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PART-A(20X1=20 Marks)
Answer all the Questions:

1. A Polynomial f(x) = x2+(i+2)x+25 is in____________
(a) N[x] (b) R[x] (c) Q[x] (d) C[x]

2. Which one of the below is constant polynomial?
(a) f(x)in F[x] (b) f(x) = 5x (c) f(x) = 5 (d) f(x) = 2x

3. The greatest common divisor of all the coefficients of f(x) is
called _________
(a) content (b) primitive
(c) zero polynomial (d) constant polynomial

4. If a polynomial is called primitive then _________
(a) coefficients GCD value is 1(b) Deg(f(x)) = 1
(c) Deg(f(x)) = 1 (d) coefficients GCD value is 0

5. The degree of f(x) = (3x2+5x-2)(x+8) is ________
(a) 3 (b) 1 (c) 2 (d) 8

6. If deg(f(x)) = 5 and deg(g(x)) = 5 then deg (f(x).g(x)) is ______
(a) 5 (b) 10 (c) 25 (d) 55

7. Root of the polynomial f(x) = x2+2 is in _________
(a) N ` (b) Z (c) R (d) all the above

8. If F: Z[x]Z3[x] then the polynomial f(x) = 5x2+3x-8 in Z[x] is
transform to __________ in Z3[x]
(a) same (b) 2(x2-1) (c) 2(x2+1) (d) not exist

9. An element a in F is a zero of f(x) in F[x] iff x-a is a
_________ of f(x) in F[x].

(a) factor (b) content (c) primitive (d) solution

10. The polynomial f(x) = x4+3x3+2x+4 in Z5[x] has a zero____
in Z5

(a) 1 (b) 6 (c) -1 (d) 11
11. If the polynomial f(x) = x2+3x+2 is reducible over _______

(a) Q ` (b) Z (c) R (d) all the above
12. The polynomial f(x) = a(x).b(x) is called irreducible then ______

(a) Neither a(x) =1 nor b(x) = 1 (b) either a(x) =1 or b(x) = 1
(c) both a(x) and b(x) non unit (d) deg(a(x)) > deg(f(x))

13. A polynomial f(x) is the product of two lower degree
polynomial then f(x) is called ______
(a) primitive (b) content (c) reducible (d) irreducible

14. From the division algorithm, f(x) = g(x) q(x) + r(x) where
_______
(a) r(x)=0
(b) r(x)=0 or deg (r(x)) < deg(g(x))
(c) deg (r(x)) < deg(g(x))
(d) deg (r(x)) < deg(f(x))

15. Every polynomial can be expressed as the irreducible or
product of irreducible polynomial in ___________
(a) unique way (b) multiple way
(c) finite number of way (d) no way

16. In Z2[x] ___________ is possible
(a) (x+1) 2 = x2+1 (b) x+5 = x+1 (c) 8=0 (d) all the above

17. A non zero polynomial f(x) in F[x] of degree n has ______zeros.
(a) at least n (b) atmost n
(c) equal to n (d) all of the three posible

18. If p(x) is irreducible and p(x)divides r(x) and s(x) then ___
(a) either p(x) divides r(x) or p(x) divides s(x)
(b) neither p(x) divides r(x) nor p(x) divides s(x)
(c) p(x) divides r(x)
(d) p(x) divides s(x)
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19. If f(x) = x3+x+2 then the polynomial is ________
(a) primitive (b) degree 2 (c) content 3 (d) not in Q

20. Eisenstein criterion is the reducibility test for __________
(a) rational (b) irrational (c) real numbers (d) all the above

PART-B (3X2=6 Marks)
Answer all the Questions:

21. Define Principal ideal domain.
22. Find all the zeros of f(x) = x4+4 in Z5

23. Define irreducible polynomial with example.

PART-C (3X8=24 Marks)
Answer all the Questions:

24. (a) State and prove division algorithm for polynomial.
(OR)

(b) The polynomial x3+2x2+2x+1 factored into the linear
factor in Z7[x]. Find this factorization.

25. (a) State and prove Eisenstein criterion.
(OR)

(b) State and prove factor theorem.

26. (a) State and prove Unique factorization theorem
(OR)

(b) Let f(x) and g(x) be any two polynomial then prove that
deg(f(x).g(x)) = deg (f(x)) + deg (g(x)).
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S. No 

Lecture 

Duration 

Hour 

Topics To Be Covered Support Materials 

UNIT-I 

S.NO DURATION 

HOURS 

TOPICS TO BE COVERED SUPPORT 

MATERIAL 

 

1 1 Definition and Examples of Ring T1: chap-IV Pg.No:167-

168 

2 1 Polynomial rings over commutative rings T1: chap-IV Pg.No:198-

209 

3 1 Tutorial  

4 1 Division algorithm for polynomial Ring. T1: chap-IV Pg.No:210-

212 

5 1 Principal ideal domains T1: chap-IX Pg.No:391-

393 

6 1 Tutorial  

7 1 Factorization of polynomials T1: chap-V Pg.No:237-

239 

8 1 Theorems on Factorization of Polynomials T1: chap-V Pg.No:242-

243 

9 1 Reducibility tests T1: chap-IV Pg.No:214-

216 

10 1 Tutorial  

11 1 Irreducibility tests T1: chap-IV Pg.No:216-

218 

12 1 Theorems for Reducibility and irreducibility T1: chap-IV Pg.No:214-

218 

13 1 Continuous of theorems on irreducibility T1: chap-IV Pg.No:218-

220 

14 1 Tutorial  
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15 1 Eisenstein criterion T1: chap-IV Pg.No:215-

217 

16 1 Unique factorization in Z[x]. T1: chap-IV Pg.No:217-

218 

17 1 Tutorial  

18 1 Recapitulation and Discussion  of possible 

questions 

 

 Total No of  Hours Planned  For  Unit 1=18  

  

UNIT-II 

1 1 Divisibility in integral domains T1: chap-IX Pg.No:388-

389 

2 1 Primes T1: chap-IX Pg.No:394 

3 1 Irreducible T1: chap-IX Pg.No:389-

390 

4 1 Tutorial  

5 1 Examples of Prime and irreducible. T1: chap-IX Pg.No:394-

395 

6 1 Theorems on prime and irreducible. R3: chap-17 Pg.No:1063 

7 1 Principle Ideal Domain T1: chap-IX Pg.No:391-

393 

8 1 Tutorial  

9 1 Unique Factorization Domain T1: chap-IX Pg.No:390-

391 

10 1 Theorems on PID and UFD T1: chap-IX Pg.No:391-

398 

11 1 Corollary and Example of above theorem. T1: chap-IX Pg.No:341-

398 

12 1 Tutorial  

13 1 Euclidean Domain definition with examples T1: chap-IX Pg.No:401 

14 1 Theorems on ED and PID T1: chap-IX Pg.No:402-

404 

15 1 Tutorial  

16 1 Corollary on ED and UFD T1: chap-IX Pg.No:404-

406 

17 1 Example of Guassin integer T1: chap-IX Pg.No:407-

411 

18 1 Tutorial  

19 1 Recapitulation and Discussion  of possible 

questions 

 

 Total No of  Hours Planned  For  Unit 2=19  

UNIT-III 

1 1 Introduction to Dual Spaces R1: chap-16 Pg.No:987-

990 

2 1 Definition and concepts of Dual basis R1: chap-16 Pg.No:990-
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994 

3 1 dual basis, double dual R1: chap-16 Pg.No:112-

994 

4 1 Tutorial  

5 1 Transpose of a linear transformation and its 

matrix in the dual basis 

R3: chap-16 

Pg.No:1010-1015 

6 1 Transpose of a linear transformation and its 

matrix in the dual basis-Problems 

R3: chap-16 

Pg.No:1026-1030 

8 1 Tutorial  

9 1 Annihilator-Definition and basic concepts R3: chap-16 

Pg.No:1030-1032 

10 1 Theorems on Annihilator R3: chap-16 

Pg.No:1032-1035 

11 1 Eigen spaces of a linear operator R3: chap-16 

Pg.No:1041-1048 

12 1 Tutorial  

13 1 Diagonalizability R3: chap-16 

Pg.No:1041-1048 

14 1 invariant subspaces 

and Cayley-Hamilton theorem 

R3: chap-16 

Pg.No:1048-1055 

15 1 Tutorial  

16 1 Problems on Cayley-Hamilton theorem R3: chap-16 

Pg.No:1050-1055 

17 1 Minimal polynomial for a linear operator R3: chap-16 

Pg.No:1050-1055 

18 1 Tutorial  

19 1 Recapitulation and Discussion  of possible 

questions 

 

 Total No of  Hours Planned  For  Unit 3 =19  

UNIT-IV 

1 1 Inner product spaces R3: chap-17 Pg.No:1081-

1083 

2 1  Norm of the inner product spaces-

Definitions 

R3: chap-17 Pg.No:1070-

1080 

3 1 Examples For Inner Product Spaces And 

Norms 

R3: chap-17 Pg.No:1070-

1080 

4 1 Tutorial  

5 1 Gram-Schmidt orthogonalisation process-

theorem 

R1:Chap-13 Pg.No:1034-

1035 

6 1 Continuation of the theorem on Gram-

Schmidt orthogonalisation process 

R1:Chap- Pg.No:1035-

1037 

7 1 Problems on Gram-Schmidt 

orthogonalisation process 

R3: chap-17 Pg.No:1083-

1090 

8 1 Tutorial  

9 1 Orthogonal Complements R3: chap-17 Pg.No:1083-
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1090 

10 1 Bessel’s inequality 

 

R3: chap-17 Pg.No:1083-

1090 

11 1 The adjoint of a linear operator 

 

 

R2: chap-10 Pg.No:1061-

1090 

12 1 Tutorial  

13 1 Theorems on  the adjoint of a linear operator  

14 1 Continuation of theorems on adjoint of a 

linear operator 

 

15 1 Tutorial  

16 1 Recapitulation and Discussion  of possible 

questions 

 

 Total No of  Hours Planned  For  Unit 4=16  

UNIT-V 

1 1 Least Squares Approximation R3: chap-17 

Pg.No:1091-1097 

2 1 Theorem on Least Squares Approximation R3: chap-17 

Pg.No:1117-1120 

3 1 Problems on Least Squares Approximation R3: chap-17 

Pg.No:1120-1128 

4 1 Tutorial  

5 1 Systems of linear equations R1: chap- Pg.No: 

6 1 Minimal solutions to systems of linear 

equations 

R1: chap- Pg.No: 

7 1 Tutorial  

8 1 Normaloperator-Problems  R3: chap-17 

Pg.No:1128-1129 

9 1 self-adjoint operators-Problems R3: chap-17 

Pg.No:1129-1133 

10 1 Tutorial  

11 1 Orthogonal projections  R3: chap-17 

Pg.No:1135-1136 

12 1 Problems on Orthogonal projections  R3: chap-17 

Pg.No:1136-1138 

13 1 Spectral theorem R3: chap-17 

Pg.No:1136-1138 

14 1 Tutorial  

15 1 Recapitulation and Discussion  of possible 

questions 

 

16 1 Discussion on Previous ESE Question Papers  

17 1 Discussion on Previous ESE Question Papers  

18 1 Discussion on Previous ESE Question Papers  

 Total No of  Hours Planned  For  Unit 5=18  
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REFERENCES 

1. Stephen H. Friedberg., Arnold J. Insel., Lawrence E. Spence, (2004) . Linear Algebra, 
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3. Joseph A. Gallian., (2001). Contemporary Abstract Algebra, Fourth Edition.,Narosa 
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   SYLLABUS 

Semester – IV  

                   L   T   P   C 

16MMU403  RING THEORY AND LINEAR ALGEBRA   II               6    2    0    6 

 

Scope: On successful completion of course the learners gain about the behavior of polynomials 

and operators. 

Objectives: To enable the students to learn and gain knowledge about polynomial rings over 

commutative rings, dual spaces, dual basis, double dual, minimal solutions to systems of linear 

equations, normal and self-adjoint operators. 

UNIT I 

Polynomial rings over commutative rings, division algorithm and consequences, principal ideal 

domains, factorization of polynomials, reducibility tests, irreducibility tests, Eisenstein criterion, 

unique factorization in Z[x]. 

 UNIT II 

Divisibility in integral domains, irreducibles, primes, unique factorization domains, Euclidean 

domains. 

UNIT III 

Dual spaces, dual basis, double dual, transpose of a linear transformation and its matrix in the 

dual basis, annihilators, Eigen spaces of a linear operator, diagonalizability, invariant subspaces 

and Cayley-Hamilton theorem, the minimal polynomial for a linear operator. 

UNIT IV 

Inner product spaces and norms, Gram-Schmidt orthogonalisation process, orthogonal 

complements, Bessel’s inequality, the adjoint of a linear operator. 

UNIT V 

Least Squares Approximation, minimal solutions to systems of linear equations, Normal and 

self-adjoint operators, Orthogonal projections and Spectral theorem. 

 

SUGGESTED READINGS 

TEXT BOOKS 

 

1. Fraleigh.J.B., (2004). A First Course in Abstract Algebra , Seventh  Edition , Pearson  

EducationLtd, Singapore. 

REFERENCES 

1. Stephen H. Friedberg., Arnold J. Insel., Lawrence E. Spence, (2004) . Linear Algebra, Fourth 

Edition., Prentice- Hall of India Pvt. Ltd., New Delhi.  

 

2. S. Lang, (2005). Introduction to Linear Algebra, Second Edition, Springer.2. 

Herstein.I.N.,(2010). Topics in Algebra ,Second Edition, Willey and sons Pvt Ltd, Singapore. 

3. Joseph A. Gallian., (2001). Contemporary Abstract Algebra, Fourth Edition.,Narosa 

Publishing House,  New Delhi.  

4. Artin.M., (2008).Algebra, Prentice - Hall of India, New Delhi. 
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Least Squares Approximation, minimal solutions to systems of linear equations, Normal 

and self-adjoint operators, Orthogonal projections and Spectral theorem. 
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POSSIBLE QUESTIONS 

 

PART-B (5 x 2 =10 Marks) 

Answer all the questions 

1. Define Homomorphism. 

2. Define Isomorphism. 

3. Define Normalizer. 

4. Define centre of a group. 

5. Write about Kernel of a group. 

PART-C (5 x 6 =30 Marks) 

Answer all the questions 

1. Let G be a group of all non zero real number under multiplication and 𝐺̅={1, -1}be group 

under multiplication. Prove that 𝜑 is a homomorphism. 

2. If 𝜑is a homomorphism of G into 𝐺̅, then prove that 

(i) φ(e) = e̅, the unit element in 𝐺̅. 

(ii) φ(x−1) = φ(x)−1∀ x ∈ G. 

 

3. Let 𝜑 be a homomorphism of G into 𝐺̅ with kernel K, then prove that K is a normal 

subgroup of G. 

4. If 𝜑 is a homomorphism of G onto 𝐺̅ with kernel K, then show that the set of all inverse 

images 𝑔̅ ∈ 𝐺̅ under 𝜑 in G is given by kx where x is any particular inverse image of 𝑔̅ in 

G. 

5. State and prove fundamental theorem of homomorphism. 

6. State and prove first isomorphism theorem. 

7. Let 𝜑 be the homomorphism of G onto 𝐺̅with kernel K. For H ̅is a subgroup of 𝐺̅, let H 

be defined by H = {x ∈ G ∶  φ(x) ∈ H̅}. Then prove that H is a subgroup of G and H⊃ K. 

If H̅ is normal in 𝐺̅, then H is normal in G.  

8. State and prove third isomorphism theorem. 

9. State and prove second isomorphism theorem. 

10. State and prove Cayley’s theorem. 
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UNIT -I 
PART A (20x1=20 Marks)

   (Question Nos. 1 to 20 Online Examinations)
Possible Questions                               

Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
A commutative ring with unity without zero divisors is called ------- integral domain zero identity commutative ring integral domain
A commutative ring with unity ------------ is called integral domain

without zero 
divisors with zero divisors zero identity without zero divisors

A commutative division ring is --------- ring Field integral domain zero Field
Another name of division ring is------------- Field integral domain skew Field group Field
Every -------------- is a field integral domain

finite integral 
domain

infinite integral 
domain ring finite integral domain

An element a of a ring R is  said to be idempotent  if ------- a=1 a2
=1 a2

=a   a2
=0 a2

=a   
An element a of a ring R is  said to be ------------- if a2

=a idempotent nilpotent identity none idempotent
An element a of a ring R is  said to be -------------- if a2

=0 idempotent nilpotent identity none nilpotent
A commutative ring is an ---------- if it has no zero divisors Division ring field integral domain Eucledian ring integral domain
A ring is said to be ------------------ if its nonzero elements form a group 
under multiplication Division ring field integral domain Eucledian ring Division ring
A ring is said to be division ring if its nonzero elements form a ----------------
- under multiplication Division ring group integral domain Eucledian ring group
A commutative ring is an integral domain if it has -------------------- Division ring field no zero divisiors zero divisiors no zero divisiors
A finite integral domain is a ---------- Division ring field integral domain Eucledian ring field
A ----------------- is a field- Division ring

finite integral 
domain integral domain ring finite integral domain

A homomorphism of R into R’ is said to be an ---------- if it is a one-to one 
mapping isomorphism automorphism homomorphism monomorphism isomorphism
A homomorphism of R into R’ is said to be an isomrphism if it is a ------------
--mapping one-one onto into into & onto one-one
A homomorphism of R into R’ is said to be an isomrphism if and only if 
I(F)= ------- one zero two three zero
A -------------------- ring is an integral domain if it has no zero divisors Division ring field commutative ring Eucledian ring commutative ring 
A------------ possesses a unit element Division ring field integral domain Eucledian ring Eucledian ring
A non-empty set I is called ------------ if it is both left and right ideal K one-sided ideal two-sided ideal field integral domain two-sided ideal
A non-empty set I is called two sided ideal if it is --------------------- left ideal right ideal field

both left and right 
ideal

both left and right 
ideal

The polynomial is said to be --------- if the G.C.D is one primitive field integral domain Eucledian ring primitive
The polynomial is said to be primitive if the G.C.D is ------------- two   one zero four one

A polynomial is said to be integer monic if all its coefficients are -------------- integers rational real complex integers
A polynomial is said  to be --------------- if all its coefficients are integers integer monic rational monic real monic complex monic integer monic
J(i) is a ------------------- integral domain Euclidean ring Field skew field Euclidean ring
.---------------- is a Eucledian ring. F(i) J(i) M(i) A(i) J(i)
If aÎR is an  ----------------- and a/bc, then a/b or a/c zero divisor primitive irreducible integers irreducible
___________  is a commutative ring with unit element (R, +,.) (Z, *,.) (R, *,.) (R, +,*) (R, +,.)
(R, +,.)  is a ___________  with unit element field commutative ring Eucledian ring ring commutative ring
If in a ring R there is an element 1 in R such that a.1=1.a=a then R is --------

ring with unit 
element commutative ring zero none ring with unit element

If the multiplication of R such that a.b=b.a then R is --------
ring with unit 
element commutative ring zero none commutative ring
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UNIT-I

SYLLABUS

Polynomial rings over commutative rings, division algorithm and consequences, principal
idealdomains, factorization of polynomials, reducibility tests, irreducibility tests,
Eisenstein criterion, unique factorization in Z[x].
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POSSIBLE QUESTIONS

2 Mark Questions:

1. Find all the zeros of f(x) = x4+4 in Z5.

2. Define content of the polynomial.
3. Define Monic polynomial.
4. Define primitive polynomial.

5. Define product of two polynomial with example.

6 Mark Questions:
6. State and prove Eisenstein criterion.
7. State and prove Factor theorem
8. Let f(x) and g(x) be any two polynomial then prove that

deg(f(x).g(x)) = deg (f(x)) + deg (g(x)).
9. The polynomial x3+2x2+2x+1 factored into the linear factor in Z7[x]. Find this

factorization.
10. State and prove division algorithm over polynomial ring.

11. Prove that the polynomial ɸ p (x) =
1

1





x
x p

= 1.....21   xxx pp is irreducible over Q

for any prime p.
12. State and prove Evaluation homomorphism for field theory.
13. prove that the set of all polynomials over Z with addition and multiplication is a ring.
14. State and prove Gauss lemma.
15. Let F be a field. If f(x) in F[x] and deg (f(x)) = 2 or 3 then prove that f(x) is reducible

over F if and only if f(x) has a zero in F.
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UNIT -II 
PART A (20x1=20 Marks)

   (Question Nos. 1 to 20 Online Examinations)
Possible Questions                               

Question Choice 1 Choice 2 Choice 3 Choice 4 Answer

_________ is an Integral domain. skew Field Field ring group Field

Field is an ________ integer monic Eucledian ring integers integral domain integral domain

The smallest such positive integer n is called ________ if no positive integer 
then r is said to be a characteristic zero or infinite.

Euclidean 
ring R

the 
characteristics of 
a ring R

infinite 
integral 
domain Division ring R

the 
characteristics of 
a ring R

The smallest such positive integer n is called the characteristics of a ring R if 
no ________ integer then r is said to be a characteristic zero or infinite. positive real rational complex positive

The smallest such positive integer n is called the characteristics of a ring R if 
no positive integer then r is said to be a __________

characteristic 
zero or 
infinite characteristic one 

characteristic 
finite characteristic ring

characteristic 
zero or infinite

A________ has no proper ideals  field group Field ring  field

A field has no ____________ right ideal proper ideals 
one-sided 
ideal two-sided ideal proper ideals 

An ________ generated by a single element of itself it called a principle ideal group ideal Field ring ideal

An ideal generated by a _________  element of itself it called a principle 
ideal

two-sided 
ideal one-sided ideal double single single

An ideal generated by a single element of itself it called a __________
integral 
domain principle ideal ideal Eucledian ring principle ideal

An ---------------- possess a unit element. integer monic Division ring
 Euclidean 
ring integral domain  Euclidean ring

An Euclidean ring possess a __________ element. field unit double no unit

An ________ is said to be of characteristics zero if the relation Ma = 0, 
where a ≠0 is in D and where m is an integer can hold only if m=0 skew Field

Integral domain 
D

Division ring 
R

the 
characteristics of 
a ring R

Integral domain 
D

 A ------------ of R into R’ is said to be an isomorphism if it is one- one 
mapping.

homomorphis
m isomorphism

automorphis
m monomorphism homomorphism 

 A homomorphism of R into R’ is said to be an --------------- if it is one- one 
mapping. isomorphism identity

integral 
domain Eucledian ring isomorphism

 A homomorphism of R into R’ is said to be an isomorphism if it is --------- 
mapping. onto one- one into into & onto one- one

We cannot define the ---------- of the zero polynomial. sum degree order power degree

A---------- is a constant if it degree is zero. monomial trinomial  polynomial binomial  polynomial
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UNIT-II

SYLLABUS

Divisibility in integral domains, irreducibles, primes, unique factorization domains,
Euclidean domains.
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POSSIBLE QUESTIONS

2 Mark Questions:

1. Prove that in the integral domain every prime is irreducible.

2. Define Principal ideal domain.

3. Define Euclidean domain.

4. Define irreducible.

5. Define prime.

6 Mark Questions:
6. Let F be a field and let p(x) in F[x] be irreducible polynomial over F then prove

F[x]/  p(x)  is a field.

7. Prove that in a principal ideal domain, any strictly increasing ideals
I1 I2……must be finite in lengh.

8. Prove if F is a field then every non constant polynomial f(x) in F[x] can be factored as a
irreducible polynomial or product of irreducible polynomials being unique factor in F.

9. Let F be a field and let p(x) in F[x] then prove  p(x)  is a maximal ideal in F[x] if
and only if p(x) is irreducible polynomial over F.

10. Prove if F is a field then F[x] is an unique factorization domain.

11. Write bout the Gaussian integer with example.

12. Let F be a field and let p(x), a(x) and b(x) in F[x]. Prove that if p(x) be a irreducible
polynomial over F then p(x) divides a(x) or p(x) divides b(x).

13. Prove that every Euclidean domain is a Principal ideal domain.

14. State and prove Unique factorization theorem.

15. Prove that every principal ideal domian is an unique factorization domain.
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UNIT-III

SYLLABUS

Dual spaces, dual basis, double dual, transpose of a linear transformation and its matrix in
the dual basis, annihilators, Eigen spaces of a linear operator, diagonalizability, invariant
subspaces and Cayley-Hamilton theorem, the minimal polynomial for a linear operator.
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Eigen space of a Linear operator:
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POSSIBLE QUESTIONS

2 Mark Questions:

1. Define dual basis.

2. What is minimal polynomial?

3. State Cayley Hamiltion theorem.

4. What is annihilator?

5. Defie dual space.

6 Mark Questions:

6. Let V be a finite dimensional vector space over the field F, and let W be a subspace of V,
then prove that dim W + dim W0 = dim V.

7. Let V be a finite dimensional vector space over the field F. Each basis for V* is a dual of
some basis for V.

8. Let rfff ,......,, 21 be a linear functional on a vector space V with respective null spaces

rNNN ,.....,, 21 then prove that g is a linear combination of rfff ,......,, 21 if and only if N
contains the intersection rNNN ,.....,, 21 .

9. Let T be a linear operator on the finite dimensional space V.let c1,c2,…,ck be the distinct
characteristic value of T and let Wi be the space of characteristic vectors associate with
characteristic values ci. Prove that if W = W1 + W2 + ….+ Wk then dim W = dim W1 +
dimW2 + ….+ dimWk infact if B1 is an order basis for W1 then B = (B1,B2,….,Bk) is an
ordered basis for W.

10. Let V and W be finite dimensional vector space over the field F. Let B be the ordered
basis for V with dual basis B* and let B’ be an ordered basis for W with dual basis B’* .
Let T be the linear transformation form V into W. Let A be the matrix of T relative to B,
B’ and let B be the matrix of Tk relative to B’*, B* then prove that Bij = Aij.

11. L:et T be a linear operator on an n-dimensional vector space V. prove that the
characteristic and minimal polynomial for T have the same roots, except the
multiplicities.
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12. Let T be a linear operator on a finite dimensional space V. Let c1,c2,…,ck be the distinct
characteristic values of T and let Wi be the null space of (T-ci ). then prove the
following are equivalent.

i. T is diagonalizable.

ii. The characteristic polynomial for T is f = (x-c1)d1……(x-ck)dk

and dim Wi= di, i = 1, 2, …,. k

iii. Dim W1+ dim W2 + …..+ dim Wk = dim V

13. Let W be an invariant subspace for T. the characteristic polynomialfor the
restriction operator Tw divides the characteristic polynomial for T.Then prove that

the minimal polynomial of Tw divides the minimal polynomial for T.

14. Diagonalize the matrix





















463
241
665

15. State and prove Cayley Hamilton theorem.
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UNIT-III

SYLLABUS

Dual spaces, dual basis, double dual, transpose of a linear transformation and its matrix in
the dual basis, annihilators, Eigen spaces of a linear operator, diagonalizability, invariant
subspaces and Cayley-Hamilton theorem, the minimal polynomial for a linear operator.
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UNIT -III 
PART A (20x1=20 Marks)

   (Question Nos. 1 to 20 Online Examinations)
Possible Questions                               

Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
Every …………….. transformation is a linear transformation. matrix row column unit matrix
Every matrix transformation is a…………..transformation. linear non linear homogeneous non homogeneous linear
……………... transformation preserve the operations of vector addition and scalar 
multiplication. linear non linear matrix row linear

Linear transformation preserve the …………... of vector addition and scalar multiplication. addition functions operations values operations

Linear transformation preserve the operations of ……………….. and scalar multiplication. vector addition vector subtraction vector multiplication vector division vector addition
Linear transformation preserve the operations of vector addition and …………….. vector multiplication scalar multiplication matrix multiplication vector division scalar multiplication
If T is a linear transformation , then T(0)=…………. 0 1 2 3 0
T(cu+dv)=…………….. T(cu)+T(dv) cT(u)-dT(v) T(u)+T(v) cT(u)+dT(v) cT(u)+dT(v)
Let T be a linear transformation then there exists a unique matrix A such that 
T(x)=………….. for all  x in R 0 Ax x 1 Ax
Let T be a linear transformation then there exists a ……………... matrix A such that T(x)=Ax 
for all  x in R zero unique identity diagonal unique
An nxn matrix B such that BA=I is called a ………………..of A zero left inverse right inverse identity left inverse
An ……………..matrix B such that BA=I is called a left inverse of A mxm nxn mxn nxm nxn 
An nxn matrix B such that AB=I is called a ………………..of A zero left inverse right inverse identity right inverse
An ……………..matrix B such that AB=I is called a right  inverse of A mxm nxn mxn nxm nxn 
If AB=BA=I then  B is called a …………...inverse of  A. two sided left inverse right inverse identity two sided 
If AB=BA=………….. then  B is called a two sided inverse of  A. 0 1 I -1 I
A two sided inverse of Aand  Ais said to be ……………….. invertible inverse identity vertible invertible
If  A is invertible,so is A⁻ ¹ and (A⁻ ¹ )⁻ ¹=………….. A⁻ ¹ A 0 c A
If  A is ……………….,so is A⁻ ¹ and (A⁻ ¹ )⁻ ¹=A invertible inverse identity vertible invertible
If both A and B are invertible ,so is AB,and (AB)⁻ ¹=……………  B⁻ ¹  A⁻ ¹  BA  B⁻ ¹A⁻ ¹  B⁻ ¹A⁻ ¹
If both A and B are …………... ,so is AB,and (AB)⁻ ¹=B⁻ ¹A⁻ ¹ invertible inverse identity vertible invertible
A ………………... of invertible matrices is invertible addition subtraction product division product
A product of invertible ……………. is invertible matrices functions vectors equations matrices
A product of invertible matrices is ……………… invertible inverse identity vertible invertible
An ………………..matrix is invertible. null identity elementary singular elementary 
An elementary matrix is……………….. invertible inverse identity vertible invertible
A ……………... of V is a subset W of V which is itself a vectorspace over F with the 
operations of vector addition and scalar multiplication on V. subspace space vector function subspace
A subspace of V is a subset W of V which is itself a vectorspace over F with the 
………………... of vector addition and scalar multiplication on V. functions operations scalar vector operations
A subspace of V is a subset W of V which is itself a vectorspace over F with the operations of 
………….and scalar multiplication on V. vector addition vector subtraction vector multiplication vector division vector addition
A subspace of V is a subset W of V which is itself a vectorspace over F with the operations of 
vector addition and ……………... on V. vector multiplication scalar multiplication matrix multiplication vector division scalar multiplication
The ……………….consisting of the zero vector alone is a subspace of V, called zero 
subspace of V. subset set space subspace subset 
The subset consisting of the…………….. vector alone is a subspace of V, called zero 
subspace of V.  zero unit finite infinite  zero
The subset consisting of the zero vector alone is a subspace of V, called ………………… .. of 
V. zero subspace zero space zero subset zero set zero subspace
An …………... matrix A over the field F is symmetric if Aij=Aji for each i and j. mxm nxn mxn nxm nxn 
An nxn matrix A over the ……………. F is symmetric if Aij=Aji for each i and j. field scalar vector matrix field
An nxn matrix A over the field F is ………...if Aij=Aji for each i and j. symmetric non symmetric singular non singular symmetric 
An nxn matrix A over the field F is symmetric if …………….. for each i and j. Aij<Aji Aij>Aji Aij=Aji Aij≠Aji Aij=Aji
Any set which contains a lineary dependent set is …………….... linearly dependent linearly independent linear non linear linearly dependent
Any subset of a lineary independent set is …………….... linearly dependent linearly independent linear non linear linearly  independent
Any set which contains the ………..vector is linearly dependent. 0 unit inverse complex 0
Any set which contains the 0 vector is…………….. linearly dependent linearly independent linear non linear linearly dependent
A set S of vectors is ………………. iff each finite subset of S is linearly independent. linearly dependent linearly independent linear non linear linearly  independent
A set S of vectors is linearly independent iff each ………….. subset of S is linearly 
independent. one finite infinite null finite
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UNIT -IV 
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   (Question Nos. 1 to 20 Online Examinations)
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Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
Hom(V,V) is the set of all vector space-homomorphisms  of V into itself V into V V into W W into W W into V V into V
A linear transformation on V,over F is an element of  ----------- AF(W) BF(V) AF(V) WF(V) AF(V)
A linear transformation on  ------------ is an element of  AF(V) W over F V over V F over F V over F V over F
An element TÎA(V) is  called -------------- if there exists an SÎA(V) such 
that TS =1 both invertible right-invertible left-invertible invertible right-invertible
An element  ----------- is  called right-invertible if there exists an SÎA(V) 
such that TS =1 VÎA(V) TÎA(T) TÎA(V) TÎA(T) TÎA(V)
An element TÎA(V) is  called right-invertible if there exists an SÎA(V) 
such that ---------- TS =1 TS=0 ST =1 TS =2 TS =1
The  ----------T ÎA(V) is said to be unitary if (uT,vT)=(u,v)  for all u,vÎV normal transformation linear transformation unitary Nilpotent transformation linear transformation
The linear transformation T ÎA(V) is said to be------------- if 
(uT,vT)=(u,v)  for all u,vÎV normal transformation linear transformation unitary Nilpotent transformation unitary
The linear transformation T ÎA(V) is said to be unitary if (uT,vT)= for all 
u,vÎV (u,v) uv      uT        vT (u,v)
The ------------------- Ton V is unitary if and only if it takes an orthonormal 
basis of V into an orthonormal basis of V normal transformation linear transformation unitary Nilpotent transformation linear transformation
The linear transformation Ton V is unitary if and only if it takes an----------
---- of V into an orthonormal basis of V basis orthogonal basis orthonormal basis normal basis orthonormal basis
The linear transformation Ton V is unitary if and only if it takes an 
orthonormal basis of V into an -------- of V basis orthogonal basis orthonormal basis normal basis orthonormal basis
 If V is finite dimensional and ------------ there is an SÎA(V) such that 
E=TS ¹0 is an idempotent T>0 T=0 T¹0     T<0
If V is finite dimensional and T¹0 there is an SÎA(V) such that E=-------- 
is an idempotent T>0   TS≠0 T¹0     TS=0
If V is finite dimensional and T≠0 there is an SÎA(V) such that E=TS ¹0 is 
an -------------- regular idempotent grounded nilpotent
The ------------- W of V is invariant  under TÎA(V) if WTÌW subspace space         field       sub field
The subspace W of V is invariant under TÎA(V) if----------- W over F WÌ TV        WTÌT     W= TV        
The element l Î F is a characteristic root of T ÎA(V) if and only if for 
some ------- in V, vT=lv l=0       l¹0       v=0 v¹0
The element l Î F is a characteristic root of T ÎA(V) if and only if for 
some v¹0 in V,---------- vT=T vT=lv     vT=v Tv=T

If T ÎA(V) is nilpotent  then k is called the --------------of Tk=0 but Tk-1 ¹0 index of nilpotence nilpotence      
linear 
transformation    idempotent
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UNIT-IV

SYLLABUS

Inner product spaces and norms, Gram-Schmidt orthogonalisation process, orthogonal
complements, Bessel’s inequality, the adjoint of a linear operator.
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POSSIBLE QUESTIONS

2 Mark Questions:

1. Define norm of a vector.

2. State Bessel’s inequality.

3. Define orthogonal complement.

4. State Gram schmidt orthogonalization process.

5. Define inner product space.

6 Mark Questions:

6. If V is an inner product space, then for any vectors α, β in V and any scalar c

i. c = c  .

ii.  >0 for   0.

iii.  )(

iv.  

7. Let V be a finite dimensional inner product space. If T and U are linear operator on V
and c is a scalar, the prove

i. **)*( UTUT  .

ii.   ** TccT  .

iii.   *** TUTU  .

iv.   TT ** .

8. Prove that an orthogal set of non-zero vectors is linearly independent.
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9. State and prove Besel’s inequality.

10. State and prove Gram schmidt orthogonalization process.

11. Let { 1, 2,…, n} be an orthogonal set of non zero vectors in an inner poduct space
V. if  is any vector in V, then prove that







k k

k
2

2)(

And equality holds if and only if

k
k k

k 



  2

)(

12. Find the orthonomar basis using Gram schmidt orthogonalization process for the vectors
 1 = (3, 0, 4),  2 = (-1, 0, 7) and  3 = (2, 9, 11) in R3.

13. Let V be a finite dimensional inner product space, and f a linear functional on V. then
prove there exists a unique vector  in V such that f( ) =   for all  in V.

14. Let W be a subspace of an inner product space V and let  be a vector in V then prove
the following

i. The vector  in W is a best approximation to  by vectors in W if and only if
 - is orthogonal to every vector in W.

ii. If a best approximation to  by vectors in W exists, it is unique.

iii. If W is finite dimensional and { 1, 2,…, n} is any orthonormal basis for W,
then the vector

k
k k

k 



  2

)(

is the (unique) best approximation to  by vectors in W.

15. For any linear operator T on a finite dimensional inner product space V, then prove
there exists a unique linear operator T* on V such that

    *TT  for all  ,  in V.
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   (Question Nos. 1 to 20 Online Examinations)
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Question Choice 1 Choice 2 Choice 3 Choice 4 Answer
The -------- of a matrix A is the sum of the elements on the main diagonal of 
A transpose inverse trase conjucate trase
The trace of a matrix A is the --------------- of the elements on the main 
diagonal of A sum inverse  product        subtract sum

The trace of a matrix A is the sum of the elements on the --------- of A diagonal main diagonal elements all elements main diagonal
The matrix A is said tobe a------------   if A'=A symmetric matrix singular matrix   nonsingular matrix      skew- symmetric matrix symmetric matrix
The matrix A is said to be a symmetric matrix if A'=A A¹A'         A<A' A>A' A'=A A'=A
The matrix A is said to be a-----------  if A'=-A symmetric matrix singular matrix nonsingular  matrix skew- symmetric matrix skew- symmetric matrix
The matrix A is said to be a skew- symmetric matrix if -------- A¹A'    A<A' A'=- A A'=A A'=- A
A and B are symmetric matrices,AB is ------------ iff AB=BA symmetric matrix singular matrix   nonsingular matrix      skew- symmetric matrix symmetric matrix
A and B are symmetric matrices,AB is symmetric iff  ------------ A=B AB=BA A¹B AB¹BA AB=BA
The determinant  of a triangular matrix is the ----------- of its entries on the 
main diogonal sum inverse  product        subtract product        
The determinant  of a triangular matrix is the product of its entries on the------
-------- diagonal main diagonal elements all elements main diagonal

The  of a triangular matrix is the product of its entries on the main diogonal transpose inverse trase determinant determinant
Interchanging  two rows of A changing the sign of its  ----------- transpose inverse trase determinant determinant

Interchanging  two rows of A changing the---------- of its determinant value sign sign and value transpose sign

Interchanging  two columns of A changing the sign of its ------------ transpose inverse trase determinant determinant

Interchanging  two columns of A changing the ------- of its determinant value sign sign and value transpose sign
The characteristic  roots of A are the roots with the correct  multiplicity of the 
secular equation ,  ------- of A det (x-A) det(x-a)  dm (x-a)   dim(x+A) det (x-A)
The ----------- of A are the roots with the correct multiplicity of the secular 
equation ,det (x-A) of A root multiple root characteristic  roots product  roots characteristic  roots
The characteristic  roots of A are the roots with the correct  multiplicity of 
the----------  ,  det(x-A) of A linear equation secular equation non linear equation non-secular equation secular equation
A polynomial with coefficients which are -------------has all its roots in the 
complex field real number complex numbers rational number irrational number complex numbers
A polynomial with coefficients which are complex numbers has all its------ in 
the complex field root multiple root characteristic  roots product  roots root
A polynomial with coefficients which are complex numbers has all its roots in 
the  --- real field rational field complex field irrational field complex field
TÎA(V) is unitary if and only if----------- TT*=1 TT*>1    TT*<1      TT*≤1    TT*=1
TÎA(V) is --------- if and only if TT* =1

normal 
transformation

linear 
transformation unitary

Nilpotent  
transformation unitary

TÎA(V) is called harmitian if T*=T
normal 
transformation harmition unitary

Nilpotent  
transformation harmition

TÎA(V) is called harmitian if ------------ T=T* T=1    T≠T*      TT*=1      T≠T*    
If T ÎA(V) isHermitian then all its --------- are real root multiple root characteristic  roots product  roots characteristic  roots

If T ÎA(V) isHermitian then all its characteristic  roots are ------------ real complex rational irrational real
If T ÎA(V) is  --------- then all its characteristic  roots are real 

normal 
transformation harmition unitary

Nilpotent  
transformation harmition

If T ÎA(V) is  --------- if TT*=T*T normal harmition unitary Nilpotent normal
If T ÎA(V) is  normal if ------------ T=T* T=1    T=T*      TT*=1      T=T*    
The Hermitian ----------------- T is non negative if and only if its characterstic  
roots are non negative

normal 
transformation

linear 
transformation unitary

Nilpotent  
transformation linear transformation

The Hermitian linear transformation  T is non negative if and only if its---------
---   are non negative root multiple root characteristic  roots product  roots characteristic  roots
The Hermitian linear transformation  T is non negative if and only if its 
characterstic  roots are ------------ non negative negative rational irrational non negative
The Hermitian linear transformation  T is ----------if and only if its 
characterstic  roots are non-negative   non negative negative rational irrational non negative
If N is normal and if  vNk=0then---------- vN=0 vN=1 k=1 vk=0 vN=0
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