem both Sylow’s and 

Lagrange theorem

both Sylow’s and 

Lagrange theorem

The --------------------- theorem gives a sufficient condition 

for the existence of subgroups.

Sylow’s Lagrange Index Embedded Sylow’s

If p
k
 divides |G|, then G has atleast one subgroup of order ----

.

p p
k

p
3 –p p

k

Any subgroup of order p
k
 is called a -------------------- of G. normal subgroup cyclic subgroup Sylow p-subgroup abelian subgroup Sylow p-subgroup
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Scope:On successful completion of course the learners gain about the groups, Fundamental 

Theorem and its properties.   

 

Objectives: To enable the students to learn and gain knowledge about group homomorphism, 

isomorphism, automorphism and its related properties. 

 

UNIT I   

Group homomorphisms, properties of homomorphisms, Cayley’s theorem, properties of 

isomorphisms, First, Second and Third isomorphism theorems. 

 

UNIT II 

Automorphism, inner automorphism, automorphism groups, automorphism groups of finite and 

infinite cyclic groups, applications of factor groups to automorphism groups, Characteristic 

subgroups, Commutator subgroup and its properties. 

 

UNIT III 

Properties of external direct products, the group of units modulo n as an external direct product, 

internal direct products, Fundamental Theorem of finite abelian groups. 

 

UNIT IV 

Group actions, stabilizers and kernels, permutation representation associated with a given group 

action, Applications of group actions: Generalized Cayley’s theorem, Index theorem. 

 

UNIT V 

Groups acting on themselves by conjugation, class equation and consequences, conjugacy in Sn, 

p-groups, Sylow’s theorems and consequences, Cauchy’s theorem, Simplicity of An for n ≥ 5, 

non-simplicity tests. 
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UNIT-I 

SYLLABUS 

Group homomorphisms, properties of homomorphism, Cayley’s theorem, properties of 

isomorphisms, First, Second and Third isomorphism theorems 

 

 

 

 

 

Properties of Homomorphisms 

Properties of Elements under Homomorphism 
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Properties of Subgroups under Homomorphisms 

  

Lemma 

 

 
Lemma 
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Cayley’s Theorem 
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Properties of Isomorphisms Acting on Elements 

 
Properties of Isomorphisms Acting on Groups 

 
Theorem 
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Lemma 

 
Proof 

 

 

 
Theorem 

 
Proof 

 

 
 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401            UNIT: I(Group Homomorphism)       BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 6/7             
 

 
Theorem 

 
Proof 
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POSSIBLE QUESTIONS 

 

PART-B (5 x 2 =10 Marks) 

Answer all the questions 

1. Define Homomorphism. 

2. Define Isomorphism. 

3. Define Normalizer. 

4. Define centre of a group. 

5. Write about Kernel of a group. 

PART-C (5 x 6 =30 Marks) 

Answer all the questions 

1. Let G be a group of all non zero real number under multiplication and  ̅={1, -1}be group 

under multiplication. Prove that   is a homomorphism. 

2. If  is a homomorphism of G into  ̅, then prove that 

(i)  ( )   ̅, the unit element in  ̅  

(ii)  (   )   ( )       . 

 

3. Let   be a homomorphism of G into  ̅ with kernel K, then prove that K is a normal 

subgroup of G. 

4. If   is a homomorphism of G onto  ̅ with kernel K, then show that the set of all inverse 

images  ̅   ̅ under   in G is given by kx where x is any particular inverse image of  ̅ in 

G. 

5. State and prove fundamental theorem of homomorphism. 

6. State and prove first isomorphism theorem. 

7. Let   be the homomorphism of G onto  ̅with kernel K. For   ̅is a subgroup of  ̅, let H 

be defined by H = {      ( )   ̅}. Then prove that H is a subgroup of G and H   K. 

If  ̅ is normal in  ̅, then H is normal in G.  

8. State and prove third isomorphism theorem. 

9. State and prove second isomorphism theorem. 

10. State and prove Cayley’s theorem. 
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UNIT-II 

SYLLABUS 

Automorphism, inner automorphism, automorphism groups, automorphism groups of finite and 

infinite cyclic groups, applications of factor groups to automorphism groups, Characteristic 

subgroups, Commutator subgroup and its properties. 

 

 

 

 

 
Example  

 

 
Example 
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Theorem 

 

 

 

 
 
 
 
 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401                  UNIT: II(Automorphism)               BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 3/11             
 

 

 

 

 

 

 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401                  UNIT: II(Automorphism)               BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 4/11             
 

 

 

 

 

 

 
 
 
 
 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401                  UNIT: II(Automorphism)               BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 5/11             
 

 

 
Theorem  

 

 
 

 

 

 

 
 

 
 

 

 

 

 

 
 
Theorem 

 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401                  UNIT: II(Automorphism)               BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 6/11             
 

 

 
  

 

 

 

 

 
 

 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401                  UNIT: II(Automorphism)               BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 7/11             
 

 

 

 
Example 

 

 

 

 

 

 

 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401                  UNIT: II(Automorphism)               BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 8/11             
 

 

 

 

 

 

 

 
 

 

 

 
 

 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401                  UNIT: II(Automorphism)               BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 9/11             
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401                  UNIT: II(Automorphism)               BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 10/11             
 

 

 

 

 
 

 

 

 

 
 

 

 

 

 

 

 

 
 

 

 
 

 

 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401                  UNIT: II(Automorphism)               BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 11/11             
 

POSSIBLE QUESTIONS 

 

PART-B (5 x 2 =10 Marks) 

Answer all the questions 

1. Define Automorphism. 

2. Define Inner Automorphism. 

3. Define factor group. 

4. Write about generator of a group. 

5. Define Characteristic subgroup. 

PART-C (5 x 6 =30 Marks) 

Answer all the questions 

1. Prove that if G is a group, the Aut(G) is also a group. 

2. Let G be a group and g   . Prove that Tg is an automorphism. 

3. Prove that Inn(G)   G/Z. 

4. Determine Aut(Z10). 

5. Prove that Aut(Zn)   U(n). 

6. Let G be a group and let Z(G) be the centre of G. If G/Z(G) is cyclic , then prove that 

G is abelian. 

7. For any group G, show that G/Z(G) is isomorphic to Inn(G). 

8. Prove that every characteristic subgroup N of a group G is normal in G. 

9. Show that characteristic property is transitive. 

10. Prove that commutator subgroup is a characteristic subgroup. 
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UNIT-II 

SYLLABUS 

Automorphism, inner automorphism, automorphism groups, automorphism groups of finite and 

infinite cyclic groups, applications of factor groups to automorphism groups, Characteristic 

subgroups, Commutator subgroup and its properties. 

 

 

 

 

 
Example  

 

 
Example 
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POSSIBLE QUESTIONS 

 

PART-B (5 x 2 =10 Marks) 

Answer all the questions 

1. Define Automorphism. 

2. Define Inner Automorphism. 

3. Define factor group. 

4. Write about generator of a group. 

5. Define Characteristic subgroup. 

PART-C (5 x 6 =30 Marks) 

Answer all the questions 

1. Prove that if G is a group, the Aut(G) is also a group. 

2. Let G be a group and g   . Prove that Tg is an automorphism. 

3. Prove that Inn(G)   G/Z. 

4. Determine Aut(Z10). 

5. Prove that Aut(Zn)   U(n). 

6. Let G be a group and let Z(G) be the centre of G. If G/Z(G) is cyclic , then prove that 

G is abelian. 

7. For any group G, show that G/Z(G) is isomorphic to Inn(G). 

8. Prove that every characteristic subgroup N of a group G is normal in G. 

9. Show that characteristic property is transitive. 

10. Prove that commutator subgroup is a characteristic subgroup. 
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UNIT-III 

SYLLABUS 

Properties of external direct products, the group of units modulo n as an external direct product, 

internal direct products, Fundamental Theorem of finite abelian groups. 
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POSSIBLE QUESTIONS 

 

PART-B (5 x 2 =10 Marks) 

Answer all the questions 

1. Define external direct product. 

2. Define internal direct product. 

3. Write the statement of fundamental theorem of finite abelian groups. 

4. Write an example for external direct product. 

5. Write an example for internal direct product. 

PART-C (5 x 6 =30 Marks) 

Answer all the questions 

1. Prove that the order of an element of a direct product of a finite number of finite 

group is the least common multiple of the orders of the components of the element. 

2. Let G and H be the finite cyclic groups. Then prove that G   is cyclic iff | |   | | 

are relatively prime. 

3. Find out the number of elements of order 5 in Z25 Z10. 

4. Let s and t be natural numbers such that cd(s, t)= 1, then prove that U(t)  U(s) U(t). 

5. If G is the internal direct product of its normal subgroups H1,H2, …..,Hn then prove 

that G  H1 H2 ….. Hn. 

6. If G is an internal direct product of its normal subgroups  H1,H2, …..,Hn, then prove 

that every element of G can be uniquely expressed as h1h2….hn where hi  Hi for 

1    . 

7. Let G be a finite abelian group of order p
n
m where p is a prime that does not divide 

m. Then prove that G=H x K. Moreover | | = p
n
. 

8. Let G be an abelian group of prime –power order and let a be an element of maximal 

order in G. Prove that =     x K for some K G. 

9. Show that a finite abelian group of prime –power order is an internal direct product of 

cyclic groups. 

10. State and prove the fundamental theorem of finite abelian groups. 

 

 

 

 

 



KARPAGAM ACADEMY OF HIGHER EDUCATION 
      CLASS: II B.Sc MATHEMATICS                                COURSE NAME: GROUP THEORY II 

COURSE CODE: 16MMU401                   UNIT: IV(Group Actions)             BATCH-2016-2019 
 

Prepared by A. Henna Shenofer, Asst Prof, Department of Mathematics, KAHE Page 1/15             
 

 

UNIT-IV 

SYLLABUS 

Group actions, stabilizers and kernels, permutation representation associated with a given group 

action, Applications of group actions: Generalized Cayley’s theorem, Index theorem. 
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POSSIBLE QUESTIONS 

 

PART-B (5 x 2 =10 Marks) 

Answer all the questions 

1. Define stabilizer. 

2. Define Orbit. 

3. Define permutation groups. 

4. Define Kernel of action. 

5. Define faithful action. 

PART-C (5 x 6 =30 Marks) 

Answer all the questions 

1. Let  be a group action on the nonempty set A. The relation on A defined by a b iff 

a=g.b for some g    then prove that ‘ ’ is an equivalence relation on A. 

2. Let G be a group, S be a set and suppose G acts on S, then prove that kernel of action 

is a subgroup of G. 

3. Let G be a group and S be a set. Suppose that G acts on S, then prove that any two 

elements of G induce same permutation iff they are in the same coset of kernel of 

action. 

4. Let G be a group, S be a set and suppose G acts on S. Let a, b S such that b = g.a for 

some g   , then prove that Gb = gGag
-1

, where Ga and Gb are stabilizers of a and b 

respectively. 

5. If G is a group such that O(G)=p
n
 for some prime p and positive integer a. Then show 

that subgroup of index p is normal in G. Deduce that group of order p
2
 has normal 

subgroup of order p. 

6. Let G be a group and S be a set. Suppose that G acts on S, then prove that for each s  

S, the stabilizer Gsof  in g is a subgroup of G. 

7. Prove that every element of the symmetric group Sn has a unique cycle 

decomposition. 

8. State and prove the Generelized Cayley’s theorem. 

9. State and prove Index theorem. 

10. If g is a finite group and H<G such that iG(H) = p, where p is the smallest prime such 

that p\O(G), then prove that H normal in G. 
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UNIT-V 

SYLLABUS 

Groups acting on themselves by conjugation, class equation and consequences, conjugacy in Sn, 

p-groups, Sylow’s theorems and consequences, Cauchy’s theorem, Simplicity of An for n ≥ 5, 

non-simplicity tests. 
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The Simplicity of A5 
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POSSIBLE QUESTIONS 

 

PART-B (5 x 2 =10 Marks) 

Answer all the questions 

1. Write about the conjugacy class of a. 

2. Define Sylow p-subgroup. 

3. Define cycle type. 

4. State Cauchy’s theorem. 

5. Define conjugate subgroup. 

PART-C (5 x 6 =30 Marks) 

Answer all the questions 

1. Let G be a finite group and let g1,g2,......gr be representatives of the distinct conjugacy 

classes of G not contained in the centre Z(G) of G, then prove that | |  |    |  

∑ |        |
 
   . 

2. If p is a prime and P is a group of prime power order    for some    , then prove 

that p has a non trivial center.  

3. Prove that A5 is a simple group. 

4. Prove that if an integer of the form 2n, where n is an odd number greater than 1, is not 

the order of a simple group. 

5. State and prove Cauchy’s theorem. 

6. State and prove Sylow’s first theorem. 

7. State and prove Sylow’s second theorem. 

8. State and prove Sylow’s third theorem. 

9. If a finite non abelian simple group G has a subgroup of index n, then show that G is 

isomorphic to a subgroup of An. 

10. Let G be a finite group and let p be a prime. If p
k
 divides | |, then prove that G atleast 

one subgroup of order p
k
. 
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